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Abstract

This work is related to the implementation of a decision tree construc-
tion algorithm on a quantum simulator. Here we consider an algorithm
based on a binary criterion. Also, we study the improvement capability
with quantum heuristic QAOA. We implemented the classical and the
quantum version of this algorithm to compare built trees.

Keywords: Machine Learning, Decision Tree, QAOA, Twoing, Bi-
nary Criterion

1 Introduction

Machine Learning is one of the famous directions of artificial intelligence [24].
The application ability of ML is very wide. The count of problems solved by
machine learning algorithms arises day by day. The data size processed by
them becomes larger. As a result machine learning algorithms require more
computing resources. It means that if the algorithm works faster then it can
process more data. Quantum computers [23, 4, 10] potentially may be useful
for improvement of these algorithms [22, 14, 15].

Let us describe some information about using the quantum computation for
machine learning problems [11, 22]. The quantum computation is based on the
quantum mechanics theory. The main notion of quantum computers ability is
quantum parallelism. As result many instruments are invented based on this no-
tion. Let us discuss about a few instruments. One of the famous technique used
for speeding up the machine leatning algorithms is the Grover Search Algorithm
[5, 9]. This technique give the quadratically speed up. More information about
usage of Grover’s algorithm can be found in the paper [22]. Another examples
of instruments used in quantum machine learning are simulated quantum an-
nealing [22], efficient calculation of classical distances on a quantum computer
[12], SWAP-test [10] etc.

The goal of this work is to construct the improved version of the decision
tree construction algorithm based on a binary criterion [20]. Also, we analyze
the models built by classical and quantum versions of algorithms.
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It should be noted that we do not consider the real quantum decision trees.
For example, the paper [25] proposes a quantum version of the decision tree.
Their classifying process follows the classical algorithm with the only difference
that we use quantum feature states encoding features into the states of a quan-
tum system. At each node of the tree, the set of training quantum states is
divided into subsets by a measurement [12, 1, 6, 7, 8].

Our improvement works with classical decision trees. It is some subroutine
that improves the construction of classical decision trees.

Nowadays decision trees [2] are not commonly used instruments for machine
learning problems. However, wide-famous algorithms such as Random Forest
and Gradient Tree Boosting are based on decision trees [19]. As a result im-
provement of decision tree constructing algorithms could help solve more useful
problems [3].

It should be noted that modern quantum computers are not applicable to
show the exponential benefit of quantum algorithms. The technology of these
devices is named as Noisy Intermediate-Scale Quantum (NISQ) technology [18].
It is why we decided to consider algorithms that worked on such devices.

The QAOA is one of the famous algorithms implemented on NISQ devices.
The QAOA is used for solving some optimization problems as MaxCut, MAX3-
SAT. [16, 21] In this paper, we consider this algorithm as an instrument of
improving the decision tree constructing algorithm based on binary criteria.
In the end, we show the experimental result of comparing the trees built by
classical and quantum versions of the decision tree constructing algorithm.

The experiments show that the quantum algorithm builds the as same trees
as a classical algorithm. Our previous work was related to the improvement
of the decision tree constructing algorithms with impurity-based criteria. That
work was based on the Grover’s algorithm. In comparity of that paper in this
investigation we shows that the quantum algorithms can help construct the
same trees as the classical algorithms.

Section 2 is related to using decision trees for the classification problem.
Also, we consider the different criteria of the decision tree construction algo-
rithms. Section 3 shows the idea used in our improvement. This section also
provides some basics of QAOA. In Section 4, we describe the comparative results
of classical and quantum versions of the decision tree constructing algorithm
based on the Twoing criterion.

2 Preliminaries

Machine learning allows us to predict a result using information about past
events. The decision tree constructing algorithm is used to construct a decision
tree for the classification problem. Let us formally consider a classification
problem.

There are two sequences: X = {X1, X2, . . . , XN} is a training data set and
Y = {y1, y2, ..., yN} is a set of corresponding classes. Here Xi = {xi1, xi2, ..., xid}
is a vector of attributes, where i ∈ {1, . . . , N}, d is a number of attributes,
A = (a1, a2, ..., ad) is the set of all attributes, N is a number of vectors in the
training data set, M is a number of classes. An attribute xij is a real-valued

variable or a categorical variable. Let DOMj = R if xij is a real value; and

DOMj = {1, . . . , Tj} if xj is a categorical attribute, i.e. xij ∈ {1, . . . , Tj} for

2



some integer Tj . Let yi ∈ C = {1, . . . ,M} be an index of class of Xi. σy=ciX is
a subset from training set which elements are related to class with number i, ci ∈
C. The problem is to construct a function F : DOM1 × . . .×DOMd → C that
is called classifier. The function classifies a new vector X = (x1, . . . , xd) /∈ X .
Let CV , RV be the notations to define the set of the categorical and real-valued
attributes respectively.

The goal of decision tree constructing algorithms is to find the optimal de-
cision tree by minimizing the generalization error. Several authors have shown
that finding a minimal decision tree consistent with the training set is NP-hard
[20]. The main procedure of this algorithm is “growing“.

Suppose B is some test with outcomes b1, b2, . . . , bt in a node. Then, there
are t outgoing edges for the node. Each leaf is associated with a result class
from C. The testing process is the following. We start test conditions from the
root node and go by edges according to the result of the condition. The label
on the reached leaf is the result.

Our algorithm uses some quantum algorithms as a subroutine, and the rest
part is classical.

Decision tree learners use a method known as divide and conquer to construct
a suitable tree from a training set X of vectors. If all vectors in X belong to the
same class c ∈ C, then the decision tree is a leaf labeled by c. Otherwise, let B
be some test (with outcomes b1, b2, . . . , bt) that produces a non-trivial partition
of X . Let Xi be the set of training vectors from X that has outcome bi of B.
Then, the tree is presented in Figure 1. Here Ti is a result of growing a decision
tree for a set Xi.

Figure 1: Testing B

The algorithm chooses some attribute with value to add a new node. This
attribute value is used as a threshold for splitting data set into subsets. The pro-
cess of selecting an attribute uses some split criteria. The algorithm maximizes
its function.

Many criteria are used for decision tree construction. The more popular and
widely used criteria are defined in the next subsection.

2.1 Criterion types

2.1.1 Impurity-based Criteria.

Given a random variable x with k values, distributed according to P = (p1, p2, . . . , pk),
an impurity measure is a function φ : [0, 1]k → R.

It should be noted that if the probability vector has a component of 1 (the
variable x gets only one value), then the variable is defined as pure. On the
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other hand, if all components are equal then the level of impurity reaches the
maximum [17].

2.1.2 Normalized Impurity-based Criteria.

The impurity-based criterion described above is biased towards attributes with
larger domain values. Namely, it prefers input attributes with many values.
Sometimes it is useful to ”normalize” the impurity-based measures.

The famous decision tree constructing algorithms such as ID3, C4.5, C5.0,
CART use impurity based-criteria, and normalized impurity-based criteria [17].
In the paper [1] we considered the classical and quantum improvement of the
impurity-based decision tree construction algorithms.

2.1.3 Binary Criteria.

The binary criteria are used for creating binary decision trees. These measures
are based on a division of the input attribute domain into two subdomains.

Let β (ai, d1, d2, S) denote the binary criterion value for attribute ai over
sample S when d1 and d2 are its corresponded subdomains.

The value obtained for the optimal division of the attribute domain into two
mutually exclusive and exhaustive subdomains, is used for comparing attributes,
namely

β∗ (ai, S) = maxβ (ai, d1, d2, S)

s.t.

d1 ∪ d2 = DOM (ai)

d1 ∩ d2 = ∅

In this work we consider one of the binary criteria named as Twoing [17], [26].
By |σCS| the subdomain size of domain S satisfied to condition C is denoted.

twoing (ai, d1, d2, S)

= 0.25 · |σai∈d1S|
|S|

· |σai∈d2S|
|S|

·

 ∑
cj∈DOM(y)

∣∣∣∣ | σai∈d1 and y = cjS |
|σai∈d1S|

− | σai∈d2 and y = cjS |
|σai∈d2S|

∣∣∣∣
2

(1)

2.2 Classical algorithm

On each step, the algorithm computes iteratively some values as subsets size
distributed by classes, impurity function, etc.

Our algorithm deal with real-valued and discrete-valued (categorical) at-
tributes. The pseudocode of the main procedure TreeGrowing is described
by pseudocode (Algorithm 1).

ChooseSplit is the function that choose the split on each node (Algorithm
2).

The last but not least procedure is SplitCriterion (Algorithm 3).
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Algorithm 1: Procedure of construction decision tree

TreeGrowing(X ′)
Result: Constructed decision tree for current node
T ← Tree() // a new tree with a root node is created;
if StopCriterion(X ′) then

calculates amount of elements in X ′ by classes and finds the most
common class Ccmn in O(|X ′|);
T.isLeaf ← true;
T.label← Ccmn;

end
else

max← 0, attr ← nil, split← nil, threshold← −1;
(attr,max, split, threshold)← ChooseSplit(X’);
if attr ∈ CV then

split← {split X ′ to subsets by attribute values};
T.children← [nil, . . . , nil];
for vi ∈ DOMattr do

ST ← TreeGrowing(split[i]);
T.children[i]← {”arg = vi”, ST};

end

end
else

T.children← [nil, nil];
ST0 ← TreeGrowing(split[0]);
ST1 ← TreeGrowing(split[1]);
T.children[0]← (”arg < threshold”, ST0);
T.children[1]← (”arg ≥ threshold”, ST1);

end

end
return T ;

Algorithm 2: The split choosing algorithm

ChooseSplit(X ′)
Result: The best split
max← 0, attr ← nil, split← nil, threshold← −1;
for a ∈ A do

(cmax, csplit, cth)← SplitCriterion(a,X ′);
if cmax > max then

max← cmax, attr ← a, split← csplit, threshold← cth;

return (attr, cmax, csplit, cth)
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All of these procedures are defined in the paper [1].

Algorithm 3: The attribute processing procedure

SplitCriterion(attr,X ′)
Result: Data of processed attribute
if attr ∈ CV then

(cmax, csplit, cth)← ProcessCategorical(X ′, attr)

else
(cmax, csplit, cth)← ProcessReal(X ′, attr)

return (cmax, csplit, cth)

Let us consider the last function (Algorithm 3) in detail. The subroutine
SplitCriterion processes an attribute differently depending on the type. We
skip considering processing real-valued attributes because the quantum improve-
ment is applied to the discrete-valued attributes subroutine.

Let us consider Equation (1). As we can see adding a new node algorithm
splits the training set into two subsets by maximizing Equation (1). It should
be noted that time complexity grows exponentially from the values count of the
considered attribute.

3 The Idea and The Implementation

We decide to use quantum heuristic QAOA to speed up calculating (1) for
discrete-valued attributes.

3.1 Quantum Approximate Optimization Algorithm

Let us consider QAOA in details [16, 21]. QAOA (Quantum Approximate Opti-
mization Algorithm) is a quantum gate model algorithm to solve combinatorial
optimization problems. The performance of the p-level QAOA (QAOAp) in-
creases continually along with p. Furthermore, one additional benefit of QAOA
is fundamentally based on its simple structure. This simplicity leads to the use
of QAOA on Noisy Intermediate-Scale Quantum (NISQ) devices [18].

Definition 1 In a combinatorial optimization problem defined on n-bit binary
strings z, the objective function is defined as follows:

f(z) : {0, 1}n → R (2)

Definition 2 We can map the objective function (2) to the phase Hamiltonian,
thus finding the optimal value of the objective function is a special case of finding
the extremal eigenvalues for the phase Hamiltonian. The phase Hamiltonian HP

encodes the objective function f and acts diagonally on the computational basis
states of 2n dimensional Hilbert space (n-qubit space).

HP |z〉 = f(z)|z〉

In addition, the phase operators are defined as follows:

UP (γ) = e−iγHP

where γ is a parameter.
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Definition 3 The mixing Hamiltonian HM is defined as follows:

HM =

n∑
j=1

σxj

where σj
x is the Pauli-X operator and n is identical to the n in (2). In the

quantum mechanical systems, the Pauli-X operator acts as the NOT operator,
i.e., σj

x|1〉 = |0〉 and σj
x|0〉 = |1〉. In addition, the mixing operators are defined

as follows:

UM (β) = e−iβHM

where β is a parameter.

Definition 4 The initial state is as follows according to the superposition prin-
ciple:

|s〉 = |+〉⊗n =
1√
2n

∑
z

|z〉

Based on the definitions above, we can define the state of the p-level QAOA by
applying the phase operator and the mixing operator alternately, as follows:

|γ, β〉 = UM (βp)UP (γp) · · ·UM (β1)UP (γ1) |s〉 (3)

with an integer p ≥ 1 and 2p parameters γ1 · · · γp ≡ γ and β1 · · ·βp ≡ β.
After the measurements in the computational basis are repeatedly performed in
this state 3, the expectation value of HP can be obtained as follows:

〈HP 〉 := 〈γ, β |HP | γ, β〉 = 〈f〉(γ,β)
where 〈f〉 is the expectation value of the objective function (2). The max-

imum or minimum value of 〈HP 〉 can be obtained by repeating the process of
finding the optimal values of the parameters γ and β. The iterative process
for finding optimal parameters uses classical optimization methods. For this
reason, QAOA is in the category of hybrid quantum-classical algorithms[21].

It should be noted that in our experiments the parameters γ and β were set
empirically. The parameters defined one time before tree growing process. The
QAOA implementation is called one time for each attribute processing.

3.2 Implementation

To check the quality of the algorithm we code it. The Kotlin programming
language is used for this aim. We use several data set to compare the trees
constructed by the classical and quantum version of the algorithm.

We implement a classical version of the decision tree construction algorithm
which uses Twoing binary criteria as a split condition. Also, we code its quantum
version which discrete-valued attributes processing is improved by QAOA.

We decide to implement our simulator. The reason is we need to use classical
and quantum computation together. Unfortunately, the simulator cannot be
used to estimate the speedup of the algorithm. The count of angles p is set to
5.
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4 Experiments

Let us describe the experiments done for check the quality of quantum subrou-
tine. As noted above, for this aim, we implemented the simulation framework of
the classical and quantum versions of the decision tree construction algorithm.

Let us describe some definitions of our comparing methodology. The ratio
of the same nodes count to all nodes count is used to estimate the quality of
improvement:

Qtree =
Beq
B

,

where B is all nodes count, Beq is the same nodes count.
The finish of the tree construction process depends on the data and the

height parameter. In our experiment we use the next height parameters: h = 3,
h = 5, h = 7, h = 10, h = 15.

It should be noted that we could use more values of the height parameter.
The experiments were made for several datasets. As described above our

improvement works for categorical attributes. Because of this, for check our
result we should find datasets with categorical attributes. For this aim we looked
the absolutely random data sets from the open sources. All of the datasets are
available here [27].

4.1 Experiment 1

The first experiment is done for data set [28]. The size of this set is 1728.
The database contains examples with the structural information removed, i.e.,
directly relates CAR to the six input attributes: buying, maint, doors, persons,
lug boot, safety. All attributes are categorical.

The values of Qtree are next:
The height of tree h Qtree
h = 3 1.0
h = 5 1.0
h = 7 1.0

4.2 Experiment 2

The second experiment is done for data set [29]. Nursery Database was derived
from a hierarchical decision model originally developed to rank applications for
nursery schools. It was used during several years in 1980’s when there was
excessive enrollment to these schools in Ljubljana, Slovenia, and the rejected
applications frequently needed an objective explanation. The final decision de-
pended on three subproblems: occupation of parents and child’s nursery, family
structure and financial standing, and social and health picture of the family. The
size of this set is 12960. An attributes count is 8. All attributes are categorical.

The values of Qtree are next:
The height of tree h Qtree
h = 3 1.0
h = 5 1.0
h = 7 1.0
h = 10 1.0
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4.3 Experiment 3

The third experiment is done for data set [30]. Predicting the age of abalone
from physical measurements. The age of abalone is determined by cutting the
shell through the cone, staining it, and counting the number of rings through
a microscope – a boring and time-consuming task. The size of this set is 4177.
An attributes count is 8. It should be noted that this dataset contains mixed
attributes as categorical and real-valued.

The values of Qtree are next:
The height of tree h Qtree
h = 3 1.0
h = 5 1.0
h = 7 1.0
h = 10 1.0

4.4 Experiment 4

This experiment is done for data set [31]. This database contains all legal 8-ply
positions in the game of connect-4 in which neither player has won yet, and in
which the next move is not forced. The size of this set is 67557. An attributes
count is 42. All attributes are categorical.

The values of Qtree are next:
The height of tree h Qtree
h = 3 1.0
h = 5 1.0
h = 7 1.0
h = 10 1.0
h = 15 1.0

4.5 Experiment results

The results demonstrate that the constructed trees are equal for the classical
and quantum versions of the algorithm. The code of our experiments is provided
here [32]. The code was written in Kotlin.

The structure of code is next. The file ’Data.kt’, ’ComplexNumber.kt’ con-
tains classes used for the tree constructing. Also in ’Data.kt’ the input data
parsing method is provided. The classical and quantum algorithms implemen-
tation is described in ’Tree.kt’ and ’Quantum.kt’ respectively.

The experiments was made on the laptop with processor Intel Core I5.

5 Conclusion

We considered an algorithm that uses the quantum subroutine for maximization
impurity value for discrete-valued attributes. The experiment shows that the
tree constructed by the quantum algorithm is identical to a tree by the classical
version. The speedup of quantum can be proven theoretically. These results
confirm the practical usability of quantum computers for ML problems. We
have some open questions.
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• How to compare the running time of classical and quantum implementa-
tion of algorithms?

• Which heuristic should be used to set optimal QAOA parameters?
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the sphere of scientific activities, project No. 0671-2020-0065.
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