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Abstract—Spiking neural networks (SNNs) process time-series
data via internal event-driven neural dynamics whose energy con-
sumption depends on the number of spikes exchanged between
neurons over the course of the input presentation. Typically,
decisions are produced after the entire input sequence has been
processed, resulting in latency and energy consumption levels
that are fairly uniform across inputs. However, as explored
in recent work, SNNs can produce an early decision when
the SNN model is sufficiently ‘“‘confident”’, adapting delay and
energy consumption to the difficulty of each example. Existing
techniques are based on heuristic measures of confidence that do
not provide reliability guarantees, potentially exiting too early.
In this paper, we introduce a novel delay-adaptive SNN-based
inference methodology that, wrapping around any pre-trained
SNN classifier, provides guaranteed reliability for the decisions
produced at input-dependent stopping times. The approach,
dubbed SpikeCP, leverages tools from conformal prediction (CP),
and it entails minimal complexity increase as compared to the
underlying SNN, requiring only additional thresholding and
counting operations at run time. SpikeCP is also extended to
integrate a CP-aware training phase that targets delay perfor-
mance. Variants of CP based on alternative confidence correction
schemes, from Bonferroni to Simes, are explored, and extensive
experiments are described using the MNIST-DVS data set.

Index Terms—Spiking neural networks, conformal prediction,
delay adaptivity, reliability, neuromorphic computing.

I. INTRODUCTION
A. Motivation

Spiking neural networks (SNNs) have emerged as efficient
models for the processing of time series data, particularly in
settings characterized by sparse inputs [1]. SNNs implement
recurrent, event-driven, neural dynamics whose energy con-
sumption depends on the number of spikes exchanged between
neurons over the course of the input presentation. As shown
in Fig. 1(a), an SNN-based classifier processes input time
series to produce spiking signals — one for each possible
class — with the spiking rate of each output signal typically
quantifying the confidence the model has in the corresponding
labels. Typically, decisions are produced after the entire input
sequence has been processed, resulting in latency and energy
consumption levels that are fairly uniform across inputs.
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The online operation of SNNs, along with their in-built
adaptive measures of confidence derived from the output
spikes, suggest an alternative operating principle, whereby
inference latency and energy consumption are tailored to the
difficulty of each example. Specifically, as proposed in [2, 3],
delay-adaptive SNN classifiers produce an early decision
when the SNN model is sufficiently confident. In practice,
however, the confidence levels output by an SNN, even when
adjusted with limited data as in [4], are not well calibrated,
in the sense that they do not precisely reflect the underlying
accuracy of the corresponding decisions (see Fig. 1). As a
result, relying on its output confidence signals may cause the
SNN to stop prematurely, failing to meet target accuracy levels.

To illustrate this problem, Fig. 1(b) shows the test accuracy
and confidence level (averaged over test inputs) that are
produced by a pre-trained SNN for an image classification
task (on the MNIST-DVS dataset [5]) as a function of time £.
It is observed that the SNN’s classification decisions tend to
be first under-confident and then over-confident with respect to
the decision’s ground-truth, unknown, test accuracy. Therefore,
using the SNN’s confidence levels to decide when to make a
decision generally causes a reliability gap between the true
test accuracy and the target accuracy. This problem can be
mitigated by relying on calibration data to re-calibrate the
SNN'’s confidence level, but only if one has enough calibration
data [4] (see Sec. VI for experimental evidence, e.g., in Fig.
4).

B. SpikeCP

In this paper, we introduce a novel delay-adaptive SNN
solution that (i) provides guaranteed reliability — and hence
a zero (or non-positive) reliability gap; while (if) supporting
a tunable trade-off between latency and inference energy, on
the one hand, and informativeness of the decision, on the
other hand. The proposed method, referred to as SpikeCP,
builds on conformal prediction (CP), a statistical framework
for calibration that is currently experiencing a surge of interest
in the machine learning community [6, 7].

SpikeCP uses local or global information produced by
the output layer of SNN model (see Fig. 1(a)), along with
calibration data, to produce at each time t a subset of labels
as its decision. By the properties of CP, the predictive set
produced by SpikeCP includes the ground-truth label with a
target accuracy level at any stopping time. A stopping decision
is then made by SpikeCP not based on a reliability requirement
— which is always satisfied — but rather based on the desired



time

i)

input SNN

T time

encoding

(L hidden layers)

target accuracy

0.9
confidence Wp
50 0.74 accuracy
=
153
5
A~ 0.5
stopping
0.3 / time
0 5 10 15 20
Time
(b)

re(x’) »
local spike global predictive
rates probabilities
! time
@
accuracy
0.9 1
target accuracy
©,0.71
8
=
(o)
o
5} .
A~ 0.5 set s1ze
target set size
stopping
0.3 time \
0 5 10 15 20
Time
(©

Fig. 1. (a) SNN C-class classification model: At time t, real-valued discrete-time time-series data a* are fed to the input neurons of an SNN and processed
by internal spiking neurons, whose spikes feed C' readout neurons. Each output neuron ¢ € {1,...,C} evaluates the local spike count variable r.(xz?) by
accumulating the number of spikes it produces. The spike rates may be aggregated across all output neurons to produce the predictive probability vector
{pc(wt)}le. (b) Evolution of confidence and accuracy as a function of time ¢ for a conventional pre-trained SNN. As illustrated, SNN classifiers tend to be
first under-confident and then over-confident with respect to the true accuracy, which may cause a positive reliability gap, i.e., a shortfall in accuracy, when
the confidence level is used as an inference-stopping criterion. (c) Evolution of the (test-averaged) predicted set size (normalized by the number of classes
C = 10) and of the set accuracy as a function of time ¢ for the same pre-trained SNN when used in conjunction with the proposed SpikeCP method. The
set accuracy is the probability that the true label lies inside the predicted set. It is observed that, irrespective of the stopping time, the set accuracy is always
guaranteed to exceed the target accuracy level. Therefore, the inference-stopping criterion can be designed to control the trade-off between latency, and hence

also energy consumption, and the size of the predicted set.

size of the predicted set. As illustrated in Fig. 1(c), the desired
set size provides a novel degree of freedom that can be used to
control the trade-off between latency, or energy consumption,
and informativeness of the decision, as measured by the set
size.

SpikeCP wraps around any pre-trained SNN classifier, pro-
viding guaranteed reliability for the decisions produced at
input-dependent stopping times. It does so with a minimal
complexity increase as compared to the underlying SNN,
requiring only additional thresholding and counting operations
at run time. At a technical level, SpikeCP applies a Bonferroni
correction of the target accuracy that scales with the number
of possible stopping times in order to ensure a zero (or non-
positive) reliability gap. Heuristics based on Simes correction
[8, 9] are also explored via numerical results.

The approach is finally extended to integrate a CP-aware
training phase that targets minimization of the delay via a re-
duction of the average predicted set size. Unlike conventional
training methods for SNNs [10], the proposed method adds an
explicit regularizer that controls the average number of labels
included in the predicted set.

C. Related Work

Training SNNs. Typical training algorithms for SNNs are
based on direct conversions from trained artificial neu-
ral networks [2], on heuristic local rules such as spike-
timing-dependent plasticity (STDP) [11], or approximations of
backpropagation-through-time that simplify credit assignment

and address the non-differentiability of the spiking mechanism
[1, 12]. Another approach that targets the direct training of
SNNs is based on modelling the spiking mechanism as a
stochastic process, which enables the use of likelihood-based
methods [13], as well as of Bayesian rules [14]. SpikeCP
works as a wrapper around any training scheme.

Calibration and delay-adaptivity for SNN. Calibration is
a subject of extensive research for artificial neural networks
[15, 16] but is still an underexplored subject for SNNs.
SNN calibration is carried out by leveraging a pre-trained
ANN in [4]; while [14] applies Bayesian learning to reduce
the calibration error. As discussed in the previous sections,
adaptivity for rate decoding was studied in [2, 3]. Other forms
of adaptivity may leverage femporal decoding, whereby, for
instance, as soon as one output neuron spikes a decision is
made [17].

Early exit in conventional deep learning. The idea of delay-
adaptivity in SNNG is related to that of early-exit decisions in
feedforward neural networks. In neural networks with an early
exit option, confidence levels are evaluated at intermediate
layers, and a decision is made when the confidence level
passes a threshold [18-20]. The role of calibration for early-
exit neural networks was studied in [21].

Prediction cascades. Another related concept is that of
prediction cascades, which apply a sequence of classifiers,
ranging from light-weight to computationally expensive [22],
to a static input. The goal is to apply the more expensive
classifiers only when the difficulty of the input requires it.



The application of CP to prediction cascades was investigated
in [8].

CP-aware training. CP provides a general methodology to
turn a pre-trained probabilistic predictors into a reliable set
predictor [7, 23]. Applications of CP range from healthcare
[24] to control [25], large language models [26], and wireless
systems [23]. References [27-29] have observed that the
efficiency of the set-valued predictions produced via CP can be
improved by training the underlying predictor in a CP-aware
manner that targets directly the predicted set size. Specifically,
the authors of [27] propose to minimize a loss functions that
penalizes large prediction set sizes when used in conjunction
with CP. It explored strategies to differentiate through CP
during training with the goal of training model, with the
conformal wrapper end-to-end. Related work in [29] has
leveraged differentiation through CP to design meta-learning
strategies targeting the predictive set size (see also [30]). To the
best of our knowledge, no prior work has applied the idea of
CP-aware training to the design of delay-adaptive classifiers.

D. Main Contributions and Paper Organization

The main contributions of this paper are summarized as
follows.

e We introduce SpikeCP, a novel inference framework that
turns any pre-trained SNN into a reliable and delay-adaptive
set predictor, irrespective of the quality of the pre-trained SNN
and of the number of calibration points. The performance
of the pre-trained SNN determines the achievable trade-off
curve between latency and energy efficiency, on the one
hand, and informativeness of the decision, as measured by
the set size, on the other. SpikeCP requires minimal changes
to the underlying SNN, adding only counting and thresholding
operations. Furthermore, it can be implemented using different
measures of confidence at the output of the SNN, such as
spiking rates and softmax-modulated signals.

e Theoretical guarantees are proved by leveraging a modifi-
cation of the confidence levels based on Bonferroni correction
[31]. Heuristic alternatives based on Simes correction are also
considered [32].

e In order to improve the performance in terms of attainable
trade-offs between delay/energy consumption and predictive
set sizes, we introduce a SpikeCP-aware training strategy that
targets directly the performance of the SNN when used in con-
junction with SpikeCP. The approach is based on regularizing
the classical cross-entropy loss [33, 34] with a differentiable
approximation of the predicted set size.

e Extensive numerical results are provided that demonstrate
the advantages of the proposed SpikeCP algorithms over
conventional point predictors in terms of reliability, latency,
and energy consumption metrics.

The remainder of the paper is organized as follows. Section
IT presents the multi-class classification problem via SNNs.
Adaptive point classification schemes are reviewed for refer-
ence in Section III. The SpikeCP algorithm is proposed in
Section IV, while Section V presents a training strategy that
targets directly the performance of the SNN when used in
conjunction with SpikeCP. Experimental setting and results

are described in Section VI. Finally, Section VII concludes
the paper.

II. PROBLEM DEFINITION

In this paper, we consider the problem of efficiently and
reliably classifying time series data via SNNs by integrating
adaptive-latency decision rules [2, 3] with CP [6, 7]. The
proposed scheme, SpikeCP, produces adaptive SNN-based set
classifiers with formal reliability guarantees. In this section,
we start by defining the problem under study, along with
the main performance metrics of interest, namely reliability,
latency, and inference energy. We also review the conventional
model of SNNs adopted in this study that is based on leaky
integrate-and-fire (LIF) neurons [35].

A. Multi-Class Time Series Classification

We focus on the problem of classifying real-valued vector
time series data © = (1, ..., z7), with N X 1 vector samples
x; over time index t = 1, ..., T, into C classes, using dynamic
classifiers implemented via SNNs. As illustrated in Fig. 1(a),
the SNN model has N input neurons, an arbitrary number of
internal spiking neurons, and C' output neurons in the readout
layer. Each output neuron is associated with one of the C' class
labels in set C = {1, ...,C}.

At each time ¢, the SNN takes as input the real-valued vector
x:, and produces sequentially the binary, “spiking”, output
vector Y, = [y¢.1, ..., Ys,c] of size C, with y, . € {0,1}, as a
function of the samples

' = (x4, ...

&), (D

observed so far. Accordingly, if y: . = 1, output neuron c € C
emits a spike, while, if y; . = 0, output neuron c is silent.
Using conventional rate decoding, each output neuron ¢ € C
maintains the sum of spikes evaluated so far, i.e.,

t
re(@) = e, )
t'=1
along the time axis t =1,...,7T.

Each spike count variable r.(z?) may be used as an estimate
of the degree of confidence of the SNN in class ¢ being the
correct one. In order to obtain predictive probabilities, the
spike count vector r(zt) = [ri(x?),...,rc(x!)] can be passed
through a softmax function to yield a probability for class c as
pe(xt) = e“(mt)/zgzl e~ (@) (see Fig. 1(a)). The resulting
predictive probability vector

p(z') = [p1(z"), ... pe (@), 3)

quantifies the normalized confidence levels of the classifier in
each class ¢ given the observations up to time ¢. We emphasize
that evaluating the vector (3) requires coordination among all
output neurons, since each probability value p.(x') depends
on the spike counts of all output spiking neurons.

A classifier is said to be well calibrated if the confidence
vector p(x!) provides a close approximation of the true,
test, accuracy of each decision ¢ € C. Machine learning
models based on deep learning are well known to be typically



TABLE I
TAXONOMY OF SNN CLASSIFIERS
adaptivity
non-adaptive adaptive
decision type

int conventional DC-SNN [2],

pom (e.g., [37]) SEENN [3]

set SpikeCP SpikeCP
(this work) (this work)

over-confident, resulting in confidence vectors p(x) that are
excessively skewed towards a single class ¢, dependent on the
input x! [15, 36]. As discussed in Sec. I, SNN models also
tend to provide over-confident decisions as time ¢ increases.
Following the conventional supervised learning formulation
of the problem, multi-class time series classification data
consist of pairs (x,c) of input sequence x and true class
index ¢ € C. All data points are generated from a ground-
truth distribution p(x,c) in an independent and identically
distributed (i.i.d.) manner. We focus on pre-trained SNN
classification models, on which we make no assumptions in
terms of accuracy or calibration. Furthermore, we assume the
availability of a, typically small, calibration data set

D = {z[i] = (i, cli])

In practice, a new calibration data set may be produced
periodically at test time to be reused across multiple test points
(z,c) [2, 6, 7].

o )

1=1

B. Taxonomy of SNN Classifiers

As detailed in Table I and Fig. 2, we distinguish SNN
classifiers along two axes, namely adaptivity and decision type.

Adaptivity: As shown in Fig. 2(a) and Fig. 2(c), a non-
adaptive classifier, having observed all the T samples of the
input sequence x, makes a decision on the basis of the spike
count vector r(x?) = r(zx) or of the predictive probability
vector p(x”) = p(z). In contrast, as seen in Fig. 2(b) and
Fig. 2(d), an adaptive classifier allows for the time T (x)
at which a classification decision is produced, to be adapted
to the difficulty of the input . For any given input x, the
stopping time Tg(x) and the final decision produced at time
T,(x) depend on either the spike count vector r(x?) or on
the predictive distribution vector p(z') produced by the SNN
classifier after having observed the first ¢ = T, (x) input
samples x! in (1).

Decision type: As illustrated in Fig. 2(a) and Fig. 2(b), for
any given input x, a conventional point classifier produces as
output a single estimate é(x) of the label ¢ in a non-adaptive
(Fig. 2(a)) or adaptive (Fig. 2(b)) way. In contrast, as seen in
Fig. 2(c) and Fig. 2(d), a set classifier outputs a decision in
the form of a subset I'(x) C C of the C classes [6, 7], with the
decision being non-adaptive (Fig. 2(c)) or adaptive (Fig. 2(d)).
The predicted set T'(x) describes the classifier’s estimate of
the most likely candidate labels for input x. Accordingly, a
predicted set I'(x) with a larger cardinality |I'(x)| is less
informative than one with a smaller (but non-zero) cardinality.

C. Reliability, Latency, and Inference Energy

In this work, we study the performance of adaptive classi-
fiers on the basis of the following metrics.

Reliability: Given a target accuracy level pearg € (0,1), an
adaptive point classifier is said to be reliable if the accuracy
of its decision is no smaller than the target level py,.e. This
condition is stated as

PI‘(C == é(.’]})) 2 Dtarg
i.e., AR = prarg — Pr(c = é(w)) <0, 5)

where ¢(x) is the decision made by the adaptive point classifier
at time Ts(x) (see Fig. 2(b)). In (5), we have defined the
reliability gap AR, which is positive for unreliable classifiers
and non-positive for reliable ones (see Fig. 1(b)). In a similar
manner, an adaptive set predictor I'(x) is reliable at the target
accuracy level piare if the true class ¢ is included in the
predicted set I'(x), produced at the stopping time T (x), with
probability no smaller than the desired accuracy level prarg.
This is written as

Pr(c € I'(x)) > prarg,
ie. AR = prarg — Pr(c = F(m)) <0, (6)

where I'(x) is the decision made by the adaptive set classifier
at time T () (see Fig. 2(d)). The probabilities in (5) and (6)
are taken over the distribution of the test data point (x, ¢) and
of the calibration data (4).

Latency: Latency is defined as the average stopping time
E[Ts(x)], where the expectation is taken over the same distri-
bution as for (5) and (6).

Inference energy: As a proxy for the energy consumption of
the SNN classifier at inference time, we follow the standard
approach also adopted in, e.g., [33, 38], of counting the aver-
age number of spikes, denoted as E[S ()], that are produced
internally by the SNN classifier prior to producing a decision.

D. Spiking Neural Network Model

In this work, we adopt the standard LIF neural model
known as spike response model (SRM) [34]. Consider a set of
spiking neurons indexed via integers in set /C. Each spiking
neuron k € K outputs a binary signal by, € {0,1} at time
t = 1,..,T, with by, = 1 representing the firing of the
spike and by, = 0 an idle neuron at time ¢. It receives inputs
from a subset of neurons N, through directed links, known
as synapses. Accordingly, neurons in set N} are referred to
as pre-synaptic with respect to neuron k; while neuron & is
said to be post-synaptic for any neuron j € Ny. For a fully-
connected layered SNN, as assumed in the experiments of this
paper, the set of pre-synaptic neurons, Ny, for a neuron % in a
given layer consists of the entire set of indices of the neurons
in the previous layer.

Following the SRM, each neuron k maintains an internal
analog state variable oy ;, known as the membrane potential,
over time ¢. The membrane potential oy, ¢ evolves as the sum of
the responses of the synapses to the incoming spikes produced
by the pre-synaptic neurons, as well as of the response of the
neuron itself to the spikes it produces. Mathematically, the
evolution of the membrane potential is given as

Okt = Z W, - (0 % bj i) + Be * b g, @)
JEN
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Fig. 2. (a) A non-adaptive point classifier outputs a point decision é(a) after having observed the entire time series @. (b) An adaptive point classifier
stops when the confidence level of the classifier passes a given threshold py,, producing a classification decision at an input-dependent time T’s(). (c) A
non-adaptive set classifier produces a predicted set I'(a) consisting of a subset of the class labels after having observed the entire time series . (d) The
adaptive set classifiers presented in this work stop at the earliest time T’ (2) when the predicted set I'(zz”=(®)) is sufficiently informative, in the sense that its
cardinality is below a given threshold Iy, (in the figure we set Iy, = 2). The proposed SpikeCP method can guarantee that the predicted set T'(a) = T'(aTs (m))
at the stopping time T’s () includes the true label with probability no smaller than the target probability prarg.

where wy, ; is a learnable synaptic weight between neuron
j € N and neuron k; oy represents a filter applied to the
spiking signals produced by each pre-synaptic neurons; S; is
the filter applied to its own spiking output; and “x” denotes
the convolution operator.

Typical choices for synaptic filters include the first-order
feedback filter 8; = exp(—t/7wef), and the second-order
synaptic filter oz = exp(—t/Tmem) — exp(—t/Tsyn), for
t=1,2,..., with finite positive constants Tief, Tmem, and Tgyn
[12]. Each neuron k outputs a spike at time step ¢ whenever
its membrane potential crosses a fixed threshold 4, i.e.,

bt = O(o, — V), (8

where O(-) is the Heaviside step function.

The synaptic weights wy ; in (7) between any neurons
k € K and the corresponding pre-synaptic neurons j € N
constitute the model parameters to be optimized during train-
ing. Accordingly, we write as 8 = {{wg j}jen, rex the
vector of model parameters of the SNN.

III. ADAPTIVE POINT CLASSIFICATION

In this section, we review, for reference, the adaptive point
classifiers introduced in [2] and [3], which are referred to as
dynamic-confidence SNN (DC-SNN) and stopping-policy SNN
(SP-SNN), respectively.

DC-SNN [2]: As illustrated in Fig. 2(b), DC-SNN produces
a decision at the first time ¢ for which the maximum confidence
level across all possible classes is larger than a fixed rarget
confidence level py, € (0,1). Accordingly, the stopping time
is given by

Ts(x) = max pe(z') > pm, )

ceC

min ¢ s.t.
te{1,...,T}
if there is a time ¢ < 7T that satisfies the constraint; and
Ts(x) = T otherwise. The rationale for this approach is that,
by (9), if Ts(x) < T, the classifier has a confidence level no
smaller than py, on the decision

é(x) = arg macxpc(:nTS @), (10)
ce

If the SNN classifier is well calibrated, the confidence level
coincides with the true accuracy of the decision given by the
class argmax, . p.(z') at all times ¢. Therefore, setting the
target confidence level py, to be equal to the target accuracy
Dtarg> 1.€., Pth = Drarg, gUATantees a zero, or negative, reliability
gap for the adaptive decision (10) when T (x) < T. However,
as discussed in Sec. I, the assumption of calibration is typically
not valid (see Fig. 1(b)). To address this problem, reference
[2] introduced a solution based on the use of a calibration data
set.

Specifically, DC-SNN  evaluates  the  empirical

accuracy of the decision (10), ie., A% (py) =
cal

Dt~ SP T g (e(mfi]) = cfi]), where 1(-) is the

indicator function, for a grid of possible values of the target
confidence level pg. Then, it chooses the minimum value
pm that ensures the inequality Acal(pth) > Prarg, SO that the
calibration accuracy exceeds the target accuracy level piyg;
or the smallest value py;, that maximizes /lc‘"‘l(pth) if the
constraint ¢! (ptn) > Drarg Cannot be met.

SP-SNN [3]: SP-SNN defines a parameterized policy
7(x|p), implemented using a separate artificial neural net-
work (ANN), that maps the input sequence x to a probability
distribution 7 (x|¢p) = [mr1(x|P), ..., 71 (x|®)] over the T' time
steps, where ¢ is the trainable parameter vector of the ANN.
Accordingly, given input x, the stopping time is drawn using
the policy m(x|¢) as Ts(x) ~ 7 (x|p).

Unlike DC-SNN, which uses a pre-trained SNN, the policy
in SP-SNN is optimized jointly with the SNN based on an
available training data set

DY = {(@"[i], i) }Z,

=1

(1)

of |D™| examples, whose data points are i.i.d. as for the
calibration data set (4) and for the test data. Furthermore,
unlike DC-SNN, SP-SNN does not make use of calibration
data.

Optimization in SP-SNN targets an objective function that
depends on a combination of latency and accuracy. To be



specific, given a training example (z,c) € D, SP-SNN takes
an action T () derived by the policy, from which a reward
1/25%@)  ¢(x) = c,

() - {2

is provided to SP-SNN to optimize the policy ANN, where (
is a positive constant. Accordingly, if the prediction is correct,
ie., if é(x) = ¢, the reward (12) favors lower latencies by
assigning a larger reward to a policy that produces a decision
at an earlier time T (x). Conversely, if the prediction is wrong,
a penalty ( is applied.

Accuracy in SP-SNN is accounted for via the standard
cross-entropy loss. For an example (x,c) at stopping time
Ts(x), this is defined as

L(z™®) = ~log (),

12
otherwise, (12)

(13)

where probability p.(x”*(®)) is defined in (3). Accordingly,
SP-SNN jointly optimizes the SNN parameters 6 (see Sec.
VI) and the policy network parameters ¢ by addressing the
problem

g 3 ER@) + L)
x,c) €D

(14)

where the expectation is taken over the probability distribution
7(x|®). The problem is tackled via an alternate application of
reinforcement learning for the optimization of parameters ¢
and of supervised learning for the optimization of parameters

0.

IV. SPIKECP: RELIABLE ADAPTIVE SET CLASSIFICATION

The adaptive point classifiers reviewed in the previous
section are generally characterized by a positive reliability gap
(see Fig. 1(a)), unless the underlying SNN classifier is well
calibrated or unless the calibration data set is large enough to
ensure a reliable estimate of the true accuracy. In this section,
we introduce SpikeCP, a novel inference methodology for
adaptive classification that wraps around any pre-trained SNN
model, guaranteeing the reliability requirement (6) — and hence
a zero, or negative, reliability gap — irrespective of the quality
of the SNN classifier and of the amount of calibration data.
In the next section we discuss how to potentially improve the
performance of SpikeCP by training tailored SNN models.

A. Stopping Time

SpikeCP pre-determines a subset of possible stopping times,
referred to as checkpoints, in set T, C {1,...,T}. Set T C
{1,...,T} always includes the last time 7', and adaptivity is
only possible if the cardinality of set 7 is strictly larger than
one. At each time ¢ € 7T, using the local spike count variables
r(z?) or the global predictive probabilities p(x'), SpikeCP
produces a candidate predicted set I'(z') C C. Then, as
illustrated in Fig. 2(d), the cardinality |T'(x")| of the candidate
predicted set I'(x?) is compared with a threshold Iyy,. If we
have the inequality

T ()| < In, 5)

calibration
A - NC scores

...............................

Scli] (wt M)

Fig. 3. CP meets condition (19) by choosing the threshold s:h in (16) as
the [(1 — a)(|D| + 1)]-th smallest value among the NC scores evaluated
in the calibration set.
the predicted set is deemed to be sufficiently informative, and
SpikeCP stops processing the input to produce set I'(z?) as the
final decision I'(x). As we detail next and as illustrated in Fig.
1(c), the candidate predicted sets I' () are constructed in such
a way to ensure a non-positive reliability gap simultaneously
for all checkpoints, and hence also at the stopping time. The
overall procedure of SpikeCP is summarized in Algorithm 1.
To construct the candidate predicted set I'(x?) at a check-
point ¢t € T, SpikeCP follows the split, or validation-based,
CP procedure proposed in [6] and reviewed in [7, 39]. Accord-
ingly, using the local rate counts r(x!) or the global proba-
bilities p(x?!), SpikeCP produces a so-called non-conformity
(NC) score vector s(z') = [s1(x?), ..., sc(x?)]. Each entry
sc(x?) of this vector is a measure of the lack of confidence
of the SNN classifier in label ¢ given input =¢. The candidate
predicted set T'(x?) is then obtained by including all labels
¢ € C whose NC score s.(x') is no larger than a threshold
st e,

I(z") = {ceC:s.(x') <sl,}

As described in Sec. IV-B, the threshold sf, is evaluated as a
function of the target accuracy level pgarg, of the the calibration
set D, and of the number of checkpoints |7|.

We consider two NC scores, one locally computable at
the output neurons and one requiring coordination among the
output neurons. The local NC score is defined as

(16)

se(xh) =t —ro(xh). 17

Intuitively, class c is assigned a lower NC score (17) — and
hence a higher degree of confidence — if the spike count
variable r.(z") is larger. In contrast, the global NC score is
given by the standard log-loss

sc(x") = —log p.(x"). (18)

B. Evaluation of the Threshold

As we detail in this subsection, the threshold sih in (16)
is evaluated based on the calibration data set D! with the
goal of ensuring the reliability condition (6) for a target
accuracy level pp. The general methodology follows CP,
with the important caveat that, in order to ensure a non-
positive reliability gap simultaneously at all checkpoints, a
form of Bonferroni correction is applied. Alternative, heuristic,
corrections are also described at the end of this section.

Let us define as 1 — «, with o € (0,1), an auxiliary per-
checkpoint accuracy level. Suppose that we can guarantee the
per-checkpoint reliability condition

Pr(ceT(z") >1—« (19)



for all checkpoints ¢ € T5. In (19), the probability is taken
over the distribution of the test and calibration data. We will
see below that this condition can be guaranteed by leveraging
the toolbox of CP. Then, by the union bound, we also have
the reliability condition

Pr(c € T'(z") for all t € T3) > 1 — |T¢|e, (20)

which applies simultaneously across all checkpoints. This
inequality implies that we can guarantee the condition (6) by
setting & = (1 — puarg)/| 75|, since the stopping point Ts(x)
is in set 7, by construction. This is a form of Bonferroni
correction, whereby the target accuracy for the test carried out
at each checkpoint is increased in order to ensure reliability
simultaneously for the tests at all checkpoints [32]. This
increase is linear in the number of checkpoints |7;|, and
it guarantees the desired reliability condition irrespective of
the underlying distribution of the data, as long as the per-
checkpoint inequality (19) is satisfied.

The remaining open question is how to ensure the per-
checkpoint reliability condition (19). To address this goal,
we follow the standard CP procedure. Accordingly, during
an offline phase, for each calibration data point (z[é], c[7]),
with i = 1,..,|D!|, SpikeCP computes the NC score
s'[i] = scp;)(x"[i]) at each checkpoint ¢ € T;. The calibration

NC scores {st[z’]}grll are ordered from smallest to largest,
with ties broken arbitrarily, separately for each checkpoint .
Finally, the threshold s!, is selected to be approximately equal
to the smallest value that is larger than a fraction (1—c«) of the
calibration NC scores (see Fig. 3). More precisely, assuming
a>1/(|D + 1) we set [6, 7]

sty = [(1 = a)(|D| + 1)]-th smallest value

|Dcnl |

in the set {s'[i]};_,', (21)

while for v < 1/(]D|+1) we set s, = oo. This is illustrated
in Fig. 3.

C. Reliability Guarantees of SpikeCP

In this subsection, we show that SpikeCP, as summarized
in Algorithm 1, satisfies the reliability condition (6).

Theorem 1 (Reliability of SpikeCP). The adaptive decision
I(x) = T(x™®) produced by SpikeCP, as described in
Algorithm 1, satisfies the reliability condition (6), and hence
has a non-positive reliability gap, i.e., AR < 0.

Proof. By the properties of CP, the threshold (21) ensures
the per-checkpoint reliability condition (19) (see, e.g., [40,
Theorem 1] and [6, 41, 42]). As proved in the last subsection,
this is sufficient to conclude that the reliability condition (6)
is satisfied. We refer to Appendix for further details. O

D. An Alternative Heuristic Threshold Selection

The theoretical guarantees of SpikeCP in Theorem 1 rely
on the Bonferroni correction that sets the per-checkpoint
target accuracy level to 1 — a = 1 — (1 — pur)/|75|. This
requirement becomes increasingly stricter, and hence harder to
satisfy, as the number of checkpoints | 7| increases. However,

Algorithm 1: SpikeCP

Input: Pre-trained SNN classifier; calibration set Deal,
checkpoint candidates 7;; target accuracy level
Prarg € (0,1); target set size (informativeness)
I; and test input x
Output: Adaptive set classification I'(z) at time
T,(x) satisfying the reliability condition (6)

Offline phase:

Compute the NC scores s'[i] for all calibration data
points i = 1, ..., |Dea| in set D! and for all
checkpoints ¢ € T, based on (17) or (18)

3 For each checkpoint ¢ € T, obtain the threshold s‘éh as
the [(1 — a)(|D¥| + 1)]-th smallest NC score in the
set {s'[i]}[2) ! with &= (1~ pua) /| T2 if
a > 1/(|D% + 1); otherwise set sf, = 0o

Test time:

for each checkpoint time t € T, do

R =

wn A

6 Generate the set predictor I'(z") based on (16)
with threshold s,

7 | if |T(x?)| < I, then

8 ‘ Exit

9 end

10 end

1 Set I'(x) = I'(x") and stopping time T;s(x) = ¢
12 Return: I'(x)

having a large number of checkpoints may be advantageous
by enhancing the granularity of delay adaptivity.

In this subsection, we introduce an alternative, heuristic,
choice for the per-checkpoint reliability condition based on
Simes correction [9]. The approach sets a different target 1—ay
for each checkpoint ¢ € 7T, by imposing the constraint

Pr(ceT(z") >1— o (22)

in lieu of the constant-target condition (19). For each time
step t € T, let us define i; for the index that runs across
the checkpoints as iy = >, o 1(t' < t). Then, the target
reliability for the checkpoint at time ¢ € 7y is set to 1 — oy
with

(]- - ptarg) )
| 7]

Accordingly, for the first checkpoint ¢, with i; = 1, the target
coincides with that obtained from Bonferroni correction, i.e.,
a¢ = (1 — prarg) /| Ts|; while for the last checkpoint, with i, =
| 75|, it corresponds to the target accuracy level, i.e., ap =
1- Drarg-

Using Simes correction (23) in step 3 in Algorithm 1 in
lieu of oy = (1 — prarg)/| 75|, yields an alternative version of
SpikeCP that is guaranteed to meet the reliability condition (5)
only under additional assumptions that are hard to verify in
practice (see Appendix). One of such assumptions is that the
accuracy of SNN never decreases with increased time steps,
as posited, e.g., in [3, Assumption 3.1]. Given this limitation,
we propose Simes correction here merely as a heuristic, which
may yield some practical gains as demonstrated in Sec. VI-C
(see Fig. 8).

(23)

th:it'




V. SPIKECP-BASED TRAINING

While SpikeCP provides guarantees on the reliability of
its set-valued decisions irrespective of the quality of the
pre-trained SNN (see Theorem 1), the achievable trade-offs
between average delay and energy consumption, on the one
hand, and informativeness of the set predictor, on the other,
generally depend on the performance of the underlying SNN-
based classifier. In this section, we introduce a training strategy
— referred to as SpikeCP-based training — that, unlike conven-
tional learning algorithms for SNNs (see, e.g., [10, 34]), targets
directly the performance of the SNN when used in conjunction
with SpikeCP.

A. Training Objective

In order to describe the training objective of SpikeCP-based
training, we start by recalling from Sec. IV-A that the stopping
time of SpikeCP is determined by the size |['(x')| of the
predicted set I'(x!) for input x as per the threshold rule
(15) with target set size I;},. Therefore, to reduce the average
latency, one can train the SNN with the aim at minimizing
the sizes |I'(x!)| of the predicted sets I'(x?) in (16) produced
by SpikeCP over time instants ¢ with the set 7; of candidates
checkpoints.

To this end, the model parameters 6 are optimized on the
basis of the training set (11). Specifically, in order to mimic
the test-time distinction between calibration and test data lever-
aged by SpikeCP, we randomly partition the training set D'
into two disjoint subsets D@ and D with DEANDwE = ()
and Dtr,cal U Dite — thr'

Given a data set split (D" D) we run SpikeCP (Al-
gorithm 1) with Dredl in lieu of the calibration data D, and
with the input parts of the data points in the set D™ as the
test inputs x. For each such test input x in D™, SpikeCP
returns the predictive set I'(z?) for all times ¢ € 7. In line
with the motivation explained in the previous paragraph, we
consider the set sizes |['(x!)| for all times ¢ in the checkpoint
set 7, as the target of the training process.

To quantify the mentioned predictive set sizes using training
data, we define the efficiency training loss

o) = > YooY m@Eh. @4
D[r,ca] CD" (:D,C) gPDtrte te’]‘s
D!r,!e:Dlr\Dlnca]

The outer sum in (24) is over a number of splits realized by
randomly sampling the subset D2 C D' for a fixed given
number of calibration data points |D"¥| < |D'|; the middle
sum is over the test data points in set D¢ = D'\ D*eal; and
the inner sum is over the time instants in the checkpoint set
Ts-

The efficiency training loss £F(0) in (24) does not make
use of the labels of the test data sets, and it does not
directly target the accuracy of the SNN classifier. In a manner
somewhat similar to the criterion (14) used by SP-SNN, we
hence propose to complement the efficiency training loss with
the standard cross-entropy training loss as

ooy =— Y > D logpe(a),

'D"‘CBIC'D" (:c,c)eD“-‘C teTs
plte —ptr \Dlr.cal

(25)

where p..(x?) is the probability value assigned by the model to
input x* for class c using (3). The sums in (25) are evaluated
as for the efficiency training loss (24).

Overall, we propose to optimize the parameter vector 8 of
SNN by addressing the problem

min L£°(0) +\LF(6) (26)

for a hyperparameter A > 0 that dictates the trade-off between
cross-entropy and efficiency criteria. With A\ = 0 and 7, =
{T'}, this training objective recovers the conventional cross-
entropy evaluated at the last time instant adopted in most of
the literature on SNN-based classification (see, e.g., [10, 38]).

B. Training

The gradient of the standard cross-entropy objective £ ()
can be approximated via well-established surrogate gradient
methods that apply the straight-through estimator of the gra-
dient [34, 35]. Accordingly, when applying backpropagation,
while the forward pass uses the actual non-differentiable
activation model (8) of the SRM neurons, the backward pass
replaces the non-differentiable spiking threshold function (8)
with a smooth sigmoidal function [34, 35]. For each neuron
k at time ¢, this yields the differentiable activation

bt = o(0kt — V), 27)

where the Heaviside step function ©(-) in (8) is replaced by
the sigmoid function o(x) = 1/(1 + e~ 7).

Given the availability of surrogate gradient methods, the
main new challenge in tackling problem (26) lies in the
evaluation of the gradient of the criterion £¥(6). The rest
of this section focuses on this problem.

The efficiency training loss £F(0) in (24) depends on the
cardinality |T'(z?)|, which is a non-differentiable function of
the model parameters 8, even when considering the surrogate
SNN model with activation function in (27). In fact, the NC
scores s.(x!) in (17) or (18) are differentiable in @ under the
surrogate model (27), but this is not the case for the cardinality
IT(x?)| of the predicted set.

To see this, observe that cardinality |T'(z?)| is obtained via
a cascade of two non-differentiable functions of the scores
stfi], i = 1,...,|D™: (i) Sorting: By Algorithm 1, SpikeCP
sorts the calibration scores st[i], i = 1,...,|D|, to obtain
the threshold sfh via (21) at each checkpoint time ¢t € 7Tg;
(i) Counting: The cardinality |T'(x')| of the set predictor is
obtained by counting the number of labels ¢ whose score
Sc(z') is no larger than the threshold s!,, ie., |['(z')| =
Sy Lse(@') < sh).

In the next subsection, we introduce a differentiable ap-
proximation |T'(2")| of the cardinality function |I'(z)| under
the smooth activation (31). The approach follows prior art on
CP-aware training [27-29].



C. Differentiable Threshold and Set Cardinality

The threshold s, in (21) amounts to the (1 — «)-empirical
quantile of the calibration scores s[i], i = 1, ...,|D|. Given
D this can be obtained as the solution of the problem

. . Du‘.cal

sh=arg  min__(pr_a(s|{s'EHE, U {o0}) (28)
sefstlin2y"

where we have defined the pinball loss as

M
pralal{ali}L;) = a ZReLU(a — ali])+
= M
(1-a)) ReLU(ali] — a),

=1

(29)

for M real numbers {a[i]}}£, with ReLU(a) = max(0, a).

The solution of problem (28) can be approximated by
replacing the minimum with a soft minimum function 6(x;) =
e/ ;€ ™. Accordingly, a differentiable estimate of the
threshold s‘éh can be written as [29]

‘Dtr,cal‘_,’_l . Iy ‘/Dtr,call_,'_l
. . —a (s {s"i] }i=
d= Y SHils (22 (s'li]I{s"[d]}icy ))’ (30)
i=1 cQ
where  we  have defined  sf[|D!| 4+ 1] =

max({s’ [z’]}‘,@f’cal') + 3 for some sufficiently large parameter
B > 0. In (30), the hyperparameter cg > 0 dictates the trade-
off between smoothness and accuracy of the approximation.
With small enough c¢, the smoothed threshold §} recovers
the original value sfh, in the sense that we have the limit
limCQﬁo §fh = th.

Based on the differentiable approximation &} introduced in
the previous subsection, we can approximate the cardinality
IT(x")| as the sum Zle 1(s.(x") < 8k). Since the indicator
function 1(-) is also not differentiable, we replace the indi-
cator function with the sigmoid function o(z) to obtain the
following final differentiable approximation of the size of the
set predictor

@)= o(3h — sc(ah)).

c=1

€2V

VI. EXPERIMENTS

In this section, we provide experimental results to compare
the performance of the adaptive point classifier DC-SNN
[2], described in Sec. III, and of the proposed set classifier
SpikeCP. We also provide insights into the trade-off between
delay/energy and informativeness enabled by SpikeCP, as well
as into the benefits of SpikeCP-based training. Finally, we
offer a numerical comparison between the performance levels
obtained by SpikeCP with Bonferroni and Simes corrections.
All the experiments were run over a GPU server with single
NVIDIA A100 card.

A. Setting

We consider the MNIST-DVS dataset [5], which contains
labelled 26 x 26 spiking signals of duration 7" = 80 samples.
Each data point contains 26 x 26 = 676 spiking signals,
which are recorded from a DVS camera that is shown moving
handwritten digits from “0” to “9” on a screen. The data set
contains 8,000 training examples, as well as 2,000 examples
used for calibration and testing. We adopt a fully connected
SNN with one hidden layer having 1,000 neurons, which is
trained via the surrogate gradient method as in [37]. Except
for the SpikeCP-based training, all the results reported in this
section adopt a pre-trained SNN that is trained by assuming
A =0and 7; = {T'} as discussed in Sec V, given training data
set D' that is consisted of 8,000 examples, with each class
containing 800 examples. The calibration data set D is ob-
tained by randomly sampling |D!| examples from the 2,000
data points allocated for calibration and testing, with the rest
used for testing (see, e.g., [25]). We average the performance
measures introduced in Sec. II-C over 50 different realizations
of calibration and test data set. For SpikeCP, we assume the
set of possible checkpoints as T; = {20, 40,60, 80}, and use
the global NC score (18) for SpikeCP, and we set the target
set size to I, = 5, unless specified otherwise.

In this work, we implement the policy network of SP-SNN
as a recurrent neural network (RNN) with one hidden layer
having 500 hidden neurons equipped with Tanh activation,
followed by T' = 80 output neurons with a softmax activation
function. The RNN takes the time series data = {z;}]_; as
input, and outputs a probability vector 7 (x|¢). The stopping
time is chosen as Ti(x) = argmax;c(y,... .7} 7¢(x|¢) during
the testing phase. The choice of a light-weight RNN architec-
ture for policy network is dictated by the principle of ensuring
that the size of the additional ANN is comparable to that of
the SNN classifier [3].

For SpikeCP-based training, we assume data is split by con-
sidering the actual number of calibration data, i.e., |D"| =
min{|D|, |D"|/2}, which also ensures a non-empty set D™°.
The hyperparameters cg and (3 are set to 0.001 and 1,
respectively. The weight factor A is set to 0.01, and the target
accuracy level is set to 0.9, i.e., a = 0.1.

B. Performance Analysis of SpikeCP with a Pre-Trained SNN

We start by evaluating the performance with the same pre-
trained SNN model for all schemes. Fig. 4 reports accuracy —
Pr(c = ¢é(x)) for DC-SNN and Pr(c € I'(x)) for SpikeCP —
and normalized latency E[T;(x)]/T as a function of the target
accuracy piarg for different sizes |D!| of the calibration data
set. The accuracy plots highlight the regime in which we have
a positive reliability gap AR in (5) and (6), which corresponds
to unreliable decisions.

For reference, in Fig. 4(a), we show the performance
obtained by setting the threshold pi, in (9) to the accuracy
target peare. Following the results reported in Fig. 1(b), this
approach yields unreliable decisions as soon as the target
accuracy level is sufficiently large, here larger than 0.7. By
leveraging calibration data, DC-SNN can address this problem,
suitably increasing the decision latency as piarg increases.
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Fig. 4. (a) Accuracy Pr(c = é(x)) and normalized latency E[Ts(a)]/T for the DC-SNN point classifier [2]. (b) Accuracy Pr(c € I'(x)) and normalized
latency E[Ts()]/T for the proposed SpikeCP set predictor given the target set size Iy, = 5. The shaded error bars correspond to intervals covering 95%

of the realized values, obtained from 50 different draws of calibration data.
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Fig. 5. Normalized latency, inference energy, and set size (informativeness)
as a function of target set size Iy, for SpikeCP, assuming ptarg = 0.9 and
|Deal| = 200 under the same conditions as Fig. 4.

However, reliability — i.e., a non-positive reliability gap — is
only approximately guaranteed when the number of calibration
data points is sufficiently large, here |D!| = 100.

In contrast, as shown in Fig. 4(b) and proved in Theorem 1,
SpikeCP is always reliable, achieving a non-positive reliability
gap irrespective of the number of calibration data points. With
a fixed threshold Iy, as in this example, increasing the size
|De| of the calibration data set has the effect of significantly
reducing the average latency.

The trade-off supported by SpikeCP between latency and
energy, on the one hand, and informativeness, i.e., set size,
on the other hand, is investigated in Fig. 5 by varying the
target set size Iy, with target accuracy level pu, = 0.9 and
|De| = 200 calibration examples. Note that the reliability
gap is always negative as in Fig. 4(b), and is hence omitted
in the figure to avoid clutter. Increasing the target set size,
Iin, causes the final predicted set size, shown in the figure
normalized by the number of classes C' = 10, to increase,
yielding less informative decisions. On the flip side, sacrificing
informativeness entails a lower (normalized) latency, as well
as, correspondingly, a lower inference energy, with the latter
shown in the figure as the average number of spikes per sample
and per hidden neuron, E[S(x)]/(1000T).

SpikeCP with 0.6 . .
local NC score SpikeCP with
0.954 local NC score,
> SpikeCP with © |
8 090027 - o __ _ globalNCscore| 3 04
§ Prarg % SpikeCP with
< SP-SNN 0. global NC score
0.85 1 DC-SNN | :
¥ DC-SNN/SP-SNN
1 2 3 4 5 1 2 3 4 5
Number of checkpoints |T;| 06 Number of checkpoints |T;|
1.0 . . .
SpikeCP with SpikeCP with
local NC score o local NC score
2 0.8 _ 20
2 DCSNN 5 DC.SNN
= 0.6 = SP-SNN
SP-SNN %
044 SpikeCP with ‘*_a SpikeCP with >\
7] global NC score 0.2 {_global NC score

1 2 3 4 5 1 2 3 4 5
Number of checkpoints | 7| Number of checkpoints |Tg|

Fig. 6. Accuracy, normalized latency, normalized set size (informativeness),
and normalized inference energy as a function of number of checkpoints | 75|
for SpikeCP with local and global scores, as well as for DC-SNN and SP-
SNN point classifiers, with prarg = 0.9, |D°| = 200, and Iy, = 5.

In Fig. 6, we show the performance of SpikeCP when
using either local NC scores (17) or global NC scores (18)
(see Sec. IV), as well as the performance of the DC-SNN
and SP-SNN point predictors, as a function of the number of
checkpoints | 7|, for pearg = 0.9, |D| = 200, and Iy, = 5.
The checkpoints are equally spaced among the 7' time steps,
and hence the checkpoint set is T; = {T/|Ts|,2T/|Tsl, ..., T}.
The metrics displayed in the four panels are the accuracy —
probability Pr(c = é(x)) for point predictors and probability
Pr(c € T'(x)) for set predictors — along with normalized
latency E[T,(x)]/T and normalized, per-neuron and per-
time step, inference energy E[S(x)]/(10007T). Note that the
operation of SP-SNN and DC-SNN does not depend on the
number of checkpoints, and hence the performance of these
schemes is presented as a constant function.

By Theorem 1, SpikeCP always achieves negative reliability
gap, while SP-SNN and DC-SNN fall short of the target
reliability pee in this example. Using global NC scores with
SpikeCP yields better performance in terms of informative-
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checkpoints | 75| for SpikeCP, which uses the Bonferroni correction, as well as
for a variant that applies Simes correction (see Sec. IV-D), with ptarg = 0.8
and ptarg = 0.9.

ness, i.e., set size, as well as latency and inference energy.
The performance gap between the two choices of NC scores
increases with the number of checkpoints, demonstrating that
local NC scores are more sensitive to the Bonferroni correction
applied by SpikeCP (see Sec. 4). This is due to the lower
discriminative power of local confidence levels, which yield
less informative NC scores (see, e.g., [8]). That said, moderate
values of latency and inference energy can also be obtained
with local NC scores, without requiring any coordination
among the readout neurons. This can be considered to be one
of the advantages of the calibration afforded by the use of
SpikeCP.

With global NC scores, the number of checkpoints |75 is
seen to control the trade-off between latency and informa-
tiveness for SpikeCP. In fact, a larger number of checkpoints
improves the resolution of the stopping times, while at the
same time yielding more conservative set-valued decision at
each time step due to the mentioned Bonferroni correction.

In Fig. 7, we show the performance of SpikeCP with
global NC scores, DC-SNN, and SP-SNN as a function of the
number, |D|, of calibration data points, with Drarg = 0.9,
|7s] = 4, and I;, = 5. The general conclusions around the
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Fig. 9. Normalized latency as a function of the weight factor X in the training
objective (26) for training-based SpikeCP under target accuracy ptarg = 0.8
and ptarg = 0.9, assuming |Dca1| = 200 calibration data points with the
same other conditions as in Fig. 4.

comparisons among the different schemes are aligned with
those presented above for Fig. 6. The figure also reveals that
SP-SNN outperforms DC-SNN when the calibration data set
is small, while DC-SNN is preferable in the presence of a
sufficiently large data set. Finally, with a larger calibration
data set, SpikeCP is able to increase the informativeness of
the predicted set, while also decreasing latency and inference
energy.

C. Comparing Bonferroni and Simes Corrections

In Fig. 8, we study the performance of SpikeCP, which
uses Bonferroni correction (see Sec. IV-B), with a heuristic
variant of SpikeCP that uses Simes correction (see Sec. [V-D)
with piare = 0.8 and pearg = 0.9. Fig. 8 plots accuracy and
normalized latency as a function of the number of checkpoints.
As discussed in Sec. IV-D, the Bonferroni correction applied
by SpikeCP becomes increasingly strict as the number of
checkpoints increases. Accordingly, alternative correction fac-
tors, such as Simes, may become advantageous in the regime
of large number of checkpoints. Confirming this argument,
the figures show that indeed Simes correction can yield some
advantage in terms of latency, while still satisfying, despite its
lack of theoretical guarantees, the reliability requirement (5).

D. Performance Analysis of SpikeCP-based Training

We finally turn to analyzing the potential benefits of
SikeCP-based training, as introduced in Sec. V. Accordingly,
the SNN classifier is trained by maximizing the objective in
(26), with hyperparameter A dictating the relative weight given
to the prediction set efficiency over the conventional cross-
entropy performance metric. With A = 0, we recover the
same SNN model assumed throughout the rest of the section,
while larger values of A > 0 ensure that the training model is
increasingly tailored to the use of SpikeCP during inference
by targeting the predictive set inefficiency.

In order to elaborate on the choice of hyperparameter A, in
Fig. 9 we plot the normalized latency of SpikeCP as a function
of A. For both target accuracy values piare = 0.8 and piarg =
0.9, it is observed that there is an optimal value of A that
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Fig. 10. Accuracy and normalized latency as a function of the number of
training data | D' |, assuming Ptarg = 0.9, and |DC‘"‘1\ = 100 under the same
conditions as Fig. 4.

balances the inefficiency and accuracy (cross-entropy) criteria.
Increasing A is initially beneficial, yielding smaller predictive
sets and hence smaller latencies. However, larger values of
A eventually downweigh excessively the accuracy criterion,
producing worse performance. Furthermore, the optimal value
of X is seen to be decreasing with growing target reliability
levels piarg, Which call for more emphasis on the cross-entropy
criterion.

We now turn to comparing the performance of SpikeCP-
based training with conventional SpikeCP (with A = 0), DC-
SNN and SP-SNN. Specifically, Fig. 10 plots accuracy and
normalized latency as a function of the number of training
data points |D'|. The point classifiers DC-SNN and SP-SNN
exhibit an increasing accuracy level as the training data set
size increases, while still failing to meet the reliability target
Drare = 0.9. In contrast, SpikeCP schemes meet the reliability
requirement for any number of training data points. More
training data translate into a lower latency, with SpikeCP-
based training, here run with A = 0.01, proving an increasingly
sizeable latency reduction.

VII. CONCLUSIONS

In this work, we have introduced SpikeCP, a delay-
adaptive SNN set predictor with provable reliability guaran-
tees. SpikeCP wraps around any pre-trained SNN classifier,
producing a set classifier with a tunable trade-off between
informativeness of the decision — i.e., size of the predicted
set — and latency, or inference energy as measured by the
number of spikes. Unlike prior art, the reliability guarantees
of SpikeCP hold irrespective of the quality of the pre-trained
SNN and of the number of calibration points, with minimal
added complexity. SpikeCP was also integrated with a CP-
aware training strategy that complements the conventional
cross-entropy criterion with a regularizer accounting for the
informativeness of the predicted set.

Among directions for future work, we highlight extensions
of SpikeCP that take into account time decoding or Bayesian
learning [43] in order to further reduce the number of spikes
and enhance the reliability of confidence estimates.

APPENDIX: CP AND HYPOTHESIS TESTING

As detailed in Sec. IV, SpikeCP relies on the use of the
Bonferroni, or Simes, corrections, which are tools introduced

in the literature on hypothesis testing [44]. In this appendix,
we elaborate on the connection between CP and multiple-
hypothesis testing.

Conventional CP effectively applies a binary hypothesis test
for each possible label c, testing the null hypothesis that the
label c is the correct one. With the notation of this paper, for
any fixed time ¢, CP considers the null hypothesis

Hi(x',c) : (x,c) and the calibration data D" are i.i.d.,

where we have defined D*® = {(z]i], c[i])}gim‘. In fact,
if this hypothesis holds true, label c is the ground-truth label
for input xt.

Suppose that we have a valid p-variable p;(x?,c) for this
hypothesis, i.e., a random variable — which may be also a
function of the calibration data — that satisfies the inequality
Pr(pi(xt,c) < o|Hi(zt,c)) < o for all & € [0,1],
where the probability is conditioned over the hypothesis being
correct. Then, constructing the predictive set as I'(z?) = {c €
C : pi(xt,c) > o'} would guarantee the reliability condition
Pr(ceT(z")) > 1 — o for the given fixed time ¢.

The key underlying technical result in the theory of CP is
that the variable

1+ S0P 1 (se(@?) < sopy(2°]1]))
|'Dcal| + 1 )

is a valid p-variable for time ¢, where s.(x') is an NC score.
The predictive set constructed by p-value I'(z') = {c €
C : pi(x',c) > a} is equivalent to the expression of (16)
since excluding the a-fraction (p;(x',c) > «) is equivalent to
including the (1 — a)-fraction (s.(x') < s).

In SpikeCP, the time ¢ = T () at which a decision is made
depends on the input x, and hence the reliability guarantees
described above do not apply directly. What is needed, instead,
are corrected p-variables p;(x?, c) satisfying the property
Pr (pi(x',c) > o forall ¢t € T,|H(z,c)) > 1 — o for
all o/ € [0,1], where, under the composite null hypothesis
H(x,c), the pair (x,c) and the calibration data D are
i.i.d. Note that the hypothesis 7 (x, ¢) implies all hypotheses
Hi(xt,c) for t € T.

To find such corrected p-variables, it is sufficient to iden-
tify a valid p-variable p(x,c) for the composite hypothesis
H(x, ¢) such that, with probability 1, we have the inequalities
pe(xt, ¢) > p(x, c) for suitable functions p;(x!, ¢) of the orig-
inal p-values p;(z?, ). Bonferroni’s method provides one such
p-variable, namely p®(z,c) = miner. {|Ts|p:(2?, ¢)} with
corrected p-variables py(x?, c) = |Ts|pi(x?, ¢) [45, Appendix
2]. It can be checked that this selection yields the SpikeCP
procedure in Algorithm 1.

Alternatively, the composite p-value produced by Simes cor-
rection is pS(x, ¢) = minge 7. {|Ts|pe(x?, ¢) /r(t)}, where 7(t)
is the ranking of p;(z’, ¢) among {p;(x?, ¢) }+c7,. This yields
corrected p-variables p;(x¢, c) = | T;|ps (2!, ¢) /r(t). Reference
[9] proved that this approach provides a valid p-value as long
as the joint distribution over the |T;| p-values p;(x?,c) have
the multivariate totally positive of order 2 (MTPy) property
as defined in [9]. Together with the assumption of increasing
p-value, Simes corrected p-values yield the heuristic SpikeCP
variant discussed in Sec. I'V-D.

pe(,c) =

(32)




(1]

(2]

(3]

(4]

(3]

(6]
(7]

(8]

(9]

(10]

(11]

(12]

(13]

(14]

[15]

[16]

(17]

(18]

(19]

[20]

[21]

[22]

(23]

REFERENCES

M. Davies et al., “Loihi: A neuromorphic manycore processor
with on-chip learning,” IEEE Micro, vol. 38, no. 1, pp. §2-99,
2018.

C. Li, E. Jones, and S. Furber, “Unleashing the potential of
spiking neural networks by dynamic confidence,” arXiv preprint
arXiv:2303.10276, 2023.

Y. Li, T. Geller, Y. Kim, and P. Panda, “SEENN: Towards
temporal spiking early-exit neural networks,” arXiv preprint
arXiv:2304.01230, 2023.

Y. Li, S. Deng, X. Dong, R. Gong, and S. Gu, “A free lunch
from ANN: Towards efficient, accurate spiking neural networks
calibration,” in ICML, pp. 63166325, 2021.

T. Serrano-Gotarredona and B. Linares-Barranco, “Poker-DVS
and MNIST-DVS. their history, how they were made, and other
details,” Frontiers in Neuroscience, vol. 9, p. 481, 2015.

V. Vovk, A. Gammerman, and G. Shafer, Algorithmic Learning
in a Random World. Springer Nature, 2022.

A. N. Angelopoulos and S. Bates, “A gentle introduction to
conformal prediction and distribution-free uncertainty quantifi-
cation. arxiv 2021, arXiv preprint arXiv:2107.07511, 2021.
A. Fisch, T. Schuster, T. Jaakkola, and R. Barzilay, “Efficient
conformal prediction via cascaded inference with expanded
admission,” arXiv preprint arXiv:2007.03114, 2020.

E. A. Rgdland, “Simes’ procedure is ‘valid on average’,”
Biometrika, vol. 93, no. 3, pp. 742-746, 2006.

J. J. Wade, L. J. McDaid, J. A. Santos, and H. M. Sayers,
“SWAT: A spiking neural network training algorithm for clas-
sification problems,” IEEE Transactions on Neural Networks,
vol. 21, no. 11, pp. 1817-1830, 2010.

N. Caporale and Y. Dan, “Spike timing—dependent plasticity: a
Hebbian learning rule,” Annu. Rev. Neurosci., vol. 31, pp. 25—
46, 2008.

E. O. Neftci, H. Mostafa, and F. Zenke, “Surrogate gradient
learning in spiking neural networks: Bringing the power of
gradient-based optimization to spiking neural networks,” IEEE
Signal Processing Magazine, vol. 36, no. 6, pp. 51-63, 2019.
H. Jang, O. Simeone, B. Gardner, and A. Gruning, “An intro-
duction to probabilistic spiking neural networks: Probabilistic
models, learning rules, and applications,” IEEE Signal Process-
ing Magazine, vol. 36, no. 6, pp. 64-77, 2019.

N. Skatchkovsky, H. Jang, and O. Simeone, “Bayesian con-
tinual learning via spiking neural networks,” arXiv preprint
arXiv:2208.13723, 2022.

C. Guo et al., “On calibration of modern neural networks,” in
ICML, pp. 1321-1330, 2017.

V. Quach, A. Fisch, T. Schuster, A. Yala, J. H. Sohn, T. S.
Jaakkola, and R. Barzilay, “Conformal language modeling,”
arXiv preprint arXiv:2306.10193, 2023.

B. Rosenfeld, O. Simeone, and B. Rajendran, “Learning first-to-
spike policies for neuromorphic control using policy gradients,”
in Proc. IEEE SPAWC, pp. 1-5, 2019.

P. Panda, A. Sengupta, and K. Roy, “Conditional deep learning
for energy-efficient and enhanced pattern recognition,” in Proc.
IEEE DATE, pp. 475-480, 2016.

S. Teerapittayanon, B. McDanel, and H.-T. Kung, “Branchynet:
Fast inference via early exiting from deep neural networks,” in
Proc. IEEE ICPR, pp. 2464-2469, 2016.

S. Laskaridis, S. I. Venieris, M. Almeida, 1. Leontiadis, and
N. D. Lane, “SPINN: synergistic progressive inference of neural
networks over device and cloud,” in Proc. MobiCom, pp. 1-15,
2020.

R. G. Pacheco, R. S. Couto, and O. Simeone, “On the impact
of deep neural network calibration on adaptive edge offloading
for image classification,” Journal of Network and Computer
Applications, p. 103679, 2023.

D. Weiss and B. Taskar, “Structured prediction cascades,” in
Proc. AISTATS, pp. 916-923, 2010.

K. M. Cohen, S. Park, O. Simeone, and S. Shamai, “Calibrating

[24]

(25]

(26]

[27]

(28]

(29]

(30]

(31]

(32]

(33]

(34]

(35]

(36]

(37]

(38]

(39]

(40]

[41]

[42]

(43]

[44]

[45]

Al models for wireless communications via conformal predic-
tion,” arXiv preprint arXiv:2212.07775, 2022.

Z. Lin, S. Trivedi, and J. Sun, “Conformal prediction with tem-
poral quantile adjustments,” arXiv preprint arXiv:2205.09940,
2022.

A. N. Angelopoulos et al., “Conformal risk control,” arXiv
preprint arXiv:2208.02814, 2022.

B. Kumar et al., “Conformal prediction with large language
models for multi-choice question answering,” arXiv preprint
arXiv:2305.18404, 2023.

D. Stutz et al., “Learning optimal conformal classifiers,” arXiv
preprint arXiv:2110.09192, 2021.

B.-S. Einbinder, Y. Romano, M. Sesia, and Y. Zhou, “Training
uncertainty-aware classifiers with conformalized deep learning,”
arXiv preprint arXiv:2205.05878, 2022.

S. Park, K. M. Cohen, and O. Simeone, “Few-shot calibration
of set predictors via meta-learned cross-validation-based con-
formal prediction,” arXiv preprint arXiv:2210.03067, 2022.

A. Fisch, T. Schuster, T. Jaakkola, and R. Barzilay, “Few-shot
conformal prediction with auxiliary tasks,” in ICML, pp. 3329
3339, 2021.

V. Vovk, B. Wang, and R. Wang, “Admissible ways of merging
p-values under arbitrary dependence,” The Annals of Statistics,
vol. 50, no. 1, pp. 351-375, 2022.

V. Vovk and R. Wang, “E-values: Calibration, combination and
applications,” The Annals of Statistics, vol. 49, no. 3, pp. 1736—
1754, 2021.

J. Chen, N. Skatchkovsky, and O. Simeone, ‘“Neuromorphic
integrated sensing and communications,” IEEE Wireless Com-
munications Letters, vol. 12, no. 3, pp. 476-480, 2023.

N. Skatchkovsky, H. Jang, and O. Simeone, “Spiking neural
networks—Part II: Detecting spatio-temporal patterns,” IEEE
Communications Letters, vol. 25, no. 6, pp. 1741-1745, 2021.
J. K. Eshraghian et al., “Training spiking neural networks using
lessons from deep learning,” arXiv preprint arXiv:2109.12894,
2021.

T. Sun, B. Yin, and S. Bohte, “Efficient uncertainty estimation
in spiking neural networks via MC-dropout,” arXiv preprint
arXiv:2304.10191, 2023.

N. Skatchkovsky, H. Jang, and O. Simeone, “Spiking neu-
ral networks—Part III: Neuromorphic communications,” IEEE
Communications Letters, vol. 25, no. 6, pp. 1746-1750, 2021.
J. Chen, N. Skatchkovsky, and O. Simeone, “Neuromorphic
wireless cognition: Event-driven semantic communications for
remote inference,” IEEE Transactions on Cognitive Communi-
cations and Networking, vol. 9, no. 2, pp. 252-265, 2023.

R. Tibshirani, “Conformal prediction: Advanced top-
ics in  statistical learning (lecture note),”  2023.
[Online]. Available: https://www.stat.berkeley.edu/~ryantibs/

statlearn-s23/lectures/conformal.pdf

R. J. Tibshirani, R. Foygel Barber, E. Candes, and A. Ram-
das, “Conformal prediction under covariate shift,” Advances in
neural information processing systems, vol. 32, 2019.

A. K. Kuchibhotla, “Exchangeability, conformal prediction, and
rank tests,” arXiv preprint arXiv:2005.06095, 2020.

J. Lei et al., “Distribution-free predictive inference for regres-
sion,” Journal of the American Statistical Association, vol. 113,
no. 523, pp. 1094-1111, 2018.

H. Jang, N. Skatchkovsky, and O. Simeone, “BiSNN: training
spiking neural networks with binary weights via bayesian learn-
ing,” in IEEE DSLW, pp. 1-6, 2021.

J. P. Shaffer, “Multiple hypothesis testing,” Annual review of
psychology, vol. 46, no. 1, pp. 561-584, 1995.

Y. Hochberg and A. C. Tamhane, Multiple comparison proce-
dures. John Wiley & Sons, Inc., 1987.


https://www.stat.berkeley.edu/~ryantibs/statlearn-s23/lectures/conformal.pdf
https://www.stat.berkeley.edu/~ryantibs/statlearn-s23/lectures/conformal.pdf

	Introduction
	Motivation
	SpikeCP
	Related Work
	Main Contributions and Paper Organization

	Problem Definition
	Multi-Class Time Series Classification
	Taxonomy of SNN Classifiers
	Reliability, Latency, and Inference Energy
	Spiking Neural Network Model

	Adaptive Point Classification
	SpikeCP: Reliable Adaptive Set Classification
	Stopping Time
	Evaluation of the Threshold 
	Reliability Guarantees of SpikeCP
	An Alternative Heuristic Threshold Selection

	SpikeCP-Based Training
	Training Objective
	Training
	Differentiable Threshold and Set Cardinality 

	Experiments
	Setting
	Performance Analysis of SpikeCP with a Pre-Trained SNN
	Comparing Bonferroni and Simes Corrections
	Performance Analysis of SpikeCP-based Training

	Conclusions

