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Abstract: Given two graphs G and H, the mapping of f : V(G) — V(H) is called a graph homomor-
phism from G to H if it maps the adjacent vertices of G to the adjacent vertices of H. For the graph G,
a subset of vertices is called a dissociation set of G if it induces a subgraph of G containing no paths
of order three, i.e., a subgraph of a maximum degree, which is at most one. Graph homomorphisms
and dissociation sets are two generalizations of the concept of independent sets. In this paper, by
utilizing an entropy approach, we provide upper bounds on the number of graph homomorphisms
from the bipartite graph G to the graph H and the number of dissociation sets in a bipartite graph G.

Keywords: entropy; graph homomorphisms; dissociation sets; independent sets; bipartite graphs

1. Introduction

Throughout this paper, we consider only undirected and labeled graphs which contain
no multiple edges. Let G be a simple graph. For the vertex v € V(G), let N(v) = {u|uv €
E(G)} and the degree d(v) of v be the size of N(v). The graph G is regular if all vertices
have the same degree; if this degree is d, then G is d-regular. A subset of the vertices of G is
called an independent set if it induces a subgraph of G containing no edges. The empty set
is also thought to be an independent set of G. Let

Z(G) = {I|I is an independent set of G},

and
i(G) = |Z(G)|.

If the vertex set V(G) of G can be partitioned into two nonempty independent sets
Land R, so that LUR = V(G) and L N R = @, then G is a bipartite graph and is denoted
by G[L, R]. Furthermore, if all vertices in L or R have the same degree, then G is called a
half-regular bipartite graph. For a positive integer k, the disjoint union of the k copies of G is
denoted by k - G.

In the last decades, the problem of upper bounding the number of discrete structures
satisfying specific properties has received considerable attention. In particular, there have
been a lot of results on upper bounding the number of independent sets in a given class of
graphs. Using an entropy approach, Kahn [1] obtained the greatest number of independent
sets in regular bipartite graphs. Zhao [2] extended Kahn's result to all regular graphs.

Theorem 1. [1,2] If G is an n-vertex d-regular graph, then
i(G) < (241 —1)m,

with equality if and only if n is divisible by 2d and G = 75 - K; 4.
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The result in Theorem 1 can be rephrased as: if G is a d-regular graph, then

i(G) < H (zd(u) 4 2d(@) _ 1)1/(d(u)d(v)) — H (i(Kd(u),d(v)))l/(d(u)d(v))' 1)
uveE(G) uveE(G)

Kahn [1] conjectured that the inequality (1) also holds for any graph G that contains no
isolated vertices. In 2019, Sah et al. [3] solved the conjecture.

Theorem 2. [3] If G is a graph that contains no isolated vertices, then

i(6) < T (214210 - VW) = T (i(Ky, a0,
uveE(G) uveE(G)

Recently, Sason [4] presented an entropy approach proof of Theorem 2 under the
assumption that the graph is a half-bipartite graph.

For the extremal problem of this kind, other special graph substructures, such as
maximal (maximum) independent sets [5-7], matchings [8], minimal dominating sets [9],
maximum dissociation sets [10], etc., were also studied by the researchers.

In this paper, we focus on two generalizations of the concept of independent sets. The
first is graph homomorphism. Given two graphs G and H, the mapping f : V(G) — V(H)
is called a graph homomorphism from G to H if it maps the adjacent vertices of G to the
adjacent vertices of H. Let

Hom(G,H) ={f:V(G) = V(H): f(u)f(v) € E(H) Vuv € E(G)},

and
hom(G,H) = |Hom(G, H)|.

The graph G is called the source graph and is usually simple; the graph H is called the
target graph and it is allowed to have loops. For a simple graph G, when H is a graph with
V(H) = {v1,v2} and E(H) = {v1v1,v102}, for any f € Hom(G, H), the vertex set

{u:ueV(G)and f(u) = v}

is an independent set of G, and it is easy to see that there exists a bijection between the
elements of Hom (G, H) and the independent sets of G. Galvin and Tetali [11] extended the
result in Theorem 1 to graph homomorphisms as follows.

Theorem 3. [11] Let G be a simple d-regular bipartite graph. Then, for any graph H,

hom(G, H) < [hom(Ky ¢, H)]V©OV @D — TT  [hom(Ky, 4, H)]V/?.
uveE(G)

It can be shown that the hypothesis in Theorem 3 that G is a bipartite graph cannot be
discarded [12]. Galvin [13] posed the following conjecture that extends Theorem 3.

Conjecture 1. [13] Let G be a simple bipartite graph that contains no isolated vertices. Then, for
any graph H,
hom(G,H) < T [hom(Kyq), a), H)]Y/ @004,
uveE(G)

The first contribution of our work is to prove that Conjecture 1 holds for simple half-
regular bipartite graphs. Let G be a simple bipartite graph that contains no isolated vertices.
We obtain an upper bound on hom (G, H) for any graph H using an entropy approach.
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Theorem 4. Let G[L, R] be a simple bipartite graph that contains no isolated vertices. For any
vertex v € R, let 0y 1= min, e () {d(u)}. Then, for any graph H,

1

hom(G/ H) S H [l’lom(K(gv, d(U)/ H)} 0vd(v) |
uv€E(G),ueL,veR

The following corollary can be easily deduced from Theorem 4 and implies that
Conjecture 1 holds for simple half-regular bipartite graphs.

Corollary 1. Let G be a simple half-regular bipartite graph that contains no isolated vertices. Then,
for any graph H,

hom(G,H) < T [hom(Kyq), ag), H)]Y/ @004@),
uveE(G)

The second generalization of the concept of independent sets considered in this paper
is dissociation sets. Let G be a simple graph. A dissociation set of G is a set of vertices
which induces a subgraph containing no paths of order 3, i.e., a subgraph of a maximum
degree which is at most one. Clearly, an independent set of G is also a dissociation set of G.
Let

D(G) = {D|D is a dissociatio set of G},

and
@(G) = [D(G)|-

In the early 1980s, Yannakakis [14] introduced the concept of dissociation sets and
proved that the problem of finding a dissociation set of the largest possible size in a given
graph is NP-complete in bipartite graphs. The problem is also NP-complete in planar
graphs of a maximum degree which is at most four [15].

The second contribution of our work is to give an upper bound on ®(G) for the simple
bipartite graph G by the entropy approach.

Theorem 5. Let G[L, R] be a simple bipartite graph that contains no isolated vertices. For any
vertex v € R, let 8y := minyc ) {d(u) }. We have

1
uveE(G),ucL,veR

The following corollary can be easily obtained from Theorem 5.
Corollary 2. Let G be an n-vertex simple d-reqular bipartite graph. Then,
D(G) < ((d+2)-29—d—1)m.

The rest of this paper is organized as follows. In Section 2, we introduce some of the
basic concepts and notations of entropy, as well as several important preliminary lemmas.
In Section 3, the proofs of Theorems 4 and 5 are presented. The upper bound given in
Corollary 2 is not tight. When d = 2, a simple two-regular bipartite graph is a disjoint
union of the even cycles. In Section 4, we give a tight upper bound on ®(G) for a simple
two-regular graph G. In Section 5, we summarizes our work.

2. Entropy

All the preliminary lemmas introduced in this section and their proofs can be found
in [16]. Hereinafter, let X, Y, etc., be discrete random variables. We write p(x) and p(x | y)
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to denote Pr[X = x] and Pr[X = x | Y = y], respectively. The entropy of the random
variable X is defined by

H(X) = Ellog <] = 1 p(x) log s,

where the logarithm is base two and we assume that OIOg% = 0. It is useful for us to
understand entropy H(X) as a measure of the degree of randomness of X.

Lemma 1. If X takes its values on a finite set X, then
H(X) < log | Y],
with equality if and only if X is uniform on X.

The conditional entropy H(Y | X) of Y given X and the joint entropy H(X,Y) are
defined by

HOY |3 = Ep0 Doy | logp(;x) = Lp(H( | X =2),

and

1
H(X,Y) = %P(x,y) log oy)

respectively. If Y is a function of X, then we say X determines Y.

Lemma 2. (Dropping rule) (1) H(Y | X,Z) < H(Y | X) < H(Y);
(2) If X determines Z, then H(Y | X) < H(Y | Z).

Lemma 3. (Chain rule)
H(X,Y)=H(X)+ H(Y | X).

as a general rule, for a random vector X = (X1, Xp, -+, Xn),
H(X)=H(X1) + HXz2 | X1) + -+ H(Xp | X1, , Xy—1)-

Lemma 4. (Subadditivity) For a random vector (X1, Xa, -+, Xn),

T

I
—

H(XI/XZI"' IXTI) S (Xi)/

and

=

H(XerZ/"'/Xn|Y)S H(XZ|Y)

I
—

3. Proofs of Theorems 4 and 5

Proof of Theorem 4. We first introduce a useful expression for hom(Ky,,, H) that was
given in [11]. Consider a complete bipartite graph K, , with bipartition (U, V). For
ACV(H),let
T(V,A) ={f:V — A: f surjective}
and
C(A)={weV(H):wze€ E(H)Vz e A}

Then,
hom(Kmn, H) = ) |T(V,A)[|C(A)". )
ACV(H)
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Let £ := |L| and r := |R|. We assign the labels u1, 1, - - - , u; to the vertices of L and
the labels v1,v,, - - - , v, to the vertices of R.

Choose a graph homomorphism f uniformly at random from Hom(G, H). For S C
V(G), we write fs for the restriction of f to S. When § = {v}, we write f, for fi,,. For
veV(G)and A C V(H),let My := {f(u),u € N(v)}, and m,(A) := Pr[M, = A]. Clearly,
for every vertex v € V(G),

Z mv(A) =1 3)
ACV(H)
By Lemmas 1 and 3, we have
H(f) = loghom(G, H) 4)
and
H(f) = H(fu) + H(fr | fo)- ()
We will prove that

<Y Y 5 Hne): ©)

uel veN(u

By Lemma 3, we have
H(fr) = H(fu,) + H(fup | fuy) +- -+ H(fu, | furs s fu,y)
14
= ;H(fui |fu1f”' ’f“i—l)'

Suppose that for a vertex v € R, N(v) = {u;, -+ ,u; }, where 1 <ij < --- < i < /L.
Then, by Lemmas 2 and 3,

H(fN(v)) = H(f“i]) +H(f”i2 |f7/li]) +"'+H(f“ik |f”i]’f”i2"” ’f“i<k_l>)
> H(fuil |fu1" o ’fuil—l) +H(flli2 ‘ful" o ’fuiz—l) +
‘I'H(fuik |fM1"" 'fuik—l)'

Recall that for a vertex v € R, dy = min, ¢ () {d(u)}. For any vertex u € L,

L iz ¥ g

veEN (u) veN (u)

Thus, we have

L L

u€L veN(u)

) = L) jd(lvHUN(v)) = ¥ 5 Hifvw)

v veR 7Y

0')‘,_\
=

14
ZZ Z fu, |fu1""rfui—1)

¢
> Z H(fui | furse o fuiy)
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Now we have proved that the inequality (6) holds. Furthermore, since H(fy () <
H(fN(v), Mo) = H(My) + H(fn(o) | Mo),

1 1 1 1
MGZLU€§ );m fN = uGZLUGN(u Edi H(Mo) + H(fN(U) | M)l (7)
Next, consider H(fr | fL)-

H(fr | fu) < %H(fv | fi) ®)
-r T d(lz, (ol ) ©

ueLveN(u

1

- Lng;e%u) (Z)) (fv |fN ) (10)
<)Y L d(lv (fo | My), (1)

ueLveN(u

where the inequality (8) follows from Lemma 4, the inequality (10) follows from Lemma 2
and the fact that for any vertex v € R, N(v) C L, and the inequality (11) follows from the
fact that fy,) determines Mo,.

Combining (5)—-(11), we have

1 1 1
< — M,) + H MU _|_ | M,
L I s + B | Mol + B 5 G55H(e | Mo
1
= H(My) +H(fnw | My) +8.H(f | My)].
L X sy HM) + Hfio) | Mo) + 0oH(fo | Mo)] W
1 1
= o(A)log —— +my(AVH | My = A)+
u€Ll veN(u) ‘5vd( )AQ%H)[TH ( ) 08 mv(A) m ( ) (fN( )| )
+ 8oy (A)H(fy | My = A)].
By Lemma 1,
H(fn() | Mo = A) <log|T(N(v),A)], (13)
and
H(fo | My = A) <log|C(A)|. (14)

Combining (12)-(14), we have

1
<Y X M() T, [me(A)10g s () log [T(N (o), 4)

ueLveN(u
+ domy (A) log |C(A)]]

= ! my(A)log [T(N(

Q
—
S
=
@
—~
~
S
)

IA
g

a8 L IT(N@), A)liCu(A) -

= 70 log ]’lom(K&), d(v)/H)r (16)
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where the inequality (15) follows from the concavity of the function f(x) = logx and the
equality (3), the equality (16) follows from the equality (2).
It follows from (4) and (16) that

1
hom(G,H) < TT T1 hom(Ks,age), H) %
ueLveN(u)

1
= 1_[ hom(Ky,, 4(p), H) %@
(u,0)€E(G),ucL,veR

We complete the proof of Theorem 4. [

Proof of Theorem 5. Choose a dissociation set S uniformly at random from D(G). For
every vertex u € L, we define the random variable X, by:

X, = 1, ifues,
0, ifué¢s.

For every vertex v € R, we define the random variable Y; by:

Y, = 1, ifv e s,
0, ifv &S.
Let X := (Xy,, ..., Xy,) and Y := (Yy,, ..., Yy, ). By Lemmas 1 and 3, we have
H(X,Y) = log ®(G), (17)
and
H(X,Y) = H(X) + H(Y | X). (18)

Let v be a vertex of R. We denote by X,y a random vector (Xu)ueN(v)- Let Qy :=
1{ ¥ X, <1}andg,:=Pr[Q, = 1], where 1{E} is the indicator of an random event E.
ueN(v)
Similarly, we can prove that

HX)<) ), d(lv)H(XN(v))' (19)

ucLoeN(u) “?

N

Furthermore, since H(Xyy)) < H(XN(o), Qo) = H(Qo) + H(Xn(o) | Qo).

1 1
<) Z ) <)y X *W H(Qo) + H(Xn) | Qo)]- (20)
uGLUGN(u uel veN(u)
Next, consider H(Y | X).
H(Y | X) < Y H(Y. | X) e1)
vER
1
H(Y, | X (22)
=4k, @@
<) L (1 (Yo | Xn(o)) (23)
u€LveN(u)
1
< H(Yy | Qo (24)
L.k, w0 e
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where the inequality (21) follows from Lemma 4, the inequality (23) follows from Lemma 2
and the fact that for any vertex v € R, N(v) C L, and the inequality (24) follows from the
fact that Xy (,) determines Q.

Combining (18)-(24), we have

H(X,Y) = H(X) + H(Y | X)

=L L5 (1) (Q) + HXngw [ QI+ Y 1 d() H(Yo | Qu)

Eu

uel venu) %0 u€L veN(u) (25)
1
= Z Z Qv)"‘H(XN |Qv)+5H(Yv|Qv)]
uelLveN(u
For the random variable Q,,
1 1
H(Qy) = golog — + (1 —g) log . (26)

qo 1—170

Consider the conditional entropy H(Xy (o) | Qo). If Qv = 1, then X;, = 1 for at most
one vertex u in N(v), so by Lemma 1,

H(XN() | Qo =1) < log(d(v) +1).
If Qu = 0, then X,, = 1 for at least two vertices u in N(v), so by Lemma 1,
H(Xy(o) | Qo = 0) <log(2"®) —d(v) —1).
Then,
H(Xno) | Qo) = qoH(XN(w) | Qo =1) + (1 = o) H(Xy (o) | Qv = 0)
< golog(d(v) + 1) + (1 — o) log (2" —d(v) - 1).

Consider the conditional entropy H(Yy | Qp). If Q, = 1, then Y, may be 0 or 1. If
Qy = 0, then Y, must be 0. Thus,

H(Yv | Qv) = qu(Yv ‘ Qv = 1) + (1 _qv)H(Yv | Qv = 0)

(27)

28
< gylog2. (28)
It follows from (25)—(28) that
HXY) S Y Y o lplog— +(1-g0)log
u€L veN(u) ‘Svd( ) qo 1 — Yo
+ golog(d(v) +1) + (1 — g,) log(24®) — d(v) — 1) + 6ug, log 2]
1 (d(v) +1)2% 240) —d(v) —1
= olog - —2 /% 4 (1—g,)log=———~ =
LELUG% )M(v)[q 8 o (1= go)log =——— =]
<y Y 5 log[(d(v) +1)2% +29) —d(v) —1], (29)
ueLveN(u) ( )

where the inequality (29) follows from the concavity of the function f(x) = log x.
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It follows from (17) and (29) that

®(G) < [T TT [(d(o) +1)2% +24) — d(v) — 1] %aE
ueL veN(u)

= I [(d(v) +1)2% +29) — d(v) — 1]5d@) ,
(u,v)€E(G),ueL,veR
We complete the proof of Theorem 5. [

4. Further Remarks
By Corollary 2, if G is an n-vertex simple two-regular bipartite graph, then

@(G) < 13% ~ 1.8988".
In this section, we give a tight upper bound on ®(G) for a simple two-regular graph G.
Theorem 6. If G is an n-vertex simple two-regular bipartite graph, then
D(G) < 195 ~ 1.8415",
with equality if and only if n is divisible by six and G = § - Ce.

Proof. A simple two-regular bipartite graph is a disjoint union of even cycles. It suffices to
prove thatif n > 4 and n # 6, then

n

D(Cy) < P(Co)o =195 ~ 1.8415".
Claim 1. When n > 3, ®(P,) < 1.14 x 1.84", where P, is a path on n vertices.

Proof of Claim 1. ®(P;) = 7, ®(Py) = 13, ®(P5) = 24. It is easy to verify that when
3<n<5 &(P,) <114 x 1.84". When n > 6,
(D(Pn) :qD(Pn—l) + CD(Pan) + CD(Pnf?))
<1.14 x 1.84"3(1.84° + 1.84+1)
<1.14 x 1.84".

O
Claim 2. Whenn > 7, ®(C,) < 1.0015 x 1.84".
Proof of Claim 2.

CD(Cn) ICD(Pnfl) + q)(Pn73) + 2®(Pn74)
<114 x1.84" 1 +1.14 x1.84" 3 +2 x 1.14 x 1.84" 4

C 114 x (1,84% +1.84 + 2)
N 1.844
<1.0015 x 1.84".

x 1.84"

O

By a direct calculation, ®(Cy)i = 111 & 1.8212 and ®(Cg)s = 195 ~ 1.8415. When
n>8, &(G)r < (1.0015 x 1.84")7 < 1.00158 x 1.84 ~ 1.8404. It follows that if n > 4 and
n # 6, then ®(C,,) < 195 ~ 1.8415".

We complete the proof of Theorem 6. [
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Theorem 7. If G is an n-vertex simple two-regular graph, then
®(G) <75 ~ 1.9130",
with equality if and only if n is divisible by three and G = % - C3.

Proof. It suffices to prove that if n > 4, then

(Cy)it < B(C3)F = 75 ~ 1.9130.
O(Cy)T = 111 ~ 1.8212, d(Cs)5 = 215 ~ 1.8384, B(Ce)s = 19

proof of Theorem 6, when 1 > 7, ®(G)7 < (1.0015 x 1.84")% < 1.0015

We complete the proof of Theorem 7. [

~ 1.8415. By the
x 1.84 ~ 1.8404.

= o

5. Conclusions

The study of independent sets has had a central place in graph theory. What is
the greatest number of independent sets in an n-vertex d-regular graph? The problem
was initially posed by a mathematician, Andrew Granville, who found applications in
combinatorial number theory and combinatorial group theory [17]. Since then, the study
of counting independent sets in graphs has been a hot topic in graph theory. Some other
applications of the study of this kind was provided in [18].

Graph homomorphisms generalize some of the basic concepts of graph theory, for
example, independent sets, graph colorings, etc. One may wonder whether many results
on counting independent sets can generalize to graph homomorphisms. A well-known
conjecture (Conjecture 1) was posed. In this paper, we partially solve the conjecture and
show that the conjecture holds for half-regular bipartite graphs. The following problem
could generate future research directions in the study of counting graph homomorphisms.

Problem 1. Prove or disprove Conjecture 1.

We also consider another important generalization of the concept of independent sets,
dissociation sets. The study of dissociation sets has applications in networking security,
wireless sensor networks, scheduling and telecommunications [19,20]. In this paper, we
focus on the problem of counting dissociation sets in bipartite graphs. But, the upper
bounds given in Theorem 5 and Corollary 2 are not tight. Much more work needs to be
done in the future.

Problem 2. For d > 3, find a tight upper bound on the number of dissociation sets in an n-vertex
d-regular graph.

Another contribution of our work is the simplification of Sason’s [4] entropy approach
that can deal with irregular bipartite graphs. But it’s a pity that the entropy approach
presented in this paper is not suitable for general graphs. A future work needs to be done
that extends the entropy approach to deal with general graphs.
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