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Abstract

Tilings and point sets arising from substitutions are classical mathematical models of quasicrystals. Their hierarchical
structure allows one to obtain concrete answers regarding spectral questions tied to the underlying measures and
potentials. In this review, we present some generalisations of substitutions, with a focus on substitutions on compact
alphabets, and with an outlook towards their spectral theory. Guided by two main examples, we will illustrate what
changes when one moves from finite to compact (infinite) alphabets, and discuss under which assumptions do we recover
the usual geometric and statistical properties which make them viable models of materials with almost periodic order.
We also present a planar example (which is a two-dimensional generalisation of the Thue–Morse substitution), whose
diffraction is purely singular continuous.
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1. Introduction

Substitutions are well studied objects in the the-
ory of aperiodic order. In symbolic dynamics, they
give rise to prototypical models of infinite shift spaces
with nice properties. In tiling theory, they generate
tilings of Euclidean space, whose aperiodicity is eas-
ily confirmed. This is due to the presence of hier-
archical structures which are incommensurate with
having a non-trivial lattice of translational periods.
Both the well-known Fibonacci tiling and Penrose
tiling can be generated by a substitution rule.

Within dynamical systems theory, there is a rich
literature on substitutions going back from the 60s
to the late 70s; see [65, 66, 31]. After the discovery
of quasicrystals in 1982, more detailed investigations
of their spectral theory were carried out; see [21] and
[49], for instance.

We refer the reader to the monographs by Baake
and Grimm [10] and N. Pytheas Fogg [72] for de-
tailed expositions on substitutions. We recommend
the monographs by Allouche and Shallit [3] for con-
nections to theoretical computer science, Kellen-
donk, Lenz, and Savinien, and Akiyama and Arnoux
[56, 2] for several articles on different directions
(Schrödinger operators, algebraic topology, dynam-
ical systems and number theory) and Queffélec [73]
for a detailed treatment of the dynamical spectrum.

Let say a few more words on recent developments
regarding the spectral theory of substititution dy-
namical systems. The pure point component is rel-
atively well understood, where new results linked
to almost periodicity provide a complete character-
isation of pure point diffraction at the level of the
atomic configuration; see [71] for a survey on almost
periodic measures and [86, 60, 61]. In the Pisot case,
the situation is even better with the availability of

(a) The GLB inflation rule

(b) A finite patch of the GLB tiling. Taken from the Tilings
Encyclopedia [45].

Figure 1. The GLB tiling is the first two-
dimensional tiling which is proved to have essen-
tially purely singular continuous diffraction [7].

the cut-and-project formalism, which gives an alter-
native viewpoint with which one can investigate the
underlying point sets; see [10, 69, 70, 87] and [80]
also for the treatment of the non-unit case.

The study of the continuous component of the
diffraction (which corresponds to diffuse scattering
in experiments) is more challenging, but has seen re-
markable progress in the last 10 years alone. A cor-
nerstone of the theory relies on renormalisation tech-
niques, which one can transfer from the level of point
sets/tilings to the underlying measures. This allows
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for a separate treatment of the three (mutually sin-
gular) spectral components (pure point, absolutely
continuous, and singular continuous).

To rule out the presence of an absolutely continu-
ous component, a powerful tool is the Fourier cocy-
cle/spectral cocycle and the corresponding Lyapunov
exponent; see [6, 7, 22, 23, 85]. Other singularity re-
sults for substitutions have also been developed; see
[16, 18].

In particular, one can use this to prove that the
Godrèche–Lançon–Billard (GLB) tiling [48] has a
purely singular continuous diffraction apart from the
trivial Bragg peak at zero; see [7, 62] for details. The
inflation rule and a patch of the tiling are shown in
Figure 1.

For some systems with singular continuous diffrac-
tion, a finer description of the spectrum can be ob-
tained via multifractal analysis; see [9, 50, 37] and
references therein. A classical example is the Thue–
Morse substitution, which we will revisit later.

From a bi-infinite point w generated by a substi-
tution, one can also define the corresponding one-
dimensional (discrete) Schrödinger operator. These
are well studied objects, and aperiodic sequences give
rise to aperiodic potentials which inherit the hierar-
chical structure of the substitution; see the recent
monograph [26] by Damanik and Fillman for the
general theory in one dimension. A second volume
[27] on specific classes (including quasiperiodic po-
tentials) is currently in preparation. For a survey
article on Schrödinger operators in the context of
mathematical quasicrystals, see [25].

In particular, it is well known that the spectrum
of such operators generated by aperiodic primitive
substitutions on finite alphabets is always a Can-
tor set of Lebesgue measure zero. Moreover, hav-
ing purely singular continuous spectral measures is
also common (as opposed to having eigenvalues with
exponentially-decaying eigenfunctions, which is typ-
ical in random systems, or having absolutely contin-
uous spectral measures which is the case for periodic
potentials); see [29] for an account on the Fibonacci
Hamiltonian.

From these two spectral viewpoints, it is clear that
the presence of a well-defined hierarchical structure
is reflected in the spectrum. Moreover, it also makes
statistical computations (that is, relative frequencies
of patches, orbit- and space-averages of certain func-
tions, pair correlations, etc.) tractable and explicit
(using tools from ergodic theory).

One disadvantage of using substitutions on finite
alphabets or finitely many prototiles is that they
are too rigid. A common consequence (although
not guaranteed) of working with substitutions with
finitely many starting blocks (letters or prototiles) is
that the infinite structure generated has finite local
complexity (FLC). This means, given a fixed volume

R > 0, there are only finitely many patches of this
given volume. From a computational and theoreti-
cal standpoint, this is satisfactory, as one normally
deals with structures which admit finitely many lo-
cal configurations (such as clusters). On the other
hand, this usually creates a disparity from what one
sees experimentally, as atoms in materials are rarely
stationary.

It is thus not surprising that FLC is not necessary
to have pure point diffraction. As an example, mod-
ulated lattices normally have infinite local complex-
ity (ILC), but if the modulation is well behaved (for
instance, a Bohr almost-periodic function), one still
gets pure point diffraction; see Figure 2 and [59] for
a recent account on modulated quasicrystals, which
includes deformed (weighted) model sets.

Figure 2. A patch from the modulated lattice
Λf =

{
(m,n) + f(m,n) : (m,n) ∈ Z2

}
(black)

with f(m,n) = ( 15 sin(2πm
√
2), 15 sin(2πn

√
7)).

The point set Λf is Delone but has ILC. Never-
theless, it has pure point diffraction. The lattice
Z2 (red) and the range of deviation from a lattice
point (blue disk) are added for visualisation.

Recent developments in the theory of substitu-
tion dynamical systems try to circumvent this level
of rigidity by considering several generalisations of
substitutions while still maintaining the existence of
compatible hierarchies (or the semblance thereof).
Among these generalisations are substitutions on in-
finite (yet compact) alphabets; see [32, 63, 64, 44, 43].
We shall see that, despite dealing with infinitely
many symbols (which will be our building blocks),
certain natural restrictions allow us to generate geo-
metric model that display properties not possible
in the finite setting. At the same time, they pos-
sess generalisations of properties in the finite alpha-
bet setting which allow for explicit computations of
certain physically-relevant quantities. As they give
rise to new phenomena, they are certainly interest-
ing from a theoretical standpoint. Likewise, because
they give rise to concrete structures with well-defined
geometry and statistics, their potential use for actual
models of materials (both solid and soft matter) is
also promising.
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This overview on substitutions on compact alpha-
bets is outlined as follows. In Section 2, we revisit
the setting of substitutions on finite alphabets, where
we will look at motivating examples and their known
dynamical and spectral properties. In Section 3, we
provide a brief survey of generalisations of substitu-
tions which exist in the literature, and point to stan-
dard references for the interested reader. In Section
4, we zoom into the world of substitutions on com-
pact alphabets, where we present the generalisation
of objects and results associated with substitutions in
the finite alphabet setting. The consequences of the
results discussed and motivated in Section 4 will be
more transparent in Section 5, where we look at sev-
eral examples which demonstrate the strength and
applicability of these results. We also consider a two-
dimensional example and discuss some of its spectral
properties. We end with some future directions in
Section 6.

2. Substitutions on finite alphabets
revisited

We start with an example of a substitution on a
two-letter alphabet A = {a, b} given by the rule

ϱ :

{
a 7→ abbb

b 7→ a.

One can place the (legal) seed aa at the origin (which
we denote by a|a), and iterate the square ϱ2 of this
substitution to obtain a sequence of nested words of
growing length. More explicitly, we have

a|a ϱ2

7−→ abbbaaa|abbbaaa ϱ2

7−→ · · · ϱ2

7−→ w = ϱ2(w).

Here, w is called a bi-infinite fixed point of ϱ2. We
consider the (left) shift action σ defined on the space
of bi-infinite words over A via σ(x)n = xn+1. We
then build the orbit-closure of w under σ, which is
given by

Xϱ = {σn(w) : n ∈ Z}
where the closure is taken with respect to the local
topology. In this topology, two bi-infinite words x and
y are “close” if they agree in a large region around
the origin. As an example, if we consider the words

x0 = w = · · · abbbaaa|abbbaaa · · · ,
x1 = σ1(w) = · · · bbbaaaa|bbbaaaa · · · ,
x−1 = σ−1w = · · · aabbbaa|aabbbaa · · · ,

one can say that x0 is closer to x−1 than to x1.
The space Xϱ is compact by construction, and

consists of all shifted versions of w, plus all other
bi-infinite words over A which can be expressed as
limits of these shifted words. We call Xϱ the subshift
associated to ϱ. Together with σ, (Xϱ, σ) becomes
a topological dynamical system, where σ induces a
continuous Z-action onXϱ. We refer the reader to [8]

for a similar exposition focused on the (ramifications
of the) Fibonacci substitution.

So far, we have only harvested symbolic sequences
from ϱ. In what follows, we derive geometric objects
(e.g., tilings and point sets) from it. The crucial in-
gredient to this construction is the substitution ma-
trix Mϱ of ϱ, which is an |A| × |A|-matrix that en-
codes some combinatorial information of ϱ. This is
defined entry-wise via

(Mϱ)ij = number of letters of type i in ϱ(j).

For the substitution above, one has

Mϱ =

(
1 1
3 0

)
.

To see this clearly, note that the first column reads
(1, 3)T because ϱ(a) = abbb contains one a and three
occurrences of b. This matrix is primitive, that is, it
has a power (Mϱ)

n
which only has strictly positive

entries. If this holds, we also call the substitution ϱ
primitive. Equivalently, for the same power n and
for any a ∈ A, ϱn(a) contains all letters from A.

Primitivity has an immediate consequence which
is the minimality of (Xϱ, σ). This is equivalent to
every element x ∈ Xϱ being repetitive, meaning any
finite subword v of x occurs with bounded gaps.

As a consequence of Perron–Frobenius (PF) the-
ory, primitivity also implies thatMϱ admits a unique
eigenvalue of maximum modulus, which we call λPF.
Furthermore, this eigenvalue has a one-dimensional
left (resp. right) eigenspace, generated by a strictly
positive eigenvector L (resp. R).

For our example, we have

λ =
1 +

√
13

2
≈ 2.302776.

The second (largest) eigenvalue ofMϱ is λ2 = 1−
√
13

2 ,
which is an algebraic conjugate of λ. Since |λ2| > 1,
λ is a non-PV number (where PV stands for Pisot–
Vijayaraghavan). We then call ϱ a non-PV substitu-
tion. This example is studied in detail in [6].

The corresponding left and right PF eigenvectors
are given by

L = (λ, 1) and R =

(
λ− 1

3
,
4− λ

3

)T

.

The right PF eigenvector R (which is statistically
normalised) gives the relative letter frequencies of a
and b, which are uniform across all elements x ∈ Xϱ.
In this case, since the entries of R are both irra-
tional, it follows immediately that every x ∈ Xϱ is
non-periodic (and hence both the substitution and
the subshift are called aperiodic). Primitivity implies
something stronger in terms of frequencies, namely,
that the (Xϱ, σ) is uniquely ergodic. In the language
of symbolic dynamics, this is equivalent to the uni-
form existence of relative frequencies of finite words.
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On the other hand, the left PF eigenvector L al-
lows one to assign a tile ta (which is an interval) of
length La to the letter a, for every letter in the al-
phabet. This yields a geometric inflation rule from
ϱ (which by abuse of notation we will also refer to as
ϱ). The image of ta under ϱ can be obtained by first
inflating it by a factor of λ, and then subdividing
this blown-up interval into a concatenation of tiles
according to the substitution rule; see Figure 3.

Figure 3. The inflation rule associated to the
substitution ϱ : a 7→ abbb, b 7→ a.

From this inflation rule, one can generate a tiling
T of the line by the tiles ta (orange) and tb (yel-
low) by placing two copies of ta at the origin and
applying the ϱ iteratively. From T , one can obtain
a (coloured) point set Λ consisting of two “atom”
types by identifying every tile with its left endpoint;
see Figure 4. This point set is Delone (uniformly
discrete and relatively dense) and is aperiodic (via
the same frequency argument for the symbolic fixed
point).

Figure 4. A tiling generated by the correspond-
ing inflation rule ϱ, together with the derived
point set.

From T , one can analogously obtain a dynamical
system by collecting all R-translates of T and taking
the closure under the local rubber topology (which in
the case of tilings with FLC, coincides with the local
topology); see [10]. One calls

Ω := ΩT = {t+ T : t ∈ R}
the geometric hull associated to T . As in the sym-
bolic case, (Ω,R) (equipped with the action of R by
translation) is a topological dynamical system.

We are now poised to discuss some spectral prop-
erties of this model. We begin with the diffraction
measure. From the point set Λ above, one can define
a weighted Dirac comb

µ =
∑
x∈Λ

w(x)δx,

where δx is the Dirac measure at x and w(x) ∈ C is
the weight, which depends on the atom type at posi-
tion x. From µ, one obtains the autocorrelation mea-
sure γµ given by γµ = µ⊛ µ̃, where ⊛ is the (volume-
averaged) Eberlein convolution. This measure is pos-
itive definite, and hence Fourier transformable. Its

Fourier transform γ̂µ is the diffraction. For detailed
accounts on diffraction of translation-bounded mea-
sures, we refer the reader to [10, 60, 61]. We note
that the diffraction does not depend on the choice of
T ∈ Ω (for a fixed choice of weight function w).

For point sets arising from a self-similar tiling with
inflation factor λ, Solomyak’s criterion [84], together
with Dworkin’s argument [33], states that the corre-
sponding diffraction measure can only have a non-
trivial Bragg peak if λ is a PV number. Return-

ing to our example, since λ = 1+
√
13

2 is non-PV,
this means that γ̂µ can only have the trivial peak
at zero and must essentially be continuous. This
is in constrast with point sets arising from the Fi-
bonacci tiling, whose diffraction measures only con-
sist of Bragg peaks; see [8].

A more precise nature of the continuous compo-
nent γ̂cont has only been established in [6] via renor-
malisation methods involving Lyapunov exponents,
which confirmed that it is indeed purely singular con-
tinuous, that is,

γ̂ = dens(Λ) δ0 + γ̂sc,

where dens(Λ) is the density of the point set Λ.
This is the first example of a non-PV inflation for
which this is confirmed (although it has long been
expected); see [12] for a family of non-PV inflations
with the same spectral features.

For the GLB tiling mentioned in the introduc-

tion, λ = 5+
√
5

2 , which is also non-PV, and hence
any derived point set cannot have non-trivial Bragg
peaks (this has already been observed by Godrèche
and Lançon in [48]). It was conjectured that the con-
tinuous component must be singular, which was only
confirmed recently in [7].

We now turn to some properties of the
Schrödinger spectrum of this non-PV example. For
any element w ∈ Xϱ, one obtains the (ergodically-
defined) potential

Vw(n) = Φ(σn(w)), for n ∈ Z.

Here, Φ: Xϱ → C is usually taken as a continuous
function that only depends on the letter at the origin
(hyperlocal). Using this potential function, one can
define the discrete Schrödinger operator on ℓ2(Z) as

[Hwψ] (n) = ψ(n+ 1) + ψ(n− 1) + Vw(n)ψ(n).

One is interested in the spectrum Σw := spec(Hw) of
Hw and the type of the spectral measures; see [26, 25]
for background and [28] for the continuum analogue
on L2(R).

For the non-PV example above, it follows from
primitivity that Σw is constant on Xϱ. Moreover,
Σw is a Cantor set of Lebesgue measure zero; see
[30]. Regarding the presence of eigenvalues, note
that aaaa is legal since it appears in ϱ3(a). This,
together with the hierarchical structure, allows one
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to use a three-block Gordon-type argument to rule
out the presence of eigenvalues for almost every el-
ement in Xϱ (with respect to the unique invariant
measure); see [25, 34] for criteria to exclude eigen-
values.

Kotani theory and aperiodicity then rules out the
presence of absolute continuous spectral measures;
compare [24, 25]. It follows that, for a.e. x ∈ Xϱ, the
corresponding spectral measures are purely singular
continuous.

Another well-known substitution in one dimension
is the Thue–Morse substitution

ϱTM :

{
a 7→ ab

b 7→ ba.

This is an example of a constant-length substitu-
tion, where the symbolic and the geometric picture
are equivalent. This means the underlying point sets
are all supported on Z. Given a weight function
w(x) ∈ {wa, wb}, the diffraction γ̂ admits the form

γ̂ =

∣∣∣∣wa + wb

2

∣∣∣∣2 δZ +

∣∣∣∣wa − wb

2

∣∣∣∣2 γ̂TM ∗ δZ.

Here, γ̂TM is called the Thue–Morse measure, which
is the first example of a purely singular continuous
measure. One gets this if one opts for the Dirac comb
with balanced weights wa = 1, wb = −1 (which kills
the pure point component).

We refer the reader to [10] for a thorough discus-
sion on the Thue–Morse measure, and [9, 50, 37] for
recent developments on its multifractal features. For
details regarding its n-point correlations, see [5].

On the Schrödinger side, the spectrum Σ is also
constant on XTM and is a Cantor set of Lebesgue
measure zero. Kotani theory again guarantees the
absence of absolutely continuous spectral measures.

The main difference with the previous example is
that ruling out eigenvalues is more subtle for Thue–
Morse. It is known that the potential associated to
the palindromic fixed point generated by the seed a|a
admits no eigenvalues. This extends to a Gδ subset
of XTM via a standard orbit argument, from which
one gets generic absence of eigenvalues; see [54].

However, one cannot apply the same Gordon-type
trick because any element x ∈ XTM is cube-free (that
is, there is no legal word of the form vvv, where v
is a finite word). For this example, the almost sure
absence of eigenvalues in the Schrödinger spectrum
is still open.

3. Generalisations of substitutions

Now that we have recalled important properties
of substitutions on finite alphabets and presented
some examples (together with known results on their
diffraction and Schrödinger spectra), we survey a few
generalisations of substitutions. A more extensive
account on hierarchical tilings can be found in [39]

and further examples of inflation tilings are given in
[42].

3.1. S-adic shifts. In the iterative process above,
one only uses a single rule (substitution or inflation)
to generate infinite structures (either words, tilings,
or point sets). One possible modification is to al-
low for different rules at different levels of the hi-
erarchy. In the symbolic picture, this corresponds
to S-adic directive sequences where one gets a se-
quence ϱ := (ϱ0, ϱ1, . . .) of substitutions; see [19, 88]
for background on S-adic shifts.

It is worth mentioning that well-known examples
of systems with pure point spectrum, namely Stur-
mian and Toeplitz shifts, both admit S-adic repre-
sentations. In particular, it is known that any Stur-
mian shift can be generated as an S-adic shift using
combinations of the substitutions

τ :

{
0 7→ 0

1 7→ 10
and ϕ :

{
0 7→ 01

1 7→ 1;

see [88]. Note that neither of the two substitutions
above is primitive, but there is a notion of a primitiv-
ity for directive sequences, which allows one to get
similar properties like unique ergodicity and mini-
mality. On the other hand, (one-sided) Toeplitz se-
quences can be obtained from directive sequences of
constant-length substitutions [47]. This freedom in
mixing at different levels is not restricted to symbolic
rules; see [79, 85] for extensions to geometric rules.

3.2. Random substitutions. For S-adic shifts, the
choice of the rule is determined globally at each level
(that is the rule is fixed for all letters). One can
also consider the generalisation where the choice is
local, that is, for each iteration, one has the freedom
where to map each symbol. Such a rule is called a set-
valued substitution or, when the choices are equipped
with certain probabilities, a random substitution; see
[76, 68]. A classical example is the random Fibonacci
substitution

ϱrand :

a 7→

{
ab, with probability p

ba, with probability 1− p

b 7→ a;

see [76, 14] for its properties and [13, 36, 68] for gen-
eralisations (including the random noble means and
their counterparts in larger alphabets).

Here, one has a choice to map a to either ab or ba
at each step. Subshifts associated to random substi-
tutions are highly non-minimal, admit many ergodic
measures [52], and have positive entropy [51, 36].
These subshifts realise a wide range of growth be-
haviour for the complexity function [67]. They can
also contain (shift)-periodic points [75]. As in the
case of S-adic shifts, there is also a notion of primi-
tivity for random substitutions.
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Under certain geometric compatibility conditions,
one can also derive tilings and point sets from ran-
dom substutitions. Such systems can be considered
hybrids of random tilings (where there is absolutely
no hierarchical structure present) and substitutions
(where everything is deterministic).

The random Fibonacci example satisfies such a
geometric requirement, and one can unambiguously

assign a tile of length τ = 1+
√
5

2 to a and a tile of
length 1 to b.

Whenever p > 0, the (almost sure) diffraction γ̂
in this case has a non-trivial absolutely continuous
component due to the presence of randomness. More
precisely,

γ̂ =
∑

k∈ Z[τ]√
5

Ip(k)δk + ϕp(x)µLeb,

where closed forms for both the (probability-
dependent) intensities Ip(k) for the pure point part
and the Radon–Nikodym density ϕp(x) for the ab-
solutely continuous component are available; see [14]
for details.

3.3. Multiscale substitutions. The self-similar
nature of the hierarchical structure in classical sub-
stitutions manifests in the presence of a single infla-
tion factor (which is also called a scaling constant).
Supertiles at level n are (uniformly related) to super-
tiles at level n+1 by this scale λ due to the inflate-
and-subdivide rule.

A generalisation of this notion is the introduc-
tion of multiple scales by tweaking the “inflate-and-
subdivide” concept into an “inflate-and-only subdi-
vide when a certain threshold is reached”. Tilings
generated by such a rule are called multiscale subti-
tution tilings. An example in Figure 5 is taken from
[83], where the image of a square under inflation is
only subdivided once the area of the blown-up square
exceeds or equals 1.

Here the scales are the distinct (length scales)
which appeear in the subdivided image of a tile with
unit volume. For the example in Figure 5, there are
two scales, namely 1

5 and 3
5 , since there are squares

with these side lengths appearing in a subdivided
unit square.

In this setting, one advantage is that one goes be-
yond the discrete steps (levels) of substitution and
one can consider the evolution of a tile under a con-
tinuous process of being substituted. This yields
a continuous collection of supertiles controlled by a
time parameter. We refer to [83, 81, 82] for detailed
accounts on multiscale substitutions, [41, 77] for pre-
decessors, and [1] for an account on the related in-
terval splitting procedure due to Kakutani.

3.4. Fusion tilings. Another family of hierarchical
rules is that of fusion rules, where the hierarchies

t

λ7−→



, if λ · vol(t) < 1,

, otherwise.

Figure 5. An example of a multiscale substitu-
tion with a square prototile.

are not constructed by the usual inflating proce-
dure. Rather, one constructs a level-n patch Pn(i) by
putting together level-(n−1) patches Pn−1(j), where
i, j are prototile labels; see [40]. Note that this in
general does not give a well-defined inflation factor,
but the substitution matrix finds a natural analogue
in the transition map Mn,n−1, which contains infor-
mation on the statistics of patches of certain type.
In the case of an FLC fusion rule, one has

(Mn,n−1)ij = number of Pn−1(i) in Pn(j).

Note that all FLC tilings are fusion tilings. There is
also a formalism for tilings with infinite local com-
plexity [41].

This flexibility allows one to construct lots of in-
teresting examples (in view of dynamical, geometric,
and spectral properties). In particular, the scrambled
Fibonacci tilings, which are generated by modifying
the level-n supertiles of the Fibonacci inflation rule
by introducing defects at sparse levels yield repeti-
tive, FLC point sets which are not Meyer but still
have pure point diffraction. Moreover, none of the
Bragg peaks are topological (that is, no dynamical
eigenvalue admits a continuous eigenfunction); see
[41, 57] for details.

3.5. Non-Abelian generalisations. All construc-
tions we have seen so far give rise to tilings of Zd or
Rd, which are Abelian groups. Here we would like to
mention recent extensions to other spaces. In [17],
the idea of symbolic substitutions is extended to ho-
mogeneous spaces, such as Lie groups. One can ex-
tend the notion of repetitivity, this time with respect
to the natural metric of the underlying space; see [17]
for an example of a substitution on the Heisenberg
group H3(R). One can also consider substitutions
on (coloured) infinite trees; see [15] for a generali-
sation of the Thue–Morse substitution on the (free)
semigroup F+

2 on two generators.

4. Substitutions on compact alphabets

Let us now move to the main focus of this review,
which are substitutions on compact alphabets. We
first mention the differences compared to the gener-
alisations mentioned in the previous section. In what
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follows, we only consider a rule generated by a single
substitution (and not a sequence thereof as in S-adic
shifts). All the rules we present are deterministic
and no randomness is involved. Whenever present,
the inflation rules they generate only have a single
scale. Lastly, they can be considered as fusion rules,
where the transition map is constant for all n.

We start with the symbolic treatment as in Sec-
tion 2. Here, our alphabet A is a compact Hausdorff
topological space. This means the set A+ of finite
words and the set AZ of all bi-infinite words over A
are both compact spaces as well. Now, a substitution
ϱ on A is a continuous rule which maps letters in A
into finite words over A.

This continuity condition on ϱ is trivially satisfied
in the case of finite alphabets. In the compact al-
phabet setting, we will see that it has lots of strong
consequences. For example, if A is connected, this
immediately implies that any substitution on Amust
be of constant length.

The series of works [63, 64, 44, 43] of the author
and his collaborators investigate geometric, combi-
natorial, dynamical, operator-theoretic, and spectral
properties of these objects.

Before we proceed, we note that substitutions on
infinite alphabets have been investigated before; see
[74, 4, 73] for their appearances in the context of au-
tomatic sequences and their generalisations. Those
on countable alphabets also remain an active area
of research, with their links to countable Markov
chains; see [38, 20]. Finally, dynamical systems com-
ing from substitution rules on compact spaces have
already appeared in [32, 41].

From ϱ, we want to build a subshift Xϱ ⊂ AZ. In
general, ϱ does not admit a fixed point. Nevertheless,
we can use the language Lϱ of ϱ to build Xϱ. The
language is defined as

Lϱ = {v ∈ A+ : v appears in some ϱn(a)},

where the closure is taken with respect to the topol-
ogy of A+. The subshift is now defined as

Xϱ =
{
x ∈ AZ : if v is a subword of x =⇒ v ∈ Lϱ

}
.

As before, if we equip it with the left shift action,
(Xϱ, σ) becomes a topological dynamical system.

Let us give two guiding examples which we will
revisit as we go on. Let A = N0 ∪ {∞} be the one-
point compactification of the nonnegative integers.
Consider the rule

(1) ϱ∞ :


0 7→ 0 1

1 7→ 0 0 1
...

n 7→ 0 (n−1) (n+1)

Since we want ϱ to be continuous, we immediately
get ∞ 7→ 0∞∞.

Another example is a generalisation of the Thue–
Morse substitution on A = T ≃ R/Z given by

(2) ϱα : (θ) 7→ (θ) (θ+α) for θ ∈ T,

where α ∈ T is fixed.
In the compact alphabet case, primitivity means

that, given a non-empty open set U ⊂ A, one can
find a power n := n(U) such that

ϱn(a) contains a letter in U, for all a ∈ A.

Going back to the examples above, one can see
that ϱ∞ is primitive because every level-1 superword
starts with a 0 and ϱn∞(0) has the letter n as a sub-
word. Thus, if U = {m}, one can pick n(U) = m+1.
Otherwise, if U is a ball around ∞, one only needs
to take a power n such that n−1 is in U . For the
generalised Thue–Morse, it is easy to see via a den-
sity argument that ϱα is primitive if and only if α is
irrational.

As in the finite alphabet case, primitivity im-
plies that (Xϱ, σ) is minimal and that every element
x ∈ Xϱ is almost repetitive (where finite words ap-
pear with bounded gaps if one allows some local per-
turbations); compare [46] for the notion of almost
repetitivity for Delone sets.

We now discuss some operator-theoretic aspects
of ϱ. To A, one associates the space C(A) of (real-
valued) continuous functions on A. This is a Banach
space (with the norm ∥f∥ = maxa∈A |f(a)|) and is
indeed a Riesz space (V -lattice), making it a Banach
lattice. Crucial to our analysis is the positive cone

K = {f ∈ C(A) : f(a) ⩾ 0 for all a ∈ A} .

The substitution operator M : C(A) → C(A)
(which is the generalisation of the transpose of the
substitution matrix) is defined via

(Mf)(a) =
∑

b∈ϱ(a)

f(b),

where the sum is taken over all letters b (counted
with multiplicity) that appear in ϱ(a). As an exam-
ple, if we consider the substitution operator of ϱ∞,
we get (Mf)(∞) = f(0)+2f(∞), for any f ∈ C(A).
Since MK ⊂ K, M is a positive operator. We refer
the reader to the monographs [35, 78] and to [55] for
properties of positive operators on Banach lattices.

Due to positivity, the spectral radius r(M) of M
is in the spectrum

spec(M) = {λ ∈ C : (λI−M) is not invertible} .

We call M quasi-compact if there is a power n ∈ N
and a compact operator C such that

∥Mn − C∥op < r(M)n .

Equivalently, ress(M) < r(M) where ress(M) is the
essential spectral radius of M . Outside the essen-
tial spectrum, there are only finitely many elements
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Figure 6. Illustration of the spectrum spec(M)
of a (positive) quasicompact operator M .

of spec(M), which are all eigenvalues of finite mul-
tiplicity; see Figure 6. For a succinct account on
quasi-compact operators, one can consult [53].

We call L ∈ K ⊂ C(A) a natural length function
if there exists λ > 0 such that ML = λL (that is L
is a right eigenvector of M). Note that the existence
of such a function with λ > 1 allows one to derive an
inflation rule from ϱ, as in Section 2.

In the compact alphabet setting, we then have the
following questions regarding a substitution ϱ

(1) When does ϱ admit a natural length func-
tion?

(2) When is (X, ϱ) uniquely ergodic?

Note that primitivity alone does not suffice for (2);
see [32] for a counterexample. This means that we
need an additional assumption, which is given in the
following result.

Theorem 1 ([63]). Let ϱ be substitution on a com-
pact Hausdorff alphabet A. If ϱ is primitive and M
is quasicompact, then,

(1) ϱ admits a strictly positive natural length
function L with λ = r(M) and

(2) (Xϱ, σ) is uniquely ergodic. □

Note that M is always compact (and hence qua-
sicompact) in the finite alphabet setting, and hence
the extra assumption in the result above is trivially
satisfied. The sufficient conditions presented above
are not the weakest assumptions, but they are nor-
mally easier to confirm for examples; see [63] for a
combinatorial criterion for quasi-compactness.

We briefly comment on the implications. For (1),
we even have something more: this length function
is unique in a strong sense: it is the unique eigen-
vector to the eigenvalue r(M) and it is the unique
eigenvector of M which is strictly positive (both up
to scaling). For (2), we also get that the induced
tiling dynamical system (Ω,R) is uniquely ergodic.

The tilings in Ω whose tiles are defined by L are
typically ILC, but still define Delone point sets be-
cause the tile lengths satisfy

0 < ℓmin ⩽ L(a) ⩽ ℓmax,

for some constants ℓmin, ℓmax, by continuity. In par-
ticular, one can get Delone sets with inflation sym-
metry but which are not of finite type, generalising
those in [58].

5. Examples

5.1. Substitutions on compactifications of N.
The substitution ϱ∞ in Eq. (1) satisfies the condi-
tions of Theorem 1. One can confirm the quasi-
compactness of M via a checkable criterion.

For ϱ∞, the inflation factor is λ = r(M) = 5/2.
This is not possible for finite alphabet substitutions,
where λ is always an algebraic integer, which 5/2 is
not. The corresponding tile lengths (with normali-
sation L(0) = 1) are given by

L(n) = 2− 1

2n
, L(∞) = 2,

while the (uniform) relative letter frequencies are

ν(n) =
1

2n+1
, ν(∞) = 0,

for any x ∈ Xϱ; see [64].
The example in Eq. (1) can be generalised using

a sequence m = (mi)i⩾0 of non-negative integers as
follows. For n ∈ N0, one builds the rule

ϱm :


0 7→ 0m0 1

1 7→ 0m1 0 1
...

n 7→ 0mn (n−1) (n+1),

where, 0m refers to the concatenation of m copies of
0. In particular, the constant sequence m = (1)i⩾0

corresponds to ϱ∞.
One then considers an appropriate embedding

ι(N0) of N0 in some full shift, where the closure is

taken to give the alphabet A = ι(N0). Both choices
of the ambient full shift and the embedding depend
on the sequence m. Also depending on m, the set
A \ ι(N0) of accumulation points can be finite (as in
ϱ∞ in Eq. (1)), countably infinite, or even uncount-
able; see [44] for details.

This construction is used to realise any λ > 2 as
an inflation factor of a substitution on a compact al-
phabet. Under some natural assumptions on m, it
was shown that ϱm satisfies the conditions of Theo-
rem 1; see [44] for a complete account.

Apart from this, λ and L(n) (for n ∈ N0) admit
the closed forms

λ = µ+
1

µ
, L(n) = µn+

n∑
j=1

∞∑
i=j

miµ
i+n+1−2j ,
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Figure 7. The first few supertiles of the inflation
rule ϱm with transcendental λ corresponding to
m = (1, 2, 2, 1, 2, 1, 1, 2, 2, 1, 1, 2, . . .). The lengths
are normalised so that the tile t0 has length 1
(red). Taken from the Tilings Encyclopedia [45].

where µ is the unique solution in the interval (0, 1)
of the equation, 1

µ =
∑∞

i=0miµ
i. This allows one to

estimate the inflation factor and the lengths numeri-
cally to the desired precision. The relative letter fre-
quencies (for n ∈ N0) are given by ν(n) = (1−µ)µn.
Any accumulation point has relative frequency zero.

One interesting member of this (infinite) family of
substitutions is the case when m is the Thue–Morse
sequence on {1, 2}, which is given by

m = (1, 2, 2, 1, 2, 1, 1, 2, 2, 1, 1, 2, . . .)

Because m is non-periodic and repetitive, A \ ι(N0)
is uncountable.

Using the same techniques as in [44], one can show
that the corresponding λ for this explicit choice of m
is a transcendental number. This means λ is not a
root of any (non-zero) polynomial whose coefficients
are in Q. Here, λ ≈ 2.6113. The images under the
inflation rule for the first few tiles t0 up to t5 are
given in Figure 7.

5.2. Substitutions on T. We now turn to the fam-
ily of substitutions ϱα in Eq. (2), with α ∈ [0, 1)
irrational. They are all constant-length so they triv-
ially have λ = 2 and the length function L(a) = 1
for all a ∈ T, so the symbolic and geometric pictures
agree.

In this case, the substitution operator M is never
quasicompact. However,M is strongly power conver-
gent, that is (M/r(M))

n
(f) → Pf for some bounded

operator P , for all f ∈ C(A). It turns out that this,
together with the primitivity of ϱα, is enough to get
unique ergodicity; see [63].

As in the case of the Thue–Morse substitution,
all coloured point sets, and hence all weighted Dirac
combs, are supported in Z, which is an advantage
in computing the autocorrelation γ. Here, it admits
the form

γ =
∑
z∈Z

η(z)δz

where the autocorrelation coefficients

η(z) = lim
n→∞

1

2n+ 1

∑
x,x−z∈[−n,n]

w(x)w(x− z)

exist uniformly on Xϱ because of unique ergodic-
ity. In what follows, we fix the weight function
w(x) = e2π iθ if the point at position x is of type
θ. Note that this choice of weight is balanced since∫
T e2π iθ dµH(θ) = 0, where µH is the Haar measure
on T.

For a fixed α, η(z) satisfies the recursive relations

η(2z) = η(z)

η(2z + 1) =
1

2

(
η(z)e−2π iα + η(z + 1)e2π iα

)
for z ∈ Z. Since η(0) = 1, one gets

η(1) =
e−2π iα

2− e2π iα
.

In [64], it was shown that, for a family of constant-
length substitutions containing ϱα, |η(1)| < 1 implies
that the diffraction γ̂ is purely singular continuous.
Since the weighted point set is supported on Z, one
can write the diffraction as γ̂ = δZ ∗ γ̂α. One can
easily check that |η(1)| = 1 for the example above
only when α = 0. This means that, for all non-zero
α, the corresponding diffraction is purely singular
continuous. Moreover, the Z-periodic part γ̂α has a
representation as a Riesz product given by

γ̂α =

∞∏
n=0

1

2

∣∣∣1 + e2π i(2nk+α)
∣∣∣2

These Riesz products arising from generalised Thue–
Morse polynomials are studied in the context of mul-
tifractal analysis in [37]. The plots of the distribution

functions for α =
{
1/2, {

√
2}, {π}

}
are provided in

Figure 8. Here, {y} denotes the fractional part of y.

0.2 0.4 0.6 0.8 1.0

0.2

0.4

0.6

0.8

1.0

Figure 8. Plots of the approximation of the dis-
tribution function Fα(x) := γ̂α([0, x)) for α = 1/2

(red), α =
{√

2
}

(black), and α = {π} (blue).
The choice α = 1/2 corresponds to the classical
Thue–Morse measure.
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The substitution ϱα can be further generalised
into a block substitution in two dimensions. Here,
a prototile is a square tile of side length 1 labelled
by a letter θ ∈ T. An example is given by the rule

ϱ : θ 7→

θ θ+
√
7
2 θ

θ θ+
√
3
2 θ+ 1

2

θ θ+ 1
4 θ+ 3

4

The level-0,1, and 2 supertiles corresponding to
θ = 0 are shown in Figure 9. The presence of ir-
rational rotations guarantees the primitivity of ϱ.
Moreover, the two-dimensional system (Xϱ,Z2) is
uniquely ergodic. Here, to get the singular conti-
nuity of γ̂, one needs to check whether |η(ei)| < 1,
where {ei} is standard basis for Z2. Using the same
techniques as in one dimension, one can show that
the weighted point set (with the same weight func-
tion as above) from any element of Xϱ has purely
singular continuous diffraction; compare [64].

6. Summary and Outlook

Theorem 1 provides conditions for geometric real-
isability and for uniformity of statistical properties
of substitutions on compact alphabets. As we saw in
the examples presented, these already revealed phe-
nomena which are not possible in the finite alphabet
case. The next step is to look closely at further spec-
tral implications of these results. As an example,
one can consider Schrödinger potentials generated
by these subshifts. These potentials are ergodically-
defined, can take infinitely many values (but still in
a compact subset of C), are generally not (purely)
quasi-periodic, yet still admit a hierarhical structure.
As an outlook, we want to uncover further conse-
quences of having this structure, which we plan to
address in a series of future works.
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[57] J. Kellendonk and L. Sadun, J. London Math. Soc. 89

(2014) 114–130.
[58] J. C. Lagarias, Discr. Comput. Geom. 21 (1999) 161–

191.

[59] J.-Y. Lee, D. Lenz, C. Richard et al., Lett. Math. Phys.
110 (2020) 3435–3472.

[60] D. Lenz, T. Spindeler and N. Strungaru, Pure point

diffraction and mean, Besicovitch and Weyl almost pe-
riodicity, preprint (2020); arXiv:2006.10821.

[61] D. Lenz, T. Spindeler and N. Strungaru, preprint (2023);

to appear, Isr. J. Chem.
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[64] N. Mañibo, D. Rust and J.J. Walton, Bull. London
Math. Soc. 55 (2023) 2425–2445.

[65] J.C. Martin, Amer. J. Math. 93 (1971) 503–526.

[66] P. Michel, C. R. Acad. Sci. Paris 278 (1974) 811–813.



12

[67] A. Mitchell, On word complexity and topological en-

tropy of random substitution subshifts, preprint (2023);
arXiv:2305.04817.

[68] M. Moll, PhD Thesis, Bielefeld University (2013);

urn:nbn:de:hbz:361-26378078.
[69] R.V. Moody, In The Mathematics of Aperiodic Long-

Range Order, R.V. Moody (ed.), NATO ASI Se-

ries C489, Kluwer Academic Publ., Dordrecht, 1997,
pp. 403–441.

[70] R.V. Moody, Canad. Math. Bull. 45 (2002) 123–130.
[71] R.V. Moody and N. Strungaru, In [11], pp. 271–342.

[72] N. Pytheas Fogg, Substitutions in Dynamics, Arith-

metics and Combinatorics, (eds.) V. Berthé, S. Ferenczi,
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