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Abstract: We study the dynamical generation of entanglement for a two-body interacting system,
starting from a separable coherent state. We show analytically that in the quasiclassical regime the
entanglement growth rate can be simply computed by means of the underlying classical dynamics.
Furthermore, this rate is given by the Kolmogorov-Sinai entropy, which characterizes the dynamical
complexity of classical motion. Our results, illustrated by numerical simulations on a model of
coupled rotators, establish in the quasiclassical regime a link between the generation of entanglement,
a purely quantum phenomenon, and classical complexity.

Keywords: quantum complexity; quantum to classical transition

1. Introduction

The characterization of complexity in quantum systems is a key problem, not only
for fundamental reasons but also for the development of quantum technologies [1-3].
While for classical dynamical systems a well-established notion of complexity exists, based
on Kolmogorov-Sinai (KS) entropy [4], which in turn is related to the exponential insta-
bility of orbits, in the quantum realm the measure of complexity has proven to be an
elusive problem.

First, we cannot sic et simpliciter use trajectories, due the Heisenberg uncertainty prin-
ciple. To circumvent such problem, phase-space approaches have been proposed [5-20],
based on the evolution of phase space distributions. Second, entanglement, the key re-
source in the quest for quantum advantage, is peculiar to quantum composite systems and
therefore is a source of quantum complexity without a classical analogue. Since for pure
bipartite systems the reduced von Neumann entropy, known as entanglement entropy, is
the well-established measure of entanglement [21], it is interesting to investigate whether
its growth in a dynamical system is related to the KS entropy of the underlying classical
dynamics [22].

For bosonic systems with an unstable quadratic Hamiltonian, entanglement entropy
grows linearly in time, with a rate upper bounded by the KS entropy, the bound being
saturated under suitable conditions on the size of the bipartitions [23]. The question then
arises, whether the entanglement growth of chaotic quantum systems in the quasiclassical
regime is also determined by the KS entropy. This issue was investigated more than two
decades ago, with numerical results suggesting that the entanglement generation rate
is given by the KS entropy [24]. On the other hand, such results were obtained in the
weakly chaotic regime, with coexistence of chaotic seas and tori, while another study
in the strongly chaotic region, where the effect of tori is negligible, showed instead no
increase of the entanglement production rate upon an increase of the maximum Lyapunov
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exponents [25]. This apparent contradiction was explained by a quasiclassical calculation
for the linear entropy, approximating the entanglement entropy, under the condition of
weak coupling between the subsystems in the underlying classical dynamics [26,27]. This
work showed that the entanglement growth rate is determined by the minimal value of the
three rates given by the standard one deduced from the interaction term and the largest
Lyapunov exponents of the two subsystems, respectively.

In this paper, we remove the above restriction on the coupling strength and compare
the quantum evolution starting from separable coherent states with the classical evolution
of initially Gaussian distributions, of a size determined by the effective Planck constant of
the corresponding quantum dynamics. We show that in the quasiclassical regime quantum
and classical linear entropy are in agreement and grow with the rate given by the KS entropy
of classical dynamics. Our analytical results are illustrated by numerical simulations for a
model of kicked-coupled rotators.

This work is dedicated to our friend and colleague Giulio Casati, who has always had
a deep interest in understanding the complexity of quantum motion.

2. Analytical Results

In this section, we connect, for an overall pure bipartite system, the growth rate of
linear entropy to the KS entropy of the classical underlying dynamics. We consider a two
body system, whose Hamiltonian reads

H = (41, 1) + H2(g2, p2) + H12(41, 1, G2, P2)- 1)

The corresponding classical Hamiltonian is written as

H(q1, 91,92, p2) = Hi(q1, 1) + H2(92, p2) + Hi2(91, p1, 92, p2)- ()

We compute as entanglement measure the linear entropy (also known as second Rényi
entropy) of a subsystem (for example, system 1), which is defined as

S(p1) = — In(Tr(p7)). 3)

Here p; is the reduced density matrix of the system 1, p; = Try(p), where the partial trace
is taken over system 2 and p is the density matrix of the composite system. Note that
equivalently we could have considered system 2, since S(p2) = S(p1), with g = Tr1(p).
The linear entropy is much more convenient for numerical and analytical investigations
than the reduced von Neumann entropy Syn(p1) = —Tr(p1Inpq). At the same time, it is a
very useful entanglement probe. Indeed, if the linear entropy of a part is larger than the
linear entropy of the overall system, bipartite entanglement exists between that part and
the rest of the system. Moreover, for maximally mixed states of a subsystem of dimension
N, the linear entropy and the reduced von Neumann entropy are both maximized and
equal to In N.

In order to obtain the classical analog of the linear entropy, we make use of the Husimi
function [28] of the density matrix g, given by

1

where v = (41, P1,92, p2), |y) denotes the coherent state of the composite system centered
at vy, and 7 is the effective Planck constant. In the quasiclassical limit i — 0, the trace of p?
can be carried out by making use of the Husimi function W}, of p; as

Te(@}) = [ dnaWhin)P, ©)
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where y1 = (41, p1), |71) denotes the coherent state of system 1 centered at 1, and

Whion) = 5oz (ralfaln). ©

Furthermore, the reduced density matrix p; can also be obtained in terms of the coherent
states of the system 2, denoted by |y2), as

R . 1 o
p1 =T (p) = h /d')’2<')’2‘P|'YZ>- @)

Substituting Equation (7) into Equation (6), we have

Wi (m1) = / dyaWh (), ®)

yielding with Equation (5)

2
Te(p}) = [ dm

S(p1) = —1In [/ dy </ d’YzWH(’Y))21~ (10)

After replacing the Husimi function Wy (vy) with the classical distribution function
p(7), the classical analog of linear entropy can be written as

[ Wan)dra ©)

Hence, we obtain

Salpy) = ~In [ dnlokin)?], an
where p},(y;) indicates the marginal distribution function of -4,
pre(m) = / dy2p (). (12)
It is expected that
5(p1) ~ Sa(p1) (13)

holds in the quasiclassical limit in which the effective Planck constant 77 — 0.

An explicit expression can be derived for the classical entropy S.;(p1) as follows. We
consider the initial state as the “most classical” state, that is, a coherent state |y), whose
corresponding classical distribution function can be written as

1 1
po(y) = ()2 eXp<—hC|v—'yolz), (14)

which has a Gaussian form whose center is denoted by 9%, . = h is chosen to be the same
as the effective Planck constant in the quantum case, and |y — 9| indicates the norm of the
vector 8 = 7 — 9°. In the quasiclassical limit, one has i — 0, which means that, for times
smaller than the Ehrenfest time scale tg (with tg — oo as fi, — 0), almost all the states in
the ensemble remain close to the center 4%(#). This implies that the distribution of states at
time f, p¢(7y), is significantly different from zero only for small |§v/|. In this case, the time
evolution of §+ is determined by the so-called stability matrix

M — 9(d7i(t)) (15)



Entropy 2023, 25, 97

40f 10

with
dy(t) = M;o(0). (16)

As the classical linear entropy is independent of the coordinate’s origin, for the convenience
of the following discussion, we choose the position of the center 9%(t) as the origin of
coordinates. In this local coordinate system along 7%(t), we can replace 57 (t) = (t) —

7°(£) by (£).
Then making use of Liouville’s theorem, the distribution at time ¢ can be written as

pe(7) = po(M; 1), (17)
and therefore
1 Loa1.2
pe(y) = WGXP _FTC|Mt 77 ). (18)
Using the positive definite symmetric matrix
Ar= (M7 Y™, (19)

the density distribution at time ¢ can be written as

1 1 4 i
pr(x) = (a2 P (‘m Z xiAt]<t)xj>' (20)

which is a Gaussian distribution, with x corresponding to vy, that is, (x1,x2,x3,%4) =
(91, 71,92, p2)- In order to calculate the classical linear entropy, we first calculate the
marginal distribution function of p(x) for system 1:

p} (x1,%2) = /pt(xl,xz,xg,, X4)dxzdxy. (21)

Then the classical linear entropy at time ¢ can be written as

Sc(pt) = —In [/ dx1dxy (P}(xbxz))z} (22)

As outlined in the Appendix A, by writing Ay in block form,
a b
Ay = , 23
t ( T d) (23)

Su(or) = In(2h) + %m[det(d)]. (24)

>

SO

we obtain our first main result

In the derivation we restrict to the case of a two-particle system, however, the generalization
to N particles is straightforward.

In order to compute det d, we sum the eigenvalues of the operator d (denoted by dj,
in order of descending energy), which are in close relation to the eigenvalues of A;. We
diagonalize the symmetric matrix A; as

A; = Vdiag{ Ay, Ay, A3, AL} VT, (25)

where diag indicates a diagonal matrix, Ay is the k-th eigenvalue of A;, and V is an
orthogonal matrix. If the system is chaotic, Ay & ¢?M!, where A is the k-th Lyapunov
exponent, with Ay > Ay > 0> A3 > Ay, and A3 = —Ap, Ay = —A4.



Entropy 2023, 25, 97

50f 10

Hence, in the typical case in which the eigenvectors (denoted by |A), k = 1,2) of A;
corresponding to the eigenvalues A; and A, have non-zero components within the Hilbert
space of system 2, we have

dy oMty o et (26)
As a result,
detd < exp2(A; + Ap)t, (27)
which directly leads to
Sei(pr) — Ser(po) = (A1 + A2)t, (28)

indicating that the growth rate of the linear entropy is given by the Kolmogorov-Sinai
entropy of the overall system, which is the second main result of our work.

3. Numerical Results

In this section, we numerically illustrate the prediction of equivalence between the
classical and quantum growth of linear entropies, Equation (13), as well as the growth as
predicted in Equation (28), by means of a two-body system which has a clearly defined
classical counterpart. More specifically, we consider two coupled rotators (or coupled
tops) [29,30], with respective angular momentum operators S = (§x, §y, §Z)T and L =
(ﬁx, ﬁy, I:Z)T, and a time-dependent Hamiltonian with kicked interaction:

= g(s +L)+ ]%SL Y 8(t—n), (29)
n=-—oo
where j is the (half-integer or integer) total angular momentum quantum number of both

. . . a2 P . .
tops. The Hamiltonian possesses constants of motion, ™ and 1*. The Hilbert space is
expanded by making use of |s, ms, [, m;) = |s, ms) ® |, m;), which are the joint eigenvectors

Of gzr S\Z/ i‘zl i'Z/

§2|s,ms,l,ml> =s(s+1)|s,ms,1,m),
SAZ|SrmS/lrml> = mS‘S/erl/ml>/
iz\s, ms,l,my) =1(14+1)|s, ms, 1, my),
iZ‘S/mS/l/ml> - lS|SrmS/ l/ml>‘ (30)
where ms € {—s,—s+1,---,s—1,s},and l; € {—],—-1+1,---,1 —1,1}. Here we choose
s=1=j.

The Floquet operator, that is the unitary evolution operator between consecutive kicks,
can be written as

A . A & Ca »

F = exp[—ia(S; + L,)] exp[—z;SxLx]. (31)
The classical counterpart can be obtained by taking the quasiclassical limit i = % — 0.
Introducing the rescaled angular momenta S = % and £; = %, and considering the

quasiclassical limit j — oo, yields the classical analog of the model,

HC = Q(Sz + Ez) + CSxEx Z §(t - n)/ (32)

n=—oo

where S2 + S; +82=r2+ Ei + L2 = 1. Depending on the coupling strength the classical
motion can be either chaotic or nearly-integrable, as shown by the three-dimensional
Poincaré surfaces of sections of Figure 1.
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Figure 1. Three-dimensional Poincaré surface of section for the chaotic case (a): a = 5,c = 3 and
the near-integrable case (b): 2 = 5,c = 0.5, where we fix ¢ = 0. Here we only consider a single
trajectory starting from (61, ¢1,602, ¢2) = (4,0, %T”, 0) (see text for the definition of the angles 6; and
¢x, k=1,2).

In the numerical simulations of both the quantum and classical cases, the linear
entropy is averaged over N, different initial states. In the quantum case, we consider the
initial states |61, ¢1, 02, p2) = |61, P1) @ |62, ¢2), where |61, ¢1) and |6, ¢,) indicate the spin
coherent state of the first rotator,

161, 1) = 159150, ), (33)

and an analogous expression holds for the second rotor. Then, the quantum averaged linear
entropy is calculated as follows,

— 1
Sq(t) = - LT((p1 (1)), (34)
Pop
where X X
Py () = Tro(E*|0F, ¢F, 05, p5) (01, ¢F, 03, ¢4 | (ET)D), (35)

and (9f , 4)f , 95 , 4)5’ ) are chosen randomly. In the classical case, we consider an initial ensem-
ble of Gaussian states,

A, 0 —0:)2  sin2(6;) (& — i1 )2
po (61, 91,05, ¢y) = Aexp (—( 1 - 1) _ sm ( 1)2’1 $1) )
/ 2 ’

which in case of i, — 0 can be written in terms of canonical variables (g1, p1,q2, p2) =
(¢1,cos 01, ¢o, cos 6) as

1—a)? A=) =)’
Lol b ph) = A 7(971 9]1) 7( P1)(P1 1
po(41, P1. 92/ P2) eXP< (1= ) e
!/ _ 2 2 !/ 2
X exp _@—q) (A-p)pa—p2)° 37)
hC(l—P%) he

Here A and A’ are normalization constants. Then the classical averaged linear entropy is
calculated as

S.(t) = Al,p Y Sa(oh), (38)
14
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where S (pfJ ) indicates the classical linear entropy (defined in Equation (11)), starting
from the initial ensemble, centered at (qlf, p’l‘, qlé, p’z‘) In our numerical simulations, we
considered 107 trajectories for each initial ensemble, and the integral in Equation (11) is
calculated by summing over the whole phase space with respect to system 1, which is
divided into 4 x 10° phase cells.

Results for the chaotic regime are shown in Figure 2. Note that A; is comparable to A4,
and the behavior S(t) — S(0) = (A1 + Ap)t predicted in Equation (28) on the basis of a purely
classical calculation, can be clearly seen both for quantum and classical simulations. The
growth rate, in very good agreement with the KS entropy A; + Ay, is clearly distinguished
from the growth rate given by the largest Lyapunov exponent A; alone. Note that by
increasing the coupling strength c the entanglement growth rate increases, in accordance
with the increase of the classical KS entropy. Moreover, it can be clearly seen that the
agreement between the classical and quantum linear entropy extends to longer times as
h = h. is reduced.

—e— 1 =0.02 —— h =0.001 -

ot
L

—e— K =001 —e— 7, = 0.0005
] —— h=0004 h =0.00017 .-~
—e— 1 =0.002
— 3
=
[n

he = 0.00017

14 o EC - 16 — 05
(@) 5=t
0 e S = (A A
0 1 2 3 4‘1 5 6 7

Figure 2. Quantum (circles with solid line) and classical (triangles with solid line) averaged linear
entropy for different /7 and 7. in the kicked coupled tops model defined in Equation (29), for (a):
a=>5,c=23and (b): a =5, c = 5. The dashed lines indicate the functions S = (A; + Ay)t (red) and
S = Ayt (light blue). The initial values of S(t = 0) are subtracted.

In Figure 3, we show data in the regular regime with weaker coupling strength, for
which invariant tori of the integrable model at ¢ = 0 are deformed but survive. The volume
occupied by the tori is the largest portion of the phase space and this affects the growth
of the linear entropy, which is logarithmic rather than linear. Our numerical results show
that, for large enough 7, the entropy S(t) « log t*, with & ~ 1, while « slowly increases
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with reducing /.. Note that the separation between nearby trajectories increases linearly
in time for integrable dynamics. Therefore, the number of cells of area 7 occupied in the
two-dimensional phase-space for system 1 is proportional to 2, leading to the expected
growth S(t) o« log t?. We therefore conjecture that such growth would be achieved in the
limit# — 0.

61 —— h =002 he = 0.0005
h=0.01 —— ho =2e—05
— 7’
51 —— h=0.004 S=1Int .

—— h =10.002 ---- §=2Int ’
49 —— h =0.0005

10! 102

Figure 3. Same as in Figure 2, but for weaker coupling strength ¢ = 0.5, for which motion is
quasi-integrable. The lines S(t) « log t and S(t) « log ? are also drawn.

4. Conclusions

We have shown that in the quasiclassical regime the entanglement growth rate is
given by the Kolmogorov-Sinai entropy of the underlying classical dynamics. Note that we
are considering initial separable coherent states, so that the quantum wave packet closely
follows the underlying classical phase space distribution up to the Ehrenfest time, which
diverges as the effective Planck constant i — 0. In spite of the lack of entanglement in
classical mechanics, our results prove, in the quasiclassical regime, the close connection
between entanglement generation and complexity of classical motion. Moreover, our
derivation based on purely classical grounds provides an intuitive picture that could hardly
be obtained on the basis of purely quantum calculations. Finally, the entanglement growth
is linear in the classically chaotic and logarithmic in the regular regime, thus showing the
entangling power of chaos.
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Appendix A. Derivation of Equation (24)

We write A; in block form,

A a b (A1)
t= 1T 4],
b d
N T PN . .
where 4 = ﬁT, d = d, and b are 2 x 2 matrices. Furthermore, we introduce two-

dimensional vectors 17 = (x1,x3) and g27 = (x3,x4). The matrix Equation (A1) can
be brought to the form

D) )@ -ernG D e

with T
G, =Yq+aq,Y=d b, (A3)
and LT
d=a-bd b . (A4)
Then, Equation (20) becomes
pHar) = 5 exp(—-alda [ daexp(—-atda, ). (A5)
t\d1 (1the )2 n, 11N 2 h. 1242

The integrals can be performed after introducing the integration variable transformation
G, — Rogy, with

d=RIAR,, A= (% 9, (A6)
0 d
yielding
1 1 1 »
ot (qy) = T~ eXP<h’hT“‘h)- (A7)
¢ det(d) ¢

A

Using that det(A;) = 1 = det (d) det(a), one has

2 det 2 » 1 N 1 1
/dql (P%(‘h)) = /dlh eXp( FT 1Taq ) = ic det(a) = ﬁhci’ (A8)

det(d)

which leads to Equation (24).
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