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On The Uncertainty Principle of Neural Networks
Jun-Jie Zhang, Dong-Xiao Zhang, Jian-Nan Chen, Long-Gang Pang, and Deyu Meng

Abstract—Despite the successes in many fields, it is found that neural networks are difficult to be both accurate and robust, i.e., high
accuracy networks are often vulnerable. Various empirical and analytic studies have substantiated that there is more or less a trade-off
between the accuracy and robustness of neural networks. If the property is inherent, applications based on the neural networks are
vulnerable with untrustworthy predictions. To more deeply explore and understand this issue, in this study we show that the
accuracy-robustness trade-off is an intrinsic property whose underlying mechanism is closely related to the uncertainty principle in
quantum mechanics. By relating the loss function in neural networks to the wave function in quantum mechanics, we show that the
inputs and their conjugates cannot be resolved by a neural network simultaneously. This work thus provides an insightful explanation
for the inevitability of the accuracy-robustness dilemma for general deep networks from an entirely new perspective, and furthermore,
reveals a potential possibility to study various properties of neural networks with the mature mathematical tools in quantum physics.

Index Terms—Accuracy-robustness trade-off, adversarial attack, uncertainty principle, quantum physics, deep neural networks.
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1 INTRODUCTION

1.1 Background

AN intriguing issue concerning the deep neural net-
works has garnered significant attentions recently.

Despite wide applications in many fields, such as image
classification [1], speech recognition [2], playing chess [3]
and games [4], predicting protein structures [5], designing
chips [6], searching for particles [7], and solving quantum
systems [8], [9], etc., these well-trained models are found to
be vulnerable under attacks that are imperceptible in terms
of human sensations. Overwhelming empirical evidences
have manifested that a small non-random perturbation can
make a carefully designed neural network give erroneous
predictions at a high coincidence [10], [11], [12], [13], [14],
[15], [16], [17].

Seeing the fact that more and more researchers are
seeking to understand the neural networks, it is crucial
for us to further study the accuracy-robustness trade-off
of these networks as aforementioned. Meanwhile, since
many researchers are using neural networks in their
investigations, it is also important for us to explore that if
the neural networks are brittle to even small perturbations,
which might potentially make applications based on the
state-of-the-art deep learning under potential risks. For
instance, catastrophic accident may occur on self-driving
cars if any inperceptable noises are added on the road signs;
medical diagnose can falsely discriminate the cancer cells
due to disturbances that the doctors cannot tell by eyes; and
personal bank account based on face recognition may be
crashed when hacked by small negligible pixels, etc.
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To understand the phenomenon, various empirical
studies [15], [18], [19] involving different network
structures, sizes, performances and even the scales of the
training data, do substantiate that there is more or less
a trade-off between the accuracy and the robustness of
a general neural network. Along with the experimental
evidences, theoretical studies [20], [21], [22], [23], ranging
from binary classification models to the information theory
based analysis, also support the possibility of such trade-off
in neural networks. Despite the fact that we still lack a proof
to certify these phenomena, many researchers have already
begun the concurrent training strategy which optimizes
both the robustness and the accuracy of deep neural net-
works [19], [22], [24], [25], [26], [27], [28], [29].

1.2 Motivation

To the best of our knowledge, the underlying theoretical
reason for this accuracy-robustness trade-off is still
unknown so far, and it is still not sure whether we can
ultimately invent a neural network with both sufficient
accuracy and robustness. Therefore, it is of vital importance
to clarify the issue, in hope to make all future man-
made products relying on the neural networks possibly be
predictable and controllable.

Intuitively, it is hard to understand the vulnerability
phenomenon since the classical approximation theorems
have already shown that a continuous function can be
approximated arbitrarily well by a neural network [30],
[31], [32], [33]. That is, stable problems described by stable
functions should always be solved stably in principle.
Therefore, a natural question concerning this issue is to ask
whether this accuracy-robustness trade-off is an intrinsic
and universal property possessed by general neural net-
works. If it is purely a matter of neural architecture design
and training data acquisition, it is then only needed to
concentrate on the designing and training perspectives. If,
otherwise, it involves some intrinsic properties which stand
at the foundations of deep learning, it is then crucial to
further study this trade-off issue in depth.
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1.3 Contribution of this work
In this work, we theoretically show that the accuracy-
robustness trade-off of a neural network can be insightfully
understood under the uncertainty principle in quantum
mechanics, where two complementary factors cannot be
measured to an arbitrary high accuracy simultaneously
(see derivation in Sec. 3). In terms of neural networks,
the uncertainty principle implies that one cannot expect
a trained neural network to extract two complementary
features of a same input to an arbitrary accuracy. For
example, in image classification, if one has trained a
network with high accuracy on distinguishing an image
class (e.g., dog), this class samples tend to be more easily
attacked to enter the domain of other distinguished classes
(e.g.,car,deer,etc.).

To verify the above statement, we list various
experimental evidences both from our attempts and other
literatures in Sec. 4. Many experiments with different
network structures, datasets, attack strengths as well as loss
functions all suggest the inevitable uncertainty principle for
general neural networks.

Specifically, our work reveals that neural networks obey
the complementarity principle [34] and cannot be both
extremely accurate and robust. If we can find out the
complementary features of a neural network, we will be able
to conduct a concurrent training [25] to possibly achieve a
better balance between the accuracy and robustness in the
specific applications. Moreover, by introducing the mature
mathematics, which has been developed for over 100 years
in physics, to the neural networks, we have demonstrated
the potential possibility to analyze more intrinsic properties
of neural networks in terms of quantum physics.

2 RELEVANT INFORMATION

For the convenience of introducing our main theoretical
result, in this section we present some relevant information.
Firstly, we introduce one of the most classical and simplest
attacking methods, the FGSM attack, as an typical instance
to intuitively demonstrate the attacking effect on neural
networks. Then, we introduce the necessary knowledge on
the uncertainty principle in quantum physics.

2.1 The FGSM attack
One of the most classical and simplest attacking methods
is the Fast Gradient Sign Method [21] (FGSM) presented
by Goodfellow et al. in 2015. Given a loss function
l(f(X, θ), Y ∗), the FGSM creates an attack X by

X = X0 + ε · sign(∇X l(f(X, θ), Y ∗)|X=X0), (1)

where the loss function l is obtained under a network
model f(X, θ) with parameters θ trained on a pre-collected
training dataset, and ε is a positive number usually taken to
be a small value to make the attack possibly imperceptible.
X0 denotes the raw image to be attacked and classified, and
Y ∗ is the true label for image X0. Here,∇X l(f(X, θ), Y ∗) is
interpreted as the gradient of lwith respect toX . For most of
the classifiers, the loss function l is simply the training loss
used in training the network. Note that the choice of the
loss function does not significantly affect the performance

Automobile 
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54.53% confidence 

Bird 
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61.66% confidence 
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→ 

→ 

Fig. 1. FGSM attack reduces the test accuracy by adding an
imperceptible non-random noise. The trained Googlenet on Cifar-10
[35] (see the architecture and implementation in Ref. [36]) gives a
90.78% test accuracy on the test set and only 3.67% robust accuracy
under the FGSM attack. The attack is achieved via the transformation
X = X0 + ε · sign(∇X l(f(X, θ), Y ∗)|X=X0 ), where X0 denotes the
input images of the training set andX denotes the image to be attacked,
ε = 8/255 and sign(∇X l(f(X, θ), Y ∗)|X=X0 ) gives the non-random
noise with l(f(X, θ), Y ∗) denoting the loss function. θ denotes the
weights of the trained network.

of the attack [37], [38]. Since the gradient is not difficult to
compute for deep neural networks, the attack can always be
efficiently implemented.

Fig. 1 depicts the effect of the FGSM attack on two typical
images of the Cifar-10 dataset. The trained network correctly
identifies the “red car” (X0 in Eq. (1)) in the left panel as
Automobile with a 99.99% confidence, but falsely classifies
the attacked one (X in Eq. (1)) on the right panel as Airplane
with a 54.53% confidence. Since the two images X0 and X
are imperceptable in terms of human eyes, it is interesting
to ask why the neural network fails at identifying them.

2.2 Uncertainty principle in quantum physics
In this subsection, all physical quantities are expressed
in the natural unit. In quantum physics, we can describe
a particle by a wave packet ψ(X) in the coordinate
representation with respect to the coordinate reference
frame. The normailzation condition for ψ(X) is given by

∫
|ψ(X)|2dX = 1, (2)

where the square amplitude |ψ(X)|2 gives the probability
density for finding a particle at position X = (x, y, z).
To measure the physical quantities of the particle, such as
position X and momentum P = (px, py, pz), we need to
define the position and momentum operators x̂i and p̂i as:

x̂iψ(X) = xiψ(X),

p̂iψ(X) = −i ∂
∂xi

ψ(X), (3)

where i = 1, 2, 3 denote the x, y, z components in the
coordinate space, respectively. The average position and
momentum of the particle can be evaluated by

〈x̂i〉 =

∫
ψ∗(X)xiψ(X)dX

〈p̂i〉 =

∫
ψ∗(X)[−i ∂

∂xi
ψ(X)]dX, (4)
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where 〈·〉 is the Dirac symbol widely used in physics and
ψ∗(X) is the complex conjugate of ψ(X). The standard
deviations of the position σxi

and momentum σpi are
defined respectively as:

σxi = 〈(x̂i − 〈x̂i〉)2〉1/2,
σpi = 〈(p̂i − 〈p̂i〉)2〉1/2. (5)

In the year of 1927, Heisenberg introduced the first
formulation of the uncertainty principle in his German
article [39]. The Heisenberg’s uncertainty principle asserts
a fundamental limit to the accuracy for certain pairs.
Such variable pairs are known as complementary variables
(or canonically conjugate variables). The formal inequality
relating the standard deviation of position σxi and the
standard deviation of momentum σpi reads

σxiσpi ≥ 1

2
. (6)

Uncertainty relation Eq. (6) states a fundamental property
of quantum systems and can be understood in terms of the
Niels Bohr’s complementarity principle [34]. That is, objects
have certain pairs of complementary properties cannot be
observed or measured simultaneously.

3 UNCERTAINTY PRINCIPLE FOR NEURAL NET-
WORKS

3.1 Formulas and notations for neural networks
Without loss of generality, we can assume that the loss
function l(f(X, θ), Y ) is square integrable1,

∫
l(f(X, θ), Y )2dX = β. (7)

Eq. (7) allows us to further normalize the loss function as

ψY (X) =
l(f(X, θ), Y )

β1/2
, (8)

so that ∫
ψY (X)2dX = 1. (9)

For convenience, we refer ψY (X) as a neural packet in
the later discussions. Note that under different labels Y , a
neural network will be with a set of neural packets.

An image X = (x1, ..., xi, ..., xM ) with M pixels can
be seen as a point in the multi-dimensional space, where
the numerical values of (x1, ..., xi, ..., xM ) correspond to the
pixel values. The pixel and attack operators of the neural
packet ψY (X) can then be defined as:

x̂iψY (X) = xiψY (X),

p̂iψY (X) =
∂

∂xi
ψY (X). (10)

Similar as Eq. (4), the average pixel value at xi associated
with neural packet ψY (X) can be evaluated as

〈x̂i〉 =

∫
ψ∗Y (X)xiψY (X))dX. (11)

1. In practical applications, it is rational to only consider the loss
function in a limited range l(f(X, θ), Y ) < C under a large constant C,
since samples out of this range can be seen as outliers and meaningless
to the problem. The loss function can then be generally guaranteed to
be square integrable in this functional range.

Since ψY (X) corresponds to a purely real number without
imaginary part, the above equation is equivalent to:

〈x̂i〉 =

∫
ψY (X)xiψY (X))dX. (12)

Besides, the attack operator p̂i = ∂
∂xi

corresponds to the
conjugate variable of xi. And we can obtain the average
value for p̂i as

〈p̂i〉 =

∫
ψY (X)

∂

∂xi
ψY (X)dX. (13)

3.2 Derivation of the uncertainty relation

The uncertainty principle of a trained neural network can
then be deduced by the following theorem:

Theorem 1. The standard deviations σpi and σxi
corresponding

to the attack and pixel operators p̂i and x̂i, respectively, are
restricted by the relation:

σpiσxi
≥ 1

2
. (14)

Proof. We first introduce the standard deviations σa and σb
corresponding to two general operators Â and B̂. Then it
follows that:

σaσb = 〈(Â− 〈Â〉)2〉
1
2 〈(B̂ − 〈B̂〉)2〉 12 ≡ 〈â2〉 12 〈b̂2〉 12 .

(15)

In general, for any two unbounded real operators 〈â〉 and
〈b̂〉, the following relation holds

0 ≤ 〈(â− ib̂)2〉 = 〈â2〉 − i〈âb̂− b̂â〉+ 〈b̂2〉.
(16)

If we further replace â and b̂ in Eq. (16) by operators
â〈â2〉−1/2 and b̂〈b̂2〉−1/2, we can then obtain the property
2〈â2〉1/2〈b̂2〉1/2 ≥ i〈âb̂ − b̂â〉, which gives the basic bound
for the commutator [â, b̂] ≡ âb̂− b̂â,

〈â2〉 12 〈b̂2〉 12 ≥ |i1
2
〈[â, b̂]〉|. (17)

Seeing the fact that [â, b̂] = [Â, B̂], we finally obtain the
uncertainty relation

σaσb ≥ |i1
2
〈[Â, B̂]〉|. (18)

In terms of the neural networks, we can simply replace
operators Â and B̂ by p̂i and x̂i introduced in Eq. (10), and
this leads to

σpiσxi
≥ |i1

2
〈[p̂i, x̂i]〉| =

1

2
, (19)

where we have used the relation

[p̂i, x̂i]ψY (X) = [p̂ix̂i − x̂ip̂i]ψY (X)

=
∂

∂xi
[xiψY (X)]

−xi
∂

∂xi
ψY (X)

= ψY (X). (20)
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TABLE 1
Comparison of the uncertainty principle between quantum physics and neural networks.

Quantum physics Neural networks

position X = (x, y, z) X = (x1, ..., xi, ..., xM ) image (input)

momentum
(conjugate of position) P = (px, py , pz) P = (p1, ..., pi, ..., pM )

attack
(conjugate of input)

wave function ψ(X) ψY (X)
normalized loss function

(neural packet)

normalize condition
∫
|ψ(X)|2dX = 1

∫
|ψY (X)|2 = 1 normalize condition

position operator x̂iψ(X) = xiψ(X) x̂iψY (X) = xiψY (X) pixel operator

momentum operator p̂iψ(X) = −i ∂
∂xi

ψ(X) p̂iψY (X) = ∂
∂xi

ψY (X) attack operator

standard deviation for
measuring position σxi = 〈(x̂i − 〈x̂i〉)2〉1/2 σxi = 〈(x̂i − 〈x̂i〉)2〉1/2 standard deviation for

resolving pixel

standard deviation for
measuring momentum σpi = 〈(p̂i − 〈p̂i〉)2〉1/2 σpi = 〈(p̂i − 〈p̂i〉)2〉1/2 standard deviation for

resolving attack

uncertainty relation σxiσpi ≥ 1
2

σxiσpi ≥ 1
2

uncertainty relation

𝑋 𝑃

𝜎𝑋,Car 𝜎𝑋,Deer

𝜓Car(𝑋)

𝜎𝑃,Car

𝜓Deer(𝑋) ෨𝜓Car(𝑋) ෨𝜓Deer(𝑋)

𝜎𝑃,Deer

𝜎𝑃,Car 𝜎𝑃,Deer𝜎𝑋,Car 𝜎𝑋,Deer

Accurate classifier has smaller 𝝈𝑿, thus larger 𝝈𝑷, making the classifier less robust.

Less accurate classifier has larger 𝝈𝑿, thus smaller 𝝈𝑷, making the classifier more robust.

Fig. 2. Schematic illustration of the uncertain relation in binary
classification. ψCar(X) and ψDeer(X) denote the normalized loss
functions; ψ̃Car(X) and ψ̃Deer(X) denote the corresponding conjugats.

Note that for a trained neural network, ψY (X) depends
on the dataset and the structure of the network.

Eq. (19) is a general result for general neural networks
(see extension to the generation network in supplementary
material). For convenience, we compare the formulas in
quantum physics with those used in neural networks in Tab.
1 to facilitate easy understandings for readers.

3.3 Understanding the uncertainty principle
To understand how Eq. (19) leads to the trade-off of accuracy
and robustness, we consider an example of a binary
classifier which distinguishes two categories, e.g., Car and
Deer. In Fig. 2, we schematically plot the neural packets
ψCar(X) and ψDeer(X) in the representation of the pixel
variable X , as well as their corresponding conjugates. Here
the attack operators are denoted as P = (p̂1, ..., p̂i, ..., p̂M ).

Images X can be seen as vectors in the high dimensional
space. The neural packets map the images into scalar values.
The two separated functions in the left panel represent the
neural packets of the two classes after training. A higher
test accuracy is expected if the standard deviations σX,Car
and σX,Deer are small, so that the two neural packets can
be more easily separated apart (as shown in the upper
left panel). In the upper right panel, restricted by the
uncertainty relation shown in Eq. (19), σP,Cars and σP,Deer
are inevitably larger, inclining to more possibly conduct
an overlap between the neural packets in P . On the other
hand, if σX,Cars and σX,Deer are relatively larger, the trained
network tends to be less accurate, while simultaneously
leading to a smaller overlapped region between neural
packets in P , as illustrated in the lower panel of Fig. 2.

In the FGSM attack, the attacked image is of the form:

X = X0 + ε · sign(∇X l(f(X, θ), Y ∗)|X=X0
)

∼ X0 + ε · ∇X l(f(X, θ), Y ∗)|X=X0

= X0 + ε · ∇X [β1/2ψY ∗(X0)]

= X0 + ε′P̂ψY ∗(X0), (21)

where P̂ = ( ∂
∂x1

, ..., ∂
∂xi

, ..., ∂
∂xM

) and ε′ = ε · β1/2. In
the second line of Eq. (21) we have used the property
substantiated in [40]: ”even without the ’Sign’ of the FGSM,
a successful attack can also be achieved". From Eq. (21), we
can then obtain

P̂ψY ∗(X0) ∼ ε/ε′ · sign(∇X l(f(X, θ), Y ∗)|X=X0), (22)

which is the reason that we call p̂i the attack operator. In
the upper panel of Fig. 2, we know that the two neural
packets tend to overlap in P under small σX,Car and σX,Deer.
Therefore, in such circumstances, a successful attack tends
more possibly to occur.
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TABLE 2
Test and robust accuracies for different classifiers on MNIST dataset.

Network type
Test accuracy (%) Robust accuracy (%)

Nepoch Nepoch

1 30 50 1 30 50

ConvNet 97.31 98.71 98.72 41.44 50.98 53.74

ResNet 98.65 99.50 99.57 90.88 98.22 98.27

YGCNN 97.35 99.15 99.19 59.84 49.06 45.68

TABLE 3
Test and robust accuracies for different classifiers on Cifar-10 dataset.

Network type
Test accuracy (%) Robust accuracy (%)

Nepoch Nepoch

1 5 50 1 5 50

ConvNet 45.71 60.46 63.07 12.49 6.62 2.88

ResNet 70.42 82.97 86.86 10.67 14.17 1.45

GoogleNet 67.71 81.18 86.61 10.64 8.44 0.08

4 NUMERICAL EVIDENCES FOR THE UNCERTAINTY
PRINCIPLE

4.1 Numerical experimental results

To verify the proposed uncertainty principle, we use four
different networks, including Convolutional (ConVNet)
[41], [42], [43], Residual (ResNet) [44], Google (GoogleNet)
[45] and YGCNN [46], as the classifiers. ConvNet, ResNet
and GoogleNet are used for Cifar-10 dataset and ConvNet,
ResNet and YGCNN are applied on MNIST dataset. The
four networks are trained at various epoch numbers Nepoch.
Since the network structures are standard, we refer readers
to Ref. [36] for more implementation details.

Here the test accuracy (TA) is calculated as the
classification accuracy on the test data, and the robust
accuracy (RA) is obtained by applying the trained classifiers
on the attacked images on the test data. The attack is
implemented by employing the Projected Gradient Descent
(PDG) method [47], [48], which is considered as one of the
most effective ways to achieve moderate adversarial attacks.
Inspired by FGSM, PDG performs an iterative attack via

Xn+1 = Clipε{Xn

+α · sign(∇X l(f(X, θ), Y ∗)|X=Xn
), (23)

where Clipε refers to a truncation which limits the data in
range [−ε, ε]. For the MNIST dataset the attack strength α
and clamp bound ε are set to be 0.025 and 0.1, and for Cifar-
10 they are specified as α = 2/255 and ε = 8/255. All test
images are attacked iteratively for 4 steps with l∞ loss.

Since the uncertainty relation provides a lower bound
on the standard deviations, we are able to increase TA and
RA simultaneously if the lower bound is not reached. This
condition is shown by the result of ConvNet and ResNet
in Tab. 2 (for clarity, we have set these values in bold and
italic font), where we present the obtained TA and RA on
the MNIST dataset. If the lower bound is approximately
reached, as shown by the result of YGCNN, the uncertainty
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Fig. 3. Robustness vs. classification accuracy of I-FGSM attack, C&W
attack and CLEVER score on random targets over 18 ImageNet models.
(a) Fitted Pareto frontier of l∞ distortion (I-FGSM attack) vs. top-1
accuracy. (b) Fitted Pareto frontier of l2 distortion (C&W attack) vs.
top-1 accuracy. (c) Fitted Pareto frontier of l2 CLEVER score vs. top-
1 accuracy. More details of these attacks are demonstrated in Ref. [18].

relation will pose a limit on TA and RA. Thus, we see
that an increase in TA corresponds to a decrease in RA.
Note that higher TA does not necessarily implies that the
trained network with neural packet ψY ∗(X) has reached
the lower bound. As mentioned in Subsec. 3.2, the neural
packet ψY ∗(X) depends on the dataset and the network
architecture. Thus, different network structures and datasets
may behave differently. This can rationally explain that even
though TA for ResNet is larger than that of YGCNN, we
can still improve its TA and RA simultaneously. The similar
phenomenon can also be observed on Cifar-10 dataset,
which can be seen in Tab. 3, where an increase in TA
corresponds to a decrease in RA.

4.2 Accuracy-robustness trade-off on 18 different deep
classification models
Actually, the aforementioned accuracy-robustness trade-
off has been widely observed in current literatures on
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image classification as well as other neural network based
applications. Here, as a complement, we report one of such
comprehensive studies on 18 deep classification models
raised in [18]. For other related empirical studies, readers
can refer to Refs. [15], [16], [19], [20], [21], [22], [24], [29].

In [18], TA is measured by the Top-1 accuracy on
ImageNet dataset, and RA is measured by three different
metrics: the worst case l∞ distortion, per pixel l2 distortion
and per pixel l2 CLEVER score. Higher RA values
correspond to more robust models. Fig. 3 shows the
obtained results on 18 different networks with different
attacking methods in this literature. In general, an increase
in TA evidently corresponds to a decrease in RA. The
tendency is not sensitive to the specific attacking methods
adopted. Meanwhile, the networks of a same family,
e.g., VGG, Inception Nets, ResNets, and DenseNets, share
similar robustness properties. Since the uncertainty relation
depends on both the network structure and dataset, the
reported results in [18] is consistent with the proposed
uncertainty principle, and thus also provides an evidence
to support the rationality of our result.

5 CONCLUSION AND DISCUSSION

In this study, we have found that for a classifier to be
both accurate and robust, it needs to resolve the features
of both the input and its conjugate, which is restricted
by the uncertainty relation expressed as Eq. (19). The
underlying mathematics of the uncertainty principle for
neural networks is equivalent to that used in the quantum
theory, indicating that the uncertainty relation is an intrinsic
property for general neural networks. This exploration
should be beneficial in inspiring more attentions to be paid
to the vulnerability of neural networks, especially in current
days when this issue has been widely exposed due to the
growing needs in the applications of neural networks.

Meanwhile, our work reveals that the mathematics in
quantum physics could be potentially extended to reveal
the insightful properties of neural networks. In quantum
physics, as long as we specify the wave function ψ(X),
we can study the relevant properties of the physical
state following a set of mature mathematical procedures.
Similarly, since we have directly converted the loss function
into neural packets, it is possible to use the analytical tools
in quantum physics to study neural networks.

There are also possible effective conjugates in other
adversarial attacks beyond those attempted in this study.
In Tab. 4, we list some of the typical attacking methods
and their conjugates that probably make them successful
attack. Although we still cannot give the conjugates of the
black-box attacks [52], [53] explicitly, these methods should
possibly map the distribution functions of the datasets to the
overlapped ones as shown in Fig. 2. We will make efforts to
investigate this issue in our future research.
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On The Uncertainty Principle of Neural
Networks: Supplementary Material

— Understanding the uncertainty principle in terms of FGSM attack

Jun-Jie Zhang, Dong-Xiao Zhang, Jian-Nan Chen, Long-Gang Pang, and Deyu Meng

Abstract

In this supplementary material, we provide a perspective to understand the uncertainty principle of neural networks
proposed in the main paper in terms of the frequency-principle. Based on the observation that an opposite direction of the
FGSM attack increases both the Test Accuracy (TA) and Robust Accuracy (RA), we specifically build a pipeline named the
Iterative FGSM Augmentation (IFA). In IFA, to obtain high TA and RA is equivalent to train a Pix2Pix network, which maps an
image to another image, to high accuracy. Our experiments show that such an attempt to train a Pix2Pix fails at producing
images containing more high frequency components. The results indicate that one can hardly expect to train a network (e.g.,
Pix2Pix) which resolves both the images and their conjugates to an arbitrary high accuracy simultaneously.

F

Since the Test Accuracy (TA) and Robust Accuracy (RA) of a neural network involve two procedures, it is hard to
perceive the uncertainty principle directly. Thus, we provide another view to further perceive the principle.

1 OBSERVATION FOR OBTAINING ACCURATE AND ROBUST NETWORKS

In image classification, a well-trained neural network separates the data points (images) into several classes. If the FGSM
attack decreases the classification accuracy, one will be able to attain an increase in accuracy following the opposite direction
of the FGSM attack (the same phenomenon is also observed by the current literatures [1], [2]). To intuitively perceive the
phenomenon, we schematically depict the effects of both the FGSM attack and its opposite in Fig. 1. The shaded areas
correspond to the domains of different image classes which are determined by the loss function. The FGSM attack shifts
the data points that belong to the TRUE domain towards other domains so as to attack the classification network. On the
contrary, if we iteratively apply the FGSM attack in the opposite direction, we can move these data points back to their
TRUE domain classes—thus inclining to gain an augmentation of the accuracies for the training set [1], [2].

To further instantiate the phenomenon, we iteratively apply the opposite FGSM attack via the formula

Xn+1 = Xn − ε · sign(∇X l(f(X, θ), Y ∗)|X=Xn )

≡ Xn +Dn, (1)

where Xn and Xn+1 denote the images before and after the iteration. The relavant TA and RA for images Xn+1 at different
iteration steps are shown in Fig. 2, where we can see that with the increase of the iteration steps, both TA and RA show
tendency of increase. Note that in order to obtain Xn+1, we need to evaluate the term ε · sign(∇X l(f(X, θ), Y ∗)|X=Xn )
which requires to pre-know the label knowledge Y ∗. Hence, the opposite FGSM attack is only applicable on the training
set so far.

The above phenomena is somehow inspiring. Specifically, it motivates a natural idea that if we can design similar
procedures on the test set, we will increase both TA and RA simultaneously, and the deduced uncertainty principle in the
paper tends to be doubtful, and we will have actually found a method to defend the adversarial attacks.

2 THE PIPELINE OF THE ITERATIVE FGSM AUGMENTATION

To achieve the goal, we may think of building a Pix2Pix [3], [4] network which aims to learn a mapping to directly output
a proper conjugate ∆N from an input image X0, where

∆N ≡ XN −X0

= XN-1 +DN-1 −X0 = · · · = ΣN−1
n=0Dn. (2)
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FGSM ATTACK

Data separation 
in view of the 

trained neural network

Data separation 
after FGSM attack

𝑋𝑋1 = 𝑋𝑋0 + 𝜖𝜖 sign(𝛻𝛻𝑋𝑋𝑙𝑙(𝑓𝑓 𝑋𝑋,𝜃𝜃 ,𝑌𝑌∗)|𝑋𝑋=𝑋𝑋0)

Iterative  𝑋𝑋n+1 = 𝑋𝑋n − 𝜖𝜖 sign(𝛻𝛻𝑋𝑋𝑙𝑙(𝑓𝑓 𝑋𝑋, 𝜃𝜃 ,𝑌𝑌∗)|𝑋𝑋=𝑋𝑋n) transformation

Fig. 1. Illustration of the FGSM attack and its opposite. The upper panel: FGSM attack transforms some of the images (data points) that belong
to a certain domain towards other domains, leading to a decrease of the accuracy. The lower panel: the opposite direction of the FGSM attack
transforms the images towards the domains with correct classification, leading to an increase of the accuracy.
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Fig. 2. Test accuracy (TA) and robust accuracy (RA) for training set. ConvNet, ResNet and GoogleNet are applied to the Cifar-10 dataset; and
ConvNet, ResNet and YGCNN are applied to the MNIST dataset. The attacking strength ε = 8/255 and 0.1 for Cifar-10 and MNIST respectively.
The detailed sturctures of these networks can be found in Ref. [3]

The capital N represents the final iteration number through Eq. (1). ∆N can be seen as a conjugate of the raw image X0.
With such a network, we can obtain the corresponding ∆N with given X0. Once ∆N is obtained, we can immeadiately
construct XN via XN = X0 + ∆N. According to Fig. 2, XN so obtained is expected to pose both high TA and high RA in
terms of the trained classifier. We name this conjecture as Iterative FGSM Augmentation (IFA, see Fig. 3 for details). The
IFA algorithm aims to connect the X0 and its conjugate ∆N in one single network by adopting the Pix2Pix network.

The purpose of this design is to substantiate that the Pix2Pix network cannot resolve X0 and its conjugate ∆N to an
arbitrary high accuracy simultaneously, so as to further validate that the RA and TA cannot get sufficiently better at the
same time. The uncertainty principle of neural networks can then be more faithfully verified. As will be shortly revealed,
due to the uncertainty principle of neural networks, such an ideal Pix2Pix network can hardly achieve its intended purpose.

3 MANIFESTATION OF THE UNCERTAINTY PRINCIPLE

Now we can follow the four steps in IFA attempting to train such an ideal Pix2Pix network that generates ∆N providing
the raw images X0.
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Pipeline of the Iterative FGSM Augmentation
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Transform the raw images via 𝑋𝑋n+1 = 𝑋𝑋n − 𝜖𝜖 sign(𝛻𝛻𝑋𝑋𝑙𝑙(𝑓𝑓 𝑋𝑋,𝜃𝜃 ,𝑌𝑌∗)|𝑋𝑋=𝑋𝑋n) ≡
𝑋𝑋n + 𝐷𝐷n. TA and RA denote the test and robust accuracies for the training set.
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Generator

Discriminator Discriminator

Generator
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Fig. 3. The pipeline of the iterative FGSM augmentation. ¬ A classifier (for instance the Residual neural network) is first trained with Nepoch epoches,
where X0 and Y ∗, denote the raw images and labels. ­ Based on the observation that the opposite direction of the FGSM attack increases the
accuracy, we iteratively perform the FGSM attack in the opposite direction so as to increase the test accuracies (TA) and robust accuracies (RA)
of the training set. Hence, as long as one obtains ∆N for image X0, X0+∆N will have both high TA and RA. ® For the test set, since the label Y ∗
is unknown, ∆N cannot be obtained directly. Instead, we construct a Pix2Pix network whose inputs are X and outputs are ∆N. ¯ Providing the
images X0 (in the test set) to the Pix2Pix generator, we gain its conjugation ∆N and XN. Then, we evaluate the relevant TA and RA for images XN.
Note that RA is obtained via the iterative FGSM attack (with step size 4 and l∞ loss) applied to the combined neural network (Pix2Pix+classifier).
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TABLE 1
Test and robust accuries for the classifiers on MNIST dataset. CL stands for classifiers that are not combined with a Pix2Pix network and ACL

stands for the classifiers Pix2Pix+Conv/Res/YGCNN.

Network type

Test accuracy (%) Robust accuracy (%)

Nepoch Nepoch

1 30 50 1 30 50

ConvNet
CL 97.31 98.71 98.72 41.44 50.98 53.74

ACL 99.04 98.87 99.25 89.53 93.90 98.00

ResNet
CL 98.65 99.50 99.57 90.88 98.22 98.27

ACL 99.32 99.15 89.85 95.44 52.96 51.03

YGCNN
CL 97.35 99.15 99.19 59.84 49.06 45.68

ACL 98.96 99.08 98.29 95.43 89.95 67.73

First of all, we train a few classifiers on the datasets Cifar-10 and MNIST at various epoch numbers (denoted as
Nepoch). In general larger Nepoch values correspond to more accurate classifiers. Here, we use the typical Convolutional
(ConVNet), Residual (ResNet), Google (GoogleNet) networks for Cifar-10 dataset and train these networks with epoch
numbers Nepoch = 1, 5, 50. For MNIST dataset, we use the ConVNet, ResNet, and YGCNN [5] (proposed by YASSINE
GHOUZAM) networks. Since the MNIST dataset is much easier compared with the Cifar-10, TA for Nepoch = 5 will be
similar to that of Nepoch = 1. To observe prominant effects, the classifiers for MNIST are trained with Nepoch = 1, 30, 50. Once
these classifiers are obtained, we can evaluate their TA and RA to see how robust the classifiers can be. For convenience,
we refer the obtained TA and RA in this stage to CL, meaning the normal classifier learning (CL) without iterative FGSM
augmentation.

Then we perform the second step of IFA. Since the classifiers are already trained, we can use Eqs. (1) and (2) to generate
∆N iteratively. The maximum iteration step is chosen to be N = 200. Generally, TA and RA for Xn will increase with the
increasing of n. In step one, we have chosen three epoch numbers for each classifier. Thus, we obtain three different sets
of the training weights. For example, for ConvNet on Cifar-10, we have trained weights θNepoch=1, θNepoch=5, and θNepoch=50.
For each weight, for instance θNepoch=5, we can generate ∆200 using Eq. (1) and (2). This procedure can form a new dataset
where (X0, ∆200) are the (input, label) paris. At this stage, we have generated a dataset containing both the inputs X0 and
the relevant conjugates ∆200.

Next, we train a Pix2Pix network with training sample pairs (X0,∆200) following the third step of IFA. The training of
Pix2Pix is an independent procedure which is irelevant to the classifiers in step one, and does not alter the weights of the
classifiers. The Pix2Pix network used here is a Generative Adversarial Network (GAN) with a U-Net structure containing 5
convolutional blocks as the encoder, and 4 deconvolutional layers as the decoder. Each convolutional block is a combination
of 2 convolutional layers. The discriminator of the Pix2Pix consists of three convolutional blocks, where each convolutional
block contains 1 convolutional layer with spectral normalization, 1 batch normalization layer and 1 leakyReLU layer. The
specific implementation of the Pix2Pix and the classifiers can be found in Ref. [3].

Once trained, the Pix2Pix can be used to directly produce the conjugate information ∆200 on the test set (the last step of
IFA). With the generated ∆200, we are able to further construct images X200 = X0 + ∆200 and use the classifiers trained in
step one to evaluate the corresponding TA and RA. Note that in the last step of IFA, we do not change the weights of the
classifiers; and RA is obtained by attacking the augmented classifiers (ACL) Pix2Pix+Conv/Res/Google/YGCNN using
PGD. Thus, the PGD here attacks both the Pix2Pix network and the classifiers.

In Tab. 1, we present the obtained TA and RA on MNIST dataset. From the uncertainty relation Eq. (14) in the main
manuscript, we know that there exists a lower bound which is directly related to the loss function; and the values of the
loss function depends on the architecture of the network and the dataset. Thus, whether one can increase TA and RA for
a trained classidier simultanesouly depends on both the network architecture and the dataset. The results in Tab. 1 can be
interpreted in terms of two aspects:

1. If, the classifier does not reach the lower bound, it is possible for us to increase both its TA and RA, as is illustrated
by the ConvNet in Tab. 1.

2. Since the test accuracy often increases with the growing epoch numbers, in some cases, the lower bound in the
uncertainty relation will only be reached at relatively larger epoch numbers. Under these circumstances, one is able to
increase both TA and RA at small epoch numbers while fail at larger epoch numbers. Meanwhile, the conditions for larger
epoch numbers also have two folds: we cannot increase both TA and RA (the ResNet case), or we can increase RA in
sacrifice of decreasing TA (the YGCNN case).
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Fig. 4. Test and robust accuracies of the classifiers on Cifar-10 dataset. CL stands for classifiers that are not combined with a Pix2Pix network and
ACL stands for the classifiers Pix2Pix+Conv/Res/Google. Other parameters are set the same to Fig. 2.
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Fig. 5. Ratio of high frequencies is roughly proportional to the test accuracies. Ratio of high frequencies is obtained via the formula (|FFT[∆1]| −
|FFT[∆1]LF|)/|FFT[∆1]|. For Cifar-10, we turn the RGB images into gray and |FFT[∆1]LF| takes the slices [15 : 19, 15 : 19]. For MNIST, |FFT[∆1]LF|
takes the slices [12 : 18, 12 : 18]. The networks are trained with various epoch numbers to gain the different test accuracies. The implementation
can be found in Ref. [3].

The similar phenomenon is also observed on Cifar-10. In Fig. 4 we give the TA and RA for classifiers ConvNet,
ResNet and GoogleNet. In this scenario, an increase in TA corresponds to a decrease in RA in general, as clearly
depicted in the left panel of Fig. 4, indicating that there is a trade-off between TA and RA. For the combined classifiers
(Pix2Pix+Conv/Res/Google), TA and RA both decrease (Fig. 4 right panel) with the increasing of the epoch number Nepoch,
indicating that the IFA pipeline fails at increasing TA and RA simultaneously.

In general, we see that we can hardly train a Pix2Pix network to an arbitrary high accuracy. Meanwhile, we also
observe a decrease of TA and RA for ACL in some cases. This decreasing tendency manifests the difficulty for the Pix2Pix
to generate ideal conjugate ∆200.

Note that the core of the IFA pipeline is that we have combined the images and their conjugats in a single network (the
generator in Pix2Pix). If the uncertainty principle is not an inherent property for all neural networks, we are able train the
Pix2Pix network to arbitrary high accuracies, so that an increase of TA and RA should be observed. However, our attempt
has failed so far, indicating the existence of such an uncertainty principle.

Since the Pix2Pix network directly links the inputs and the corresponding conjugates, the statement in uncertainty
principle that "a nerual network cannot resolve the inputs and the corresponding conjugates to arbitrary high accuracies" is
now converted into "such Pix2Pix nerual network cannot generate ∆N with given X to an arbitrary high accuracy". To this
extent, we have converted a classifier into a generator, thus we state that the uncertainty principle should be a common
result for general neural networks.

4 THE FREQUENCY-PRINCIPLE EXPLANATION

Apart from the uncertainty principle, the results presented in Fig. 4 can also be understood from the frequency-principle
[6] (F-Principle) in a straightforward way. It is proposed by the F-Principle that “the DNNs tend to fit training data by a
low-frequency function resulting from the smoothness/regularity of the commonly used activation functions”. Therefore,
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it is harder for the neural networks to predict high-frequency images than the low-frequency ones. To be specific, in the
training of reducing the loss function l(f(X, θ), Y ∗), smaller values of l indicate higher training (and also test) accuracies
if the network is not over fitted. For a network to distinguish among many classes, high-frequency features are gradually
resolved in the training course. Thus, a neural network with higher accuracy contains more high-frequency features [7],
[8]. In Fig. 5, we compare the test accuracies of the classifiers with the proportion of the high frequencies of the generated
∆1. We see that ∆1 contains more high frequency components with the increasing of the test accuracies, and ∆1 with more
high frequencies is more difficult for a Pix2Pix network to produce.

Therefore, a more accurate classifier should generate the ∆1 with higher frequencies. Meanwhile, a robust classifier
corresponds to the generation (by Pix2Pix) of ∆1 to high precision, which is harder to achieve if ∆1 contains more high
frequency components. This can rationally explain the phenomenon that both TA and RA decrease with Nepoch in Fig. 4.
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