arXiv:2112.09959v2 [g-fin.PM] 30 Nov 2023

MEAN-COVARIANCE ROBUST RISK MEASUREMENT

VIET ANH NGUYEN, SOROOSH SHAFIEE, DAMIR FILIPOVIC, AND DANIEL KUHN

ABSTRACT. We introduce a universal framework for mean-covariance robust risk measurement and
portfolio optimization. We model uncertainty in terms of the Gelbrich distance on the mean-
covariance space, along with prior structural information about the population distribution. Our
approach is related to the theory of optimal transport and exhibits superior statistical and com-
putational properties than existing models. We find that, for a large class of risk measures, mean-
covariance robust portfolio optimization boils down to the Markowitz model, subject to a regular-
ization term given in closed form. This includes the finance standards, value-at-risk and conditional
value-at-risk, and can be solved highly efficiently.

Keywords: Robust optimization, risk measurement, optimal transport.

1. INTRODUCTION

Portfolio managers distribute their funds over multiple assets with the aim to optimize future
returns. The workhorse in the finance industry is the Markowitz model [69], which maximizes the
expected portfolio return adjusted for its standard deviation. Its optimal portfolio is given in closed
form in terms of the mean and covariance matrix of the asset returns. The classical Markowitz
model assumes symmetrically distributed asset returns, so that minimizing the standard deviation
is equivalent to minimizing risk. However, asset returns are known to be skewed, and the standard
deviation is unable to distinguish undesirable deviations below the mean from desirable deviations
above the mean. Numerous propositions for a more appropriate risk assessment have made research
on downside risk measures a vibrant field spanning economics and finance. These notably include
the industry standards, value-at-risk (VaR) [53, 65, 32] and conditional value-at-risk (CVaR) [2, 90],
as well as a plethora of more general distribution-based risk measures that have emerged over the

last two decades, see, e.g., [59, 1].

A distribution-based risk measurement requires the precise knowledge of the joint distribution of

the underlying asset returns, which is unobservable in practice. For assets traded in public markets,

one may attempt to estimate this distribution from historical data. However, [93] pointed out
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that the mean and the covariance matrix are the only quantities that can reasonably be distilled
out of financial time series. This observation has spurred interest in robust risk measurement
by maximizing a given distribution-based risk measure across all asset return distributions in a
Chebyshev ambiguity set, which consists of all distributions with a fixed mean and covariance
matrix [33, 108, 112, 94, 62, 15].

While taking the worst case over a Chebyshev ambiguity set can immunize the risk measurement
against uncertainty in the shape of the asset return distribution, it does not take account of uncer-
tainty in its mean and covariance matriz. This is worrying, because estimators for the mean display
a notoriously high variance irrespective of the sampling frequency of the historical return data [66,
§ 8.5]. In addition, estimating high-dimensional covariance matrices is a formidable challenge in
statistics that necessitates structural information [61]. Unfortunately, estimation errors in the mean
and covariance matrix have a detrimental impact on the solution of a portfolio optimization prob-
lem in that the optimal portfolio’s out-of-sample performance falls severely short of its in-sample

performance [71, 9, 23].

In this paper we introduce a universal framework for robustifying any distribution-based risk mea-
surement against mean-covariance uncertainty. To this end, we propose the Gelbrich distance [41]
as a metric on the space of mean-covariance pairs. We define the Gelbrich ambiguity set as the
family of all asset return distributions with a given structure whose mean-covariance pairs reside
in a Gelbrich ball around an empirical mean-covariance pair estimated from data. Here, the struc-
ture of a distribution refers to any of its properties that are complementary to location and scale.
Examples include symmetry, unimodality, log-concavity or Gaussianity. We think of the structure
as reflecting domain knowledge that is uninformed by data. Unlike the Chebyshev ambiguity set,
the Gelbrich ambiguity set takes account of the uncertainty in the shape as well as the mean and
covariance matrix of the asset return distribution. For any given distribution-based risk measure,

we then define the Gelbrich risk as the worst-case risk over the Gelbrich ambiguity set.

We find that, if the underlying risk measure is law invariant, translation invariant and positive
homogeneous, then the Gelbrich risk reduces to a regularized mean-standard deviation risk mea-
sure. The Gelbrich risk minimization problem is therefore equivalent to a regularized Markowitz
portfolio selection problem, which can be solved highly efficiently. We thus revive and legitimate the
Markowitz model, subject to a fully explicit and tractable regularization, irrespective its aforemen-
tioned shortcomings. The underlying risk measure and the structure of the asset return distribution
impact the Gelbrich risk only through a scalar coefficient, which can be computed offline and is avail-

able in closed form for all coherent, spectral and distortion risk measures. In addition, the weight of
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the regularization term scales with the radius of the Gelbrich ambiguity set. As a corollary, we ob-
tain that the equally weighted portfolio minimizes the Gelbrich risk under extreme mean-covariance

uncertainty, that is, in the limit of an infinitely large Gelbrich ambiguity set.

For any fixed portfolio, we then analytically characterize the worst-case asset return distributions
that maximize the underlying risk measure over the Gelbrich ambiguity set. These distributions

reveal the portfolio’s vulnerabilities and are straightforwardly applicable for stress tests.

The Gelbrich risk is intimately related to the theory of optimal transport [103]. Indeed, the
Gelbrich distance between two mean-covariance pairs coincides with the 2-Wasserstein distance
between the corresponding Gaussian distributions [41]. Defining the Wasserstein risk as the worst-
case risk over all distributions with a given structure that reside in a 2-Wasserstein ball around
a nominal distribution estimated from data, we show that the Gelbrich risk upper bounds the
Wasserstein risk if the underlying ambiguity sets have the same radius. This bound is sharp and

collapses to an equality if the underlying ambiguity sets contain only Gaussian distributions.

We also show that the Gelbrich risk provides a finite-sample upper confidence bound on the true
risk under the population distribution if the radius of the Gelbrich ambiguity set scales with the
inverse square root of the sample size. This finite-sample bound is dimension-free in the sense that
the rate does not depend the number of assets. This result contrasts sharply with existing out-
of-sample guarantees for the Wasserstein risk [72], which rely on a measure concentration result
by [38] and suffer from a curse of dimensionality. Our result is also orthogonal to the dimension-
free finite-sample guarantees for the Wasserstein risk by [39], which rely on concepts of hypothesis
complexity such as covering numbers or Rademacher complexities and which apply only to worst-

case expectations but may not easily generalize to other risk measures.

The study of decision problems under distributional uncertainty has a long and distinguished
history in economics dating back at least to [55] and [56]. [34] was the first to document that most
individuals have a low tolerance for distributional uncertainty. This phenomenon is often used to
motivate the maxim that different decision alternatives should be ranked in view of their worst-
case performance with respect to all distributions in some ambiguity set. A rigorous axiomatic
justification for this decision rule is due to [42]. In operations research, decision problems under
uncertainty are typically framed as distributionally robust optimization problems, and research
focuses primarily on deriving tractable reformulations and efficient solution algorithms [26, 44, 105].

Considerable efforts were directed to investigating various distributionally robust portfolio op-

timization models. When modeling distributional uncertainty via Chebyshev ambiguity sets, the

worst-case risk admits tractable reformulations for the VaR [33, 112, 94, 95], the CVaR [74, 20, 112]
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as well as for all spectral risk measures [62] and all distortion risk measures [15, 81]. These reformu-
lations will emerge as special cases of our results because any Chebyshev ambiguity set constitutes
a Gelbrich ambiguity set with a vanishing radius. We also stress that if the mean and covariance
matrix of the asset returns are estimated from data, the corresponding Chebyshev ambiguity set
will not contain the data-generating distribution with probability one. Thus, the Chebyshev risk
fails to provide a safe estimate for the true risk. To obtain a safe estimate, one could inflate the
Chebyshev ambiguity set by allowing the mean and covariance matrix of the asset returns to range
over simple box-type or semidefinite-representable confidence sets [33, 26, 112, 94]. However, the
design of these confidence sets is driven by computational rather than economic or statistical con-
siderations. Moreover, tractability results are limited to special risk measures such as VaR or CVaR.
Other ambiguity sets used in distributionally robust portfolio optimization impose asymmetric mo-
ment bounds [22, 73, 75], marginal moment bounds [30] or structural properties such as symmetry,
unimodality or tail convexity etc. [86, 108, 102, 60]. Ambiguity sets based on factor models for the

asset returns [76], information divergences [33, 3] or multiple priors [40] have also been studied.

Distributionally robust portfolio optimization problems with 1-Wasserstein ball ambiguity sets for
discrete asset return distributions are addressed by [82] via exhaustive search methods from global
optimization. Using robust optimization techniques, [87] show that these problems are actually
equivalent to tractable convex programs and thus amenable to efficient iterative algorithms. When
the ambiguity set may contain generic non-discrete distributions, the worst case of any convex
distortion risk measure over a p-Wasserstein ball for p > 1 coincides with the nominal risk adjusted
by a regualization term penalizing some dual norm of the portfolio weight vector [106]; see also [84,
§ 4] for a related discussion. However, all of these results apply only to convex risk measures
(thus excluding VaR) and fail to account for structural distributional information (meaning that the
ambiguity set may contain unrealistic pathological distributions). Also, the only universal statistical

guarantees on the true risk known to date suffer from a curse of dimensionality [72].

The regularization terms penalizing the norm of the portfolio weight vector, which emerge from
our reformulation of the Gelbrich risk, can be viewed as implicit norm constraints. In the context
of a Markowitz model, [51] show that imposing ezplicit norm constraints is equivalent to shrinking
the estimator of the covariance matrix. [27] offer a Bayesian interpretation for the resulting optimal
portfolios and show empirically that they display an excellent out-of-sample performance. In con-
trast, our paper offers a new probabilistic interpretation for norm regularization terms and unveils

how they depend on the risk measure and any available structural information.
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The Gelbrich ambiguity set was first proposed by [79] to robustify minimum mean square error
estimation problems against distributional uncertainty. Similar ideas were also used by [78] and [97]

in the context of inverse covariance matrix estimation and Kalman filtering, respectively.

The remainder of the paper is structured as follows. Section 2 formally introduces the Gelbrich
risk. Section 3 investigates its attractive conceptual and statistical properties. Section 4 demon-
strates its efficient computability for law invariant, translation invariant and positive homogeneous
base risk measures in a classical portfolio selection setting. Section 5 extends these findings to gen-
eralized portfolio selection and index tracking problems, and Section 6 reports on numerical results.

All proofs as well as some additional tractability results are relegated to the appendix.

Notation. The 2-norm of a vector € R"™ is denoted by ||z||. Similarly, we use ||A|| and || A r
to denote the spectral and Frobenius norms of a square matrix A € R™*™, respectively. The space
of all symmetric matrices in R™*" is denoted as S", while S, (S7) stands for the cone of all
positive (semi)definite matrices in S". For any A € S”, Apin(A) and Apax(A) denote the minimum
and maximum eigenvalues of A, respectively. We denote the Borel o-algebra on R™ by B(R"), the
space of Borel-measurable functions from R™ to R by Ly, and the set of all probability distributions
on B(R™) by M. The expectation of a random variable ¢ € £y under Q € M is denoted by Egl/].
We denote by My the set of all Q € M with finite second moments, that is, with Eg[||£]|?] < oo.

2. PROBLEM STATEMENT

We study decision problems under distributional uncertainty that aim to minimize the risk of
a loss affected by a vector & € R" of risk factors. Formally, a loss function ¢ € Ly assigns each
realization & € R™ of the risk factors a loss £(£) € R. Different loss functions correspond to different
decision alternatives available to a risk-averse decision maker. If the risk factors are governed by
a probability distribution P € M, then the decision maker ranks the loss functions according to a
risk measure Rp : Lo — R U {+0o0}, which usually depends on P. We thus define the risk of any
loss function ¢ € Ly under P as Rp(¢). In addition, we define the optimal risk corresponding to a
set £ C Lo of admissible loss functions under P as infye Rp(¢). Unfortunately, the true probability
distribution P is almost never known in practice, and thus neither the risk of a fixed loss function
nor the optimal risk can be evaluated reliably.

We henceforth assume that the decision maker has only access to limited statistical information,
along with some prior structural information, about P. Formally, she only knows that IP lies in some

ambiguity set P C M. For a given family of risk measures {Rg}geam this leads to the corresponding
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worst-case risk of any loss function ¢ € Ly given by

Rp(€) = sup Ro(0). (1)
QeP

Ranking different loss functions by their worst-case risk, the decision maker thus solves a distribu-
tionally robust optimization problem that finds the optimal worst-case risk
Rp(L) = inf Rp(£) = inf sup Ro(£). 2
P(£) = inf Rp(() = jnf sup Ro() )
In the following we discuss the choice of the ambiguity set P. Specifically, in Section 2.1 we first
formalize the modeling of structural information, and in Section 2.2 we address the modeling of

statistical information. We thereby focus on mean-covariance uncertainty.

2.1. Structural Information. We encode structural information about the unknown probability

distribution P by a structural ambiguity set defined as follows.

Definition 1 (Structural ambiguity set). A structural ambiguity set S is a subset of Ms that is
closed under positive semidefinite affine pushforwards. That is, for any Q € S and any transfor-
mation f : R™ — R™ of the form f(§) = A{+ b for some A € S and b € R", the pushforward
distribution Q o f~1 belongs to S.

The entire set My trivially constitutes a structural ambiguity set. Below we discuss non-trivial

examples of structural ambiguity sets that will be addressed in this paper.

Definition 2 (Symmetric distribution). The probability distribution Q € My is symmetric if there
exists p € R™ with Q¢ < pu— 7] = Q[ > p+ 7] for all T € R™.

By definition, Q is symmetric about p if and only if the random vectors £ — u and u — & have
the same cumulative distribution function under @Q, which is equivalent to the condition that
Q& —p) e B] =QJ(p—&) € B for all Borel sets B C R"™. Hence, the set of symmetric prob-
ability distributions is closed under positive semidefinite affine pushforwards and thus constitutes a

structural ambiguity set; see also [108, Lemma 1].

While there is consensus about what it means for a univariate distribution to be unimodal, there
are several non-equivalent notions of unimodality for multivariate distributions. In the following
we will argue that two of these notions, namely linear unimodality and log-concavity, give rise to

structural ambiguity sets.

Definition 3 (Linear unimodal distribution). The probability distribution Q € My is linear uni-
modal if there exists n € R™ such that the cumulative distribution function of w' € under Q is convex

on (—oo,w' 1] and concave on [w' y,+00) for all w € R™.
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It is easy to show that the set of linear unimodal distributions is closed under positive semidefinite

affine pushforwards and thus also constitutes a structural ambiguity set.

Definition 4 (Log-concave distribution). The probability distribution Q € My is log-concave if for
any Borel sets By, Ba € B(R™) and for any scalar weight 6 € [0, 1] we have

Q(0B1 + (1 - 0)By) > Q(B1)"Q(Bs)" 7,

where the convexr combination of By and Bs is understood in the sense of Minkowski.

Log-concave distributions play an important role in statistics and optimization. Many standard
distributions such as the uniform distributions on convex sets as well as the Gaussian, Wishart or
Dirichlet distributions are log-concave. All log-concave distributions have sub-exponential tails [13].
Moreover, by [29, Lemma 2.1] the family of all log-concave distributions is closed under positive

semidefinite affine pushforwards and thus constitutes a structural ambiguity set.

Definition 5 (Elliptical distribution). The probability distribution Q € My is elliptical if its char-
acteristic function Eglexp(it'€)] can be written as exp(it ' u)¢(1 ' %7) for some location parameter
p € R™, dispersion matriz 3 € S't and characteristic generator ¢ : Ry — R, where i = +/—1 denotes

the imaginary unit.

By [17, Theorem 1], the family of all elliptical distributions with the same characteristic generator
is closed under positive semidefinite affine pushforwards and thus constitutes a structural ambiguity
set. The same theorem implies that every elliptical distribution is symmetric. However, not every
elliptical distribution is unimodal. Examples of elliptical distributions that fail to be unimodal
include certain Kotz-type or multivariate Bessel distributions. The location parameter p of an
elliptical distribution Q always matches the mean of Q. In addition, one can show that the generator
¢ of Q may not be chosen freely but is only admissible if ¢(||7||?) represents the characteristic function
of some probability distribution Q" with finite second moments. Note that Q' differs from Q unless
=0 and X = [,. As probability distributions are normalized, this condition can only hold if
»(0) = 1. And as any characteristic function is continuous thanks to the dominated convergence
theorem, this condition further implies that ¢ must be continuous. One can also show that the
covariance matrix of Q is given by —2¢'(0)X, where ¢'(0) stands for the right derivative of ¢(u)
at u = 0. Assuming that Q has finite second moments is thus equivalent to assuming that ¢'(0)
exists and is finite. In the remainder of the paper we will assume without loss of generality that

¢'(0) = —%, which means that the dispersion matrix ¥ coincides with the covariance matrix of Q.

Indeed, changing the characteristic generator to qﬁ(%) and the dispersion matrix to —2¢/(0)2



MEAN-COVARIANCE ROBUST RISK MEASUREMENT 8

does not change QQ but ensures that the dispersion matrix and the covariance matrix of QQ coincide.
Note that the families of all symmetric, linear unimodal or log-concave distributions as well as the
family of all elliptical distributions with a given generator fail to be convex. For example, the set of

u/2

Gaussian distributions, which is obtained by setting ¢(u) = e~/ #, is non-convex because mixtures

of Gaussian distributions are generically multimodal and thus not Gaussian.

We now define the smallest structural ambiguity set that contains a given Pe M.

Definition 6 (Structural ambiguity set generated by I@) The structural ambiguity set generated by
Pe My is the family of all positive semidefinite affine pushforwards of P.

By [17, Theorem 1], the set of all elliptical distributions with generator ¢ can be viewed as the
structural ambiguity set generated by the standardized elliptical distribution P with generator ¢,
mean ;1 = 0 and covariance matrix 3 = I. In contrast, the sets of all symmetric, linear unimodal or
log-concave distributions are not generated by any single distribution. Also, not every distribution
in the structural ambiguity set S generated by P generates all of §. For example, the Dirac dis-
tribution o that concentrates unit mass at 0 constitutes a (degenerate) Gaussian distribution with
mean g = 0 and covariance matrix > = 0. However, Jy fails to generate the family of all Gaussian

distributions because any positive semidefinite affine pushforward of §g is also Dirac distribution.

2.2. Statistical Information. In addition to structural information captured by the ambiguity
set S, the decision maker may have access to a finite training sample that provides statistical
information about the unknown probability distribution P. In a financial context, such training
samples are routinely used to construct estimators [z and S for the mean and covariance matrix of P,
respectively. Indeed, [93] asserts that the first and second moments of P ‘are the only quantities that
can be distilled out of our knowledge of the past.” Moreover, he adds that ‘the slightest acquaintance
with problems of analysing economic time series will suggest that this assumption is optimistic rather
than unnecessarily restrictive.” Roy’s warning alerts us that the true mean y and the true covariance
matrix X of P typically differ from their noisy estimators i and 5. In the following, we quantify the

corresponding estimation errors via the Gelbrich distance in the space of mean-covariance pairs.

Definition 7 (Gelbrich distance). The Gelbrich distance between two mean-covariance pairs (i1, %1)

and (pi2,32) in R™ x S is given by

N o=

N
[E——

1
G((lezl)a (,LLQ, 22)) = \/H/.Ll - /JJQH2 + Tr [21 + 22 - 2(21222]1E

)
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One can show that the Gelbrich distance is non-negative, symmetric and subadditive and that it
vanishes if and only if (p1,31) = (u2, X2), which implies that it represents a metric on R™ x S} [43,

pp. 239].

If g1 = po, then the Gelbrich distance reduces to the Bures distance that measures the dissimilarity
between density matrix operators in quantum information theory [10, 11]. In this case, the Gelbrich
distance induces a Riemannian metric on the space of positive semidefinite matrices. If, in addition,
the two covariance matrices are diagonal, then the Gelbrich distance simplifies to the Hellinger

distance, which is closely related to the Fisher-Rao metric ubiquitous in information theory [63].

We can thus define the mean-covariance uncertainty set as the ball of radius p > 0 centered at

the estimators 1 and 5} of the mean and covariance matrix of P,

U, (1i,S) = {(M, 2) € R" x §7 : G((1, ), (7, 5)) < p}.

We can then introduce the Gelbrich ambiguity set as the family of all probability distributions of &
that are consistent with the available structural and statistical information. Formally, the Gelbrich
ambiguity set is defined as the pre-image of U, (j1, f]) under the transformation that maps Q € S to

its first and second moments.

Definition 8 (Gelbrich ambiguity set). The Gelbrich ambiguity set is given by
Go(1, ) = {@ € S+ (Balé] Bal(€ — Bqlé))(¢ - Bole]) 1)) € Uyp(. ) }

Note that the Gelbrich ambiguity set contains all distributions in the structural ambiguity set S
whose mean-covariance pairs have a Gelbrich distance of at most p from the estimators (i, f)) If
the estimation error of (i, i) is at most p, then the unknown true distribution PP is thus guaranteed
to belong to the Gelbrich ambiguity set. In this case the true risk of a Borel-measurable loss
function ¢ € Ly cannot be evaluated because P is unknown (except in trivial cases, e.g., when ¢
is constant). However, we can evaluate the worst-case risk of ¢ with respect to all probability
distributions in the Gelbrich ambiguity set G,(, 52). We thus define the Gelbrich risk Rgp(ﬁ,i)(g)
as the worst-case risk (1) with respect to the ambiguity set P = G, (i1, ). In addition, we define the
optimal Gelbrich risk Rg,,(ﬁ,i) (L) corresponding to a set £ C Ly of admissible loss functions as the
infimum of the Gelbrich risk over all loss functions ¢ € £, defined as in (2) with P = G,(j1, ). Note
that by solving the optimal Gelbrich risk problem, the decision maker anticipates the worst possible
probability distribution in the Gelbrich ambiguity set and seeks a decision alternative that results

in the least possible risk under this worst-case distribution. Computing Rgp(ﬁ i)(ﬁ) thus amounts

to solving a distributionally robust optimization problem.
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3. PROPERTIES OF THE GELBRICH AMBIGUITY SET

We now provide conceptual, statistical and computational justification for modeling distributional
uncertainty via Gelbrich ambiguity sets. In Section 3.1 we first show that the Gelbrich ambiguity set
is closely related to the Wasserstein ambiguity set, which is widely used in distributionally robust
optimization. In Section 3.2 we then investigate the statistical and in Section 3.3 the computational

properties of the Gelbrich ambiguity set.

3.1. Relation between the Gelbrich and Wasserstein Ambiguity Sets. Instead of directly
estimating the mean and covariance matrix from a training sample, one could construct a nominal
probability distribution P representing a best guess of the unknown true distribution P. Throughout
the rest of the paper we assume that P belongs to the structural ambiguity set S and that iz and b
coincide with the mean and covariance matrix of I/FS, respectively. Note that the first and second
moments of P exist because S C M. Of course, the decision maker should not put full trust into
the nominal distribution @, which can be viewed as a noisy estimator for P, and the corresponding

estimation errors are conveniently measured by the 2-Wasserstein distance on the space M.

Definition 9 (Wasserstein distance). The 2- Wasserstein distance between two distributions Q1, Qg €

My is
1

2
W(Q;,Q;) = min — &2 w(déy,d ,
@@= _gin ([ - el )
where I1(Q1, Q2) denotes the set of all couplings of Q1 and Qg, that is, the set of all joint distributions

of &1 € R™ and & € R™ with marginal distributions Q1 and Q2, respectively.

The 2-Wasserstein distance is non-negative, symmetric and subadditive, and it vanishes only if
Q1 = Qq9, which implies that it represents a metric on My [103, p. 94]. In addition, the minimization
problem over 7 is always solvable [103, Theorem 5.9], and W(Q1, Q2)? can be viewed as the minimum
cost of transporting the distribution Q; to Qo, assuming that the cost of moving a unit probability
2.

mass from & to £ amounts to ||& — & The variable 7 thus encodes a (probability) mass

transportation plan.

We can now define the Wasserstein ambiguity set with structural information
W,(B) = {Qes: WE,Q <p}

as the ball of radius p > 0 in the structural ambiguity set S centered at the nominal distribution P
with respect to the 2-Wasserstein distance. Intuitively, the radius p of this ambiguity set quantifies
the decision maker’s distrust in the nominal distribution P. Note that since P € S and W(@, @) =0,

the Wasserstein ambiguity set is non-empty for every p > 0.
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If the true probability distribution P of the risk factors is unknown, then the decision maker could
rank different loss functions in view of their worst-case risk over the Wasserstein ambiguity set. We
thus define the Wasserstein risk R,,, s, (¢) as the worst-case risk (1) with P = Wp(}/P\’). In addition,

P

we define the optimal Wasserstein risk R L) corresponding to a set £ C Ly of admissible loss

W, (B
functions as the infimum of the Wasserstein risk over all loss functions ¢ € £, defined as in (2) with
P =W,(P).

Distributionally robust optimization with Wasserstein ambiguity sets enjoys increasing popularity
in economics and operations research because it offers attractive out-of-sample performance and
asymptotic consistency guarantees while being computationally tractable [58]. For example, if the
risk measure R coincides with the expected value under Q, the loss function £ is representable as a
pointwise maximum of finitely many concave functions, P is discrete and S = My, then, under mild

technical conditions, the optimal Wasserstein risk R )(ﬁ) can be computed by solving a tractable

W, (P
convex optimization problem [110, § 6]. However, tracécability results for more general risk measures,
nominal distributions and structural ambiguity sets are scarce. And even if a tractable reformulation
exists, its size typically scales with the cardinality of the support of P. In this section we will show
that the Gelbrich ambiguity set provides an outer approximation of the Wasserstein ambiguity set
and that this approximation becomes exact if the structural ambiguity set S is generated by the
nominal distribution P. This result is significant for several reasons. First, it implies that if the
Wasserstein ambiguity set is designed as a confidence region for P, then the corresponding Gelbrich
ambiguity set also constitutes a confidence region for P with the same coverage probability. The
Gelbrich risk thus inherits any known statistical guarantees for the Wasserstein risk. Moreover,
this result will later allow us to construct tractable conservative approximations or exact tractable
reformulations of the Wasserstein risk that do not grow with the cardinality of the support of the
nominal distribution. We emphasize that these approximations and reformulations are available for

a broad range of risk measures, nominal distributions and structural ambiguity sets for which there

currently exist no tractability results.

To show that the Gelbrich risk upper bounds the Wasserstein risk, we recall that the Gelbrich
distance provides a lower bound on the 2-Wasserstein distance between two probability distributions

that depends exclusively on their mean vectors and covariance matrices.

Theorem 1 (Gelbrich bound [41, Theorem 2.1]). For any distributions Q1,Q2 € Mo with mean

vectors 1, p2 € R™ and covariance matrices 31, Yo € ST, respectively, we have W(Qq, Qg) >

G((p1,21), (p2, X2))-
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The Gelbrich bound of Theorem 1 may be useful when the exact Wasserstein distance between
two probability distributions is inaccessible. Indeed, computing Wasserstein distances is generically
#P-hard [100, Theorem 2.2]. Even though the Gelbrich distance is non-convex, the squared Gelbrich
distance is jointly convex in both of its arguments. This is evident from the proof of Theorem 1, which
shows that G2((u1,Y1), (42, X2)) equals the optimal value of a semidefinite program, and because
convexity is preserved under partial minimization [8, Proposition 3.3.1]. Maybe surprisingly, the

Gelbrich bound is tight in several cases of practical interest.

Theorem 2 (Tightness of the Gelbrich bound). Suppose that the distributions Qq1,Qy € Ms have
mean vectors ui, e € R™ and covariance matrices X1, 39 € S™, respectively. If X1 > 0 and Q9 is a

positive semidefinite affine pushforward of Q1, then we have
W(Q1,Q2) = G((11,%1), (12, X2)).

Recall that Qs is a positive semidefinite affine pushforward of @ if there exists an affine function
f(§) = A + b with A € ST} and b € R™ such that Q2 = Q o f~1. The proof of Theorem 2 reveals
that f is uniquely determined by p1, p2, X1 and s via the relations

_1
2

_1 1 101
A=32(SI%,%8)2y, and b=y — Apy. (3)

Note that the inverse of E;% exists because of our assumption that X; is positive definite. We
emphasize, however, that Theorem 2 remains valid if ¥1 is only positive semidefinite and if QQOPE_I1 =
Q0 f~1, where f is parametrized as in (3) with 21—1 representing the Moore-Penrose inverse of ¥,
while Ps, denotes the orthogonal projection onto the column space of 3; [41, Theorem 2.1]. To
keep this paper self-contained, we prove Theorem 2, which is weaker but sufficient for our purposes,

in the online appendix.

If Q belongs to the structural ambiguity set generated by @, then it constitutes a positive semidef-
inite affine pushforward of P. If in addition & » 0, then Theorem 2 implies that the 2-Wasserstein

distance between Q and P coincides with the Gelbrich distance between their mean-covariance pairs.

~

We now show that U, (1, i) covers the projection of the 2-Wasserstein ball W,(IP) onto the space
of mean-covariance pairs. A sharper results is available if S - 0, in which case U, (L, i) coincides

exactly with the aforementioned projection.

Proposition 1 (Projection of Wp(@) onto the mean-covariance space). If the nominal distribution

P has mean i € R™ and covariance matriz Se ST, then we have

{ (Balel, Eql(€ — Eole)) (€ — Eqle) ) : @ e W, (B} CUy(, %), (4)

If in addition S 0, then the inclusion becomes an equality.
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The above results culminate in the following main theorem.

Theorem 3 (Relation between the Gelbrich and Wasserstein ambiguity sets). If the nominal dis-
tribution P has mean i € R™ and covariance matriz & € S, then we have Wp(@) C G,(1, S). In
addition, if S is the structural ambiguity set generated by P and z'ff] > 0, then the inclusion becomes

an equality.

Theorem 3 implies that the Gelbrich ambiguity set G,(f, /X\l) constitutes an outer approximation
for the Wasserstein ambiguity set Wp(@) that ignores any information about the nominal distri-
bution except for its structure, mean and covariance matrix. Discarding all higher-order moments
can be interpreted as a compression of the available information. Below we will argue that this
compression can be leveraged to construct tractable reformulations of the (optimal) Wasserstein
risk. An immediate consequence of Theorem 3 is that the (optimal) Gelbrich risk provides an upper
bound on the (optimal) Wasserstein risk. We formalize this insight in the following corollary, which

we state without proof.

Corollary 1 (Gelbrich risk versus Wasserstein risk). If the nominal distribution P has mean e R

w,(®)(£) <
Rgp(ﬁ i)(ﬁ)' In addition, if S is the structural ambiguity set generated by P and if 3 > 0, then these

and covariance matriz 3. € ST, then we have RW,,(@) () < Rg,,(ﬁ $) (¢) foralll € L and R

inequalities become equalities.

Corollary 1 implies that any finite-sample guarantee for the (optimal) Wasserstein risk immedi-
ately leads to a finite-sample guarantee for the (optimal) Gelbrich risk. For example, if P is set to
the discrete empirical distribution of the training sample, then the measure concentration results
by [38] can be used to calibrate the radius p to the sample size so that the unknown true distri-
bution P belongs to the Wasserstein ambiguity set with probability 1 — n for any given n € (0,1)
[72, Theorem 3.4]. For this choice of p, the Wasserstein and the Gelbrich risk exceed the true risk
with probability at least 1 — n. However, the underlying measure concentration results suffer from
a fundamental curse of dimensionality, which implies that p must decay extremely slowly with the
sample size even if ¢ has moderate dimension. In the next section we will demonstrate that this
curse of dimensionality can be circumvented by working with the Gelbrich instead of the Wasserstein

ambiguity set.

3.2. Statistical Properties of the Gelbrich Ambiguity Set. We now show that the Gelbrich
distance enjoys attractive measure concentration properties, which make it ideal to construct ambi-
guity sets for sub-Gaussian distributions. These measure concentration properties thus lend them-

selves for calibrating the radius p of the Gelbrich ambiguity set G, (i, i) Throughout this section
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we denote by P the unknown true distribution of the vector £ € R™ of risk factors, and we as-
sume that P has a finite mean y = Ep[¢], second moment matrix M = Ep[¢€T] and covariance
matrix ¥ = M — pp'. Similarly, we use fiy to denote an estimator for y and M, ~ to denote an
estimator for M constructed from N independent data points &1, ...,&x sampled from P. These
estimators can then be combined to construct an estimator 3, N = M, N — ﬁNﬁ]TV for ¥. The follow-
ing theorem shows that any finite-sample guarantees for the estimators fiy and M N give rise to a

finite-sample guarantee for the Gelbrich distance between (fiy, Sy) and (1, ).
Theorem 4 (Finite-sample guarantees). Suppose that the estimators fin and M N satisfy

PY[lln — 1l < pu(n)] 2 1= and PV[|My — M|l < par(nar)] > 1= nar

for any significance levels n,,nar € (0,1], where p, and pyr are non-increasing functions from (0, 1]
to Ry, and set f)N = ]\/ZN — ﬁNﬁL If ¥ = 0, then there exist positive constants c1,co and cs that

depend on P only through p, ¥ and n such that for any n,,na € (0,1] we have
PN [G((in. En). (1.2) < plogmn)] = 1= —
where p(1, M) = c1pu () + c2pu()* + cspyr (ar).-

Theorem 4 guarantees that if p > p(7,,nar), then the Gelbrich ambiguity set G, (11, f]) contains the
unknown data-generating distribution P with probability at least 1—m, —nys under PV . Moreover, if
pu and pyy scale as O(1/v/N), then p(n,, mar) scales as O(1/v/N), too. This happens, for example, if

[ is the sample mean and M is the sample second moment matrix of a sub-Gaussian distribution P.

Definition 10 (Sub-Gaussian probability distribution). The probability distribution P of & € R™ is

sub-Gaussian with variance prozy o® € Ry if
Ep [exp (zT(f — Ep [5]))} < exp (%HzHQUQ) Vz € R".

Corollary 2 (Empirical estimators). If P is sub-Gaussian with mean u, covariance matriz 3 > 0,

and variance prozy o2, and if
1 & 1 &
MN:N;&, MNZNZ;&& and YN = My — lINJiy

are the sample mean, the sample second moment matriz and the sample covariance matriz, re-

spectively, then there exist c1,ca > 0 that depend on P only through p, ¥, 0® and n such that for
any n € (0,1] we have PN [G((fix, Sn), (1, ) < p(n)] > 1=n, where p(n) = (c1 + ez log(1/n)) /VN.
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Corollary 2 implies that if we use the naive empirical estimators for the first and second moments
of P and if p > p(n), then the Gelbrich ambiguity set G, (L, f]) constitutes a (1 — n)-confidence set
for the true distribution P. Consequently, the Gelbrich risk Rgp(g,i)(e) provides a (1 — n)-upper
confidence bound on the true risk Rp(¢) for any fixed loss function ¢ € Ly, and the optimal Gelbrich
risk Rgp(ﬁ,i) (L) provides a (1 — n)-upper confidence bound on the true optimal risk infye, Rp(¥).

Corollary 2 provides the first non-asymptotic concentration bound for the Gelbrich distance be-
tween the empirical and true mean-covariance pairs, based on data points from any sub-Gaussian
distribution. Prior work, such as [89, Theorem 2.1], studied only the asymptotic behavior of the
Wasserstein distance between the empirical and true distributions (or, equivalently, the Gelbrich
distance between the corresponding mean-covariance pairs), assuming that the data points follow a
Gaussian distribution. The asymptotic convergence rate was shown to be O(1/v/N). In contrast,

Corollary 2 proves a finite-sample guarantee with the same rate for any sub-Gaussian distribution.

The sample mean and the sample covariance matrix are not appropriate for dealing with heavy-
tailed distributions or high-dimensional data. There is a vast literature on robust estimators for the
mean that are based on the median of means principle [77, 18]. They are harder to compute than
the sample mean but still offer finite-sample guarantees with error terms that scale as O(1/v/N)
even though the data-generating distribution may fail to be sub-Gaussian [67]. In addition, there
are sophisticated covariance estimators based on factor models [46, 19], robust M- and S-estimators
[28], and shrinkage estimators [61, 78]; see also [35]. These estimators are again harder to compute
than the sample covariance matrix, but they offer O(1/v/N) finite-sample guarantees even for dis-
tributions that fail to be sub-Gaussian. Theorem 4 indicates that any of these robust estimators

can be used to construct a Gelbrich ambiguity set that offers rigorous finite-sample guarantees.

3.3. Computational Properties of the Gelbrich Ambiguity Set. We now establish basic
properties of the Gelbrich ambiguity set that are conducive to the solvability and computational
tractability of distributionally robust optimization problems with Gelbrich ambiguity sets. To this
end, we first study the ball U, (j1, f]) in the space of mean-covariance pairs. It is natural to expect
that this set is compact and convex because G represents a metric on R" xS . The next proposition

formalizes this intuition.

Proposition 2 (Properties of U,(j1, /X\))) For any p € R™, Se St and p € Ry, the set U, (i1, f)) 18

compact and convex.

Consider now the Gelbrich ambiguity set G, (1, i) of Definition 8. Note that the mean p = Eg[¢]

and the second moment matrix M = Eg[££ T] are linear in the underlying probability distribution Q,
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whereas the covariance matrix ¥ = M — pu! is indefinite quadratic in Q. The constraint requiring
the mean and covariance matrix of Q to fall into the convex set U, (j, f]) thus appears to be non-
convex in Q. One might therefore suspect that the Gelbrich ambiguity set is non-convex and that
evaluting the Gelbrich risk Rgp @) (¢) is hard. We will now show that the Gelbrich ambiguity set

~

is nonetheless convex. To this end, we define the following transform of U,(fi, ),

~

Vo, ) = { (1, M) € R" x ST (1, M = o ”) € Up (75, ) }

Even though it is constructed as the pre-image of a convex set under an indefinite quadratic trans-

formation, one can show that V,(j, 5) is convex.

Proposition 3 (Properties of V,(j1, i)) For any 1 € R™, Se St and p € Ry, the set V, (1, i) i8

compact and conver.

Proposition 3 implies that the Gelbrich ambiguity set G, (11, i‘) is convex because it can be viewed
as the pre-image of the convex set V, (1, i) under the linear transformation that maps any probability
distribution to its mean and second moment matrix. We formalize this insight in the next corollary,

which we state without proof.

Corollary 3 (Convexity of G, (i, f])) The Gelbrich ambiguity set is convex.

To close this section, we establish a decomposition of the Gelbrich ambiguity set that will prove
useful for evaluating Rgp (ﬁ,i)(g) and Rgp (ﬁ,i)(ﬁ)' By definition, the Gelbrich ambiguity set G,(i, )
encompasses all distributions in & whose mean vectors and covariance matrices belong to U, (1, ).
Denoting by C(u, X) the structured Chebyshev ambiguity set that contains all distributions in S with

mean p and covariance matrix ¥, the Gelbrich ambiguity set can be decomposed as
(}L,E)GZ/{p(ﬁ,i)

In particular, we have Gy (j, f]) = C(u, fl) The decomposition (5) indicates that if G,(jz, i) contains
a particular distribution Q, then it contains all distributions in & with the same mean and covariance
matrix as Q. Moreover, it allows us to represent the Gelbrich risk of any loss function ¢ € Ly as

Re e (l) = sup sup  Ro(¥) (6a)

Gp(1,2 -
p('u ) (/L,E)EZ/’p(ﬁ,Z) QEC(,U,,E)

= sup sup Ro(4), (6b)
(1, M)EV, (1i,5) QEC(p,M—ppT)

where the second equality holds because (u, M) € V, (1, i) if and only if (u, M — puu") € U,(f, i‘,)

The reformulation (6b) suggests that the Gelbrich risk evaluation problem may be computationally
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tractable in situations of practical interest. To see this, note that the inner maximization problem
in (6b) simply evaluates the worst-case risk over the Chebyshev ambiguity set of all probability
distributions with mean p and second moment matrix M. If the risk measure Rg(¥) is linear in Q
(e.g., if it represents the expected loss) or concave in Q (e.g., if it represents the variance, the VaR or
the CVaR of the loss), then this inner problem constitutes a convex maximization problem over all
probability distributions Q that satisfy the linear equality constraints Eg[¢] = p and Eg[¢€T] = M.
As concavity is preserved under partial maximization, the optimal value of the inner problem in (6a)
is jointly concave in the constraint right hand sides p and M. The outer problem in (6b) thus
maximizes a concave function (i.e., the worst-case Chebyshev risk) over all mean vectors and second
moment matrices in the convex set V,(1, f]), see Proposition 3. Consequently, both the inner and
the outer maximization problems in (6b) are convex, and thus there is hope that both of them are

computationally tractable. We will further investigate the decomposition (6) in Section 4.

Conceptually, the inner problems in (6a) and (6b) hedge against uncertainty in the shape and the
outer problems hedge against uncertainty in the location and dispersion of the distribution of the
risk factors. We are not the first to study two-layer distributionally robust optimization problems
with an outer layer that hedges against mean-covariance uncertainty. As the worst-case risk over
a Chebyshev ambiguity set is concave in (u, M) but non-concave in (p, ) for most common risk
measures, moment uncertainty has mostly been modeled through convex uncertainty sets for (u, M).
This choice leads to convex outer-layer problems. For example, uncertainty sets that restrict u to an
ellipsoid and M to the intersection of two positive semi-definite cones were proposed by [26], whereas
rectangular uncertainty sets for (u, M) were studied by [112] and [47]. Generic convex uncertainty
sets for (i, X) render the outer-layer problems convex only in special situations, e.g., when the loss
function is quadratic and the VaR is used as a risk measure; see [33, 94]. Our new convex uncertainty
set Uy, (11, 5) for (p, $) is not only remarkable due to its connection to the Wasserstein ambiguity set
but also because it leads to a convex outer-layer problem in (6a) irrespective of the loss function (as

long as the risk measure is concave in Q).

4. GELBRICH RISK OF LINEAR PORTFOLIO L0OSS FUNCTIONS

We now derive explicit formulas for the Gelbrich risk of linear portfolio loss functions of the
form £(¢) = —w'¢, where € stands for the vector of asset returns, and w collects the portfolio
weights. Thus, £(£) represents the negative portfolio return. As a preparation, Section 4.1 reviews
several basic properties of risk measures. Section 4.2 then shows that if the risk measure at hand
is law-invariant, translation invariant and positive homogeneous (but not necessarily convex) and

the structural ambiguity set satisfies a stability condition, then the Gelbrich risk simplifies to a
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regularized mean-standard deviation risk measure, which is convex and can be minimized efficiently.
In addition, we analytically characterize the extremal distributions that attain the supremum in
evaluating Rgp(ﬁ,i) (¢). Remarkably, the Gelbrich risk, its optimal portfolios as well as the corre-
sponding extremal distributions depend on the underlying risk measure only through a scalar, which
we term the standard risk coefficient, and which can be calculated offline. In Section 4.3 we thus
provide closed-form expressions for the standard risk coefficients of the VaR, the CVaR and the
mean-standard deviation risk measure. We also derive the standard risk coefficients of all spectral
risk measures, all risk measures that admit a Kusuoka representation and all distortion risk mea-

sures. The online appendix shows that most results of Sections 4.2-4.3 extend to the mean-variance

risk measures, even though they fail to be positive homogeneous.

4.1. Basic Properties of Risk Measures. Virtually all risk measures used in economics and
finance are law-invariant [37, § 4.5]. Such risk measures are usually defined in view of the probability
distribution P of the relevant risk factors. As we study situations in which P is ambiguous, we now

extend the notion of law-invariance to families of risk measures {Rq}gem-

Definition 11 (Law-invariant family of risk measures). The family of risk measures {Rq}tgem is
law-invariant if R, (¢1) = R, (l2) for any loss functions €1,y € Lo and probability distributions
Q1,Q2 € M such that the distribution of £1(€) under Q1 matches the distribution of £2(€) under Qs.

Note that if the family of risk measures {Rg}gem is law-invariant in the sense of Definition 11,
then the risk measure R is law-invariant in the sense of [37, § 4.5] for any fixed Q € M. Conversely,
the following remark shows that any law-invariant risk measure Rp associated with a continuous

probability distribution P € M naturally induces a law-invariant family of risk measures {Rg }gem-

Remark 1 (Constructing a law-invariant family of risk measures). Assume that Rp is a law-
invariant risk measure associated with a continuous probability distribution P € M, and let Q € M
be any other probability distribution. In particular, Q does mot have to be continuous. Denote
by op : R™ — [0,1]" the Rosenblatt transformation corresponding to P [92] and by g : [0,1]" — R"
the inverse Rosenblatt transformation corresponding to Q [21, § 2.5]. As P is continuous, one
can show that ¢p(§) is uniformly distributed on [0,1]" under P. In addition, v¥g(pp(§)) follows
the distribution Q under P. We can now define a risk measure Rq corresponding to Q by set-
ting Ro(¢) = Re(L(vo(ep()))) for all £ € Ly. The family {Rqloem constructed in this way is

law-invariant in the sense of Definition 11 as Rp is law-invariant in the usual sense.

Note that ‘risk measures’ in colloquial English (e.g., the ‘variance,” the ‘VaR’ or the ‘CVaR’ etc.)

make no reference to a specific probability distribution and are therefore naturally interpreted as
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families of risk measures of the form {Rq}gea. All of these standard families of risk measures are

in fact law-invariant. We now recall some basic properties displayed by many popular risk measures.

Definition 12 (Properties of risk measures). A risk measure Rg associated with a probability

distribution Q € M s

o translation invariant if Ro({ + X) = Ro(l) + X for all £ € Ly, X € R;

o positive homogeneous if Ro(M) = ARq(¢) for all £ € Ly, X € Ry;

o monotonic if Ro(¢1) < Ro(l2) for all by,¢y € Lo such that {1 < o Q-almost surely;

o convez if Ro(M1 + (1 — X)l2) < ARqg(4) + (1 — N)Rg(le) for all 41,45 € Lo, X € [0,1].

A risk measure is called coherent if it satisfies all of the above properties.

4.2. Law Invariant, Translation Invariant and Positive Homogeneous Risk Measures.
We will now demonstrate that many commonly used families of risk measures impact the Gelbrich

risk of a linear loss function only through a scalar, which we define as follows.

Definition 13 (Standard risk coefficient). The standard risk coefficient of a family {Rq}toem of
risk measures corresponding to a structural ambiguity set S, mean p € R", covariance matriz 3 € S}

and portfolio vector w € R™ with w' Xw # 0 is

w' (& - u))
Y w) = Ro [ ——2—E1). 7
a(p, X, w) @Sc‘éiz) @( e (7)

Recall that C(u, X)) denotes the structured Chebyshev ambiguity set of all distributions in & with
mean i and covariance matrix . For generic families of risk measures, the standard risk coefficient
of Definition 13 depends on p, ¥ and w. However, if the family of risk measures is law-invariant
and the structural ambiguity set is stable in the sense of the following definition, then the standard
risk coefficient is constant in these parameters and depends solely on the family of risk measures

and the structural ambiguity set at hand.

Definition 14 (Stable structural ambiguity set). A structural ambiguity set S is stable if it is closed
under arbitrary affine pushforwards and convolutions. Thus, if Q € S and f : R™ — R"™ is of the form
(&) = AE4b for some A € R™™ and b € R", then Qo f~! € 8. Similarly, if Q1,Q2 € S, then Qq *

Q2 € S, where the convolution is defined through Q1 * Q2(B) = [gn [gn Lei+ee dQ1(&1) dQ2(&2)
for all Borel sets B € B(R"™).

To motivate our terminology, recall that a distribution is called stable if any linear combination
of two independent random variables with this distribution has the same distribution up to location

and scaling. For example, the Gaussian, Cauchy and Lévy distributions are stable. Definition 14
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generalizes this notion to ambiguity sets. Indeed, it implies that if two independent random vec-
tors & and & have distributions Q1 and Q2, respectively, both of which belong to the same stable
structural ambiguity set S, and if A1, Ay € R™ "™, then the probability distribution of the linear
combination £ = A1&; 4+ As& also belongs to §. The structural ambiguity set Mo of all distri-
butions with finite second moment is trivially stable. By [108, § 2], the sets of all symmetric, all
symmetric linear unimodal and all log-concave distributions with finite second moments also con-
stitute stable ambiguity sets. In addition, the ambiguity set of all Gaussian distributions is stable.
However, some structural ambiguity sets fail to be stable. The set of all elliptical distributions with
the same characteristic generator, for example, is not necessarily stable. Indeed, the convolution of
two Laplace distributions is not a Laplace distribution, for instance. One can also show that the
structural ambiguity set of all linear unimodal (but not necessarily symmetric) distributions also
fails to be stable even in the univariate case. One can further show that the structural ambiguity

set generated by a distribution P is stable only if P is Gaussian.

We can now state the announced result, which is inspired by [108, Theorems 1 and 2].

Proposition 4 (Standard risk coefficient). If {Rq}oem is a law-invariant family of risk measures
and the structural ambiguity set S is stable, then the corresponding standard risk coefficient a is

independent of u, 3 and w.

Proposition 4 is a key ingredient to prove our following main result.

Theorem 5 (Gelbrich risk of linear loss functions). If {Rq}oem is a law-invariant family of trans-
lation invariant and positive homogeneous risk measures, the structural ambiguity set S is stable
and the corresponding standard risk coefficient satisfies 0 < o < 400, then the Gelbrich risk of the

portfolio loss function £(&) = —w ' € is given by

sup  Rg (—ng) = —fi"w+aVuTSw+ pvV1+ a2 v (8)
Qegﬂ(ﬁzz)
In addition, if S is the structural ambiguity set generated by a Gaussian nominal distribution P

with S = 0, then the Wasserstein risk coincides with the Gelbrich risk.

We emphasize that the standard risk coefficient o can in general be negative. In this case,
evaluating the Gelbrich risk of —w'¢ requires the solution of a non-convex optimization problem,
and Theorem 5 no longer holds (see problem (25) in the proof of Theorem 5). A sufficient condition

for the non-negativity of « is described in the following proposition.
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Proposition 5 (Non-negative standard risk coefficient). If {Rq}oem is a law-invariant family of
coherent risk measures and the structural ambiguity set S contains a symmetric distribution, then

the corresponding standard risk coefficient o is non-negative.

From now on we assume that {Rg}gem is a law-invariant family of translation invariant and

positive homogeneous risk measures and that S is a stable ambiguity set with standard risk co-

efficient a > 0. Denoting by £ the set of portfolio loss functions ¢(¢) = —w'¢ with portfolio
weights w belonging to a set {2 C R"™, Theorem 5 allows us to reformulate the optimal Gelbrich risk
R, @.5)(£) as

min  sup Ro(—w'§) = mig —iTw+ aVuTSw+ pv1+ a2|wl. 9)
we

Y€ e, (7.8
Note that if € is convex, then (9) constitutes a finite convex program. In particular, if Q is rep-
resentable via second-order cone constraints, then problem (9) reduces to a tractable second-order
cone program that can be solved highly efficiently with off-the-shelf solvers. As the Gelbrich risk
upper bounds the Wasserstein risk by virtue of Corollary 1, the convex program (9) provides a
conservative and efficiently computable proxy for the optimal Wasserstein risk RWP(@)(E), which
may be hard to compute exactly. Note also that (9) can be interpreted as a regularized Markowitz

portfolio selection problem with an />-regularization term that scales with the size parameter p of

the Gelbrich ambiguity set.

Remark 2 (Portfolio constraints). There is a vast literature on the impact of portfolio constraints on
performance. For example, it has been argued that the portfolio’s out-of-sample risk can be reduced by
imposing norm constraints [51, 27], no-short-sales constraints [51] or combinations thereof [54, 101,
109]. Our Theorem 5 implies that robustifying the risk measure with respect to a Gelbrich ambiguity
set is equivalent to penalizing the portfolio’s 2-norm—irrespective of the feasible set ). Thus, one

may simultaneously robustify the risk measure and restrict the feasible set to improve performance.

Under mild conditions on {2, one can show that the optimizer of the Gelbrich risk portfolio
selection problem (9) converges to the equally weighted portfolio as p tends to infinity (i.e., in the
limit of extreme uncertainty). A similar result was proved by [83] for a specific class of convex risk

measures and for a Wasserstein ambiguity set.

Corollary 4 (The equally weighted portfolio is optimal under high uncertainty). If the assumptions
of Theorem 5 hold, Q@ C {w € R" : e"w = 1} is a closed set of portfolio weights with e € R™ being
the vector of all ones, and if  contains the equally weighted portfolio %e, then the unique minimizer

of (9) converges to Le as p tends to oc.
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Worst-case distributions that maximize the risk of a fixed portfolio over the Gelbrich ambiguity set
can expose potential threats to the portfolio or may be useful for stress test experiments. Therefore,

we now aim to characterize the worst-case distributions Q* that attain the supremum in evaluating

the Gelbrich risk Rg, 7.5 (¢) for £(¢) = —w €.

Proposition 6 (Worst-case moments). If {Rq}gem is a law-invariant family of translation invari-
ant and positive homogeneous risk measures, the structural ambiguity set S is stable, the standard
risk coefficient satisfies 0 < a < +00 and S 0, then any extremal distribution Q* that attains the
Gelbrich risk of the loss function £(§) = —w "¢ has the same mean p* € R™ and covariance matriz

¥* e S, where

and

«_ = p
pr=p - —e— W
V1+a?|w|

o = <I+ porn’ _ >§<I+ poww ! _ >
V1+a?||w||VwTSw V1t |w|VwSw
Proposition 6 characterizes only the first two moments of the extremal distributions that attain
the Gelbrich risk. In general, S may contain multiple distributions with these moments. When § is

the set of all Gaussian distributions, however, the Gelbrich risk is uniquely attained by the Gaussian

distribution with mean p* and covariance matrix X*.

4.3. Calculation of the Standard Risk Coefficient. We now show that the standard risk coef-
ficient « is given closed form for a large class of risk measures. First, we focus on the value-at-risk
(VaR). For any probability distribution Q € M, the VaR at level 5 € (0, 1) of any loss function £ € L

is defined as
Q-VaRy(6) = inf {r € R: QUU(¢) < 7] > 1 - 3}

VaR fails to be convex, yet it is widely used by financial institutions and regulators [53, 65, 32]. In
addition, VaR induces a law-invariant family of translation invariant and positive homogeneous risk
measures, and thus Proposition 4 and Theorem 5 apply whenever the structural ambiguity set S is

stable. The following proposition describes situations in which « is available in closed form.

Proposition 7 (Standard risk coefficient for VaR). If g € (0,1) and Rg = Q-VaRg for Q € M,

then « is available in closed form for several stable structural ambiguity sets.
(i) If § = Ma, then a = /(1 — )/B.
(it) If S is the set of all symmetric distributions in Ma, then o = \/1/(2pB) for B < § and a =0

for B> 3.
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(i1i) If S is the set of all symmetric linear unimodal distributions in Ma, then a = 2/(3v/25)
f07"6<% andazOforﬁZ%.
(iv) If S is the set of all Gaussian distributions, then o = ®~1(1 — B), where ® denotes the

cumulative distribution function of the standard Gaussian distribution.

In assertions (), (i1) and (iii) of Proposition 7 the standard risk coefficient « is non-negative for
all 8 € (0,1) even though Proposition 5 does not apply (as VaR fails to be convex). In assertion (iv),
on the other hand, a becomes negative for 5 > % Hence, Theorem 5 does not apply to the VaR at
level 8 > % if § is the family of all Gaussian distributions.

We now address the conditional value-at-risk (CVaR). For any distribution Q € M, the CVaR at
level 8 € (0,1) of any loss function ¢ € Ly is defined as
1
B

It is well known that CVaR induces a law-invariant family of coherent risk measures [2, 90], and

Q-CVaRg(l) = 71’161]]1; {7’ + —Eqg [max{{(§) — T, 0}]} .

thus Proposition 4 and Theorem 5 apply whenever the structural ambiguity set S is stable. The
following proposition shows that « is again available in closed form in several situations of practical

interest.

Proposition 8 (Standard risk coefficient for CVaR). If 8 € (0,1) and Rqg = Q-CVaRg for Q € M,

then « is available in closed form for several stable structural ambiguity sets.

(i) If § = Ma, then a = /(1 —f3)/B.
(ii) If S is the set of all symmetric distributions in My, then a = \/m for B < % and o =
VI=8/(V2B) for B> 3.
(111) If S is the set of all symmetric linear unimodal distributions in Ma, then o = 2/(3v/B)
for B< L, a=3(1-B) for} <B<2 anda=2yT=F/(38) for B> 2.
(iv) If S is the set of all Gaussian distributions, then a = (v2rB) Lexp(—(®71(1 — 3))?/2),

where ® denotes the cumulative distribution function of the standard Gaussian distribution.

Propositions 7 (i) and 8 (i) imply that the standard risk coefficients for VaR and CVaR coincide
if S represents the family of all distributions with finite second moments. This result is reminiscent
of the observation that distributionally robust chance constraints are equivalent to distributionally
robust CVaR constraints when the distributional uncertainty is modeled by a Chebyshev ambigu-
ity set [111, Theorem 2.2]. We emphasize that the standard risk coefficients for VaR and CVaR
differ under the structural ambiguity sets of assertions (7i), (%) and (iv) of Propositions 7 and 8,

respectively.
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Next, we study mean-standard deviation risk measures that are ubiquitous in classical port-
folio theory [91]. For any distribution Q € M, the mean-standard deviation risk measure with
risk-aversion coefficient > 0 of any loss function ¢ € Ly is defined as Ro(¢) = Eg[¢(§)] +
B(Varg(£(€)))'/?, where Varg(£(¢)) denotes the variance of £(¢) under Q. For any fixed 3, the
mean-standard deviation risk measure induces a law-invariant family of translation invariant and
positive homogeneous risk measures, and thus Proposition 4 and Theorem 5 apply if S is stable.
Note that this includes the expected loss, for 8 = 0. Proposition 9 below derives « again in closed

form.

Proposition 9 (Standard risk coefficient for mean-standard deviation risk measures). If Rq is the
mean-standard deviation risk measure with risk-aversion coefficient 8 > 0 for every Q € M and if

the structural ambiguity set S is stable, then o = 3.

Consider now the family of spectral risk measures introduced by [1]. In the following discussion, for
any ¢ € Loand Q € M we use F) t%) to denote the cumulative distribution function of (§) under Q. In
addition, we define the quantile function (Fz%))_l through (Flf@ )" H7) =inf{g € R: FS@(Q) > 7}

©)
for all 7 € (0,1).

Definition 15 (Spectral risk measures). An admissible spectrum is a right-continuous and non-
decreasing function v : [0,1) — R4 with fol Y(r)dr = 1. The spectral risk measure Rq induced by )
under a given distribution Q € M of the risk factors is defined through

1
Ro(f) = /0 BO)FS) N (Fdr Ve e Lo,

For any fixed Q, the set of all spectral risk measures coincides with the family of all coherent,
law-invariant and comonotonic risk measures that satisfy a nonrestrictive Fatou property [59, The-
orem 7]. On the other hand, any fixed admissible spectrum % induces a family of spectral risk
measures parametrized by the distributions Q € M. This family is law-invariant by construction,
and thus Proposition 4 and Theorem 5 apply whenever S is stable. The following proposition

evaluates « in closed form for & = Ms.

Proposition 10 (Standard risk coefficient for spectral risk measures). If there exists a square-
integrable admissible spectrum 1 such that Rq is the spectral risk measure induced by 1) for every Q €
M and if § = Ma, then o = (fol Y(7)%dT — 1)%

Note that the CVaR at level 8 € (0,1) is a spectral risk measure with spectrum (7) =
5_111[1,371)(7'); see, e.g., [37, Definition 4.43 and Lemma 4.46]. By Proposition 10, the standard
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risk coefficient of the CVaR is thus given by fo 7)%dr — 1)% = /(1 = 7)/7, which confirms the

formula derived in Proposition 8 (3).

Next, we address risk measures that admit a Kusuoka representation [59, 98] and can be expressed

as suprema over families of spectral risk measures.

Definition 16 (Kusuoka representation). A risk measure Rq admits a Kusuoka representation
under the distribution Q € M of the risk factors if there exists a set W of admissible spectra in the
sense of Definition 15 such that

) = sup / P(r “Hr)dr V€ L.

Ppev

For any fixed Q, the set of all risk measures that admit a Kusuoka representation coincides with
the family of all coherent law-invariant risk measures satisfying the Fatou property [59, Theorem 10].
On the other hand, any fixed set ¥ of admissible spectra induces a law-invariant family of coherent
risk measures parametrized by the distributions Q € M, and thus Proposition 4 and Theorem 5
apply whenever S is stable. The following proposition presents a closed-form expression for «

it § = Mo.

Proposition 11 (Standard risk coefficient for risk measures with a Kusuoka representation). If there
exists a set U of square-integrable admissible spectra such that Rg admits a Kusuoka representation

induced by ¥ for every Q € M and if § = My, then a = supyey fo )2dr — 1)

Lastly, we study the family of distortion risk measures, which measure the risk of an uncertain

loss function by its expected value under a distorted distribution [107].

Definition 17 (Distortion risk measures). An admissible distortion is a non-decreasing function h :
[0,1] — [0, 1] with lim, o h(7) = h(0) = 0 and lim,4; h(7) = h(1) = 1. The distortion risk measure

Rq induced by h under the distribution Q € M is defined through
0

Ro(l) = /OOO (1 —h (Fgg)(f))) dr — /OO h (Fl%)(f)) dr Vle L.

If the distortion A is right-continuous, then we have

Rol(l) = /0 1 (F2,) " (7) dh(r) = /R ran(FZ (). (10)

where the first equality follows from [15, Lemma 1], whereas the second equality follows from the
definition of the Lebesgue-Stieltjes integral [88, § 3]. The resulting reformulation reveals that Rg(¢)
can be viewed as the expected value of the distorted cumulative distribution function h o Ft%)'

The simplest distortion risk measure is the ordinary expectation, which is induced by the trivial
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distortion h(7) = 7. Other examples include the VaR and the CVaR at level 5 € (0,1), which
are induced by the distortions h(7) = 1jg4)(7) and h(7) = max{r — 1 + 3,0}/3, respectively; see,

g., [37, Definition 4.43 and Lemma 4.46]. Moreover, one readily verifies that the spectral risk
measure with admissible spectrum 1 coincides with the distortion risk measure induced by the
convex continuous distortion h(r) = [ ¢(t)dt. A comprehensive list of distortion risk measures is

provided by [15].
Note that (FSS))_l(T) = Q-VaR;_-(¢) for all 7 € (0,1), and recall that VaR induces a law-

invariant family of translation invariant and positive homogeneous risk measures. The second ex-
pression in (10) thus implies that the distortion risk measure corresponding to a right-continuous
distortion h represents an average of VaRs with different levels 7. Hence, any such distortion risk
measure induces a law-invariant family of translation invariant and positive homogeneous risk mea-
sures, which implies that Proposition 4 and Theorem 5 apply if S is stable. Next, we provide a

closed-form expression for & when & = M.

Proposition 12 (Standard risk coefficient for distortion risk measures). If there exists an admissible
right-continuous distortion h such that Rq is the distortion risk measure induced by h for every
Q e M and if S = My, then a = (fol Rl (7)2dT — 1)%, where hl.,. denotes the derivative of the

CVX

convex envelope of h, which exists almost everywhere.

4.4. Mahalanobis-Gelbrich Risk. We now briefly discuss an extension of Theorem 5 to a broader
class of regularization functions. The Mahalanobis distance between two points &1, &> € R induced
by a matrix H € S7, is defined as ||&, — &l = (& — &) TH(& — &))?. Accordingly, the
Mahalanobis-Wasserstein distance between two distributions Qq, Qo € My is defined as

W@ = min ([l -alia.ae)

whereas the Mahalanobis-Gelbrich distance between two mean-covariance pairs (i1, 1), (p2, X2) €

R™ x S% is defined as

1 101
GH((ul,El), (/1,2,22)) = \/H,ul — ,UQH%I + Tr [ElH + EQH - 2(222H21H222)2].

A straightforward generalization of their proofs shows that Theorems 1 and 2 apply verbatim with

W(Q1,Q2) and G((u1,%1), (2, S2)) replaced by Wg(Q1,Q2) and G ((11,X1), (2, X2)), respec-
tively. As a consequence, we can now define the Mahalanobis-Gelbrich ambiguity set with structural

information as

Gu,([P) ={Qe S: Gu(P,Q) < p}.
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A straightforward generalization of its proof then shows that Theorem 5 applies verbatim with
Equation (8) replaced by
sup Ro (—wa) = —,TITw—i—a\/zﬁ—i-p\/l—4—042 |w]| gr-1,
QEGH (7.5)

which is the announced extension.

5. GELBRICH RISK OF NONLINEAR PORTFOLIO L0OSS FUNCTIONS

Even though the Gelbrich risk of a nonlinear portfolio loss function is generically not available
in closed form, it can sometimes be computed efficiently by solving a tractable convex program.
Throughout this section we assume that the structural ambiguity set S = Mo comprises all distri-

butions with finite second moments. All of our tractability results rely on the following theorem.

Theorem 6 (Gelbrich risk of nonlinear loss functions). If ¢ € Ly, S = Mo and p > 0, then we have

(inf o+ (02— )2 = Tr [S]) + 2+ Tr [Z]

s.t. yeR4, zeRy, Z€8%, (yo,y,Y) €Y

sup g [K(6)] = N

Qegp(1,X) v =Y ~¥2 <0 vI-Y u+vy
A

~ =0
20>

—_— ) — )

(v +y

(S

e

where

Y={weR yeR", Y €S yo+2yT¢+€ YE > L(E) ¥ R,

Theorem 6 expresses the Gelbrich risk of any measurable loss function as the optimal value of a
convex minimization problem. Note, however, that the convex set ) is defined through infinitely
many linear inequality constraints parametrized by ¢ € R™ and may thus be difficult to handle
algorithmically. We now investigate three distinct applications of Theorem 6 in which the Gelbrich

risk of a nonlinear loss function can be evaluated tractably.

5.1. Gelbrich VaR of Piecewise Linear Loss Functions. Suppose that
0(€) = —w" max{A¢ + a, BE + b}

for some A, B € R¥*" a, b € R* and portfolio vector w € R¥, where the ‘max’ operator applies
element-wise. We stress that any piecewise linear concave loss function with £ kinks is representable
in this way. Loss functions of this type arise if the portfolio includes (long positions) of European put
or call options that expire at the end of the investment horizon [112]. Indeed, such options provide

portfolio insurance, and their payoffs (negative losses) are piecewice linear in the asset returns &.
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The next theorem demonstrates that if the risk measure is set to the VaR, then the Gelbrich risk

of our piecewise linear loss function can be computed efficiently by solving a semidefinite program.

Theorem 7 (Polyhedral Gelbrich VaR). Suppose that £(¢) = —w " max{A¢ + a, BE + b} for some
A, BeRM" qbeRF andw e RF. If B € (0,1), Rg = Q-VaRs and S = Ma, then we have

inf 7
s.t. T,v0,% €R, v,n,z€ Ry, v,y eR", Y €87, CGR’L Z eSSl

¢ <w, yo+v(o? = |2 = Tx [E]) + 2 + Tr [2] < nB
v=32((A=B)T¢+BTw), vg=7+(a-b)"¢+b w

sup  Q-VaRg({(€)) = [ ol _ ~
Qe6,(35) VTR g | T e
3 Z (va+y)' oz
Y Y
Y=o, A )
v W y +v' yo+uo—n

The constraints of the semidefinite program derived in Theorem 7 are linear in w. Thus, the
portfolio optimization problem that minimizes the Gelbrich VaR of our piecewise linear loss function
over all w € €} is equivalent to a tractable convex program whenever €) is conic-representable. In

analogy to [112, § 6], we can further show that the Gelbrich VaR coincides with the Gelbrich CVaR.

Theorem 8 (Polyhedral Gelbrich CVaR). If Rg = Q-CVaRg but all other assumptions of Theo-

rem 7 hold, then we have

sup  Q-CVaRg(£(&)) = sup  Q-VaRg(((9)).
QEG,(1,X) Qeg,(1,2)

5.2. Gelbrich VaR of Quadratic Loss Functions. Suppose next that
1
£(€) = ~6(w) - Aw) "€ — S€TT(w)e

for some f(w) € R, A(w) € R™ and I'(w) € S” that depend linearly on the portfolio vector w € R™.
We emphasize that I'(w) may be indefinite, and thus any quadratic loss function is representable in
this way. Quadratic loss functions arise if the portfolio includes arbitrary (exotic) derivatives whose

payoffs are approximated by a second-order Taylor expansion (a delta-gamma approximation) [52].
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Theorem 9 (Quadratic Gelbrich VaR). Suppose that £(£) = —0(w) — A(w) "€ — 1¢TT(w)¢ for some
f(w) € R, A(w) € R" and I'(w) € S™. If B € (0,1), Rg = Q-VaRg and S = My, then we have

( .
inf 7

s.t. yo,TER, yeR", Y €8, y,z,meR,, Z€8Y}
yo+7(p* = IAl1* = Tr [E]) + 2 + T [Z] < B

~1 ~
sup Q- VaRg(((¢)) = =Y ~X2 >0, Y=Y yu+y “ 0
egn(i2) 2 N | ) A
v Y I'(w A(w
Yl oo vl (w) (w) . 0.
y" v v' ow|  [Aw) —n+2(r+0(w))

As O(w), A(w) and I'(w) are linear in w, the problem that minimizes the Gelbrich VaR of our

quadratic loss function over all w € () is a tractable convex program if €2 is conic-representable.

Theorem 10 (Quadratic Gelbrich CVaR). If Rg = Q-CVaRg but all other assumptions of Theo-

rem 9 hold, then we have

sup  Q-CVaRg(((§)) = sup Q- VaRg(£(¢)).
Qeg,(1,%) Qeg,(i,%)
5.3. Gelbrich Error. Suppose finally that £(¢) = |w &P for p € {1,2}. Loss functions of this
type arise in index tracking, where one component of £ represents the return of a market index,
and the corresponding component of w is fixed to —1. In this case, w'¢ quantifies the mismatch
between the returns of the index and the corresponding tracking portfolio, while ]wTﬁ |P captures the
tracking error. The worst-case expected tracking error with respect to all distributions in a Gelbrich

ambiguity set can again be computed efficiently by solving a semidefinite program.

Theorem 11 (Gelbrich error). Suppose that £(£) = |w &P for p € {1,2} and that S = Ms.

(i) If p =1, then we have

inf yo +~(p* — Al - Tr [Z]) + 2 + Tr [Z]
s.t. yeRy, zeRy, ZeST, yoeR, yeR", Y €8}

B ~1

I-Y ~X2 I1-Y o+

sup EQ [|wT§|i| _ Y . Y - 0, Y THTY - 0
~ 1 ~ T

0e6,(3.5) |2 Z (i +y) z

Y -1 Y 1
Yy — 3w -0, Y+ qw - 0

v 5wl W y +iw oy
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(ii) If p = 2, then we have

inf yo+v(p? — ||@l|* - Tr [i]) + 24 Tr [Z]
s.t. yeRy, zeR, ZeSY, yoeR, ye R, Y €S}, M S}

=0

S YI-Y ~53 YI-Y p+y
sup Eg Uw €| ] = ~1 0, N T
Qe6,(1,5) %2 Z (Vi +y) z

M vy Y-M w
=0, =
y' o w1

\

Corollary 6 in the appendix uses the S-lemma [85] to show that the worst-case expectation of
any piecewise quadratic loss function admits a tractable semidefinite programming reformulation.

Theorem 11 is a special case of this result, and its proof is thus omitted for brevity.

6. NUMERICAL RESULTS

Theorem 5 shows that the Gelbrich risk of any linear portfolio loss function is exactly equal to a
Markowitz-type mean-standard deviation risk functional with an fs-regularization term. The ben-
efits of penalizing or—equivalently—constraining the norm of the portfolio vector in a Markowitz
model are already well documented in the literature. Specifically, it has been shown empirically
across several datasets that norm-constrained minimum-variance portfolios often display higher
Sharpe ratios than standard baseline strategies [27, 45]. Instead of replicating these experiments,
we showcase here the advantages of minimizing the Gelbrich risk within the context of an index-
tracking application, which involves a nonlinear loss function. The goal of index tracking is to
construct a portfolio of n — 1 assets with respective returns &1, ...,&,_1 that displays a similar per-
formance as a market index with return &,. We thus seek a portfolio from within the feasible set
Q={weR™: Z?:_ll w; =1, wy, = =1, w; > 0 Vi < n} that minimizes the Gelbrich error defined
in Section 5.3, that is, the worst-case expectation of |w'£[P across all distributions in a Gelbrich
ambiguity set. Our experiments are based on three standard instances of the index-tracking problem
described in [14]. Table 1 summarizes the underlying datasets, which comprise weekly return time
series of the market index (DowJones, NASDAQ100, or FTSE100) and the n — 1 assets used for
replication. Each dataset covers a backtesting period partitioned into blocks of 12 weeks. We adopt
the same rolling horizon approach as in [14]. At the beginning of each block, we use the previous
52 weeks of return data to estimate the sample mean i and the sample covariance matrix f], and
we compute a portfolio vector w* € ) that minimizes the Gelbrich error. At the beginning of each
week in the current block, we rebalance the portfolio to the target allocation w* and then calculate

its out-of-sample error \(w*)Tap using the return data E over the next week.
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TABLE 1. Characteristics of the standard index tracking instances from [14].

index # assets | backtesting interval | # weeks | # 12-week blocks
DowJones 28 Feb 1990-Apr 2016 | 1363 110
NASDAQ100 | 82 Nov 2004-Apr 2016 | 596 46

FTSE100 83 Jul 2002-Apr 2016 | 717 56

Figure 1 (orange curves) visualizes the impact of the size parameter p on the out-of-sample
tracking error (for p € {1,2}) averaged over the backtesting interval. We observe that the out-of-
sample error is always minimized by a strictly positive value of p. This highlights the benefits of
adopting a robust approach. Indeed, the average tracking error can be reduced by up to 10% by
using robustification. In addition, as a function of p, the out-of-sample tracking error is flat near its
minimum. For example, in the experiment based on the DowJones dataset, all values of p € [8,13]

lead to a near-optimal tracking error. This means that it is easy to find a good value of p.

Instead of using a Gelbrich ambiguity set for modeling the uncertainty about the asset return

distributions, one could alternatively use the celebrated Delage-Ye ambiguity set [26] defined as

A5 - doe ay, Beldl =TS Bolel =) < wp? )
Eq[(¢ — Egl¢])(€ — Egl€]) T] < (1 + (1 — #)p*)X

This ambiguity set involves two tuning parameters, that is, a size parameter p € R, and weight

parameter £ € [0,1], which trades off the ambiguity in the mean against the ambiguity in the

covariance matrix. By using now standard reformulation techniques from [26] and the S-lemma, the

corresponding worst-case risk can also be re-expressed in terms of a tractable semidefinite program.

Throughout all experiments, we treat p as a tuning parameter but fix x = 0.9. Numerical tests

indicate that our results are insensitive to the choice of x € {0.5,0.9,0.99} (not shown).

The blue curves in Figure 1 represent the average out-of-sample tracking error of the portfolios
corresponding to the Delage-Ye ambiguity set. We observe that the Gelbrich portfolios outperform
the Delage-Ye portfolios with respect to the lowest achievable tracking error by up to 10%.
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els 1d—1e) averaged over the backtesting interval as a function of the radius p.
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Appendix: Mean-Covariance Robust Risk Measurement

APPENDIX A. AUXILIARY RESULTS

~

In this section we analyze the uncertainty sets U,(1i, ) and V, (4, f]) Our results rely on the

following semidefinite programming representation of the squared Gelbrich distance.

Lemma 1. For any mean-covariance pairs (p1,%1) and (u2, X2) in R™ x S, we have

. 2
min — +Tr (¥ + X9 —2C
omin -l — pe [Z1 + %, ]

G*((p1,21), (2, 52)) = ¥ C (11)
s. t. > 0.
CT 3
Proof of Lemma 1. The claim follows from [68, Proposition 2]. We emphasize that the same result

has also been reported in [24, 31, 43, 57, 80]. O

A.1. Support Functions of U, (1, 5) and V(i 52). We now show that the support functions of
the convex sets U, (1, 5)) and V(i 53) can be computed efficiently. This will allow us to examine
the Gelbrich risk of nonlinear portfolio loss functions in Section 5 and the Gelbrich mean-variance
risk in Appendix E. The support functions of U,(jz, f)) and V, (1, f]) are also relevant for robust
optimization. For example, a robust constraint that requires a concave function h(u, ) to be non-
positive for all (1, X) € U, (1, i) can be reformulated as a convex constraint that involves the convex

~

conjugate of —h(u, X) as well as the support function of U,(fi,>) [4, Theorem 2]. Formally, we have

h(ua Z) <0 V(M7 2) S up(ﬁ, i)

< dq¢eR", Qe S"such that (—h)"(¢,Q) + 6, .« (g, Q) <O0.
UP(M?E)

This constraint is computationally tractable for many commonly used constraint functions because
the support function of U, (j1, i\]) can be represented as the optimal value of a tractable conic mini-

mization problem.
Proposition 13. For any p >0, ¢ € R" and Q € S™, the support function of U,(, f]) satisfies

inf ¢'+7+7(p? - Tr [i]) + Tr [Z]

s.t. yeR, 7eRy, Z2€8Y

<T+7.

t 07 H

=7
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Proof of Proposition 13. Evaluating the support function of U, ([, f]) at a given point (¢, Q) € R™ x

S™ amounts to solving the finite convex program

o sup g p+Tr [QY]
5* ~ 3 Q7Q = #2220
Up (B2 st p— B2+ T[S+ 5 - 2(SEnsE)E] < p2

Using the semidefinite programming reformulation for the squared Gelbrich distance on the right
hand side of (11) and introducing an auxiliary variable M that equals uu' at optimality, we then

obtain

sup ¢ p+Tr [QE]
,C.3=0
5 (0.0) = s. t. Tr[u,uT—QﬁuT—l—ﬁﬁT]—l—Tr[E—I—f]—QC] < p?
u, @)\ ) =
> C
=0

~ | =

ct 3
sup ¢q'p+Tr [QZ]
s.t. peR", CeRV" XS}, McSYy
= Te [M — 20" ] + |Gl + Tr [E+ 5 - 20] < p?

> C M u
=0, = 0.

cT | p' 1

By strong conic programming duality [5, Theorem 1.4.2], the resulting semidefinite program is

equivalent to

inf (o = 72 = Tr [2]) + T [A25] + B

* A I B o+ 4
0 as @@ =1 st yery, |7 T es R g 1)
I Az (hva+g) B

A =291 - Q, B =~1.

Strong duality holds because v = max{Amax(Q),0} + 2, A1y = I, Ay = 27?1, B =1 and 8 =

v + %H2 + 1 represents a Slater point for the dual problem. Next, we simplify the semidefinite
program (12) by eliminating the decision variables A1; and B, each of which appears in two opposing

matrix inequalities. If v > 0, then Agy has full rank thanks to [7, Corollary 8.2.2]. In this case, we
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obtain the following equivalences by Schur complementing the two matrix inequalities involving A1y.

An oyl 2 4-1
=0, A 291 - Q <= YAy AN = -Q
vl Ago
(13)
I-Q I
< =0
1 Ao
If v = 0, on the other hand, we trivially have
Ay oAl —Q 0
=0, A1 21 —Q <= 0=2A11 2 -Q, A =0 > 0.
vl Ag 0 Ay

Therefore, all equivalences in (13) hold for any v > 0. If 3 > 0, then Schur complementing the two

matrix inequalities involving B yields

B fn+d 1 T
- TR t073‘<’ﬂ<:>*<7/7+g)(’ﬂ7+%) <B =l
(a+3) 8 o
v i+ 4
— = 0. (14)
(va+4H" B
If 8 =0, on the other hand, we have
B i+ 0
ST 0, BT = 0= B 4T -0,
(vi+ %) 8 0 0

where the first equivalence holds because 8 = 0 implies via the first matrix inequality that yji+4 = 0;
see [7, Corollary 8.2.2]. Therefore, all equivalences in (14) hold for any 5 > 0. In summary, we have

thus shown that

inf 2 a2 = Te [S]) 4+ Tr [AS] +

nf v (o2 = 11 [£]) + Tr [425] + 8

O sy (4 @) = N N[—Q AT . ~I Vit 4 . (15)
v Ag (vi+9H' B



MEAN-COVARIANCE ROBUST RISK MEASUREMENT 43

For any fixed v > 0, problem (15) decomposes into two separate minimization problems over

and Aogo, respectively. If v > 0, the partial minimization problem over 5 reduces to

N

v alT

_|_
inf ¢ B :
(va+$H" 8

=0

' R 1
— inf {B B=Aal*—q" - @qul2 > 0}

=infSn+y|al*:n>q A+, <TH+v T>0p,

T=7
where the first equality exploits a standard Schur complement argument, and the second equality
follows from the substitution n < 8—7||fi]|?> and from introducing an auxiliary variable 7 > 0 subject
to the hyperbolic constraint 7 > ||q||?/(47). Note also that the first and the last minimization
problems in the above expression remain equivalent when v = 0. Similarly, if v > 0, then the partial
minimization problem over Ass reduces to

| =-Q I
inf < Tr [AQQZ} . t 0

inf

Tr [Z

]
]

=

{
{mriz

= inf

inf { Tr [Z

A

7= SE(y - Q)T SE}
~I

J: 5

s

~Q 733
=0,

Z

where the first and the third equalities follow from Schur complement arguments. As S0 by
assumption, the first and the last minimization problems in the above expression remain equivalent
when v = 0. The claim then follows by substituting the reformulated partial minimization problems

into (15) and eliminating 7. O

The next lemma shows that the unique maximizer of the optimization problem defining the

support function of U, (1, i) can be computed in quasi-closed form.

Lemma 2. Suppose that S - 0, p > 0 and either ¢ # 0 or Anax(Q) > 0. Then the optimization

problem

* _ T
s (@@ = sup g p+Tr[QY] (16a)
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s uniquely solved by

-1 -1
=+ q* and 2*:<I—Q*> E(I—%) : (16b)
2y gl gl
where v > max{Amax(Q), 0} is the unique solution of the nonlinear algebraic equation
191?155 (1 — (ol — O7-1)2] = 2 1
gz TIE a0l -@7) ] =0 (16¢)

In addition, if Q > 0 then we have ¥* > )\min(i)I.

Proof of Lemma 2. From the proof of Proposition 13 we know that problem (16a) is equivalent to
the semidefinite program (15). We first prove that v > 0 for any (v, 3, A22) feasible in (15). To see
this, assume for the sake of argument that v = 0, in which case the two matrix inequalities in (15)

reduce to

-Q 0 0 q/2
=0 and = 0.

0 A (@/2)" B -
However, these constraints are not satisfiable by any 8 and Aso under our assumption that either
q # 0 or Apax(@) > 0. Similarly, one can show that v > A\pax(Q) for any (v, 8, Agg) feasible in (15).
Indeed, we have

I— I
7 @ v =0, 7>0 = AI-Q>0 = 5> \nax(Q),
I Ago

where the first implication follows from [7, Corollary 8.2.2], which requires 71 — @ to have full rank
whenever the off-diagonal block I has full rank. Schur complementing the two matrix inequalities
in (15) yields

Ay = ¥*(yI— Q)" and B> [lvi+ L?/7,
which is possible because v > max{Amax(Q),0}. Using these relations to eliminate 5 and Ag

from (15) yields
5]]{/)(;75:) (Q7 Q)

2
— inf TA+ M + 2 Tr i + 2 Tr I_ _12 '
o aman@ T Ay (e [Z]) +7* T [(v] - Q)]

(17)

In the following we use f(7) to denote the objective function of problem (17). As & = 0, f(v)
satisfies
> 75 lql? 2 _ Ty [$ Ao (A2 T I—0)!
f)Za i+ T +7(p* = Tr [Z]) + Anin(2)7? Tr (11 — Q)]
for all v > max{Amax(@),0}. Thus, f(v) diverges as v decreases to max{Amax(Q@),0}. Similarly,
since p > 0, one readily verifies that f(7) grows indefinitely as « increases to infinity. Noting

that f() is smooth and strictly convex on its domain, these insights reveal that problem (17) has a
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unique minimizer v* € (max{0, Amax(Q)}, 00). This minimizer can be found by solving the problem’s

first-order optimality condition f’(7*) = 0, where

2 ~ A~ A~

oy = p n [5] 4 20T [0 - Q) 1E] T (01 - @77
ZQ—W—ﬂif— I—Q)h)?
i [E(I =01 -@)7Y)7]

denotes the derivative of f(). Thus, the algebraic equation (16c) represents the (necessary and
sufficient) first-order optimality condition of problem (17). In the remainder of the proof, we demon-
strate that (u*, ¥*) as defined in (16b) constitutes a global maximizer of problem (16a). To see this,
note first that X* > 0 and

~ 2 -
G (.. (1.5))" = 4@)2 + T[S =7 (7" = Q)] = p*,

where the first equality follows from (16b) and the definition of the Gelbrich distance, whereas
the second equality holds because 7v* solves (16¢). Thus, (p*,¥*) is feasible in problem (16a).

Furthermore, the objective function value of (u*,¥*) in (16a) evaluates to

g+ Tr [Q*]

2 ~
" n+ M PTG T - QS T - Q)Y
2 ~
i I P Q - T DT - QS0 T - Q)
2 R ~
T+ ”jy” — (P T [EGT - Q)7 + (P T B - Q)]
_ T~ s x [ 2 lql? _ s *\2 x7 _ ))-1$
=q 0+ e +9" 1 p (712 Tr [X] ) + (v)° T [(v*] - Q)%
2 o ~
_ A ”fy” (P =T [S]) + (P [T - Q7S] =, g (0,Q),

where the fourth equality holds because v* > 0 solves (16¢), and the last equality follows from the
optimality of v* in (17). Thus, (p*, ¥*) is optimal in (16a). As problem (16a) has a linear objective
function and a strictly convex feasible set, the maximizwer (up*,¥*) is unique. To complete the
proof, note that if Q = 0, then (I —Q/v*)~! = I because v*I = @, and thus it is easy to verify that

~

S = Amin(S)1. 0

~

Next, we derive a tractable reformulation for the support function of V, (1, ).
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Proposition 14. For any p € Ry, ¢ € R" and Q € S", the support function of V,(L, fl) satisfies

inf y(p? — |7l - Tr [Z]) + Tx [2] + 2
o) @) = VI -Q ~%2 V-Q i+
S. t. ’}/GR+, EO, > 0.
z (va+"t oz

[SIE

£

Proof of Proposition 14. Evaluating the support function of V,(f, f]) at (¢,Q) € R™ x S™ amounts
to solving a maximization problem

i} 0.0) sup p'q+Tr [MQ]
~ s\ \4) =
V(@S -
o st peRY, MeSh, G*((u, M —pup'), (1,%)) < p*.

The semidefinite programming representation of the squared Gelbrich distance in (11) then yields
sup pu'q+Tr [MQ}

s.t. peR" MeS}, CecR™™

0y 50 @) = e — A2+ Te [(M — pp™) + £ - 20] < p?
M —puu" C

| =0.
el )y

Note that the first constraint is equivalent to Tr [M —2up'’ — QC] < p?—|a||*—Tr [i] . Introducing
a new decision variable U € S with U = pp” and then applying a Schur complement argument,
the above optimization problem can be recast as the following semidefinite program.

sup p'q+Tr [MQ]

s.t. peR" MeSt, UeSY, CeR™"

Tr [M —2uf7 —20] < p? — |12 - Tr [5]
M-U C U u
| =0, =0
c’ by ut 1
By strong conic duality [5, Theorem 1.4.2], the above semidefinite program admits the dual

inf y(p? — [l - Tr [£]) + Tr [SAz] + 8

A I B
s.t. vyeR,, e =0

i+
, T2 0 41— Q= Ay - B.
I As (va+H" B

[\GIESY

Strong duality holds because v = max{Amax(Q),0} +4, A1 = 21, Ags =21, B=1,8 = ||2vyii + q|)*

represents a Slater point for the dual problem. As in the proof of Proposition 13, one can eliminate
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the decision variables A1; and B by showing that the matrix inequalities vI — Q = A1y = B are
binding at optimality. Thus, we can further simplify the dual problem to

inf (o2 — [|fi]]2 — Tr [5]) + Tr [SAz] + 8

I— I I- o+ 4
s.t. yeRy, M-Q € s¥, WA © Ity e STt
vI A (vi+T B
The claim then follows by renaming E%A22§% and § as Z and z, respectively. O

In analogy to Lemma 2, the next lemma shows that the unique maximizer of the optimization

problem defining the support function of V,(f, f]) can be computed in quasi-closed form.

Lemma 3. Suppose that S - 0, p >0 and Apax(Q) > 0. Then the optimization problem
* _ T
5Vp(ﬁ,§) (¢,Q) = sup ¢ p + Tr [QM] (18a)
(/“LvM)EVP(Mvz)

is uniquely solved by

1 q Q S Q - T
W = (71 - Q) (vu+§) and M:<I—7*> 2<1—7*> T, (18b)

where v* > Apax(Q) is the unique solution of the nonlinear algebraic equation
~ _ —~ a 12
17— (I = Q) a/2+ )P+ Te [E (I —v(v I - Q)1)"] = p*. (18¢)

Proof of Lemma 3. Using Schur complement argument, one can further simplifies the result of
Proposition 14 and conclude that the support function of V, (i, f)) is equivalent to the optimal
value of the following univariate optimization problem
inf y(p* = Al = Tr [Z]) + 7 T (v = Q) '] + (v + ) [v] — Q) (v + 4)
s.t. vyeR4, vI - Q.

(19)

Denote momentarily the objective function of (19) as f(y). The gradient of f for any feasible

solution -y satisfies
2 = —1)2 ~ 1~ 9\ P
Vof=p" =Tr [E(I =77 -Q)7)"] - Hu—(vI—Q) (w+§) H :
Thus, if v* solves the nonlinear algebraic equation (18c¢), then * also solves the first-order optimality

condition of problem (19). This in turn implies that v* is the minimizer of problem (19).

As we have assumed that A\ynax(Q) > 0, it is easy to verify that as vy approaches Amax(Q), V4 f
tends to —oo, and as vy tends to infinity, V, f tends to p? > 0. This asserts that there exists a finite
value v* that solves (18c). Let ¥* = M* — p*u* . Notice that

G((1, 3, (B,))" = H(v*f -Q)™ (v*ﬁ+ g) - ﬂH2 +T S (= (T -Q)Y)?] = o2
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where the first equality follows from substituting the value of ©* and ¥* from (18b) into the definition
of the Gelbrich distance G, and the second equality is because v* solves (18c¢). This implies that

(@, %) e Uy (R, f)) Next, we show that (u*, M*) will attain the value 07 i)(q, Q). Observe that

Vo (1,

Tr [QX*] =Tr [Q(v*)* (v — Q) 'E(v*I - Q)7 (20a)
=Tr [(Q — v I+ I)(v*)*(v*1 — Q)‘lf(’y*f -Q)7']
= — (2T (v - Q)] + ()P T [(v] - Q)T E( T — Q)Y

(P = i—(T-Q)” l(v*u - Q/2)H2 Tr [Z] + " Te [(*T - Q)7'S])  (20D)
=" (p* — | — p*|? = Tr [Z] + 7" Tt [(+*] - Q)'E]) (20c)
( (

p* = AP =T [£]) + () Tr (3" = Q) 'S] + 29"t — |1,

where equality (20a) is from the definition of ¥*, equality (20b) follows from the fact that ~*

solves (18c) and thus we can write

— T (VT - Q)TIE] + () T [(7T - Q) TIE( T - Q)]

=" =i (T = Q) g2+ D)* - Tr [Z] + 9 Tr [(v*1 - Q)7'S].
Finally, equality (20c) is from the definition of p*. We thus find

q' it + Tr [Q(E* + p* (1) )]
=7 (p? = Al - T [Z]) + ()2 Tr [(7"] = Q)7'E] + 2(v' i+ q/2) it + (1) (Q — v D)

=7 (0 = AP =T [E]) + () T (0T = Q) 'S] + (Vi +¢/2) (T = Q) (Vi +a/2)

which equals the optimal value of the dual program (19) because v* is also the minimizer of prob-

lem (19). This concludes the proof. O

APPENDIX B. PROOFS OF SECTION 3

We give a short proof of Theorem 1 in order to keep this paper self-contained.
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Proof of Theorem 1. By the definition of the 2-Wasserstein distance, we have

W)= _min [ 6 - &lPe(da.dg)

min | — po|® + Tr [£1 + £ — 20

s.t. we H(Ql,(@g), C ¢ Rnxn

-
1 C 1 C

/ ol r(dér,des) = | , ' =0,

{ RexR™ (&5 | | &g cl %, CT %

where the second equality follows from the observations that C' is uniquely determined by 7 (thanks
to the equality constraint in the last line) and that the conic constraint is redundant (because the
second-order momement matrix of 7 is always positive semidefinite). Relaxing the last optimization
problem by removing all constraints that involve the original decision variable w, which in turn
allows us to remove 7 itself, we find

min  [|p1 — p2||* + Tr [S1 + Ea — 2C]
CERan

2
W (Q17 QQ) Z El C
s. t. > 0.
cT 3
By [68, Proposition 2], the above semidefinite program can be solved analytically, and its optimal
value is given by G2((u1,%1), (u2,X2)). We emphasize that the same analytical formula has also
been reported in [24, 31, 43, 57, 80]. The claim then follows by taking square roots on both sides

of (11). O
Our proof of Theorem 2 relies on the following preparatory lemma.

Lemma 4 (2-Wasserstein distances of perfectly correlated distributions [25, Theorem 2.13]). If

Q1 € My has mean 0 and covariance matriz $1 € ST, and if Q = Qo g™t

1s the pushforward
distribution of Q1 under the positive semidefinite linear transformation g(§) = A with A € ST,

then

W(Q1,Q2) = \/Bq, [ll§ - A¢[12] = \/Tr (S + A1 A - 257 A7) (21)

Lemma 4 implies that if £ follows a distribution Q; with vanishing mean and if Q, is defined
as the distribution of A{ for some A € S7, then the 2-Wasserstein distance between the perfectly
correlated distributions Q; and Qy is given by (21). We can now use this (nontrivial) result to prove

Theorem 2.
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Proof of Theorem 2. By assumption, we have Qy = Q o f~!, where f(£) = A¢ + b is an affine
transformation with parameters A € S’ and b € R". In the following, it will be more convenient to
re-express this affine transformation as f(§) = A(€ —u1)+b', which involves the auxiliary parameter

b = Apy +b. Thus, we have
p2 = Eq, €] = Eq, [f(&)] = v,

where the three equalities follow from the definition of us, the integration formula for pushforward

distributions and the definitions of p; and f, respectively. Similarly, we find

Sy = B, [(§ — p2)(§ — p2) '] = Eg, [(f(§) = V) (F(§) = V)] = AT, A,

where the second equality exploits our earlier insight that o = 0/. Multiplying the above expression

1 1
= (Z2A%2)2. As ¥ = 0 by
1 — =

_1 1 1 1
assumption, this equation is uniquely solved by A = ¥, ?(£7%937)2%; ?. This confirms that the

1 1 1
from both sides with X} yields the quadratic equation 7 ¥o¥7

affine function f is uniquely determined by the first- and second-order moments of Q1 and Q2 and

that its parameters are given by (3).

Next, we define two distributions Q;, Qy € My through the relations Q;[¢ € B] = Q1 [(£+u1) € B]
and Q,[¢ € B] = Q[(& + p2) € B] for all Borel sets B € B(R"). Thus, Q; and Q, are obtained by
shifting Q; and Q so that their mean vectors vanish. By construction, we then have Qy = Q 0g™!
where g(¢) = A¢. By the definition of the 2-Wasserstein distance and the shifted distributions Q,

and Q,, we further have
WQ(QI?QQ) = ”Ml - MQHQ + WQ(@17@2)' (22)

Finally, as Qy = Q; o g~ !, we may use Lemma 4 to conclude that

where the second equality uses the expression for A in (3). The claim then follows by substituting

the above expression into (22) and taking square roots on both sides. U
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Proof of Theorem 4. By [11, Theorem 1], the Gelbrich distance satisfies

a3 53
(i S), (,2)) < Vi — ul2 + [, — S22

~ a3 1
<oy = pll+ 1R =22 lF

1 ~
< iy — pll + = 1Xnr — ZllF
Amin(EN) + )‘min(z)

- 1 = o
< |lin = pll + = 1My = M+ pp " — vy || e
Amln(z)

R L JA -
< HMN—M||+w||NNHN—MMTHF+ |Mn — M|,

)\min )\min(z)
where the second inequality holds because va? + b2 < a+b for all a,b > 0, and the third inequality
follows from [96, Equation (1.2)]. The last inequality exploits the triangle inequality and the ob-
servation that ||Al|r < y/n||A| for all A € S". Note that all divisions by Apin(X) are well-defined
because ¥ > 0 by assumption. An elementary calculation further shows that
lniiy = up e = A Gy = 0) " + (v = w)p' e

<|lEnGin =) e+ (v — el

< |anl - N = pll =+ 12N = pll - el

= llEn = pll QN+ )

<2l - liw — pll + N — pl*.
Next, set K = 142|pt]|/Amin(E), and introduce an auxiliary function f, : Ry — Ry defined through

fu() = Kz + 2%/ Amin(X) for all z € Ry. Similarly, introduce an auxiliary function fas : Ry — Ry

defined through fus(z) = v/na/Amin(2) for all z € R,. The above estimates imply that
G((fn Ex). (1 2)) < fullfn = pl]) + far (| My = M])).
For any 1,y € (0, 1] and for any p > fu(pu(n,)) + fur(par(nar)), we thus have
PV G (7. 2), (1. 9) < |
B[ (I = pll) + far (182 = M]) < p]
> PV [ fu (i = wl) < fulpu()) A far (1M = M) < far(pas(nar)) (23)
= PN [y =l < pulm) A My = M| < par(man)| 2 1= = mar,

where the equality holds because f,, and fys are strictly increasing on their domains, and the last

inequality follows from the reverse union bound. The claim thus follows if we define p(n,, 1) =
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fu(ﬂu(ﬁu))+fM(PM(77M))a which equals ClPM(”u)+C2Pu(77u)2+C3PM(77M) for e1 = 1+42[| ]|/ Amin (%),
ca2 = 1/ Amin(X) and 3 = v/n/Amin(X). Note that these constants are indeed strictly positive. O

The proof of Corollary 2 requires two preparatory lemmas.

Lemma 5 (Concentration inequality for the sample mean). Suppose that P is sub-Gaussian with
variance proxy o2, mean p and covariance matriz ¥ = 0, and denote by Jin the sample mean
corresponding to N independent points sampled from P. Then, there exists a positive constant C' <

o/\/|IZ] such that PN [||fin — | < pu(n)] > 1 —n for any significance level n € (0,1], where

puln) = C /TTJ\[[Z]Jr /2HE||1]<1;5(1/0) '

Lemma 5 establishes a variant of the Hanson-Wright inequality [48] for sub-Gaussian distributions.

Proof of Lemma 5. Set & = Z_%(& — ), which is well-defined because ¥ > 0, and note that & is
isotropic in the sense that Ep[§;] = 0 and Ep[6] = I for all i = 1,..., N. Then, the probability

distribution of &; is also sub-Gaussian with the variance proxy C? satisfying C? < ¢2/||%|| because

Ep [GXP (z7(& - EIP’[E@']))] = ]EJP[GXP (ZTE_%(&' - Ep[fi]))}

< exp ($27220%07) < exp (§12]%0%/12])

for all z € R™. By the definition of the sample mean, we then find
N

N
—~ 1 1 1 -
HN—MZNZ%&—MZEQ (N;l&')-

Note that the random vector N~} Z@]\L 1 & has zero mean and covariance matrix N1, and thus
it concentrates around O for large N. In addition, as g}, . ,é ~ are mutually independent, one
casily verifies that N~ YN ¢ is also sub-Gaussian with variance proxy C?/N. Therefore, [50,

Theorem 2.1] guarantees that

(1 L
» (334)

The elementary inequality Tr [EQ] < ||Z|| Tx [E] for any X > 0 further implies that

2
2

< < (Tr [Z] + 2\/Tr [32] log (1/1) + 2|2 log (1/77)) >1—n.

pN
- N

2
Tr [E]+2\/Tr [22] 1og(1/n)+2\|z||1og(1/n)§< Tr [X] + 2||EH10g(1/77)> :
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Combining this inequality with the above concentration bound yields

PN [lliin — pll < pu(n)]

N
_p || (lezgi) e @+ 215 g 1/
2

1 1 N C?
> PN |||22 (sz) < (Tr (2] +2\/Tr [£2] log (1/n) +2||2|ylog(1/n)>

Z 1- m,
and thus the claim follows. O

Lemma 6 (Concentration inequality for the sample second moment matrix). Suppose that P is
sub-Gaussian with variance proxy o and second moment matriz M, and denote by M\N the sample
second moment matrix corresponding to N independent points sampled from P. Then, there are
unwersal constants C1 > 0, Cy > 1, C3 > 0 such that PN[||]\/4\N — M| < pm(n)] > 1—mn for any
significance level n € (0,1], where

9 non 2 log(Ca/n)  log(C2/n)
”M(”)_“Cl<\/N+N>+“ CsN 5N

Proof of Lemma 6. By [104, Theorem 6.5], for any 6 > 0 there exist universal constants C7 > 0,
Cy > 1, C3 > 0 with

N | 1My — M| [ n
P [0_2 > (4 N+N + 6

which implies that

e / log(Cy/n) log(Ca/n)
N _ < 52 n n 2 g(L2 >1_p.
PY|||My — M| <o Cl< N—I—N + 0” max N OsN >1—n

< Coyexp (—C3N min{J, (52}) )

The claim then follows from the inequality max{a,b} < a + b for all a,b > 0. O
We are now armed to prove Corollary 2.

Proof of Corollary 2. Define f,, and fy; as in the proof of Theorem 4. Lemma 5 then implies that

Tr | X o Tr |2 o)
R e e e R (e

_ORYT [Z] Amin(B) + CEAmin(8) + 2C2 Tr [B] (20K ||| Auin(E) + 4C2||3]]) log (1/n,,)
n )\mln(z)\/ﬁ - )\min(z)\/ﬁ ’

2
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where the inequality holds because (a 4 b)? < 2a® + 2b? for all a,b > 0, while 1/N < 1/v/N for all
N e N and /x <1+ z for all z > 0. Similarly, Lemma 6 implies that

_ Cio*yn n on a?\y/n log(Ca/nm) | log(Ca/nm)
Jaa(par(m)) = 5= (\/;+ N> i CsN TGN
< 710'20103(1 + \/ﬁ) + 02\/an i 02\/5(\/67'3-1- 1) log(Cg/nM)

N )\min(E)CS\/N )\min(Z)CS\/N

where the inequality holds again because 1/N < 1/ VN for all N € Nand /z < 1+ for all > 0.
Setting 7, = np = n/2, the sum of the above upper bounds on f,(p,(n,)) and far(par(nar)) equals
p(n) = (c1 + calog(1/n))/V/'N for some positive constants ¢; and ¢y that depend only on p, %, o2

and n. The claim then follows from Theorem 4. O

Proof of Proposition 1. The inclusion (4) follows immediately from the Gelbrich bound of Theo-
rem 1. It thus suffices to prove the reverse inclusion for 3+ 0. To this end, select any (u,X) €
U, (1, f]), and construct the pushforward distribution Q = Po f~! using the affine function f(¢) =
i_%(E%Eié)%ﬁ_%(f — 1) + p. As the structural ambiguity set S is closed under positive semi-
definite affine pushforwards, we have Q € S. In addition, Theorem 2 implies that \W(Q,@) =
G((p, %), (1, i)) < p, where the inequality holds because (1, X) € U, (11, 53). We may thus conclude
that Q € Wp(@). Finally, an elementary calculation reveals that @Q has mean p and covariance

matrix X. O

Proof of Theorem 3. The claim trivially holds if Wp(@) is empty. From now on we thus assume

that W,(IP) is non-empty. For any distribution Q € W,(P) with mean € R"™ and covariance

matrix ¥ € S't, Theorem 1 then implies that
G((1,2), (1,%)) < W(Q,P) < p.

As Q € S, we thus have Q € G,(f, 5)). Hence, we may conclude that Wp(@) C G,(1, 5).

Assume now that the structural ambiguity set S is generated by P and that & = 0. Next, select
any distribution Q € gp(ﬁ,i) with mean y € R"™ and covariance matrix ¥ € S7. As Q € S

constitutes a positive semidefinite affine pushforward of @, we thus have

W(Q,B) = G((, D). (1, %)) < p,

where the equality follows from Theorem 2. This implies that Q € Wp(@) and, as Q € G,(i, f])

was chosen arbitrarily, that G,(11,X) € W,(P). Recalling the first part of the proof, we then
obtain Wp(@) =G,(1, 5). O
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Proof of Proposition 2. The non-negativity of the Gelbrich distance implies that
Uy, ) = { (1,2) € R x 8} € (1, %), (3,9)) < p*}.

Recall that the squared Gelbrich distance is convex in (u, ¥) € R™ x S. The Holder continuity of
the matrix square root established in [79, Lemma A.2] ensures that the squared Gelbrich distance
is also continuous. Therefore, U, (1, f)) is convex and closed. Finally, one can show that for any
(1, 3) € Uy(t, 53) we have ||u — 7| < pand 0 < & < (p+ Tr [i]%)zL see [97, Lemma A.6]. This

~

implies that U, (1, X) is also compact. O

Proof of Proposition 3. Recall from Proposition 2 that U,(J, f]) is compact, and note that V, (1, f])
can be viewed as the image of U, (1, 52) under the continuous transformation f(u,X) = (1, 2+ pp”)
defined on R™ x S. Thus, the transformed set V, (1, 5)) inherits compactness from U, (11, 5)). To
show that V, (1, f)) is convex, recall from the proof of Theorem 1 that the squared Gelbrich distance

satisfies
inf fu—a2+ T[S+ 5 -2C]
G* (1, D), (1, %)) = e,

s.t. CeR™™, | =0
ct x

sup | — A2 + Tr [B(1 — Apy) + 51 — Ag)]

= Ay =T
s.t. Ay € S:b_, Aoy € 81, >~ 0.
-1 Ap

\
Here, the second equality follows from strong semidefinite duality [5, Theorem 1.4.2], which holds

because A1 = Ao = 21 constitutes a Slater point for the dual problem. Thus, we have

~

G2((:u'7 M — MMT)v (ﬁa E))
sup Tr [M(I - Agz)] + HTAQQI,L - QMTZZ-F Tr [i([ — Agg)] + Hﬂ”2

s.t. Ay € ST_:_, Ao € Sﬁ_, =0

for any p € R" and M € S} with M = pp” . Note that the objective function of the above
maximization problem is jointly convex in pu and M for any feasible A1; and Ase. As convexity is
preserved under maximization, we may thus conclude that G2((u, M — pu'), (f, f])) is also jointly

convex in p and M. Hence, the set

~

Vol ) = { (1, M) € R" X SL: M = e, 6 (M = i), (7,5) < 2

is convex because it is representable as the feasible set of convex constraints. O
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APPENDIX C. PROOFS OF SECTION 4

Proof of Proposition 4. Define F as the set of all cumulative distribution functions on R. Thus,
F contains all non-decreasing and right-continuous functions F' : R — [0, 1] with lim¢ . F'(t) = 0
and limyo F'(t) = 1. For any loss function £ € Ly and probability distribution Q € M, we
use F t%) € F to denote the distribution function of the random variable ¢(§) under Q. As the
family of risk measures {Rq}genm is law-invariant, there exists a distribution functional ¢ : 7 — R

with Rg(f) = o(Ff,)) for all £ € L and Q € M.

Define now F(0,1) C F as the family of all cumulative distribution functions of the random
variables of the form v ¢ for some v € R™ under any probability distribution D € S under which v ¢

has zero mean and unit variance, that is, we set
F(0,1) = {FPTg v € R", D € S such that Ep[v'¢] =0 and Ep[(v'€)?] = 1} .

Next, choose any u € R", ¥ € S"! and w € R" with w!'Sw > 0,and set m=w' pand s = VwT Sw.
Recalling that the structured Chebyshev ambiguity set C(u, X2) contains all distributions Q € S with

mean p and covariance matrix 3, we will first show that

F(0,1) = {FEM ey QEC(, z)} : (24)

The proof proceeds in two steps. In the first step, we prove that the left hand side of (24) is a
subset of the right hand side. To this end, select any F' € F(0,1). Thus, there exists a random
vector £; € R™ with probability distribution ID; € S and a deterministic vector v € R™ such that v "¢
has zero mean and unit variance under ID; and such that F' = FP% o Using similar ideas as in [108,
Theorems 1 and 2], we construct another random vector & € R™ with distribution Dy € C(0, ) that
is independent of £;. We can then construct a new random vector £ € R™ as the following linear

combination of &; and &s.
E=p— %va—rﬁl + ( — S%waT) Zéég

Next, we define Q as the probability distribution of £&. As ID; and Dy belong to the structural
ambiguity set S and as S is stable and therefore closed under (not necessarily positive semidefinite)
affine pushforwards and under convolutions, we may conclude that Q € S. In addition, an elementary
calculation exploiting our knowledge that v'¢; and &, are standardized under the distributions Iy
and D, respectively, reveals that £ has mean p and covariance matrix ¥ under Q. Hence, we
have shown that Q € C(u, ). By the construction of £ and the definitions of m and s, we finally
have —(wT¢ —m)/s = v & and thus FY

(wTe—m)/s = F'. This implies that F' belongs to the set on
the right hand side of (24).
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In the second step, we prove that the right hand side of (24) is a subset of the left hand side.

To this end, select any Q € C(u, X), and use F as a shorthand for FiQ(ng,m)/

F(0,1), set v = —w/s, and define the pushforward distribution D = Q o f~! with respect to the

o To show that F €

transformation f(¢) = & + mw/(s||v]|?). Note first that D € S because the structural ambiguity set S
is closed under affine pushforwards. In addition, one readily verifies that —(w'¢ —m)/s = v f(€)
has zero mean and unit variance under Q, which means that v ¢ has zero mean and unit variance
under D. We thus have F' € F(0,1). In combination, the first and the second step of the proof
establish equation (24).

We may now conclude that the standard risk coefficient satisfies
1
a= sup Rg (—(wTﬁ —m)> = sup o (FiQ(wrg_m)/s) = sup o(F),
QeC(p,3) 5 QeC(p,%) FeF(0,1)
where the second equality re-expresses the risk measures Rq for Q € M in terms of the distribution
functional p, and the second equality exploits (24). The last expression is manifestly independent

of i, ¥ and w. This observation completes the proof. O

Proof of Theorem 5. Decomposing the Gelbrich ambiguity set into disjoint Chebyshev ambiguity
sets allows us to rewrite the Gelbrich risk as in (6a). As the loss function £(¢) = —w "¢ is linear, the
inner maximization problem in (6a) further simplifies to

sup  Rg (—wa) =—w'p+ sup Ro (—wT(§ — ,u))
QeC(u,x) QeC(u,x)

-

T / w (£ p) T v/

=—w p+VvVw'Sw sup R <—) =-—w p+avw XSw
: QeC(p,%) v VwTXw H

where the first two equalities exploit the translation invariance and the positive homogeneity of the
risk measures Rqg, Q € M, respectively, whereas the third equality follows from the definition of
the standard risk coefficient a. Note that « is independent of u, ¥ and w thanks to Proposition 4,
which applies because the structural ambiguity set is stable and the family of risk measures is law-

invariant. Using the definition of the set U, (i1, ¥), the outer maximization problem in (6a) can then

be reformulated as

sup  Ro(—w'¢) = sup —u' w4 aVuwT Sw
QeG, (7.5 (1:2) €U (7.5)
sup  —p' w4 avVw! Sw
= { wsro (25)

st u—fl?+ T [E 4 S - 2(88n5E) ] < 2.

~

If p =0, then (u, X) = (i, X) is the only feasible solution of problem (25), in which case (8) trivially
holds. Similarly, if @ = 0, then ¥ = 3 and p = Ji — pw/||w|| are optimal in (25), and (8) again
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trivially holds. From now on we may thus assume without loss of generality that p > 0 and a > 0.

In this case problem (25) is equivalent to

[V

»y

NI

sup inf —p'w+ aVwT Sw+ 5 [p2 — ||l —a)* - Tx [T+ S - 2(§
w, 50720

N|=
—
[ S

)
= inf {7([)2 —Tr [2]) +sup {—uTw —lln— ﬁIIQ}
720 o

+ sup {a\/wTEw +yTr[-Z+ 2(2%22%)%]} },

0

~

where the first equality follows from strong duality, which holds because (fi, X)) constitutes a Slater
point for the primal convex program (25), and from a simple rearrangement. As~y > 0, the embedded
quadratic maximization problem over pu is convex and can be solved analytically. Indeed, for v > 0
we have sup,, {—p1"w—Allp—1l*} =-n"w+ %. For v = 0, on the other hand, the supremum
over p evaluates to 0 if w = 0 and to 400 otherwise. Thus, the formula on the right hand side of
the above expression remains valid for v = 0 if we interpret it as the limit when ~ tends to 0 from
above. Similarly, as v > 0 and a > 0, one may introduce an auxiliarly epigraphical variable ¢ to

reformulate the embedded maximization problem over ¥ as the convex program

sup at+~vyTr [ -2+ 2(§%Z§%)%]
»>

s.t. t>0,2=0,t2—w'Zw<0,

which manifestly satisfies Slater’s condition. Suppose now temporarily that S = 0. By invoking
strong duality and using the variable transformation B < (iéﬂfﬁ)%, the above optimization
problem can be recast as
~l_alyl
inf sup ot — M2+ Tr [SOww ' —4I)] + 2y Tr [(E%ZE%) 2]
A20¢>0,2-0

=inf sup ot — A2+ Tr [BQA,\] + 2y Tr [B], (26)
A20¢>0,B>0

where Ay = 572 (Aww " —~T )f]*% for any A > 0. Note that A is well-defined because 3. is invertible.
Note also that the inner maximization problem in (26) is separable with respect to ¢ and B. Consider
first the maximization problem over t. As o > 0, its supremum evaluates to a?/(4)\) and is attained
at t* = a/(2X) whenever A > 0. Otherwise, if A = 0, then its supremum evaluates to +oo for. From
now on we may thus assume without loss of generality that the outer minimization over A in (26)
is subject to the strict constraint A > 0. Consider now the maximization problem over B. The
proof of [78, Proposition 2.8] implies that if Ay £ 0, then the supremum over B evaluates to +oc.
From now on we may thus assume without loss of generality that the outer minimization over A

in (26) is subject to the strict constraint v/ — Adww ' = 0, which is equivalent to A < 7|lw||=2 and
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guarantees that Ay < 0. As A > 0, this in turn implies that B* = —’yAKl is strictly positive definite
and satisfies the first-order optimality condition BA) + AyB 4+ 2vI = 0. This condition can be
interpreted as a continuous Lyapunov equation, and therefore its solution B* is in fact unique; see,
e.g., [49, Theorem 12.5]. By making the implicit constraints on A explicit and by eliminating the
supremum operator by evaluating the objective function at ¢* and B*, problem (26) can now be

reformulated as
g 2
0<)\<12||fw||*2 ot
o? wTSw o o |wl?

= inf — 4+ Trf)—i——: Tr | 2| + —
o<renluwl -2 AN > el > 4

D=

Tr [$2 (7] — dww ") 1S2]

+aVuwTSw.

Here, the first equality exploits the Sherman-Morrison formula [7, Corollary 2.8.8] to rewrite the
inverse matrix, and the second equality solves the resulting minimization problem analytically.

Indeed, the infimum is attained in the interior of the feasible set at the unique solution A* of the

first-order condition % = W + %\/ wTSw. In summary, we have derived closed-form solutions for
both subproblems over p and ¥ in the objective function of the problem dual to (25). Hence, the
Gelbrich risk satisfies
1+a? [Jw|?

4

sup RQ(—ng) = ir;f —w+ wT Sw + vp? +
QeG,(7.5) =0

=—i'w+aVuTSw+ pV1+a? ||w,

where the second equality holds because the unique solution of the minimization problem in the

first line is given by v* = (2p)"'v1 + o2 |w||. We have thus established (8) for & = 0.

To demonstrate that (8) remains valid for all & = 0, we denote by J(Z) the optimal value of
problem (25) as a function of . Thus, J(2) coincides with the Gelbrich risk.

~

Applying Berge’s maximum theorem [6, pp. 115-116] to problem (25), it is easy to show that J(X)
is continuous on S7 . Next, define J(E) = =T w+aVwTSw+ pv1 + o2 |w|| as the right hand side
of (8), which is manifestly continuous on S}. From the first part of the proof we know that J (f]) =
J(2) for all & = 0. As both J(£) and J() are continuous on S™ and as any positive semidefinite
matrix can be expressed as a limit of positive definite matrices, we thus have J (fl) =J (f)) for

all 3 € S™ . This proves (8) for all 5 = 0.

Finally, if S is the structural ambiguity set generated by a Gaussian nominal distribution P

with & > 0, then the Wasserstein risk equals the Gelbrich risk by Corollary 1. U

Proof of Proposition 5. Fix any p € R", ¥ € S and w € R", and select any symmetric probability

distribution Q € S, which exists by assumption. As S is closed under positive semidefinite affine
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pushforwards, we may assume without loss of generality that £ has mean p and covariance matrix X

under Q. We then find

’LUT — ’LUT —
0="Rql0) =Re (é vneTiaE: \/w(izl;))

where the first equality and the first inequality follow from the positive homogeneity and convexity
of the coherent risk measure Rq, respectively. The last equality exploits the law-invariance of Rg
and the symmetry of Q, which implies that w' (£ — p)/VwTSw and —w " (€ — p)/vVwT Sw have
the same distribution under QQ. Finally, the last inequality follows from the definition of o and the

observation that Q € C(u, X). O

Proof of Corollary 4. Note that problem (9) has a unique minimizer for every p > 0 because its
feasible set € is closed and its objective function is strictly convex and coercive on €. This minimizer

coincides with the unique optimal solution w*(A) of
mig 2w+ AaVwTSw+ V1 + 2|l
we

where A = 1/p. By Berge’s maximum theorem [6, pp. 115-116], the function w*(\) is continuous
on [0,1], and therefore w*(\) converges to w*(0) as A tends to 0. As Ze € Q, however, one readily
verifies that w*(0) = Le. As A = 1/p, this reasoning shows that the unique minimizer of (9)

converges to %e as p tends to oo. O

Proof of Proposition 6. If p = 0, then all distributions in the Gelbrich ambiguity set, and in partic-
ular all maximizers that attain the Gelbrich risk, have mean ;i and covariance matrix S3. The claim
then follows because, for p = 0, the formulas for p* and ¥* reduce to 1 and s, respectively. Assume
from now on that p > 0. As all assumptions of Theorem 5 are satisfied, we may proceed as in the

proof of Theorem 5 to show that

max —,uTw + at

Te)
sup Ro (—w §) = o~ ) T
st (1, X) eU(i1,X), t >0, t° <w' Xw

Q€EG, (1.5

= min sup  L(w,2,t,7,\),
720,220 4, $2-0,t>0 ( )

where the last equality follows from strong duality, which applies because the primal problem has a

compact feasible set. The Lagrangian in the last expression is defined through
L(p, 5,67, ) = y(p° = |ln— Al = T [£]) — pTw + ot — M

+ Tr [E()\ww—r —yD)] +2yTr [(2%22%)%]
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From the proof of Theorem 5 we know that the dual problem is uniquely solved by

1 2 L2
= @) Vit e | amd =1 2T

)\* ,-y*

In addition, [5, Theorem D.4.1] implies that any primal maximizer (p*,>*,¢*) must also be a max-

imizer of

* *
L anax L, 3, t,9%, A). (27)

As the Lagrangian is additively separable in p, > and ¢, the maximizers p*, 3* and t* can be
determined separately. Indeed, one readily verifies that p* must be a maximizer of the problem
max,{—u' w — v*||p — [1]|*}, which is uniquely solved by p* = fi —w/(27*). Similarly, =* must be

a maximizer of the problem

N|=

max Tr [E(Awa —I)] +2yTr [(E%Eié)

ma | = max Tr [B Al +2vTr [B], (28)

B>0

where the equality exploits the substitution B < (iéﬁlf}%)% and the definition A = 572 Nww" —
v*1 )ifé As in the proof of Theorem 5, one can show that the second maximization problem in (28)
is uniquely solved by B* = S (1 (I— 7* ~ww )_12%, which implies that the first maximization problem

in (28) is uniquely solved by

) ()
= (I+ —ww | S (T+ ——ww' ).
( 7= Mwlf? 7= A wl?

Here, the last equality exploits the Sherman-Morrison-Woodbury identity [7, Corollary 2.8.8]. Fi-
nally, t* must be a maximizer of max;>o at — \*t?, which is uniquely solved by t* = a/(2A\*). The
claim now follows from the formulas for the dual variables v* and A* substituted into the formulas

for p*, ¥* and t*. O

Proof of Proposition 7. Proposition 1 in [108] provides an analytical formula for the Chebyshev risk
of a portfolio loss function with respect to VaR. As the Chebyshev risk coincides with the Gelbrich

risk for p = 0, the standard risk coefficient is readily found by comparison with (8). O
Proof of Proposition 8. This follows from [108, Proposition 2], similar to Proposition 7. O
Proof of Proposition 9. Equation (8) for p = 0 reveals that o = §. O
Proof of Proposition 10. This follows from [62, Theorem 2|, similar to Proposition 7. O

Proof of Proposition 11. This follows from [62, Theorem 3], similar to Proposition 7. g
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Proof of Proposition 12. This follows from [15, Theorem 3.10], similar to Proposition 7. The same
theorem reveals that the Chebyshev risk does not change if h is replaced with its right-continuous
modification. In light of (6), this invariance remains valid if uncertainty is modeled by a Gelbrich

ambiguity set. Thus, we may always assume without loss of generality that h is right-continuous. [J

APPENDIX D. PROOFS OF SECTION 5

Proof of Theorem 6. By the two-layer decomposition (6a) of the Gelbrich ambiguity set, we find

sup  Egll(§)]=  sup  sup BEg[((E)] (29a)
QEG,(7.5) (.)€l (7.5) QEP(1,¥)
= sup inf o+ 2u'y+Tr [(E + u,uT)Y} (29Db)
(1 E)ethy (. 5) 09V
=  sup inf  yo+2u'y+ Tr [MY] (29¢)
(1 MDEV,(@,S) VoY )Y
= inf sup Yo+ 2u'y + Tr [MY] (29d)
oI (uan)ev, (7.8)
= (yo,;lyf)ey Yo+ 0y, 520, Y), (29e)

where (29b) exploits duality. Note that the dual problem in (29b) can be constructed as in the proof
of [16, Lemma 1]. Strong duality holds because p > 0, which implies that the uncertainty set U, (jz, 5)
contains a point (u, ¥) with 3 > 0. Similar arguments were used in [74, § 2.5], and thus details are
omitted. In addition, (29c) holds because (i, %) € U, (1, 5) if and only if (p, X 4 pup’) € V(1 ),
(29d) follows from Sion’s minimax theorem [99], which applies because Vp(ﬁ,i) is convex and
compact by virtue of Proposition 3, and (29e) exploits the definition of the support function. By

Proposition 14, we thus obtain the optimization problem given in the theorem statement. O
The proof of Theorem 7 relies on the following corollary, which generalizes [111, Lemma A.2].

Corollary 5 (Worst-case probabilities over Gelbrich ambiguity sets). If = C R™ as a (not necessarily
convez) Borel set, S = Mg and p > 0, then we have
inf yo+v(p? — ||Al]* — Tr [i]) + 24 Tr [Z]
s.t. yeER, »oeR, yeR", Y eSS, zeRy, 28}

sup Q€ E)= N[ -Y A5 NI—Y N4y Y oy
Qe (i.%) a1 =0, 0 =0,

v Z (v +y) z Yy W

Yo+2y E+ETYE>T VEEE

Proof. The probability Q(§ € =) can be viewed as the expected value of the indicator loss func-
tion ¢ = 1z corresponding to the set =, which is defined through 1z(¢) =1if £ € E and 1g(£) =0
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if £ € =Z. Thus, we can address worst-case probability problems with the techniques of Theorem 6.

Specifically, the convex set ) associated with the indicator loss function can be represented as

Y={weR yeR" Y e yo+2¢+¢ Ve 1z(¢) ¥ R}

—{weR yeR", Y e iy +2 e +ETYEROVEERY, yo+ 2 € +€TVE > 1V € E)

Y oy
weR, yeR", Y eS": . =0, y0+2y E+ETYE>1VEEE
Yy Yo

The claim then follows by substituting this representation of ) into the problem of Theorem 6. [

Proof of Theorem 7. By introducing an auxiliary variable 7, the Gelbrich VaR can be recast as

sup Q- VaRg({(€)) = inf {T : sup  Q-VaRg(£(¢)) < T}
QEG, (.5 TR 0es,@9)
= iIelllf% {7’ :Q-VaRg(£(§)) < 7VQ € G,(, E)}
— inf {T Q) > 7) < AYQ € G, (@, i)}
= inf {T :osup QU >T)< ﬁ}
TR e, @)

~ inf {T  swp QUE) 2T < ﬂ},

R o
e QEG,(71,5)

where the last equality follows from a straightforward adaptation of the arguments in [111, p. 175],
which imply that the mapping 7 — SUPgeg, (7,5) Q((&) > ) is lower semi-continuous and non-

increasing. Corollary 5 then allows us to reformulate the worst-case probability on the last line as

inf yo+v(p? — ||@l|* - Tx [i]) + 24 Tr [Z]
s.t. v,2€Ry,ypeR, yeR", Y 8", Ze8S}

sup Q&) >7) = I—-Y ~%3 I-Y o+ Y
. — — )
0eG, (3.5 K 7= a0 |7 T o, >

al — —~
722 Z (va+y)' oz v’ o
Yo+2y E+ETYE>T  VEEE,,

where the uncertainty set =, = {£ € R™ : £({) > 7} of the emerging robust constraint depends on
the decision variable 7. Recalling the polyhedrality of ¢(£), this constraint is satisfied if and only if
inf yo+2y' E+EYE
EeRn > 1.
sit. 74w E+w! max{Af +a, BE+b} <0
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By standard duality arguments akin to those used in [111, Theorem 2.3], this inequality holds if and

only if there exists a scalar n > 0 and a vector ( € R", ( < w, such that

Y y N 0 Hw+(A-B)"(+B'w) -
yT Yw+(A—B) C+BTw)T nr+(@—b)T¢+bTw)—1|

Substituting the emerging matrix inequality into our reformulation of the worst-case probability

SUDgeg, (7.5) Q(4(&) > 1) then yields the following reformulation of the Gelbrich VaR problem.

inf 7

s.t. y,mz€RL, Tyo,v0 €ER, v,y eR?, (€eRE Y eS™, ZeSh
C<w yo+ (0"~ EI° =T [£]) +2+Tr (2] < 5
v=2(w+(A-B)"(+B"w), =7+ (a—b)"(+bw

i ol ~ 30)
I-Y 33 I-Y + (
gt N Lokl N WA ) MYl
1z Z (Vi +y) z
L y

Y = 0, Yy +nu -
v W y"+nvT yo+nuo—1

Note that problem (30) is still non-convex because of the bilinear terms in the last constraint. To
eliminate these bilinear terms, we first show that n > 0 at any feasible solution of (30). Assume to
the contrary that there exists a feasible solution with n = 0. The last semidefinite constraint then
implies that yg > 1. In addition, as Y > 0 and thus vI — Y =< v, the first semidefinite constraint
implies via a Schur complement argument that Tr [Z] > ~vTr [f]] Similarly, the second and the
fourth semidefinite constraints imply that z > ~||7i[|> + 1 — yo. These insights collectively show that

yo + (0 — Al — T [E]) + 2+ Tr [Z2] > 14702 > 1,

which contradicts the second constraint in (30) for any 5 € (0,1). Hence, we may conclude that our

assumption was false and that n > 0. Consequently, we can divide all constraints of problem (30)

by 7, and we can apply the substitution (v,n,2,0,4,Y,Z) < (v/n,1/n,2/n,y0/n,y/n,Y/n, Z/n).
In doing so, problem (30) reduces to the desired (tractable) semidefinite program. O

Proof of Theorem 8. We have

sup Q-CVaRg(4(€)) = sup sup  Q-CVaRgs(¢(§))
QEG,(i1,%) (1,3) €U, (1,5) QEP (1,%)
= sup sup Q- VaRg(€(§))

(1,3) e, (5,5) QEP (1,X)

— swp Q- VaRu((©),
QeG,(B,X)
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where the first and the third equalities follow from the two-layer decomposition (6a) of the Gelbrich
ambiguity set, while the second equality holds because of [111, Theorem 2.2]. O

Proof of Theorem 9. The proof widely parallels that of Theorem 7 and can thus be kept short.
First, the Gelbrich VaR can be expressed as the optimal value of a minimization problem over 7 € R
that involves the worst-case probability SUPgeg, (7,5) Q(&) > 7). By Corollary 5, this worst-case
probability can again be expressed as the optimal value of a minimization problem with a robust
constraint. Using strong convex duality, this robust constraint can then be shown to be equivalent
to a matrix inequality. In summary, the Gelbrich VaR of a quadratic loss fucntion thus equals
inf 7
st yzmeR, yweR, yeR", Y eS", 28}, 7eR
o +7(p* = Il = Tr [X]) + 2+ Tr [Z2] < 8
Y r A
AN (w) nA(w) . (31)
y" owo|  |nAw)T 1+ 2n(r +0(w))
B ~1
I-Y ~%2 I1-Y m Y
v R gl “ 0 gl TH+Y “ 0 Yy
20>

p— )

Z (vi+y)" z a vy Yo

D=

An analogous reasoning as in the proof of Theorem 7 reveals that every feasible solution of prob-
lem (31) satisfies n > 0. The claim then follows by dividing the constraints of problem (31) by 7

and by applying a similar variable substitution as in the proof of Theorem 7. (|
Proof of Theorem 10. The proof is analogous to that of Theorem 8 and thus omitted. 0

The tractability of the generic worst-case expectation problem addressed in Theorem 6 depends
on the properties of the underlying loss function ¢. The following corollary shows that this worst-case
expectation problem is equivalent to a tractable semidefinite programming whenever ¢ is defined as

the pointwise maximum of finitely many (possibly indefinite) quadratic functions.

Corollary 6 (Piecewise quadratic loss). Suppose that £(£) = max;—1 j{"Q;& + 2qu£ + q?} for
some Q; € S", ¢; € R" a,ndq? eR,j=1,....J. If § = My and p > 0, then we have

inf yo+(p? — ||Al]> — Tr [i})—l—z—i—Tr [Z]
st v,2€R, woeR, yeR", Y e§", Ze8Y
~NI-Y 'yf]% - ~NI-Y qyu+y
B2 (vi+y)" =z
-Y_Qj y—qj

v —q w—d

=0

sup  Egll(§)] =
Qegp(ﬁ‘7z)

[NIES
N
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Proof. By Theorem 6, the worst-case expectation problem at hand can be reformulated as an equiv-

alent minimization problem. The convex set ) appearing in this reformulation satisfies
Y={weR yeR", Y €S yo+2y ¢+ VE2E Q¢ +20/ ¢+ VEER", Vi =1,...,7}

Y-Q v—g
={yeR, ycR", Y eS": ’ Tl=o0vj=1,...,J
y'—q w—q
Thus, ) is semidefinite representable. The claim then follows by substituting this representation

of Y into the optimization problem derived in Theorem 6. U

APPENDIX E. MEAN-VARIANCE RISK MEASURES

Mean-variance risk measures appear in static portfolio selection [69, 36] and in myopic reformu-
lations of dynamic portfolio optimization [70], due to their analytic tractability. For any probability
distribution Q € M, the mean-variance risk measure with risk-aversion coefficient 5 > 0 of any loss

function ¢ € Ly is defined as

Ro(l(£)) = Eqlt(§)] + BVarg(£(£)),

where Varg(¢(£)) denotes the variance of the loss ¢(£) under the probability distribution Q. Even
though the mean-variance risk measure gives rise to a law-invariant family of translation invariant
risk measures, it fails to be positive homogeneous, and therefore Theorem 5 is not applicable.
Nevertheless, the Gelbrich risk evaluation problem can still be reformulated as a tractable second-

order cone program.

Theorem 12 (Gelbrich mean-variance risk of linear loss functions). Suppose that {Rqg}oem is a
family of mean-variance risk measures with coefficient 8 > 0. If S - 0, then the Gelbrich risk
and the Wasserstein risk of any portfolio loss function £(€) = —w ¢ coincide and are equal to the
optimal value of the second-order cone program

inf  yp* —4Tw+ jy+ Bz

s.t. vyeRy, yeRy, ze Ry

2w
<z-pBy+1, <y+7, By <1

QE%w
z4+pPy—1 Yy —

-2

Proof of Theorem 12. The equivalence of the Gelbrich risk and the Wasserstein risk for portfolio
loss functions follows from Proposition 1 and the observation that the mean-variance risk measure
depends on the distribution of the asset returns only through its first and second moments. It

remains to be shown that the Gelbrich risk coincides with (32).
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If w = 0, then the Gelbrich risk evaluates to 0, and problem (32) is solved by v = y = z = 0. Thus,
the claim is trivially satisfied. From now on we may assume without loss of generality that w # 0.

Using the decomposition (6a), the Gelbrich risk can be recast as

R, ) (0) = sup sup Ro(—w'€) = sup {—wTu + BwTEw} ,
e (1.5) Uy (,5) QEC(1,T) (15U (7.5)

where the second equality uses the definition of the mean-variance risk measure. Note that the

last optimization problem in the above expression evaluates the support function of U,(ji, ) at the
point (—w, Bww '), and by Proposition 13 we thus have

;

inf —plw47+ 'y(pQ —Tr [i]) + Tr [Z]

s. t. ’YER+, T€R+, ZGSZZ_
sup Ro(—w'€) = 1
Qe (1,3) I—Buww’ ~%2 —w
L ) <77

vz VA T

Fix now any feasible solution (v,7,Z) of the resulting semidefinite program. The first matrix
inequality implies that vJ > fww'. As 8 > 0 and w # 0, this is only possible if v > 0, which
in turn implies that fyié > 0. By [7, Corollary 8.2.2], the first matrix inequality in the above
semidefinite program therefore also implies that v/ — fww ' > 0, which is equivalent to v > A|lwl|?.
It is easy to verify that, at optimality, 7 coincides with ||w||?/(47) and Z coincides with its Schur
complement 2 (yI — waT)*li7 which is well-defined because v — fww!' > 0. Thus, 7 and Z can

be eliminated together with their constraints to obtain

sup Ro(—w'§)
Qegp ()

2 ~ ~
= gt AT L (w5 e o - ) )

2
~ w _ _ a
vo: =i w + HMH +B(1 = By Hw|*) e S,

in
v>B|wlf?
where the second equality follows from the Sherman-Morrison formula [7, Corollary 2.8.8]. Intro-
ducing an auxiliary variable y > 0 and rewriting the constraint in the last expression as ||w||?/vy <

y < B! yields

) inf yp? — il w+ Y+ B(1 - By) lw Sw

sup  Rg (—wa =
st [lwl?/y <y < BTy >0

Qegf’ (ZL/Z\:)

As v >0,y > 0 and By < 1, we may use [64, Equation (8)] to reformulate the hyperbolic con-

straint and the quadratic-over-linear term in the objective function in terms of second-order cone
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constraints, that is,

2 2w w' Yw
[wl[* <7y <= <y+v and <z

_ 1— By

y—7
QE%w

— <z- By + ]-a
z+Py—1
where z > 0 is an auxiliary epigraphical variable. Thus, the claim follows. O

In analogy to Proposition 6, we can determine the first and second moments of the worst-case
probability distributions that maximize the Gelbrich mean-variance risk of a fixed linear loss func-

tion.

Proposition 15 (Worst-case moments). Suppose that {Rq}oem is a family of mean-variance risk
measures with 8 > 0. Iff) =0, w#0 and p > 0, then any extremal distribution Q* that attains the
Gelbrich risk of the linear loss function £(€) = —w'& has the same mean p* € R™ and covariance
matriz ¥* € S, where
1 _
ore g (-2 (-2
and v* > Bl|lw||? is the unique solution of the nonlinear algebraic equation
[w]]?

e + Tr [i (I —y(yI — ﬁww—r)_lf} = p°.

We emphasize again that there may be multiple extremal distributions in the Gelbrich ambigu-
ity set G,(1i, /X\J) that share the unique extremal mean p* and covariance matrix ¥* identified in

Proposition 15.

Proof of Proposition 15. From the proof of Theorem 12 we know that the first and second mo-
ments of any extremal distribution Q* are maximizers of the support function evaluation prob-
lem sup{q' p+ Tr [QX] : (1, %) € U, (7, $)} with ¢ = —w and Q = fww'. The claim thus follows

from Lemma 2, which applies because w # 0. O

Distributionally robust mean-variance portfolio optimization problems with 2-Wasserstein ball
ambiguity sets were also studied by [12]. Instead of minimizing a worst-case mean-variance risk
measure, however, they minimize the worst-case variance of the portfolio return subject to a lower
bound on the worst-case mean, which results in a more conservative model because the extremal dis-
triburtions in the objective function and in the constraints may differ. The additional conservatism

enhances analytical tractability.
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