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FINITE 3-CONNECTED-SET-HOMOGENEOUS LOCALLY 2K,
GRAPHS AND s-ARC-TRANSITIVE GRAPHS

JIN-XIN ZHOU

ABSTRACT. In this paper, all graphs are assumed to be finite. For s > 1 and a graph
I, if for every pair of isomorphic connected induced subgraphs on at most s vertices
there exists an automorphism of I' mapping the first to the second, then we say that
I' is s-connected-set-homogeneous, and if every isomorphism between two isomorphic
connected induced subgraphs on at most s vertices can be extended to an automorphism
of I', then we say that I' is s-connected-homogeneous. For n > 1, a graph I is said to be
locally 2K,, if the subgraph [I'(u)] induced on the set of vertices of I adjacent to a given
vertex u is isomorphic to 2K,,.

Note that 2-connected-set-homogeneous but not 2-connected-homogeneous graphs are
just the half-arc-transitive graphs which are a quite active topic in algebraic graph theory.
Motivated by this, we posed the problem of characterizing or classifying 3-connected-
set-homogeneous graphs of girth 3 which are not 3-connected-homogeneous in (Eur. J.
Combin. 93 (2021) 103275). Until now, there have been only two known families of
3-connected-set-homogeneous graphs of girth 3 which are not 3-connected-homogeneous,
and these graphs are locally 2K,, with n = 2 or 4. In this paper, we complete the
classification of finite 3-connected-set-homogeneous graphs which are locally 2K,, with
n > 2, and all such graphs are line graphs of some specific 2-arc-transitive graphs.
Furthermore, we give a good description of finite 3-connected-set-homogeneous but not
3-connected-homogeneous graphs which are locally 2K,, and have solvable automorphism
groups. This is then used to construct some new 3-connected-set-homogeneous but not
3-connected-homogeneous graphs as well as some new 2-arc-transitive graphs.

Keywords 3-connected-set-homogeneous, 3-connected-homogeneous, 2-geodesic-transitive,
Cayley graph, 2-arc-transitive

1. INTRODUCTION

The main purpose of this paper is to give a partial answer to a problem raised by the
author in [57] about the 3-connected-set-homogeneous graphs. As a by-product of this
investigation, we disprove a conjecture posed by Feng and Kwak in their 2006 paper on
trivalent symmetric graphs of order twice a prime power [21], and answer a question on
3-arc-transitive graphs posed by Li, Seress and Song in [36], and we also correct an error
in [41] about tetravalent 3-arc-regular Cayley graphs. Before proceeding, we give some
background to this topic, and set some notation.

A graph is said to be regular if each of its vertices is adjacent to k vertices for some
constant positive integer k. Let I" be a graph. We use V(I'), E(I') and Aut(I") to denote
its vertex set, edge set and full automorphism group, respectively. For B C V(I'), [B]
denotes the subgraph induced by B. For a vertex v of I, let I'(v) be the set of vertices

adjacent to v. Let G < Aut(I'). Denote by G, the subgroup of G fixing v, by GL™ the
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permutation subgroup on I'(v) induced by G, and by G the subgroup of G, fixing every
vertex in I'(v). For a positive integer n, we say that I' is locally 2K,, if [['(v)] = 2K,, for
each v € V(I'), where 2K,, means the disjoint union of two copies of K,,.

For a positive integer n, denote by C,, the cyclic group of order n, and by A, and S,
the alternating group and symmetric group of degree n, respectively. For two groups M
and N, N x M denotes a semidirect product of N by M, and N M the wreath product
of N by M. See Section [2] for other unexplained terms.

For a positive integer s and a graph I, if for any pair of isomorphic connected induced
subgraphs of I' on at most s vertices there is an automorphism of I' mapping the first to
the second, then we say that I' is s-connected-set-homogeneous, or s-CSH, and if every
isomorphism between two isomorphic connected induced subgraphs on at most s vertices
can be extended to an automorphism of I', then we say that I' is s-connected-homogeneous,
or s-CH. A graph is said to be connected-set-homogeneous or connected-homogeneous if it
is s-CSH or s-CH, respectively, for all positive integers s.

s-CSH or s-CH graphs have received a lot of attention in the literature. For example,
in 1978, Gardiner [23] gave a classification of finite connected-set-homogeneous graphs,
in 2009, Gray [25] classified infinite 3-CSH or 3-CH graphs with more than one end, and
Devillers et al. [I3] [40] investigated the finite k-CH graphs with & > 3. For more results
related to s-CSH or s-CH graphs, we refer the reader to [17, [19, 26, 30].

Clearly, a graph is 1-CSH or 1-CH if and only if it is vertex-transitive. Furthermore,
2-CH graphs are precisely regular arc-transitive graphs, and every 2-CSH graph is vertex-
and edge-transitive. A graph is said to be half-arc-transitive if it is 2-CSH but not 2-CH.
In 1966, Tutte [51] initiated the study of half-arc-transitive graphs, and he proved that
the valency of a half-arc-transitive graph must be even, and a few years latter, Bouwer [5]
constructed the first family of half-arc-transitive graphs. Following this pioneering work,
half-arc-transitive graphs have been extensively studied over the last half a century, and
numerous papers have been published on this class of graphs (see, for example, the survey
papers [11}, [46] and recent papers [48] 49| 54| 56]).

In this paper, we are interesting in 3-CSH but not 3-CH graphs which are a natural
generalization of half-arc-transitive graphs. Note that a graph of girth at least 4 is 3-CSH
but not 3-CH if and only if it is 2-path-transitive but not 2-arc-transitive. In 1996, Conder
and Praeger [12] initiated the study of 2-path-transitive graphs, and more than ten years
later, Li and Zhang [38, 39] systematically investigated 2-path-transitive graphs which
are not 2-arc-transitive. Motivated by this, the author [57] began the study of 3-CSH but
not 3-CH graphs of girth 3, and we proved the existence of such graphs and proposed the
following problem.

Problem 1.1. [57, Problem B| Characterize or classify 3-connected-set-homogeneous
graphs of girth 3 which are not 3-connected-homogeneous.

In this paper, we shall partially solve this problem by classifying 3-CSH graphs which
are locally 2K,, with n > 2. This was partially motivated by our previous work in [57],
where we proved the existence of 3-CSH but not 3-CH graphs of girth 3 by constructing
some 3-CSH graphs which are locally 2K, with n = 2 or 4. Our main results show
that there is a close relationship between 3-CSH graphs which are locally 2K,, and s-
arc-transitive graphs with s > 2. Constructing or classifying s-arc-transitive graphs with
s > 2 has been a perennially active topic in the area of algebraic graph theory; see, for
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example, [311 32, 36, [45]. This is another motivation for us to study 3-CSH graphs which
are locally 2K,,. Before stating our main results, we introduce some terminology.

For s > 0, an s-arcin I is an ordered (s + 1)-tuple (vg,vq,- -+ ,vs_1,vs) of vertices of I'
such that v;_; is adjacent to v; for 1 <1i < s and v;_1 # v;4q for 1 <i < s — 1. For some
group G of automorphisms of I', we say that the graph I" is (G, s)-arc-transitive if T' is
regular and G is transitive on the set of s-arcs in I'; I is (G, s)-arc-regular if G is regular
on the set of s-arcs of I'. When G = Aut(I'), a (G, s)-arc-transitive or (G, s)-arc-regular
graph I' is simply called s-arc-transitive or s-arc-regular, respectively.

The line graph L(I') of a graph I" is the graph whose vertices are the edges of I', with
two edges adjacent in L(I") if they have a vertex in common. A graph I' is said to be
locally 3-transitive if the vertex-stabilizer Aut(I'), of v € V(I') acts 3-transitively on I'(v).

Now we state our first main theorem.

Theorem 1.2. Let I' be a locally 2K,, graph with n > 2. Then I' is 3-connected-
homogeneous if and only if I' is isomorphic to the line graph L(X) of a 3-arc-transitive
and locally 3-transitive graph 3.

By Theorem [[L2] to construct 3-CH locally 2K,, graphs with n > 2, it is equivalent to
construct 3-arc-transitive and locally 3-transitive graphs. The following theorem charac-
terizes vertex stabilizers of 3-arc-transitive graphs.

Theorem 1.3. [36, Theorem 4.2] For a (G, 3)-arc-transitive graph I' of valency k and a
2-arc (w,u,v), at least one of the following holds:

(i) G is transitive on C(w) — {u}, or
(i) Gu=A7 0rS;, and k=17, or
(iii) Cf <L < ATLy(p’), the number of G -orbits on ['(w) —{u} divides ged(p/ —
17 .f)2; (I’fld (GE(U))’LUU S Cf-

There are infinitely many 3-arc-transitive and locally 3-transitive graphs satisfying the
condition in Theorem (i). For example, the complete bipartite graph K,,,, is a 3-
arc-transitive and locally 3-transitive graph for each n > 3. For more examples of 3-arc-
transitive and locally 3-transitive graphs satisfying the condition in Theorem (i), we
refer the reader to [31) B7]. It is easy to see that every 3-arc-transitive graph satisfying
the condition in Theorem (ii) is locally 3-transitive. Recently, Giudici and King [2§]
gave a classification of edge-primitive 3-arc-transitive graphs satisfying the condition in
Theorem (ii), and there are two sporadic and eight infinite families of such graphs.

In part (c) of [36, Remarks on Theorem 4.2], Li et al. wrote “It is not known whether
there are 3-arc-transitive graphs satisfying the condition in part (iii) of Theorem 4.2”. It
is easy to see that there does not exist a 3-arc-transitive and locally 3-transitive graph
satisfying the condition in Theorem (iii). However, our next result shows that there
do exist (G, 3)-arc-transitive graphs satisfying the condition in Theorem (iii).

Proposition 1.4. Let p be a prime and f be a positive integer. If p/ — 1 is not coprime
to f, then there exists G < Aut(K,s ,r) such that K r s is a (G, 3)-arc-transitive graphs
satisfying the condition in Theorem [I.3 (iii).

Following [47], we say that a pentavalent symmetric graph I is of type QS if Aut(T"), =
Frob(20) x Cy and Aut(I') (.} = Mg, where {u, v} is an edge of I',

Frob(20) = (a,b | a® = b* = 1,07 tab = a®) and My = {(a,b | a® = b* = 1, bab = a).
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A trivalent symmetric graph I' is said to be of type 22 if Aut(T), = S5 and Aut(I')q, ., =
Cy, where {u,v} is an edge of I' (see [10]). Now we state our next main theorem.

Theorem 1.5. Let I" be a locally 2K,, graph with n > 2. Then I' is 3-connected-set-
homogeneous but not 3-connected-homogeneous if and only if I' is isomorphic to the line
graph L(X) of a graph ¥ such that one of the following holds:

(1) X is a tetravalent 3-arc-reqular graph;

(2) X is a pentavalent 3-arc-reqular graph;

(3) X is a 3-arc-transitive graph of valency 8 and Aut(Z)E(u) =~ 03 x (Cy x Cy) with
t=1o0or3anduecV(X);

(4) X is a 3-arc-transitive graph of valency 32 and Aut(Z)E(u) =~ (09 % (C31 x Cs) with
ueV(E);

(5) X is a 3-arc-transitive graph of valency ¢ + 1 and Aut(Z)E(u) =~ PSL(2,q).(n),
where u € V(X), q is an odd prime power such that ¢ = —1 (mod 4) and 1 is a
field automorphism of GF(q);

(6) X is a pentavalent symmetric graph of type QS;

(7) X is a trivalent symmetric graph of type 2.

Remark on Theorem (5). Let X be a 3-arc-transitive graph of valency ¢ + 1,

where ¢ is a prime power. Let u € V(X). If PGL(2,q) < Aut(E)E("), then X is locally
3-transitive, and then by Theorem [[2] the line graph I" of ¥ is 3-connected homogeneous.

By Theorem [I.5] to construct 3-CSH but not 3-CH graphs which are locally 2K, with
n > 2, it is equivalent to construct graphs satisfying the conditions in each of (1)—(7) of
Theorem [LH In [57, Remark 4.2], we gave a pentavalent 3-arc-regular graph of order 5
(see also Example [6.3]). In 2010, C.H. Li et al. in [35] constructed a tetravalent 3-arc-
regular graph with automorphism group PI'L(2,27), and in a recent paper [41], J.J. Li
et al. gave another six tetravalent 3-arc-regular graphs. For trivalent symmetric graphs
of type 2%, by [9] there are only eight such graphs on up to 10000 vertices, and in 2020,
Feng et al. [22] constructed an infinite family of trivalent symmetric graphs of type 22
We are not aware of any other 2-arc-transitive graphs satisfying the conditions in (1)—(7)
of Theorem

Our third main theorem provides a useful method to construct 3-CSH but not 3-CH
graphs which are locally 2K,,, and using it, we can give some new constructions of 2-arc-
transitive graphs satisfying the conditions in (1)—(7) of Theorem [[LH To state the result,
we introduce the concept of Cayley graphs.

Given a finite group G and an inverse closed subset S C G \ {1}, the Cayley graph
Cay(G, S) on G with respect to S is a graph with vertex set G and edge set {{g,sg} |
g€ G,s€ S} Forany g € G, R(g) is the permutation of GG defined by R(g) : x — xg for
x € G. Set R(G) ={R(g) | g € G}. It is well known that R(G) is a regular subgroup of
Aut(Cay(G, S)). In general, a vertex-transitive graph I" is isomorphic to a Cayley graph
on a group G if and only if its automorphism group has a subgroup isomorphic to G,
acting regularly on the vertex set of I' (see [3| Lemma 16.3]). Set A = Aut(Cay(G, S5))
and Aut(G,S) = {a € Aut(G) | S = S}. Then Ns(R(G)) = R(G) x Aut(G, S), and I’
is said to be a normal Cayley graph of G whenever N4(R(G)) = A (see [24], 55]).

Now we state our last theorem which gives a good description for 3-CSH but not 3-CH
graphs which are locally 2K,, and have solvable automorphism groups. We say that a
graph I is solvable if Aut(I") is solvable.
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Theorem 1.6. Letn > 2 and let I" be a solvable locally 2K,, graph. Then I' is 3-connected-
set-homogeneous but not 3-connected-homogeneous if and only if I' = Cay(H, S) such that
the following hold:
(a) H is a group having two subgroups A, B such that G = (A,B), A =2 B = C’If,
ANB=1and S=(AUB)—{1}; and
(b) one of the following holds:
(1> (p7 f) = (27 2)) AU-t(H7 S) = 0310y

(2> (p7 f) = (5,1), AU-t(H7 S) §C4202;

(3) (p, f) =1(2,3), C71Cy < Aut(H, S) < (C7 x C5) 1 Cy;

(4> (p7 f) = (275)? (031 X C’31) b CIO S AU-t(H7 S) S (031 X 05) ! Cg,'
(5) (pa f) = (5> 1); Aut(H’ S) = M16;'

(6) (pa f) = (3> 1); Aut(H’ S) = 04'

Remark on Theorem (1) Applying Theorem [[.6] in Section [6] we shall show that
there are infinitely many graphs Cay(H, S) satisfying the conditions in each of (1)—(6) of
Theorem [L6 (b).

(2) By [41], Theorem 1.1 & Corollary 1.2], every tetravalent 3-arc-regular Cayley graph
is a normal cover of a Cayley graph on one of the following groups: Ca' x (C32.My;), Ss3;
and Ass. This, however, is not true. Actually, we shall prove in Proposition there
are infinitely many graphs I' = Cay(H, S) such that I" satisfies the condition in (1) of
Theorem (b), and I' = L(X) with X a tetravalent 3-arc-regular Cayley graph on a
solvable group.

(3) By [47], there are nine types of pentavalent 2-arc-transitive graphs, characterized
by the stabilizers of a vertex and an edge. We construct a pentavalent symmetric graphs
of type Q5. To the best of our knowledge, this is the first known such graph.

(4) In 2006, Feng and Kwak [21, p.161] conjectured that every trivalent symmetric
graph of order 2 - 3" is a Cayley graph for each n > 1. In Lemma [6.8], we shall prove that
there exists a Cayley graph I' = Cay(H,S) on a group H of order 3! for each n > 2
satisfying the condition in (6) of Theorem [[.6] (b), and so I' = L(X), where X is a trivalent
symmetric graph of order 2-3%" of type 22. Then every automorphism of ¥ swapping any
two adjacent vertices of X is not an involution, and so X is non-Cayley. This implies that
Feng-Kwak’s conjecture is not true.

2. PRELIMINARIES

Let G be a permutation group on a set 2. For a point a € 2, denote by G the
stabilizer of a in G, and denote by a“ the orbit of G on  containing a. Furthermore, for
a subset A C €, denote by G the subgroup of G fixing A setwise. If G fixes A setwise,
then denote by G* the permutation group on A induced by G.

We say that G is semiregular on Q if G, = 1 for every a € Q and regular if G is
transitive and semiregular. And, G is said to be primitive if GG is transitive on €2 and the
only partitions of € preserved by G are either the singleton subsets or the whole of (2.
Let G be a transitive permutation group on a set {2 and let u € €2. The orbits of G, on
Q) are called suborbits of GG, and their sizes are called the subdegrees of G. The number r
of the orbits of GG,, on €2 is called the permutation rank of G on Q.

A finite transitive permutation group G on a set 2 is said to be %-tmnsitive if all orbits
of the stabilizer G, of any point a € Q on Q\ {«} have the same size greater than 1. A
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%—transitive permutation group G on a set (2 is said to be a Frobenius group if Gos = 1 for
each different point a, f € 2. By [2, Theorems 1.1-1.2], we obtain the following lemma.

Lemma 2.1. Let G be a primitive %-tmnsitwe permutation group. Then G is either affine
or almost simple. If G is almost simple, then one of the following holds:
(1) G is 2-transitive, or
(2) n=21, G = A; or S; acting on the set of pairs in {1,...,7}, or
(3) n=1q(qg—1) where ¢ =2 > 8, and either G = PSLy(q), or G = PT'Ly(q) with
[ prime; the size of the nontrivial subdegrees is ¢ + 1 or f(q+ 1), respectively.

A 2-arc (u,v,w) of a graph I' is called a 2-geodesic if v and w are at distance 2. A
graph I is said to be 2-geodesic-transitive if I' has at least one 2-geodesic and Aut(I") is
transitive on the set of t-geodesics of I' for ¢ < 2, where a 1-geodesic of I is an arc of I'.

For a 2-arc (vg, v1,vs) of a graph I', (vq, v1,v9) is also a 2-arc. If we identify these two
arcs, then we obtain a 2-path, denoted by [vg, v, v2], and if vy and vy are adjacent then
we get a triangle, denoted by {vg, v1,v2}. The 2-path [vg, v1, vo] is called a 2-geodesic-path
provided that the triple (vg,v1,v9) is a 2-geodesic. We say that I' is 2-path transitive
(2-geodesic-path transitive, respectively) if Aut(I') is transitive on the set of 2-paths (2-
geodesic-paths, respectively) of T

For a graph I', we use I'° to denote the complementary graph of I'. From [57, Theo-
rems 1.1-1.2, Corollary 1.4], we obtain the following lemma.

Lemma 2.2. Let I' be a connected 3-CSH non-complete graph of girth 3. Let G = Aut(I).
Then T is arc-transitive, and for any {u,v} € E(I"), we have the following:
(1) If [I'(u)] is connected, then [['(u)] is of diameter 2, and if [I'(u)] is disconnected,
then [I'(u)] = mK, for some positive integers m, (.
(2) G, is edge-transitive on [I'(u)]°.
(3) Guw has s orbits on I'(u) N T'(v) with equal size, where s =1,2,3 or 6.
(4) Gyy hast orbits on I'(u) — ((I'(w) NT(v)) U{v}) with equal size, where t =1 or 2.
(5) Ift=1, thenI' is 2-geodesic-transitive.
The following lemma gives a characterization of 2-geodesic-path transitive graphs.

Lemma 2.3. Let I' be a connected vertex-transitive graph of valency at least 2. Take
u € V(I'). Then Aut(I) is transitive on the set of 2-geodesic-paths if and only if Aut(T),
is transitive on the edges of [I'(u)]°.

Proof. Suppose first that Aut(I) is transitive on the set of 2-geodesic-paths. Take two
edges, say {z,y}, {2, y'}, of [['(w)]°. Then [z,u,y] and |2/, u,y'] are two 2-geodesic-paths
of I'. Then there exists g € Aut(I") sending [z, u,y] to [/, u,y']. It follows that g fixes u
and sends {z,y} to {«’,y'}. Therefore, Aut(I"), is transitive on the edges of [I"(u)]°.
Conversely, assume that Aut(I'), is transitive on the edges of [I'(u)]°. Take an edge,
say {z,y}, of [['(u)]®. Then [z, u,y] is a 2-geodesic-path of I'. For any 2-geodesic path,
say [2/,u/,y'] of I', by the vertex-transitivity, there exists a g € Aut(I') sending v’ to u,
and so {2/, y'}? is an edge of [I'(u)]°. Since Aut(I), is transitive on the edges of [I'(u)]°,
there exists h € Aut(I"), such that {2/, y'}9" = {z,y}, and so [2/,/,y']" = [z, u,y]. This

implies that Aut(I") is transitive on the set of 2-geodesic-paths. O

A clique of a graph I' is a complete subgraph and a mazimal clique is a clique which
is not contained in a larger clique. The cliqgue graph C(I") of T" is a graph with vertices



3-CSH LOCALLY 2K, GRAPHS AND s-ARC-TRANSITIVE GRAPHS 7

the maximal cliques of I' and with two different maximal cliques adjacent if they share at
least one common vertex.

Lemma 2.4. Let n > 2 be an integer, and let I' be a locally 2K,, graph. Then I is
isomorphic to the line graph of C(T'), and Aut(I') = Aut(C(I)).

Proof. By [14, Corollary 1.6], we know that I' is isomorphic to the line graph of C(T),
and by [II, p.1455], we have Aut(I') = Aut(C(I")). O

From [I5] Theorem 1.1] we deduce the following result.

Proposition 2.5. Let I' be a connected reqular, non-complete graph of valency at least
3. Let s =2 or 3. Then I is s-arc-transitive if and only if the line graph of T is (s — 1)-
geodesic-transitive.

3. PROOFS OF THEOREM AND PROPOSITION [I.4]
In this section, we shall prove Theorem and Proposition [I.4l

Proof of Theorem Let ¥ = C(T"). By Lemma 24 for convenience, we shall identify
I' with the line graph of >.

Suppose first that ¥ is 3-arc-transitive and locally 3-transitive. By Proposition 2.5 T"
is 2-geodesic-transitive and arc-transitive. To show that I' is 3-CH, it suffices to prove
that Aut(I") is transitive on the set of 3-tuples (e, f,g) such that {e, f, g} is a triangle.
Let (e1,e2,e3) and (f1, fo, f3) be two 3-tuples of vertices in I" such that both {e, s, e3}
and {f1, f2, f3} induce two triangles. As we assume that I' is the line graph of ¥, we
may let e; = {u,v1}, ea = {u, v} and e3 = {u,v3}, and f; = {z,y1}, fo = {z, 92} and
fs = {z,ys}, where u,v;, z,y; € V(2)(i = 1,2,3). Then (v, u,vs) and (y1, x, yo) are 2-arcs
of 3. Since ¥ is 3-arc-transitive, there exists a € Aut(X) such that (vi, u, v9)* = (Y1, z, Ya),
and so (ey,eq,e3)* = (f1, f2,€%), where e§ = {z,v§}. Clearly, v§ € ¥(z). Since X
is locally 3-transitive, there exists 3 such that [ fixes x,y;,y2 and maps v§ to ys3. So
(e1,€0,€3)* = (f1, f2, f3).

Suppose now that I' is 3-CH. Then I is 2-geodesic-transitive, and by Proposition 2.5] 3
is 3-arc-transitive. Let u € V(X). Then Aut(X), acts 2-transitively on 3 (u). Take v,w €
¥ (u). Forany x1,xe € ¥(u)—{v,w}, both {{u, v}, {u, w}, {u, z1}} and {{u, v}, {u, w}, {u, x2}}
induce two triangles of I. Since I" is 3-CH, there exists a € Aut(X) = Aut(I") such that
({u, v}, {u,w},{u, x1})* = {u,v},{u, w}, {u,z5}). It follows that « € Aut(X),, and
x{ = x9. Thus, Aut(X), acts 3-transitively on 3(u), and hence ¥ is locally 3-transitive.
O

Proof of Proposition [1.4] Let p be a prime and f be a positive integer. Suppose that

r is a common prime divisor of p/ — 1 and f. Let ¢ be a positive integer such that

rt | pf — 1 but "1y p/ — 1. Let I' = K,s s with biparts U and W. Then Aut(I') has a

subgroup A = AT'L(1, p’) which fixes U point-wise and is 2-transitive on W. Let g be any

involution of Aut(I') swapping U and W, and let M = (A, g). Then M = (A x A%) x (g) is

3-arc-transitive on I, and M is transitive on Nw)—{u} = U—{u}, whereuw € Uyw € W.
For convenience, we assume that

A=ATL(1,p") = N x ({a) x (b)) = CI x (Cpr_y x Cy).
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pffl
Let B = (N, a”e,aT(b%)g,@ We may let A, = (a) x (b) and A,, = (b) with w,v €
W. Let u = w9 and x = v9. Then u,xz € U and (w,u,v) is a 2-arc of I". Further,
o o
(A9), = (a9) x (b9) and (A9),, = (09). Now By, = (¢, (@), a7 (bF)9, (a7 )9b%),
and B, = N9 x B, and B, = N x B,,. So B, acts 2-transitively on U. Since g € B, I' is
o ol
(B, 2)-arc-transitive. Note that By, = ((a™)7, (ar—fl)gb£> and B = (a9, (arf—*ll)g)
pffl
So (BE(U))wv = Bwuv/BL” < . Since (a9, (a + )9) is regular on U — {u}, By, is also
transitive on I'(v) —{u} = U — {u} It follows that I' is (B, 3)-arc-transitive. Note that
o1
B = ((a)9, ("7 T)9) has order Z=L. Since (a?) is regular on I'(w)— {u} = U —{u}, the
number of orbits of BY on I'(w) — {u} = U —{u} is r, which is a divisor of ged(p’ —1, f).

Now we conclude that I' is a (G, 3)-arc-transitive graph satisfying the condition in part (3)
of Theorem [[L3 with G = B. O

4. PROOF OF THEOREM

We begin by proving two lemmas regarding %—transitive permutation groups.

Lemma 4.1. Let G be a %-tmnsitive permutation group on a set ). Then the following
hold:

(1) if G has rank 3 or 4, then G is primitive;
(2) if G has rank 7, then either G is primitive or || = 25 and |G| = 100.

Proof. Suppose that G is imprimitive. By [53, Theorem 10.4], G is a Frobenius group.
By [50, Proposition 4.4], there exist two different z,y € Q such that the digraph I with
vertex set {2 and arc set {(z9,y9) | g € G} is disconnected. Let I'; be a component of T'
with ; = V(I'y). Then || < |—522‘, and since G is transitive on €2, one has |Q2| = ¢(€2;| for
some integer ¢ > 0.

Let r be the rank of G and take a € ;. Since G is a Frobenius group, one has
|Go| = ‘?'%11 > 2. It implies that |©2] > 2r — 1. Clearly, G, fixes €; setwise. Again,
since GG is a Frobenius group, we know that GG, acts semiregularly on ©; — {«a}, and so

21| = 1+ k|G, for some positive integer k < r — 1. It follows that || =1+ km' 1).

Since |Q] = t|Q4], one has | =1¢- (1 + (IQ\ V), implying that
(r—l—tk)\Q\:t(r—l—k)>0. (1)

It follows that » — 1 —tk > 0. If ¢ = 1, then Eq. () implies that |2] = 1, contrary to
|| > 2r — 1. Thus, t > 1 and hence r > 2k + 1.

This implies that » > 3. If r = 4, then £ = 1, and then by Eq. (), we obtain that
(3 —1)|Q2] = 2t. It implies that ¢ < 3 and || < 4, contrary to |Q2] > 2r — 1 = 7. This
proves part (1).

If r =7, then 2k +1 < 7, and then & < 2. In case k = 2, by Eq. (), we have
(6 —2t)|2| = 4¢. It follows that ¢t < 3 and || < 4, contrary to |2| > 2r — 1 = 13. Thus,
we have k = 1. Again, by Eq. (), we obtain that (6 — t)|$2| = 5¢, implying ¢t < 5. Since
6 = r—11is a divisor of |2| — 1, it follows that ¢ = 5, and hence |2| = 25. Then |G| = 100.
Part (3) holds. O
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TABLE 1. 2-Transitive groups

Line G |2 Remarks

1 PSL(2,q) <G <PI'L(2,9) ¢+ 1 ¢ > 3 a prime power
2 Sz(q) P+1 g=2%>2

3 ATL(1,27) 2/ f a prime

Lemma 4.2. Let G be a 2-transitive permutation group on a set ) and take x € €.
Suppose that G, is a %-tmnsitwe permutation group on  — {x} of rank 3, 4 or 7. Then
G, is primitive on Q — {x} and one of the following holds.

(1) G =PSL(2,q).(n) and |2 = q+ 1, where ¢ > 3 is an odd prime power and 1 is
a field automorphism of GF(q). Moreover, G, = Cq_gl.o has rank 3 on Q — {x},
where O = (n).

(2) G=CJ % (Cyr_y x Cy) and | = 27, where f =3 or 5. Moreover, G, has rank
3orTonQ—{z}.

Proof. Suppose first that G, is imprimitive on 2 — {z}. By Lemma Il G, is a per-
mutation group on Q — {x} with rank 7, and |Q — {z}| = 25 and |G| = 100. However,
by checking [16, Appendix B], there exist no 2-transitive permutation groups of degree 26
with point-stabilizer of order 100, a contradiction. Thus, G, is primitive on Q — {x}.

Since G is %—transitive on Q — {x} with rank 3, 4 or 7, it follows that G is 3-transitive
but neither 3-transitive nor sharply 2-transitive on Q. By [42] Proposition 4], we conclude
that G is one of the groups in Table [Il

If PSL(2,q) <G < PI'L(2,q), then |Q| = ¢+ 1 and [¢] : Co=x <G, with s = (2,9 — 1).
Since G is not 3-transitive on €, one has PGL(2,¢q) £ G and ¢ > 3 is odd. It follows that
G = PSL(2,q).(n), where 1 is a field automorphism of GF(¢). Moreover, G, = Cea.O

with O = (n), and G, has rank 3 on Q@ — {z}. So part (1) holds.

If G = Sz(q), then G, = [¢*] : C,—1. By [16, Section 7.7], we deduce that the normal
subgroup of G, of order ¢? is not an elementary abelian 2-group. This contradicts that
G is primitive on Q — {x}.

Now let G = AT'L(1,2f) with f a prime. Then || = 2/ and G, = Cyr_; x C}. Since
G, is primitive on Q — {z}, one has |Q — {z}| = 2/ — 1 and soc(G,) = Cys_;. It follows
that 2/ — 1 is a prime. Furthermore, for an arbitrary y € Q — {x}, we have G,, = C; and
Gy 1s semiregular on Q — {z,y}. Since G, is %—transitive on Q — {z} with rank 3, 4 or 7,
it follows that G, has s orbits of size f on Q — {z,y}, where s = 2,3 or 6. This implies
that sf = | — {z,y}| =2/ — 2.

Recall that f is a prime. If f > 5, then s = 2 or 6, and hence 2/~ —1 = f or
3f. However, this is impossible because f > 5. If f = 2, then G, = (3 x (3 which is
2-transitive on ) — {z}. This is impossible because G, is %—transitive group on € — {z}.
Thus, f =3 or 5, and G, = Cyr_; x Cy. Part (2) happens. a

In the next four lemmas, we shall prove the sufficiency of Theorem

Lemma 4.3. Let I' be a connected 3-CSH locally 2K,, graph with n > 2. Then C(T') is
2-arc-transitive.
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Proof. By Lemma 2.4] I' is isomorphic to the line graph of C(I"), and by Lemma 2.2]
I' is arc-transitive and so 1-geodesic-transitive. It then follows from Proposition that
C(I) is 2-arc-transitive. O

Lemma 4.4. Let I' be a connected locally 2K, graph, where ¢ > 3 is an odd prime power.
Let ¥ = C(I') and let A = Aut(X). Take u € V(X) and v € X(u). Suppose that ¥ is

3-arc-transitive and that A" = PSL(2,q).(n), where n is a field automorphism of GF(q).
Then T' is 3-CSH if and only if ¢ = —1 (mod 4).

Proof. By Lemma [24] we may assume that ' is the line graph of ¥. Take an edge
e = {ue, v} of ¥. The number of triangles of T' passing through e is equal to g(q — 1),
which is just the number of edges of [I'(e)]. Since ¥ is 3-arc-transitive, I' is vertex-
transitive, and as every triangle contains three vertices, the total number of triangles of
Dis g(g - DV(D)/3.

Let I'(e) = {e;, €} | 1 <1i < ¢}, where ey, eq,--- , ¢, are edges of ¥ incident with u,. and
€1, €y, , e, are edges of X incident with v.. Then [['(e)] = 2K, and {e; | i =1,2,...,q}
and {e} | i =1,2,...,q} are the bi-parts of [['(e)]* = K, , (see Figure (I)).

FIGURE 1. The complement [I'(e)] of [I'(e)]

Let Ny ={e,e; | 1 <i<gq}. Then N; is just the set of edges of ¥ incident with . and
|IN1| = g+ 1. So we may view Ai(ue) as a permutation group on Ny = {e,¢; | 1 <1i < q}.

Note that [PSL(2, q)| = £¢(¢* — 1). This implies that 3 | [PSL(2, ¢)|. Take an element,
say x, of order 3 in soc(AEe(ue)). We may assume that e? # e;. Then {ey, e?, e’} induces a
triangle of I'; and so (3 < A{el,ef,effz}/Aeleffef < Ss. Since X is 3-arc-transitive, we obtain
that I' is arc-transitive. It follows that |A: A, | = [V(I')] and |Ae, : Ac,er| = [['(e1)] = 2q.
Noticing that Ac,.r fixes ey Nef = {uc}, we have A, e < A,,. It implies that A s
fixes N7 setwise as NV is the set of edges of ¥ incident with u.. So |Aele~"f c AL 2| =

616161
|(Azi(ue))elef : (Ai(ue) 2| = %. It follows that

>ele%e% ‘
A A = 1A Al s Al a5 A rp] = al = DIV
If g =1 (mod 4), then there exists an involution y € (soc(AEe(ue)))elef and so y must in-
terchange another two edges, say e; and e; in N;. This implies that Cy < A{el,ez—7ej} /Aeleiej.
If ' is 3-CSH, then A is transitive on the triangles of I', and then we would have
A, o2 JA .2 =2 S3. It then follows that |A, ., 2| = 6|A .2|. Consequently,
{e1,ef,ef™} eieyey ) {er,ef,ef”™} 1
the size of the orbit {e, e?, %" }4 of A acting on the set of triangles of T' is

q(g —1)
: A{617ef7e:102}| = 6 |V( )|

ejefe

|A

This, however, is impossible because the total number of triangles of I" is g(¢—1)|V(I")|/3.
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(ue

If ¢ = —1 (mod 4), then (AEE("E))elex has odd order, and so every involution in Aj
does not fix any edge in /V;. Since A{e et ﬁxes elﬂelﬂel = {u.}, we have A s < A
It follows that A s o5 ﬁxes Ny setw1se smce Nj is the set of edges of ¥ incident Wlth

€1,€7,¢ 1

Ue. SO Az(e . < AY™) This implies that A{e 3647 /A, eges® = =~ (5. Consequently,
el 61 61
the size of the orbit {ey,e?, e?"}4 of A acting on the set of triangles of I is
(q —1)
A Ay orrty] = V(D).
Thus, I' is 3-CSH. O

Lemma 4.5. Let I" be a connected locally 2K, graph, where either ¢ > 3 is an odd prime
power or q = 25 —1 with f = 2,3 or5. Let X = C(T) and let A = Aut(X). Takeu € V(X)
and v € X(u). Suppose that X is 3-arc-transitive and satisfies one of the following:

(1) q is an odd prime power such that ¢ = —1 (mod 4), and AW o~ PSL(2, q).(n),
where 1 is a field automorphism of GF(q), or
(2) ¢=22—1 and AZ™ = Ay, or,
(3) ¢=2%—1 and AY™ = C3 x (C; x C,) with s =1 or 3, or,
(4) ¢=2°—1 and AY™ = C5 % (Cs1 % Cs).
Then I' is 2-geodesic-transitive and 3-CSH but not 3-CH.

Proof. In view of Lemma2.4] for convenience, we shall assume that I" is the line graph of
Y. Since ¥ is 3-arc-transitive, by Proposition 2.0 I' is 2-geodesic-transitive. Observe that
in each of (1)-(4), AY™ s not 3-transitive. It implies that ¥ is not locally 3-transitive.
So I' is not 3-CH by Theorem

If 3] satisfies the condition in part (1), then by Lemma 4] T" is 3-CSH.

Next we consider the case when X satisfies the condition in one of parts (2), (3) and (4).
Let ¢ =2/ — 1 with f =2,3 or 5. Let e = {u,v} and let I'(e) = {e;, e} | i = 1,2,...,q},
where e, eg, - -+, ¢4 are edges of ¥ incident with u and €}, €, - - - , e are edges of ¥ incident
with v. Then [I'(e)] = 2K,, and {e; | i = 1,2,...,q} and {€} | i = 1,2,..., ¢} are the
bi-parts of [['(e)]* = K, , (see Figure (2)).

FIGURE 2. The complement [I'(e)] of [I'(e)]

Assume first that 3 satisfies the condition in part (2). Then ¢ = 3 and Ay ®) o
By [44, Theorem 4] we have that A, = Ay x C3. Then the arc stabilizer A,
C3 x C3, and A(M = ((e1,ea,e3)) x ((€],€,,€4)). Since ¥ is arc-transitive, there exists
an involution g € A, such that g swaps the two bi-parts of [I'(e)]® = Ks3. This implies
that A, = (C5 x C5) x Cy and that A, is edge-transitive on both [['(e)] and [['(e)]°. By
[57, Lemma 3.1], I" is 3-CSH.

[0 =
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Now assume that ¥ satisfies the condition in one of parts (3) and (4). Then ¢ = 2/ — 1
Withf:3or5,andA§(u)%“ng(quC’S),wheres:10r31ff=3,ands:5if
f = 5. To complete the proof, it suffices to show that A is transitive on the triangles of
I'. Note that the number of triangles of I" passing through e is equal to ¢(¢ — 1), which is
just the number of edges of [I'(e)]. Since I is vertex-transitive and every triangle contains
three vertices, the total number of triangles of I' is ¢(¢ — 1)|V/(I")|/3.

Let Ny ={e,e; | 1 <i<gq}. Then N is just the set of edges of ¥ incident with u and
|N1| = ¢+ 1. So we may view AZ™ a5 a permutation group on N;. Then AV is the kernel
of A, acting on N; and AZW o~ Au/ALl]. For any distinct e;, e; € Ny, {e, e, e;} induces
a triangle of I'. Since ¥ is 3-arc-transitive, it follows that Ay = Cf % (O, % Cy) is 2-
transitive on X(u). So Ay ) is also 2-transitive on Nj. Tt follows that (AY (“))a =~ O, x C
for all o € {e, e;, ¢;}, (Ar™)ee, = € and (AE(“))eeiej =1.

Noting that e Ne; Ne; = {u}, we have Ao, 0,y < A,. This implies that Ay, c;3
fixes N; setwise. As (AE(“))eeiej = 1, one has Ace,e; = AL” N A{e,ei,ej}- It follows that
Aferen/Acere; = Afecren A JAD < ATW. As (A7), = O, % C, for all a € {e,e;,¢;},
it follows that 2 |Afce,e;}/Aceie;| since gs is odd. Thus, Agce,e;3/Acere; < Cs.

3(u

If (s, f) # (3,3), then 3§ [A7™] and 50 31 [A(ee, e}/ Aceie; |- Then [Apeci e/ Acere,| = 1.

If (s, f) = (3,3), then we may take an element x of AT of order 3 such that e” # e.
By the arbitrariness of e; and e;, we may assume that {e,e*,e¢* } = {e,e;, ¢;}. Then we
have Afce;e;1/Aceie; = Cs.

Now [A 1 Afeeie;y| = %|A t Aceie;| when s = f = 3, and otherwise, |A : A, e} =
|A 0 Acere;|. As eNe; = {u}, we have Ae, < Ay, and s0 [Aee, @ Acere;| = |(A§(u))eei :
(AE(“))EGZ.EA = s. Since I is arc-transitive, one has |[V(I')] = |A : A.| and 2¢ = |[I'(e)| =
|Ae : Ace,|. Tt follows that

|A ' Aceie,| = |A - Ael]Ac © Ace,

Aeei : Aeeiej‘ = 2q8‘V(F)|
As a result, the size of the orbit {e, e;, e;}* of A acting on the set of triangles of T is

q(q —1
4: Ay = LDy,

It follows that A is transitive on the set of triangles of T'. O

Lemma 4.6. Let I" be a connected locally 2K,, graph withn > 2. If C(I") is a 3-arc-reqular
graph of valency 5, then I" is 2-geodesic-transitive and 3-CSH but not 3-CH.

Proof. Let ¥ = C(I'). In view of Lemma [24] for convenience, we shall assume that I'
is the line graph of ¥. Let A = Aut(X). By Proposition 20 T' is 2-geodesic-transitive.
Take v € V(X) and v € X(u). Since ¥ is a 3-arc-regular graph of valency 5, by [59,
Theorem 4.1], we have A, = (C5 x Cy) x Cy and Ag,.y = (Cy x Cy) x Cy. By [57,
Theorem 1.5(2)], I' is 3-CSH not 3-CH. O

Lemma 4.7. Let T be a connected locally 2K,, graph with n > 2. If C(T") is either a
trivalent symmetric graph of type 22 or a pentavalent symmetric graph of type QS, then T’
1s 3-CSH but not 2-geodesic-transitive.
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Proof. Let ¥ = C(I'). In view of Lemma [2.4] for convenience, we shall assume that I"
is the line graph of >..

Assume first that Y is a trivalent symmetric graph of type 22. Then ¥ is 2-arc-regular
with edge-stabilizer isomorphic to Cy. By [57, Theorem 1.5(2)], I' is 3-CSH, and by
Proposition 2.8, I" is not 2-geodesic-transitive.

Assume now that ¥ is a pentavalent symmetric graph of type Q5. Let A = Aut(2).
Take an edge e = {u,,v.} of ¥. Then X is 2-arc-transitive with vertex stabilizer A, =
Frob(20) x Cy and edge stabilizer A, = Mg (see [47, Table 1]), where

Mg = (a,b | a® = b* = 1,bab = a”).

Again, by Proposition 2.5 I' is arc-transitive but not 2-geodesic-transitive. To complete
the proof, it suffices to prove that I' is both 2-geodesic-path transitive and triangle tran-
sitive.

Let I'(e) = {e;, e; | 1 <i <4}, where eq, e, e3, ¢4 are the four edges of ¥ incident with
u. and €], eh, e}, e are the other four edges of ¥ incident with v.. Then [I'(e)] = 2Ky,
see Figure @ Since A, = Frob(20) x Cy and ¥ is 2-arc-transitive of valency 5, we have

F1GURE 3. The subgraph of I" induced by {e} UT'(e)

Agj ~ (Cy and Agj N Az[,le] = 1. It follows that A. acts faithfully on I'(e). Since A, = Mg,
without loss of generality, we may assume that A, = M. Then (a) acts regularly on
[(e). Let By ={e; | 1 <i <4} and By = {e; | 1 <i < 4}. Then By and B; are the
two bi-parts of [G(e)]® = Ky 4, where [I'(e)]¢ is the complement of the induced subgraph
[C(e)] of T'. The subgroup of (a) fixing By setwise is (a?). So we may view [G(e)]¢ as the
Cayley graph A = Cay({a),{a,a® a°,a’}) on (a). Furthermore, we may identify B, with
(a*) and identify B; with a(a?).

Then (a) acts on V(A) = (a) by right multiplication and (b) acts on V(A) = (a) by
conjugation. Then

E(A)={1,a} U {1,a®} U{1,a®}Y U {1,a"}\@.

Note that {1,a}* = {1,a7}, {1,a®}* = {1,a°} and {1,a}’ = {1,4°}. Tt follows that
E(A) = {1,a}". This implies that A, = My is transitive on the edges of [['(¢)]¢. By
Lemma 2.3] T is 2-geodesic-path transitive.

Note that the subgroup of A, fixing By setwise is (a?) x (b), which induces a regular
action on By. It follows that for each 1 <i <4, A, fixes all e1, €2, e3,€4. SO Ace; = Aceresy-
Consider the triangle of I' induced by {e, ey, e5}. If there exists g € A such that g cyclically
permutes e, e; and es, then g must fix the maximal clique of I induced by ey, e5, 3, e4, €. As
U, is the intersection of these five edges, we have g € A,_, forcing that Afe(ue) would contain
an element of order 3. This, however, is impossible because A, = Frob(20) x Cy. Thus,
Afeeresy/Aceres = O with B =1 or 2. Since Aee, = Aceye,, 0ne has [Ag e, @ Acjeges| = 1.
Since I' is arc-transitive, one has |A : A.| = |V(I')| and |A. : Aee,| = |T'(e)| = 8. It follows
that

1 8
|A : A{61,62763}| = E‘A : AelHAel : A6162HA6162 : A616263| = %‘V(F)‘ > 4|V(F)‘
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The number of triangles of I'is 24| V()| /6 = 4|V(D)|. As [{e1, e2,e3}*| = [A 1 Afe, er.e03] <
41V ()], it follows that |{ey, ez, e3}*| = 4|V (T)| and so T is triangle transitive. This com-
pletes the proof. O

Now we are ready to prove Theorem Due to Lemma 4] it is enough to prove the
following theorem.

Theorem 4.8. Let n > 2. Let I' be a connected locally 2K,, graph. Let ¥ = C (') and
a € V(X). Then T is 3-CSH but not 3-CH if and only if one of the following holds:
(1) X is a tetravalent 3-arc-reqular graph and Aut(X), = Ay x Cs;
(2) X is a pentavalent 3-arc-regular graph and Aut(X), = Frob(20) x Cy;
(3) T is a 3-arc-transitive graph of valency 8 and Aut(3)5 = C3 x (Cr x C,) with
t=1 or3;
(4) X is a 3-arc-transitive graph of valency 32 and Aut(S)5 = C5 % (Cay x Cs);
(5) X is a 3-arc-transitive graph of valency ¢ + 1 and Aut(Z)g(a) =~ PSL(2,q).(n),
where q is an odd prime power such that ¢ = —1 (mod 4) and n is a field auto-
morphism of GF(q);
(6) X is a pentavalent symmetric graph of type QS and Aut(X), = Frob(20) x Cy;
(7) X is a trivalent symmetric graph of type 2° and Aut(X), = Ss.

Proof. From Lemmas we immediately obtain the sufficiency. So we only need
to prove the necessity.

Suppose that I' is a locally 2K,, graph which is 3-CSH. By Lemma 3] ¥ is 2-arc-
transitive. Take u € V(I'). In what follows, we always assume that o and § are the two
maximal cliques of I' containing u (see Figure ({])). Let A = Aut(I"). Then every element
of A, either fixes or interchanges o — {u} and § — {u} as ['(u) = (o — {u}) U (8 — {u}).
Clearly, {a, 8} is an edge of ¥ and aNg = {u}. Furthermore, for any v € a—{u}, we have
a—{u,v} =T(u)NT'(v). By Lemma.2] A, is both vertex-transitive and edge-transitive
on [['(u)]°.

a—u B—u

FIGURE 4. The subgraph of I induced by {u} U T'(u)

We shall divide the proof into the following two cases:

Case 1. A, is arc-transitive on [['(u)]°.

By Lemma (5), T' is 2-geodesic transitive, and then by Proposition 2.5 ¥ is 3-arc-
transitive. If A, is arc-transitive on [I'(u)], then by [40, Proposition 2.1}, I' is 3-CH, a
contradiction.

Thus, A, is not arc-transitive on [I'(u)]. By Lemma2.2](3), A,, has s orbits of equal size
on a—{u,v} with s = 1,2, 3 or 6, where v € @ —{u}. Note that « —{u,v} = I'(u) NT'(v).
If s =1, then A,, is transitive on I'(u) N I'(v), and then A, would be arc-transitive on
[I'(u)] as A, is transitive on I'(u), a contradiction. Thus, s # 1. Since A, is transitive on
I'(u) = (o —{u})U (B —{u}), it follows that A,_y,y is transitive on a — {u}. This implies
that the permutation group (A2), is either regular or 3-transitive on o — {u}.
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Assume first that (A2), is regular on o — {u}. Then A,, fixes every vertex in o — {u}.
Since A,, has s orbits of equal size on a — {u,v} with s = 2,3 or 6, it follows that
oo — {u,v}| = 2,3 or 6, and hence |a — {u}| = 3,4 or 7. If | — {u}| = 3, then we have
A% = A, and |a| = 4. So X has valency 4. Since X is 3-arc-transitive, by [44, Theorem 4],
we have that A, = Ay x (5 and so X is a tetravalent 3-arc-regular graph. This implies
part (1). If |a — {u}| = 4, then we have |a| =5 and A% = Frob(20). So ¥ has valency 5.
Since ¥ is 3-arc-transitive, by [59, Theorem 4.1], we have A, = Frob(20) x C}, and hence
¥ is 3-arc-regular. Then part (2) happens. If | — {u}| = 7, then we have |a| = 8 and
A2 = C2 x Cr. So X has valency 8 and part (3) happens.

Now assume that (A%), is 3-transitive on @ — {u}. Then (A2), has rank 3,4 or 7 on
a—{u} as Ay, has s orbits of equal size on o — {u, v} with s = 2,3 or 6. Clearly, A? is a
2-transitive permutation group on «. By Lemma L2 (A2), is primitive on o — {u} and
Lemma (1) or (2) happens. If Lemma (2) happens, then either part (3) or part
(4) holds. If Lemma [A.2] (1) happens, by Lemmas AAHALI] we obtain part (5).

Case 2. A, is not arc-transitive on [['(u)]°.

In this case, I' is not 2-geodesic transitive, and then by Proposition 25l ¥ is 2-arc-
transitive but not 3-arc-transitive. Recall that A, is both vertex-transitive and edge-
transitive on [I'(w)]°. It follows that A, is half-arc-transitive on [I'(w)]®. Since [I'(u)] =
2K,,, one has [I'(u)]® =2 K, ,, and so n is even. Let B = a —{u} and C' =  — {u}. Then
|B| = |C| = n. Since A, is transitive on I'(u), (A,)p is transitive on B. Since n — 1 =
|B| — 1 is odd, by Lemma 22 (3), A,, has s orbits of equal size on B —{v} = T'(u) NT'(v)
with s = 1 or 3, where v € B. In particular, the permutation group (A?), is either regular
or 3-transitive on a — {u}.

Suppose first that A,, has 3 orbits of equal size on B—{v}. Clearly, A% is a 2-transitive
permutation group on «. By Lemma 2] (A%), can not be a %—transitive permutation
group on B = a — {u} of rank 4. So (A%), is regular on B, and hence all orbits of
Ay, on B — {v} have size 1. Then |[(A2).| = |B| = 4 and |o| = 5. It then follows
that A% = Frob(20) and ¥ is a pentavalent 2-arc-transitive graph. Since A, is half-arc-

transitive on [I'(u)]® = Ky 4, one has AL is a 2-group. Note that A, is just the stabilizer
of the edge {a, 5} of ¥ in A. By [47, Theorem 1.2], we see that A, = Frob(20) x Cy and
Afa,py = Myg. We obtain part (6).

Now suppose that A,, has only one orbit on B — {v}. Then (A2), is 2-transitive on
B = a —{u}. Since A, is transitive on I'(u), it follows that (Ag(“)) p is 2-transitive on B
and (A,™)c is also 2-transitive on C. If (AL™) is not faithful on B, then the kernel of
(Ag(")) p on B would be transitive on C'. However, this is impossible since A, is half-arc-
transitive on [[(u)]e. Thus, (AL™)p is faithful on B. Similarly, (AL™)¢ is faithful on C.
Note that (AL = (AL™)c. By [B], (AL™)3 is either affine or almost simple.

We now claim that the actions of (Ag(")) p on B and C are equivalent. Take v € B.
Since A, is half-arc-transitive on [I'(u)]® = K, ,,, Ay, has two orbits on C' of equal size.
In particular, |B| = |C| = n is even.

Assume first that (Al;(“)) p is affine. Then soc((Al;(“)) p) is elementary abelian of order
|B|. Since |B| is even, we have soc((Ag("))B) = (7 for some integer r > 0. If the actions

of (Ag(")) g on B and C' are not equivalent, then by inspecting the affine 2-transitive
permutation groups (see [7, Table 7.3]), we conclude that r > 2 and one of the following
may happens:
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) AL < TL(1,27) & Cyr_y % Gy

) SL(d.q) <A”“ <TL(d,q)(2" =¢",d > 2)

(ii)) Sp(d, q) D Aut" < (Zg_1 0 Sp(2d, 9))-(Ziag-1) X Znjoa) (@ = 27,d > 2);

) Ga(q) LA < (Zy10Ga(9)) Zrjs(a® = 27);

) Aut™ = Ag and r = 4;

) AL =PSU(3,3) and r = 6.

In case (i), as Ay, has two orbits on C of length 271, it follows that 27! | |ALY"|, and so
2r=1 | r(2" — 1). Tt implies that 2"=! | r. This, however is impossible because r > 2. In

cases (ii), (iii) or (iv), the center Z of A" has order dividing ¢ — 1. Take w € C. As Ay,
has two orbits on C' of length 27! it follows that |w?| is divisor of ged(q — 1,2"71) =1,

and hence |w?| = 1. This implies that Z fixes every vertex in C. Since (AL™)p is

(vi

faithful on C, one has Z = 1. Since r > 2, AL s almost simple. Now we conclude that
NONY : .
soc(Ayy ') is one of the following groups:

PSL(d, q)(2" = ¢%),s0c(PSp(d, q))(¢* = 2"), G2(q)(¢° = 27), Ag, PSU(3,3).  (2)

On the other hand, since (AE“”) B is faithful on C' and A,, has two orbits on C' of
length 2771 it follows that SOC(A ) has an orbit on C of length dividing 2"~!. This
implies that soc(Am(, ) has a maximal subgroup of index 2' with 1 < ¢ < r — 1. By
[27] (or [33, Theorem 2.2]), we have soc(AL™) 2= Ay or PSL(2, ) with ¢ a prime and

+1 = 2" Since SOC(AES;U)) is also one of the groups in (2), by the Classification Theorem
for Finite Simple Groups (see for example [52 p.3]) we conclude that either r = 4 and

SL(4,2) = soc(An") = Ag, or r = 3 and SL(3,2) = soc(ALY") = PSL(2,7). For the
former, we have r = 4 and AL™ = AGL(4,2). By Magma [4], all subgroups of AGL(4,2)
isomorphic to Ag are conjugate, and so the actions of (A, D )) g on B and C are equivalent,
a contradiction. For the latter, we have r = 3 and soc(AF(u ) = PSL(2,7), but PSL(2,7)
does not have a subgroup of mdex no more than 22, a contradiction.

Assume now that (A,™)p is almost simple. If the actions of (A4™)z on B and C are
not equivalent, then by checking [8, Theorem 5.3], one of the following holds:

(a) soc((AL™)p) = Ag and |B| = 6; d
(b) soc((AL®)5) = PSL(d,q)(d > 2) and |B| = £
(c) (AL™) 5 = My, (Mathieu) and |B| = 12;

(d) (Aq F(“ ) = HS(Higman-Sims) and |B| = 176.

In cases (a) and (c), by Magma [4], we can obtain that (AZ(“))U is transitive on C, a
contradiction. In case (d), by Magma [4], (A F(u)) has exactly two orbits on C' with size
50 and 126, respectively. This is contrary to the fact that the two orbits of (AZ(“))U on C'
has equal size.

In case (b), we have soc((Ag(u))B) = PSL(d,q)(d > 2) and |B| = qqd_—_ll. Here we may
assume that B and C' are the set of points and the set of hyperplanes of the projective

space PG(d—1,q), respectively. Then the hyperplanes containing v form an orbit C; of

soc((Ag(“)) B)y on C, while the hyperplanes not containing v form another orbit Cy of

soc((AL™) ), on C. Then |Cy| = qd;_ll_l, and |Cy| = qd;fjfl. Since the two orbits of
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soc((AL™) ), on C have equal size, we have |C1| = |Cs|, and hence ¢?~! — 1 = ¢4 — ¢@~1,
namely, ¢ + 1 = 2¢%~1. This, however, is impossible.
By now, we have shown that the actions of (Al;(u)) p on B and C are equivalent. So

(AZ(“))U also fixes at least one vertex in C. Again, since (Al;(u))v has exactly two orbits of
equal size on C, we have |C| = 2. Then I" has valency 4 and ¥ has valency 3. Since X is
2- but not 3-arc-transitive, one has |A,| = 4. Again, since A, acts half-arc-transitively on
I'(u)]® = Kao, we must have A, = C,, and so ¥ is a trivalent symmetric graph of type
22. Part (7) happens. O

5. PROOF OF THEOREM

The goal of this section is to characterize solvable 3-CSH but not 3-CH graphs and
prove Theorem We first give several lemmas about arc-transitive graphs. Let I" be a
(G, s)-arc-transitive graph with G < Aut(I') and s > 2, and let N be a normal subgroup
of G. The quotient graph I'y of T" relative to N is defined as the graph with vertices the
orbits of N on V(I') and with two different orbits adjacent if there exists an edge in I'
between the vertices lying in those two orbits. If 'y and I' have the same valency, then
we say that I' is a normal cover of I'y. In view of [45] Theorem 4.1] or [34, Lemma 2.5],
we have the following.

Lemma 5.1. Let I" be a connected (G, 2)-arc-transitive graph with G < Aut(I"). Suppose
that N < G has at least three orbits on V(I'). Then

(1) N acts semireqularly on V(') and I is a normal cover of I'y.
(2) N is the kernel of G acting on V(I'y), G/N < Aut(I'y) and I'y is (G/N,2)-arc-

transitive.

Lemma 5.2. Let I' be a connected graph of valency k > 2. Suppose that G < Aut(T") is
abelian and acts reqularly on the edge set of I'. Then I' = K .

Proof. Take an edge {u,v} € E(I'). Since G is regular on the edge set of I', one has
E() = {{u,v9} | g € G} and |G| = |E(T")|. Then V(') = u“ Uv“. Since k > 2, one has
V()| < |E()], and so u%, v are two distinct orbits of G on V(I'). Furthermore, I' is a
bipartite graph with two bi-parts u“ and v%. By the edge-transitivity of G on I', we have
G, is transitive on I'(u). Clearly, v € I'(u). For any w € I'(v) — {u}, since G is abelian,
we have G,, = G, and so w is adjacent to all vertices in I'(u) by the transitivity of G,
on I'(u). By the arbitrariness of w, we see that the subgraph induced by I'(u) U I'(v) is
isomorphic to Ky, ;. Since I' is connected, one has I' = Ky, . O

Lemma 5.3. Let I" be a connected graph of valency k. Suppose that G < Aut(I") is
reqular on E(T') and intransitive on V(I'). Let {u,v} be an edge of I'. Then the following
hold.

1) G =(G,,G,).

2) G,NG, =1.

(3) |Gu| = |G| =k, and G, and G, act regularly on I'(u) and I'(v), respectively.

4) The line graph of T' is isomorphic to the Cayley graph Cay(G,S) with S = (G, U
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Proof. Since G is regular on E(I') but intransitive on V(I'), the connectedness of I'
implies that G = (G, G,). This proves part (1).

Again since G is regular on E(I'), one has G, = 1 and |G| = |E(I")|. Moreover,
V(G) = u® Uv®. Since G is intransitive on V(T'), one has u“ Nv® = (). It follows that
Gu NG, = Gy = 1, proving part (2).

Since u® Nv® = ), neither u“ nor v contains an edge of I'. It follows that I'(u) C v“
and I'(v) Cu®. As G is transitive on F(G), G, and G, are transitive on I'(u) and I'(v),
respectively. Moreover, |E(G)| = |u®||T(u)| = [v¢||[(v)|]. Note that |G| = [u%||G.| =
[09|G,]. Since |G| = |E(T)|, it follows that |G,| = |G,| = [['(u)| = |T'(v)| = k. Then G,
and G, act regularly on I'(u) and I'(v), respectively. We obtain part (3).

As G is regular on E(T'), the line graph, say %, of I" is a Cayley graph on G. Note that
V(X) = E(I') and the set of vertices of ¥ adjacent to {u,v} is

F={ua}{v,y} [v#rel(u),uryel(v)}

Clearly, |F| = |T'(u) — {v}| + [T'(v) — {u}| =2k — 2. Let S = {9 € G | {u,v}? € F}.
Then ¥ = Cay(G, S) and |S| = |F|. For any g € G, — {1}, we have {u,v}9 = {u,v9}
with v # v9 € I'(u), and hence {u,v}? € F. It follows that ¢ € S and so G, — {1} C S.
Similarly, we have G, — {1} C S. Since |(G,UG,) — 1| = |F|, one has S = (G, UG,) — 1.
This proves part (4). O

Lemma 5.4. Let I' be a connected (G, s)-arc-transitive graph, where s > 2 and G <
Aut(T") is solvable. Then either

(1) G has a normal subgroup which is semiregular on V (I') with at most 2 orbits and
for each vertex v of T', G, acts faithfully on T'(v); or
(2) T is a normal cover of Kyn yn with p a prime and n a positive integer, and G has
a normal subgroup, say M such that the following hold:
(i) M is regular on E(I') and intransitive on V(I'), M = (M,, M,,), M,NM,, =1
and M, = M, = C}, where {u,w} € E(I'); and
(ii) the line graph of T is isomorphic to the Cayley graph Cay(M,S) with S =
(M, U M,) —{1}.

Proof. Let N <G be maximal subject to the condition that N has at least three orbits
on V(I'). Let I'y be the quotient graph of I' relative to N. Since G is 2-arc-transitive on
[, by Lemma 51l T' is a normal cover of 'y, and N is semiregular on V(I') and N is the
kernel of G acting on V (I'y). Furthermore, G/N is a group of automorphisms of I'y acting
transitively on the 2-arcs of I'y. Let M /N be a minimal normal subgroup of G/N. The
solvability of G implies that M/N = C} with p a prime and r a positive integer. By the
maximality of N, either M/N is transitive on V(I'y) or M/N has two orbits on V(I'y).
If the former happens, then M/N is regular on V(I'y), and then by the semiregularity
of N on V(I'), M is a normal subgroup of G acting regularly on V(I'). So I is a Cayley
graph on M. Take an arbitrary u € V(I'), and let S = {g € M | {u,u9} € E(I')}. Then
[' & Cay(M, S). Without loss of generality, we may let I' = Cay(M, S). Then I'(1) = S.
Since M 9 G, one has G; < Aut(M,S) = {a € Aut(M) | S* = S} (see [24]). Since I' is
connected, one has M = (S). This implies that the vertex stabilizer G, acts faithfully on
I'(1) = S. Since I is vertex-transitive, for each vertex v of I', G, acts faithfully on I'(v),
as claimed in part (1).
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Now let M /N have two orbits on V(I'y). Then M has two orbits, say U and W, on
V(['). So U, W are blocks of imprimitivity of G on V(I'). Since G is 2-arc-transitive
on I', U and W contain no edges of I', and so I' is bipartite with U and W as its two
bi-parts. If M/N is semiregular on V(I'y), then since N is semiregular on V(I"), M is
also semiregular on V(I'). By [32, Lemma 2.4], we see that for each vertex v of I, G, acts
faithfully on I'(v), as claimed in part (1).

Now suppose that M/N is not semiregular on V(I'y). Let {u,w} be an edge of T
such that v € U and w € W. Let B = «" and C = w". Then Mp = M,N and
Mo = M,N. Recall that N is semiregular on V(I'). It follows that M, = Mpg/N and
M, = Mc/N. As M/N is not semiregular on V(I'y), Mp/N is a non-trivial normal
subgroup of Gg/N. Since G/N is 2-arc-transitive on I'yy, Mp/N is transitive on the
neighbors of B in I'y. It follows that M /N is transitive on the edges of I'y. Then M/N
is regular on the edges of I'y since M/N = C7. By Lemma [5.2] we have I'y = K pn,
and M/N = Mp/N x Mc/N = C} x C}' with r = 2n. Furthermore, M, = Mp/N = C}!
and M, = Mqc/N = C’;‘. Since I' is a normal cover of I'y and since M /N is regular on
E(T'y), it implies that M is regular on E(I"). Since M/N has two orbits on V(I'y), it
follows that M is intransitive on V(I'). Applying Lemma to I' and M we can obtain
(i) and (ii) of part (2). O

Now we are ready to prove Theorem [L6l We first prove the necessity of Theorem
in the following lemma.

Lemma 5.5. Let n > 2 and let I' be a solvable locally 2K,, graph. If I is 3-CSH, then
[ is isomorphic to an arc-transitive normal Cayley graph Cay(H,S) on a group H such
that the following hold:

(a) H has two subgroups A, B such that H = (A,B), A~ B = C’I{, ANB =1 and
S=(AUB)—{1}; and
(b) if T is not 3-CH, then one of (1) — (6) of Theorem [ (b) holds.

Proof. Suppose that I" is 3-CSH. If T" is 3-CH, then by Theorem [2] C(T") is 3-arc-
transitive and locally 3-transitive, and if I" is not 3-CH, then by Theorem .8 C(I") is
a 2-arc-transitive graph satisfying the conditions in one of parts (1)-(4), (6) and (7) of
Theorem A8 Let ¥ = C(I'). By Lemma 4], ' is isomorphic to the line graph of X.
For convenience, in the following, we shall identify [" with the line graph of ¥. Due to
Lemma[2Z4] we may also view Aut(I") as the full automorphism group of 3. Take a vertex
u of ¥ and take v € ¥(u).

We begin by proving that Aut(I"), is not faithful on 3(u) if ¥ is not the case in part (7)
of Theorem First, if ¥ is 3-arc-transitive and locally 3-transitive, then since Aut(I") is
solvable, it follows that Aut(I')y ) is a solvable 3-transitive permutation group on X(u).
By checking the list of finite affine 2-transitive permutation groups obtained by Hering
(see for example [7, Table 7.3]), we see that either ¥ has valency 3 and Aut(I)s W ~g,
or ¥ has valency 4 and Aut(I')y ) >~ g, Since X is 3-arc-transitive, by Theorem [3]
Aut(I'), is not faithful on X(u), as claimed.

If ¥ is a graph in part (2) of Theorem [4.8] then ¥ is a pentavalent 3-arc-regular graph,
and then by [47, Table 2], we see that Aut(I'), = Frob(20) x Cy, Aut(D) g, = Ci2 Cy
and Aut(I)}! = €y Similarly, if ¥ is a graph in part (1) of Theorem IR, then ¥ is a
tetravalent 3-arc-regular graph, and by [44, Theorem 4], we see that Aut(I'), = Ay x Cs,
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Aut(D) gy = C4 2 Cy and Aut(F)Ll] =~ (5. Moreover, if ¥ is a graph in part (6) of
Theorem [, then it is a pentavalent 3-arc-transitive graph of type Q5. By [47, Table 1],
we obtain that Aut(I"), = Frob(20) x Cs, Aut(I") (.} = My and Aut(l“)g} = (. For the
graph ¥ in part (3) of Theorem L8] since ¥ is 3-arc-transitive, one has 8 - 72 | |Aut(T),|,
and in view of [36] Theorem 2.1}, we see that

(C3 % C7) x C7 < Aut(T),, < (C3F x (Cr x C3)) x (C7 x C3),
(07 X C7) X Cg < Aut(F){u,U} < ((C7 X Cg) X (C7 X Cg)) X CQ.

Similarly, for the graph X in part (4) of Theorem L8, we have 2° - 31% | |Aut(T"),,|, and by
[36,, Theorem 2.1], we have

(025 X (C31 X C5)) X 031 < Aut(F)u < (025 X (C31 X C5)) X (031 X 05),
(031 X 031) X ClO < Aut(l—‘){uvv} < ((Cgl X C5) X (031 X 05)) X Cg.

So far we have shown that if ¥ is not the case in part (7) of Theorem L8 then X is
a 2-arc-transitive graph and Aut(I'), is not faithful on ¥(u). Since Aut(I") is solvable,
applying Lemma [5.4] to Aut(I") we see that Lemma [5.4] (2) happens. It follows that I is
a normal Cayley graph Cay(H, S) on a group H, where S = (AU B) — {1} with A = H,
and B = H,. Furthermore, H = (A,B), ANB =1, and A= B C’IJ;, where p is a prime
and p/ is just the valency of ¥. So H and S satisfies the condition in part (a).

If part (7) of Theorem happens, then ¥ is a trivalent symmetric graph of type 22.
Then Aut(I'), = S;, and for any v € ¥(u), the edge stabilizer Aut(I"){y. is isomorphic to
Cy. By [20, Corollary 1.2], Aut(I") has a normal subgroup, say NN, such that the quotient
graph Xy of X relative to N is isomorphic to K33. So Aut(I')/N is 2-arc-transitive on
Yn & Kjz3. Let P/N be the Sylow 3-subgroup of Aut(T')/N. Then P/N = C2 which is
normal in Aut(I')/N and is regular on the edges of ¥ =2 K3 5. Then P is regular on £(X)
but intransitive on V(3). Furthermore, P, = P, = C3 and P = (P,, P,). Now applying
Lemma to P and observing that P < Aut(I"), we see that I' is a normal Cayley graph
Cay(H,S) on H, where H=P, A=P,, B=PF,, H= (A, B) and S = (AUB) — {1}.
So H and S satisfy the condition in part (a).

As a conclusion, I' is a normal Cayley graph Cay(H,S) on a group H, where S =
(AU B) — {1}, A and B are subgroups of H such that H = (A,B), AN B = 1 and
A= B=7J Note that Aut(H,S) is just the stabilizer of an edge of ¥ in Aut(T'). From
the argument in the above paragraphs, one may see that if I' is not 3-CH, then one of
(1) — (6) of Theorem (b) holds. O

Finally, we prove the sufficiency of Theorem [[L6l The main thing that we need to
prove is the Cayley graph Cay(H, S) satisfying the conditions in part (a) and part (b) of
Theorem is 3-CSH but not 3-CH. Actually, we can give more information about the
symmetry of Cay(H,S). This is done in the following lemma.

Lemma 5.6. Let p be a prime and f be a positive integer. Let H be a group having two
subgroups A, B such that H = (A,B), A~ B = Cg, and ANB =1. Let ' = Cay(H, S)
with S = (AU B) — {1}, and let ¥ = C(T'). Then X has valency p’, and R(H) is reqular
on E(X) and intransitive on V(X). Moreover, if Aut(I") is solvable and T satisfies the
conditions in one of (1)~(6) of Theorem[Ld (b), then the following hold.
(1) If (p, f) = (2,2) and Aut(H,S) = C51Cy, then X is a tetravalent 3-arc-regular
graph, and I is a 6-valent 3-CSH and 2-geodesic-transitive but not 3-CH graph;



3-CSH LOCALLY 2K, GRAPHS AND s-ARC-TRANSITIVE GRAPHS 21

(2) If (p, f) = (5,1) and Aut(H, S) = Cy 1 Cy, then ¥ is a pentavalent 3-arc-reqular
graph, and I is an 8-valent 3-CSH and 2-geodesic-transitive but not 3-CH graph;

(3) If (p, f) = (2,3) and C7; 1 Cy < Aut(H,S) < (C7 x C3) 1 Cy, then ¥ is a 3-arc-
transitive graph of valency 8, and I" is a 14-valent 3-CSH and 2-geodesic-transitive
but not 3-CH graph;

(4) If (p, f) = (2,5) and (Cgl X Cgl> X CIO < Aut(H, S) < (031 X 05) l Cg, then
is a 32-valent 3-arc-transitive graph, and I' is a 62-valent 3-CSH and 2-geodesic-
transitive but not 3-CH graph;

(5) If (p, f) = (5,1) and Aut(H,S) = Mg, then X is a pentavalent symmetric graph
of type QS, and T is an 8-valent 3-CSH but not 2-geodesic-transitive graph;

(6) If (p, f) = (3,1) and Aut(H,S) = Cy, then X is a trivalent symmetric graph of
type 22, and T is a tetravalent 3-CSH but not 2-geodesic-transitive graph.

Proof. Since I' = Cay(H, S) with S = (AUB)—{1}, it follows that both A and B induce
two subgraphs of I' isomorphic to K,s due to A= B = CJ. As S = (AUB)—{1} and AN
B =1, [A] and [B] are two maximal cliques of I' containing 1. Since R(H ) acts transitively
on V(I') = H by right multiplication, {[Ah], [Bh] | h € H} is the set of all maximal cliques
of I'. For arbitrary h € H, we have Ah N Bh = {h} and I'(h) = (Ah U Bh) — {h} as
ANB = {1} and S = (AUB) —{1}. This implies that every vertex h of I is contained in
exactly two maximal cliques, namely, [Ah] and [Bh|. Let ¥ = C(I") be the clique graph of
I'. Then V(X) = {Ah,Bh | h € H} and E(X) = {{Ah, Bh} | h € H}. It follows that ¥ is
a bipartite graph with two bi-parts By = {Ah | h € H} and By = {Bh | h € H}. Clearly,
R(H) induces an action on V(X)) with two orbits By and B;. Since AN B = 1, one has
R(H)aNR(H)g ={R(g) | g € An B} = 1. This implies that R(H) acts faithfully on
V(X). Since %(A) = {Ba | a € A}, it follows that ¥ has valency |A| = p/ and R(H)4
acts regularly on ¥(A) as R(H)a N R(H)p = 1. Thus, R(H) is regular on E(3) but not
transitive on V(X). By Lemma [24] I' is isomorphic to the line graph L(X) of X. This
proves the first half of our lemma.

In what follows, we shall prove the second half of this lemma. For convenience, we
identify I' with the line graph of 3. Then Aut(H,S) fixes an edge, say {u,v}, of ¥.
Let N = R(H) x Aut(H,S). Since H = (A, B) and S = (AU B) — {1}, Aut(H, 5) acts
faithfully on S. Note that both [A] and [B] are two maximal cliques of I". Since ANB =1
and Aut(H,S) fixes 1, it implies that every element of Aut(H,S) either setwise fixes or
interchanges the subsets A — {1} and B — {1} of S. Then Aut(H, S) acts on {A, B}, and
let K be the kernel of this action. Then Aut(H,S) = Aut(H,S)® < (K4 x KB) x Cs.
Since Aut(H, S) acts faithfully on (AUB)— {1}, it implies that K is faithful on A. Since
K < Aut(H,S) < Aut(H) and A < H, one has K4 < Aut(A). Similarly, K < Aut(B).
It follows that Aut(H,S) = Aut(H,S)% < (Aut(A) x Aut(B)) x C,.

We first deal with the case when (p, f) = (2, f) with f = 2,3 or 5. Note that if f = 2,
then Aut(H,S) = C501Cy, and if f = 3, then C7; 1 Cy < Aut(H,S), and if f = 5, then
(C31 x C31) ¥ Cyp < Aut(H, S) < (C31 x C5) 1 Cy. Tt follows that in these three cases, N,
is not faithful on ¥(u) and that N is 3-arc-transitive on 3. Furthermore, if f = 2, then

NI > A, if f =3, then No™ = C3 % (C7 x Cy) with s = 1 or 3, and if f = 5, then
Ny™ = 3 % (C31 % Cs5). To prove that part (1), (3) and (4) hold, by Lemma EJ| it
suffices to prove that N = Aut(X), namely, R(H) < Aut(X). Since Aut(I") is solvable, by
Lemma [5.4] the following statements are true:
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(a) Aut(X) has a normal subgroup, say 7', which is regular on E(X) and intransitive
on V (%),

(b) the edge-stabilizer Aut(X) gy < (Cor_q x Cf) 1 Cs, and,

(c) X is a bipartite graph with two bi-parts of size % = |Rgc{)|.

To complete the proof, it suffices to prove that R(H) = T. Suppose by way of contradic-
tion that R(H) # T'. Noticing that both R(H) and T" are edge- but not vertex-transitive
on X, R(H)T is edge- but not vertex-transitive on . Let D be the stabilizer of the edge
{u,v} of ¥in R(H)T. Then R(H)T =T x D, and D also fixes the arc (u,v). Note that
arc-stabilizer Aut(X)w) < (Cor_q % Cf) x (Cor_qy x Cf). So 1 # D S K x K, where
K283iff:2,OI'K:C7>4C3iff:30rK2031><|C5iff:5. LetM:R(H)ﬂT
Then M < N. Suppose that M is semiregular on V(X). Then the number of orbits of
M on V(¥) is equal to 2 - I;?(l]]{/}l\ = 57 - |R(|I;‘)T‘ = 2|£|1. This means 4 | |D|, forcing
f=2and D < S3 x S3. It follows that the number of orbits of M on V(X) is equal to
2, 6 or 18. If M has two orbits on V(X), then by [32, Lemma 2], N, is faithful on ¥(u),
which is impossible since N is 3-arc-transitive on ¥ and ¥ has valency 4. If M has 6 or 18
orbits on V' (X), then by Lemma[5.T], the quotient graph of ¥ relative to M is a tetravalent
2-arc-transitive graph of order 6 or 18. However, by [44, Table 3], no such graph exists.
Thus, M is not semiregular on V(X), and so M, # 1. Since N is 3-arc-transitive on X,
we see that N, is 2-transitive on ¥(u), and since 1 # M, < N, it implies that M, is
transitive on X(u). So M is edge-transitive on X. It follows that M = R(H) = T since
R(H) and T are regular on E(X). This completes the proof of part (1), (3) and (4).
Suppose that (p, f) = (5,1). Then X has valency 5, and |A — {1}| = |B — {1}| = 4.
Recall that Aut(H,S) = Aut(H,S)% < (Aut(A) x Aut(B)) x Cy. It follows that if
Aut(H,S) = Cy 2 Cy or Myg, then Aut(H,S) acts transitively on 5, and then I' is arc-
transitive. By Lemma 25 ¥ is 2-arc-transitive. Assume Aut(H,S) = Cy 0 Cy. By [7,
Theorem 1.2], N, = Frob(20) x C; and N =~ ¢, Since Aut(X) is solvable, by [59,
Theorem 4.1] or [47, Theorem 1.2], we have Aut(X) = N, and so X is 3-arc-regular.
Again, by Lemma [0 I' is 2-geodesic-transitive but not 3-CH. This implies part (2).
Assume now Aut(H,S) = Myg. Then by [47, Theorem 1.2], we have N,, = Frob(20) x Cy
and N = 5. Since Aut(T') is solvable, by [59, Theorem 4.1] or [47, Theorem 1.2,
one has Aut(X), < Frob(20) x C4, and so Aut(X), has a unique Sylow 5-subgroup.
Moreover, by Theorem [B.4] Aut(X) contains a normal subgroup, say 7, such that 7" is
regular on F(X). It follows that T, is a Sylow 5-subgroup of Aut(X),. Clearly, R(H),
is also a Sylow 5-subgroup of Aut(X),, so R(H), = T,. Similarly, R(H), = T,. It
follows that R(H) = (R(H ), R(H),) = (T, T,) = T, and hence R(H) < Aut(X). Thus,
N = R(H) x Aut(H, S) = Aut(I'), and hence ¥ is a pentavalent symmetric graph of type
Q5. By Lemma 7, T is 3-CSH but not 2-geodesic-transitive. This proves part (5).
Finally, suppose that (p, f) = (3,1) and Aut(H,S) = C,;. Then ¥ is a trivalent
graph. Since |S| = 4, Aut(H,S) acts regularly on S, and so N is arc-transitive on I
It follows that N is 2-arc-transitive on ¥. Since Aut(H,S) is the stabilizer of the edge
{u,v} in N, one has N, = S;. By [10, Theorem 5.1], ¥ is 2- or 3-arc-regular. So,
Aut(X), < S3 x Cy, and so Aut(X), has a unique Sylow 3-subgroup. By Theorem [5.7]
the solvability of Aut(I") implies that Aut(X) has a normal subgroup, say T, acting reg-
ularly on E(X). It follows that T, is a Sylow 3-subgroup of Aut(X),. Clearly, R(H),
is also a Sylow 3-subgroup of Aut(X),, so R(H), = T,. Similarly, R(H), = T,. It fol-
lows that R(H) = (R(H)., R(H),) = (T,,T,) = T, and hence R(H) < Aut(X). Thus,
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N = R(H) x Aut(H, S) = Aut(T"), and so X is trivalent symmetric graph of type 22. By
Lemma [A7], I' is 3-CSH but not 2-geodesic-transitive. This proves part (6). O

6. ExamMPLES OF 3-CSH BuT NOT 3-CH GRAPHS
We begin by constructing a graph satisfying the condition (1) of Theorem (b).

Construction I Let H = (a,b,c,d, e, f,g,h) be a group with the following relations:
=P =c=d'==f=g¢"=n'=1, [a b = le, f] =1,

c=lacl.d=la,fl.g = [b.el.h = b f]. e;d]? = [e.g)? = [e.h)? = [d. o] = [d, h]? = [g. h]?
la, e, d]] = [b,[e,d]] = e, [e, d]] = [f, e, d]] = [a, [¢, g]] = [b;[c, gl] = [e, e, g]] = [f. [c. ]| =
a.[e.h]] = [b.[e.h]] = [e. e.h]) = {1, [e. ] = [a.[g.d]] = [b. [g.]) = [e. [g.]] = |.[s. ]]—
.. d)) = [b. [ d]) = [e. [h.d]] = [£. n.d]] = [a. [g.h]] = [b.]g.h]] = [e.[9. h)) = [.]g. h]) =
[[a,e], [b, AL, la, [b, e]]] = [[b, Hab,f][ b, [ab el = llab, e], [a, IS, ab, a, e]]] =1,

[a. £1, b, ef)llef. la, [b. £} = [b. f], [ab,ef][ef. b. ab, £1}) = [[ab. . [a. ef)[ef. lab. [a. f)]) = 1.
[a, ef1, b, ellle; [a, [b, ef11} = [[b; e f], [ab, ellle, b, lab, e f1]) = [ab, . [a. el e, [ab. a,ef]]] =
[e,a], [f,0]][b, [e, [f, alll = [[f, d], [ef, b]I[b, [, [ef, all] = [lef, al, [e, ]][b, [ef, [e; al]] = 1,

[[e, 0], [, ab][ab, [e, [, b]]] = [[f, 0], [ef abl][ab, [, [ef, b]] = [[ef, V], [e, abl}[ab, [ef, [e, b]] =

[e, ab], [, allla; [e, [f, abl]] = [[f, ab], [ef, all[a, [f, [ef, abll] = [lef, ab], [e, allla, [ef; [e, ab]]]

Let A = Cay(H,S) with S = {a,b,ab, e, f,ef}.

Lemma 6.1. The group H has order 2'7, and the graph A is a normal Cayley graph on
H with Aut(H, S) = C2 x Cy. In particular, A is 2-geodesic-transitive and 3-CSH but not
3-CH, and C(A) is a tetravalent 3-arc-reqular Cayley graph of order 2'°.

Proof. We shall make use of Magma [4]] in the proof and see Appendix 1 for the pro-
grams. Let A = (a,b) and B = (e, f). By using the pQuotient command in Magma [4], we
obtain that |H|=2'", A2 B~ (C2 H = (A, B) and ANB = 1. Then S = (AUB)—1 and
the subgraphs of A induced by A and B, respectively, are two maximal cliques K4. This
implies that Aut(#, S) acts on {A, B}. Moreover, Aut(#, S) acts faithfully on AU B since
H = (A, B). It follows that Aut(H,S) = Aut(H,S)° < (Aut(A) x Aut(B)) x Cy = S51Cs.

By using the hom command in Magma [4], we see that both the map a + b,b — a,e —
e, f — f and the map a — b,b — a,e — f, f — e do not induce automorphisms of H,
but each of the following maps induces an automorphism of H:

a:ar—bb—abe—e, f— f,
B:awa,b—be— f f—ef,
yiar—eb— fie—a, f—b.

It follows that Aut(H,S) = ({a) x (B)) % {(y) = C? x Cs.

Let ¥ = C(A). Recall that R(H) acts on V(A) = H by right multiplication. Since
ANB =1, for all h € H, we have Ah N Bh = h and A(h) = (Ah U Bh) — h as
A(1) =S = (AU B) — 1. This implies that ¥ has vertex set V(X) = {Ah, Bh | h € H},
and edge set {{Ah,Bh} | h € H}. Let Vj = {Ah | h € H} and V; = {Bh | h € H}.
Then V| = V4| = 2'°) and so |V(Z)| = 2. Moreover, V and V; are two orbits of
R(H) on V(X). Note that the neighborhood of A in ¥ is X(A) = {Ba | a € A} while
the neighborhood of B in ¥ is X(B) = {Ab | b € B}. As A = B = (%, it follows that
¥ has valency 4. Let K = (ae,bf,H'). By Magma [4], we have AN K = BNK =1. It

1

1,

L,
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follows that |H : K| = 2* and hence |H| = |Vp| = |V4]. Since R(H)4 = {R(a) | a € A}
and R(H)p = {R(b) | b € B}, it implies that R(K) = {R(g) | g € K} acts semiregularly
on V(%) with two orbits V and V;. Notice that v swaps a and e, and swaps b and f.
It follows that ~ centralizes R(ae) and R(bf). As H' < H, we have v normalizes R(K),
implying that [(R(K),~)| = |V(X)|. Note that v also swaps A and B. This implies that
(R(K),~) is transitive and so regular on V(). It follows that ¥ is a Cayley graph.
Since ¥ is a tetravalent graph, the stabilizer of any vertex of ¥ in Aut(X) is a {2,3}-
group, and hence Aut(X) is also a {2,3}-group since X has order 2'%. Tt follows that
Aut(X) is solvable. By Lemma (1), A is 2-geodesic-transitive and 3-CSH, but not
3-CH, and ¥ is a tetravalent 3-arc-regular Cayley graph. O

The following proposition proves that there exist infinitely many solvable tetravalent
3-arc-regular graphs.

Proposition 6.2. There exist infinitely many solvable tetravalent 3-arc-reqular graphs.

Proof. By [I8, Theorem 2.11 (1)], for all primes p > 2% - 3% there exists a connected
(X, 3)-arc-regular graph I with X < Aut(Il) satisfying the following conditions:

(1) X has a normal subgroup N = C5" where B(I') = |E(C(A))| — [V(C(A))| + 1
is the Betti number of C'(A) and A is the graph in Construction I;

(2) the norma quotient Iy = C(A) and II is a normal cover of I1y;

(3) X/N = Aut(C(A)).
We claim that II is 3-arc-regular. Suppose on the contrary that II is not 3-arc-regular.
Then Aut(II) > X. Since II is a tetravalent 2-arc-transitive graph, by [44, Theorem 4]
we have [Aut(IT)| | 24-3%- [V(C(A))]. So N is a Sylow p-subgroup of Aut(IT). Since X is
3-arc-regular on II, one has |X| = 2232 |V(C(A))|. Consequently, |Aut(IT) : X| | 22-3%
Since N 9 X, one has [Aut(II) : Npygp (V)] | 22 - 3%, and since p > 2% 3%, by Sylow’s
theorem, we have Aut(Il) = NAut(H)(N)’ and so N < Aut(Il). By Lemma (.1l we would
have Aut(Il)/N < Aut(C(A)), which is impossible because C'(A) is 3-arc-regular. O

Remark on Proposition From [41], Theorem 1.1 & Corollary 1.2] one may deduce
that every tetravalent 3-arc-regular Cayley graph is a normal cover of a Cayley graph on
one of the following groups: C3' x (C32.My;), S35 and Aszs. This, however, is not true by
Proposition [6.2.

Next we give two graphs satisfying the condition (2) of Theorem [L.6l (b), of which the
first one appeared in [57, Remark 4.2].

Example 6.3. Let M = (a,b,c | a® =V = = 1,¢ = [a,b],]a,c] = [b,c] = 1). Let
O = Cay(M, S) with S = {a, a? a* a*,b,b?, b, b*}. By Magma [4], M has order 5%, and the
graph © is a normal Cayley graph on M with Aut(M, S) = C? x Cy. By Lemma 5.6 (2),
© is 2-geodesic-transitive but not 3-CH, and C(©) is a pentavalent 3-arc-regular graph of
order 2 - 52. (See Appendix 3 for the Magma programs used in this example.)

Example 6.4. Let T = (a,b,c,d,e | a® =1 = ¢ = d° = ¢® = 1,¢ = [a,b],d =
la,c],e = [b,c],|a,d] = [b,d] = |a,e] = [b,e] = 1). Let & = Cay(T,S) with S =
{a,a?,a® a*, b, 0%, b3, b*}. By Magma [4], T has order 5°, and the graph ® is a normal
Cayley graph on 7 with Aut(7,S) & C? x Cy. By Lemma (2), @ is 2-geodesic-
transitive but not 3-CH, and C(®) is a pentavalent 3-arc-regular graph of order 2 - 5%.
(See Appendix 4 for the Magma programs used in this example.)
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The following example gives a graph satisfying the condition (3) of Theorem (b).

Example 6.5. Let G = (a,b,¢,¢, f,g,x,y, z) be a group with the following relations:

a2:b2202262:f2:g2::c2:y2:2’2=1,[g,a]295,[9,5]:ya[gac]zza

[a,b] = [a,c] =[b,c] = e, f] =le,g] = [f, 9] = 1,

le,al = xyz,le,b] = xz,|e,c] = x,[f,a] = xz,[f,b] = x,[f,c] =
Let © = Cay(G, S), where S = AUB — {1}, A = (a,b,¢) and B = (e, f,g). By Magma Mﬂ,
G has order 2%, and the graph © is a normal Cayley graph on G with Aut(G,S) =
(C7 x C7) x Cg. By Lemma 5.0 (3), © is 2-geodesic-transitive and 3-CSH but not 3-CH,

and C(0©) is a 3-arc-transitive graph. (See Appendix 5 for the Magma programs used in
this example.)

The following example gives a graph satisfying the condition (4) of Theorem (b).

Example 6.6. Let £ = (a,b,¢,d,e,u,v, 2,9, 2, f,g,h,i,j) be a group with the following
relations:

R=RP=C=@==P o= =Pl =gty =22 =1,
la,b] = [a,c] = [a,d] = [a,e] = [b,c] = [b,d] = [b,e] = [c,d] = [c,e] = [d,e] =1,
0] = [, 2] = [, ] = [t 2] = [0,] = [0,] = [1,2] = [,5] = 3 2] = g, ] = 1,
la,z] = f,[b,z] = g,c, 2] = h,[d, 2] =i,]e, 2] = J,

[a’u] = fgh, [b’ ] = ghi, [Ca u] = hij, [d’ u] = fghy, [e’u] =/,

[avv] = th, [bvv] = th, [Cv U] = fgh' I [dvv] = f, [6,1)] =9
[a,x]:hz’j,[b,x]:fghj,[c,x :fa[dv ]:g,[e, ]:h’v

la,y] = fghj,[b.y] = f,[c,y]l = g, [d,y] = h, [e,y] = i.

Let IT = Cay(L,S), where S = AU B — {1}, A = (a,b,c,d,e) and B = (u,v,z,y, 2).
By Magma [4], £ has order 2", and the graph II is a normal Cayley graph on £ with
Aut(L,S) = (Cs x Cs1) x Cyp. By Lemma 5.6l (4), IT is 2-geodesic-transitive and 3-CSH
but not 3-CH, and C(II) is a 3-arc-transitive graph. (See Appendix 6 for the Magma
programs used in this example.)

Now we give a graph satisfying the condition (5) of Theorem (b).

Example 6.7. Let N = (a,b,c,d, e, f,g,h, k) be a group with the following relations:
P=P=F=P=e=f =g —h5—k5_1
c=la,b],d=1a,cl,e=1bcl,[d el =1,[a,d = f,[bd =g,la,e] =
0. f] = [a,9] = a, 4] = a, k] = [b, f] = [b, 9] = o, b = b, = 1, f = k%, g = h2,

Let A = Cay(N, S) with S = {a,a? a3 a*, b,b% b, b*}. By Magma [4], N has order 5%, and

the graph A is a normal Cayley graph on N with Aut(N,S) = M. By Lemma (5),

A is 3-CSH but not 2-geodesic-transitive, and C'(A) is a pentavalent symmetric graph of
type Q5. (See Appendix 7 for the Magma programs used in this example.)

Remark on Examples [6.3H6.7. With a similar argument as in the proof of Propo-
sition [6.2] by using the graphs given in Examples [6.3H6.7], one can see that there exist
infinitely many graphs satisfying the conditions (2)—(5) of Theorem [ (b).

Finally, we construct a family of graphs satisfying the condition (6) of Theorem [L.@] (b).
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Construction II Let n > 2 be an integer, and let R = (a, b) be a finite 3-group with the
following relations:

a—b3—cl—di =" —f3lgl—h3—1c—[clLb]€l:[ba] [sz]f:[b2,a],
= B T ] = =
= = [ =Ll = = [ =1,
e e e g e = e -,

9—[C€]h [ H ]:[gv] - [h,a] = [h,b] =1,

Let T = Cay(R, S) with S = {a, a? b, b?}.
Lemma 6.8. The group R has order 3*"*', and the graph Y is a normal Cayley graph

on R with Aut(R,S) = Cy. In particular, Y is 3-CSH but not 2-geodesic-transitive, and
C(Y) is a trivalent symmetric graph of type 2.

Proof. Let D = {(¢,d,e, f). By a direct calculation, we obtain the following relations:
Ca = d_1€_17da = C7 ea = f7 fa = f_1€_17cb = C_lf_17db = e_ld_17 eb = d7 fb = C.

Since R is generated by a,b, one has D IR and R/D = (aD,bD). Since ¢ = [a,b] € D,
one has [aD,bD]| = [a,b]D = D and hence R/D is abelian. As both a and b have order
3, R/D = (aD) x (bD) = C3 x C3. It follows that D = &(R) = R/.

We now show the following two claims.

Claim 1 Let a; = b and b; = a®. Then a; and b; have the same relations as do a and b.

Let ¢, = [ay,b1], dy = [b1,a?], e1 = [a?,02] and f; = [b?,a1]. Thenc, =d, dy =e, e; = f
and fi =c. So " =d} =¢} = f1 = 1. From the following relations
f3n71 3n71d 3n7163n71
[ d = [ e = [ =1,
[3”1 ] [3” ]_[dgn:lvf]zlv
[ =" d =", fl=1,

37L71 3n71 37L71 3n71
) d Y 6 ) f

we know that ¢ are in the center of D. So

n—1 n—1 n—1 n—1 __an—1 n—1 ., _an—1 n—1
Y L A T

and " d¥" 3" are in the center of D.
Let g1 = ler,ea] and by = [dy, fi]. Then gy = [d, f] = h and h P [ Ay
g1, b1 are in the center of R. Also, it is easy to check that gy ' = h™' = di" "e"  f" ",

and h’l = g_l = C?nildinilezlsnil.

Finally, [e1,d1] = [d,e] = d™3" ¥ = CI37Hd3”71, e, fi] = [dd] = 33" =
_gn—1 3n—1 o __gn—l pgn—-1 4 _3n-— 1 3n— - o _gn-1 gn-1
2 v L ldi el =le f]=e P =dy el andley, fil = [f, ¢l = f P A

er®" " f3"7' . This proves Claim 1.
Claim 2 R has no automorphisms swapping a and b.

Suppose on the contrary that « is an automorphism of R such that a* = b and b* = a.
Then ¢ = [b,a] = ¢, d* = [a,0?] = f71, e* = [b®,a?] = ¢! and f* = [ b = d7h

1

Furthermore, ¢ = [¢*,e*] = [¢ e '] = ¢¢ ¢ =gand h® = [d*, f] = [f',d']| = h"".
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AS g_l _ d3n7163n71f.3n71’ one has d3n7163n71 f.3n71 _ g_l _ (g_l)a _ f_37L716_37L71d_3n71.
This forces that ¢g=! = @3 3" f3"" =1, a contradiction.

Now we are ready to complete the proof. Note that ¢3" ", d3" ", e3" " are in the center
of D,and f3" ' =" d3 e Set M = (¥ d*" ¥ ). Then M = C3. By the
following relations,

h, _ C3n71d3n7163n71’g_1 _ d3n7163n71f3n71’
[07 d] _ C_3n71d3n71’ [07 f] _ C_3n71f3n71’ I:d’ e] _ d_gnflegnfl’ I:e’ f] _ 6_3n71f3n71.

we conclude that M < D'. It follows that D/M = (cM) x (dM) x (eM) x (fM) = C3,_,.
Since R/D = C2 and M = C%, it follows that |R| = 311

By Claim 1, the map a + b,b + a? induces an automorphism, say 3, of R, and /3
cyclically permutates the elements in S. So, 8 € Aut(R,S). Since S = {a,a?, b,b*},
one has Aut(R,S) < Dg. By Claim 2, R has no automorphisms swapping a and b.
Consequently, we have Aut(R,S) = C4. Since T is a tetravalent graph of order 3"+
Aut(Y) is a {2, 3}-group, and so it is a solvable group. By Lemma [5.6, T is 3-CSH but
not 2-geodesic-transitive, and C(T) is a trivalent symmetric graph of type 22. O

Remark on Lemma (1) We also verify Lemma[6.8in case n = 2 by using Magma [4],
and the reader may see Appendix 8 for the Magma programs.
(2) In 2006, Feng and Kwak [21] posed the following conjecture.

Conjecture Fvery connected trivalent symmetric graph of order 2 -3™ is a Cayley graph
for each m > 1.

By Lemma 68, C'(Y) is a trivalent symmetric graph of type 22 and of order 2- 3" with
n > 1. If C(Y) is a Cayley graph, then it would have an automorphism of order 2 which
swaps the two vertices of an edge. However, this is impossible since every edge-stabilizer
for C'(Y) is isomorphic to Cy. Consequently, C(T) is a non-Cayley graph. This implies
that the above conjecture is not true.

7. APPENDIX: MAGMA PROGRAMS IN SECTION 6

Appendix 1 (Programs for the graph A in Construction I): First, we input a group
Gl(a,b,c,d,e, f,g,h) := Group(a,b,c,d,e, f,g,h | R), where R is a set of relations as
given in Construction I.

Construction of the group group H: H,q:=pQuotient(G,2,100);

The order of group H: FactoredOrder (H) ;

The derived subgroup of H: D:=DerivedSubgroup (H) ;

The derived subgroup of H’: DD:=DerivedSubgroup (D) ;

H/H =CH H/H' = Cy x C? and H" = Cy:

GroupName (H/D) ; GroupName (D/DD); GroupName(DD) ;

Construction of subgroups A and B:

a:=alq; b:=b@q; e:=e@q; f:=f@q; A:=sub<H|a,b >; B:=sub<Hl|e,f>;

Test A2 B~ C% and AN B = 1:

fA; IsElementaryAbelian(A);

#B; IsElementaryAbelian(B);
#(A meet B); H eq sub<H|a,b,e,f>;



28 JIN-XIN ZHOU

The following maps are not automorphisms of H:

hom<H->H|a->b,b->a,e->f,f->e>;

hom<H->H|a->b,b->a,e->e,f->f>;

hom<H->H|a->a,b->b,e->f,f->e>;

The following maps are automorphisms of H:

alpha:=hom<H->H|a->b,b->a*b,e->e,f->f>; alpha; Kernel(alpha); Image(alpha)
eq H;

beta:=hom<H->H|a->a,b->b,e->f,f->e*xf>; beta; Kernel(beta); Image(beta) eq
H;

gamma: =hom<H->H|a->e,b->f,e->a,f->b>; gamma; Kernel(gamma); Image(gamma)
eq H;

Construction of subgroup K and testing K NA=KNB=1:

K:=sub<H|axe,b*f,DerivedSubgroup (H)>;

#(K meet A); #(K meet B);

Appendix 2 (Programs for the construction of a Cayley graph):
Cay:=function(G,S);
V:=g:g in G;
E:=g,s*g:g in G,s in S;
return Graph<V|E>;
end function;

Appendix 3 (Programs for the graph © in Example [6.3)): First, we input a group
G<a,b,c>:=Group<a,b,c| a’,b®, ¢, c=(a,b), (a,c)=(b,c)=1>;
Construction of the group M: M,q:=pQuotient(G,5,100);

The order of group M: FactoredOrder (M);

The derived subgroup of M: D:=DerivedSubgroup (M) ;

The derived subgroup of M’: DD:=DerivedSubgroup (D) ;

M/M =C2 M'JM” = C5 and M" = 1:

GroupName (M/D) ; GroupName(D/DD); GroupName (DD) ;

Construction of © = Cay(M, S):

a:=alq; b:=bQq;

S:={a,a? a3 a* b,b% b, b1} ;

Theta:=Cay (M, S) ;

Automorphism group of O:

A:=AutomorphismGroup(Theta) ;

© is a normal Cayley graph on M (We find that every Sylow 5-subgroup of Aut(©) is
normal and regular on V(©). This implies that © is normal):

P:=SylowSubgroup(A,5);

IsNormal (A,P);

IsRegular(P);

Aut(M, S) = C1 Cy:

Al:=Stabilizer(A,1);

GroupName (A1) ;

Appendix 4 (Programs for the graph ® in Example [6.4]): First, we input a group
G<a,b,c,d,e>:=Group<a,b,c,d,el a’,b° c® d° e’, c=(a,b),d=(a,c),e=(b,c),
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(a,d)=(b,d)=(a,e)=(b,e)=1>;

Construction of the group group 7: T,q:=pQuotient(G,5,100);

The order of group 7: FactoredOrder (T);

The derived subgroup of 7: D:=DerivedSubgroup(T) ;

The derived subgroup of 7': DD:=DerivedSubgroup(T) ;

T/T' =2C2T/)T"=2C3and T" = 1:

GroupName (T/D); GroupName(D/DD); GroupName (DD) ;

Construction of ® = Cay(T, S):

a:=alq; b:=bQq;

S:={a,a? a3 a* b, b b, b1} ;

Phi:=Cay(T,S);

Automorphism group of ®:

A:=AutomorphismGroup (Phi) ;

® is a normal Cayley graph on 7 (We find that every Sylow 5-subgroup of Aut(®) is
normal and regular on V(®). This implies that ¢ is normal):

P:=SylowSubgroup(A,5);

IsNormal(A,P);

IsRegular(P);

Aut(T,S) = C 1 Cy:

Al:=Stabilizer(A,1);

GroupName (A1) ;

Appendix 5 (Programs for the graph © in Example [6.5)): First, we input a group
G<a,b,c,d,e,f,g,x,y,z>:=Group<a,b,c,d,e,f,g,x,y,z | a? V% 2 €2, f2 g% 22, 1°, 22,
(a,b)=(a,c)=(b,c)=1, (e,f)=(e,g)=(f,g)=1, (e,a)=x*yxz, (e,b)=x*z, (e,c)=x,
(f,a)=x*z, (f,b)=x, (f,c)=y, (g,a)=x, (g,b)=y, (g,c)=z >;

Construction of the group group G: G,q:=pQuotient(G,2,100);
The order of group G: FactoredOrder(G);

The derived subgroup of G: D:=DerivedSubgroup(G) ;

The derived subgroup of G’: DD:=DerivedSubgroup (G) ;

G/G'=CS8 G/G"~(C3 and G" = 1:

GroupName (G/D) ; GroupName (D/DD); GroupName (DD);

Construction of subgroups A and B, and testing A 2 B = (3, AN B = 1 and
G = (4, B):

a:=alq; b:=bQ@q; c:=c@q; e:=e@q; f:=f0q; g:=g0q;

A:=sub<Gla,b,c>; fA; IsElementaryAbelian(A);

B:=sub<Gle,f,g>; fB; IsElementaryAbelian(B);

#(A meet B);

H eq sub<G|A,B>;

Construction of © = Cay(G, S):

S:={x:x in Alx ne G!1} join {y:y in Bly ne G!1};

Theta:=Cay(G,S);

Automorphism group of O:

au:=AutomorphismGroup(Theta) ;



30 JIN-XIN ZHOU

© is a normal Cayley graph on G (Note that R(G) is a regular subgroup of Aut(©). We
first list all regular subgroups of Aut(©), and then we find that among these subgroups,
there is only one which is isomorphic to R(G) and this subgroup is normal in Aut(0)):

R:=RegularSubgroups(au) ;//Find all regular subgroups of Aut(©)

T:={};

for i in {1..fR} do

if f(DerivedSubgroup(G)) eq f(DerivedSubgroup(R[i] ‘subgroup)) then

Include(~T,1);

end if;

end for;

1T, //| T =1
i:=Random(T) ;

IsNormal (au,R[i] ‘subgroup) ;
Aut(g, S) = 07 X 07) X CGZ
aul:=Stabilizer(au,1);
GroupName (aul) ;

Appendix 6 (Programs for the graph Il in Example [6.6): First, we input a group
G<a7 b7 Gy da €UV, X, Y, 2, f)gahai7j> = GI’OUp(CL, bv Cy d»&“a%%ya'z» fvg7 h’72.7j | R>> where
R is a set of relations as given in Example [6.6l

Construction of the group group £: L,q:=pQuotient(G,2,100);

The order of group L£: FactoredOrder(L);

The derived subgroup of £: D:=DerivedSubgroup(L) ;

The derived subgroup of £": DD:=DerivedSubgroup(L) ;

L/L=C0 L'/~ (C5and L = 1:

GroupName (L/D) ; GroupName(D/DD); GroupName(DD);

Construction of subgroups A and B, and testing A & B =2 C3 AN B = 1 and
L = (A, B):

a:=alq; b:=bQ@q; c:=c@q; d:=d0q; e:=eQq;

u:=u@Qq; v:=v0q; x:=x0q; y:=yQ@q; z:=z0Qq;

A:=sub<Ll|a,b,c,d,e>; fA; IsElementaryAbelian(A);

B:=sub<L|u,v,x,y,z>; tB; IsElementaryAbelian(B);

#(A meet B); H eq sub<L|A,B>;

Construction of the clique graph of IT = Cay(L, S):

vi:={};
for h in L do
Vh:={};

for w in A do
Include(~Vh,w*h) ;
end for;
Include(~V1,Vh);
end for;

v2:={};

for h in L do
Vh:={};

for w in B do
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Include(~Vh,w*h) ;

end for;

Include(~V2,Vh);

end for;

V:=V1l join V2;

E:={};

for wi in V1 do

for w2 in V2 do

if f(wl meet w2) eq 1 then

Include(“E,{wl,w2});

end if;

end for;

end for;

CPi:=Graph<V|E>;//This is the clique graph of II

Automorphism group of C(II):

au:=AutomorphismGroup (CPi) ;

IT is a normal Cayley graph on £ (Note that R(L) is a subgroup of Aut(C(II)). We first
list all subgroups of Aut(C/(IT)) of order 2'%, and we find that among these subgroups,
there is only one which is isomorphic to R(£) and this subgroup is normal in Aut(C/(II))):

R:=Subgroups (au:0rderEqual :=2%%);

T:={};

for i in {1..fR} do

if f(DerivedSubgroup(L)) eq f(DerivedSubgroup(R[i] ‘subgroup)) then

Include(™~T,1i);

end if;

end for;
iT;//|T) =1
i:=Random(T) ;

IsNormal (au,R[i] ‘subgroup) ;
Aut(R,S) = (C31 x C31) x Cyp (Note that Aut(R,S) = Aut(C(IT))/R(L)):
GroupName (au/R[i] ‘subgroup) ;

Appendix 7 (Programs for the graph A in Example [6.7)): First, we input a group
G<a,b,c,d,e,f,g,h,k>:=Group<a,b,c,d,e,f,g,h,kl| a®,0°,c° d° e, f5, ¢° h° K>,
c=(a,b),d=(a,c),e=(b,c),(d,e)=1, (a,d)=f, (b,d)=g, (a,e)=h, (b,e)=k,
(a,f)=(a,g)=(a,h)=(a,k)=(b,f)=(b,g)=(b,h)=(b,k)=1, f=k~2, g=h~? >;
Construction of the group group N: N,q:=pQuotient(G,5,100);

The order of group N: FactoredOrder (N);

The derived subgroup of A/: D:=DerivedSubgroup(N);
The derived subgroup of N: DD:=DerivedSubgroup (N) ;
N/N'=C2, N'/N" = C} and N = 1.

GroupName (N/D) ; GroupName(D/DD); GroupName(DD);
Construction of A = Cay(N, S):

a:=alq; b:=bQq;

S:={a,a? a3 a* b,b% b, b1};

Lam:=Cay(N,S);
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Automorphism group of A:
A:=AutomorphismGroup(Lam) ;

A is a normal Cayley graph on A/ (We find that every Sylow 5-subgroup of Aut(A) is
normal and regular on V(A). This implies that A is normal):

P:=SylowSubgroup(A,5);

IsNormal (A,P);

IsRegular(P);

Aut(N, S) = My (Note that Myg is just the semidihedral group of order 16):

Al:=Stabilizer(A,1);

GroupName (A1) ;

Appendix 8 (Programs for the graph T in Construction II (in case n = 2)): First, we
input a group

G<a,b,c,d,e,f,g,h>:=Group<a,b,c,d,e,f,g,h | a3 b3 d° €, 2, g3 h3,

c=(a,b) ,d=(b,a?),e=(a?V?),f=(b%a), (c,d)=c3*d>, (c,f)=c3xf3,(d,e)=d3xe3,

(e,f)=e3xf3, fP=c3*xd3xe?,g=(c,e),h=(d,f), h=xd®>*e?, g7 = d3xe3x f3,

(c’.d)=(c’,e) = (¢, [) = 1,(d% c) = (d® e) = (&, f) = 1,

(€%, ¢) = (e’.d) = (¢°, f) = 1>;

Construction of the group group R: R,q:=pQuotient(G,3,100);

The order of group R: FactoredOrder(R);

The derived subgroup of R: D:=DerivedSubgroup(R) ;

The derived subgroup of R’: DD:=DerivedSubgroup(R);

R/R =2 C3 R'/R" = C3 x Cyg and R = C2:

GroupName (R/D) ; GroupName (D/DD); GroupName(DD);

Construction of T = Cay(R, S):

a:=alq; b:=bQq;

S:={a,a? b, b*};

Ups:=Cay(R,S);

Automorphism group of T:

A:=AutomorphismGroup (Ups) ;

T is a normal Cayley graph on R (We find that every Sylow 3-subgroup of Aut(Y) is
normal and regular on V(Y'). This implies that Y is normal):

P:=SylowSubgroup(4,3);

IsNormal(A,P);

IsRegular(P);

Aut(R,S) = Cy:

Al:=Stabilizer(A,1);

GroupName (A1) ;
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