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Abstract. The goal of this paper is to make a connection between tropical geometry,
representations of quantum affine algebras, and scattering amplitudes in physics. The
connection allows us to study important and difficult questions in these areas:

(1) We give a systematic construction of prime modules (including prime non-real
modules) of quantum affine algebras using tropical geometry. We also introduce
new objects which generalize positive tropical Grassmannians.

(2) We propose a generalization of Grassmannian string integrals in physics, in which
the integrand a product indexed by prime modules of a quantum affine algebra.
We give a general formula of u-variables using prime tableaux (corresponding to
prime modules of quantum affine algebras of type A) and Auslander-Reiten quivers
of Grassmannian cluster categories.

(3) We study limit g-vectors of cluster algebras. This is another way to obtain prime
non-real modules of quantum affine algebras systematically. Using limit g-vectors,
we construct new examples of non-real modules of quantum affine algebras.
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1. Introduction

Quantum groups were introduced independently by Drinfeld [32] and Jimbo [66] around
1985. A quantum affine algebra is a Hopf algebra that is a q-deformation of the universal
enveloping algebra of an affine Lie algebra [28]. Quantum affine algebras have many
applications to physics, for example, to the theory of solvable lattice models in quantum
statistical mechanics [11, 49], integrable systems [36]. Quantum affine algebras also have
many connections to different areas of mathematics, for example, cluster algebras [62],
KLR algebras [69], geometric representation theory [85], representations of affine Hecke
algebras and p-adic groups [31, 56, 76].

Let g be a simple Lie algebra over C and Uq(ĝ) the corresponding quantum affine
algebra [28]. Chari and Pressley have classified simple finite dimensional Uq(ĝ)-modules.
They proved that every simple finite dimensional Uq(ĝ)-module corresponds to an I-tuple
of Drinfield polynomials, where I is the set of vertices of the Dynkin diagram of g, and
equivalently, corresponds to a dominant monomial M in certain formal variables Yi,a, i ∈ I,
a ∈ C∗. The simple Uq(ĝ)-module corresponding to M is denoted by L(M).

A simple Uq(ĝ)-module L(M) is called prime if it is not isomorphic to L(M ′)⊗L(M ′′)
for any non-trivial modules L(M ′), L(M ′′), see [31]. When g = sl2, all prime modules

of Uq(ŝl2) are Kirillov-Reshetikhin modules [31]. Kirillov-Reshetikhin modules are simple
Uq(ĝ)-modules which correspond to dominant monomials of the form Yi,sYi,s+2di⋯Yi,s+2rdi ,
where i ∈ I, and di’s are diagonal entries of a diagonal matrix D such that DC is diagonal,
C is the Cartan matrix of g (we choose D such that di’s are as small as possible). In
general, to classify prime modules of Uq(ĝ) is an important and difficult problem in
representation theory, see for example, [16, 26, 31, 62, 83].

Hernandez and Leclerc [62] made a breakthrough to the problem of constructing prime
modules of Uq(ĝ) using the theory of cluster algebras [51]. For every simple Lie algebra g
over C, they constructed a cluster algebra with initial cluster variables given by certain
Kirillov-Reshetikhin modules. Using cluster algebras, prime modules can be generated
using a procedure called mutation. The prime modules generated in this way are cluster
variables. They conjectured that all cluster variables (resp. cluster monomials) are real
prime modules (resp. real modules), and all real prime modules (resp. real modules)
are cluster variables (resp. cluster monomials). Here a simple Uq(ĝ)-module L(M) is
called real if L(M) ⊗ L(M) is still simple [75]. One direction of their conjecture “all
cluster variables (resp. cluster monomials) are real prime modules (resp. real modules)”
is proved by Qin in [86] and by Kang, Kashiwara, Kim, Oh, and Park in [69, 70, 71, 72].
The other direction “all real prime modules (resp. real modules) are cluster variables
(resp. cluster monomials)” of the conjectural is widely open [65]. It is shown in [37]
that all prime snake modules of types A,B are cluster variables and in [39] that all snake
modules of types A,B are cluster monomials.
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Recently, Lapid and Minguez [76] classified all real simple Uq(ŝlk)-modules (in the
language of representations of p-adic groups) satisfying a certain condition called regular.
This classification is surprisingly related to the classification of rationally smooth Schubert
varieties in type A flag varieties. They also gave more conjectures and results in a more
recent work [77].

By the results in [69, 70, 71, 72, 86], using the procedure of mutations, one can generate
a large family of prime modules (these prime modules are cluster variables). On the other
hand, there are many prime modules which are not real (and thus not cluster variables).
These non-real modules are also important in applications. For example, it is shown in
[7, 34, 60] that non-real prime tableaux (corresponding to non-real prime modules by
[23]) determine the so-called square roots and are used to construct algebraic letters in
the computations of Feynman integrals in the study of scattering amplitudes in N = 4
super Yang-Mills theory in physics.

The goal of this paper is to make a connection between tropical geometry, representa-
tions of quantum affine algebras, and scattering amplitudes in physics. The connection
allows us to study important and difficult questions in these areas: use tropical geome-
try to construct prime modules (conjecturally we can obtain all prime modules including
prime non-real modules) of quantum affine algebras, to propose a generalization of Grass-
mannian string integrals in physics, and study limit g-vectors of cluster algebras.

1.1. First consider the case where g is of type A, i.e. g = slk for some positive integer
k. Simple modules of Uq(ŝlk) correspond to dual canonical basis elements of a quotient
C[Gr(k,n,∼)] of the Grassmannian cluster algebra C[Gr(k,n)] [62, 23]. We define New-

ton polytopes N
(d)
k,n by using the formula for dual canonical basis elements of C[Gr(k,n)],

[23] as follows. Denote by T
(0)
k,n the set of all one-column tableaux which are cyclic shifts of

the one-column tableau with entries {1,2, . . . , k−2, k}. For d ≥ 0, we define (see Definition
4.1)

N
(d)
k,n = Newt

⎛
⎜
⎝
∏

T ∈T (d)
k,n

chT (xi,j)
⎞
⎟
⎠
,

where T
(d)
k,n (d ≥ 1) is the set of tableaux which correspond to facets of N

(d−1)
k,n , chT (xij) is

the evaluation of chT = ch(T ) on the web matrix [96] (see Section 3.3) and ch(T ) is given
in Theorem 5.8 and Definition 5.9 in [23], see Section 3.1.

The facets of the Newton polytope N
(0)
k,n have been classified in recent work of the first

author [43]; there are exactly of them (
n
k
) − n, one for each of (

n
k
) − n generalized positive

roots.
We give a procedure to construct the highest l-weights (equivalently, the tableaux

corresponding to the highest l-weight monomials, see [23]) of simple Uq(ŝlk)-modules
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from facets of N
(d)
k,n explicitly, see Section 6. We conjecture that for every k ≤ n and

d ≥ 0, every facet of N
(d)
k,n gives a prime module of Uq(ŝlk) and every prime Uq(ŝlk)-module

corresponds to a facet of the Newton polytope N
(d)
k,n for some d, see Conjecture 6.1). The

procedure gives a systematical way to construct prime modules of Uq(ŝlk).
We show that a module corresponding to a 2-column tableau is prime if and only if the

2-column tableau is the union of two one-column tableaux which are not weakly separated
and which are noncrossing, see Theorem 7.3.

We check that all the facets of N
(1)
3,9 correspond to prime modules of Uq(ŝl3) in Section

8. This gives more evidence of Conjecture 6.1.
The study of Newton polytopes of Laurent expansions of cluster variables was initiated

by Sherman and Zelevinsky in their study of rank 2 cluster algebras [99]. It was further
developed in [15, 46, 68, 78, 79, 82]. Our definition of Newton polytopes in this paper
involve not only cluster variables but also other prime elements in the dual canonical basis
of cluster algebras.

We also count the number of prime modules corresponding to 2-column tableaux:
for k ≤ n/2, the number of 2-column prime tableaux is ak,n,2 − bk,n, where ak,n,m =

∏
k
i=1∏

m
j=1

n−i+j
k+m−i−j+1 and bk,n = (

n
k
) + ∑

k
j=1 j(

n
k−j,2j,n−k−j), where (

n
a,b,c

) = n!
a!b!c! , see Proposi-

tion 7.4.
We give an explicit conjectural description of a very large family of prime Uq(ŝlk)-

modules: for any k-element subsets J1, . . . , Jr of [n] such that each pair of them is non-
crossing and not weakly separated. Then T = ∪ri=1TJi is a prime tableau, see Conjecture
8.1. This conjecture is proved in the case of r = 2, see Theorem 7.3.

We also introduce another version (non-recursive) of Newton polytopes N′(d)
k,n for Grass-

mannian cluster algebras, see Definition 4.3.

The normal fans N(N
(d)
k,n) are generalizations of tropical Grassmannians Trop+G(k,n)

(see [96]), see Section 4.2. It would be aninteresting and important problem to find

a combinatorial model which describes the facets of N(N
(d)
k,n), and to relate them to

scattering amplitudes.

1.2. We generalize the construction in Section 1.1 to general quantum affine algebras
Uq(ĝ). For any simple Lie algebra over C and ` ≥ 1, we define a sequence of Newton

polytopes N
(d)
g,` (d ∈ Z≥0) recursively. Let M be the set of all equivalence classes of

fundamental modules of Uq(ĝ) in Hernandez and Leclerc’s category C`. DenoteM(0) =M
andM(d+1) (d ≥ 0) the collection of equivalence classes of Uq(ĝ)-modules which correspond
to facets of

N
(d)
g,` ∶= Newt

⎛

⎝
∏

[L(M)]∈M(d)

χ̃q(L(M))
⎞

⎠
,
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where χ̃q(L(M)) is the truncated q-characters [48] of the Uq(ĝ)-module L(M), see Section

9. We conjecture that (1) for any d ≥ 0, every facet of N
(d)
g,` correspond to a prime Uq(ĝ)-

module and (2) every prime Uq(ĝ)-module corresponds to a facet of the Newton polytope

N
(d)
g,` for some d, see Conjecture 9.4. We also introduce another version (non-recursive)

of Newton polytopes N′(d)
g,` for representations of quantum affine algebras, see Definition

9.5.

1.3. In 1969, Z. Koba and K. Nielsen [73] introduced an integral representation for the
Veneziano-type n-point function, parametrized so that a quantum field theoretic phenom-
enon known as crossing-symmetry, which asserts that particles are indistinguishable from
anti-particles traveling back in time, is manifest. The integrand is expressed as a prod-
uct of certain cross-ratios, with exponents the kinematic Mandelstam parameters; the
cross-ratios are solutions to a particularly combinatorially nice set of binomial algebraic
equations, of the form

uj1,j3 + ∏
{j2,j4}

uj2,j4 = 1,

where the product is over all pairs {j2, j4} such that j1 < j2 < j3 < j4 up to cyclic rotation.
These equations, later rediscovered by Brown [19] in the context of multiple zeta values
and moduli spaces, characterize a certain partial compactification of the moduli space
M0,n of n distinct points on the Riemann sphere, which is closely related to the tropical
Grassmannian TropG(2, n), and in our context a certain subset of it, the positive tropical
Grassmannian Trop+G(2, n). For more recent work which is important in our context,
see [4, 6].

A generalization of the Koba-Nielsen string integral was announced by Arkani-Hamed,
Lam and Spradlin [7] using finite-type (Grassmannian) cluster algebras, where type A cor-
responds to usual string amplitudes, and developed in detail in [6]. However, Grassman-
nian cluster algebras for Gr(k,n) with (k −2)(n−k −2) > 3 not only have infinitely-many
cluster variables, but it turns out that not all physically relevant elements of Lusztig’s dual
canonical basis can be constructed using a finite sequence of cluster mutations (there are
prime non-real elements in the dual canonical basis). This is problematic, in particular,
for the cases k = 4 and n ≥ 8 which are of interest to amplitudes and it is an important
problem to come up with a combinatorial framework.

In the theory of quantum affine algebras, prime modules do not have an analog in the
representation theory of simple Lie algebras: a module is prime if it cannot be decomposed
nontrivially as the tensor product of two other modules. The fact that representations
of quantum affine algebras possess both additive and multiplicative structures appears to
be very important in our context.

The main physical contribution of this work is to propose the definition of a Grassman-
nian stringy integral (as in [4]) with an integrand involving a product which is now in
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general infinite; the key point is that the integrand should be indexed by prime tableaux,
in which case our results in the rest of the paper will be directly applicable to study
physical aspects of the integral. Our proposal is valid for any Grassmannian Gr(k,n),
where k = 2 corresponds to the usual Koba-Nielsen string integral. So for 2 ≤ k ≤ n − 2
and every d ≥ 1, we define

I
(d)
k,n = (α′)a∫

(Rn−k−1
>0 )×(k−1)

⎛

⎝
∏
(i,j)

dxi,j
xi,j

⎞

⎠
(∏
T

ch−α
′cT

T (xi,j)) ,

where the second product is over all tableaux T such that the face FT corresponding to

T (see Section 6.4) is a (codimension one) facet of N
(d−1)
k,n , a, α′, cT are some parameters,

see Section 10.1, Formulas (10.2), (10.3), (10.4), for more details. We point out that the
character polynomials chT are manifestly positive in the interior of the totally nonnegative
Grassmannian, see [23, Section 5.3].

We give a general formula of u-variables using prime tableaux (corresponding to prime
modules of quantum affine algebras of type A) and Auslander-Reiten quivers of Grass-
mannian cluster categories CM(Bk,n) [67]. For every mesh

T1

��

S //

��

GG

⋮ // S′

Tr

GG

in the Auslander-Reiten quiver of CM(Bk,n), where we label the vertices by tableaux, we
define the corresponding u-variable as

uS =
∏
r
i=1 chTi

chSchS′
, (1.1)

see Definition 10.5.
We also give a definition of stringy integral for Grassmannian cluster algebras using

u-variables. Denote by PSSYTk,n the set of all prime tableaux of rectangular shapes and
with k rows and with entries in [n]. For k ≤ n, we define

I
(∞)
k,n = (α′)a∫

(Rn−k−1
>0 )×(k−1)

∏
i,j

dxi,j
xi,j

∏
T ∈PSSYTk,n

(uT )
α′UT ,

where α′, UT are some parameters, and uT is the u-variable corresponding to a prime
tableau T , See Definition 10.4. This new integrand involves an infinite product of u-
variables, indexed by prime tableaux.
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The u-equations which we propose involve the Grassmannian cluster category CM(Bk,n)

[67] (on the other hand, the u-equations in [2, 3] use cluster categories of finite type or
categories of representations of quivers with relations): for every prime tableau T in
SSYT(k, [n]),

uT + ∏
T ′∈PSSYTk,n

u
dimHom(MT ,τ(MT ′))+dimHom(MT ′ ,τ(MT ))
T ′ = 1,

where MT is the indecomposable module in Grassmannian cluster category CM(Bk,n)

corresponding to T , and τ is the Auslander-Reiten translation [10, 67]. We conjecture
that the u-variables we constructed are unique solutions of u-equations.

We also generalize the stringy integral to the setting of general quantum affine algebras
and define stringy integrals using prime modules of quantum affine algebras, see Section
10.3.

1.4. Recently, Arkani-Hamed, Lam, Spradlin [7], and Drummond, Foster, Gürdoğan,
Kalousios [34], and Henke, Papathanasiou [60], have constructed limit g-vectors for the
Grassmannian cluster algebra C[Gr(k,n)] using infinite sequence of mutations. These
limit g-vectors do not correspond to cluster variables in C[Gr(k,n)] but correspond to
prime elements in the dual canonical basis of C[Gr(k,n)].

Motivated by these works, we define limit g-vectors for any cluster algebra of infinite
type, see Definition 11.2. We say that a facet of a Newton polytope for a quantum affine
algebra is a limit facet if the facet corresponds to a Uq(ĝ)-module whose g-vector is a limit
g-vector of the cluster algebra for Uq(ĝ). We say that a Uq(ĝ)-module corresponds to a
limit g-vector if the g-vector of the module is a limit g-vector of the cluster algebra for
Uq(ĝ). We conjecture that every module corresponding to a limit g-vector is prime and
non-real. This is another way to obtain prime non-real Uq(ĝ)-modules systematically.

Using limit g-vectors, we construct new examples of non-real modules of quantum affine
algebras. As an example, we prove that the module L(Y2,−4Y2,0) in type D4 is non-real,
see Section 12.3.

1.5. The paper is organized as follows. In Section 2, we recall results of quantum affine
algebras and Hernandez-Leclerc’s category C`. In Section 3, we recall results of Grass-
mannian cluster algebras and tropical Grassmannians. In Section 4, we define a sequence
of Newton polytopes and tropical fans for Grassmannian cluster algebras. In Section 5,
we study relations between semistandard Young tableaux of rectangular shapes and gen-
eralized root polytopes. In Section 6, we construct prime modules from facets. In Section
7, we explicitly describe 2-column prime tableaux. In Section 8, we give more evidence of
Conjecture 6.1 that facets of Newton polytopes correspond to prime modules. In Section
9, we define Newton polytopes and tropical fans for general quantum affine algebras. In
Section 10, we generalize Grassmannian string integrals and study u-equations and u-
variables. In Section 11, we study limit g-vectors for general cluster algebras. In Section
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12, we give an example of prime non-real module of Uq(ĝ) when g is of type D4 using
limit g-vectors. In Section 13, we discuss some future directions of the paper.

1.6. Acknowledgements. The authors would like to thank Fedor Petrov for his help of
proving Proposition 7.4.
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390783311. JRL is supported by the Austrian Science Fund (FWF): Einzelprojekte
P34602. This research received funding from the European Research Council (ERC)
under the European Union’s Horizon 2020 research and innovation programme (grant
agreement No 725110), Novel structures in scattering amplitudes.

2. Quantum Affine Algebras and Hernandez-Leclerc’s Category C`

In this section, we recall results of quantum affine algebras [28, 48], Hernandez-Leclerc’s
category C` and cluster algebra structure on the Grothendieck ring of C` [62].

2.1. Quantum Affine Algebras. Let g be a simple finite-dimensional Lie algebra and
I the set of vertices of the Dynkin diagram of g. Denote by {ωi ∶ i ∈ I}, {αi ∶ i ∈ I},
{α∨i ∶ i ∈ I} the set of fundamental weights, the set of simple roots, the set of simple
coroots, respectively. Denote by P the integral weight lattice and P + the set of dominant
weights. The Cartan matrix is C = (αj(α∨i ))i,j∈I . Let D = diag(di ∶ i ∈ I), where di’s are
minimal positive integers such that DC is symmetric.

Let z be an indeterminate. The quantum Cartan matrix C(z) is defined as follows: for
i ∈ I, Ci,i(z) = zdi + z−di , and for i ≠ j ∈ I, Cij(z) = [Cij]z, where [m]z =

zm−z−m
z−z−1 , see [48].

The quantum affine algebra Uq(ĝ) is a Hopf algebra that is a q-deformation of the
universal enveloping algebra of ĝ [33, 66]. In this paper, we take q to be a non-zero
complex number which is not a root of unity.

Denote by P the free abelian group generated by formal variables Y ±1
i,a , i ∈ I, a ∈ C∗,

denote by P+ the submonoid of P generated by Yi,a, i ∈ I, a ∈ C∗. Let C denote the
monoidal category of finite-dimensional representations of the quantum affine algebra
Uq(ĝ).

Any finite dimensional simple object in C is a highest l-weight module with a highest
l-weight m ∈ P+, denoted by L(m) (see [29]). The elements in P+ are called dominant
monomials.

Frenkel and Reshetikhin [48] introduced the q-character map which is an injective ring
morphism χq from the Grothendieck ring of C to ZP = Z[Y ±1

i,a ]i∈I,a∈C× . For a Uq(ĝ)-module
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V , χq(V ) encodes the decomposition of V into common generalized eigenspaces for the
action of a large commutative subalgebra of Uq(ĝ) (the loop-Cartan subalgebra). These
generalized eigenspaces are called l-weight spaces and generalized eigenvalues are called
l-weights. One can identify l-weights with monomials in P [48]. Then the q-character of
a Uq(ĝ)-module V is given by (see [48])

χq(V ) = ∑
m∈P

dim(Vm)m ∈ ZP,

where Vm is the l-weight space with l-weight m.
Let Q+ be the monoid generated by

Ai,a = Yi,aqiYi,aq−1i
⎛

⎝
∏

j∶Cji=−1
Y −1
j,a

⎞

⎠

⎛

⎝
∏

j∶Cji=−2
Y −1
j,aqY

−1
j,aq−1

⎞

⎠

⎛

⎝
∏

j∶Cji=−3
Y −1
j,aq2Y

−1
j,a Y

−1
j,aq−2

⎞

⎠
, (2.1)

where qi = qdi , i ∈ I. There is a partial order ≼ on P (cf. [48]) defined by m′ ≼
m if and only if mm′−1 ∈ Q+.

For i ∈ I, a ∈ C×, k ∈ Z≥1, the modules

X
(k)
i,a ∶= L(Yi,aYi,aq2⋯Yi,aq2k−2)

are called Kirillov-Reshetikhin modules. The modules X
(1)
i,a = L(Yi,a) are called funda-

mental modules.

2.2. Hernandez-Leclerc’s Category C` and Truncated q-characters. We recall the
definition of Hernandez-Leclerc’s category C` [62].

For integers a ≤ b, we denote [a, b] = {i ∶ a ≤ i ≤ b} and [a] = {i ∶ 1 ≤ i ≤ a}.
Let g be a simple Lie algebra over C and let C be the category of finite-dimensional

Uq(ĝ)-modules. In [62], [64], Hernandez and Leclerc introduced a full subcategory C` = C
g
`

of C for every ` ∈ Z≥0. Let I be the set of vertices of the Dynkin diagram of g. We fix
a ∈ C∗ and denote Yi,s = Yi,aqs , i ∈ I, s ∈ Z. For ` ∈ Z≥0, denote by P` the subgroup of P
generated by Y ±1

i,ξ(i)−2r, i ∈ I, r ∈ [0, d`], where d is the maximal diagonal element in the

diagonal matrix D, and ξ ∶ I → Z is a certain function called height function defined in
Section 2.2 in [63] and Definition 4.1 in [52]. Denote by P+` the submonoid of P+ generated
by Yi,ξ(i)−2r, i ∈ I, r ∈ [0, d`]. An object V in C` is a finite-dimensional Uq(ĝ)-module which
satisfies the condition: for every composition factor S of V , the highest l-weight of S is
a monomial P+` , [62]. Simple modules in C` are of the form L(M) (see [28], [62]), where
M ∈ P+` .

Remark 2.1. In [62], fundamental modules in C` are L(Yi,−ξ(i)−2r), i ∈ I, r ∈ [0, `], see
Definition 3.1 in [62]. In this paper, we slightly modify C` such that the fundamental
modules in C` are L(Yi,ξ(i)−2r), i ∈ I, r ∈ [0, d`], where d is the maximal diagonal element
in the diagonal matrix D.
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For a module V in C`, the truncated q-character χ̃q(V ) is the Laurent polynomial
obtained from the q-character χq(V ) defined in Section 2.1 by removing all monomials
which have a factor Yi,s or Y −1

i,s , where Yi,s is not in P+` , see [63, 64].
Hernandez and Leclerc constructed a cluster algebra for every category C` of every

quantum affine algebra Uq(ĝ) [62, 64]. The cluster algebra for C` of Uq(ŝlk) is isomor-
phic to the cluster algebra for a certain quotient C[Gr(k,n,∼)] (see Section 3.1) of the
Grassmannian cluster algebra C[Gr(k,n)] [23, 62, 93], n = k + ` + 1.

3. Grassmannian Cluster Algebras and Tropical Grassmannians

In this section, we recall results of Grassmannian cluster algebras, [93, 23] and tropical
Grassmannians [94, 96].

3.1. Grassmannian Cluster Algebras and Semistandard Young Tableaux. For
k ≤ n, the Grassmannian Gr(k,n) is the set of k-dimensional subspaces in an n-dimensional
vector space. In this paper, we denote by Gr(k,n) (the affine cone over) the Grassman-
nian of k-dimensional subspaces in Cn, and denote by C[Gr(k,n)] its coordinate ring.
This algebra is generated by Plücker coordinates

pi1,...,ik , 1 ≤ i1 < ⋯ < ik ≤ n.

In this paper, we use pJ for Plücker coordinates and PJ for its tropical version, where J
is a k-element subset of [n].

It was shown by Scott [93] that the ring C[Gr(k,n)] has a cluster algebra structure. De-
fine C[Gr(k,n,∼)] to be the quotient of C[Gr(k,n)] by the ideal generated by Pi,...,i−k+1−1,
i ∈ [n − k + 1]. In [23], it is shown that the elements in the dual canonical basis of
C[Gr(k,n,∼)] are in bijection with semistandard Young tableaux in SSYT(k, [n],∼).

A semistandard Young tableau is a Young tableau with weakly increasing rows and
strictly increasing columns. For k,n ∈ Z≥1, we denote by SSYT(k, [n]) the set of rectan-
gular semistandard Young tableaux with k rows and with entries in [n] (with arbitrarly
many columns). The empty tableau is denoted by 1.

For S,T ∈ SSYT(k, [n]), let S ∪ T be the row-increasing tableau whose ith row is the
union of the ith rows of S and T (as multisets), [23]. It is shown in Section 3 in [23] that
S ∪ T is semistandard for any pair of semistandard tableaux S,T .

We call S a factor of T , and write S ⊂ T , if the ith row of S is contained in that of T (as
multisets), for i ∈ [k]. In this case, we define T

S = S−1T = TS−1 to be the row-increasing
tableau whose ith row is obtained by removing that of of S from that of T (as multisets),
for i ∈ [k].

A tableau T ∈ SSYT(k, [n]) is trivial if each entry of T is one less than the entry below
it. For any T ∈ SSYT(k, [n]), we denote by Tred ⊂ T the semistandard tableau obtained
by removing a maximal trivial factor from T . For a trivial T , one has Tred = 1.
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Let “∼” be the equivalence relation on S,T ∈ SSYT(k, [n]) defined by: S ∼ T if and
only if Sred = Tred. We denote by SSYT(k, [n],∼) the set of ∼-equivalence classes.

The elements in the dual canonical basis of C[Gr(k,n,∼)] are in bijection with simple

modules in the category C` of Uq(ŝlk) in Section 3.1, see [62, 23].
A one-column tableau is called a fundamental tableau if its content is [i, i + k] ∖ {r}

for r ∈ {i + 1, . . . , i + k − 1}. Any tableau in SSYT(k, [n]) is ∼-equivalent to a unique
semistandard tableau whose columns are fundamental tableaux, see Lemma 3.13 in [23].

By [23, Theorem 5.8], for every T ∈ SSYT(k, [n]), the corresponding element c̃h(T ) in
the dual canonical basis of C[Gr(k,n,∼)] is given by

c̃h(T ) = ∑
u∈Sm

(−1)`(uwT )puw0,wTw0(1)pu;T ′ ∈ C[Gr(k,n,∼)], (3.1)

where m is the number of columns of T ′, T ′ is the tableau whose columns are fundamental
tableaux and such that T ∼ T ′, pu;T ′ is a certain monomial of Plücker coordinates, wT
is a certain permutation in Sm, pu,v(q) is a Kazhdan-Lusztig polynomial, see [23]. Let

T ′′ = T ′T −1 and define ch(T ) = 1
pT ′′

c̃h(T ), where pT ′′ = pT ′′1⋯pT ′′r , T
′′
i’s are columns of

T ′′. We also denote chT = ch(T ).

3.2. Relation between Dominant Monomials and Tableaux. In Section 2.2, we
recalled Hernandez and Leclerc’s category C`. It is shown in Theorem 3.17 in [23] that
in the case of g = slk, the monoid P+` (we take the height function to be ξ(i) = i − 2,
i ∈ [k − 1]) of dominant monomials is isomorphic to the monoid of semistandard Young
tableaux SSYT(k, [n],∼), n = k + ` + 1. The correspondence of dominant monomials and
tableaux is induced by the following map sending fundamental monomials to fundamental
tableaux:

Yi,s ↦ Ti,s, (3.2)

where Ti,s is a one-column tableau consisting of entries i−s
2 ,

i−s
2 + 1, . . . , i−s2 + k − i − 1, i−s2 +

k − i + 1, . . . , i−s2 + k. We denote the monomial corresponding to a tableau T by MT and
denote the tableau corresponding to a monomial M by TM . Note that by the definition
of C` and the choice of the height function ξ(i) = i− 2, i ∈ [k − 1], the indices of Yi,s in the
highest l-weight monomials of simple modules in C` satisfy i − s (mod 2) = 0.

When computing the monomial corresponding to a given tableau, we first decom-
pose the tableau into a union of fundamental tableaux. Then we send each funda-
mental tableau to the corresponding fundamental monomial. For example, the tableaux
[[1,2,4,6], [3,5,7,8]] (each list is a column of the tableau), [[1,3,5,7], [2,4,6,8]] corre-
spond to the modules

L(Y2,−6Y1,−3Y3,−3Y2,0), L(Y1,−7Y2,−4Y1,−5Y3,−1Y2,−2Y3,1),

respectively.
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Recall that a simple Uq(ĝ)-module L(M) is called prime if it is not isomorphic to
L(M ′)⊗L(M ′′) for any non-trivial modules L(M ′), L(M ′′) [31]. A simple Uq(ĝ)-module
L(M) is called real if L(M) ⊗ L(M) is still simple [75]. We say that a tableau T is

prime (resp. real) if the corresponding Uq(ŝlk)-module L(MT ) is prime (resp. real). The

problem of classification of prime Uq(ŝlk)-modules in the category C` (` ≥ 0) is equivalent
to the problem of classification of prime tableaux in SSYT(k, [n]), n ≥ k + 1, [23].

3.3. Matroid Subdivisions and Tropical Grassmannians. We recall results of trop-
ical Grassmannians [94, 96] and matroid subdivisions [22, 43].

For integers 1 ≤ k ≤ n − 1, the hypersimplex ∆k,n [53, 100] is the kth cross-section of a
cube,

∆k,n = {x ∈ [0,1]n ∶
n

∑
j=1
xj = k} .

It is the convex hull of (
n
k
) vectors of the form eJ = ∑j∈J ej for J ∈ (

[n]
k
), where (

[n]
k
) is the

set of k-element subsets of [n].
The following constructions are standard in convex and combinatorial geometry, [40,

55, 59, 74, 95].

Definition 3.1 ([40, 55, 74]). A matroid polytope P is a subpolytope of a hypersimplex
∆k,n, all of whose edges are edges of ∆k,n. A matroid subdivision (also called matroidal
subdivision) of ∆k,n is a polytopal subdivision (P1, . . . , Pt) of ∆k,n such that each P1, . . . , Pt
is a matroid polytope. A matroid subdivision (P1, . . . , Pt) is called regular if there exists
a piecewise linear function on ∆k,n whose regions of linearity are exactly the polytopes
Pi.

A matroid polytope such that the defining inequalities are of the form xi+xi+1+⋯+xj ≥
rij for some integers rij with {i, i+1, . . . , j} a cyclic interval, is called a positroid polytope,
see Section 2 in [80], Proposition 5.6 in [9], and Section 2.2 in [41], where the indices are
assumed to be cyclic modulo n. A positroid subdivision of ∆k,n is a matroid subdivision
(P1, . . . , Pt) of ∆k,n such that each Pi is a positroid polytope, see Section 2 in [80], Section
5 in [9], and Section 2.2 in [41].

Let P = (P1, . . . , Pt) and P ′ = (P ′
1, . . . , P

′
t ) be two be two matroid subdivisions of ∆k,n.

It is said that P refines P ′ if every maximal cell P ′
i of P ′ is a union of maximal cells of

P, and it is said that P coarsens P ′ if every maximal cell Pi of P is a union of maximal
cells of P ′, see Definition 2.3.8 in [40].

The tropical Grassmannian TropG(k,n), introduced in [94], parametrizes realizable
tropical linear spaces; it is the tropical variety of the Plücker ideal of the Grassmannian
Gr(k,n). For general (k,n) the Plücker ideal contains higher degree generators and to
calculate TropG(k,n) quickly becomes a completely intractable problem, but for k =

2, TropG(2, n) is completely characterized by the tropicalization of the 3-term tropical
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Plücker relations. We present the full definition and then immediately specialize to the
so-called positive tropical Grassmannians.

Definition 3.2 ([94]). Given e = (e1, . . . , eN) ∈ ZN≥0, denote xe = xe11 . . . x
eN
N . Let E ⊂ ZN≥0.

If f = ∑e∈E fex
e is nonzero, denote by Trop (f) the set of all points (X1, . . . ,XN) such

that for the collection of numbers ∑
N
i=1 eiXi for e ranging over E, the minimum of the

collection is achieved at least twice. We say that Trop (f) is the tropical hypersurface
associated to f . The tropical Grassmannian TropG(k,n) is the intersection of all tropical
hypersurfaces Trop (f) where f ranges over all elements in the Plücker ideal.

On the other hand, in [96], Speyer-Williams introduced the positive tropical Grassman-
nian Trop+G(k,n), which was later shown independently in [8, 97] to be equal to the
positive Dressian, which is characterized by the 3-term tropical Plücker relations,

πLac + πLbd = min{πLab + πLcd, πLad + πLbc},

for each pair (L,{a, b, c, d}) ∈ (
[n]
k−2) × (

[n]∖L
4

) with a < b < c < d.
Generalized positive roots were defined in [22] and developed in depth in [43] in the

context of root polytopes and CEGM scattering amplitudes [21]. We now recall the
definition of generalized positive roots1.

We use (
[n]
k
)
nf

to denote the set of k-element subsets of [n] which are nonfrozen, i.e.,
not of the form [i, i + k − 1] up to cyclic shifts.

Definition 3.3 ([22]). Given any J = {j1 < ⋯ < jk} ∈ (
[n]
k
)
nf

, the generalized positive root
γJ is the linear function on the space Tk−1,n−k:

γJ =
j2−2
∑
t=j1

α1,t +

j3−3
∑

t=j2−1
α2,t +⋯ +

jk−k
∑

t=jk−1−(k−2)
αk−1,t. (3.3)

When there is no risk of confusion we also call the vector vJ dual to γ a generalized
positive root:

vJ =
j2−2
∑
t=j1

e1,t +
j3−3
∑

t=j2−1
e2,t +⋯ +

jk−k
∑

t=jk−1−(k−2)
ek−1,t.

Denote

X(k,n) = {g ∈ Gr(k,n) ∶ ∏
J

pJ(g) ≠ 0}/(C∗)n.

We construct an embedding

(CPn−k−1)×(k−1) ↪X(k,n)

1The name originates from [43, Theorem 4.3], according to which the their convex hull, the generalized

root polytope R
(k)
n−k, admits a flag-unimodular triangulation which specializes to that the triangulation

of the type A root polytope of Gelfand-Graev-Postnikov in the context of hypergeometric systems [54].
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of a Cartesian product of projective spaces into X(k,n).
Define a (k − 1) × (n − k − 1) polynomial-valued matrix Mk,n with entries mi,j(x), with

(i, j) ∈ [1, k − 1] × [1, n − k], defined by

mi,j({xa,b ∶ (a, b) ∈ [i, k − 1] × [1, j]}) = (−1)k+i ∑
1≤bi≤bi+1≤⋯≤bk−1≤j

xi,bixi+1,bi+1⋯xk−1,bk−1 .

For the embedding (CPn−k−1)×k−1 ↪X(k,n), we construct a k×(n−k) matrix M (called
web matrix [96]) with Mk,n as its upper right block:

M =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 0 m1,1 ⋯ m1,n−k
⋱ ⋮ ⋱ ⋮

1 mk−1,1 mk−1,n−k
0 1 1 ⋯ 1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (3.4)

For instance, for rank k = 3 we have

M3,6 = [
x1,1x2,1 x1,1x2,12 + x1,2x2,2 x1,1x2,123 + x1,2x2,23 + x1,3x2,3
−x2,1 −x2,12 −x2,123

]

and for the embedding we have

M =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

1 0 0 x1,1x2,1 x1,1x2,12 + x1,2x2,2 x1,1x2,123 + x1,2x2,23 + x1,3x2,3
0 1 0 −x2,1 −x2,12 −x2,123
0 0 1 1 1 1

⎤
⎥
⎥
⎥
⎥
⎥
⎦

.

For any k-subset J of [n], define eJ = ∑j∈J ej. Further denote by {eJ ∶ J ∈ (
[n]
k
)} the

standard basis of R(n
k
).

Definition 3.4 ([81]). A pair of k-element subsets I, J is said to be weakly separated if
the difference of indicator vectors eI − eJ alternates sign at most twice, that is one does
not have the pattern ea − eb + ec − ed for a < b < c < d, up to cyclic rotation.

Definition 3.5 ([88]). A pair I = {i1 < . . . < ik}, J = {j1 < . . . < jk} of k-subsets of
[n] is said to be noncrossing if for each 1 ≤ a < b ≤ k, either the pair {ia, ia+1, . . . , ib},
{ja, ja+1, . . . , jb} is weakly separated, or {ia+1, . . . , ib−1} ≠ {ja+1, . . . , jb−1}.

Remark 3.6. Here it is easy to see that Definition 3.4 is a slight reformulation of the
original construction given in [81]. Similarly, Definition 3.5 is clearly equivalent to the
one given in [88].

Denote by NCk,n the poset of all collections of pairwise noncrossing nonfrozen k-element
subsets of [n], ordered by inclusion.

Denote Tk−1,n−k = (Tn−k)×(k−1), where Tn−k = Rn−k/R(1, . . . ,1).
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4. Newton Polytopes and Tropical Fans for Grassmannian Cluster
Algebras

In this section, we define Newton polytopes and tropical fans for Grassmannian cluster
algebras.

4.1. Newton polytopes for Grassmannian cluster algebras. In what follows, we

give a recursive construction of a collection of Newton polytopes N
(d)
k,n (d ∈ Z≥0), starting

from the Planar Kinematics (PK) polytope Πk,n [22], see also [43], which is equal to N
(0)
k,n

in the present notation.
For any tableau T ∈ SSYT(k, [n]), we evaluate chT on the web matrix M in (3.4) and

obtain a polynomial in xi,j-coordinates. Note that there is a monomial transformation
relating the xi,j coordinates to the so-called X-coordinates [50] in cluster algebras: Xij =
xk−i,j
xk−i,j+1

.

For any tableaux T with columns T1, . . . , Tr, define

γT = γT1 +⋯ + γTr , vT = vT1 +⋯ + vTr , (4.1)

where γTi = γJi and vTi = vJi are defined in Section 3.3 and Ji is the sorted content of the
one-column tableau Ti.

Definition 4.1. Let T
(0)
k,n be the set of all one-column tableaux which are obtained by

cyclic shifts of the one-column tableau with entries 1,2, . . . , k − 1, k + 1. For d ≥ 0, we
define recursively

N
(d)
k,n = Newt

⎛
⎜
⎝
∏

T ∈T (d)
k,n

chT (xi,j)
⎞
⎟
⎠
,

where T
(d+1)
k,n is the set of all tableaux which correspond to facets of N

(d)
k,n.

More precisely,

T
(d+1)
k,n = {T ∶ γT is minimized on a facet of N

(d)
k,n} ,

see Section 6 for details on computing T
(d)
k,n .

In particular, the so-called Planar Kinematics (PK) polytope [22], denoted there

Πk,n = Newt(
n

∏
j=1

pj,j+1,...,j+k−2,k
pj,j+1,...,j+k−2,k−1

) ,

is the same as N
(0)
k,n noting that when we evaluated on the matrix M all denominators are

monomials in the xi,j coordinates. For example, evaluating on the matrix M we have

N
(0)
2,6 =

x1,12x1,23x1,34x1,1234
x1,1x1,2x1,3x1,4



16 NICK EARLY AND JIAN-RONG LI

and

N
(0)
3,6 =

(x1,1x2,1 + x1,1x2,2 + x1,2x2,2) (x1,2x2,2 + x1,2x2,3 + x1,3x2,3) (x1,123) (x2,123)

x1,1x1,2x1,3x2,1x2,2x2,3
,

where we abbreviate for example x1,123 = x1,1 + x1,2 + x1,3.

On the other hand, the polytope N
(1)
k,n, which is closely related2 to the positive tropical

Grassmannian, is given by

N
(1)
k,n = Newt

⎛
⎜
⎝
∏

J∈([n]

k
)
pJ

⎞
⎟
⎠
.

Remark 4.2. We are concerned with the facets of polytopes N
(0)
k,n,N

(1)
k,n, . . . ,N

(d)
k,n. Mo-

tivated in part by work of Arkani-Hamed, Frost, Plamondon, Salvatori, and Thomas, [2]
on polyhedra modeled on punctured surfaces which they call surfacehedra, having infin-
itely many Minkowski summands, ultimately (d → ∞) we are interested in a new object

(denoted by N
(∞)
k,n ) which again has infinitely many Minkowski summands (and infinitely

many facets). In our proposal, these Minkowski summands are by construction in bijec-
tion with prime tableaux in SSYT(k, [n]) (equivalently prime modules of the quantum
affine algebra in the category C`).

We define another version of Newton polytopes non-recursively. For k ≤ n and r ∈ Z≥1,
denote by SSYTr

k,n the set of all tableaux in SSYT(k, [n]) with r or less columns.

Definition 4.3. For k ≤ n and d ∈ Z≥1, we define

N′(d)
k,n = Newt

⎛
⎜
⎝
∏

T ∈SSYTd
k,n

chT (xi,j)
⎞
⎟
⎠
.

4.2. Tropical Fans for Grassmannian Cluster Algebras. Recall that given a poly-
tope P in a real vector space V , its normal fan N(P ) is the polyhedral complex on the
dual space V ∗, (closed) faces consist of all linear functionals minimized on a given face of

P . In the following, we describe the normal fan of the Newton polytope N
(d)
k,n defined in

Section 4.1.
The evaluation of chT = ch(T ) on the web matrix M [96] (see Section 3.3), we obtain

a subtraction free polynomial in the xi,j coordinates. For example, for Gr(2,5), we have
that

p1,2(M) = p1,3 = p1,4 = p1,5 = 1, p2,3(M) = x1,1, p3,4(M) = x1,2, p4,5(M) = x1,3,

p2,4(M) = x1,1 + x1,2, p2,5(M) = x1,1 + x1,2 + x1,3, p3,5(M) = x1,2 + x1,3.

2In particular, the normal fan of N
(1)
k,n has the following property: its cones are in bijection with the

cones in the positive tropical Grassmannian Trop+G(k,n).
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Recall that we denote by T
(0)
k,n the set of all tableaux obtained by cyclic shifts of the one-

column tableau with entries 1,2, . . . , k−1, k+1. By tropicalizing all chT (M), T ∈ T
(0)
k,n , we

obtain piecewise linear functions in the space of dimension (k−1)(n−k−1) parametrized
by yi,j (yi,j is the tropical version of xi,j). Such a function is linear on a collection of cones;
these cones assemble to define a polyhedral fan. The common refinement of these fans is

the normal fan N(N
(0)
k,n) of the Newton polytope N

(0)
k,n. By [43, Corollary 10.5], the set of

rays of N(N
(0)
k,n) is given by

{Ray(vJ) ∶ J ∈ (
[n]

k
)

nf

} ,

where Ray(v) = {cv ∶ c ≥ 0} is the ray in the direction of a vector v.

For d ≥ 1, the normal fan N(N
(d)
k,n) can be constructed from N(N

(d−1)
k,n ) as follows. Let

T
(d)
k,n be the set of all tableaux corresponding to rays of N(N

(d−1)
k,n ), that is

T
(d)
k,n = {T ∶ Ray(vT ) is a ray of N(N

(d−1)
k,n )} .

Here vT is defined in Equation (4.1) and the construction of tableaux from rays is given
in Section 6. Indeed, in Section 6 we construct tableaux from facets of Newton polytopes.
The construction of tableaux from rays of normal fans is the same.

Remark 4.4. Tropical fans for Grassmannian cluster algebras have been defined in [13,

34], by tropical evaluations of finite sets of cluster variables. The tropical fans N(N
(d)
k,n)

defined here use not only cluster variables but also other prime elements in the dual
canonical basis of C[Gr(k,n)].

4.3. Relation with positive tropical Grassmannians. Recall that we use (
[n]
k
)
nf

to
denote the set of k-element subsets of [n] which are nonfrozen, i.e., not of the form

[i, i+k−1] up to cyclic shifts, and recall that {eJ ∶ J ∈ (
[n]
k
)} is the standard basis of R(n

k
).

For each J ∈ (
[n]
k
)
nf

, recall that hJ ∈ R([n]

k
) [43, 44] is defined by

hJ = −
1

n
∑

I∈([n]

k
)
min{L1(eJ − eI), L2(eJ − eI), . . . , Ln(eJ − eI)} e

I , (4.2)

where
Lj(x) = xj+1 + 2xj+2 +⋯ + (n − 1)xj−1.

The lineality subspace Link,n of R(n
k
) is defined by

Link,n = span

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

∑

J∈([n]

k
),J∋j

eJ , j = 1, . . . , n

⎫⎪⎪⎪
⎬
⎪⎪⎪⎭

,



18 NICK EARLY AND JIAN-RONG LI

see [44, Definition 2.1]. Clearly, dim(Link,n) = n.

For each J = {j1, . . . , jk} ∈ (
[n]
k
)
nf

, define a cubical collection of k-element subsets of
{1, . . . , n} by

U(J) = {{j1 + t1, . . . , jk + tk} ∶ ti ∈ {0,1}, and ti = 0 whenever ji + 1 ∈ J} ,

where addition is modulo n, see [43].
Denote by ωJ(y) [43] the tropical planar cross-ratio

ωJ = ∑
J ′∈U(J)

(−1)k−#(J ′∩J)+1PJ ′(y),

where PJ ′(y) = Trop(pJ ′)(y) is the tropicalization of the Plücker coordinate pJ ′(x), eval-
uated on the web matrix M = (xi,j)k×n in Section 3.3.

Denote by F
(k)
n ∶ R(k−1)×(n−k) → R(n

k
)/Link,n the map

F
(k)
n (y) = ∑

J∈([n]

k
)nf

ωJ(y)hJ . (4.3)

The normal fan N(N
(1)
k,n) defined in Section 4.2 has been shown [8, Proposition 11.5]

to satisfy the following property: its cones are in bijection with the cones in the positive
tropical Grassmannian Trop+G(k,n), as defined by Speyer and Williams [96]. In particu-

lar, this bijection is achieved via the piecewise-linear map F
(k)
n , which is equal (modulo a

change in parameterization) to the map Trop(Φ2) defined in [96, Section 4], see also [97].

5. Semistandard Young Tableaux and Generalized Root Polytopes

In this section, we study relation between semistandard tableaux and generalized root
polytopes.

5.1. Isomorphism of Monoids. Recall that the set SSYT(k, [n],∼) of all ∼-equivalence
classes of semistandard Young tableaux of rectangular shape with k rows and with entries
in [n] form a monoid under the multiplication “∪” [23], see Section 3.1. This monoid is

isomorphic to the monoid P+` of dominant monomials in Cslk` , n = k + ` + 1.

The vector space Z(k−1)×(n−k)
≥0 form a monoid (Z(k−1)×(n−k)

≥0 ,+) generated by ei,j, i ∈ [k−1],

j ∈ [n − k], where ei,j’s form a standard basis of Z(k−1)×(n−k)
≥0 (ei,j’s also form a standard

basis of R(k−1)×(n−k)).

Lemma 5.1. We have an isomorphism of monoids

(SSYT(k, [n],∼),∪) → (Z(k−1)×(n−k)
≥0 ,+).

Proof. For i ∈ [k − 1], j ∈ [n − k], denote by Ti,j the fundamental tableau with entries
[j, j + k] ∖ {i + j}.
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By Lemma 3.13 in [23], every tableau in SSYT(k, [n],∼) is ∼-equivalent to the union of

a set of fundamental tableaux. The isomorphism (SSYT(k, [n],∼),∪) → (Z(k−1)×(n−k)
≥0 ,+)

is induced by Ti,j ↦ ei,j. The inverse isomorphism is given as follows. Every element v

in (Z(k−1)×(n−k)
≥0 ,+) can be written as v = ∑i,j ci,jei,j for some positive integers ci,j. Let

Tv = ∪i,jT
∪ci,j
i,j . The inverse isomorphism is given by v ↦ Tv. �

We denote by Tv the tableau in SSYT(k, [n],∼) corresponding to v ∈ Z(k−1)×(n−k)
≥0 and

denote by vT the element in Z(k−1)×(n−k)
≥0 corresponding to T ∈ SSYT(k, [n],∼).

5.2. Generalized Root Polytopes. For any collection J = {J1, . . . , Jm} ∈ NCk,n of
nonfrozen subsets Ji, define

[J ] = Convex hull({0, vJ1 , . . . , vJm}).

The generalized root polytope R
(k)
n−k is the convex hull of all generalized positive roots vJ ,

R
(k)
n−k = {vJ ∈ Tk−1,n−k ∶ J ∈ (

[n]

k
)

nf

} ,

where we remind that Tk−1,n−k = (Tn−k)×(k−1) and Tn−k = Rn−k/R(1, . . . ,1).

Theorem 5.2 ([43, Theorem 1.2]). The set of simplices {[J ] ∶ J ∈ NCk,n} defines a flag,

unimodular triangulation of R
(k)
n−k: simplices in the triangulation have equal volume and

are in bijection with pairwise noncrossing collections of nonfrozen k-element subsets. In
particular, the set of cones

CJ = {∑
J∈J

cJvJ ∶ cJ > 0}

assemble to define a complete simplicial in Tk−1,n−k, and any point in Tk−1,n−k lies in the
relative interior of a unique cone in the fan.

Now under the isomorphism in Lemma 5.1, one-column tableaux correspond to gener-
alized positive roots; thus, Theorem 5.2 says that any linear combination of generalized
positive roots with real coefficients decomposes uniquely as a linear combination, with
positive coefficients, indexed by a pairwise noncrossing collection. This means that if
we restrict to integer coefficients then the triangulation has a beautiful representation-
theoretic interpretation in terms of tableaux! We give a proof in the next subsection of this
result for integer coefficients cJ using representation theory of quantum affine algebras,
and study the relation between semistandard Young tableaux and noncrossing tuples.

Example 5.3. Let
v = −v1,5,9 + 2v2,6,10 + 3v3,7,11 + 4v4,8,12.

Then v has the following noncrossing decomposition using Theorem 5.2:

v = v1,2,6 + v2,8,10 + v2,9,10 + 3v3,8,10 + 2v4,6,10 + 3v4,7,10 + v7,8,10
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5.3. Semistandard Young Tableaux and Noncrossing Tuples. First we consider
the case of k = 2.

Lemma 5.4. For every tableau T ∈ SSYT(2, [n]), there is a unique unordered m-tuple
(S1, . . . , Sm) of one-column tableaux which are pairwise noncrossing such that T = S1 ∪

⋯ ∪ Sm.

Proof. First note that for 2-row one column tableaux a

b
, a′

b′
, they are noncrossing if and

only if they are weakly separated. If b = a+1, then a

b
is frozen and it is weakly separated

with any 2-row one-column tableau. Let T be a 2-row one column tableau and let T ′

be the tableau obtained from T by removing all factors of the form a

a + 1

. Denote these

frozen factors by T ′′
1 , . . . , T

′′
t . By Theorem 1.1 in [23], T ′ corresponds to a simple Uq(ŝl2)-

module L(MT ) = L(MT ′). By Sections 4.8, 4.9, 4.11 in [27], every prime Uq(ŝl2)-module

is a Kirillov-Reshetikhin module and every simple Uq(ŝl2)-module is decomposed as a

tensor product of Kirillov-Reshetikhin modules (note that evaluation modules of Uq(ŝl2)
are Kirillov-Reshetikhin modules). Therefore

χq(L(MT )) = χq(L(M1))⋯χq(L(Mr)) (5.1)

for some Kirillov-Reshetikhin modules L(M1), . . . , L(Mr). Every Kirillov-Reshetikhin
module corresponds to a one-column tableau, see Section 3.3 in [23]. Let TM1 , . . . , TMr be
the one-column tableaux corresponding to L(M1), . . . , L(Mr) respectively. By Equation
(5.1), we have that for any i, j, L(Mi) ⊗L(Mj) is simple. Hence by Theorem 1.1 in [81],
TMi

and TMj
are weakly separated. Therefore T = TM1 ∪ ⋯ ∪ TMr ∪ T

′′
1 ∪ ⋯ ∪ T ′′

t and any
two one-column tableaux in the ∪-product are weakly separated. �

Example 5.5. Let T = 1 2 2 3 3 4

3 5 5 6 8 9
. The factors of T of the form a

a + 1

are 2

3
, 4

5
. Removing

these factors, we obtain T ′ = 1 2 3 3

5 6 8 9
. The corresponding Uq(ŝl2)-module is

L(MT ) = L(Y1,−1Y
2
1,−3Y

4
1,−5Y

3
1,−7Y

2
1,−9Y

2
1,−11Y1,−13),

see Section 3.2. By taking all maximal strings of Kirillov-Reshetikhin modules, we have
that

χq(L(MT )) = χq(L(M1))χq(L(M2))χq(L(M3))χq(L(M4)),

where

M1 = Y1,−1Y1,−3⋯Y1,−13, M2 = Y1,−3Y1,−5⋯Y1,−11, M3 = Y1,−5, M4 = Y1,−5Y1,−7.
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The corresponding one-column tableaux are 1

9
, 2

8
, 3

5
, 3

6
, respectively. Therefore the

unordered 6-tuple of pairwise noncrossing one-column tableaux corresponding to T is

⎛
⎜
⎝

1

9
, 2

8
, 3

5
, 3

6
, 2

3
, 4

5

⎞
⎟
⎠
.

Lemma 5.6. For every tableau T ∈ SSYT(k, [n]), there is a unique unordered m-tuple
(S1, . . . , Sm) of one-column tableaux which are pairwise noncrossing such that T = S1 ∪

⋯ ∪ Sm.

Proof. We prove by induction on k. The result is clearly true in the case of k = 1. The
case of k = 2 is proved in Lemma 5.4.

Suppose that k ≥ 3 and the result is true for SSYT(k′, [n]) for any k′ ≤ k − 1. Let
T ∈ SSYT(k, [n]). Let T ′ be the sub-tableau of T consisting of the first k − 1 rows of T .
By induction hypothesis, there there is a unique unordered m-tuple S′ = (S′1, . . . , S

′
m) of

one-column tableaux which are pairwise noncrossing such that T ′ = S′1 ∪⋯ ∪ S′m.
Let T ′′ be the sub-tableau of T consisting of the last k − 1 rows of T . By induction

hypothesis, there there is a unique unordered m-tuple S′′ = (S′′1 , . . . , S
′′
m) of one-column

tableaux which are pairwise noncrossing such that T ′′ = S′′1 ∪⋯ ∪ S′′m.
Let T ′′′ be the sub-tableau of T consisting of the middle k − 2 rows of T . By induction

hypothesis, there there is a unique unordered m-tuple S′′′ = (S′′′1 , . . . , S
′′′
m) of one-column

tableaux which are pairwise noncrossing such that T ′′′ = S′′′1 ∪⋯ ∪ S′′′m .
We can choose some ordering of S′, S′′, S′′′ such that for each j ∈ [m], S′′′j = S′j ∩S

′′
j . Let

Sj = S′j ∪ S
′′
j , j ∈ [m]. Then T = S1 ∪⋯∪ Sm and S1, . . . , Sm are pairwise noncrossing. �

Example 5.7. Let T = 1 2

3 4

5 6

7 8

. The unique noncrossing 2-tuple of one-column tableaux

corresponding to T is ( 1

4

5

8

, 2

3

6

7

).

6. From Facets to Prime Modules

In this section, we describe a procedure to produce a simple Uq(ŝlk)-module from every
facet of the Newton polytope defined in Section 4 and we conjecture that the obtained
simple Uq(ŝlk)-module is prime.

6.1. A Procedure to Produce a Simple Uq(ŝlk)-module from a Given Facet.
Adapting the results of [23] (see Section 3.2), it suffices to give a procedure to produce a
semistandard Young tableau from a given facet.
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The Newton polytope N
(d)
k,n defined in Section 4 is described using certain equations and

inequalities in its H-representation (represent the polytope by an intersection half-spaces

and hyperplanes). Let F be a facet of the Newton polytope N
(d)
k,n. The normal vector vF

of F is the coefficient vector in one of the inequalities in the H-representation of N
(d)
k,n. If

there is an entry of the vector vF which is negative, then we add some vectors which are

coefficients of the equations in the H-representation of N
(d)
k,n to vF such that the resulting

vector v′F all have non-negative entries. The vector v′F can be written as v′F = ∑i,j ci,jei,j
for some positive integers ci,j, where ei,j is the standard basis of R(k−1)×(n−k). By Lemma
5.1, each ei,j corresponds to a fundamental tableau Ti,j which is defined to be the one-
column tableau with entries [j, j + k] ∖ {i + j}. The tableau TF corresponding to F is
obtained from ∪i,jT

∪ci,j
i,j by removing all frozen factors (if any).

Conjecture 6.1. (1) For d ∈ Z≥0, k ≤ n, and every facet F of the Newton polytope

N
(d)
k,n, we have that the corresponding tableau TF is prime.

(2) For k ≤ n and every nonfrozen prime tableau T in SSYT(k, [n]), there is d ≥ 1

and a facet F of N
(d)
k,n such that T = TF .

Conjecture 6.1 gives systematic procedure to construct all prime Uq(ŝlk)-modules.
We will give an explicit description of all 2-column prime tableaux in Section 7. Namely,

we will prove that a 2-column tableau in SSYT(k, [n]) is prime if and only if it is the
union of two one-column tableaux which are noncrossing and not weakly separated, in
Section 7.

6.2. Example: Gr(3,6). In the case of C[Gr(3,6)], we use the web matrix (see Section
3.3)

M =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

1 0 0 x1,1x2,1 x1,1x2,12 + x1,2x2,2 x1,1x2,123 + x1,2x2,23 + x1,3x2,3
0 1 0 −x2,1 −x2,12 −x2,123
0 0 1 1 1 1

⎤
⎥
⎥
⎥
⎥
⎥
⎦

,

where we abbreviate for example x2,23 = x2,2 + x2,3. Evaluating all Plücker coordinates on

M and take their product, we obtain a polynomial p. The Newton polytope N
(1)
3,6 is the

Newton polytope defined by the vertices given by the exponents of monomials of p. The



Tropical Geometry, Quantum Affine Algebras, and Scattering Amplitudes 23

H-representation of N
(1)
3,6 is given by

(0,0,0,1,1,1) ⋅ x − 20 = 0, (1,1,1,0,0,0) ⋅ x − 10 = 0, (0,1,1,0,0,0) ⋅ x − 4 ≥ 0,

(0,0,1,0,0,0) ⋅ x − 1 ≥ 0, (0,0,0,0,1,1) ⋅ x − 11 ≥ 0, (0,0,0,0,0,1) ⋅ x − 4 ≥ 0,

(0,0,1,1,0,0) ⋅ x − 6 ≥ 0, (0,0,0,0,1,0) ⋅ x − 4 ≥ 0, (0,0,0,1,0,0) ⋅ x − 4 ≥ 0,

(1,0,0,0,0,0) ⋅ x − 1 ≥ 0, (1,0,0,0,1,0) ⋅ x − 6 ≥ 0, (1,1,0,0,1,1) ⋅ x − 16 ≥ 0,

(1,1,0,0,0,0) ⋅ x − 4 ≥ 0, (0,0,0,1,1,0) ⋅ x − 11 ≥ 0, (0,1,0,0,0,0) ⋅ x − 1 ≥ 0,

(1,0,0,0,1,1) ⋅ x − 14 ≥ 0, (0,1,0,0,0,1) ⋅ x − 6 ≥ 0, (1,1,0,0,0,1) ⋅ x − 11 ≥ 0,

(6.1)

where (0,0,0,1,1,1) ⋅ x is the inner product of the vectors (0,0,0,1,1,1) and x.
Now we compute the tableau corresponding to each facet. For example, for the facet

F with the normal vector vF = (0,1,1,0,0,0) in the first line of (6.1), we have that
vF = e1,2 +e1,3. The generalized roots e1,2, e1,3 corresponds to tableaux 2

4

5

, 3

5

6

respectively.

Removing the frozen factor 3

4

5

in 2

4

5

∪
3

5

6

= 2 3

4 5

5 6

, we obtain TF = 2

5

6

. Similarly, we have the

correspondence in Table 1.
Moreover, the two hyperplanes in (6.1) of the Newton polytope correspond to the

following generalized roots and frozen tableaux:

(0,0,0,1,1,1), α2,1 + α2,2 + α2,3, [1,2,6],

(1,1,1,0,0,0), α1,1 + α1,2 + α1,3, [1,5,6].

The facets of N
(1)
3,6 give all the prime modules (non-frozen) in the category C`, ` = 2.

By the same computations, we have that N
(0)
3,6 has 14 facets. The Newton polytope

N
(1)
3,6 has 16 facets but is not a simple polytope3. The Newton polytope N

(d)
3,6 has 16 facets

for any d ≥ 2 and it is simple. The Newton polytope N
(d)
3,6 is the type D4 associahedron

for any d ≥ 2, see Section 6 of [96].

6.3. Examples: Gr(3,8), Gr(4,8). In the case of C[Gr(3,8)], the PK polytope N
(0)
3,8

has (
8
3
) − 8 = 48 facets, N

(1)
3,8 has 120 facets (see also Proposition 6.2 in [13]), N

(2)
3,8 has 128

facets but it is not a simple polytope; N
(d)
3,8 has 128 facets and N

(d)
3,8 is a simple polytope

for any d ≥ 3. This agrees with the fact that the dual canonical basis C[Gr(3,8)] has 128
prime elements (not including frozen variables).

3A polytope P of dimension d is simple if every vertex has exactly d incident edges.
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generalized roots facets, hyperplanes tableaux modules
γ124 = α2,1 (0,0,0,1,0,0) [124] Y1,−1

γ125 = α2,1 + α2,2 (0,0,0,1,1,0) [125] Y1,−3Y1,−1
γ134 = α1,1 (1,0,0,0,0,0) [134] Y2,0

γ135 = α1,1 + α2,2 (1,0,0,0,1,0) [135] Y1,−3Y2,0
γ136 = α1,1 + α2,2 + α2,3 (1,0,0,0,1,1) [136] Y1,−5Y1,−3Y2,0
γ145 = α1,1 + α1,2 (1,1,0,0,0,0) [145] Y2,−2Y2,0

γ146 = α1,1 + α1,2 + α2,3 (1,1,0,0,0,1) [146] Y1,−5Y2,−2Y2,0
γ235 = α2,2 (0,0,0,0,1,0) [235] Y1,−3

γ236 = α2,2 + α2,3 (0,0,0,0,1,1) [236] Y1,−5Y1,−3
γ245 = α1,2 (0,1,0,0,0,0) [245] Y2,−2

γ246 = α1,2 + α2,3 (0,1,0,0,0,1) [246] Y1,−5Y2,−2
γ256 = α1,2 + α1,3 (0,1,1,0,0,0) [256] Y2,−4Y2,−2
γ346 = α2,3 (0,0,0,0,0,1) [346] Y1,−5
γ356 = α1,3 (0,0,1,0,0,0) [356] Y2,−4

γ124 + γ356 = α1,3 + α2,1 (0,0,1,1,0,0) [[124],[356]] Y2,−4Y1,−1
γ145 + γ236 = α1,1 + α1,2 + α2,2 + α2,3 (1,1,0,0,1,1) [[135],[246]] Y1,−5Y2,−2Y1,−3Y2,0

γ126 = α2,1 + α2,2 + α2,3 (0,0,0,1,1,1) [126] Y1,−5Y1,−3Y1,−1
γ156 = α1,1 + α1,2 + α1,3 (1,1,1,0,0,0) [156] Y2,−4Y2,−2Y2,0

Table 1. Correspondence of generalized roots, facets (together with two

hyperplanes defining the ambient space of N
(1)
3,6 ), tableaux, and dominant

monomials of prime modules in the case of Gr(3,6). In the table, each list
in [[124], [356]] is a column of the tableau.

In the case of C[Gr(4,8)], N
(0)
4,8 has (

8
4
) − 8 = 62 facets, N

(1)
4,8 has 360 facets. Four facets

of N
(1)
4,8 correspond to prime non-real tableaux 1 2

3 4

5 6

7 8

, 1 3

2 5

4 7

6 8

, 1 1 2 3

2 4 4 5

3 6 6 7

5 7 8 8

, 1 1 2 4

2 3 3 6

4 5 5 7

6 7 8 8

, see also

[7, 35, 60, 87].

6.4. The Face Corresponding to a Tableau. Take a Newton polytope N
(d)
k,n. We now

describe a procedure to produce a face of N
(d)
k,n for a given semistandard tableau.

Let T ∈ SSYT(k, [n]). By Lemma 3.13 in [23], there is a unique semistandard tableau
T ′ in SSYT(k, [n]) whose columns T ′

1, . . . , T ′
m are fundamental tableaux and T ∼ T ′.

For each fundamental tableau Ti,j with entries [j, j+k]∖{i+j}, we define α(Ti,j) = αi,j.

Let γT = ∑
m
j=1α(T

′
j) and let FT = {x ∈ N

(d)
k,n ∶ γT (y) ≥ γT (x),∀y ∈ N

(d)
k,n}. Then FT is the
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face of N
(d)
k,n such that γT is minimized on FT . We say that the tableau T corresponds to

a facet if FT is a facet of N
(d)
k,n.

To compute FT , we compute the monomials in p which are minimized by γT , where p

is the polynomial which defines N
(d)
k,n. The face FT is the face of N

(d)
k,n which is the convex

hull of the exponent vectors of these monomials.
Conjecture 6.1 (2) is equivalent to the following conjecture.

Conjecture 6.2. For k ≤ n and any nonfrozen prime tableau T ∈ SSYT(k, [n]), there

exists d ≥ 0 such that the face FT of N
(d)
k,n has codimension 1.

We say that two tableaux T , T ′ (resp., two simple modules L(M), L(M ′)) are compat-
ible if ch(T )ch(T ′) = ch(T ∪T ′) (resp., χq(L(M))χq(L(M ′)) = χq(L(MM ′))). We give a
conjecture about compatibility of two prime tableaux (equivalently, two prime modules).

Conjecture 6.3. Let k ≤ n and T , T ′ be two prime tableaux in SSYT(k, [n]). Then T , T ′

are compatible if and only if there exists d ≥ 0, such that the faces FT , FT ′ corresponding
to T , T ′ are facets and the intersection of FT , FT ′ is nonempty.

Example 6.4. Consider a tableau T = 1 1

2 3

4 5

and N
(1)
3,6 . We now check that FT is not a

facet of N
(1)
3,6 . The tableau T ′ whose columns are fundamental tableaux and such that

T ′ ∼ T is 1 1 2

2 3 3

4 4 5

. We have that γT = α2,1 + α1,1 + α2,2. We compute the exponents of the

monomials in p which take the minimal value when applying γT , where p is the polynomial

which defines N
(1)
3,6 . These exponents define the integer lattice points in FT . The affine

span of these points is the face FT and it is of codimension 2. Therefore FT is not a

(codimension 1) facet of N
(1)
3,6 . Similarly, FT is not a facet of N

(d)
3,6 for any d ≥ 1.

On the other hand, T is non-prime. Indeed, we have that ch(T ) = p134p125. This agrees
with Conjecture 6.2.

We give an example that the facets of two compatible prime tableaux have a nonempty
intersection.

Example 6.5. In Example 6.4, we see that ch( 1 1

2 3

4 5

) = p134p125. So the two tableaux

T = 1

3

4

, T ′ = 1

2

5

are compatible. Both of the faces FT and FT ′ in N
(1)
3,6 have codimension

1. The intersection of the facets FT and FT ′ is nonempty and has codimension 2. This
example verifies Conjecture 6.3.
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7. Explicit Description of 2-column Prime Tableaux

In this section, we prove that a 2-column tableau is prime if and only if it is the union
of two one-column tableaux which are noncrossing and not weakly separated. We also
compute the number of 2-column prime tableaux in SSYT(k, [n]).

Lemma 7.1. Suppose that T1, T2 are 1-column tableaux and they are noncrossing and not
weakly separated. Then for any pair of 1-column tableaux S1, S2 such that S1∪S2 = T1∪T2,
we have that S1, S2 are not weakly separated.

Proof. Suppose that T1, T2 are 1-column tableaux and they are noncrossing and not weakly
separated. By Lemma 5.6, for every pair of 1-column tableaux S1, S2 such that S1 ∪ S2 =

T1 ∪ T2, either {S1, S2} = {T1, T2} or S1, S2 are crossing. If {S1, S2} = {T1, T2}, then S1, S2

are not weakly separated.
If {S1, S2} ≠ {T1, T2}, then S1, S2 are crossing. If there are 1 ≤ a < b ≤ k such that

the sub-tableau of S1 consisting of the ath to bth rows of S1 and the sub-tableau of S2

consisting of the ath to bth rows of S2 are not weakly separated, then S1, S2 are not
weakly separated.

Now suppose that for any 1 ≤ a < b ≤ k, the sub-tableau of S1 consisting of the ath to
bth rows of S1 and the sub-tableau of S2 consisting of the ath to bth rows of S2 are weakly
separated. This contradicts the fact that S1, S2 are crossing. �

Example 7.2. Let T1 = 1

4

5

8

, T2 = 2

3

6

7

. We have that T1, T2 are noncrossing and not weakly

separated. All pairs of 1-column tableaux S1, S2 such that S1 ∪ S2 = T1 ∪ T2 are

(
1

3

5

7

, 2

4

6

8

), ( 1

3

5

8

, 2

4

6

7

), ( 1

3

6

7

, 2

4

5

8

), ( 1

3

6

8

, 2

4

5

7

), ( 1

4

5

7

, 2

3

6

8

), ( 1

4

5

8

, 2

3

6

7

), ( 1

4

6

7

, 2

3

5

8

), ( 1

4

6

8

, 2

3

5

7

).

All of these pairs are not weakly separated.

Theorem 7.3. Let L(M) be a simple Uq(ŝlk)-module such that TM is a 2-column tableau.
Then L(M) is prime if and only if there are one-column tableaux T1, T2 such that TM =

T1 ∪ T2, and T1, T2 are noncrossing and not weakly separated.

Proof. By [81, Theorem 1.1] and [92, Proposition 3], two quantum Plücker coordinates
in the quantum Grassmannian cluster algebra are quasi-commute if and only if the cor-
responding k-subsets are weakly separated. This implies that for any k-element subsets
J, J ′ of [n], the Uq(ŝlk)-module L(MJ) ⊗L(MJ ′) is simple if and only if J, J ′ are weakly
separated.

By Lemma 5.6, there is a unique pair T1, T2 of one-column tableaux T1, T2 such that
T1, T2 are noncrossing and TM = T1 ∪ T2.
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Suppose that T1, T2 are weakly separated. Then L(MT1)⊗L(MT2) is simple. It follows
that χq(L(M)) = χq(L(MT1))χq(L(MT2)). Therefore L(M) is not prime.

Now suppose that T1, T2 are not weakly separated. By Lemma 7.1, for any pair T ′
1, T

′
2

of 1-column tableaux such that T1 ∪ T2 = T ′
1 ∪ T

′
2, we have that T ′

1, T
′
2 are not weakly

separated. Therefore ch(TM) ≠ ch(T ′
1)ch(T ′

2), χq(L(M)) ≠ χq(L(MT ′1
))χq(L(MT ′2

)), for
any pair of 1-column tableaux T ′

1, T
′
2 such that TM = T ′

1∪T
′
2. Therefore L(M) and TM are

prime.
�

Denote (
n

a,b,c
) = n!

a!b!c! and I∆J = (I ∖ J) ∪ (J ∖ I) for two sets I, J .

Proposition 7.4. For k ≤ n/2, the number of 2-column prime tableaux is ak,n,2 − bk,n,

where ak,n,m = ∏
k
i=1∏

m
j=1

n−i+j
k+m−i−j+1 and bk,n = (

n
k
) +∑

k
j=1 j(

n
k−j,2j,n−k−j).

Proof. The number of semistandard Young tableaux of rectangular shape with k rows and
with entries in {1, . . . , n} and with m columns is ak,n,m, see [98].

Assume that k ≤ n/2. If I = J , then I, J are weakly separated and there are (
n
k
) choices

of I = J . Now assume that I ≠ J . Denote ∣I − J ∣ = ∣J − I ∣ = j. Since ∣I ∩ J ∣ = k − j,
∣I∆J ∣ = 2j, there are (

n
k−j,2j,n−k−j) ways to fix the sets I ∩ J and I∆J .

Since either I ∖ J or J ∖ I should be a segment of s consecutive elements of the 2j
elements in I∆J , there are 2j choices of I − J . Since the pair (I, J) is unordered, there
are 1

2 ∑
k
j=1 2j( n

k−j,2j,n−k−j) choices of weakly separated pairs (I, J) (unordered) in the case of
I ≠ J . It follows that the number of unordered weakly separated pairs among all Plücker
coordinates is bk,n.

Therefore the number of 2-column prime tableaux is ak,n,2 − bk,n. �

Remark 7.5. It is conjectured in [12] that for k ≤ n/2, there are

k

∑
r=3

(
2r

3
⋅ p1(r) + 2r ⋅ p2(r) + 4r ⋅ p3(r)) ⋅ (

n

2r
)(
n − 2r

k − r
)

2-column cluster variables in C[Gr(k,n)], where pi(r) is the number of partitions r =

r1 + r2 + r3 such that r1, r2, r3 ∈ Z≥1 and ∣{r1, r2, r3}∣ = i. The number ak,n,2 − bk,n in
Proposition 7.4 includes prime tableaux which are not cluster variables.

8. More evidence of Conjecture 6.1

In this section, we verify that the facets of N
(1)
3,9 correspond to prime modules of Uq(ŝl3)-

modules. This gives more evidence of Conjecture 6.1. We also give an explicit conjectural
description of the highest l-weights of a very large family of prime Uq(ŝlk)-modules.
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8.1. Facets of N
(1)
3,9 correspond to prime modules. There are 471 facets of N

(1)
3,9 (see

also [57, 87]). These facets give 471 tableaux in SSYT(3, [9]). We now verify that these
tableaux are prime.

Among these tableaux, there are 75 one-column tableaux. These correspond to all
non-frozen Plücker coordinates in C[Gr(3,9)].

There are 168 two-column tableaux in the 471 tableaux. These tableaux can be obtained
from the two prime 2-column tableaux in SSYT(3, [6]) by replacing 1 < 2 < ⋯ < 6 by
a1 < a2 < ⋯ < a6 (ai ∈ [9]).

There are 156 tableaux with 3 columns in the 471 tableaux. Totally there are 228 prime
tableaux with 3 columns in SSYT(3, [9]) (this can be seen by translating the results about
the number of indecomposable modules in Grassmannian cluster category CM(B3,9) in
[12]). The 156 tableaux are part of them. Up to promotion [89, 90, 91], these 156 tableaux
are

1 2 5

3 4 7

5 6 9

, 1 2 5

3 4 8

5 6 9

, 1 2 6

3 4 8

5 7 9

, 1 2 6

3 5 8

6 7 9

, 1 3 6

4 5 8

6 7 9

, 1 2 6

4 5 8

6 7 9

, 1 2 4

3 4 7

5 6 9

, 1 2 4

3 4 8

5 6 9

, 1 2 6

3 4 8

6 7 9

,

1 3 3

2 5 6

4 7 9

, 1 3 4

2 5 6

4 7 9

, 1 2 5

3 4 7

6 8 8

, 1 2 5

3 5 8

6 7 9

, 1 3 5

4 5 8

6 7 9

, 1 2 5

4 5 8

6 7 9

, 1 2 4

3 4 8

5 7 9

, 1 2 5

3 4 7

6 7 9

, 1 2 5

3 4 8

6 7 9

.

The orbit (under promotion) of the last tableau has 3 tableaux. The sizes of the other
orbits are 9.

There are 69 tableaux which have 4 columns in the 471 tableaux. Up to promotions,
these tableaux are

1 2 4 5

3 4 7 7

5 6 8 9

, 1 2 4 5

3 4 7 8

5 6 8 9

, 1 2 2 5

3 4 5 8

6 6 7 9

, 1 1 3 3

2 5 6 6

4 7 8 9

, 1 1 3 4

2 5 6 6

4 7 8 9

, 1 1 4 4

2 3 7 7

5 6 8 9

, 1 1 3 4

2 5 6 7

4 7 8 9

, 1 1 3 3

2 4 5 6

4 7 8 9

, 1 2 4 5

3 4 7 8

6 7 8 9

.

The orbits of the 6th and 7th tableaux have 3 tableaux, respectively. The sizes of the
other orbits are 9. In [24], cluster variables in terms of tableaux up to 10 columns in
C[Gr(3,9)] are computed extensively. We check directly that these 69 tableaux are in
the list of cluster variables obtained in [24]. Therefore these 69 tableaux are prime.

There are 3 tableaux which have 5 columns in these 471 tableaux. These three tableaux
are promotions of the following tableau

1 1 2 4 5

2 3 4 7 8

5 6 7 8 9

.

These 3 tableaux are in the list of cluster variables obtained in [24]. Therefore they are
prime.
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8.2. Coarsest Matroid Subdivisions and Prime Modules. It is conjectured in [44]
that all pairwise noncrossing but not weakly separated collections in NCk,n induce coarsest
positroidal subdivisions of ∆k,n. We conjecture that all pairwise noncrossing but not
weakly separated collections in NCk,n give prime tableaux.

Conjecture 8.1. Let J1, . . . , Jr be k-element subsets of [n] such that each pair of them
is noncrossing and not weakly separated. Then T = ∪ri=1TJi is a prime tableau.

Conjecture 8.1 gives an explicit description of the highest l-weights of a very large
family of prime Uq(ŝlk)-modules.

Note, however, there are tableaux which do not correspond to coarsest positroidal
subdivisions of ∆k,n but which are still prime.

For example, in the case of Gr(3,8), the eight tableaux in (8.1) map via vT ↦ F
(3)
n (vT )

(see the formula (4.3)) to positive tropical Plücker vectors, where vT is defined in Section
5.1. The positive tropical Plücker vectors induce positroidal subdivisions of ∆3,8 which
are not coarsest (see Theorem 6.4 in [13]) and do not generate rays of Trop+G(3,8). On
the other hand, all of the eight tableaux in (8.1) are indeed prime, see [24, 87].

1 2 3

6 5 4

7 7 8

, 1 2 5

4 3 7

6 6 8

, 1 3 4

2 6 5

5 7 8

, 1 2 3

5 4 4

6 8 7

, 1 2 4

3 3 7

6 5 8

, 1 2 3

2 6 5

4 7 8

, 1 1 2

4 5 3

7 6 8

, 1 3 4

2 7 6

5 8 8

. (8.1)

However, the eight tableaux in (8.1) do map to rays of the normal fan N(N
(2)
3,8) of N

(2)
3,8 ,

see Section 6.3.
In the case of r = 2, Conjecture 8.1 is proved in Section 7.

Example 8.2. In the case of Gr(3,9), there are 3 pairwise noncrossing and not weakly
separated 3-tuples:

(
1

6

7

, 2

5

8

, 3

4

9

), (
1

4

6

, 2

3

7

, 5

8

9

), (
1

2

5

, 3

7

8

, 4

6

9

).

They correspond to 3 prime tableaux in SSYT(3, [9]):

1 2 3

4 5 6

7 8 9

, 1 2 5

3 4 8

6 7 9

, 1 3 4

2 6 7

5 8 9

.

8.3. An example of matroid subdivision obtained from a prime module. We
consider a more complicated (conjectural) prime tableau T :

1 1 1 1 1 1 1 1 1 1 1 1 1 2 2 2 2 3 3 3 3 3 4 4 4 4 4 4 4 4 4 4 4 4 4 5 5 5 5

2 2 2 2 2 2 2 2 2 3 3 3 3 3 3 3 3 6 6 6 6 6 7 7 7 7 7 7 7 7 7 7 7 7 7 8 8 8 8

5 5 5 5 5 5 5 5 5 6 6 6 6 6 6 6 6 8 8 8 8 8 8 8 8 8 9 9 9 9 9 9 9 9 9 9 9 9 9

.
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h125

-h259

8 h126

-h268

-7 h269

4 h135
-h358

-7 h359
4 h235

4 h279

4 h289

8 h459

h278

4 h468

4 h568

12 h369

8 h378

h458

-7 h368

Figure 1. Given a tableau T with 39 columns corresponding to a (con-

jectural) prime module of Uq(ŝl3), we use the map F
(3)
9 (vT ) to define a

positive tropical Plücker vector (8.2), expanded in the habc basis of R([9]
3
),

see also [42] on matroidal weighted blade arrangements. The induced ma-
troid subdivision is dual to the (unweighted) graph in Figure 2. Prime
tableaux with more and more columns may appear with the same diagram
but with different (integer) coefficients; however the matroid subdivision
will not change.

This tableau is obtained using limit g-vector method in Section 11. Apply the map F
(3)
9

to vT (see the formula (4.3)), we obtain

F
(3)
9 (vT ) = h1,2,5 + 8h1,2,6 + 4h1,3,5 + 4h2,3,5 − h2,5,9 − h2,6,8 − 7h2,6,9 + h2,7,8 + 4h2,7,9 (8.2)

+ 4h2,8,9 − h3,5,8 − 7h3,5,9 − 7h3,6,8 + 12h3,6,9 + 8h3,7,8 + h4,5,8 + 8h4,5,9 + 4h4,6,8 + 4h5,6,8. (8.3)

The linear combination is shown schematically in Figure 1 as a weighted blade arrange-
ment, see [41, 44] for more about matroid subdivisions. The induced matroidal subdivision
is dual to the unweighted graph in Figure 2.

It would be interesting to study the relation between prime modules and matroid sub-
divisions in detail. We leave this question to a future work.
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Figure 2. Dual graph to the matroid subdivision of ∆3,9 that is induced
by the positive tropical Plücker vector (8.2): place a node at the center of
each maximal cell in the subdivision; two nodes are connected by an edge if
the corresponding cells share an internal codimension 1 face. This graph is
also sometimes called the tight span of the matroid subdivision. Here the
subdivision is finest; it has (

9−2
3−1) = 21 maximal cells and cannot be further

decomposed into a collection of matroid polytopes.

9. Newton Polytopes and Tropical Fans for Quantum Affine Algebras

Readers interested in physical applications and stringy integrals of Grassmann type
may skip to Section 10.

In this section, for any simple Lie algebra g over C, we define Newton polytopes asso-
ciated to the quantum affine algebra Uq(ĝ) using truncated q-characters of simple Uq(ĝ)-
modules.

9.1. Newton Polytopes for Quantum Affine Algebras. Let M be the set of all
equivalence classes of fundamental modules of Uq(ĝ) in C`. For simplicity, we also write
an equivalence class [L(M)] as L(M).

Definition 9.1. Let M(0) =M. We define recursively

N
(d)
g,` = Newt

⎛

⎝
∏

L(M)∈M(d)

χ̃q(L(M))
⎞

⎠
,

whereM(d+1) (d ≥ 0) is the collection of equivalence classes of simple Uq(ĝ)-modules which

correspond to facets of N
(d)
g,` .
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Remark 9.2. The existence of N
(d)
g,` in Definition 9.1 is conjectural. Namely, we do not

have a proof that the facets of N
(d)
g,` correspond to simple Uq(ĝ)-modules. It would be

interesting to give an explicit construction of highest l-weights of simple Uq(ĝ)-modules

which correspond to facets of N
(d)
g,` .

We will define another version of Newton polytopes for quantum affine algebras non-
recursively in Definition 9.5.

Remark 9.3. In type A, the definition of the Newton polytopes N
(d)
slk,`

is slightly different

from the definition of the Newton polytopes N
(d)
k,n (n = k + ` + 1) in Section 4 for Grass-

mannian cluster algebras. Here N
(0)
slk,`

is defined using all fundamental representations

of Uq(ŝlk). Finite dimensional simple Uq(ŝlk)-modules in C`, n = k + ` + 1, correspond

to tableaux in SSYT(k, [n],∼) [23]. In Section 4, N
(0)
k,n is defined using all cyclic shifts

of the one-column tableau with entries 1,2, . . . , k − 1, k + 1. These one-column tableaux
correspond to a set of minimal affinizations of Uq(ŝlk) [20, 23, 30].

Recall that two simple Uq(ĝ)-modules L(M), L(M ′) are called compatible if the identity
χq(L(M))χq(L(M ′)) = χq(L(MM ′)) holds.

Conjecture 9.4. Let g be a simple Lie algebra over C and ` ≥ 1. We have the following.

(1) For any d ≥ 0, every facet of N
(d)
g,` corresponds to a prime Uq(ĝ)-module in C`.

(2) For every prime Uq(ĝ)-module (nonfrozen) L(M) in C`, there exists d ≥ 0 such

that L(M) corresponds to a facet of the polytope N
(d)
g,` .

(3) For any two prime modules in C`, they are compatible if and only if there is some

d ≥ 0 such that there are two facets of N
(d)
g,` corresponding to them and the inter-

section of these two facets is nonempty.

We define another version of Newton polytopes for quantum affine algebras non-recursively.
For d ∈ Z≥1, denote by P+,d` the set of all dominant monomials in P+` with degrees less or
equal to d.

Definition 9.5. For a simple Lie algebra g over C, ` ≥ 1, and d ∈ Z≥1, we define

N′(d)
g,` = Newt

⎛
⎜
⎝
∏

M∈P+,d
`

χq(L(M))
⎞
⎟
⎠
.

In the next three subsections, we compute some examples of N
(d)
g,` and N′(d)

g,` .

9.2. Example: g is of type A1 and ` = 2. Consider the case of type A1 and ` = 2. The
category C` has 5 prime modules (not including frozen variables). We choose a height
function ξ(1) = −1, see Section 2.2.
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The truncated q-characters of fundamental modules in C` are

χ̃q(L(Y1,−1)) = Y1,−1, χ̃q(L(Y1,−3)) = Y1,−3 + Y
−1
1,−1, χ̃q(L(Y1,−5)) = Y1,−5 + Y

−1
1,−3. (9.1)

We take the order of the fundamental monomials Y1,−1, Y1,−3, Y1,−5. Then the Newton

polytope N
(0)
sl2,2

is given by the following hyperplanes and half-spaces:

(1,−1,1) ⋅ x + 0 = 0, (0,1,−1) ⋅ x + 0 ≥ 0, (0,0,1) ⋅ x + 0 ≥ 0,

(0,−1,1) ⋅ x + 1 ≥ 0, (0,0,−1) ⋅ x + 1 ≥ 0.
(9.2)

We see that the polytope N
(0)
sl2,2

is a square. The remaining two prime modules (not frozen)

in C` are L(Y1,−1Y1,−3) and L(Y1,−3Y1,−5). Their truncated q-characters are

χ̃q(L(Y1,−1Y1,−3)) = Y1,−1Y1,−3, χ̃q(L(Y1,−3Y1,−5)) = Y1,−3Y1,−5 +
Y1,−5
Y1,−1

+
1

Y1,−1Y1,−3
. (9.3)

The truncated q-character of L(Y1,−1Y1,−3) is a monomial. Multiply a monomial to the

defining polynomial of N
(0)
sl2,2

does not increase the number of facets. Therefore we expect
that the module which is not a fundamental module corresponding to one inequality in

(9.2) is L(Y1,−3Y1,−5). The Newton polytope N
(1)
sl2,2

is defined using L(Y1,−1), L(Y1,−3),

L(Y1,−5), L(Y1,−3Y1,−5). The polytope N
(1)
sl2,2

has 5 facets. The Newton polytope N
(d)
sl2,2

also has 5 facets for any d ≥ 1.

9.3. Example: g is of type A2, ` = 2. In the case of type A2, ` = 2, we choose the
height function ξ(1) = −1, ξ(2) = 0. There are 18 prime modules (including frozens) in
the category C`. We have the following truncated q-characters of prime modules (not
including frozens) in C`:

χ̃q(L(Y1,−1)) = Y1,−1, χ̃q(L(Y1,−3)) =
1

Y2,0
+
Y2,−2
Y1,−1

+ Y1,−3, χ̃q(Y2,0) = Y2,0,

χ̃q(L(Y1,−5)) =
1

Y2,−2
+
Y2,−4
Y1,−3

+ Y1,−5, χ̃q(Y2,−2) =
Y1,−1
Y2,0

+ Y2,−2, χ̃q(L(Y2,−2Y2,0)) = Y2,0Y2,−2,

χ̃q(Y2,−4) =
1

Y1,−1
+
Y1,−3
Y2,−2

+ Y2,−4, χ̃q(L(Y1,−1Y1,−3)) = Y1,−1Y1,−3,

χ̃q(L(Y1,−3Y1,−5)) =
Y1,−5
Y2,0

+
1

Y2,0Y2,−2
+ Y1,−3Y1,−5 +

Y2,−4
Y2,0Y1,−3

+
Y2,−2Y1,−5
Y1,−1

+
Y2,−2Y2,−4
Y1,−1Y1,−3

,

χ̃q(L(Y2,−2Y2,−4)) = Y2,−2Y2,−4 +
Y1,−1Y2,−4
Y2,0

+
Y1,−1Y1,−3
Y2,0Y2,−2

, χ̃q(L(Y1,−3Y2,0)) = Y2,0Y1,−3 +
Y2,0Y2,−2
Y1,−1

,

χ̃q(L(Y2,−2Y1,−5)) = Y2,−2Y1,−5 +
Y1,−1

Y2,0Y2,−2
+
Y1,−1Y1,−5
Y2,0

+
Y2,−2Y2,−4
Y1,−3

+
Y1,−1Y2,−4
Y2,0Y1,−3

,
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Y1,0

Y1,−4Y1,0

Y2,1

Y2,−1Y2,1

Y2,−3Y2,−1Y2,1

Y1,2

Y1,−2
Y2,−5Y2,−3Y2,−1Y2,1

Figure 3. An initial cluster for K0(C
B2

` ), ` = 1.

χ̃q(L(Y1,−1Y2,−4)) = Y1,−1Y2,−4 +
Y1,−1Y1,−3
Y2,−2

, Y2,0Y2,−2Y1,−5 +
Y2,0Y2,−2Y2,−4

Y1,−3
,

χ̃q(L(Y2,0Y1,−3Y1,−5)) = Y2,0Y1,−3Y1,−5 +
Y2,0Y2,−2Y1,−5

Y1,−1
+
Y2,0Y2,−2Y2,−4
Y1,−1Y1,−3

,

χ̃q(L(Y2,0Y1,−3Y2,−2Y1,−5)) = Y2,−2Y1,−5 +
Y2,−2Y2,−4
Y1,−3

+ Y2,0Y1,−3Y2,−2Y1,−5 +
Y2,0Y2,−2

2Y1,−5
Y1,−1

+
Y2,0Y2,−2

2Y2,−4
Y1,−1Y1,−3

.

We take the order of the fundamental monomials as Y1,−1, Y1,−3, Y1,−5, Y2,0, Y2,−2, Y2,−4.

Then the Newton polytope N′(d)
sl3,2

(d ≥ 4) is given by the following hyperplanes and half-
spaces:

(0,1,−1,−1,1,0) ⋅ x − 9 = 0, (1,0,−1,0,1,−1) ⋅ x − 8 = 0, (0,0,−1,0,1,−1) ⋅ x + 1 ≥ 0,

(0,0,0,0,0,1) ⋅ x + 0 ≥ 0, (0,0,−1,−1,1,−1) ⋅ x + 6 ≥ 0, (0,0,−1,0,0,0) ⋅ x + 6 ≥ 0,

(0,0,1,0,0,1) ⋅ x − 3 ≥ 0, (0,0,−1,0,0,−1) ⋅ x + 9 ≥ 0, (0,0,1,−1,0,1) ⋅ x + 2 ≥ 0,

(0,0,1,1,−1,1) ⋅ x + 0 ≥ 0, (0,0,0,1,0,0) ⋅ x − 2 ≥ 0, (0,0,0,0,1,−1) ⋅ x + 0 ≥ 0,

(0,0,0,1,−1,0) ⋅ x + 8 ≥ 0, (0,0,0,−1,0,0) ⋅ x + 8 ≥ 0, (0,0,1,0,0,0) ⋅ x + 0 ≥ 0,

(0,0,0,−1,0,1) ⋅ x + 7 ≥ 0, (0,0,0,−1,1,0) ⋅ x + 2 ≥ 0, (0,0,0,−1,1,−1) ⋅ x + 3 ≥ 0.

On the other hand, there are 18 prime modules (including frozens) in Csl32 . Therefore
there is a one to one correspondence between facets together with hyperplanes defining

the ambient space of N′(d)
k,n (d ≥ 4) and prime modules (including frozens) in C`.

9.4. Example: g is of type Bn and ` = 1. Consider the case of type B2 and ` = 1. We
choose a height function as shown in Figure 3, see [62, 64] for the definition of the cluster
algebra associated to C`.
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There are 25 prime modules (not including the 3 frozen modules) in CB2
1 are

L(Y1,2), L(Y1,0), L(Y1,−2), L(Y1,−4), L(Y2,1), L(Y2,−1), L(Y2,−3), L(Y2,−5),

L(Y1,−4Y2,1), L(Y1,−4Y1,2), L(Y1,0Y2,−5), L(Y1,2Y2,−3), L(Y2,−5Y2,1), L(Y2,−5Y2,−3),

L(Y2,−3Y2,−1), L(Y2,−1Y2,1), L(Y1,−4Y2,−1Y2,1), L(Y1,0Y2,−5Y2,−3), L(Y1,2Y2,−5Y2,−3),

L(Y1,2Y2,−3Y2,−1), L(Y2,−5Y2,−3Y2,−1), L(Y2,−3Y2,−1Y2,1), L(Y1,0Y1,2Y2,−5Y2,−3),

L(Y1,2Y2,−5Y2,−3Y2,−1), L(Y1,2Y2,−5Y2,−3Y2,−3Y2,−1).

Computing the Newton polytope using the q-characters of prime modules in C`, we

obtain a polytope which has 25 facets. This polytope is N′(d)
Bn,1

(d ≥ 5) and it is the type
D5 associahedron.

We expect that for every n ∈ Z≥2, N′(d)
Bn,1

(d is large enough) is the type D2n+1 associa-
hedron.

9.5. Tropical Fans for Quantum Affine Algebras. Let M(0) = M be the set of all
equivalence classes of fundamental modules of Uq(ĝ) in C`. By tropicalizing all χq(L(M)),
L(M) ∈ M, we obtain piecewise linear functions in the space of dimension r parametrized
by yi,j (yi,j is the tropical version of Yi,j), where r is the number of fundamental modules
in C`. Such a function is linear on a collection of cones; these cones assemble to define a

polyhedral fan. The common refinement of these fans is the normal fan N(N
(0)
g,` ) of the

Newton polytope N
(0)
g,` .

For d ≥ 1, letM(d) be the set of all equivalence classes of simple modules corresponding

to rays of N(N
(d−1)
g,` ). By tropicalizing all χq(L(M)), L(M) ∈ M(d), and using the same

procedure as above, we obtain the normal fan N(N
(d)
g,` ) of the Newton polytope N

(d)
g,`

defined in Section 9.1.

10. Physical Motivation: Stringy Integrals and CEGM Scattering
Amplitudes

In this section, we propose a formula which extends the main construction in the work
of Arkani-Hamed, He, Lam [4] on so-called Grassmannian string integrals, and Cachazo,
Early, Guevara, Mizera (CEGM) [21] on generalized biadjoint scalar amplitudes. Grass-
mannian string integrals and generalized biadjoint scalar amplitudes are related by taking
a certain α′ → 0 limit of the stringy integral.

10.1. Stringy Integrals For Grassmannian Cluster Algebras. From a physical
point of view, the central objective of this subsection which we describe here is twofold.
First, in this subsection we give an explicit formula for a completion of the stringy integral
by making use of all of the elements in Lusztig’s dual canonical basis of C[Gr(k,n)]; the
rest of the subsection aims to provide a combinatorial framework for the evaluation of a
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limit which is standard in physics, the so-called α′ → 0 limit of the Grassmannian string
integral, which is known to be given ([4, Claim 1]) by the CEGM scattering equations
formula.

Such calculations are still highly nontrivial, but the formula which we propose removes
an enormous amount of redundancy by making use of character polynomials for only prime
tableaux. It is known that any simple Uq(ĝ)-module decomposes as the tensor product of
prime simple modules [28]. Therefore the q-character4 of any simple Uq(ĝ)-module is the
product of the q-characters of its prime factors [48].

Moreover, our formula is essentially nonrecursive using chT in Theorem 5.8 in [23], and
it is more general than possible constructions coming from cluster algebras which use only
cluster variables.

Arkani-Hamed, He, and Lam introduced Grassmannian string integrals in [4, Equation
(6.11)]:

Ik,n = (α′)a∫
(Rn−k−1
>0 )×(k−1)

⎛

⎝
∏
(i,j)

dxi,j
xi,j

⎞

⎠
(∏
J

p−α
′cJ

J (xi,j)) , (10.1)

where a = (k − 1)(n− k − 1), α′, cJ are some parameters, pJ ’s are Plücker coordinates, the
product runs over all k-element subsets of [n].

We emphasize that the original formulations (10.1) in [21] and [4] involved only the
finite collection of all Plücker coordinates.

We now define the completion of the Grassmannian string integral, using for the inte-
grand all prime elements in the dual canonical basis of C[Gr(k,n)].

Definition 10.1. For 2 ≤ k ≤ n − 2 and every d ≥ 1, we define

I
(d)
k,n = (α′)a∫

(Rn−k−1
>0 )×(k−1)

⎛

⎝
∏
(i,j)

dxi,j
xi,j

⎞

⎠
(∏
T

ch−α
′cT

T (xi,j)) . (10.2)

where the second product is over all tableaux T such that the face FT corresponding to

T (see Section 6.4) is a (codimension one) facet of N
(d−1)
k,n . Here we abbreviate a = (k −

1)(n−k−1). Also cT , xi,j > 0 are positive (real) parameters, and α′ is a parameter known
in physics as the string tension. The first product is over (i, j) ∈ [1, k − 1] × [1, n − k − 1],
and we have chosen the normalization where xi,n−k = 1 for all i = 1, . . . , k − 1.

In the integral (10.2) we have conditions under which the integral converges, namely
that the parameters αi,j and cT must be chosen such that the origin is in the interior of
the Newton polytope, see [4, Claim 1] for details.

4There is a connection between the q-character of a simple module L(M) and the polynomial chTM
,

where TM is the tableau corresponding to M , see Sections 3.1 and 3.2.
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Denote by PSSYTr
k,n ⊂ SSYT(k, [n]) the set of prime tableaux in SSYT(k, [n]) with

r or less columns and by PSSYTk,n ⊂ SSYT(k, [n]) the set of all prime tableaux in
SSYT(k, [n]).

It is natural5 to introduce the d→∞ limit of the Grassmannian string integral (10.2):

I
(∞)
k,n = (α′)a∫

(Rn−k−1
>0 )×(k−1)

⎛

⎝
∏
(i,j)

dxi,j
xi,j

⎞

⎠

⎛

⎝
∏

T ∈PSSYTk,n

ch−α
′cT

T (xi,j)
⎞

⎠
. (10.3)

For finite type cluster algebras, our integrand is finite. However, starting at (k,n) = (3,9)
the integrand involves an infinite product.

We also introduce another version of the Grassmannian string integral (10.2) using all
prime tableaux up to certain columns.

Definition 10.2. For 2 ≤ k ≤ n − 2 and r ≥ 1, we define

I
′(r)
k,n = (α′)a∫

(Rn−k−1
>0 )×(k−1)

⎛

⎝
∏
(i,j)

dxi,j
xi,j

⎞

⎠

⎛

⎝
∏

T ∈PSSYTr
k,n

ch−α
′cT

T (xi,j)
⎞

⎠
, (10.4)

where a = (k − 1)(n− k − 1), and α′, cT are certain parameters defined in the same way as
Definition 10.1.

Note that in the limit r →∞ the integrands for (10.4) and (10.3) coincide. In this way
we have a combinatorial construction which relates prime tableaux to stringy integrals,
and a geometric interpretation of the set of all prime tableaux in terms of a polytope.

The polynomials chT that appear in the integrands of (10.2) and (10.4) are in bijection
with prime tableaux and can be calculated using (3.2).

An important problem which may help with the evaluation will be investigated in
Section 10.2: to rewrite Equation (10.3) in terms of rational functions which are invariant
under the torus action, that is the so-called u-variables [5], and then to calculate the
binary relations among them. See also [43] for another physical application of binary
relations in the context of CEGM scattering amplitudes.

By [4, Claim 1], the leading order term in the series expansion around α′ = 0 has a
beautiful interpretation as the volume of a polytope, where the simple poles correspond to

facets. The polytope is dual to the Newton polytope N
(1)
k,n. This leading order contribution

was formulated originally in [21] by Cachazo, Early, Guevara and Mizera (CEGM) using
the scattering equations formalism.

Remark 10.3. The stringy integral in Equation (10.3) converges if and only if the origin
is in the interior of the Newton polytope, see [4, Claim 1]; however, the α′ → 0 limit is
calculated by the CEGM scattering equations formula [21], which has no such convergence
limitation.

5See talks by Arkani-Hamed, Frost, Plamondon, Salvatori, and Thomas in [2, 3].
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It turns out that the limit α′ → 0 of the Grassmannian string integral (10.1) coincides
with the CEGM scattering equations formula [4]. Let us sketch the CEGM formula,
referring to [21] for details.

First we define a scattering potential function

S
(d=1)
k,n = ∑

J

log(pJ)sJ ,

where pJ is the maximal k×k minor with column set J = {j1, . . . , jk}, and the Mandelstam
variables sJ are coordinate functions on the kinematic space

K(k,n) = {(sJ) ∈ R(n
k
) ∶ ∑

J ∶J∋i
sJ = 0, i = 1, . . . , n} .

Then [21] defined the (planar) generalized biadjoint scalar amplitude

m
(k)
n = ∑

c∈crit(S(1)
k,n

)

1

det′ Φ
(
n

∏
j=1

1

pj,j+1,...,j+k−1(c)
)

2

,

where the sum is over all critical points c of S
(1)
k,n , and where det′ Φ is the so-called reduced

Hessian determinant (see [21, Equation 2.4] for details). For example,

m
(2)
4 =

1

s12
+

1

s23

and

m
(2)
5 =

1

s12s34
+

1

s23s45
+

1

s34s15
+

1

s12s45
+

1

s23s15
.

In general, Cachazo-He-Yuan [25] introduced a compact formula for biadjoint scalar am-
plitudes (as well as amplitudes for many other Quantum Field Theories).

The k ≥ 3 analog was discovered by Cachazo-Early-Guevara-Mizera (CEGM); they have
have been the subject of intensive study since their introduction [21].

A second expression for the leading order in the expansion around α′ → 0 is a compact
expression involving piecewise-linear functions,

lim
α′→0

I
(∞)
k,n = ∫

Tk−1,n−k
exp

⎛

⎝
− ∑
T ∈PSSYTk,n

sT chTrop
T (yi,j)

⎞

⎠
dyi,j,

where chTrop
T (yi,j) is the usual tropicalization of the character polynomial chT (xi,j), and

where Tk−1,n−k = (Tn−k)×(k−1) and Tn−k = Rn−k/R(1, . . . ,1).
The fundamental tropical integral of this form was defined first in [22], called there

the global Schwinger parametrization of Feynman diagrams. In this work we propose
a generalization of the integrand which includes all prime elements in Lusztig’s dual
canonical basis, as parameterized by prime tableaux.
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Clearly there are many questions about this integral which we leave to future work.
One of these is highly nontrivial:

● To evaluate the tropical limit, one has to either compute an infinite Minkowski
sum, or else find a way to evaluate the CEGM formula for a scattering potential
that involves an infinite summation indexed by prime tableaux.

10.2. u-equations and u-variables. In what follows, building on [4, Section 6.2], we
propose a system of so-called u-variables for the (infinite) Grassmannian string integral

I
(∞)
k,n defined in Equation (10.3). The motivation is to make the integrand manifestly

compatible with the singularities of the function obtained by taking the α′ → 0 limit. To
construct the infinite integrand is an important problem [6, Section 12.3]. The second
step, to characterize the binary relations among the u-variables, will be considered in
future work.

The new integrand is reorganized as a product of cross-ratios uT on the Grassmannian
Gr(k,n), the so-called u-variables, one for each prime tableau T . The u-variables [5] have
been defined for finite-type cluster algebras arising from Gr(2, n) [6] (and see the origi-
nal work of Koba-Nielsen [73] in the physics literature), but for general Grassmannians
Gr(k,n) the cluster algebras are of infinite type and new methods are required [4]. The
main idea of our solution is to construct u-variables for Grassmannian string integrals
as ratios of characters chT of prime tableaux T (equivalently, as ratios of q-characters of

prime modules of the quantum affine algebra Uq(ŝlk)). In this way, our proposal for an
integrand with infinite product of u-variables which satisfy certain binary-type identities,
as has been explored in the finite type case in [5].

We first formulate our proposal and then we label the u-variables and u-equations for

I
(2)
3,6 (in our notation) in [4] to using prime tableaux.

Definition 10.4. For k ≤ n, we define

I
(∞)
k,n = (α′)a∫

(Rn−k−1
>0 )×(k−1)

∏
i,j

dxi,j
xi,j

∏
T ∈PSSYTk,n

(uT )
α′UT , (10.5)

where α′, UT are some parameters, and uT is the u-variable corresponding to a prime
tableau T which is defined in (10.6).

Jensen, King, and Su [67] introduced an additive categorification of Grassmannian clus-
ter algebras using a category CM(Bk,n) of Cohen-Macaulay Bk,n-modules, where Bk,n is
a certain quotient of the complete path algebra of a certain quiver. According to their
result, there is a one to one correspondence between cluster variables C[Gr(k,n)] and
reachable (meaning that the module can be obtained by mutations) rigid indecompos-
able modules in CM(Bk,n). On the other hand, cluster variables of C[Gr(k,n)] are in
one to one correspondence with reachable (meaning that the tableau can be obtained by
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mutations) prime real tableaux in SSYT(k, [n]). Therefore there is a one to one corre-
spondence between reachable rigid indecomposable modules in CM(Bk,n) and reachable
prime real tableaux in SSYT(k, [n]). In particular, in finite type cases, there is a one to
one correspondence between indecomposable modules (in finite type, all indecomposable
modules are rigid) in CM(Bk,n) and prime tableaux in SSYT(k, [n]) (in finite type, all
prime tableau are real).

We conjecture that in general, there is a one to one correspondence between indecom-
posable modules in CM(Bk,n) and prime tableaux in SSYT(k, [n]). Denote by MT the
indecomposable module in CM(Bk,n) corresponding to a prime tableau T . We can label
the Auslander-Reiten quiver by prime tableaux instead of indecomposable modules, see
Figure 4.

Definition 10.5. For every mesh

T1

��

S //

��

GG

⋮ // S′

Tr

GG

in the Auslander-Reiten quiver of CM(Bk,n), we define the corresponding u-variable as

uS =
∏
r
i=1 chTi

chSchS′
. (10.6)

Here we label the u-variables by semistandard Young tableaux rather than noncrossing
tuples. The mesh can be degenerate. For example, in Figure 4, u126 =

p136
p126

.

General u-equations have been introduced in [3]. In [3], u-equations are defined in the
setting of representations of quiver with relations and cluster categories of finite type. In
this paper, we work in the setting of Grassmannian cluster categories. The u-equations
are: for every prime tableau T in SSYT(k, [n]),

uT + ∏
T ′∈PSSYTk,n

u
dimHom(MT ,τ(MT ′))+dimHom(MT ′ ,τ(MT ))
T ′ = 1, (10.7)

where MT is the indecomposable Bk,n-module corresponding to T , and τ is the Auslander-
Reiten translation [10, 67].

Conjecture 10.6. The u-variables are unique solutions of the u-equations (10.7).

We give an example to explain Conjecture 10.6.
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Example 10.7. In the case of C[Gr(3,6)], the u-equations are

u124 + u135u136u235u236u356u135,246 = 1,

u125 + u136u346u135,246u246u236u146 = 1,

u135 + u135,246u
2
246u124,356u245u346u236u146u256u124 = 1,

u124,356 + u135u136u145u146u235u236u245u246u
2
135,246 = 1,

and their cyclic shifts. Note that the cyclic shifts of the indices of all Plücker coordinates
in chT corresponds to promotions of T , [90].

The solutions of the u-equations can be read from the Auslander-Reiten quiver. We
have

u126 =
p136
p126

, u345 =
p346
p345

, u125 =
p126p135
p125p136

, u136 =
ch135,246

p136p245
, u245 =

p345p246
p245p346

,

u346 =
ch124,356

p346p125
, u124,356 =

p125p134p356
ch124,356p135

, u134 =
p135p234
p134p235

, u135 =
p136p145p235
p135ch135,246

,

u235 =
ch135,246

p235p146
, u135,246 =

p146p245p236
ch135,246p246

, u146 =
p246p156
p146p256

, u246 =
p346p256p124
p246ch124,356

,

u256 =
ch124,356

p256p134
, u234 =

p235
p234

, u156 =
p256
p156

, u356 =
p135p456
p356p145

, u145 =
ch135,246

p145p236
,

u236 =
p246p123
p236p124

, u124 =
ch124,356

p124p356
, u456 =

p145
p456

, u123 =
p124
p123

,

where we use chT1,...,Tr to denote chT , and Ti’s are columns of T . Here ch124,356 = p124p356−
p123p456, and ch135,246 = p145p236 − p123p456. We checked that the u-variables satisfy u-
equations directly. The solution agrees with Section 9.3 of [4].

The same computations can be done for other finite type cases. The Auslander-Reiten
quivers for Grassmannian cluster categories CM(Bk,n) of finite type have been computed
in [67] (the vertices are labelled by Cohen-Macaulay modules in CM(Bk,n)) and [38] (the
vertices are labelled by tableaux).

When C[Gr(k,n)] is of infinite type, the Auslander-Reiten quiver of the Grassmannian
cluster category CM(Bk,n) has infinitely many components. We will study Conjecture
10.6 about the u-equations and their solutions in the future.
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Figure 4. The Auslander-Reiten quiver for CM(B3,6) with vertices la-
belled by tableaux.

10.3. Stringy Integrals For Quantum Affine Algebras. We generalize the stringy
integrals in Section 10.1 to the setting for any quantum affine algebra as follows.

Let g be a simple Lie algebra over C and ` ≥ 0. Recall that Î = {(i, s) ∶ i ∈ I, s =

ξ(i) − 2dir, r ∈ [0, `]}, where ξ ∶ I → Z is a chosen height function, see Section 2.

Definition 10.8. For every simple Lie algebra g over C, ` ≥ 1, and d ≥ 1, we define

I
(d)
g,` = (α′)∣Î ∣∫

R∣Î∣
>0

⎛

⎝
∏

(i,s)∈Î

dYi,s
Yi,s

⎞

⎠
(∏
M

χq(L(M))−α
′cM) , (10.8)

where the product is over all dominant monomials M such that the modules L(M) cor-

respond to facets of N
(d−1)
g,` , and α′, cM are some parameters.

We also define another version of stringy integrals for quantum affine algebras.
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Definition 10.9. For every simple Lie algebra g over C, ` ≥ 1, and d ≥ 1, we define

I′
(d)
g,` = (α′)∣Î ∣∫

R∣Î∣
>0

⎛

⎝
∏

(i,s)∈Î

dYi,s
Yi,s

⎞

⎠
(∏
M

χq(L(M))−α
′cM) , (10.9)

where the product is over all dominant monomials M in P+` of degree less or equal to d,
and α′, cM are some parameters.

We also define stringy integrals for quantum affine algebras in the case when d→∞ as
follows.

Definition 10.10. For every simple Lie algebra g over C and ` ≥ 1, we define

I
(∞)
g,` = (α′)∣Î ∣∫

R∣Î∣
>0

⎛

⎝
∏

(i,s)∈Î

dYi,s
Yi,s

⎞

⎠
(∏
M

χq(L(M))−α
′cM) , (10.10)

where the product is over all dominant monomials M such that L(M)’s are prime modules
in C`, and α′, cM are some parameters.

We hope that the stringy integrals for quantum affine algebras will have applications
to physics.

11. Limit g-vectors, Limit Facets, and Prime Non-real Modules

In this section, we study prime non-real modules of quantum affine algebras using limit
g-vectors.

11.1. Limit g-vectors and Limit Facets. By results in [64, Section 5.2.2], see also [39,
Section 2.6], [23, Section 7], we have that for any simple Uq(ĝ)-module L(M), its g-vector
is obtained as follows. The dominant monomial M can be written as M = ∏i,s Y

ai,s
i,s

for some non-negative integers ai,s, where the product runs over all fundamental modules
L(Yi,s) in C`. On the other hand, M can also be written as M = ∏Mi

M gi
i for some integers

gi, where the product runs over all initial cluster variables and frozen variables L(Mi) in
C`. The gi’s are the unique solution of ∏i,s Y

ai,s
i,s = ∏Mi

M gi
i . With a chosen order, gi’s form

the g-vector of L(M). A simple module L(M) is determined by its g-vector uniquely.
In the case of Grassmannian cluster algebras, in Section 7 of [23], it is shown that given

any tableau, one can recover its g-vector as follows. Any tableau T ∈ SSYT(k, [n]) can
be written uniquely as Se11 ∪⋯∪Semm for some integers e1, . . . , em ∈ Z, where S1, . . . , Sm are
the tableaux in the initial cluster (we choose an order of the initial cluster variables). The
vector (e1, . . . , em) is the g-vector of T . In Sections 6 and 9, we conjecture that facets of
certain Newton polytopes correspond to prime Uq(ĝ)-modules (hence facets correspond
to certain g-vectors).

Remark 11.1. In this paper, every element in the dual canonical basis of K0(C`) and
C[Gr(k,n)] has a g-vector in the above sense even if it is not a cluster monomial.
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It is observed in [34, 61] that some prime non-real elements in the dual canonical basis
of C[Gr(k,n)] which can be computed using limit g-vectors (these limit g-vectors are
called limit rays). We generalize the concept of limit g-vectors to any cluster algebra in
the following.

For a vector v = (v1, . . . , vm) in Rm, denote its l2-norm by ∥v∥ =
√
∑
m
i=1 ∣vi∣

2.

Definition 11.2. For a cluster algebra A of infinite type of rank m, we say that a sequence
of g-vectors g1, g2, . . . of A has a limit g if the greatest common factor of entries of g is 1
and for every ε > 0, there is a positive integer N such that for every j ≥ N , there is some
positive real number cj such that ∥cjg − gj∥ < ε.

Definition 11.3. Let g be a simple Lie algebra over C and let ` ∈ Z≥1, d ∈ Z≥0. We say

that a facet of a Newton polytope N
(d)
g,` defined in Section 9 for a quantum affine algebra

is a limit facet if the facet corresponds to a module whose g-vector is a limit g-vector of a
sequence of g-vectors of modules obtained by a sequence of mutations of the corresponding
cluster algebra.

We conjecture that every simple module corresponding to a limit g-vector is prime
non-real.

Conjecture 11.4. Let g be a simple Lie algebra over C and let ` ∈ Z≥1. If a simple
module L(M) in C` corresponds to a limit g-vector of the cluster algebra corresponding to
C`, then L(M) is prime non-real.

We explain an example of limit g-vector in the case of C[Gr(4,8)]. We fix the order

[1,2,3,5], [1,2,4,5], [1,3,4,5], [1,2,3,6], [1,2,5,6], [1,4,5,6],

[1,2,3,7], [1,2,6,7], [1,5,6,7], [1,2,3,4], [2,3,4,5], [3,4,5,6],

[4,5,6,7], [5,6,7,8], [1,2,3,8], [1,2,7,8], [1,6,7,8]

of the initial cluster, where each list corresponds to a Plücker coordinate. Mutate at the
vertices in Figure 5 alternatively where the tableaux 4

6

7

8

and 1 3

2 4

4 7

6 8

resides, we obtain the

following g-vectors

(−1,1,0,1,−1,0,0,0,0,0,0,1,0,0,0,1,0),

(−2,2,0,2,−1,−1,0,−1,1,0,0,2,0,0,0,2,0),

(−3,3,0,3,−1,−2,0,−2,2,0,0,3,0,0,0,3,0),

(−4,4,0,4,−1,−3,0,−3,3,0,0,4,0,0,0,4,0), . . .

When the mutation step r is large enough, the g-vector we obtain is

(−r, r,0, r,−1,−r + 1,0,−r + 1, r − 1,0,0, r,0,0,0, r,0).
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Figure 5. Mutate alternatively at the vertices of the double arrow, we
obtain a limit g-vector (−1,1,0,1,0,−1,0,−1,1,0,0,1,0,0,0,1,0). This g-
vector corresponds to the prime non-real tableau [[1,2,4,6], [3,5,7,8]] with
columns 1,2,4,6 and 3,5,7,8.

The limit g-vector of the sequence is

(−1,1,0,1,0,−1,0,−1,1,0,0,1,0,0,0,1,0).

This limit g-vector corresponds to the prime non-real tableau 1 3

2 5

4 7

6 8

. This non-real tableau

correspond to the non-real module L(Y2,0Y1,−3Y3,−3Y2,−6). Up to shift the second indices,
this module is the non-real module found in Section 13.6 in [62].

11.2. Limit g-vectors in C[Gr(3,9)] and C[Gr(4,8)]. Recall that we say that a tableau
in SSYT(k, [n]) has rank r if the tableau has r columns and an element in C[Gr(k,n)]
has rank r if the tableau corresponding to it has r columns. We say that a g-vector has
rank r is the tableaux corresponding to it has rank r.

We compute cluster variables and limit g-vectors for C[Gr(k,n)] in terms of tableaux
up to certain numbers of columns. That is, at each step of mutation, if we obtain some
tableau with columns more than some number m, we mutate this vertex again. In this
way, we can collect only tableaux (cluster variables) with columns less or equal to m.

We compute limit g-vectors for C[Gr(3,9)] and C[Gr(4,8)] up to rank 56 (the corre-
sponding tableaux have at most 56 columns). The sequence of numbers of rank r (r ≥ 1)
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limit g-vectors for C[Gr(3,9)] (conjecturally, prime non-real tableaux in SSYT(3, [9])) is

0,0,3,0,0,3,0,0,6,0,0,6,0,0,12,0,0,6,0,0,18,0,0,12,0,0,12,0,0,12,

0,0,18,0,0,12,0,0,30,0,0,12,0,0,36,0,0,18,0,0,24,0,0,24, . . .

The sequence of numbers of rank r (r ≥ 1) limit g-vectors for C[Gr(4,8)] (conjecturally,
prime non-real tableaux in SSYT(4, [8])) is

0,2,0,2,0,4,0,4,0,8,0,4,0,12,0,8,0,12,0,8,0,12,0,8,0,

20,0,8,0,24,0,12,0,16,0,16,0,32,0,12,0,36,0,16,0,24,0,20,0,44, . . .

Based on the computations, we have the following interesting conjecture. Denote by
φ(m) the Euler totient function which counts the numbers less or equal to m and prime
to m.

Conjecture 11.5. The number of rank r (r ≥ 1) prime non-real tableaux in SSYT(3, [9])
is

f3,9,r = {
0, r (mod 3) = i, i ∈ {1,2},

3φ(r/3), r (mod 3) = 0.

The number of rank r (r ≥ 1) prime non-real tableaux in SSYT(4, [8]) is

f4,8,r = {
0, r (mod 2) = 1,

2φ(r/2), r (mod 2) = 0.

11.3. Limit g-vectors for Gr(4,9). Using the algorithm in Theorem 1.1 in [18], we find
that there are 18 two-column prime non-real tableaux and 252 three-column prime non-
real tableaux in SSYT(4, [9]). We also checked that by computer that they all correspond
to limit g-vectors.

The 18 prime non-real tableaux are obtained from the two prime non-real tableaux
1 3

2 5

4 7

6 8

, 1 2

3 4

5 6

7 8

by replacing 1 < 2 < ⋯ < 8 by a1 < ⋯ < a8 ∈ [9].
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Up to promotion, the 252 three-column prime non-real tableaux in SSYT(4, [9]) are

1 2 3

2 5 6

4 7 8

7 8 9

, 1 1 2

3 3 4

5 6 7

8 9 9

, 1 1 3

2 4 5

3 6 7

6 8 9

, 1 1 4

2 3 6

4 5 8

7 8 9

, 1 2 3

2 5 6

4 7 8

7 9 9

, 1 1 4

2 3 6

4 5 8

7 9 9

, 1 2 2

3 4 5

6 6 7

8 8 9

, 1 1 2

3 4 5

6 7 8

8 9 9

, 1 1 3

2 5 6

4 7 8

6 8 9

, 1 2 4

3 4 6

5 5 8

7 8 9

,

1 3 4

2 6 6

5 7 8

7 8 9

, 1 2 2

3 4 5

6 6 7

8 9 9

, 1 1 2

3 4 5

5 6 6

7 8 9

, 1 2 3

4 4 5

5 6 7

8 9 9

, 1 1 3

2 5 6

4 7 8

6 9 9

, 1 2 2

3 3 4

5 6 7

8 8 9

, 1 2 4

3 4 6

5 5 8

7 9 9

, 1 2 2

3 3 4

5 6 7

8 9 9

, 1 1 3

2 4 5

3 7 8

6 9 9

, 1 2 4

2 3 6

4 5 8

7 8 9

,

1 2 3

4 5 6

6 7 8

8 9 9

, 1 1 2

3 3 4

5 6 7

7 8 9

, 1 2 2

3 4 5

6 7 8

8 9 9

, 1 2 2

3 4 5

5 6 6

7 8 9

, 1 2 3

2 4 5

3 7 8

6 9 9

, 1 2 4

3 3 5

4 5 8

6 7 9

, 1 3 3

2 5 6

4 7 8

6 9 9

, 1 1 3

2 3 6

4 5 8

7 8 9

.

On the other hand, it is stated in [61, Section 5.3] that there are g-vectors (they call
them rays) that are neither cluster variables nor limit g-vectors (limit g-vectors are called
limit rays in [61]). This means that there are prime non-real modules which cannot be
obtained by computing limit g-vectors.

12. Limit g-vectors for Type Dn Quantum Affine Algebras

In a recent paper [17], Brito and Chari found for the first time some examples of non-
real Uq(ĝ)-modules when g is of type D4 which do not arise from a type An module. One
non-real module they found is L(Y1,−11Y1,−9Y2,−6Y1,−3Y1,−1) (up to shifting the indices s in
Yi,s). In Section 11, we see that limit g-vectors can be used to produce non-real modules.
In this section, we construct one explicit example of non-real module of type D4 using a
limit g-vector.

12.1. The type D4 module L(Y2,−4Y2,0) corresponds to a limit g-vector. Let g be

of type D4 and ` = 2. An initial cluster for the cluster algebra K0(C
D4
2 ) is shown in Figure

6.
The module L(Y2,−4Y2,0) in type D4 corresponds to a limit g-vector. This limit g-vector

is obtained as follows. We label the vertices of the initial quiver as shown in Figure 6.
After mutations at the vertices 1,6,8, we obtain a quiver with a double arrow from the
vertex 3 to the vertex 4, see the quiver on the right hand side in Figure 6.

We take the order of initial cluster variables as:

L(Y1,−1), L(Y1,−3Y1,−1), L(Y2,0), L(Y2,−2Y2,0), L(Y3,1), L(Y3,−1Y3,1), L(Y4,1),

L(Y4,−1Y4,1), L(Y1,−5Y1,−3Y1,−1), L(Y2,−4Y2,−2Y2,0), L(Y3,−3Y3,−1Y3,1), L(Y4,−3Y4,−1Y4,1).
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Y4,−3Y4,−1Y4,1 (12) Y4,−1Y4,1 (8) Y4,1 (7)

Y3,−3Y3,−1Y3,1 (11) Y3,−1Y3,1 (6) Y3,1 (5)

Y2,−4Y2,−2Y2,0 (10) Y2,−2Y2,0 (4) Y2,0 (3)

Y1,−5Y1,−3Y1,−1 (9) Y1,−3Y1,−1 (2) Y1,−1 (1)

Y4,−3Y4,−1Y4,1 (12)

Y2,0Y4,−3 (8)

Y4,1 (7)

Y3,−3Y3,−1Y3,1 (11)

Y2,0Y3,−3 (6)

Y3,1 (5)

Y2,−4Y2,−2Y2,0 (10) Y2,−2Y2,0 (4) Y2,0 (3)

Y1,−5Y1,−3Y1,−1 (9) Y1,−3Y1,−1 (2) Y1,−3Y2,0 (1)

Figure 6. The left hand side is an initial cluster of K0(C
D4
2 ). The numbers

in the brackets are labels of the vertices. The right hand side is the quiver
obtained from the initial quiver by mutating at the vertices 1,6,8. The
arrow from vertex 3 to 4 is a double arrow.

Now we mutate the vertices 3,4 alternatively and obtain the g-vectors:

(0,0,1,0,0,0,0,0,0,0,0,0), (0,0,0,1,0,0,0,0,0,0,0,0),

(−1,1,2,0,0,−1,0,−1,0,0,1,1), (−1,1,3,−1,0,−1,0,−1,0,1,1,1),

(−1,1,4,−2,0,−1,0,−1,0,2,1,1), (−1,1, r + 2,−r,0,−1,0,−1,0, r,1,1), r ≥ 3.

The limit g-vector for this mutation sequence is (0,0,1,−1,0,0,0,0,0,1,0,0). This is the
g-vector of the module L(Y2,−4Y2,0).

We will verify that the module L(Y2,−4Y2,0) in type D4 is prime non-real by using (q, t)-
characters [84, 85] (see also [63, 14]) below. Note that the module L(Y2,−4Y2,0) in type An
(n ≥ 2) is real (it is a snake module [37]).

We first recall the results of [84, 85] about (q, t)-characters.

12.2. (q, t)-characters. Let C(z) be the quantum Cartan matrix of g [48] and let C̃(z) =

(C̃ij(z)) be the inverse of C(z), see Section 2. The entries of (C̃ij(z)) have power series

expressions in z of the form [63] C̃ij(z) = ∑m≥1 C̃ij(m)zm. Nakajima [84, 85] introduced
(q, t)-characters of Uq(ĝ)-modules which are t-deformations of q-characters. Let Kt(C`) be

the t-deformation of the Grothendieck ring K0(C`) [63, 14]. Let Î be the set of vertices of
the initial quiver of the cluster algebra K0(C`). Denote by Yt the Z[t±1]-algebra generated

by Y ±1
i,p , (i, p) ∈ Î, subject to the relations ([84, 85], see also [14, 63]):

Yi,p ∗ Yj,s = t
N(i,p;j,s)Yj,s ∗ Yi,p,
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where we use Nakajima’s convention [84, 85] (in type ADE, di = 1):

N(i, p; j, s) = 2(C̃ij(s − p − di) − C̃ij(p − s − di)).

For any family {ui,p ∈ Z ∶ (i, p) ∈ Î}, denote

∏
(i,p)∈Î

Y
ui,p
i,p = t−

1
2 ∑(i,p)<(j,s) ui,puj,sN(i,p;j,s)Ð→∗ (i,p)∈ÎY

ui,p
i,p .

The expression on the right hand side of the above equation does not depend on the
order of Yi,p’s and so ∏(i,p)∈Î Y

ui,p
i,p is well-defined. The monomial ∏(i,p)∈Î Y

ui,p
i,p is called a

commutative monomial [84, 63]. For a dominant monomial m = ∏(i,p)∈Î Y
ui,p(m)
i,p , ([84, 85],

see also [63, 14]) the standard module M(m) is the tensor product of the fundamental
modules corresponding to each of the factors in m in a particular order. In this paper, we
choose the order as Yi,s < Yj,t if and only if s < t. The truncated (q, t)-character of M(m)

is given by

[M(m)]t = t
α(m)Ð→∗ p∈Z∏

i∈I
χ̃q,t(L(Yi,p))

∗ui,p(m),

where α(m) is the integer such that m occurs with multiplicity one in the expansion of
[M(m)]t on the basis of the commutative monomials of Yt and the product Ð→∗ p∈Z is taken
as increasing order. Since χ̃q,t(L(Yi,p)) and χ̃q,t(L(Yi,p′)) commute for any p, p′, the above
expression is well-defined.

In [84, 85], a Z-algebra anti-automorphism of Yt called bar-involution is defined by:

t↦ t−1, Yi,p ↦ Yi,p, (i, p) ∈ Î.
For a simple module L(m), denote by [L(m)]t its (q, t)-character. The following theo-

rem by Nakajima [84, 85] gives an algorithm to compute (truncated) (q, t)-characters of
a simple Uq(ĝ)-module: for every dominant monomial m ∈ P+` , there is a unique element
[L(m)]t of Kt(C`) such that

● [L(m)]t = [L(m)]t,
● [L(m)]t ∈ [M(m)]t +∑m′<m t

−1Z[t−1][M(m′)]t.

This result is generalized to non-simply-laced types in [58, 52].

12.3. The Type D4 Module L(Y2,−4Y2,0) is Prime Non-real. The quantum Cartan

matrix in type D4 is

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

z2+1
z −1 0 0

−1 z2+1
z −1 −1

0 −1 z2+1
z 0

0 −1 0 z2+1
z

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

. In the following, we also write m1m−1
2 as m1

m2
for

two dominant monomials m1,m2. By modified Frenkel-Mukhin algorithm [47, 84, 85], we
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have that χ̃q,t(L(Y2,0)) = Y2,0,

χ̃q,t(Y2,−4)= Y2,−4 +
Y1,−3Y3,−3Y4,−3

Y2,−2
+ (t +

1

t
)
Y2,−2
Y2,0

+
Y1,−1Y1,−3
Y2,0

+
Y1,−3Y3,−3
Y4,−1

+
Y4,−3Y1,−3
Y3,−1

+
Y1,−1Y3,−1Y4,−1

Y2,0
2

+
Y3,−3Y3,−1
Y2,0

+
Y4,−1Y4,−3
Y2,0

+
Y4,−3Y3,−3
Y1,−1

+
Y1,−3Y2,−2
Y4,−1Y3,−1

+
Y1,−1Y3,−1
Y2,0Y4,1

+
Y1,−1Y4,−1
Y2,0Y3,1

+
Y3,−3
Y3,1

+
Y4,−3
Y4,1

+
Y4,−3Y2,−2
Y1,−1Y3,−1

+
Y1,−1
Y4,1Y3,1

+
Y2,−2

Y4,−1Y4,1
+

Y2,−2
Y3,−1Y3,1

+
Y2,−2

2

Y1,−1Y3,−1Y4,−1
+
Y2,−2Y3,−3
Y1,−1Y4,−1

,

where the monomials on the right hand side are commutative monomials. Therefore
χ̃q,t(L(Y2,−4)) ∗ χ̃q,t(L(Y2,0)) = p1 + tp2 + t2p3, where

p1 =
Y1,−1Y3,−1Y4,−1

Y2,0
+
Y1,−1Y3,−1
Y4,1

+
Y1,−1Y4,−1
Y3,1

+
Y2,0Y1,−1
Y4,1Y3,1

+ Y2,−2,

p2 = Y1,−1Y1,−3 + Y3,−1Y3,−3 + Y4,−1Y4,−3 +
Y3,−3Y2,0
Y3,1

+
Y4,−3Y2,0
Y4,1

+
Y2,0Y2,−2
Y4,−1Y4,1

+
Y2,0Y2,−2
Y3,−1Y3,1

,

p3=
Y1,−3Y3,−3Y4,−3Y2,0

Y2,−2
+ Y2,−2 +

Y1,−3Y3,−3Y2,0
Y4,−1

+
Y1,−3Y4,−3Y2,0

Y3,−1
+ Y2,−4Y2,0 +

Y3,−3Y4,−3Y2,0
Y1,−1

+
Y2,−2Y1,−3Y2,0
Y3,−1Y4,−1

+
Y2,−2Y3,−3Y2,0
Y1,−1Y4,−1

+
Y2,−2Y4,−3Y2,0
Y1,−1Y3,−1

+
Y2,−2

2Y2,0
Y1,−1Y3,−1Y4,−1

.

It follows that χ̃q,t(L(Y2,−4Y2,0)) = p3. Since χ̃q(L(Y2,−4Y2,0)) ≠ χ̃q(L(Y2,−4))χ̃q(L(Y2,0)),
we have that L(Y2,−4Y2,0) is prime.

By computing χ̃q,t(L(Y2,−4Y2,0))∗ χ̃q,t(L(Y2,−4Y2,0)), we found that the dominant mono-
mials in χ̃q,t(L(Y2,−4Y2,0)) ∗ χ̃q,t(L(Y2,−4Y2,0)) are:

Y 2
2,−4Y

2
2,0, Y1,−3Y2,0Y3,−3Y4,−3, Y

2
2,−2, 2Y2,−4Y2,−2Y2,0, (12.1)

where 2Y2,−4Y2,−2Y2,0 means that the monomial Y2,−4Y2,−2Y2,0 appears two times. Therefore
in the decomposition

χ̃q,t(L(Y2,−4Y2,0)) ∗ χ̃q,t(L(Y2,−4Y2,0)) = ∑
i

fi(t)χ̃q,t(L(mi)), (12.2)

where fi(t) is a polynomial in t, we have that every mi can only be chosen from the
monomials in (12.1).
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By computing χ̃q,t(L(Y1,−3)) ∗ χ̃q,t(L(Y3,−3)) ∗ χ̃q,t(L(Y4,−3)) ∗ χ̃q,t(L(Y2,0)), we obtain
that

χ̃q,t(L(Y1,−3Y2,0Y3,−3Y4,−3)) = Y1,−3Y2,0Y3,−3Y4,−3 + (t +
1

t
)Y2,−2

2
+ Y1,−3Y1,−1Y2,−2 +

Y1,−3Y2,−2Y2,0Y3,−3
Y4,−1

+
Y1,−3Y2,−2Y2,0Y4,−3

Y3,−1
+
Y1,−1Y2,−2Y3,−1Y4,−1

Y2,0
+ Y2,−2Y3,−3Y3,−1 + Y2,−2Y4,−3Y4,−1 +

Y2,−2Y2,0Y3,−3Y4,−3
Y1,−1

+
Y1,−3Y2,−2

2Y2,0
Y3,−1Y4,−1

+
Y1,−1Y2,−2Y3,−1

Y4,1
+
Y1,−1Y2,−2Y4,−1

Y3,1
+
Y2,−2Y2,0Y3,−3

Y3,1
+
Y2,−2Y2,0Y4,−3

Y4,1
+
Y2,−2

2Y2,0Y3,−3
Y1,−1Y4,−1

+
Y2,−2

2Y2,0
Y4,−1Y4,1

+
Y2,−2

2Y2,0
Y3,−1Y3,1

+
Y2,−2

3Y2,0
Y1,−1Y3,−1Y4,−1

+
Y2,−2

2Y2,0Y4,−3
Y1,−1Y3,−1

+
Y1,−1Y2,−2Y2,0
Y4,1Y3,1

.

We checked that there is a monomial
Y1,−1Y2,−2Y3,−1

Y4,1
appearing in χ̃q,t(L(Y1,−3Y2,0Y3,−3Y4,−3))

but not appearing in χ̃q,t(L(Y2,−4Y2,0))∗ χ̃q,t(L(Y2,−4Y2,0)). Therefore any mi on the right
hand side of (12.2) cannot be Y1,−3Y2,0Y3,−3Y4,−3. Similarly, any mi on the right hand side
of (12.2) cannot be Y 2

2,−2. Therefore the only possible dominant monomial appearing on

the right hand side of (12.2) are Y 2
2,−4Y

2
2,0 and Y2,−4Y2,−2Y2,0.

By computing f = χ̃q,t(L(Y2,−4))∗χ̃q,t(L(Y2,−4))∗χ̃q,t(L(Y2,0))∗χ̃q,t(L(Y2,0)) and check-
ing the coefficient of 1

t8f , we find that the monomial Y2,−4Y2,−2Y2,0 appears in the truncated
(q, t)-character of L(Y 2

2,−4Y
2
2,0) exactly one time. Since the monomial Y2,−4Y2,−2Y2,0 appears

two times in χ̃q,t(Y2,−4Y2,0) ∗ χ̃q,t(Y2,−4Y2,0), we have that

χ̃q,t(Y2,−4Y2,0) ∗ χ̃q,t(Y2,−4Y2,0) = χ̃q,t(L(Y
2
2,−4Y

2
2,0)) + χ̃q,t(L(Y2,−4Y2,−2Y2,0)),

and χ̃q,t(L(Y 2
2,−4Y

2
2,0)) = p1 + (t + 1

t )p2 + (t2 + 1
t2 )p3 + (t3 + 1

t3 )p4, where

p1 = Y2,−4
2Y2,0

2
+
Y1,−3

2Y4,−3
2Y2,0

2

Y3,−1
2 + 2

Y1,−3Y4,−3
2Y3,−3Y2,0

2

Y1,−1Y3,−1
+ 2

Y1,−3
2Y3,−3Y4,−3Y2,0

2

Y4,−1Y3,−1
+
Y2,−2

2Y4,−3
2Y2,0

2

Y1,−1
2Y3,−1

2

+
Y2,−2

4Y2,0
2

Y1,−1
2Y3,−1

2Y4,−1
2 +

Y2,−2
2Y3,−3

2Y2,0
2

Y1,−1
2Y4,−1

2 +
Y1,−3

2Y3,−3
2Y4,−3

2Y2,0
2

Y2,−2
2 +

Y1,−3
2Y2,−2

2Y2,0
2

Y3,−1
2Y4,−1

2 + 2
Y2,−2

2Y1,−3Y3,−3Y2,0
2

Y1,−1Y3,−1Y4,−1
2

+2
Y2,−2

2Y1,−3Y4,−3Y2,0
2

Y3,−1
2Y4,−1Y1,−1

+ 2
Y1,−3Y3,−3

2Y4,−3Y2,0
2

Y1,−1Y4,−1
+
Y1,−3

2Y3,−3
2Y2,0

2

Y4,−1
2 +

Y3,−3
2Y4,−3

2Y2,0
2

Y1,−1
2 + Y2,−2

2

+2
Y3,−3Y4,−3Y2,−2

2Y2,0
2

Y4,−1Y3,−1Y1,−1
2 + Y2,−2Y2,−4Y2,0,
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p2 =
Y2,−2

2Y4,−3Y2,0
Y1,−1Y3,−1

+
Y2,−2

3Y2,0
Y1,−1Y3,−1Y4,−1

+
Y2,−2Y4,−3Y2,−4Y2,0

2

Y1,−1Y3,−1
+
Y1,−3

2Y3,−3Y2,−2Y2,0
2

Y4,−1
2Y3,−1

+
Y3,−3

2Y4,−3
2Y1,−3Y2,0

2

Y1,−1Y2,−2

+
Y2,−2

3Y1,−3Y2,0
2

Y1,−1Y3,−1
2Y4,−1

2 +
Y2,−2

3Y4,−3Y2,0
2

Y1,−1
2Y3,−1

2Y4,−1
+
Y2,−2Y3,−3Y2,−4Y2,0

2

Y1,−1Y4,−1
+
Y1,−3

2Y3,−3
2Y4,−3Y2,0

2

Y4,−1Y2,−2
+
Y2,−2

3Y3,−3Y2,0
2

Y1,−1
2Y4,−1

2Y3,−1

+
Y1,−3Y3,−3

2Y2,−2Y2,0
2

Y4,−1
2Y1,−1

+
Y2,0Y1,−3Y2,−2Y3,−3

Y4,−1
+
Y2,−2

2Y1,−3Y2,0
Y4,−1Y3,−1

+
Y2,−2

2Y3,−3Y2,0
Y1,−1Y4,−1

+
Y1,−3

2Y2,−2Y4,−3Y2,0
2

Y3,−1
2Y4,−1

+
Y2,−4Y1,−3Y4,−3Y2,0

2

Y3,−1
+
Y1,−3Y3,−3Y2,−4Y2,0

2

Y4,−1
+
Y2,−4Y3,−3Y4,−3Y2,0

2

Y1,−1
+ Y1,−3Y3,−3Y4,−3Y2,0 +

Y1,−3Y3,−3Y4,−3Y2,−4Y2,0
2

Y2,−2

+
Y1,−3

2Y3,−3Y4,−3
2Y2,0

2

Y2,−2Y3,−1
+
Y2,−2

2Y2,−4Y2,0
2

Y1,−1Y3,−1Y4,−1
+
Y2,−4Y1,−3Y2,−2Y2,0

2

Y4,−1Y3,−1
+
Y2,−2Y4,−3

2Y3,−3Y2,0
2

Y1,−1
2Y3,−1

+
Y2,−2Y3,−3

2Y4,−3Y2,0
2

Y1,−1
2Y4,−1

+
Y1,−3Y4,−3

2Y2,−2Y2,0
2

Y1,−1Y3,−1
2 +

Y1,−3Y4,−3Y2,−2Y2,0
Y3,−1

+
Y3,−3Y4,−3Y2,−2Y2,0

Y1,−1
+ 3

Y1,−3Y2,−2Y3,−3Y4,−3Y2,0
2

Y1,−1Y3,−1Y4,−1
,

p3 =
Y2,−2

2Y1,−3Y3,−3Y2,0
2

Y1,−1Y3,−1Y4,−1
2 +

Y2,−2
2Y1,−3Y4,−3Y2,0

2

Y3,−1
2Y4,−1Y1,−1

+
Y3,−3Y4,−3Y2,−2

2Y2,0
2

Y4,−1Y3,−1Y1,−1
2 +

Y1,−3Y4,−3
2Y3,−3Y2,0

2

Y1,−1Y3,−1
+
Y1,−3

2Y3,−3Y4,−3Y2,0
2

Y4,−1Y3,−1

+
Y1,−3Y3,−3

2Y4,−3Y2,0
2

Y1,−1Y4,−1
,

p4 =
Y1,−3Y2,−2Y3,−3Y4,−3Y2,0

2

Y1,−1Y3,−1Y4,−1
.

Therefore the module L(Y2,−4Y2,0) in type D4 is non-real.

13. Discussion

In this work we make a connection among tropical geometry, representation theory of
quantum affine algebras, and scattering amplitudes in physics.

In mathematical side, we introduce a sequence of Newton polytopes and in the case of
Uq(ŝlk), we construct explicitly simple modules from given facets of a Newton polytope.
We conjecture that the obtained simple modules are prime modules, see Conjecture 6.1.

Representations of quantum affine algebras can be also applied to study questions in
tropical geometry. For example, in Section 8.3, we construct matroid subdivisions from
prime modules of quantum affine algebras.

On physics side, we generalize the Grassmannian string integral to the setting that
the integrand is the infinite product of prime elements in the dual canonical basis of
C[Gr(k,n)], see Section 10, and more generally the infinite product of the q-characters
of all prime modules in the category C` of a quantum affine algebra, see Section 10.3.

We also define the so called u-variables for every prime element in the dual canonical
basis of C[Gr(k,n)] and we conjecture that the u-variables are unique solutions of u-
equations, see Section 10.2. The u-equations are important in the study of scattering
amplitudes in physics, see [4].
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Our work raises many related questions. On mathematical side, it is important to
give an explicit construction of dominant monomials corresponding to facets of Newton
polytopes defined in Section 9 and prove that every prime module in the category C`
corresponds to a facet of N

(d)
g,` for some d, see Conjecture 9.4. It is also important to

study compatibility of prime modules using Newton polytopes, see Conjecture 9.4.
On physics side, it is important to compute explicitly u-equations and u-variables and

verify that u-variables are unique solutions of u-equations, see Conjecture 10.6.
In the simplest examples, the Newton polytopes for representations of quantum affine

algebras defined in Section 9 are associahedra. It would be very interesting to study the
relation between the Newton polytopes for representations of quantum affine algebras and
the surfacehedra defined in [2].

Finally, let us discuss in some detail an exciting potential research direction which was
beyond the scope of the present work to pursue. In [43], u-equations were introduced in
order to define a certain generalized worldsheet associahedron, related to the moduli space
of n points in Pk−1. A parameterization of the solution to the u-equations was conjectured
when k = 3,4; the details are being worked out in [45]. What is striking is that these
u-equations are manifestly finite; there is a Newton polytope which is (conjecturally)
simple with a face lattice which is anti-isomorphic to the noncrossing complex NCk,n. In
particular there are finitely many u-variables and finitely many u-equations. It would be
very interesting to determine if this can be explained in the context of the present paper.
Does the generalized worldsheet associahedron relate to the solution to the u-equations
which we propose in the present work? If so, which prime tableaux are involved? We
leave such fascinating questions to future work.
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