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Abstract

Neural operators, which use deep neural networks to approximate the solution mappings

of partial differential equation (PDE) systems, are emerging as a new paradigm for PDE

simulation. The neural operators could be trained in supervised or unsupervised ways, i.e.,

by using the generated data or the PDE information. The unsupervised training approach

is essential when data generation is costly or the data is less qualified (e.g., insufficient and

noisy). However, its performance and efficiency have plenty of room for improvement. To

this end, we design a new loss function based on the Feynman-Kac formula and call the

developed neural operator Monte-Carlo Neural Operator (MCNO), which can allow larger

temporal steps and efficiently handle fractional diffusion operators. Our analyses show that

MCNO has advantages in handling complex spatial conditions and larger temporal steps

compared with other unsupervised methods. Furthermore, MCNO is more robust with

the perturbation raised by the numerical scheme and operator approximation. Numerical

experiments on the diffusion equation and Navier-Stokes equation show significant accuracy

improvement compared with other unsupervised baselines, especially for the vibrated initial

condition and long-time simulation settings.

1 Introduction

Diffusion is a common and important phenomenon in nature, which plays a significant role in

science and engineering such as fluid mechanics [43], heat conduction [31], quantum mechanics [6].

From a macroscopic point of view, diffusion means the transport of mass from high concentration

region to the low concentration one, which is mathematically described by the Laplacian operator

[9] and widely appears in diffusion equation, Navier-Stokes equation, etc. To simulate the above

physical processes, researchers have developed some well-known classical numerical methods for

partial differential equations (PDEs), including Finite Difference Method (FDM), Finite Volume

Method (FVM), Spectral Method (SM), etc [22].
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Besides the classical numerical methods, the so-called neural operators are emerging as a

new paradigm for simulating PDE systems with the development of deep learning. In neural

operator learning tasks, deep neural networks play a role as the approximators of the solution

mapping (i.e., the mapping between the PDE’s parameters or conditions to the solution) for

PDEs. Along this direction, several studies have proposed diverse network architectures for

neural operators [3, 4, 26, 30]. These operators could be learned in both supervised [26, 30] and

unsupervised ways [51, 54], using the pre-generated data or the PDE information to construct the

training targets, respectively. The unsupervised way of training is essential for regularizing the

deep learning model, especially for the scenario where generated data is not qualified. However,

it still lacks a thorough study on unsupervised loss design in learning the neural operator, which

makes its training less efficient (e.g., it requires fine-grained residual terms and cannot simulate

for a long time) compared with the supervised approach.

In this work, we propose a novel unsupervised way to train the neural operator for a class of

PDE systems with diffusion. It is motivated by the microscopic view of the diffusion, i.e., the

ensemble of the random movements of microscopic particles [57]. Therefore, the solutions of a

PDE system with diffusion allow probabilistic representation, which is easily simulated via Monte

Carlo approximation. Leveraging the probabilistic representation, we develop Monte Carlo Neu-

ral Operator (MCNO), a novel way to train the neural operator in an unsupervised manner.

It inherits the advantages from Monte Carlo-based methods (MCM), including robustness for

larger temporal steps and efficiency in handling fractional diffusion operators.

We conduct in-depth analyses on the performance of MCNO both theoretically and exper-

imentally. In theory, we characterize the approximation error and the robustness of MCNO

with respect to the vibration of the spatial condition, the temporal discretization scheme, and

the diffusive coefficients. Numerical results show that MCNO has significant benefits compared

to FDM-based methods, especially for simulating tasks requiring complex spatial conditions

and larger temporal steps. Our experiments on the diffusion equation, Burgers’ equation, and

Navier-Stokes equation could support our theoretical claim. Besides, our work is the first time

to simulate these equations for a long period in an unsupervised approach with large steps, e.g.,

simulating the Navier-Stokes equation for 5s with ∆t = 0.5s, which is super challenging for

existing unsupervised loss. In summary, we make the following contributions:

1. We propose MCNO, a new Monte Carlo-based unsupervised approach to train the neural

operator for a class of PDE systems with diffusion, which is robust for spatial-temporal variation

and efficient for handling fractional operators.

2. We prove that MCNO has accuracy and robustness benefits compared to FDM-based

methods, especially for problems with complex spatial conditions and larger temporal steps.

Furthermore, the stochastic label noise from the Monte Carlo sampling could help generalization

when handling the diffusion terms, while the deterministic bias in other unsupervised training

signals is harmful in general.

3. The experiments on the diffusion equation and Navier-Stokes equation show significant

improvements in accuracy compared with other unsupervised neural operators. Moreover, it is

the first time for a neural operator to simulate turbulent flows for a long period in an unsupervised

approach with large steps.

2 Related Works

Neural Operators Neural operators are proposed to learn a mapping between the infinite-

dimensional function spaces, e.g., the mapping between PDE’s initial condition or force term
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(sampled from a distribution) to its solution [30]. [30] proposed DeepONet to encode the initial-

ization conditions and queried locations via branch and trunk nets, respectively. [23] and [25]

learn the operator in Fourier space via Fast Fourier Transform, which can handle different fre-

quency components efficiently. Moreover, several works utilize graph neural networks [3, 26] or

transformers [4, 24] as the surrogate models between functional spaces. However, the above meth-

ods require the supervision of ground-truth data generated via accurate numerical solvers, which

is quite time-consuming in general. To this end, some neural operators aim to train the operator

without the supervision of data [15, 28, 51, 54]. [54] proposed PI-DeepONets, which utilize the

PDE residuals to train DeepONets in an unsupervised way. [15] proposed Meta-Auto-Decoder, a

meta-learning approach to learn families of PDEs in the unsupervised regime. Furthermore, [51]

and [28] utilize the residuals of the FDM to train the neural operators. Compared with these

unsupervised methods, MCNO encodes the physics information via Feynman-Kac law, which

can allow larger roll-out steps and efficiently handle (fractional) Laplacian terms.

Physics-Informed Neural Networks (PINNs) PINNs are proposed to solve the PDE sys-

tem by using the residual of the PDE to approximate its solution (i.e., the point-to-point mapping

between the spatial-temporal point to the solution value). They are widely used to solve a specific

PDE or the inverse problems [5, 18, 44, 61]. Recently, PINNs have obtained significant progress

in solving scientific problems based on the PDEs, including Navier-Stokes equations [16, 33, 45],

Schrödinger equations [14, 23], Allen Cahn equations [17, 34], and so on. Apart from construct-

ing the loss function via the PDE residuals directly, some works also utilize the probabilistic

representation of PDEs to train neural networks [11, 13, 58], which can handle high dimen-

sional or fractional PDEs efficiently [11, 12, 46, 47]. Furthermore, some studies design the loss

functions based on other numerical methods, including finite volume method [1], finite element

method [36, 38], energy-based method [56], etc. It is worth mentioning that the above PINN

methods have to retrain the neural networks when meeting a PDE with changed conditions

(e.g., initial conditions), which is time-consuming. In this paper, we aim to learn operators

between infinite dimensional spaces, which can generalize to different conditions of the PDEs

over a distribution, and then, we could simulate different PDE instances simultaneously without

additional training costs.

3 Methodology

3.1 Preliminary

In this paper, we consider a class of PDEs with a linear term given by the Laplacian operator

defined as follows:

∂u

∂t
= β[u](x, t) · ∇u+ κ∆u+ f(x, t), (1)

u(x, 0) = u0(x), (2)

where x ∈ Ω ⊂ Rd, t denotes the d-dimensional spatial variable and the time variable, respec-

tively, u : Ω × (0, T ] → R, β[u](x, t) ∈ Rd is a vector-valued mapping from u to Rd, κ ∈ R+

is the diffusion parameter, and f(x, t) ∈ R denotes the force term. Given the initial condition

u0(x), we are interested in the evolution of ut(x) for t ∈ (0, T ]. Many well-known PDEs can be

viewed as a special form of Eq. 1, such as diffusion equations, Burgers’ equation, etc.

For such PDEs with the form as Eq. 1, the Feynman–Kac formula provides the relationship

between the PDEs and corresponding probabilistic representation [12, 39, 40]. In detail, we can
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use the time inversion (i.e., ũ(x, t) = u(x, T − t), f̃(x, t) = f(x, T − t)) to the PDE as:

∂ũ

∂t
= −β[ũ](x, t) · ∇ũ− κ∆ũ− f̃(x, t), (3)

ũ(x, T ) = u0(x). (4)

Applying the Feynman–Kac formula [32] to the terminal value problem Eq. 3, we have

ũ0(x) = Eξ

ñ
ũT (ξT ) +

∫ T

0

f̃(ξs, s)ds

ô
, (5)

where ξs ∈ Rd is a random process starting at x, and moving from 0 to T , which satisfies:

dξt = β[ũ](ξt, t)dt+
√

2κdBs,

ξ0 = x,
(6)

where Bs is the d-dimensional standard Brownian motion. Applying time inversion t → T − t
to Eq. 5, we have

uT (x) = Eξ

ñ
u0(ξT ) +

∫ T

0

f(ξs, T − s)ds
ô
. (7)

3.2 Monte Carlo Neural Operator

𝒖𝒖𝟎𝟎
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Figure 1: Illustration of the training process of MCNO. We construct the training loss

via the relationship between uti and uti+1
given by the Feynman-Kac law. A: random walk

according to the stochastic process in Eq. 11, and denote the M particles starting at the grid

point x as {ξ̃
m

t }Mm=1; B: project each ξ̃
m

ti to the nearest coordinate point ξ̂
m

ti in the high resolution

coordinate system; C: query the value of each ξ̂
m

ti via ûti and average ûti(ξ̂
m

ti ), and note that

the high-resolution ûti is obtained from uti via Fourier interpolation. Then, the loss function of

MCNO at x is given by: ‖Gθ(u0, ti+1)(x)−
∑M
m=1 ûti(ξ̂

m

ti )‖
2
2.

Given a PDE with the form of Eq. 1 and a distribution of the initial conditions D0, the

target of MCNO is to learn a functional mapping Gθ with parameter θ which can simulate the
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subsequent fields for all initial fields u0 ∼ D0 at time t ∈ [0, T ]. In detail, the inputs and outputs

of Gθ are given as follows:
Gθ : D0 × (0, T ]→ D(0,T ],

(u0, t) 7→ ut,
(8)

where D(0,T ] denotes the joint distribution of the field after t = 0. Unlike other supervised

operator learning algorithms [3, 23, 30], MCNO aims to learn the operator in an unsupervised

way, i.e., only utilize the physics information provided by PDEs. To this end, MCNO considers

training the operator in a pure PDE equation driven approach via the relationship between uti
and uti+1

(where 0 = t0 < · · · < ti < ti+1 < · · · < tm = T ) derived by the aforementioned

probabilistic representation. Considering Eq. 7, an expected neural operator Gθ should satisfy

the following equation:

Gθ(u0, ti+1)(x) = Eξ

[
Gθ(u0, ti)(ξti+1

) +

∫ ti+1

ti

f(ξs, ti + (ti+1 − s))ds
]
, (9)

where ξs(s ∈ (ti, ti+1]) is generated by Eq. 6 with ξti = x.

Regarding Eq. 9 as the optimization objective, the expected loss function of MCNO can be

written as follows:

LMCNO =

m−1∑
i=0

Eu0

[∥∥Gθ(u0, ti+1)(x)−Eξ

[
Gθ(u0, ti)(ξti+1

)+

∫ ti+1

ti

f(ξs, ti+ti+1−s)ds
]∥∥2

2

]
, (10)

where Gθ(u0, t0) is directly set to be u0 in experiments.

Equipped with the loss function Eq. 10, we sample the initial states u0 from D0 uniformly for

each epoch, calculate the Monte Carlo loss LMCNO, and utilize Adam [19] to optimize the neural

operator Gθ until converge. Here, we use the Monte Carlo method to estimate the expectation

with respect to u0 and ξ, and details will be introduced as below.

3.3 Implementation Details of MCNO

In this section, we introduce some important implementation details for MCNO. We illustrate

the framework and training process of MCNO in Fig. 1 and the overall algorithm in Appendix A.

Spatial Discretization In this paper, we are interested in the evolution of PDEs at fixed

grids {xp}Pp=1 ∈ Ω.1 Accordingly, the inputs and outputs of the operator Gθ are equation values

at P coordinate points, respectively. Thus, when calculating the loss function between Gθ(u0, ti)

and Gθ(u0, ti+1), the particles start from each grid point xp at time ti+1, respectively, and then

walk back to time ti according to the random process in Eq. 5.

Temporal Discretization When simulating the stochastic process in Eq. 6, we first apply

time inversion and then mainly utilize the classical Euler–Maruyama method [53] to approximate

the SDEs. In detail, the discrete formula for the SDE after applying time inversion to Eq. 6 is

given as follows:

ξ̃ti = ξ̃ti+1
− β[u](x, ti+1)∆t−

√
2κ∆Bt, (11)

ξ̃ti+1
= x,

1Here, we apply MCNO on fixed grids for ease of evaluation, although the Monte Carlo approach could be

mesh-free and does not rely on specific grids.
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where ξ̃ is the time inversion process of ξ in time interval [ti, ti+1], i.e., ξti+s and ξ̃ti+1−s for

s ∈ [0, ti+1− ti] have the same distribution. Please note that we apply a one-step roll-out at each

time interval, i.e., at each ti+1, MCNO generates the particles anew from x, and moves them

back to ti according to Eq. 11. The stochastic integral of the force f in Eq. 9 is approximated

via Euler’s method, which is in line with [12]. Moreover, to handle some PDEs with large

spatial-temporal variation, we also consider other numerical methods to simulate Eq. 6, including

Runge–Kutta method [48] and Heun’s method [53]. More details are shown in Sec. 5.4.

Random Walks Eq. 5 and Eq. 6 describe the random walks driven by BSDEs of corresponding

PDEs. For PDEs with periodical boundary conditions, particles should be pulled back according

to the periodical law when walking out of the domain Ω. For Dirichlet boundary conditions,

the random walk of particles should stop once they reach the boundary. Furthermore, for PDEs

with the fractional Laplacian −(−∆)αu, where α ∈ (0, 2), we only need to replace the Brownian

motion with the α-stable Lévy process [20, 59, 60].

Fourier Interpolation Tricks In Eq. 11, the free particles ξ̃ti need to query the value of

Gθ(u0, ti) when approximating Gθ(u0, ti+1). To obtain the querying results efficiently, we project

the particles ξ̃ti to the nearest grids in practice. To reduce projection errors as possible, we

utilize the Fourier transform to interpolate the grid of uti = Gθ(u0, ti) to the high-resolution one

ûti before the querying.

4 Theoretical Results

In this section, we study the theoretical properties of MCNO when simulating the diffusion

equation, and the proofs can be seen in Appendix B. In detail, we consider the periodical

diffusion equation2 defined as follows:

∂u

∂t
= κ∆u, x ∈ [0, 2π], t ∈ [0, T ]. (12)

In Theorem 4.1, given the ground-truth ut, we estimate the one-step error of predicted ut+∆t

constructed via FDM and MCM. Note that FDM is the source of training loss of PINO [28]

and LordNet [51], while MCM is the one of MCNO. Considering that PINO utilizes the spectral

method to calculate the spatial derivative, we ignore the error of the spatial derivative of FDM

in the proof.

Theorem 4.1. Let ut(x) be the diffusion equation in the form of Eq. 12, uFDM
t+∆t(x) and uMCM

t+∆t (x)

denote the one-step label starting from ut(x), given by FDM and MCM, respectively. Let Lba
denote the Lipschitz coefficient of function a with respect to variable b. Then, we have

1)
∣∣uFDM
t+∆t(x)− ut+∆t(x)

∣∣ ≤ κLt∆u∆t2

2 ;

2)
∣∣uMCM
t+∆t (x)− ut+∆t(x)

∣∣ ≤ ε holds with probability at least 1− (2Lxu)2κ∆t
Mε2 .

In Theorem 4.1, we compare the one-step roll-out error of MCM and FDM, respectively.

However, when training neural operators, the discretization and approximation error, which are

raised by the numerical method and the operator learning, will bring the inevitable error to

ut. To this end, we study the robustness of the target label conducted by FDM and MCM in

Theorem 4.2.

2Additional analyses for Eq. 1 can be seen in Appendix B.1.
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Theorem 4.2. Let ut(x) be the diffusion equation in the form of Eq. 12, and assume the exact

solution can be written as: ut(x) =
∑N
n=1 sin(nx)φn(t). Let Gθ be the neural operator, and its

prediction on ut(x) can be written as Gθ(u0, t)(x) =
∑N
n=1 sin(nx)(φn(t) + rn), where rn denotes

the residual of coefficient on each Fourier basis. Let uFDM
t+∆t(x) and uMCM

t+∆t (x) denote the one-step

label starting from Gθ(u0, t)(x), given by FDM and MCM, respectively. Then, we have

1)
∣∣uFDM
t+∆t(x)− ut+∆t(x)

∣∣ ≤∑N
n=1 |rn(κn2∆t− 1)|+ o(∆t);

2)
∣∣uMCM
t+∆t (x)− ut+∆t(x)

∣∣ ≤∑N
n=1 |rn|+ε holds with probability at least 1−2 exp

(
− ε2M

2(
∑N
n=1 |φn(t)|)2

)
.

MCNO is robust with larger steps and spatial variation. Theorem 4.1 reveals that

the target of MCNO is unbiased when solving diffusion equations even with arbitrarily large

temporal steps, and the variance can be reduced via the number of sampling. Furthermore, as

shown in Theorem 4.2, the error caused by the residual rn will be enlarged with the growth

of n and ∆t for FDM loss while holding steady for the MCM loss. This observation indicates

that MCNO is robust with the small perturbation and can allow large roll-out steps during the

training process compared to other FDM-based neural operators.

The label noise in MCNO could help generalization. In MCNO, the label to train the

neural network is noisy. For example, the Monte Carlo realization (i.e., 1
M

∑M
m=1

√
2κ∆tzm, zm ∼

N(0, 1)) of the term
∫ t+∆t

t

√
2κdBs introduces the label noise in the training objective of MCNO

for diffusion equations. Some studies show that label noise could regularize the optimization

trajectory of the optimizer and help generalization in deep learning [8]. Thus, the label noise

from the Monte Carlo sampling could help generalization when handling the diffusion terms.

At the same time, the deterministic bias in other unsupervised training signals is harmful in

general. It is another advantage of MCNO compared with FDM-based operators (e.g., PINO),

which is also verified by the experiments.

5 Experiments

In this section, we conduct numerical experiments to evaluate the proposed MCNO on the

following four tasks, including 1D (fractional) diffusion equations, 2D Navier-Stokes equations,

1D Burgers’ equation, and heat diffusion on a circular ring. The implementation details of

MCNO and other baseline methods are introduced in Appendix C. The ablation experiments

can be seen in Appendix C.3. We evaluate the model performances for all tasks via the relative

`2 error on 100 test PDE samples. We repeat each experiment with three random seeds and

report the mean value and variance. All experiments are implemented on NVIDIA A100 GPU.

5.1 1D Diffusion Equation

In this section, we conduct experiments on periodical 1D diffusion equation defined as follows:

∂u(x, t)

∂t
= −κ(−∆)

α
2 u(x, t), x ∈ [0, 1], t ∈ [0, T ], (13)

where the diffusion parameter α is restricted to the interval (0, 2]. Notice that α = 2 represents

the original Laplacian operator, while α ∈ (0, 2) denotes the fractional operator, which is defined

by directional derivatives [29, 37].

We generate the initial states u(x, 0) from the following functional space FN :

FN ,

{
N∑
n=1

an sin(2πnx) : an ∼ U(0, 1)

}
, (14)
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where U(0, 1) denotes the uniform distribution over (0, 1), and N represents the maximum fre-

quency of the functional space. In this case, we can obtain the exact solution for both the

original and fractional diffusion equations as follows:

u(x, t) =

N∑
n=1

an sin(2πnx)e−κ(2πn)αt. (15)

Specially, we consider the following three problem settings, including short temporal simulation

with different N , long temporal simulation with different κ, and fractional Laplacian simulation

with different α. For all the above experiments, we divide the domain [0, 1] into 64 grid elements.

When conducting MCNO, we divide the time horizon into 2 (10) steps for short (long) simulation,

respectively. We fix the time step of PINO as 100 in all experiments.

5.1.1 Short temporal simulation

In this case, we aim to evaluate the robustness of the proposed methods to the maximum

frequency of the functional space. We choose T = 1s, κ = 10−3 and α = 2. We conduct five

experiments with N = {2, 4, 6, 8, 10}, respectively. Fig. 2 displays the exact versus predicted

u of MCNO at t = 1.0s with N = 2 and 10, respectively. The results in Table 1 show that

MCNO is the most accurate and robust method when handling initial conditions with various

frequencies, which is in line with Theorems 4.1 and 4.2. Moreover, the relative error of PI-

DeepONet increases rapidly as N increases, which indicates that the PINN loss cannot deal with

high-frequency components efficiently. Similarly, this phenomenon has also been observed in the

previous literature [21, 55]. Furthermore, thanks to the large time steps, the training speed of

MCNO is obviously fast than other baseline methods (Table 1).

Table 1: Short temporal simulation of 1D diffusion equation with T = 1s and κ = 10−3. Relative

errors (%) and computational costs for three methods with N = {2, 4, 6, 8, 10}, respectively.

PI-DeepONet PINO MCNO

Error (N = 2) 0.34± 0.05 0.30± 0.01 0.27± 0.03

Error (N = 4) 0.58± 0.09 0.50± 0.09 0.14± 0.01

Error (N = 6) 1.53± 0.06 0.64± 0.23 0.19± 0.01

Error (N = 8) 8.24± 2.07 1.31± 0.41 0.25± 0.02

Error (N = 10) 28.55± 5.39 1.94± 0.58 0.30± 0.03

Time (Infer, ms) 1.81 2.09 1.75

Time (Train, H) 2.42 1.17 0.12

Parameters 152700 3289537 36577

5.1.2 Long Time Simulation

In this case, we aim to simulate the diffusion equation with κ = 10−2 and 10−3, respectively. We

set T = 5s, α = 2 and N = 10. The main difficulty of this task is the long time prediction, and

it is worth mentioning that the case κ = 10−2 is even more difficult due to the exponential decay

rate in Eq. 15. Compared with other methods, only MCNO achieves relatively low error when

κ = 10−2 (Table 2). We also evaluate the performance of FDM when κ = 10−2 and observe that

the results of FDM blow up when the number of steps is fixed as 100 (10× fine compared with

MCNO). Such observation explains why PINO fails on the task when κ = 10−2.
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Figure 2: Short temporal simulation of 1D diffusion equation with N = 2 (A) and N = 10

(B) at t = 1.0s, respectively. Exact solution versus the prediction of a learned MCNO for an

example in the test set.

Table 2: Long temporal simulation of 1D diffusion equation with T = 5s and N = 10. Relative

errors (%) and computational costs for three methods on κ = 10−2 and 10−3.

PI-DeepONet PINO MCNO

Error (κ = 10−2) 152.51± 38.21 7.89± 2.83 1.61± 0.20

Error (κ = 10−3) 28.10± 2.71 1.73± 0.44 0.60± 0.16

Time (Infer, ms) 1.86 2.09 1.78

Time (Train, H) 2.42 1.17 0.57

Parameters 152700 3289537 36577

5.1.3 Fractional Laplacian Simulation

In this case, we aim to show the ability of MCNO when handling the fractional diffusion equation.

We choose the diffusion parameter α = 0.5 and 1, respectively. We set T = 5s, κ = 10−3 and

N = 10. Since other physics-driven operator learning methods do not consider the fractional

operators, here we compare MCNO with the traditional numerical method MCM instead. For

the task α = 1.0, the accuracy of MCM cannot reach MCNO even if the number of sampling

comes up to 1.5 × 104 (Fig. 3). For the task α = 0.5, the performance of MCM outperforms

MCNO when the number of sampling is 104, which will take 700× inference time compared with

9



MCNO3. Note that the case α = 0.5 takes more inference time for MCM compared with α = 1.0

due to the random walk governed by the Lèvy process of α = 0.5 needs more computational

costs.
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Figure 3: Fractional Laplacian simulation of 1D diffusion equation with N = 10 and κ = 10−3.

Left: The dashed lines represent the relative errors (%) of MCM with different numbers of

sampling, and the solid ones denote the error of the trained MCNO. Right: The inference time

for MCNO and MCM evaluated on one sample in the test set, respectively.

5.2 2D Navier-Stokes Equation

In this experiment, we simulate the velocity field for 2D flows in a periodic domain Ω = [0, 1]×
[0, 1] without (or with) an external force, whose vortex equation is given as follows:

∂ω

∂t
= −(u · ∇)ω + v∆ω + f(x),

ω = ∇× u,
(16)

where f(x) is the forcing function, and ν ∈ R+ represents the viscosity term. We choose

the viscosity terms in {10−3, 10−4, 10−5} to simulate different flows, and the initial vorticity is

generated from the Gaussian random field N
(
0, 73/2(−∆ + 49I)−2.5

)
with periodic boundaries.

We divide the domain Ω into 64 × 64 grid elements. The time horizon [0, 5] is divided into 10

(100) uniform intervals for MCNO (PINO), respectively.

5.2.1 Without an External Force

In this experiment, the external force f(x) is fixed as zero. As shown in Table 3, MCNO

outperforms PINO for all tasks, and the advantages become more prominent when ν = 10−5.

Moreover, when the viscosity term ν decreases, it is harder to simulate the flow because it is

getting more turbulent, which agrees with the law of physics. Fig. 4 displays the ground-truth

versus predicted ω of MCNO at t = 5.0s with ν = 10−3 and 10−5, respectively. It can be seen

that the vorticity fields become more complicated when ν = 10−5; thus, the corresponding task

3Some implementation details can be seen in Appendix C.2.1

10



will become more challenging. It is also worth mentioning that we only discrete the time horizon

[0, 5] into ten steps for MCNO, which is ten times coarser when conducting PINO. This reveals

the ability of MCNO to adapt to large roll-out steps during the training process.

Figure 4: Simulation of 2D Navier-Stokes equations without an external force. The ground-truth

solution versus the prediction of a learned MCNO for an example in the test set at t = 5.0s,

with the viscosity terms ν = 10−3 (A) and ν = 10−5 (B), respectively.

Table 3: 2D Navier-Stokes equations simulation without an external force. Relative errors (%)

and computational costs for PINO and MCNO with ν = {10−3, 10−4, 10−5}, respectively.

PINO MCNO

Error (ν = 10−3) 2.42± 0.27 2.03± 0.32

Error (ν = 10−4) 5.28± 0.21 4.31± 0.21

Error (ν = 10−5) 9.34± 0.29 6.16± 0.12

Time (Infer, ms) 4.53 4.53

Time (Train, H) 6.17 1.08

Parameters 1481009 1481009

5.2.2 With an External Force

In this case, we consider the Navier-Stokes equations with an external force f(x), which is defined

as follows [23]:

f(x) = 0.1 sin (2π (x1 + x2)) + 0.1 cos (2π (x1 + x2)) .

11



Table 4: 2D Navier-Stokes equations simulation with an external force. Relative errors (%) and

computational costs for PINO and MCNO with ν = {10−3, 10−4, 10−5}, respectively.

PINO MCNO

Error (ν = 10−3) 3.00± 0.16 3.47± 0.41

Error (ν = 10−4) 8.52± 0.30 5.25± 0.30

Error (ν = 10−5) 11.11± 0.36 6.57± 0.22

Time (Infer, ms) 4.53 4.53

Time (Train, H) 6.17 1.08

Parameters 1481009 1481009

As shown in Table 4, MCNO outperforms PINO for the tasks ν = 10−4 and 10−5, and the

corresponding gaps between MCNO and PINO get wider when the force term is involved.

5.3 Heat Diffusion on a Circular Ring

Figure 5: Simulation of heat diffusion on a circular ring (Eq. 17). The ground-truth solution

versus the prediction of a learned MCNO for an example in the test set at t = 1.0s.

In this experiment, we utilize MCNO to simulate the heat equation on a circular ring, which

aims to reveal how MCNO handles such irregular boundaries with Dirichlet conditions. The

center of the ring located at the origin and the radiuses of the two circles are equal to 1 and 2,

respectively (Fig. 5). In detail, the PDE is defined as follows:

∂u(x, t)

∂t
= 0.001∆u(x, t),

where 1 < ‖x‖22 < 2, t ∈ [0, 1].

(17)

For such tasks with Dirichlet boundary, the random walks of particles need to stop when reaching

the boundary. The initial conditions are set to the spherically symmetric regime; thus, we only

need to consider the value of PDEs at {(x1, 0) : x1 ∈ [1, 2]}, while the random walks of particles

are simulated in the 2D space. The simulation of MCNO is accurate with the relative `2 error of

2.48%± 0.04% over 100 test instances. Fig. 5 shows snapshots of one of the learned heat fields

and the corresponding absolute error at t = 1.0. It can be seen that the errors are mainly at the

domain boundary.
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5.4 1D Burgers’ Equation

In this experiment, we conduct experiments to simulate 1D periodic Burgers’ equation defined

as follows:
∂u

∂t
= −u∂u

∂x
+ 0.01∆u,

where x ∈ [0, 1], t ∈ [0, 1].
(18)

The initial condition u0 is generated from the Gaussian random field N
(
0, 625(−∆ + 25I)−4

)
with periodic boundaries, which is in line with the setting in [54].

Apart from the Euler–Maruyama method [53], we also consider other numerical methods

to simulate the random process in Eq. 6, including Runge–Kutta method [48] and Heun’s

method [53]. The detailed algorithms can be seen in Appendix C.2.4. As the results in Fig. 6,

high-order numerical methods obtain more accurate simulation, and the mean relative error of

the Runge-Kutta method over ten time steps is 0.94%± 0.10%.

Figure 6: 1D Burgers’ Equation. Left: The ground-truth solution versus the prediction of a

learned MCNO (Runge–Kutta method) for an example in the test set at t = 1.0s. Right:

Comparison of the relative error of each step with different simulating methods of BSDEs,

including Euler–Maruyama (E-M), Runge–Kutta (R-K), and Heun’s method.

6 Conclusion and Discussion

In this paper, we propose MCNO, which utilizes the Monte Carlo simulation to train diffusion-

related PDEs in an unsupervised way. Both theoretical and experimental analyses reveal the

ability of MCNO to adapt to complex spatial conditions and larger temporal steps when handling

diffusion terms. This paper also has some limitations: (1) For the theoretical part, the gradient

flow of the MCNO loss function requires further analyses; (2) When conducting the random walks

for PDEs with Dirichlet boundary conditions, the temporal steps cannot be as large as the ones

in periodic PDE due to the stop-time; (3) MCNO is trained on the fixed grid in the experiments,

while it has potential to extend to the mesh-free scheme. Apart from addressing the limitations,

we also propose other future studies: (1) Extend the proposed MCNO to broad scenarios, such

13



as high-dimensional PDEs and optimal control problems; (2) Utilize the techniques from out-of-

distribution generalization [49] to improve the generalization ability of MCNO; (3) Combine the

advantages of the Monte Carlo and other numerical methods. e.g., train neural operators in an

Eulerian-Lagrangian regime [7].
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A Algorithm

Algorithm 1: Monte Carlo Neural Operator

Input: Distribution of initial states D0, neural operator Gθ, and the coordinates of the

fixed grids {xp}Pp=1

1 for E epochs do

2 Sample B initial states {ub0}Bb=1 uniformly from D0;

3 while t ≤ T do

4 Let t = 0, LMCNO = 0, and ubt = ub0 for all b ∈ {1, · · · , B};
5 Utilize Fourier transform to interpolate the grid of ubt to the high resolution one

ûbt ;

6 Sample M trajectories starting from each grid xp: ;

7 xbp,m = xp − β[u](x, t+ ∆t)∆t−
√

2κ∆Bm;

8 Approximate ubt+∆t via the average of M trajectories :

uMC,b
t+∆t(xp) = 1

M

∑M
m=1 û

b
t(x

b
p,m) + f(xp, t+ ∆t)∆t;

9 Calculate the prediction given by neural operator Gθ:
uNO,b
t+∆t(xp) = Gθ(ub0, t+ ∆t)(xp);

10 Update the loss function LMCNO:

LMCNO = LMCNO +
∑B
b=1

∑P
p=1

∥∥∥uNO,b
t+∆t(xp)− u

MC,b
t+∆t(xp)

∥∥∥2

2
;

11 Update ubt and t: ubt = Gθ(ub0, t+ ∆t) and t = t+ ∆t;

12 Update Gθ’s parameters: θ = optim.Adam(θ,∇θLMCNO);

B Theory

In this section, we study some theoretically properties of MCNO when handling the diffusion

term. In detail, we consider the periodical diffusion equation defined as follows:

∂u

∂t
= κ∆u, x ∈ [0, 2π], t ∈ [0, T ]. (19)

Theorem B.1. Let ut(x) be the diffusion equation in the form of Eq. 19, uFDM
t+∆t(x) and uMCM

t+∆t (x)

denote the one-step label starting from ut(x), given by FDM and MCM, respectively. Assume

∆tu and ut(x) are Lipschitz functions with respect to t and x, respectively, i.e.:

|∆t1u(x)−∆t2u(x)| ≤ Lt∆u|t1 − t2|, |ut(x1)− ut(x2)| ≤ Lxu|x1 − x2|. (20)

Then, we have

1)
∣∣uFDM
t+∆t(x)− ut+∆t(x)

∣∣ ≤ κLt∆u∆t2

2 ;

2)
∣∣uMCM
t+∆t (x)− ut+∆t(x)

∣∣ ≤ ε holds with probability at least 1− (2Lxu)2κ∆t
Mε2 .
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Proof of Theorem B.1. Firstly, we give the upper bound of
∣∣uFDM
t+∆t(x)− ut+∆t(x)

∣∣ as follows:

∣∣uFDM
t+∆t(x)− ut+∆t(x)

∣∣ =

∣∣∣∣∣ut(x) + κ

∫ t+∆t

t

∆us(x)ds− [ut(x) + ∆ut(x)∆t]

∣∣∣∣∣
=

∣∣∣∣∣κ
∫ t+∆t

t

(∆us(x)−∆ut(x)) ds

∣∣∣∣∣
≤ κLt∆u

∫ t+∆t

t

(s− t)ds

=
κLt∆u∆t2

2
.

(21)

The one-step label constructed by MCM can be written as follows:

uMCM
t+∆t (x) =

1

M

M∑
m=1

ut(x̂m), x̂m = x−
√

2κ∆tzm, zm ∼ N (0, 1), (22)

where M denotes the number of particles sampled in MCM. According to the probabilistic

representation of Eq. 19, we have ut+∆t(x) = Em[ut(x̂m)], which implies that uMCM
t+∆t (x) is an

unbiased estimator of ut+∆t(x), i.e., E
[
uMCM
t+∆t (x)− ut+∆t(x)

]
= 0. Furthermore, the variance of

uMCM
t+∆t (x) can be bounded as follows:

Var
[
uMCM
t+∆t

]
= Var

[
1

M

M∑
m=1

ut
Ä
x−
√

2κ∆tzm
ä]

=
1

M
Var
î
ut
Ä
x−
√

2κ∆tz
äó

≤ 1

M
2(Lxu)2 Var[

√
2κ∆tz]

=
(2Lxu)2κ∆t

M
.

(23)

Thus, according to the Chebyshev’s inequality, we have
∣∣uMCM
t+∆t (x)− ut+∆t(x)

∣∣ ≤ ε with proba-

bility at least 1− (2Lxu)2κ∆t
Mε2 for any ε > 0.

Theorem B.2. Let ut(x) be the diffusion equation in the form of Eq. 19, and assume the exact

solution can be written as: ut(x) =
∑N
n=1 sin(nx)φn(t). Let Gθ be the neural operator, and its

prediction on ut(x) can be written as Gθ(u0, t)(x) =
∑N
n=1 sin(nx)(φn(t) + rn), where rn denotes

the residual of coefficient on each Fourier basis. Let uFDM
t+∆t(x) and uMCM

t+∆t (x) denote the one-step

label starting from Gθ(u0, t)(x), given by FDM and MCM, respectively. Then, we have

1)
∣∣uFDM
t+∆t(x)− ut+∆t(x)

∣∣ ≤∑N
n=1 |rn(κn2∆t− 1)|+ o(∆t);

2)
∣∣uMCM
t+∆t (x)− ut+∆t(x)

∣∣ ≤∑N
n=1 |rn|+ε holds with probability at least 1−2 exp

(
− ε2M

2(
∑N
n=1 |φn(t)|)2

)
.
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Proof of Theorem B.2. Firstly, we give the upper bound of
∣∣uFDM
t+∆t(x)− ut+∆t(x)

∣∣ as follows:∣∣uFDM
t+∆t(x)− ut+∆t(x)

∣∣
=

∣∣∣∣Gθ(u0, t)(x) + κ∆t
∂2Gθ(u0, t)(x)

∂x2
− [ut(x) + ∆ut(x)∆t+ o(∆t)]

∣∣∣∣
=

∣∣∣∣∣
N∑
n=1

sin(nx)(φn(t) + rn)(1− κ∆tn2)−
N∑
n=1

sin(nx)φn(t)(1− κ∆tn2) + o(∆t)

∣∣∣∣∣
=

∣∣∣∣∣
N∑
n=1

sin(nx)rn(1− κ∆tn2) + o(∆t)

∣∣∣∣∣
≤

N∑
n=1

|rn(κn2∆t− 1)|+ o(∆t)

(24)

The one-step label constructed by MCM can be written as follows:

uMCM
t+∆t (x) =

1

M

M∑
m=1

Gθ(u0, t)(x−
√

2κ∆tzm), zm ∼ N (0, 1), (25)

where M denotes the number of particles sampled in MCM. According to the Hoeffding’s in-

equality, we have

P

(∣∣∣∣∣
M∑
m=1

1

M
ut(x−

√
2κ∆tzm)− Ez[ut(x−

√
2κ∆tz)]

∣∣∣∣∣ ≤ ε
)
≤ 1− 2 exp

Ç
− ε2M

2(
∑N
n=1 |φn(t)|)2

å
(26)

Thus, we can obtain upper bound of Ez[
∣∣uMCM
t+∆t (x)− ut+∆t(x)

∣∣] with probability at least 1 −
2 exp

(
− ε2M

2(
∑N
n=1 |φn(t)|)2

)
as follows:∣∣uMCM

t+∆t (x)− ut+∆t(x)
∣∣

=

∣∣∣∣∣ 1

M

M∑
m=1

î
G(u0)(x−

√
2κ∆tzm, t)− ut(x−

√
2κ∆tzm)

ó
+

[
M∑
m=1

1

M
ut(x−

√
2κ∆tzm)− Ez[ut(x−

√
2κ∆tz)]

]∣∣∣∣∣
≤
∣∣∣∣∣ 1

M

M∑
m=1

N∑
n=1

sin(n(x−
√

2κ∆tzm))[φn(t) + rn − φn(t)]

∣∣∣∣∣+

∣∣∣∣∣
M∑
m=1

1

M
ut(x−

√
2κ∆tzm)− Ez[ut(x−

√
2κ∆tz)]

∣∣∣∣∣
=Ez

[∣∣∣∣∣
N∑
n=1

sin(n(x−
√

2κ∆tzm))[φn(t) + rn − φn(t)]

∣∣∣∣∣
]

+ ε

=Ez

[∣∣∣∣∣
N∑
n=1

sin(n(x−
√

2κ∆tzm))rn

∣∣∣∣∣
]

+ ε

≤
N∑
n=1

|rn|+ ε.

(27)

B.1 Additional Analyses about the Theoretical Results

In this section, we consider the PDE with linear term given by the Laplacian operator defined

as follows:

∂u

∂t
= β[u](x, t) · ∇u+ κ∆u, (28)
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u(x, 0) = u0(x). (29)

• Note that when β is a fixed constant, i.e., the Eq. 28 degenerates into the convection-

diffusion equation, MCM still provides an unbiased estimator for the operator learning

algorithm. Thus, the training target of MCM is more accurate than the one of FDM when

β is a constant or with small temporal and spatial variation.

• When β is not a constant, the error of one step roll-out of FDM and MCM are both

o(∆t2) [53]. Moreover, we can also utilize the Eulerian-Lagrangian method (e.g. Vortex-

in-Cell [7]), which combines the advantages of the Eulerian and Lagrangian methods, re-

spectively. We regard this expansion as an important future work.

C Implementation Details and Supplementary Experiments

C.1 Baselines

In this paper, we adopt two unsupervised neural operator learning method, including:

PI-DeepONet [54] PI-DeepONet utilized the PDE residuals to train DeepONets in an un-

supervised way. The loss function in PI-DeepONet can be formulated as follows:

LPI-DeepONet = Loperator + Lphysics,

where Loperator = MSE[Gθ(ub0, t = 0)(xp)− G(ub0, t = 0)(xp)],

Lphysics = MSE[R(Gθ(ub0, t)(xp),xp, t)],
(30)

where MSE represents the mean square error, Gθ represents a neural operator, G and R denote

the ground-truth and the residual of the PDE operator, respectively. As shown in Eq. 30,

Loperator and Lphysics enforce Gθ to satisfy the initial conditions (or boundary conditions) and

the PDE constraints, respectively. Like PINNs [44], the PDE residuals in Eq. 30 are calculated

via the auto-differentiation.

PINO [28] PINO utilized the FDM to construct the loss function between Gθ(ubt) and Gθ(ubt+∆t),

and PINO utilized the FNO [23] as the backbone network. The loss function in PINO can be

formulated as follows:

LPINO = Loperator + αLphysics,

where Loperator = MSE[Gθ(ub0, t = 0)(xp)− G(ub0, t = 0)(xp)],

Lphysics =

T−∆t∑
t=0

MSE[Gθ(ub0, t+ ∆t)(xp)− Gθ(ub0, t)(xp)−F(Gθ,xp, t)],
(31)

where F denotes the update regime of FDM. Note that despite the temporal discretization in

PINO is based on FDM, the spatial derivative is calculated via Fourier transform.

C.2 Implementation Details

In this paper, We adopt Pytorch [42] to implement MCNO and PINO, and JAX [2] for PI-

DeepONet, respectively.
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C.2.1 1D Diffusion Equation

For MCNO, we utilize the 4-layer 1D FNO as the backbone network, with width = 20, mode = 20

and GeLU activation. We utilize Adam to optimize the neural operator for 10000 epochs with

the initial learning rate 0.01, and decay the learning rate by a factor of 0.5 every 500 epochs.

For each epoch, we sample 1024 initial conditions from D0 and 128 particles to simulate the

BSDEs. For PINO, we utilize 4-layer 2D FNO as the backbone network, with width = 32,

mode = 20 and GeLU activation. For α in the loss function Eq. 31, we choose the best α in

{0.1, 0.5, 1.0, 2.0}, and other setups are in line with MCNO. For PI-DeepONet, we choose the

hyper-parameters in line with the paper in [54], and extend the training iterations to 10000 to

make sure the convergence of the model.

Furthermore, there is no GPU package for the Lévy sampling as far as we know. Thus,

we utilize the code scipy. stats. levy stable [52] to generate the corresponding random processes.

Moreover, the generation of Lévy sampling is ten times slower than Gaussian sampling on CPU,

and even though the efficiency of Lévy sampling is the same as Gaussian on GPU, MCNO still

has 20x speedup compared with MCM.

C.2.2 2D Navier-Stokes Equation

For data generation, we utilize Pseudo-Spectral Method (PSM) to generate the ground truth

test data with the time-step of 10−4 for the Crank–Nicolson scheme. Furthermore, all PDE

instances are generated on the grid 256 × 256, then downsampled to 64 × 64, which is in line

with the setting in [23].

For MCNO, we utilize the 4-layer 2D FNO as the backbone network, with width = 24,

mode = 16 and GeLU activation. We utilize Adam to optimize the neural operator for 10000

epochs with the initial learning rate 0.001, and decay the learning rate by a factor of 0.5 every

2000 epochs. For each epoch, we sample 128 initial conditions from D0 and 32 particles to

simulate the BSDEs. For PINO, we use the same network in line with the ones in MCNO. We

utilize Adam to optimize the neural operator for 20000 epochs with the initial learning rate

0.001, and decay the learning rate by a factor of 0.5 every 2000 epochs. For each epoch, we

sample 64 initial conditions from D0 due to the memory limitation. For α in the loss function

Eq. 31, we choose the best α in {0.1, 0.5, 1.0, 2.0}.

C.2.3 Heat Diffusion on a Circular Ring

The ground-truth data is generated via the Python package ‘py-pde’ [62], and the step size is

fixed as 10−4. We conduct MCNO to simulate corresponding heat equations and fix the step

size as 20. The initial heat distribution is generated from u0 ∼ N
(
0, 33/2(−∆ + 9I)−1

)
, and the

width of the ring is divided into 128 lattices.

In this experiment, we utilize the 4-layer 1D FNO as the backbone network, with width = 20,

mode = 12 and GeLU activation. We utilize Adam to optimize the neural operator for 5000

epochs with the initial learning rate 0.01, and decay the learning rate by a factor of 0.5 every 500

epochs. For each epoch, we sample 1024 initial conditions from D0 and 128 particles to simulate

the BSDEs.

C.2.4 1D Burgers’ Equation

For Burgers’ Equation, we divide the spatial and temporal domains into 128 and 10 grid elements,

respectively.
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We utilize the 4-layer 1D FNO as the backbone network, with width = 64, mode = 12 and

GeLU activation. We utilize Adam to optimize the neural operator for 10000 epochs with the

initial learning rate 0.0005, and decay the learning rate by a factor of 0.5 every 1000 epochs. For

each epoch, we sample 512 initial conditions from D0 and 128 particles to simulate the BSDEs.

Furthermore, the form of the Runge–Kutta method is given as follows:

dx1
m = −β[u](x, t+ ∆t)∆t−

√
2κ∆t(zm − sm);

dx2
m = −β[u](x+ dx1

m, t)∆t−
√

2κ∆t(zm + sm);

xm = x+
1

2
(dx1

m + dx2
m),

(32)

where zm and sm denote the standard Gaussian distribution and uniform distribution over {±1}.
Furthermore, the Heun’s method is given as follows:

dx1
m = −β[u](x, t+ ∆t)∆t−

√
2κ∆tzm;

dx2
m = −β[u](x+ dx1

m, t)∆t;

xm = x+
1

2
(dx1

m + dx2
m)−

√
2κ∆tzm.

(33)

C.3 Ablation Experiments

In this section, we conduct ablation experiments to reveal the effects of the number of sampling

and Fourier Interpolation (FI) methods when training MCNO on the diffusion equation for long-

time simulation. The basic settings align with the experiments in Sec. 5.1.2. We set the number

of sampling as {32, 64, 128, 256} to train MCNO, respectively. When the number of sampling

M > 128, the performances of MCNO persist almost unchanged, which reveals that the training

of MCNO is relatively robust to the number of sampling (on the left side of Fig. 7). Furthermore,

we test the effects of the FI trick on the right side of Fig. 7, and the results indicate that the

FI trick plays an essential role in improving the precision of MCNO, especially for the task

κ = 10−3.
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Figure 7: Ablation experiments on the diffusion equations for long temporal simulation. Left:

Comparison of the relative error with different number of sampling when training MCNO. Right:

The effects of FI with different κ.
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