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ABSTRACT Tendon-driven robots, where one or more tendons under tension bend and manipulate a
flexible backbone, can improve minimally invasive surgeries involving difficult-to-reach regions in the
human body. Planning motions safely within constrained anatomical environments requires accuracy and
efficiency in shape estimation and collision checking. Tendon robots that employ arbitrarily-routed tendons
can achieve complex and interesting shapes, enabling them to travel to difficult-to-reach anatomical regions.
Arbitrarily-routed tendon-driven robots have unintuitive nonlinear kinematics. Therefore, we envision
clinicians leveraging an assistive interactive-rate motion planner to automatically generate collision-free
trajectories to clinician-specified destinations during minimally-invasive surgical procedures. Standard
motion-planning techniques cannot achieve interactive-rate motion planning with the current expensive
tendon robot kinematic models. In this work, we present a 3-phase motion-planning system for arbitrarily-
routed tendon-driven robots with a Precompute phase, a Load phase, and a Supervisory Control phase.
Our system achieves an interactive rate by developing a fast kinematic model (over 1,000 times faster than
current models), a fast voxel collision method (27.6 times faster than standard methods), and leveraging a
precomputed roadmap of the entire robot workspace with pre-voxelized vertices and edges. In simulated
experiments, we show that our motion-planning method achieves high tip-position accuracy and generates
plans at 14.8 Hz on average in a segmented collapsed lung pleural space anatomical environment. Our
results show that our method is 17,700 times faster than popular off-the-shelf motion planning algorithms
with standard FK and collision detection approaches. Our open-source code is available online.

INDEX TERMS Arbitrarily-routed tendons, interactive-rate, kinematic modeling, medical robotics, motion
planning, supervisory control, surgical robotics, tendon-driven robots.

I. INTRODUCTION

CONTINUUM robots, flexible robots capable of taking
curvilinear shapes, have the potential to reduce the

invasiveness of numerous surgical applications [1], [2]. Their
potential in surgical applications comes from their ability
to curve around anatomical structures to access sites that
traditional surgical tools cannot reach while maintaining
compliance. One promising type of continuum robot is the
tendon-driven robot [3]–[5]. Tendon-driven robots have a
flexible backbone with cables or tendons connected at some
distance away from the backbone, usually by disks rigidly
attached to the backbone. Tension on the tendons actuates

the robot backbone, bending it according to each tendon’s
routing and tension. Traditionally, the tendons are routed
straight along the length of the robot’s shaft, producing a con-
stant curvature shape when pulled. However, tendons with
more complex routings can bend the robot out-of-plane and
with non-constant curvature [6]–[9]. With multiple complex-
routed tendons, various expressive shapes and motions are
possible, opening the door for safer operation in complex
patient anatomy [9].

However, manual control of these devices is infeasible
due to the complicated relationship between the tendon ten-
sions/displacements and the robot’s shape. Robot-assisted
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FIGURE 1. An overview of the three phases of our proposed method for robot-assisted interactive-rate motion planning of a tendon-driven robot. 1. Precompute:
This phase involves precomputing the robot shape of many random configurations, connecting them together into a graph called a roadmap, and voxelizing their
centerline and motions between connected configurations. We show the tip positions of 30,000 random robot configurations, the full shape of ten example
configurations from the set of 30,000, an example voxelized robot shape along the centerline, and an example of a voxelized swept volume of the robot centerline as
the robot moves between two robot configurations. The full backbone voxelization is stored for all robot configurations and the edge voxelization for all edges. 2.
Load: In this phase, we prune away in-collision portions of the precomputed roadmap when presented with a specific anatomical environment. We show two
cross-section images for an example Computed Tomography (CT) scan where we segmented a pleural space of a collapsed lung in which the robot will be
operating (blue). For the ten example robot shapes shown on the left in the Precompute phase, we show the remaining five collision-free shapes and the remaining
tip positions of the many more not-shown collision-free configurations from the example tip positions shown in the Precompute Phase. 3. Supervisory Control:
This phase generates motion plans for specified tip positions within the anatomical region. The cycle starts by obtaining a desired tip position gi, as provided by a
clinician, for example through a haptic input device. Then, the RoadmapIK algorithm generates an inverse-kinematic (IK) solution greached,i close to gi from nearby
configurations on the roadmap, such that it has one known collision-free edge connecting it to the roadmap and has other lazily-evaluated edges to other nearby
roadmap vertices. Next, the system creates a plan over our roadmap with the A∗ search algorithm to greached,i, executes the plan on the robot, and then waits for the
next desired tip position, continuing the cycle until the procedure has ended.

supervisory control enables a computer to control the robot’s
complex kinematics while the user specifies end-effector
positions or poses. Such supervisory control enables intuitive
human operation in traditional surgical robots and continuum
robots alike [10]. However, during supervisory control, unin-
tended collisions of the robot’s shaft with patient anatomy
may cause damage to the patient, inaccurate control, and
potentially result in adverse outcomes. Avoiding such colli-
sions is challenging with tendon-driven robots in traditional
teleoperation methods due to the complex way the robot’s
end-effector motion relates to the shape change of the robot’s
body proximal to the end effector—small motions at the
robot’s tip may require extensive and unintuitive motions
along the robot’s body.

Leveraging motion planning in the supervisory control of
continuum robots may mitigate these concerns by ensuring
that collisions with the patient’s anatomy are avoided during
robot motions while providing the user with intuitive end-
effector control [11], [12]. The main challenges preventing
us from applying traditional motion-planning algorithms to
our problem are the complex and slow kinematic model of
tendon-driven continuum robots and the difficulty of reaching
the desired tip position without a method for goal biasing or
an efficient inverse kinematics (IK) solver.

This work overcomes these challenges and provides a fast

and safe motion-planning system for a tendon-driven robot
that interactively plans collision-free paths to user-specified
robot goal tip positions. Our approach is separated into three
phases, as seen in Fig. 1:

1) a Precompute phase agnostic to a specific anatomical
environment,

2) a Load phase, loading and integrating the precomputed
pieces into a specific anatomical environment, and

3) an interactive Supervisory-Control phase, where the
motion planner generates collision-free paths from user-
specified goal-tip positions.

Fig. 2 shows an example tendon-driven robot we 3D printed,
demonstrating an interesting shape achievable with complex-
routed tendons.

The Precompute phase randomly samples robot configu-
rations and connects them to make a dense roadmap graph.
We precompute and store voxelized robot shapes and swept-
volume motions with the roadmap, enabling fast collision
detection in subsequent phases and avoiding many kinematic
shape computations at planning time. This phase only needs
to be performed once for the robot as it is agnostic to any
specific anatomical environment. When next presented with
a specific anatomical environment in which the robot will
be operating, e.g., segmented from medical imaging of a
patient prior to a medical procedure (see Fig. 1), we refine
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FIGURE 2. Our physical tendon robot actuated by multiple tendons. The
backbone, disks, and base mounting plate are 3D printed in flexible TPU as a
single piece. We actuate the robot in this picture using three of the four
tendons into an interesting shape only achievable with non-straight tendon
routings. The robot’s base frame is shown with the z-axis explicitly labeled.

the precomputed roadmap during the load phase.
The Load phase loads the precomputed roadmap and,

using the vertex and edge voxelizations, performs fast col-
lision detection between the environment segmentation and
the roadmap, pruning away roadmap vertices and edges that
are in collision with the environment. This pruning results in
a dense, collision-free roadmap representing the free space
in which the robot operates during the procedure via the
supervisory-control phase.

During the Supervisory-Control phase, the clinician
specifies desired tip positions for the robot interactively.
For each specified tip position, our method generates robot
configurations that place the tip at or near the specified point,
connects the closest of these generated configurations to the
pruned roadmap, and plans a collision-free motion to this
connected goal configuration. Then the motion plan executes,
moving the robot’s tip to the clinician-specified point. This
process repeats as the clinician specifies a new goal tip
position starting where the last plan ended.

This paper provides four main contributions that enable
our three-phase motion-planning system.

1) We present a faster model for computing forward-
kinematics (FK) of an arbitrarily-routed tendon-driven
robot in the case of no external forces and torques.

2) We present a voxel-to-voxel collision detection method
that provides significantly faster collision checking than
traditional mesh-based methods while leveraging the
original environment representation of voxels from typ-

ical 3D medical imaging segmentation.
3) We present a strategy for motion validation and swept-

volume voxelization that discretizes dynamically based
on voxel dimensions.

4) We develop an inverse-kinematics (IK) algorithm that
connects multiple nearest neighbors in the precomputed
roadmap to specified desired robot tip positions, en-
abling effective interactive supervisory control.

Our system achieves interactive-rate robot-assisted supervi-
sory control of tendon-driven robots through the above con-
tributions. The code, documentation, and additional supple-
mental information is available at https://sites.google.com/
gcloud.utah.edu/armlab-tendon-planning.

We first show that our improved FK solver is more than
1,000 times faster when compared against a standard FK
implementation. We next demonstrate and evaluate our meth-
ods’ efficacy by simulating the tendon-driven robot moving
in a patient’s pleural cavity, the free space between the
patient’s chest wall and collapsed lung, both near the surface
of anatomy and throughout the pleural volume. We compare
our method against standard motion-planning algorithms and
perform an ablation study to evaluate each aspect of our
method in computational performance and accuracy in tip
position. Our method demonstrates significant improvements
over competing motion-planning algorithms in both tip po-
sition accuracy and in planning time. We achieve motion
planning at an interactive rate of 14.8 Hz on average, more
than 33 times faster than the best evaluated competing al-
gorithm when allowing competing algorithms to use our
fast FK and collision methods, and more than 17,700 times
faster than competing planners without the aid of our other
contributions.

This work enables safe, interactive-rate tip-position super-
visory control of a tendon-driven robot via motion planning,
opening the door for the potential use of these promising
continuum medical devices to reduce surgical procedures’
invasiveness and improve patient outcomes.

II. RELATED WORK
Due to their ability to curve around anatomical structures,
continuum robots are particularly promising for medical ap-
plications [1], [2], [13]. Tendon-driven robots in particular
have potential application in many surgical domains includ-
ing endoscopic surgery [3]–[5], [8]. In this work, we consider
the application of robot-assisted supervisory control by a
clinician within an anatomical cavity, such as the one shown
in Fig. 1.

Modeling for continuum robots is complex and typically
computationally expensive. Many models for tendon-driven
robots consider multiple separate tendon-actuated segments
using simple straight tendon routings to simplify the kine-
matic model to a sequence of circular arcs [14]–[17]. Al-
though this is very efficient to compute, this approach re-
stricts the types of shapes achievable by the robot. Static
and dynamic models for tendon-driven robots with arbitrary
tendon routings and external forces have been developed
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using Cosserat Rod and Cosserat String models [6], [7].
However, these models are expensive to compute as they rely
on solving a boundary-value problem (BVP) on a linear set
of differential equations. More recent work uses optimization
and geometric considerations for kinematic modeling with
one arbitrarily-routed tendon [18], [19]. However, this geo-
metric approach can only handle one tendon, which limits
its applicability considerably. In this work, we adapt the
static model in [7], which allows for many arbitrary-routed
tendons, and simplify it under the assumption of no external
forces and torques to be used as a kinematic model, only
considering the forces and torques provided by the tendon
tensions.

Motion planning enables robot trajectories that avoid un-
intentional collision with anatomical structures. Sampling-
based motion planning methods connect randomly sam-
pled robot configurations to generate collision-free paths.
This includes Rapidly-exploring Random Trees (RRT) [20]
and Probabilistic Roadmaps (PRM) [21], which construct
a collision-free tree and graph, respectively, in the robot’s
configuration space. There are many variants of RRT and
PRM. RRTConnect grows trees from both the start and
goal configurations, frequently attempting to connect them
together [22]. Some variants, such as LazyPRM, employ
laziness to improve planning performance, which defers col-
lision checks until after a candidate path is found, updating
and replanning if the candidate path is in collision [23].
PRM∗ [24] and LazyPRM∗ [25] improve roadmap quality
by increasing the number of edge connections per sample as
the number of samples increases. Our planner utilizes the
connection strategy of PRM∗ and laziness on some added
edges.

Motion planning specific to tendon-driven robots has typ-
ically been applied to robots with multiple constant curva-
ture segments [14], [17], [26], [27], with no attention given
to planning for tendon-driven robots with arbitrarily-routed
tendons.

Fast and interactive motion planning has been explored in
many other domains, even with continuum medical robots,
such as for steerable needles and concentric-tube robots.
Many of these works employ fast replanning as part of their
robot control loop, showing that a fast planner can also be
utilized during control of complex continuum robots [28]–
[31]. Previous work with concentric-tube robots enabled
fast interactive-rate motion planning in anatomical environ-
ments utilizing a pre-generated collision-free roadmap, cre-
ated before-hand using the segmented collision-free environ-
ment [11], [12], [31]. We build upon these works, presenting
a method which plans motions at interactive rates specifically
for tendon-driven robots with arbitrarily complex tendon
routing and which, in contrast to these methods, does not
depend on prior knowledge of the anatomical environment.

III. PROBLEM DEFINITION
We consider a tendon-driven robot of length `, radius ρ, and
with N (potentially non-linearly routed) tendons, each with

independently controlled tension. We consider two additional
degrees of freedom: rotation of the entire robot about the
robot’s base, and insertion or retraction of the robot in the en-
vironment. The configuration space is Q ⊆ RN

≥0 × SO(2)×
R≥0, with each configuration representing tendon tensions,
rotation about the robot base, and inserted length of the robot
into the physical environment.

We define the function Ttip : Q→ R3 as the mapping from
a robot configuration to the associated robot tip position,
specifically the distal position of the tendon-robot’s backbone
centerline. We define two predicates, CollisionFree(q) and
SelfCollisionFree(q), that evaluate to true if the robot shape
at configuration q does not collide with the environment or
with itself, respectively. Using these predicates, we define

Qvalid =
{
q ∈ Q | SelfCollisionFree(q)

}
Qfree =

{
q ∈ Qvalid | CollisionFree(q)

}
with Qfree ⊆ Qvalid ⊆ Q, where Qvalid consists of configura-
tions free of self-collision andQfree consists of configurations
free of collisions with the environment and itself. Each of
these configuration spaces have respective reachable end-
effector workspaces Wfree ⊆ Wvalid ⊆ W , through the Ttip
transform (e.g., W = {Ttip(q) | q ∈ Q}).

Our motion-planning problem is to generate a continuous
collision-free path σi : [0, 1] → Qfree from a given start
configuration q0 ∈ Qfree to a desired goal robot tip po-
sition g ∈ R3. Note that g may not be within the robot
tip’s collision-free workspace Wfree. This motion-planning
problem can be formulated as the following constrained
optimization

arg min
σ(s)

∥∥Ttip
(
σ(1)

)
− g
∥∥

s.t. σ(s) ∈ Qfree, ∀s ∈ [0, 1]

and σ(0) = q0.

(1)

This formulation only constrains the path to be collision-free
and optimizes the path’s reached destination to be close to the
goal tip position. We define qreached = σ(1) and greached =
Ttip(qreached) ∈ Wfree as the reached configuration and end-
effector destination.

We define the supervisory-control problem as a streaming
sequence of motion-planning problems. Given a streaming
sequence of goal robot tip positions, (g1, g2, . . . , gi, . . .)
with gi ∈ R3, the supervisory-control problem is to generate
a streaming sequence of connected continuous collision-free
paths (σ1,σ2, . . . ,σi, . . .). Each generated path σi comes
from solving the motion-planning problem in (1) with gi
as the goal. The first path starts at a given initial robot
configuration σ0(0) = qstart ∈ Qfree. Each subsequent path
starts where the previous one ended, i.e., σi(0) = σi−1(1)

We define supervisory control with streaming input goals
and streaming output paths to enable interactive use by
a human in-the-loop. Therefore we desire a planning rate
capable of human interaction, which we call interactive-rate.
In this work, we define the interactive-rate planning time as
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less than one second (with faster speeds being more useful),
as measured between receiving gi and returning the path σi.

IV. METHOD
To solve this problem, we introduce a motion-planning
method divided into three phases, Precompute, Load, and
Supervisory-Control as seen in Fig. 1. To enable such plan-
ning at interactive rates, we introduce a fast kinematic model
and collision-checking framework.

A. EFFICIENT COSSERAT ROD AND TENDON MODEL
First, we briefly present the mechanical model for tendon-
actuated robots from Rucker et al. [7] that builds upon the
Cosserat rod and string theories. We then present our method
to more efficiently evaluate this model, specifically when
there are no external loads on the robot, as in our applica-
tion. This extension significantly improves the computational
speed of the model.

The model describes the shape of a tendon actuated robot
by a framed curve in space through the center, p(s) ∈ R3

and the orientation R(s) ∈ SO(3) as a function of reference
arc length s ∈ [0, `] along the undeformed robot backbone.
We define v(s) and u(s) as the linear and angular rates of
change of p(s) and R(s) such that

Ṙ(s) = R(s)S×(u(s)), ṗ(s) = R(s)v(s) (2)

where S×(·) maps R3 to so(3), producing a skew-symmetric
matrix.

The tendons that actuate the Cosserat rod are modeled as
Cosserat strings, traveling through predefined routing chan-
nels with zero friction, and attached to some location along
the backbone, usually at the tip. The ith tendon pulls with ten-
sion τi at the base. The tendon routing is described as a two-
dimensional parameterized vector ri(s) = [xi(s) yi(s) 0]>

expressed in the backbone reference frame. As the robot is
actuated, the curve describing the path of the ith tendon is
then

pi(s) = R(s)ri(s) + p(s). (3)

In [7], the authors apply the static equilibrium equations
for Cosserat rods and strings to determine the forces and
moments that the strings apply to the backbone as a function
of the applied tensions τi. This ultimately results in the
following differential equations defining u and v.[

v̇
u̇

]
=

[
Kse +A G

B Kbt +H

]−1 [
d
c

]
(4)

where Kse, and Kbt, are stiffness matrices associated with
the constitutive material law and geometry of the backbone,
A, B, G, and H are all functions of the tendon paths, the
tensions, the distributed external forces fe(s) and torques
le(s), and the point force Fe and torque Le at the tip of the
robot. The variables c and d are functions of those quantities
as well, but also functions of u and v respectively. These
expressions are provided in detail in [7].

In the general case with external loads on the robot, the
above model is a two-point boundary-value problem (BVP)
in which p(0) and R(0) are known, and static equilibrium
conditions must be satisfied at the robot tip for the internal
backbone force n(`) and internal moment m(`). In [7], the
problem is solved by any nonlinear multivariable root finding
algorithm to iteratively update v(0) and u(0) such that

n(`)− Ft − Fe = 0

m(`)−Lt −Le = 0
(5)

where Ft and Lt are the force and torque at the tip due
to the tendon tensions, and n(`) and m(`) are computed
using numerical integration of (2) and (4). Typically, an
iterative optimization algorithm, like Levenberg-Marquardt
(LM) [32], is employed to update initial guesses of v(0) and
u(0) and through an integration along the robot backbone,
evaluate the distal force and torque boundary conditions.

In this work, to facilitate rapid motion planning, we de-
velop an alternative, more efficient way to solve the tendon-
actuated robot model in the special case of no external loads
(i.e., for fe(s) = 0, le(s) = 0, Fe = 0, and Le = 0).
By considering the entire collection of robot backbone and
tendons from s = 0 to s = ` as a single body, we can write a
force and moment balance at the robot’s base, resulting in

n(0) = −
N∑
i=1

τi
ṗbi (0)

‖ṗbi (0)‖

m(0) = −
N∑
i=1

τi
ri(0)× ṗbi (0)

‖ṗbi (0)‖

(6)

when expressed in body-frame coordinates, where

ṗbi (0) ≡ R(0)ṗi(0) = u(0)× ri(0) + ṙi(0) + v(0). (7)

The internal force and moment are also related to u(0) and
v(0) through the backbone material constitutive law as

v(0) = K−1se n(0) + [0 0 1]>

u(0) = K−1bt m(0).
(8)

The above nonlinear algebraic system can be numerically
solved to obtain the correct u(0) and v(0) before the differ-
ential equations are ever integrated. Any root-finding algo-
rithm could be used, but we use a simple fixed-point iteration
approach that converges quickly (i.e. choose au(0) and v(0),
evaluate ṗbi (0) using (7), evaluate the force and moment
in (6), and then update u(0) and v(0) using (8)). After
convergence, this results in a full set of initial conditions that
enables us to subsequently numerically integrate the model
equations (2) and (4) to obtain the robot shape and end-
effector pose. See Appendix B for implementation details.

Compared to the prior general approach of solving the
two-point BVP, this approach is exceptionally advantageous
for efficient motion planning because it converts the problem
into an initial-value problem (IVP) which can be evaluated in
far less time. The entire model evaluation involves solving the
small nonlinear problem in (8) and then a single integration
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along the robot length of the model differential equations
in (4) with each integration step requiring constructing and
solving a small linear equation of six variables. In our ex-
periments, we compare our fast IVP formulation against a
standard implementation of the shooting method to solve
the BVP, which wraps the forward integration with an outer
optimization loop to satisfy the boundary conditions.

Along with the tendon tensions, we enable two more
configuration controls, rotation and extension/retraction of
the robot about the point of insertion into the environment.
Retraction for a physical robot may be handled by the base of
the robot pulling the robot in and out of the point of insertion
with a rigid but collapsing sheath constraining the robot prox-
imal to the insertion point. The retraction degree of freedom
is modeled by performing the shape computation starting
from the point of the robot that is at the point of insertion.
Having a high value of retraction quickens the shape compu-
tation because we integrate over a shorter length. The rotation
about the insertion point is modeled by a rotation about the
z-axis (as in Fig. 2) after performing the shape computation.
These additional degrees of freedom enable more expressive
movements without significant computational overhead.

We leverage our fast FK solver to compute the shape of the
robot for detecting collisions during motion planning and to
enable IK in reaching desired robot tip positions.

B. COLLISION CHECKING
Collision checks involve detecting robot self-collisions and
collisions between the robot and the environment. The
tendon-robot’s geometry is fully described by the robot’s
radius ρ, swept along the robot’s backbone, p(s). Our FK
solver produces a finely discretized piecewise-linear approx-
imation of the backbone’s continuous shape using numerical
integration of the kinematic model. Utilizing this piecewise-
linear backbone, we fully specify the shape of the robot using
a sequence of capsules (cylinders with spherical caps), result-
ing in a constant ρ radius around the discretized backbone
shape.

1) Self-Collision Detection
Self-collision occurs when the robot bends around itself,
causing the surface of one robot segment to intersect with the
surface of another robot segment. For detecting self-collision,
we explicitly represent the sequence of capsules along the
computed backbone shape. To avoid false positives for adja-
cent capsules, we collision-check each capsule with all other
capsules that are further than 3ρ away along the backbone, in
order to avoid false positives for adjacent capsules. Capsules
are checked analytically by determining the closest points
between the two line segments, then checking if their distance
is less than the robot diameter.

2) Environmental Collision Detection via Voxels
We note that segmenting pre-operative medical images,
such as Computed Tomography (CT) and Magnetic Reso-
nance Imaging (MRI) scans, naturally produces voxel-based

anatomical representations. We here present a method that
leverages this representation to enable computationally effi-
cient collision detection between the robot and the patient’s
anatomy. We do so by voxelizing the robot’s geometry and
performing efficient voxel-to-voxel collision detection be-
tween the robot and the anatomical segmentation.

We first recognize that the robot shape represents a dila-
tion of radius ρ from the robot backbone’s centerline. The
voxelization of the full robot shape has a high computational
cost as it requires identifying all voxels within radius ρ away
from the robot backbone centerline. To avoid this high com-
putational cost repeatedly in planning, we instead collision-
check the robot backbone’s centerline directly against the
obstacle environment after dilating the environment by a ball
of radius ρ, which is equivalent. We voxelize the backbone
centerline shape via the efficient algorithm presented in [33].
The dilation of the environment voxel representation is only
performed once per environment. This enables efficient vox-
elization of the robot’s backbone centerline shape for detect-
ing collisions during planning.

The two key insights behind our fast voxel-to-voxel col-
lision detection method are (i) the set of occupied voxels is
sparse when considering the full imaging volume, particu-
larly for the robot’s backbone, and (ii) a voxel segmentation
is effectively a boolean occupancy map, enabling the use of
extremely fast bitwise computational operators for collision
detection.

We store the voxel sets in R3 as sparse voxel octrees,
where the space is structured as a tree with a maximum
branching factor of eight, one for each of the sub-octants of
the R3 environment [34]. If a sub-octant has no occupied
voxels, it can be safely discarded, meaning a missing child
represents unoccupied space, resulting in an efficient sparse
representation. At the leaves of our octree we represent a
block of 4× 4× 4 voxels as a 64 bit unsigned integer with
each bit representing a single voxel. Using this represen-
tation, we leverage efficient bitwise operations to perform
collision detection (bitwise AND), and to perform unions
(bitwise OR). Due to the sparsity, operations between two
voxel sets, like collision detection, can skip large subtrees if
it is empty in either of the two voxel sets. Collision checking
recurses down both voxel octrees, only checking the leaf
blocks that are occupied by both octrees. Efficient collision
detection between two leaf blocks, each represented by a
64 bit unsigned integer, amounts to checking if the AND
operation between their values is non-zero.

A key component in roadmap-based motion planning is
the collision detection of, not only single robot configura-
tions, but also the edges representing motions the robot takes
between connected configurations. To address this, we use
the voxelization of the volume swept by the robot’s geometry
as it moves in Qvalid from one configuration to another.
Typically, detecting collisions for motions involve individual
collision checks at equally-spaced discretizations along the
motion’s path in configuration space. The main difficulty
with this approach lies in determining an appropriate min-
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imum configuration distance for the motion discretization.
If we discretize too closely, we pay with excessive compu-
tations, but if we discretize too broadly, we may have gaps
in the discretization, potentially resulting in undetected col-
lision. High nonlinearities of the tendon-driven robot further
aggravate the situation—some small configuration changes
result in small changes to the robot shape, but others result in
very large robot shape deformations. We further leverage our
voxel representation to efficiently and dynamically compute
the swept volume such that there are no gaps up to the
resolution of the voxels themselves. This dynamic algorithm
recursively subdivides the motion until each adjacent robot
backbone shape is less than or equal to one voxel distance
away for each backbone point.

For our dynamic recursive subdivision, we define the dis-
tance between two configurations in voxel space as

max
s
‖VoxelIndex(pa(s))− VoxelIndex(pb(s))‖∞ (9)

where pa(s) and pb(s) are the backbone centerline shapes
parameterized by path length of the two endpoint config-
urations of a motion interval, and where VoxelIndex(·) :
R3 → N3 converts a point in Euclidean space into 3D voxel
indices. Our dynamic algorithm subdivides an interval if its
configuration-space distance is larger than a user-specified
threshold and if the voxel distance from (9) is larger than one.
We have another edge discretizer variant that voxelizes from
the first configuration until collision, in which case, we add
an additional requirement for subdivision that a voxelized
pa(s) does not collide with the environment. We provide
more detail on these algorithms in Appendix C.

Depending on the discretization used for the constant
stepping of the traditional approach, our dynamic algorithm
will either be more computationally efficient by avoiding un-
necessary subdivisions, or will be more accurate and correct,
resulting in a voxelized swept volume without gaps.

C. INTERACTIVE SUPERVISORY CONTROL
The fast FK and collision-detection methods above enable
our motion-planning method to achieve interactive-rate su-
pervisory control.

Our interactive supervisory-control method has three
phases, Precompute, Load, and Supervisory-Control (see
Fig. 1).

1) Precompute Phase
In the Precompute phase, we generate a large roadmap which
encodes movement of the tendon-driven robot in free space.
The roadmap is an undirected graph consisting of a set of ver-
tices V and a set of edges E. Each vertex represents a single
tendon-robot configuration from Qvalid, meaning it is free of
self-collision and lies within configuration limits. Each edge
connects two vertex configurations and represents motion
between the vertices via linear interpolation in configuration
space.

We first sample Nr configuration vertices from Qvalid.
These samples are then connected by edges to their kn

(a)

(c)

(b)

(d)

FIGURE 3. A comparison of tip positions of 30,000 samples from sampling
strategies with a tendon robot capable of retraction. The only difference in
sampling is for the retraction degree of freedom. (a) shows naïve uniform
sampling of retraction as s = `u where u ∼ U(0, 1). (b) shows spherical
sampling of retraction as s = ` 3

√
u where u ∼ U(0, 1). (c) and (d) are after

pruning from our method’s Load phase of (a) and (b), respectively.

nearest neighbors in configuration space. We choose kn
according to the PRM∗ algorithm [24]. We then voxelize
the configurations at each vertex and the swept volumes at
each edge, removing edges that exit Qvalid (i.e., motions that
self-collide or violate configuration limits). This ordering of
sampling, then connecting, then voxelizing enables trivial
parallelizability for precomputing the roadmap.

In order to ensure a sufficiently expansive roadmap after
pruning away in-collision vertices and edges, which happens
in the Load phase, we require a dense roadmap that covers
the robot’s workspace as much as possible.

Usually, random configurations are chosen uniformly from
the configuration space. However, Fig. 3 shows uniform
random sampling in our configuration space causes many
configurations to be sampled near the insertion point. This
high concentration of samples decreases the quality of our
roadmap and leaves less expressiveness toward configura-
tions with high robot extension values. We overcome this
limitation with a non-uniform sampling strategy. Since the
reachable workspace of the robot is restricted within a ball
of radius ` centered at the origin, we sample the retraction
degree of freedom equivalently to the radius component of a
uniformly sampled ball in R3, which is simply ` 3

√
u where

u ∼ U(0, 1) [35] (a derivation is provided in Appendix A).
Fig. 3 demonstrates this sampling strategy. Using this sam-
pling for the extension degree of freedom, we achieve a much
more distributed roadmap in tip position space.

In addition to caching the voxelized vertices and edges,
the robot tip position at each vertex state is also cached into
the roadmap for later use by the IK solver to find nearest
neighbors in tip-position space. This precomputation needs to
be computed once per robot and can then be reused in many
procedures and with various anatomical environments.
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Algorithm 1: Supervisory Control
Input:
qstart: from Qfree, initial robot configuration
(V,E): pruned roadmap vertices and edges;
kIK: number of tip-space neighbors for RoadmapIK
threshold: tip-error threshold

1 qcurrent ← qstart
2 while procedure is not done do
3 g ← get goal tip-position from the user

// Note: RoadmapIK (Alg. 2) adds to (V,E)
4 qreached ← RoadmapIK((V,E), kIK, g, threshold)
5 do
6 σ ← A∗ on (V,E) from qcurrent to qreached
7 while any lazy edge in σ collides with anatomy
8 run plan σ on robot
9 qcurrent ← last configuration in σ

2) Load Phase
To enable the robot to move in a specific anatomical environ-
ment effectively, we take as input a voxel-based segmentation
of the patient’s anatomy and the free-space in which the robot
will be operating. This can come from, e.g., a pre-operative
volumetric image of a cavity in the patient’s body and the
surrounding anatomy.

We first process and modify the given segmented anatom-
ical space. We do so by dilating the boundary of the free
space, i.e., the surrounding anatomy, expanding each voxel
to fill neighboring voxels up to the robot radius in distance.
This effectively shrinks the available free space inside the
anatomy so that we can safely check collisions only against
the voxelized robot backbone centerline.

We next load the precomputed roadmap and perform
voxel-based collision detection between the roadmap (ver-
tices and edges) and the anatomical segmentation. We discard
any vertex or edge in the roadmap found to be in collision
with the environment.

After removing vertices and edges in collision, we ensure
that the graph contains only one connected component by
further removing all vertices that are not part of the main
connected component, since those disconnected vertices are
unreachable from the main connected component.

3) Supervisory-Control Phase
After loading the roadmap and pruning in-collision vertices
and edges, our method is ready to plan interactively to
a stream of desired tip positions {g1, g2, . . . , gi, . . .}. The
pruned roadmap resulting from the Load phase provides the
initial internal roadmap representation for the planning in this
phase. The method is based on LazyPRM, except that most
vertices and edges are precomputed and explicitly collision-
checked instead of lazily evaluated, e.g., during the Load
phase. However some edges to newly added goal vertices
during the Supervisory-Control phase are lazily evaluated.

We detail the Supervisory-Control phase in Alg. 1. At a

Algorithm 2: RoadmapIK
Input:

(V,E): roadmap vertices and edges; V ⊆ Qfree
kIK: number of tip-space neighbors to use with IK
g: from R3, goal tip position
threshold: tip error threshold

Output: qreached: from Qfree, IK reachable from the
roadmap

1 Qnn ← g’s nearest kIK neighbors from V in tip-space
2 Eunchecked ← {} // unchecked IK edges
3 Ereached ← {} // evaluated IK edges
4 efound ← None // found edge < threshold (or closest)
5 foreach qnn ∈ Qnn do
6 qIK ← IK(qnn, g, threshold) // using LM

// check for early success
7 if ‖Ttip(qIK)− g‖ < threshold then
8 qreached ← VoxelizeFreeEdge(qnn, qIK)
9 if ‖Ttip(qreached)− g‖ < threshold then

10 efound ← (qnn, qreached)
11 break // exit the foreach loop
12 add (qnn, qreached) to Ereached
13 else
14 add (qnn, qIK) to Eunchecked
15 if efound is None then // find closest instead
16 foreach (qnn, qIK) ∈ Eunchecked do // eval the rest
17 qreached ← VoxelizeFreeEdge(qnn, qIK)
18 add (qnn, qreached) to Ereached
19 efound ← arg min

(·,qreached)∈Ereached

‖Ttip(qreached)− g‖

20 (qnn, qreached)← efound
21 add qreached to V and checked edge efound to E
22 add PRM∗ lazy edges to E (from qreached

to qreached’s nearest neighbor configs in V )
23 return qreached

high level, the method begins as the clinician specifies a
desired tip position, e.g., via the use of a haptic teleoperation
device. Our method first determines an IK solution that places
the robot’s tip at or near the desired location. It then inserts
the IK solution into the existing roadmap and generates a plan
on the roadmap, corresponding to a sequence of collision-
free motions from the robot’s current configuration qcurrent to
the IK solution. This plan is then executed on the robot. The
method then waits for the clinician to specify the next desired
tip position and we repeat the process until the clinician has
completed the procedure.

We frame the IK problem as an optimization similar to (1),
finding a collision-free robot configuration that minimizes
the distance between the predicted and desired robot tip
positions.

arg min
qreached∈Qfree

∥∥Ttip
(
qreached

)
− g
∥∥ (10)

We utilize the Levenberg-Marquardt (LM) optimization algo-
rithm to iteratively update an initial configuration guess until
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convergence to the desired tip position, or further progress
is not possible [32]. Use of LM is commonly performed
for IK of robots with redundant manipulators [36], but as a
gradient-based optimizer, the effectiveness of LM depends
heavily on the given initial guess. Our RoadmapIK algorithm
(Alg. 2) leverages the motion-planner’s roadmap to extract
configurations that have robot tip positions nearest to the
desired goal g to be used as initial guesses for LM. However,
with the nonlinear relationship between configuration space
and robot tip positions, robot configurations with nearby
tip positions may be very distant in configuration space,
especially when considering obstacles. Therefore, we allow
RoadmapIK to execute multiple LM instances, each starting
from one of kIK of such nearest configurations, returning
either the first to successfully reach g or the closest IK across
all LM instances.

There are two problems with directly using LM to obtain a
goal configuration for use in generating a collision-free path
through the roadmap. First, the LM algorithm can employ
linear constraints such as configuration limits, but cannot
handle nonlinear constraints such as collision avoidance. If
qIK, the solution returned from LM, does not belong to Qfree,
then it must somehow be projected onto Qfree to satisfy
constraints in (10) and (1). Second, even if qIK is in Qfree,
there may not be a collision-free path through the roadmap
to qIK, either because qcurrent and qIK belong to disconnected
regions of Qfree or because our roadmap is not sufficiently
refined to provide a collision-free linear edge to qIK.

For the second problem, we recognize that our roadmap
consists of a single fully-connected component, meaning
there exists a collision-free path between any two vertices.
In order to maintain this desirable property, we add the
additional constraint on (10) that qreached can connect to the
roadmap with a single collision-free edge.

arg min
qreached∈Qfree

∥∥Ttip
(
qreached

)
− g
∥∥

s.t. ∃q ∈ V,
with (1− s)q + sqreached ∈ Qfree, ∀s ∈ [0, 1]

(11)

With this added constraint, we ensure our roadmap consists
of a single fully-connected component throughout its life-
time, which implicitly guarantees the existence of a path from
qcurrent to qreached.

For the first problem, we can choose a collision-free
configuration that lies between the LM solution, qIK, and
its initial guess qnn, one of the nearest neighbor roadmap
vertices. Note that qnn ∈ Qfree so there exists at least one
collision-free configuration between them. If we solve (10)
with this approach, we would choose the closest collision-
free configuration to qIK. However, with the added constraint
in (11), we choose the closest collision-free configuration to
qIK such that it has a collision-free connection to qnn. We find
this configuration in the VoxelizeFreeEdge() function (Alg. 2
lines 8 and 17) using our dynamic edge voxelization method
which calculates the swept-volume voxel set until a collision
and returns the last configuration inQfree before the collision.

We provide more details of the VoxelizeFreeEdge algorithm
in Appendix C (Alg. 3).

Once we determine the closest (or first reaching) IK so-
lution qreached from the kIK nearest neighbors, we connect
qreached to the roadmap with the now known collision-free
edge to qnn (Alg. 2 line 21), which is one of the closest
roadmap vertices in terms of tip position, but may be far in
configuration space. In addition to adding this fully evaluated
new edge, we add many lazily evaluated edges to kn nearest
neighbors in configuration space (Alg. 2 line 22), ensuring
we maintain a high quality roadmap.

Our Supervisory Control algorithm (Alg. 1) then performs
A∗ from the robot’s current configuration to the RoadmapIK
solution qreached, evaluating any unevaluated edges in the
LazyPRM fashion. The found collision-free path σ is then
executed on the robot, bringing the tip to greached. We repeat
the process as the clinician specifies a new goal tip position.

V. EVALUATION
We evaluate each of our contributions on a simulated tendon
robot within a segmented anatomical environment. We first
describe aspects of our experimental setup. We then evaluate
each of our contributions in depth. All computation and
experimentation were conducted on a computer with 64 GiB
of 3,200 Hz DDR4 DRAM and an AMD Ryzen 7 3700X 8-
core processor.

A. EXPERIMENTAL SETUP
1) Simulated Tendon Robot

For all experimental evaluations, we consider a simulated
tendon robot with length ` = 120 mm, having a radius ρ =
3 mm, and with three tendons. One tendon routes straight
along one of the sides and the other two are oppositely-
wrapped in a helical shape. All three tendons maintain a
constant distance of 2.5 mm from the center of the backbone.
The helical tendons wrap at a pitch of 0.05 rad/mm, resulting
in approximately 95% of one full revolution around the robot
at the full length of 120 mm. The two oppositely wrapped
helical tendons are separated at the base by 180°, with the
straight tendon entering halfway between them behind where
the helical tendons first intersect. We limit each tendon’s
tension during actuation between zero and 3.5 N.

As our physical robot design leverages linear actuators to
pull on the tendons, controlling on tendon lengths rather than
tensions, we incorporate length limits in addition to tension
limits into our configuration limits. In computing the tendon-
robot shape, we also calculate the routed path length of each
tendon. We define tendon length controls as the difference
between the tendon path lengths of the current robot shape
and the zero-tension robot shape. We use length limits of
−27 mm to 46 mm for the helical tendons and −29 mm to
48 mm for the one straight tendon. A positive length change
pulls out and tightens the tendon, associated with an increase
in tension, and a negative length change provides slack to
the tendon. This additional configuration constraint enables
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FIGURE 4. Three slices from the original Computed Tomography (CT) scan
of the collapsed lung. The anatomical environment was segmented from a
pleural effusion CT scan using 3D Slicer [37].

a motion plan generated with tensions to be equivalently
controlled with tendon lengths.

2) Anatomical Environment

In many of our experiments, we simulate the robot moving
through an anatomical environment. This environment cor-
responds to the pleural space in a patient—the free space
between the patient’s chest wall and a collapsed lung. We seg-
mented the pleural space and its boundaries from a CT image
of a patient with a collapsed lung, with resolution of 0.59 mm
in both x and y, and 5 mm in z, of size 512× 512× 63, as
seen in Fig. 4. In our experiments, the robot moves through
the free space with the boundaries utilized as the surface of
the anatomy, with which the robot must avoid colliding. We
utilize both this voxel segmentation in our experiments and a
mesh created from the segmentation with 3,407 triangle faces
for comparison purposes.

As mentioned previously, because of the robot’s constant
radius, we dilate the voxel environment by the tendon robot
radius to simplify collision checking, checking the dilated
environment against the voxelized robot backbone center-
line. To avoid over-aggressively dilating the environment,
we first subdivide the z-dimension by a factor of 8, mak-
ing each voxel almost a cube, changing the environment
to a 512× 512× 512 voxel grid, each having dimensions
0.59 mm× 0.59 mm× 0.625 mm. We simulate entry of the
tendon-driven robot into the pleural space between two ribs
identified from the CT scan and consistent with procedures in
interventional pulmonology. See Fig. 4 for the CT scan and
segmentation.

We restrict all goal tip positions used in evaluation to the
region within the dilated environment to ensure the full robot
tip would be within the environment if the robot reaches
it. However, all compared methods will still work if given
desired goal tip positions within obstacles.

B. EXPERIMENTAL RESULTS
We first evaluate the speed and accuracy of our fast FK
method and compare to existing methods. We next evaluate
our voxel-based collision detection strategy and compare
against standard collision detection approaches. Next, we
evaluate our full motion-planning-based supervisory control
method against a number of existing motion planners within
the anatomical environment on a sequence of desired tip
positions. Finally, to evaluate the influence and contribution
of each aspect of our full method, we perform an ablation
study.

1) Forward Kinematics Study
We compare our FK model against two versions of a shooting
method implementation of the FK model from Rucker et
al. [7] on 10,000 randomly generated configurations. We
separately evaluate with and without the retraction degree of
freedom enabled.

As described above, our FK model implementation uses
the fixed-point iteration approach in (6) to solve for the initial
condition for u(0) and v(0), converting the BVP into an IVP,
and requiring only a single forward integration.

The compared shooting method implementation uses our
same forward integration code and solves (5) by minimizing
the `2 norm of the residual tip forces and torques, with
Fe = 0 and Le = 0, using LM. For both our method’s
fixed point iteration and the shooting method’s optimization,
We initialize u(0) = [0, 0, 0]> and v(0) = [0, 0, 1]>, which
are the values of u(0) and v(0) with zero tension (since our
backbone is straight at rest).

The performance cost of the shooting method implemen-
tation is dominated by the number of forward-integration
passes. The LM algorithm utilizes the Jacobian of the
FK model with respect to u(0) and v(0). We compute
this Jacobian numerically using finite-differences which re-
quires repeated forward integrations. We evaluate this shoot-
ing method implementation using forward-differences and
central-differences for computing the numerical Jacobian.
Forward-differences requires only seven forward-integration
passes, whereas central-differences requires twelve forward-
integration passes. However, the higher-fidelity Jacobians
produced by central-differences may enable better conver-
gence properties, resulting in lower errors and fewer itera-
tions. See Appendix B for implementation details.

Fig. 5 shows the results of FK on 10,000 random con-
figurations from Q. Without retraction enabled, our method
performs FK 1,707 and 1,064 times faster than the shooting
method using central differences and forward differences,
respectively. With the added retraction degree of freedom,
our method is 1,818 and 1,157 times faster, respectively.
Our FK method is capable of running at 2.7 kHz without
retraction, and 3.5 kHz with retraction on average.

On the right side of Fig. 5, the comparison shooting
method converges to a residual within the threshold between
52% and 69% of the time. Our method achieves convergence
for 98.33% and 99.99% of configurations with and without
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FIGURE 5. Comparison of FK methods on 10,000 randomly sampled configurations from Q. We compare our FK method versus the shooting method using
forward-differences and central-differences for computing the Jacobian in the Levenberg-Marquardt algorithm. We ran the experiment with retraction enabled and
disabled, showing the effect of integrating over a shorter robot length. (Left) A comparison of the average time per FK shape computation. Above, a zoomed-in view
of our FK method’s timing shows our method is 1,100 and 1,750 times faster on average than the central-differences and forward-differences versions, respectively.
(Right) The percentage of convergence of FK calls over the 10,000 configurations for the shooting method. Successful Convergence has a combined force and
torque `2 residual less than 5× 10−6. Our FK successfully converges on over 98% of configurations, whereas the shooting method succeeds on up to 69% of
configurations.

retraction, respectively. The inconsistent convergence of the
shooting method is likely due to poor initial guesses of u(0)
and v(0) and the optimization getting stuck in local minima.

In all subsequent experiments, non-convergent configura-
tions from the FK computation are considered invalid and
removed fromQvalid. We treat them similarly to self-colliding
robot configurations.

2) Collision-Checking Study
To evaluate our voxel-based robot-to-environment collision
detection method, we compare our method’s performance
against the commonly-used strategy of checking bounding
capsules along the robot shape against a mesh representation
of the anatomical environment. We refer to our voxel-based
method as the voxel checker and the mesh-to-capsule method
as the mesh checker. We implement the mesh checker using
the Flexible Collision Library (FCL) [38], version 0.5.0. We
compare our voxel checker to the mesh checker in performing
collision detection for 30,000 configurations randomly sam-
pled from Qvalid (a.k.a., we perform collision checks on only
valid configurations and we reject samples in self-collision,
with non-converging FK, or outside of tendon length limits).
We sample uniformly for all degrees of freedom, except we
use spherical sampling for retraction as seen in Fig. 3. The
results in Fig. 6 demonstrate that our voxel checker performs
collision detection on average 27.6 times faster than the mesh
checker for single configurations.

Collision checking involves (i) an FK computation, (ii)
a self-collision check, and (iii) a collision check against
the environment. This timing measurement separates out the
FK and self-collision portions shared between the mesh and
voxel collision checkers. Our voxel checker runs 11.8 times

Collision-Check on 30,000 Random Configs

Separated for
context and comparison

0.0 0.5 1.0 1.5

Voxel Collision Check

Mesh Collision Check

Self-Collision

FK

0.00 0.01 0.02 0.03 0.04 0.05

Time Per Call (ms)

Voxel Collision Check

Zoomed 30x

FIGURE 6. Direct timing comparison boxplot between the mesh and voxel
collision checkers against the anatomical environment for 30,000 random
configurations from Qvalid. Since we run FK and self-collision before doing
collision checks against the environment, we separate them out to isolate the
collision-checking performance and provide context and comparison. On
average, the voxel checker executes 27.6 times faster than the mesh checker
and is now 11.8 times faster than our FK and 5.2 times faster than the
self-collision check. In the bottom plot, we show a magnified view of the voxel
collision checker’s results.

faster than our FK and 5.2 times faster than the self-collision
checker. Collision detection with our voxel checker now
spends 65%, 29%, and 6% of its runtime in FK, self-collision,
and environment collision checks, respectively, whereas the
mesh checker’s runtime is split 26%, 12%, and 62%, respec-
tively.

Voxelization of the robot backbone consumes the vast ma-
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jority of the time spent in our voxel checker. The voxelization
step takes 98.5% of the computation time for voxel collision
checking. This means that for pre-voxelized vertices and
edges, collision-checking is approximately 65 times faster
when not counting FK and self-collision. However, the pre-
computation alleviates the need to run FK and self-collision,
enabling collision checking against these precomputed ver-
tices and edges 1,100 times faster at 3.0 MHz as opposed
to the 2.3 kHz otherwise achievable using FK, self-collision,
voxelization, and then collision checking. This motivates our
precomputed voxelizations in the Precompute phase and the
roadmap pruning in the Load phase.

These results show that our voxel-based collision checking
without precomputation is 2.5 times faster than the traditional
mesh checker. We also show that our method’s collision
checking is an additional 1,100 times faster with precompu-
tation than without precomputation.

3) Dynamic Edge Discretization Study
Beyond the collision detection of single configurations, one
of the major costs of motion planning is validating—via col-
lision detection—the motions between configurations, i.e.,
edges. Typically, edge validation is done by discretizing
the edge into equally-spaced configurations. We next eval-
uate our dynamic discretization approach against an equally
spaced discrete motion validator. In Fig. 7, we compare the
number of discretizations (i.e., number of FK calls) required
in edge validation, since that overwhelmingly determines
performance. As motions are typically only checked if both
endpoints are collision-free, we evaluate with only collision-
free endpoint configurations, i.e., from Qfree. We see that for
200 randomly selected motions, our dynamic edge strategy
requires only 174 discretizations on average versus 8,594
required by the discrete motion validator, allowing it to be
49.4 times faster on average.

4) Motion Planner Comparison Study
We next compare our full method in a simulated anatomical
environment against multiple competing motion planning
algorithms that are commonly used in practice.

For our full method, we generated a roadmap with Nr =
30,000 vertices (the same configurations from the collision
experiment) followed by 570,129 connecting edges (from
the PRM∗ connection strategy). We employed 16 concurrent
threads in roadmap generation, voxelizing all 30,000 vertices
in 1.4 s, and voxelizing all 570,129 edges in 20 min, resulting
in a 1.6 GiB roadmap file (each occupied 4× 4× 4 voxel
block requires 11 B on disk). As a reminder, we perform
this roadmap generation without knowledge of any specific
anatomical environment. Fig. 3(b) shows the tip positions of
our precomputed roadmap and Figs. 3(d) and 8(d) show the
remaining roadmap tip positions after pruning in the Load
phase.

There are two popular strategies for motion planning to a
workspace end-effector goal, as we are doing in our problem.
In the first, a goal region around the workspace goal point

Motion Discretization Between
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FIGURE 7. Comparison of our dynamic motion discretization compared to a
traditional discrete checker between 200 randomly selected collision-free
configuration pairs. Since both use our fast voxel collision checker, we
compare the number of discretizations, i.e., the number of forward-kinematic
(FK) computations, required for each voxelized swept-volume motion. The
discrete checker was set to the worst-case discretization of our dynamic
checker to ensure we compare for similar safety. On average, the dynamic
checker takes 174 FK calls and the discrete checker takes 8,594, making it 49
times more expensive to provide the same level of safety. In the bottom plot,
we show a magnified view of our dynamic motion discretizer’s results.

FIGURE 8. Tip positions used in timing experiments within our anatomical
environment (environment shown in Fig. 4). (a) A sequence of 25 manually
chosen tip positions, largely chosen near the surface of the collapsed lung.
The collapsed lung is the large obstacle protruding from the right side into the
middle of the anatomical environment. This sequence represents desired tip
positions a clinician may provide in exploring the anatomical environment and
is used to compare our method against other off-the-shelf planners. The
ordering is shown with the orange line starting from the bottom-right of the
region. (b) A sequence of 200 randomly chosen tip positions within the
anatomy, randomly ordered, and used in the motion-planning comparison
study. (c) The same points from (b) but with an additional 4,800 points for a
total of 5,000 random tip position points, used in the ablation study. (d) Initial
collision-free roadmap tip positions used by our method, shown here for
comparison against the evaluation and to qualitatively gauge the evaluation
difficulty. Many of these tip positions are unreachable by the robot, yet the IK
solver and motion planners will attempt to minimize goal tip-position error.
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is defined, and any configuration evaluated during planning
that places the end-effector in that region is treated as a
goal configuration. In the second, configurations that achieve
the workspace goal with the end-effector are generated in
advance, typically via IK, and the planning happens in the
configuration space to those configuration space goals. Our
method leverages the second strategy, however we evaluate
against motion planners that employ both of these conven-
tions, as implemented in the Open Motion-Planning Library
(OMPL) [39], version 1.5.0.

For the first, we use RRT as a comparison method with
a goal region defined by a ball of radius 0.5 mm around
the desired workspace goal. This radius matches the same
stopping criteria used for IK in other methods and is slightly
less than the 0.59 mm width of a single voxel. RRT is a
single-query motion planner that grows a tree of collision-
free configurations until reaching the goal. In this case, RRT
expands its tree in configuration space until either reaching
a configuration that places the robot’s tip within the goal
region, or times out, in which case, it returns the path to the
configuration with its tip closest to the workspace goal.

The second strategy, utilizing computed goal configura-
tions from the specified workspace goal, enables efficient
approaches such as goal biasing and bidirectional search.
For this strategy, we compare against three popular planners,
RRTConnect, PRM, and LazyPRM, that are given a goal
configuration calculated using IK. RRTConnect is a vari-
ant of RRT that utilizes bidirectional search, attempting to
connect trees growing from both the start and goal config-
urations. PRM is a traditional multi-query motion planner,
reusing the same roadmap in future queries. LazyPRM adds
lazy evaluation to PRM, only collision-checking vertices and
edges after finding a candidate path. These planners do not
use our RoadmapIK algorithm (Alg. 2), but rather a more
traditional IK algorithm, which we label NormalIK in this
work (see Alg. 4 in Appendix D). NormalIK uses the same
LM optimizer for IK as our RoadmapIK, but instead of
finding the closest connection to the roadmap, if the IK
solution is in collision, then we project it into Qfree by taking
small steps backwards towards the initial guess until finding
a collision-free configuration. The initial guesses we employ
for NormalIK start with the current robot configuration (i.e.,
the end of the previous plan), but allowing up to krestarts
random restarts with random samples from Qfree if the IK
solution projected into Qfree is not within the specified toler-
ance, ultimately returning the closest one if we use all krestarts
restarts.

We compare our method’s performance against the above
motion planners on two datasets. The first dataset is a se-
quence of 25 goal tip positions along the outer wall of the
collapsed lung on the right of the anatomical region, as seen
in Fig. 8(a). We manually chose this goal tip sequence to
represent potential areas that a clinician may wish to explore,
specifically visiting nearby points to explore the outer surface
of the lung and pleural space. On this first dataset, we give a
timeout of 120 s. This timeout is much higher than we would

accept for an interactive system, but this is to enable the com-
peting planners to achieve as high of accuracy as possible.
We only apply this timeout to planning after performing IK.
We task the methods with reaching each of these goal tip
positions in sequence, simulating an interactive, supervisory-
control scenario in which these goals are desired one after
another.

The second dataset consists of 200 randomly chosen tip
positions within the anatomy as seen in Fig. 8(b). For this
dataset, we use a timeout of 20 s, which is still higher than
ideal for an interactive system, but lower than the 120 s used
on the first dataset. This timeout is intended to highlight the
best these planners can do on tip accuracy given the more
limited (but still large from an interactive sense) amount of
time. As above, we task the methods with reaching each of
these goal tip positions in sequence, one after another.

In this comparison study, all planners utilize our FK
model, our voxel collision checker, and our dynamic edge
discretization method. We set the discrete sampler distance
thresholds to the same thresholds utilized by the dynamic
edge discretization study. This allows us to evaluate the con-
tribution of our motion-planning method separately from our
improvements to kinematic modeling and collision checking.
Our method’s RoadmapIK uses up to kIK = 5 nearest
neighbors for IK if it does not converge to the goal within
the tip-error threshold. NormalIK uses up to krestarts =
10 and krestarts = 2 random restarts on the 25 and 200
goal sets, respectively. Additional implementation details for
RoadmapIK and NormalIK are provided in Appendix D.

The results can be seen in the violin plots of Fig. 9 for
the 25 manually-selected goal tip positions in the left column
and the 200 randomly generated goal tip positions in the right
column. Below, we compare and discuss tip error and timing
on average (the dotted lines in Fig. 9) and in the worst-case
(max value of each violin in Fig. 9). However Fig. 9 also
shows min, median, and quartile information.

We first discuss a comparison of tip error (Fig. 9, first row).
Our method, PRM, LazyPRM, RRTConnect, and RRT on the
25 goals achieve an average tip error of 3.9 mm, 4.9 mm,
5.2 mm, 4.3 mm, and 14.3 mm per goal, respectively, and
for the 200 goals achieve an average tip error of 6.3 mm,
24.8 mm, 35.5 mm, 31.9 mm, and 34.0 mm per goal, respec-
tively. Our method achieves 9% and 75% lower average tip
error than the best competitors (LazyPRM and PRM) on the
25 and 200 goal sets, respectively. In the worst-case, our full
method, PRM, LazyPRM, RRTConnect, and RRT on the 25
goals have tip error of 24.5 mm, 40.1 mm, 31.1 mm, 30.3 mm,
and 46.9 mm, respectively, and on the 200 goals have tip error
of 60.8 mm, 99.1 mm, 108 mm, 106 mm, and 111 mm, re-
spectively. Our method achieves 19% and 39% lower worst-
case tip error than the best competitors (LazyPRM and RRT)
on the 25 and 200 goal sets, respectively.

We recognize that in OMPL’s implementation, PRM and
LazyPRM often return an empty plan after timing out. Also,
after timing out, OMPL’s RRTConnect returns a partial plan,
which sometimes begins from the goal configuration instead
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FIGURE 9. Planner comparison for (left column) 25 interior workspace goals from Fig. 8(a) with a timeout of 120 s and up to krestarts = 10 random restarts for
NormalIK, and (right column) 200 random interior workspace goals from Fig. 8(c) with a timeout of 20 s and up to krestarts = 2 random restarts for NormalIK. These
violin plots show the density curves of measured values based on approximate frequency. Overlaid on top, we show the median and quartiles as a cross with a
white center and the mean as a dotted line. Row 1 compares the returned plan’s endpoint tip error compared to the goal position. Row 2 compares the time to run
IK to the given goal position before generating a plan. Our method uses the RoadmapIK algorithm with kIK = 5 on both goal sets. PRM, LazyPRM, and RRTConnect
use the NormalIK algorithm. Row 3 compares the time to generate a plan after IK. We truncate this timing to the timeout value. Row 4 compares total time for
planning starting from when the goal position is given until a plan is returned (sum of rows 2 and 3). For rows 2–4, we display a magnified view of our method’s
results. The RRT planner timed out for every goal in both goal sets, returning the best found plan. RRT uses a workspace goal region instead of IK, so it is excluded
from the comparison of IK and plan generation time (rows 2 and 3), but is included in the comparison of total planning time (row 4) after truncating to the timeout.
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of from the start, which we detect and replace with an empty
plan. Besides RRT (which timed out for every goal in both
goal sets), PRM, LazyPRM, and RRTConnect had 0, 1, and
0 timeouts on the 25 goal set, respectively, and on the 200
goal set, had 5, 69, and 44 timeouts, respectively. LazyPRM
always returned an empty plan upon timeout, but PRM and
RRTConnect returned 0 and 8 empty plans for their 5 and
44 timeouts on the 200 goal set, respectively. If we omit
goals for which an empty plan was returned, then LazyPRM
decreases to an average tip error of 4.54 mm on the 25 goal
set, and PRM, LazyPRM, and RRTConnect decrease to an
average tip error of 23.2 mm, 31.1 mm, and 33.5 mm on the
200 goal set, respectively. Our method still achieves 9% and
73% lower tip error than the best competitors, RRTConnect
and LazyPRM, on the 25 and 200 goal sets, respectively.
Only LazyPRM’s worst-case tip error decreases by omitting
empty plans to 94.0 mm on only the 200 goal set, which
decreases our improvement to 35% lower tip error.

This high tip error on the 200 random goal set is not sur-
prising since many requested tip positions are not within the
reachable workspace of the simulated tendon-driven robot, as
seen by comparing Fig. 8(b) and 8(d). Instead we emphasize
our method’s significantly lower tip error on average and in
the worst-case.

Next, we compare planning times. We separate the total
planning time for each goal (Fig. 9, fourth row) into IK
time and planning time (Fig. 9, second and third rows,
respectively). Since RRT uses goal regions instead of IK,
it is omitted from the second and third rows of Fig. 9. We
use the IK timing in the second row of Fig. 9 to evaluate
our method’s RoadmapIK algorithm versus NormalIK which
is used by PRM, LazyPRM and RRTConnect. Our method,
PRM, LazyPRM, and RRTConnect solve IK on average in
0.063 s, 6.6 s, 7.2 s, and 5.8 s on the 25 goal set, respectively,
and on the 200 goal set, they average 0.082 s, 2.6 s, 1.8 s, and
2.0 s, respectively. Our method’s IK (RoadmapIK) is 91 and
22 times faster on average, and in the worst-case is 67 and
16 times faster for the 25 and 200 goal sets, respectively
(against LazyPRM and PRM, respectively, both employing
NormalIK).

For this interactive system, total planning time is an im-
portant metric as it indicates the time the clinician must wait
before specifying a new goal tip position. The average total
time per goal for our method, PRM, LazyPRM, RRTConnect,
and RRT on the 25 goals were 0.077 s, 11.1 s, 12.9 s, 15.6 s,
and 120 s, respectively, and on the 200 goals were 0.094 s,
3.2 s, 10.0 s, 10.6 s, and 20 s, respectively. The RRT planner
for both datasets reached the timeout for every goal position
in both datasets (timeout of 120 s and 20 s for the 25 and
200 goals, respectively). Our full method is 145 times and
33 times faster on average than the best competing planner,
PRM, for the 25 and 200 goals, respectively. Importantly,
all compared planners, including PRM, have much higher
worst-case timing than our method. The slowest plans for our
method, PRM, LazyPRM, RRTConnect, and RRT on the 25
goals were 0.41 s, 126 s, 143 s, 77 s, and 120 s, respectively,
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75 h 17 m

26 h 38 m

19 h 51 m
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Our Method vs. No Contributions

FIGURE 10. Planner comparison for the 25 interior workspace goals from
Fig. 8(a) with a timeout of 16 h and up to krestarts = 10 random restarts for
NormalIK. This comparison has RRTConnect, LazyPRM, and PRM utilize the
mesh collision checker, the equally-spaced edge evaluator, and the slow FK
using the shooting method with forward differences or central difference,
marked with (forward) or (central), respectively. We compare against our full
method to plan to all 25 interior workspace goals. Timeouts occurred only with
forward differences for RRTConnect (1 timeout), LazyPRM (4 timeouts), and
PRM (1 timeout). With a timeout of 16 h, the reported planning time for
planners using forward-differences is effectively a lower bound.

and on the 200 goals were 0.52 s, 22.6 s, 26.9 s, 28.3 s, and
20 s, respectively. For the competing planners, PRM had the
fastest worst-case timing on the 25 goals. RRT performed
the best in the worst-case on the 200 goals only because the
timeout of 20 s was only applied to planning after performing
IK, which this RRT planner does not employ. As previously
mentioned, LazyPRM had 1 timeout, and on the 200 goals,
PRM, LazyPRM, RRTConnect, and RRT had 5, 69, 44, and
200 timeouts, respectively. Compared against RRTConnect
on the 25 goals and RRT on the 200 goals, our method’s
worst-case timing was 189 and 38 times faster, respectively.
Against our definition of less than one second for interactive-
rate planning, our method’s worst-case timing of 0.523 s is
well within that threshold, meaning our method achieves
interactive-rate planning even in the worst case.

5) Full Contributions Comparison Study
The prior study evaluates our method against competing
off-the-shelf motion planners that are given three of our
contributions: (i) our fast FK model, (ii) our fast voxel
collision method, and (iii) our dynamic motion discretizer.
These contributions were evaluated separately above. How-
ever, in order to evaluate all of our contributions together,
we perform another comparison against competing motion
planners that do not employ any of our contributions. We
evaluate RRTConnect, PRM, and LazyPRM on the 25 goals
dataset with the same settings mentioned previously. In the
competing methods we utilize the traditional mesh collision
checker without our dynamic edge evaluator, and we use the
slow shooting-method FK kinematic model with forward-
differences and central-differences. We set a large timeout
of 16 h per goal for the competing methods without our
contributions. In Fig. 10, we show the timing for planning to
all 25 goals. The best competing planner was RRTConnect
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with central differences, which took 9 h 25 min to generate
plans for a sequence of 25 goals. Here, Central differences
outperforms forward differences because of the higher con-
vergence, despite the higher performance cost in calculating
the numerical Jacobian. In comparison, our method is 17,700
times faster, planning to the same sequence of 25 goals in
1.91 s.

6) Ablation Study
We next perform an ablation study in the simulated anatom-
ical environment, in which we enable and disable various
aspects of our method, demonstrating the contribution of
each aspect of our full method. The results are seen in
Table 1.

For this study, we randomly sampled a sequence of 5,000
interior goal tip positions within the anatomical environment
as seen in Fig. 8(c). The IK parameters match those of our
method in the comparison study.

The base level of this ablation study is equivalent to
LazyPRM with a pregenerated roadmap of configurations
(LazyPRM + pregen graph + RoadmapIK in Table 1). We
add to this our contributions of pre-voxelized vertices, pre-
voxelized edges, collision-detecting the vertices when load-
ing, and collision-detecting the edges when loading, resulting
in our full method. In addition to the results presented in
Table 1, we present timing comparisons between the base
level version of our method and our full method in Fig. 11.

For these 5,000 points, the base implementation performed
quite well on average, able to replan at 9.6 Hz on average,
whereas our full method achieves 14.8 Hz on average. How-
ever, as seen in Fig. 11, the base implementation starts out
solving the first few motion plans in upwards of 12.3 s each.
This worst-case timing precludes interactive applications
such as surgical procedures. In contrast, our full method is
able to maintain a worst-case planning time of 0.61 s. The
baseline method and our full method generate plans in less
than 20 ms for 33% and 59% of the goals, respectively.

Adding cached voxelization of vertices and edges in-
creases the loading time required by the method. The
roadmap without any cache utilizes 11 MiB of disk space.
Adding voxelized vertices and edges increases that file size
to 30 MiB and 1,601 MiB, respectively. Our roadmap file is
a custom binary serialization of the graph and voxel objects.
Loading the full graph into memory (Table 1 row 3) takes
10.1 GiB of memory and 10.5 s of load time. The load time
is a single, one-time cost before performing motion planning,
and is therefore acceptable for our problem.

When pruning in-collision vertices and edges while read-
ing the roadmap from file, the peak memory required during
loading of the roadmap drops from 10.1 GiB to less than
0.44 GiB. Also, unsurprisingly, the performance improves
drastically as we are now working with a fully-connected
collision-free graph that requires no removals, and the first
found solution will contain only collision-free vertices. How-
ever, there were a few surprising results as a consequence
of removing laziness from vertex and edge collisions by
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FIGURE 11. We compare two versions of our method, our full method and
the ablation baseline, which is equivalent to our full method but using lazy
evaluation and a roadmap without voxel precomputation. We evaluate the time
required to generate a plan starting from when the desired tip position is given
on a sequence of 5,000 random interior goal points in the anatomical
environment (see Fig. 8(b)). (a) The timing on each goal point between the two
methods and a magnified section showing times for runs below one second,
with the ablation baseline shown in light blue and our full method shown in
dark blue. The baseline method exhibits extreme slowdown on early goals with
a maximum time of 12.3 s but improves with time as the roadmap is lazily
pruned. In contrast, our full method demonstrates high efficiency throughout
the entire experiment with a maximum time of 0.615 s. (b) Timing histograms
in milliseconds between zero and our full method’s worst-case timing of
615 ms (with the ablation baseline having 42 timings above this threshold), and
a section magnified by a factor of ten, with the ablation baseline shown in
transparent red and the full method shown in transparent blue. Each bin
represents a range of 2.5 ms. The baseline method achieves a similar mode to
our full method, but with a much larger and longer tail towards higher timings.
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TABLE 1. Ablation Study for a random sequence of 5,000 random interior workspace goals (see Fig. 8(b)). The ablation baseline is equivalent to our full method
with lazy collision checks and without pre-voxelization. Each row adds one more component of our method, starting with adding in pre-voxelization, then
pre-checking collisions at load time. For loading the roadmap from disk with a single core, we show the load time and the peak computer memory used in the first
two columns. The # Failures column shows how many planning queries failed to generate collision-free paths to the RoadmapIK solution of the 5,000 goals. This
demonstrates the effectiveness of our full method’s guarantee of a collision-free path to the IK solution by ensuring the roadmap consists of a single connected
component.

Load Time
(s)

Load Mem
(MiB)

# Failures
(of 5,000)

IK Time
(s)

Plan Time
(s)

Time/Goal
(s)

Tip Error
(mm)

LazyPRM + pregen graph + RoadmapIK 1.03 166 177 0.064 ± 0.125 0.039 ± 0.325 0.104 ± 0.351 5.8 ± 14.6
+ pre-voxelized vertices 1.22 348 175 0.064 ± 0.123 0.038 ± 0.312 0.103 ± 0.339 5.8 ± 14.5
+ pre-voxelized edges 10.47 10,369 176 0.065 ± 0.126 0.029 ± 0.326 0.095 ± 0.353 5.8 ± 14.5
+ prune vertices on load 0.75 454 102 0.058 ± 0.114 0.006 ± 0.010 0.065 ± 0.116 5.1 ± 12.8
+ check edges on load (our full method) 0.79 454 0 0.061 ± 0.128 0.006 ± 0.008 0.068 ± 0.128 4.1 ± 9.1

pruning at loading-time. It is surprising that loading a large
roadmap containing voxelized vertices and edges while per-
forming collision checks loads faster than a roadmap that
contains no cached voxel sets. We found that constructing
the full graph in memory when not pruning accounts for the
additional loading time. When performing collision checks
during loading, we only construct the portion of the graph
that is collision-free. After removing in-collision vertices and
edges, and removing vertices disconnected from the main
component, the roadmap only contains 2,833 vertices and
21,839 edges, down from 30,000 vertices and 570,129 edges,
causing the generated graph to be much smaller and less
costly to generate.

As we do not sample random points during planning, our
method is completely deterministic after loading our pregen-
erated roadmap. The difference in tip error in the ablation
study is due to the number of times we fail to generate a
collision-free path through the roadmap. This is because the
added IK solution sometimes gets added to a portion of the
graph that is unreachable from the main connected compo-
nent. We see the number of failures drop significantly down
to 102 from 176 when we prune in-collision vertices and re-
move disconnected components when loading the roadmap.
This number further drops to zero when we further prune in-
collision edges and remove disconnected components when
loading the roadmap. This demonstrates the effectiveness of
our full method’s guarantee by construction of a collision-
free path to the IK solution.

The tip error achieved by our full method for the 5,000
points is 4.1 mm on average. We note that these requested
goal positions were sampled uniformly at random within
the anatomical region. Comparing Fig. 8(c) with our initial
roadmap in Fig. 8(d), we can see qualitatively that many of
the points are highly challenging to reach from our roadmap.
We further have no guarantees that these sampled tip goal
positions are within the reachable workspace of the robot.
However, 80.2% of the plans from our full method were
within the 0.5 mm stopping criteria for RoadmapIK.

VI. LIMITATIONS OF THE STUDY AND FUTURE WORK
Although we significantly reduce computation time of tendon
robot shape computations and collision checks, we recognize

that self-collision checks consume 29% of collision-checking
runtime, which may be further reduced using, e.g., a hier-
archical approach as described in [40]. We leave as future
work implementation improvements to self-collision, and
developing a principled approach for determining adequate
discretizations for robot backbone spacing (for both self-
collision and voxelization).

Our implementation of the compared shooting method FK
model, although standard, could potentially be improved in
a number of ways, including better initial guesses to LM,
parameter-space scaling, and incremental changes to tension
values for improved convergence. However it is outside of
the scope of this work to augment such a method with these
improvements. Further, our fast FK model solves for u(0)
and v(0) in the case of no external loads, and we could
potentially utilize this updated guess in the shooting method
when there are external loads. Future work to improve the FK
model in the presence of external forces and torques would
enable motion planning and model-based control for tasks
which require the application of force to the surrounding
environment.

In the Precompute phase, we voxelize the robot shape and
swept volume motions already in the insertion orientation
and in the medical image space’s. However, in practice, we
would not have the insertion position and orientation for
voxelizing before being given the anatomical environment. A
translational offset is trivial to handle, but a different insertion
orientation would require resampling to ensure all voxel sets
have matching voxel discretizations and frames. This may be
achieved by either resampling the image into the robot voxel
space, resampling the pre-voxelized robot shapes into the
medical image space, or by finding another solution besides
pre-voxelization. We leave as future work investigating alter-
native precomputation shape representations that are easily
convertible to voxels after being given the orientation, in
order to maintain the ability to precompute once for each
robot design and reuse it in many anatomical environments.

In the comparison and ablation studies, we evaluated
the effectiveness of using arbitrary interior tip positions
in the anatomical region without considering the reachable
workspace of the robot. Although this approach is inspired
by the application of controlling the robot to explore the

VOLUME 10, 2022 17



Bentley et al.: Interactive-Rate Supervisory Control for Arbitrarily-Routed Tendon Robots

anatomical region, it is not clear how closely the RoadmapIK
approach is able to get to difficult-to-reach tip positions that
are attainable. In future work, we wish to consider workspace
reachability metrics within the constrained anatomical envi-
ronment.

Our current problem formulation only considers finding a
collision-free trajectory to the goal tip position and optimiz-
ing for proximity of the robot’s tip at the end of the path to
the goal. However, it does not consider any characteristics of
the motion the robot uses to get there, other than collision
avoidance. In future work it would be beneficial to incor-
porate some notion of optimality to choose the best desired
path among all possible paths, under additional objective
functions.

Our approach presents a supervisory-control method in-
tended to be used by a clinician to explore an anatomical
region. This work could be strengthened by including user
studies, preferably with clinicians, using the system in sim-
ulation or on a physical robot. This is certainly the next step
toward making this a viable system used in surgical settings.
Also, while waiting for the next goal tip position from a clin-
ician, the planner could actively collision-check unevaluated
lazy edges and add to its roadmap either randomly or by
utilizing IK to fill in missing regions within the anatomy.
In this way, we could perform repairs to the roadmap to
connect the disconnected components rather than removing
them during the Load phase.

We recognize that surgeons will likely require the robot
to face a particular region in the anatomy rather than simply
having the tip reach a desired location. This requires inverse
kinematic solving of not just position, but also orientation,
and may be encompassed more broadly with task planning.
We view this as a particularly important and promising next
step for this work, and note that we could augment our
approach with interleaved optimization and planning [41],
[42] to achieve goal orientations.

The studies in this work were performed in simulation. We
next intend to reproduce the results on a physical robot, such
as is shown in Fig. 2.

Finally, in this study, we assume we are planning in a
static anatomical environment, which will not be true in most
surgical settings. Because collision checks of pre-voxelized
shapes are extremely fast at about 4 MHz, by keeping the
voxelized vertices and edges in memory, the list of valid ver-
tices and edges may be updated quickly against a changing
environment. This requires sensing and dynamic updates to
the voxelized environment and quick replanning. In the fu-
ture, we believe our fast motion planner and collision checker
will enable this type of approach with frequent replanning.

VII. CONCLUSION
Continuum robots, such as the tendon-driven robot we
present in this work, have the potential to increase capabili-
ties in minimally-invasive surgeries. The increased flexibility
and inherent compliance enable access to difficult-to-reach
anatomical regions and may improve patient outcomes.

In this work, we present a full motion-planning system
for tendon-driven robots capable of being controlled at an
interactive-rate. This is accomplished despite complex kine-
matic modeling and a highly constrained example anatomical
environment via a number of contributions. We first pre-
sented an improved kinematic model for the case of no ex-
ternal loads which, when compared against current modeling
approaches, enables approximately 1,100 times faster speeds
and a much higher convergence success rate of 98.3%. Next,
we develop a fast voxel collision method using Octrees and
bitwise operations to leverage representations naturally gen-
erated from medical imaging, enabling 27.6 times faster col-
lision checking than checking bounding capsules along the
robot shape against a mesh representation of the anatomical
environment. This sparse voxel representation provides an ef-
ficient storage representation for robot shapes and swept vol-
umes between configurations. This representation empowers
us to precompute a large roadmap in the Precompute phase
with voxelized vertices and edges that can be checked in
0.8 s during the Load phase. Finally, during the Supervisory
Control phase, we utilize our roadmap with our RoadmapIK
algorithm to achieve high tip accuracy and fast planning,
running on average at 14.8 Hz, approximately 17,700 times
faster than the best evaluated off-the-shelf planner without
our contributions.

.

APPENDIX A SPHERICAL SAMPLING
For a sphere of radius `, the likelihood of generating a
uniformly random sample within the sphere with a distance
α from the center is proportional to the area of points that
have that same distance P (α) ∝ α2. By integration, the Cu-
mulative Distribution Function (CDF) is C(α) = Aα3 + B.
Using C(0) = 0 and C(`) = 1, this simplifies to C(α) =
(α/`)3 with inverse C−1(u) = ` 3

√
u. We sample from

this distribution using inverse transform sampling, which
creates a sample from an arbitrary distribution by passing a
uniform random variable on [0, 1] into the inverse CDF of
that arbitrary distribution.

APPENDIX B FORWARD KINEMATIC IMPLEMENTATION
Our FK method uses the fixed-point iteration strategy de-
scribed in Section IV-A to solve for v(0) and u(0) before
performing integration. We set the maximum number of
fixed-point iterations to 1,000. We define the force and torque
combined residual as

√
‖Fe,0‖2 + ‖Le,0‖2, where Fe,0 is

the external point force and Le,0 is the external point torque
at the robot’s base. We calculate this with SI units of N
for force and N·m for torque. We set the stopping criteria
and define successful convergence by a residual less than
5× 10−6.

After solving for v(0) and u(0) from the fixed-point itera-
tion, we integrate (4) with a constant backbone discretization
step size of 0.59 mm, the same as the width of a single
voxel, resulting in 203 discretizations along the backbone
when fully extended. We integrate forward using the Runge-
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Kutta 4th order method from the Boost Odeint library [43]
(version 1.65).

The shooting method used as the comparison in our ex-
perimental evaluation instead solves (5) using LM as im-
plemented by the levmar library [44]. We set the maximum
number of LM iterations to 500 and the finite-difference
distance to 1× 10−8 N. We initialize the LM damping fac-
tor λ = 1× 10−3. The shooting method uses the same
stopping criteria and definition of successful convergence
as our method’s fixed-point iteration, except the residual is
computed for the forces and torques at the tip instead of the
base. These parameters were tuned for speedy convergence
on most configurations.

We implement retraction by changing the starting point of
integration. We apply the rotation configuration value after
computing the robot shape by a rotation about the z-axis.

APPENDIX C DYNAMIC EDGE DISCRETIZER

Algorithm 3: VoxelizeFreeEdge
Input:
qa: from Qfree, voxelize from this
qb: from Q, voxelize toward this
δ: discretization threshold distance

Output:
qreached: last config in Qfree from qa toward qb
D: voxelized edge from qa to qreached

1 Function VoxelizeFreeEdge(qa, qb)
2 (qreached, D)← VoxFreeEdgeRecurse(qa, qb)
3 D ← D ∪ VoxelizeBackbone(qreached)
4 return (qreached, D)

// Recursive implementation. D is the voxelization
// from qa up to (but not including) qreached

5 Function VoxFreeEdgeRecurse(qa, qb)
6 ∆voxel ← voxel distance from (9)
7 if ‖qb − qa‖ ≤ δ or ∆voxel ≤ 1 then // Base case
8 if qb is in Qfree then // collision-check
9 return (qb,VoxelizeBackbone(qa))

10 return (qa, {}) // collision or invalid config
11 qmid ← halfway between qa and qb
12 (qreached, D)← VoxFreeEdgeRecurse(qa, qmid)
13 if qreached = qmid then // no collision, continue
14 (qreached, D2)← VoxFreeEdgeRecurse(qmid, qb)
15 D ← D ∪D2

16 return (qreached, D)

Our dynamic edge discretizer is implemented by the
VoxelizeFreeEdge algorithm (Alg. 3) which voxelizes a
swept-volume motion of the robot backbone from qa to
qb until detecting a collision. The algorithm returns the
voxelized swept-volume D and the last collision-free con-
figuration qreached before the detected collision. In Alg. 2,
RoadmapIK voxelizes the edge from qnn toward qIK until
detecting a collision. This algorithm recursively subdivides
the region until reaching a specified minimum configuration

distance δ or the voxel distance between two robot shapes
from (9) exceeds one.

In the Precompute phase, we do not have knowledge of the
anatomical environment, and therefore during roadmap pre-
voxelization, we replace Qfree with Qvalid on line 8 of Alg. 3.

For the evaluation of our dynamic edge discretizer, we
use a discretization threshold δ of 5× 10−4 N in tension
space, 5× 10−3 mm in retraction space, and 5× 10−4 rad in
rotation space, separately evaluating distances in the three
configuration subspaces. These thresholds were chosen to be
larger than the observed worst-case discretization from our
dynamic edge strategy on 40,000 edges. This discretization
threshold is used as the constant step size in the discrete
edge checker. This facilitates a fair comparison, evaluating
on discretizations that are similar in quality.

APPENDIX D INVERSE KINEMATICS ALGORITHM

Algorithm 4: NormalIK
Input:
g: from R3, goal tip position
qcurrent: from Qfree, current robot configuration
krestarts: max number of random restarts for IK
threshold: tip error threshold
δ: discretization threshold distance

Output: qIK: collision-free IK solution for g
1 qguess ← qcurrent // initial guess for IK
2 QIK ← {} // IK solns. not within threshold
3 for i← 0 to krestarts do
4 qIK ← IK(qguess, g, threshold) // using LM
5 q̂diff ← qguess−qIK

‖qguess−qIK‖ // unit vec. from qIK to qguess

6 while qIK /∈ Qfree do // backstep until in Qfree
7 qIK ← qIK + δq̂diff
8 if ‖Ttip(qIK)− g‖ < threshold then
9 return qIK // success, exit early

10 else
11 QIK ← QIK ∪ {qIK}
12 qguess ← sample(Qfree) // random restart
13 return arg min

qIK∈QIK

‖Ttip(qIK)− g‖ // return closest

The NormalIK algorithm (Alg. 4) is used by the RRT-
Connect, PRM, and LazyPRM planners in our comparison
study in Section V-B4. NormalIK represents a traditional IK
approach for motion planning and has two key differences
from RoadmapIK (Alg. 2).

1) RoadmapIK leverages roadmap configurations that are
nearby to the desired tip position g, but NormalIK uses
only the current robot configuration qcurrent combined
with krestarts random restarts.

2) Both RoadmapIK and NormalIK utilize the LM al-
gorithm as the underlying nonlinear optimizer which
solves for configurations inQ instead ofQfree. However,
the two algorithms project their solution (which may be
in collision) intoQfree in different ways. NormalIK steps
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backwards from the IK solution towards its initial guess
until the solution is inQfree (note the initial guess comes
from Qfree). RoadmapIK instead does the opposite, ef-
fectively stepping toward the IK solution from the initial
guess until detecting a collision, thus ensuring at least
one collision-free edge from the roadmap to the returned
numerical IK solution.

NormalIK approximates the solution to (10). RoadmapIK
approximates (11) using the added constraint that there exists
a linear collision-free edge from qreached to the roadmap
graph.

NormalIK and RoadmapIK use the same tip-error stopping
threshold for the underlying LM optimizer. The optimizer
uses central differences for the numerical Jacobian with a
finite difference distance four times smaller than the dis-
crete sampler distance threshold. Our method’s RoadmapIK
uses 20 maximum iterations and initial LM damping factor
λ = 10. NormalIK (used by PRM, LazyPRM, and RRT-
Connect) on the 25 goal set uses 200 maximum iterations
and λ = 4,000, and on the 200 goal set uses 10 maximum
iterations and λ = 1,000.
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