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Abstract
One of the most fundamental graph problems is finding a
shortest path from a source to a target node. While in its basic
forms the problem has been studied extensively and efficient
algorithms are known, it becomes significantly harder as soon
as parts of the graph are susceptible to failure. Although one
can recompute a shortest replacement path after every outage,
this is rather inefficient both in time and/or storage.
One way to overcome this problem is to shift computational
burden from the queries into a pre-processing step, where a
data structure is computed that allows for fast querying of re-
placement paths, typically referred to as a Distance Sensitivity
Oracle (DSO).
Such a DSO can be constructed, by utilizing the fact that the
shortest path in a graph with failures consists of a concatena-
tion of shortest paths in the original graph. That is, one can
quickly compute a replacement path by determining a suit-
able pivot and concatenating the shortest paths from source
to pivot and from pivot to target.
Unfortunately, finding such a pivot is far from trivial. In this
paper, we utilize node2vec, graph attention networks, and
multi-layer perceptrons to find pivots such that the lengths
of the resulting paths are close to that of the shortest replace-
ment paths. More precisely, we evaluate our technique on a
collection of real-world networks and observe that on aver-
age the computed replacement paths are longer by merely a
few percentages compared to the optimal solution.
While DSOs have been extensively studied in the theoretical
computer science community, to the best of our knowledge
this is the first work to construct DSOs using deep learning
techniques. In particular, in this work we first prove the exis-
tence of a combinatorial structure and then build on top of it
a deep learning algorithm that utilizes the observed combina-
torial structure. As mentioned above - we utilize the combi-
natorial structure of replacement paths as a concatenation of
shortest paths and use deep learning to find the pivot nodes
for stitching shortest paths into replacement paths.

Introduction
The shortest path problem is frequently encountered in the
real-world. In road networks, users want to know how long
it will take to get from one place to another (Huang et al.
2021). In biological networks, consisting of genes and their
products, the shortest paths are used to find clusters and
identify core pathways (Ren, Ay, and Kahveci 2018). In so-
cial networks, the number of connections between users can

be used for friend recommendation (Tian et al. 2012). In the
web search, relevant web pages can be ranked by their dis-
tances from queried terms (Ukkonen et al. 2008).

For graphs in the real world, often consisting of millions
of nodes, special data structures called Distance Oracles
(DO) are used to store information about distances of an in-
put graph G = (V,E) with n vertices and m edges. With-
out storing the entire graph, they can quickly retrieve impor-
tant distance information to answer the shortest path queries.
These shift the computational burden to the preprocessing
step, so that queries can be answered quickly.

However, in addition to being large in size, real-world net-
works are also frequently susceptible to failures. For exam-
ple, in road networks, a construction, a traffic accident, or
an event might temporarily block nodes. In social networks,
users might temporarily deactivate their accounts, resulting
in a null node. And on the internet, web servers may be
temporarily down due to mechanical failures or malicious
attacks (Billand et al. 2016). In these instances, we desire
a method that can continue answering shortest path queries
without stalling or having to recompute shortest paths on the
entire graph again.

Distance Sensitivity Oracles (DSO) are a type of DO that
can respond to queries of the form (s, t, f), requesting the
shortest path between nodes s and t when a vertex f fails
and is thus unavailable. Desirable DSOs should provide rea-
sonable trade-offs among space consumption, query time,
and MRE (i.e., quality of the estimated distance).

Contributions
We have tested our method on a variety of real-world net-
works and achieved state-of-the-art performance on all of
them, our accuracy even outperforms models for shortest
paths without node failures. Our contributions mainly lie in
three aspects:

• We prove that one can use deep learning to find pivot
nodes in distance sensitivity oracles. In fact, to the best
of our knowledge, we are the first to use deep learning to
build a distance sensitivity oracle.

• In our theoretical analysis we first present a simple proof
for the existence of an underlying combinatorial structure
for replacement paths, and later we utilize it to implement
the first distance sensitivity oracle using deep learning.
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• We empirically evaluate our method and compare it with
related works to demonstrate near-exact accuracy across
a diverse range of real-world networks.

Related Work
Distance-Sensitivity Oracles Suppose we are given an
undirected, unweighted graph G = (V,E), and we want to
build a data structure that, given any two vertices u, v ∈ V
and a failing vertex f ∈ V , outputs the length of the short-
est path from u to v that does not go through f . Such a data
structure is called a distance sensitivity oracle (or DSO for
short). If the output is only approximate, then we say that
the DSO has stretch α if the length of the path reported is at
most α times the length of the shortest path from u to v that
does not go through f .

The problem of constructing DSOs is motivated by the
fact that real-life networks often suffer from failures. Sup-
pose we have a network with n nodes and m links, and we
want to send a package from a node u to another node v.
Normally, it suffices to compute the shortest path from u to
v. However, if some node f in this network fails, then our
path cannot use f , and our task becomes to find the shortest
path from u to v that does not go through f . Usually, there
is only a very small number of failures. In this paper, we
consider the simplest case, in which there is only one failed
node.

The problem of constructing a DSO is well-studied in
the theoretical computer science community: Demetrescu
et al. (Demetrescu et al. 2008) showed that given a graph
G = (V,E), there is a DSO which occupies O(n2 log n)
space, and can answer a query in constant time. The prepro-
cessing of this DSO, that is the time it takes to construct this
DSO, is O(mn2 + n3 log n). Several theoretical results at-
tempted to improve the preprocessing time required by the
DSO. Bernstein and Karger (Bernstein and Karger 2008,
2009) improved this time bound to Õ(mn) 1. Note that the
All-Pairs Shortest Paths (APSP) problem, which only asks
the distances between each pair of vertices u, v, is conjec-
tured to require mn1−o(1) time to solve (Lincoln, Williams,
and Williams 2018). Since we can solve the APSP problem
by using a DSO, the preprocessing time Õ(mn) is theoreti-
cally asymptotically optimal in this sense, up to a polyloga-
rithmic factor (note that, in practice, such polylogarithmic
factors may be very large). Several additional results im-
proved upon the theoretical preprocessing time by using fast
matrix multiplication (Weimann and Yuster 2013; Grandoni
and Williams 2020; Chechik and Cohen 2020; Ren 2022; Gu
and Ren 2021).

Considering the size of the oracle, Duan and Zhang (Duan
and Zhang 2017) improved the space complexity of (Deme-
trescu et al. 2008) to O(n2), which is from a theoretical per-
spective asymptotically optimal for dense graphs (i.e.,m =
Θ(n2)). To do so, Duan and Zhang store multiple data-
structures, which is reasonable for a theoretical work, how-
ever from a practical perspective the hidden constant is large.

1For a non-negative function f = f(n), we use Õ(f) to denote
O(f · polylog(n)).

Therefore, it may also be interesting to consider DSOs with
smaller space, at the cost of an approximate answer.

Here are several DSOs that provide tradeoffs between the
size of DSO and the approximation guarantee (also called
the stretch).
• The DSO described in (Baswana and Khanna 2013), for

every parameter ε > 0 and integer k ≥ 1 has stretch
(2k − 1)(1 + ε) and size O(k5n1+1/k log3 n/ε4).

• The DSO described in (Chechik et al. 2012), for every
integer parameter k ≥ 1 has stretch (16k − 4) and size
O(kn1+1/k log n).

Note that even though the size of the above two DSOs
for k ≥ 2 is asymptotically smaller than O(n2), the stretch
guarantee is at least 3 in (Baswana and Khanna 2013) and
at least 28 in (Chechik et al. 2012), which is far from the
optimum and may not be practical in many applications.

In this work we construct the first DSO that is built using
deep learning. Our DSO computes near-optimal paths, with
an approximation ratio that is close to 1, as shown in the
experiments described in Section . Our method uses deep
learning to find pivots (as described in Section ), utilizing a
combinatorial structural property that we prove in Section .

Shortest Paths using Deep Learning Real-world net-
works, such as those representing social media interac-
tions, often contain more than hundreds of thousands of
nodes (Backstrom et al. 2006). The high-dimensionality and
sparsity of these networks make traditional graph analytics
methods impractical (Cai, Zheng, and Chang 2018). Thus,
graph embeddings have been used to represent graphs in a
low-dimensional space. More specifically, nodes and edges
may be represented as vectors that still preserve information
and properties of the original graph.

Approaches towards generating graph embeddings in-
clude matrix factorization, deep learning with and without
random walks, edge reconstruction, graph kernels, and gen-
erative models (Cai, Zheng, and Chang 2018). By either op-
timizing embeddings for their specific task or using general
embedding techniques like node2vec, these graph embed-
dings may then be combined with existing techniques to
tackle tasks such as node classification, node clustering, and
link detection (Wang et al. 2017) (Zhang et al. 2021) (Crich-
ton et al. 2018) (Kipf and Welling 2016).

Using these graph embeddings, previous works towards
answering shortest path queries using deep learning have
employed a two-stage solution: 1) representation learning
and 2) distance prediction.

Among the first to apply graph embeddings to the short-
est paths problem was Orion (Wang et al. 2002). Inspired by
the successes of virtual coordinate systems, a landmark la-
belling approach was employed, where positions of all nodes
were chosen based on their relative distances to a fixed num-
ber of landmarks. Using the Simplex Downhill algorithm,
representations were found in a Euclidean coordinate space,
allowing constant time distance calculations and producing
mean relative error (MRE) between 15% - 20% (Costa et al.
2004; Nelder and Mead 1965; Wang et al. 2002).

Other existing coordinate systems have also been used.
Building off of network routing schemes in hyperbolic



spaces, Rigel used a hyperbolic graph coordinate system to
reduce the MRE to 9% and found that the hyperbolic space
performed empirically better across distortion metrics than
Euclidean and spherical coordinate systems (Cvetkovski and
Crovella 2009; Zhao et al. 2011). In road networks, geo-
graphical coordinates have been utilized with a multi-layer
perceptron to predict distances between locations with 9%
MRE (Jindal et al. 2017). In addition to these coordinate
systems, general graph embedding techniques have also
been employed to handle shortest path queries. Node2vec
and Poincare embeddings were used with a feed forward
neural network to approximate shortest paths distances on
large social networks and reported an MRE between 3% to
7% (Rizi, Schloetterer, and Granitzer 2018). More recently,
graph embeddings have also been learned alongside the dis-
tance predictors, to produce representations more specific to
the shortest path task. Vdist2vec directly learned vertex em-
beddings by passing the gradient from the distance predictor
back to a N × k matrix, achieving an MRE between 1%
to 7% (Qi et al. 2020). Huang et al. computed shortest path
distances on road networks using a hierarchical embedding
model and achieved an MRE of 0.7% (Huang et al. 2021).

This common two-stage solution, of finding representa-
tions and predicting their distances, directly computes the
distances between nodes. However, in the real-world, the
paths themselves are also often needed. Using the above
methods to query for the shortest path length, routing al-
gorithms can be constructed by performing a breadth-first
search, where at each step only neighbors whose distance to
the target is close to the current nodes’ distance to the tar-
get are visited (Zhao et al. 2011). Another framework finds
the shortest path in the routing process, decomposing a large
shortest path instance and solving it using reinforcement
learning (Yin, Rao, and Zhang 2021). Though the accuracy
of these routing algorithms does depend on their distance
predictors, they remain limited in their efficiency as iterative
algorithms require multiple predictions.

Thus, current works have found effective methods to-
wards estimating the distance between two nodes using
graph embeddings and deep learning. The main avenues of
development are representations, which accurately capture
both the graphs’ structures and the shortest path task, and
predictors, which can be used to efficiently query both dis-
tances and the corresponding paths. Taking these lessons
to the replacement path task, we propose a pivot-based
method, which combines theoretical computer science and
deep learning. To the best of our knowledge, our method
is the first to handle node failures, completing the DSO
data structure. Further, we efficiently calculate not only the
length but also the actual shortest path in an end-to-end
framework by exploiting combinatorial structures, which
avoids potential inaccuracies that arise in iterative path-
finding processes.

Theoretical Analysis
In this section we consider a combinatorial structural prop-
erty of replacement paths: such a path is a concatenation of
a few original shortest paths. As we previously described,
later on our deep learning algorithm builds on this lemma.

Our research is motivated by the following lemma from
Afek et al..

Lemma 1. (Afek et al. 2002) After k edge failures in an un-
weighted graph, each new shortest path is the concatenation
of at most k + 1 original shortest paths.

In other words, the replacement path can be defined using
so called pivot nodes that specify at which nodes in the graph
the shortest paths may be stitched together. In this work we
are interested in the failure of a single node, which is equiv-
alent to the failure of its incident edges. The number of con-
catenations (and with that the number of corresponding piv-
ots) required to obtain the replacement path then depends on
the degree of the failed node. While in real-world networks
the average degree is often rather small, finding suitable piv-
ots remains a hard task. To overcome this problem, we con-
sider an approximate setting, where we allow for a slack in
the quality of the obtained paths (they may be longer than a
shortest replacement path) but where only one pivot node is
used. From the theoretical perspective Lemma 1 proves that
for a single edge failure it is sufficient to find a single pivot.
To give more insights about the theoretical background of
the case where a single pivot is enough, we present a simpli-
fication of the proof of Lemma 1 below.

Lemma 2. After an edge failure in an unweighted undi-
rected graph, each new shortest path is the concatenation
of at most two original shortest paths.

Proof. Let P (s, t) be a shortest path from s to t, let f be the
failing edge along P (s, t), and let P (s, t, f) = 〈v0, . . . , vk〉
be a replacement path, that is a shortest path from s to t in
G − {f}. If P (s, t, f) is also a shortest path in the origi-
nal graph G then the lemma follows trivially. For the rest
of the proof assume that P (s, t, f) is not a shortest path in
G. We refer to Figure 1 for a visualization of the argumen-
tation that follows. Let 0 ≤ i ≤ k be the maximum index
such that P (s, vi) := 〈v0, . . . , vi〉 is a shortest path in G.
Since P (s, t, f) is not a shortest path in G it must hold that
i < k and hence 〈v0, . . . , vi+1〉 is not a shortest path in G.
Let P (s, vi+1) be a shortest path from s to vi+1 in G, it fol-
lows that |P (s, vi+1)| < |〈v0, . . . , vi+1〉| = i + 1. Let P1

be the concatenation of the path P (s, vi+1) with the edge
(vi+1, vi), then it holds that

|P1| < |〈v0, . . . , vi+1〉|+ 1 = i+ 2 (1)

We claim that 〈vi, . . . , vk〉 must be a shortest path in
G, and then P (s, t, f) is a concatenation of two shortest
paths in G (the first being 〈v0, . . . , vi〉 and the second be-
ing 〈vi, . . . , vk〉). For the rest of the proof, we assume by
contradiction that 〈vi, . . . , vk〉 is not a shortest path in G.
Let P2 := P (vi, t) be a shortest path from vi to t in G, then
it follows that

|P2| = |P (vi, t)| < |〈vi, . . . , vk〉| = k − i (2)

Note that both P1 and P2 contain the edge f :

• We claim that the path P1 contains f as P1 contains
the shortest path P (s, vi+1). Note that by definition of
i < k as the maximum index for which the subpath of
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Figure 1: Visualization of the proof of Lemma 2. a) A shortest path P (s, t) from s to t (green) and a replacement path P (s, t, f)
(purple) that is a shortest path from s to t that avoids the failing edge f (red). Vertex vi is the last along P (s, t, f) such that the
subpath of P (s, t, f) from s to vi is a shortest path in G, but the subpath of P (s, t, f) from s to vi+1 is not a shortest path in
G. Thus, the shortest path P (s, vi+1) (orange) from s to vi+1 must pass through f . b) Path P1 (green) is a concatenation of the
shortest path P (s, vi+1) from s to vi+1 and the edge (vi+1, vi), and P2 (purple) is a shortest path from vi to t. Path P (s, vi+1)
passes through f and thus P1 does as well. We assume by contradiction that P2 also passes through f . c) Paths P1[s..u] (green)
is the subpath of P1 from s to u, P2[u..vi] (purple) is the subpath of P2 from u to vi, P1[vi..v] (blue) is the subpath of P1 from
vi to v and P2[v..t] (orange) is the subpath of P2 from v to t. If we concatenate these paths, we get an alternative path from s
to t that avoids f and is shorter than the shortest path P (s, t, f) that avoids f , which is a contradiction.

P (s, t, f) from s to vi is also a shortest path, it follows
that the subpath of P (s, t, f) from s to vi+1 is not a short-
est path in G, and therefore the shortest path P (s, vi+1)
from s to vi+1 must contain the failing edge f . As P1

contains P (s, vi+1) then P1 contains the failing edge f .
• The path P2 contains f as this is what we assumed by

contradiction above.

Let u, v be the endpoints of f such that u appears before
v along P (s, t). It follows that u is closer to s than v, or
in other words, that d(s, u) < d(s, v). Similarly, it fol-
lows that v is closer to t than u, or in other words, that
d(v, t) < d(u, t). Therefore, it must be that u appears be-
fore v along the shortest path P1 (as u is closer to s than v),
and it must be that u appears before v along the shortest path
P2 (as v is closer to t than u). Let P1[s..u] be the subpath of
P1 from s to u, P1[vi..v] be the subpath of P1 from v to vi,
P2[u..vi] be the subpath of P2 from vi to u, P1[v..t] be the
subpath of P2 from v to t. Finally, let P be the concatena-
tion of P1[s..u], P2[u..vi], P1[vi..v], P1[v..t], we get that P
is a path from s to t that avoids f . Furthermore, P contains
all the edges of P1 and P2 except of two copies of the edge
f , and thus |P | = |P1| + |P2| − 2 < k, where the last in-
equality follows from Equations 1 and 2. We conclude that
any shortest path ofG from vi to t does contain f , and there-
fore both 〈v0, . . . , vi〉 and 〈vi, . . . , vk〉 are shortest paths in
the original graph G.

Given (s, t, f), let P (s, t, f) be a shortest path from s to t
in G−{f}. According to Lemma 2 it follows that P (s, t, f)
is a concatenation of two original shortest paths, or in other
words, there exists a pivot vertex v such that P (s, t, f) is the
concatenation of the two shortest paths P (s, v) and P (v, t),
where P (s, v) is a shortest path from s to v in G and P (v, t)
is a shortest path from v to t in G.

As mentioned above, in the remainder of this paper we
show that it is possible to use deep learning to find such pivot
nodes.

Our Approach
Pivot Selection
By the above argumentation, we can now reduce the prob-
lem of finding a replacement path to finding pivot candi-
dates. Our solution framework has two stages. First, we use
a graph convolutional network to find vertex representations
that encode relevant graph information. Next, we select piv-
ots by formulating the problem as a multi-label classification
task and apply a multi-layer perceptron.

We match the performance of state-of-the-art shortest
path works with less training cases (numerically and pro-
portionally) and no special selection process, yielding a sim-
ple and effective pipeline, which is depicted in Figure 2. We
train our model using BCELoss such that we learn both rep-
resentations and MLP weights towards the pivot selection
task. The final output of our network is then a vector repre-
senting the likelihood of each node being a pivot node. After
sorting the node candidates in non-ascending likelihood, we
check if the path they represent (the precomputed shortest
path from s to candidate c appended with the shortest path
from c to t) contains the node failure. The first candidate for
which this is not the case is selected as our pivot node.

Training Data
We train the network on a dataset containing potential start,
target, failing, and pivot nodes. The input of our network is
a triplet of indices for the start, target, and failing nodes.
The output is an n-dimensional vector, where the ith en-
try represents the likelihood of node i being a pivot node.
Training data was then computed by randomly sampling
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Figure 2: The overall neural network architecture. Our initial node2vec embeddings are processed through two GAT Layers to
produce vector embeddings for each node. For each query or training sample, the vectors corresponding to the starting, target,
and failure nodes are concatenated. These are processed through two Linear Layers to produce the log-likelihoods of each node
being a pivot. During back-propagation, the gradient is passed through the MLP and to the relevant GCN parameters, so that
the representations learned to encode relevant task-specific attributes.

min(100000, n2) input triplets for a considered graph with
n nodes. For each sample, we chose start, target, and fail-
ing node at random and ensured that the start and target
nodes are connected but are not direct neighbors. Otherwise,
the sample was rejected. We then simulated the node fail-
ure, computed replacement paths, and determined the ver-
tices on them that fulfill the criteria for being pivot nodes,
as described above. This list of pivots was encoded in a bi-
nary vector, representing our output. We split our dataset by
80/10/10 for our training, validation, and testing sets. Previ-
ous works use landmark labelling to improve the quality of
their candidates (Huang et al. 2021). Thus, we have a com-
paratively simple selection process and a small sample size
to learn from. However, we show in Section that we can still
identify obtain paths with minimal MRE.

Representation Learning with Graph
Convolutional Networks
In order to learn representations from, not only the shortest
path data but also the network structure, we leverage graph
convolutional networks (GCNs). Inspired by the successes
of convolutional neural networks in computer vision, GCNs
extend 2D convolutions by updating node information using
their neighbors. These models utilize node attributes and the
graph structure to update the current node by aggregating its
neighbors’ features with its own. By stacking many graph
convolutional layers together, GCNs can obtain high-level
feature representations that incorporate information from
across the graph (Zhang et al. 2019). The specific layer we
use is the Graph Attention (GAT) layer. This attention-based
convolutional layer computes each nodes’ embeddings by
implicitly learning different importance to different nodes
within a neighborhood (Veličković et al. 2017). These have

been used successfully for tasks like biological link pre-
diction, Android malware detection, and text classification
(Pham and Dang 2021; Hei et al. 2021; Linmei et al. 2019).
To the best of our knowledge, we are the first to apply the
GAT mechanism to shortest path problems.

We initialize our node embeddings using node2vec, a gen-
eral embedding technique which uses deep learning and ran-
dom walks to flexibly explore and encode neighborhoods
(Grover and Leskovec 2016). As mentioned above, this
technique has been applied successfully for recommender
systems, community detection, and, most relevantly, the
shortest path task (Chen et al. 2019; Hu et al. 2020; Rizi,
Schloetterer, and Granitzer 2018). Our representation learn-
ing framework uses node2vec to generate the initial embed-
dings and two GAT layers to refine them to our task. We
introduce non-linearities using a ReLU layer, and we speed
up convergence using GraphNorm layers, a normalization
technique that was recently found to be more effective than
similar techniques for training graph neural networks (Cai
et al. 2021). We also use dropout (0.1) to deal with overfit-
ting (Srivastava et al. 2014).

Multi-Layer Perceptron
We frame the task of selecting our pivot embeddings as a
multi-label classification task. As shown in Figure 2, after
the GCN component of our model, we select the three em-
beddings corresponding the start, target, and failing node
triplet. These are flattened into a 384-sized vector, which
serves as the input for our feedforward neural network.

The multilayer perceptron consists of two linear layers
and an output layer. We use ReLU layers as an activa-
tion function between the first two layers to introduce non-
linearities (Nair and Hinton 2010). We also use BatchNorm



layers to enable faster convergence and introduce regular-
ization (Ioffe and Szegedy 2015). The output layer is a log-
softmax layer (commonly used for multi-label classification)
that normalizes the vector values such that they represent the
log probabilities of being a pivot node.

Experiments
Dataset
We test our method on a variety of networks from the Net-
work Repository (Rossi and Ahmed 2015), which covers a
diverse set of areas, such as road networks, biological net-
works, and communication networks, all representing poten-
tial input for real-world applications. For a list of all consid-
ered networks, we refer to Table 1.

Evaluation Metrics
In line with previous approaches to computing shortest paths
using deep learning, we evaluate our method using the Mean
Relative Error (MRE) metric. Let d̄f (u, v) denote the dis-
tance between u and v inG−{f}. After defining the stretch
α(G, s, t, f) as

α(G, s, t, f) =
d̄f (s, p) + d̄f (p, t)

d̄f (s, t)
,

which denotes the factor by how much the replacement is
longer than the shortest path, the MRE is simply given by

MRE(G, s, t, f, p) = α(G, s, t, f)− 1. (3)

We note that, as is commonly done, we report the MRE in
percentage points throughout the paper.

Reproductibility
To generate our initial embeddings on each real-world net-
work, we train node2vec for 16 iterations using walk length
= 10, num walks = 80, p = 1, q = 1, and window size =
10 (Grover and Leskovec 2016). Embeddings are all 128-
dimensional, in line with node2vec and previous shortest
paths works (Grover and Leskovec 2016) (Qi et al. 2020)
(Rizi, Schloetterer, and Granitzer 2018).

We train our neural network for 32 epochs using the Adam
optimizer (Kingma and Ba 2014). Our learning rate is 1e-3,
our betas are 0.9 and 0.999, and our epsilon value is 1e-8.

We implemented everything in Python and run the exper-
iments on a Quadro RTX 8000 and an Intel(R) Xeon(R) Sil-
ver 4214R CPU @ 2.40GHz.

Results
In order to evaluate whether our approach can be used to ob-
tain suitable pivot vertices, and with them workable replace-
ment paths, we wanted to answer the following questions
using our experimental data:

1. How much longer than shortest paths are replacement
paths based on pivots that are found using deep learning?

2. Is the resulting performance an achievement of our ap-
proach or merely an artifact of the structure of the input
graph?

The motivation behind the first question is obvious. Com-
puted replacement paths are only suitable if they are not
much longer than the actual shortest paths in the graph.
Consequently, it is important that the pivots determined us-
ing our approach represent replacement paths with a small
stretch.

The second question is aimed at the validity of our ap-
proach in the sense that computed outputs are good because
the method is and not because any output would have been.
For example, consider a graph that is almost a clique (almost
all vertices are pairwise connected). Then, all paths are short
and after a failure (having almost no impact on the graph
structure) most replacement paths are short as well. In this
setting almost any node can serve as a suitable pivot, yield-
ing a replacement path with a small stretch and one would
expect that even randomly chosen pivots would yield good
results. While the networks considered in our experiments
are not as dense (see Table 1), other graph properties like a
small diameter may make finding good pivots easier.

Regarding the first question, Table 1 lists the MRE val-
ues obtained on all considered networks. As can be clearly
seen, most stretches are very close to the optimal value. Ex-
cept for bio-grid-yeast, ia-wiki-Talk, and tech-RL-caida
all values are below 1%. This means that the computed piv-
ots represented replacement paths that are almost as short as
the shortest paths in the graph, showing that DSOs enhanced
via deep learning exhibit very good performance.

Regarding the second question, Table 1 also lists the MRE
values we get when considering random pivots, which we
obtained by replacing the output of our pipeline with random
noise. As can be clearly seen, the MRE is much larger in this
setting. For most networks the MRE is larger than 200%,
which corresponds to a stretch of more than 3, meaning the
found paths are more than 3 times longer than the shortest
replacement paths. In order to compare our method with the
random approach, Table 1 also lists the improvement factor,
denoting the ratio of the MRE obtained with random pivots
and the one obtained using our method. Except for bio-grid-
yeast, ia-wiki-Talk, and tech-RL-caida this factor is always
larger than 200, meaning on most networks our approach is
over 200 times better than the random method, clearly in-
dicating that the close to optimal performance is due to the
quality of our approach and not an artifact of properties of
the considered inputs.

We would like to mention another motivation for compar-
ing our method with random pivot selection. In Li, Chen, and
Koltun (2018), the authors used a combination of tree search
and a GCN to find maximum independent sets in graphs.
However, recent work by Böther et al. (2022) found that
the GCN was not learning meaningful representations of the
graphs, as results of similar quality were obtained by replac-
ing the GCN outputs with random noise. Thus, we wanted to
validate our results and measure the quality of our represen-
tation learning by comparing our method with the case that
the GCN output is replaced by random vectors.

As identified above, the best performing shortest path us-
ing deep learning work achieves an MRE below 0.7% on
road networks (Huang et al. 2021). We perform similarly
a mean MRE of 1.54% a median MRE of 0.32% across



Network Name Nodes Density Average Dataset MRE MRE Improvement
Degree Size (Random (Our

Pivots) Method)
chem-ENZYMES-g118 95 2.71E-02 2.547 9.03E+03 215.96% 0.27% 811.89
chem-ENZYMES-g296 125 1.82E-02 2.256 1.56E+04 257.69% 0.49% 530.22
infect-dublin 410 3.30E-02 13.488 1.00E+05 191.02% 0.18% 1,091.55
bio-celegans 453 1.98E-02 8.940 1.00E+05 176.28% 0.04% 4,299.51
bn-mouse-kasthuri-graph-v4 987 3.16E-03 3.112 1.00E+05 204.20% 0.04% 5,105.11
can 1072 1,072 1.18E-02 12.608 1.00E+05 211.58% 0.37% 573.40
scc retweet 1,150 9.98E-02 114.713 1.00E+05 167.64% 0.05% 3,287.11
power-bcspwr09 1,723 2.78E-03 4.779 1.00E+05 237.46% 0.16% 1,493.46
inf-openflights 2,905 3.71E-03 10.771 1.00E+05 202.05% 0.72% 280.63
inf-power 4,941 5.40E-04 2.669 1.00E+05 228.67% 0.23% 1,013.10
ca-Erdos992 4,991 5.97E-04 2.977 1.00E+05 206.26% 0.33% 630.77
power-bcspwr10 5,300 9.66E-04 5.121 1.00E+05 232.83% 0.32% 739.13
bio-grid-yeast 6,008 8.70E-03 52.245 1.00E+05 173.80% 6.25% 27.80
soc-gplus 23,613 1.41E-04 3.319 1.00E+05 200.20% 0.31% 654.61
ia-email-EU 32,430 1.03E-04 3.355 1.00E+05 202.93% 0.94% 216.11
ia-wiki-Talk 92,117 8.50E-05 7.833 1.00E+05 203.29% 7.67% 26.50
tech-RL-caida 190,914 3.33E-05 6.365 1.00E+05 206.02% 7.91% 26.04

Table 1: Results of proposed deep learning DSO for node failures across several real-life networks.

a wide range of real-world networks. In addition to out-
performing other state of the art shortest paths works, our
approach increases the functionality in two key ways (Yin,
Rao, and Zhang 2021) (Qi et al. 2020) (Rizi, Schloetterer,
and Granitzer 2018). First, and most obviously, we accom-
modate node failures without recomputing shortest paths
again. Second, using our representation and pivot selector
learning, our method is able to achieve near-exact approxi-
mations of stretch by naively sampling the dataset. The pre-
vious top performing shortest path work chose candidates
for its dataset using a complex hierarchical learning strat-
egy (Huang et al. 2021). Thus our method is able to extract
signals from noise more efficiently.

Conclusion & Outlook
We have shown that distance sensitivity oracles with close
to optimal performance can be obtained by utilizing the
power of deep learning. Our method builds on a combinato-
rial property that allows for finding replacement paths based
on pivot vertices. On a variety of real-world networks in
the presence of failures, we can reliably find suitable pivots
where the lengths of the corresponding replacement paths
are very close to those of optimal paths. Moreover, our ex-
periments suggest that these results are not artifacts of the
inherent structure of the inputs, but are instead based on the
fact that the different building blocks of our pipeline suc-
cessfully capture the relevant structural information about
the input graph.

As a consequence, it would be interesting to apply this
method to related tasks where similar structural information
needs to be captured. One such example is the approxima-
tion of shortest paths without failures, as was considered be-
fore (Rizi, Schloetterer, and Granitzer 2018). Another exam-

ple is local routing, where the goal is to find short paths in
a graph without the use of a central data structure. One way
to perform local routing is to compute an embedding of the
graph in a metric space and to find paths by greedily rout-
ing to vertices that are closer to the target with respect to the
metric. Prior work has shown that close to optimal greedy
routing can be performed when embedding networks into
hyperbolic space (Bläsius et al. 2020). However, the result-
ing embeddings were susceptible to numerical inaccuracies,
and network failures decreased routing performance a lot. It
would thus be interesting to see whether our approach can
be extended to the greedy routing setting as well, in order to
overcome the previously observed issues.

Apart from extending our method to further applications,
the approach itself can be extended as follows. As mentioned
above, we do not use a landmark-labeling strategy for col-
lecting our training data set. Pursuing this option may im-
prove the quality of the learned representations. We may also
pursue different strategies towards the pivot selection task.
Customizing the loss function to be multi-task, for example
classifying pivots as we do now but also explicitly minimiz-
ing stretch, may improve the model’s performance as well.
Additionally, we may experiment with recently developed
GCN layers, to see if they might better exploit the structures
found in the challenging networks of Table 1. We may also
extend our work to answer queries with edge failures.

Finally, our approach has currently not been tested on
larger networks containing millions of nodes. By calculat-
ing the APSP information using a distance oracle and using
an improved node2vec implementation, we plan to test our
networks’ scalability in the future.



References
Afek, Y.; Bremler-Barr, A.; Kaplan, H.; Cohen, E.; and Mer-
ritt, M. 2002. Restoration by path concatenation: fast recov-
ery of MPLS paths. Distributed Comput., 15(4): 273–283.
Backstrom, L.; Huttenlocher, D.; Kleinberg, J.; and Lan, X.
2006. Group formation in large social networks: member-
ship, growth, and evolution. In Proceedings of the 12th ACM
SIGKDD international conference on Knowledge discovery
and data mining, 44–54.
Baswana, S.; and Khanna, N. 2013. Approximate Shortest
Paths Avoiding a Failed Vertex: Near Optimal Data Struc-
tures for Undirected Unweighted Graphs. Algorithmica, 66:
18–50.
Bernstein, A.; and Karger, D. R. 2008. Improved distance
sensitivity oracles via random sampling. In Proceedings of
the Nineteenth Annual ACM-SIAM Symposium on Discrete
Algorithms, SODA 2008, San Francisco, California, USA,
January 20-22, 2008, 34–43. SIAM.
Bernstein, A.; and Karger, D. R. 2009. A nearly optimal ora-
cle for avoiding failed vertices and edges. In Proceedings of
the 41st Annual ACM Symposium on Theory of Computing,
STOC 2009, Bethesda, MD, USA, May 31 - June 2, 2009,
101–110. ACM.
Billand, P.; Bravard, C.; Iyengar, S. S.; Kumar, R.; and
Sarangi, S. 2016. Network connectivity under node failure.
Economics Letters, 149: 164–167.
Bläsius, T.; Friedrich, T.; Katzmann, M.; and Krohmer, A.
2020. Hyperbolic Embeddings for Near-Optimal Greedy
Routing. ACM J. Exp. Algorithmics, 25.
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