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Abstract. We demonstrate a formulation of the Azouani-Olson-Titi (AOT) algorithm in the MPAS-Ocean

implementation of the primitive equations of the ocean, presenting global ocean simulations with realistic
coastlines and bathymetry. We observe an exponentially fast decay in the error before reaching a certain

error level, which depends on the terms involved and whether the AOT feedback control term was handled

implicitly or explicitly. A wide range of errors was observed for both schemes, with the implicit scheme
typically exhibiting lower error levels, depending on the specific physical terms included in the model.

Several factors seem to be contributing to this wide range, but the vertical mixing term is demonstrated to

be an especially problematic term. This study provides insight into the promises and challenges of adapting
the AOT algorithm to the setting of high-resolution, realistic ocean models.

1. Introduction

In the modeling of turbulent flows, such as ocean dynamics, there are many non-trivial issues that arise.
One such issue is the initialization of the model. That is, even if one could evolve the model forward in
time exactly, one still would require an initial state to evolve forward from. For many dynamical systems of
interest it is infeasible to obtain a complete set of initial data with which to initialize the model. One way
to mitigate this problem is to use a set of techniques, collectively known as data assimilation, to incorporate
observational data into the model.

Data assimilation refers to a class of schemes that combine observational data with a physical model
to better predict the future state of a physical system. Classical methods of data assimilation include the
Kalman filter and its variants, as well as by variational methods such as 3D/4D Var. For a look at classical
methods of data assimilation see, e.g., [3, 46] and the references therein. In the past decade, a new data
assimilation paradigm known as the Azouani-Olson-Titi (AOT) continuous data assimilation algorithm has
developed [4, 5].

The AOT algorithm was first developed in the context of the 1D Allen–Cahn Equation in [5]. It was
then given in full generality in [4] for general classes of interpolants in the context of the 2D incompressible
Navier–Stokes Equations. Since its inception in 2014, the AOT algorithm has been applied successfully to
many other dissipative dynamical systems. This includes the Cahn–Hilliard Equations [16], the 3D primitive
equations of the ocean [12, 53], the surface quasi-geostrophic equations [38, 39], the Kuramoto–Sivashinsky
Equations [42, 47, 52], and various regularizations of NSE [1, 32, 41] to name a few. This algorithm has also
been used in downstaling a general circulation model of the atmosphere [15]. There have also been numerous
studies that utilize the AOT algorithm to recover the solutions to dynamical systems with a variety of
restrictions placed on the observational data. This includes observations that include measurement error
[6, 13, 30], incomplete observations of each variable [24, 26–29], observations that are discrete or averaged
in time [13, 30, 38, 45]. There have also been numerous studies adjusting the gathering and assimilation
of observational data, this includes assimilating observational data on a localized patch of the domain [7],
using mobile observers to gather data [7, 31, 44], and using nonlinear variations of the feedback control term
[11, 17]. Related algorithms which use interpolated or filtered data as in AOT, but insert the results directly
have been studied in [14, 36, 45, 50]. Recently there has been work done on modifying this algorithm for use
not only in recovering solutions, but in system identification. In particular, the AOT algorithm has been
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modified to simultaneously recover the true solution of a dynamical system along with the viscosity [9, 23]
or the forcing [25, 48].

The AOT algorithm differs from classical methods of data assimilation by introducing a feedback control
term at the PDE level. We note that the AOT algorithm appears similar to a form of data assimilation
known as nudging, or Newtonian relaxation proposed and studied in [2, 37]. This similarity is superficial, as
the AOT algorithm applies a spatial interpolation which has a large impact on, implementation, practical
usage, and convergence rates for the algorithm. For an in depth examination of nudging methods (as opposed
to AOT methods) see e.g. [40] and the references contained within.

Consider a dynamical system, e.g. the primitive ocean equations, written abstractly as:

(1)
d

dt
u = F (u).

Note that, in the above equation, we do not know the initial state u(0) = u0 of the flow. Instead, we
observe the velocity at certain spatial locations and incorporate this into the AOT algorithm which is given
as follows:

d

dt
v = F (v) + µ (Iδ(u)− Iδ(v))(2)

v(0, x) = v0(3)

Here µ > 0 is a constant feedback control term and Iδ is an interpolation operator corresponding to some
characteristic spatial length scale δ > 0. Of course, u is unknown, but we suppose that we have access
to certain measurements of u, for instance, observations of u at finitely many spatial locations. We then
interpolate these observations globally to form Iδ(u). The initial data for the reference flow, u, is also
unknown, but the initial flow for the simulated flow, v, is given by v(0) = v0, where v0 is some admissible
but otherwise arbitrary initial data. For instance, one may choose v0 ≡ 0. In the present work, for simplicity,
we assume the observations are exact and are taken continuously in time. However, it has been shown that
the AOT algorithm is robust to removing these assumptions. For example, noisy observations and stochastic
forcing have been studied in [6, 10], and sparse-in-time observations have been studied in [10, 30, 45]. The
AOT algorithm also does not need the model parameters to be known perfectly (or at all) in many cases,
and indeed, AOT can be used in tandem with other algorithms to recover unknown parameters, as has been
studied in [9, 10, 23, 41, 52]. We detail below in Section 2 our implementation of the AOT algorithm specific
to the governing equations of the MPAS-Ocean model.

It was shown in [53] that the AOT algorithm, in the context of the 3D primitive equations of the ocean, is
globally well-posed and exhibits exponentially fast convergence when applied to the 3D primitive equations
with some idealizations. In this work we examine computationally the performance of the AOT algorithm
when applied to a realistic ocean model. Specifically, we test this algorithm computationally against a high
resolution ocean model with realistic coastlines. We consider in particular the effect of assimilating the
tracer quantities, temperature and salinity. We find that the assimilation of the tracers improves the level
of convergence of the kinetic energy of the system, however we do not obtain convergence to the level of
machine precision, except in certain cases with simplified physics. We note that the level of convergence we
obtain is comparable to those of recent studies of this algorithm for ocean models including [12] where the
simulations were done in the context of an idealized mesoscale eddy test case and [35], where the performance
of the AOT algorithm was compared to a physics-informed deep neural network in a downscaling model.

This work is organized as follows. In Section 2 we discuss the formulation of the AOT algorithm equations
and the ocean model equations. In Section 3 we describe the experimental setup utilized to test the AOT
algorithm, the numerical scheme, details of the MPAS-Ocean model, and we show the results of test utilized
to verify the correct implementation and performance of the AOT algorithm. In Section 4 we detail the
results of our simulations and the effect that varying parameters of the system has on convergence. We end
with some concluding remarks in Section 5.

2. Background

In this section we detail the relevant background information related to data assimilation and the ocean
model. We discuss the governing equations for MPAS-Ocean, the ocean model we utilize, the equations for
the AOT algorithm applied to this system, and additional details about MPAS-Ocean itself.
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Figure 1. Figures showing average over time of kinetic energy for the reference solution (top
left) with surface level temperature (top right), salinity (bottom right), and kinetic energy
(bottom left) for an ocean state using AOT. The values for kinetic energy, temperature, and
salinity are given with units m2s−2, degrees Celsius, and PSU (Practical Salinity Unit),
respectively.

Figure 2. Kinetic energy along the surface of the ocean for simulated solution with optimal
parameters after 30 days of simulation. Optimal parameters can be found in Table 4. This
figure shows a zoomed out version of the bottom left panel of Figure 1 with a rescaled
colorbar.
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In this work all simulations were conducted using the Model for Prediction Across Scale-Ocean (MPAS-
Ocean) developed at Los Alamos National Laboratory (LANL). It is the ocean component of the Department
of Energy’s Energy Exascale Earth System Model (E3SM) for use in long-term climate simulations. MPAS-
Ocean utilizes an unstructured mesh to perform ocean simulations with variable spatial resolution. This
is typically used to conserve computational power by utilizing a high resolution mesh only over areas of
particular interest for detailed regional studies, or to resolve smaller-scale features of the flow. The unstruc-
tured mesh is initialized using a mesh generation framework known as compass (Configuration Of Model for
Prediction Across Scales Setups) which adds bathymetry and initial temperature and salinity data to a lay-
ered ocean model. The mesh itself is generated within compass using a Delaunay-based unstructured mesh
generation tool called JIGSAW. For an in-depth description of the algorithm used in the mesh generation
see e.g. [18–22]. For a more in depth introduction to MPAS-Ocean see, e.g., [34, 55? ].

2.1. Governing Equations. The governing equations for MPAS-Ocean, as given in [54], are:

∂u

∂t
+ ηk× u+ w

∂u

∂z
= − 1

ρ0
∇p− ρg

ρ0
∇zmid −∇K +Du

h +Du
v + Fu,(4a)

∂h

∂t
+∇ · (huz) + w|z=stop − w|z=sbot = 0,(4b)

∂

∂t
hϕ

z
+∇ · (hϕuz

) + ϕw|z=stop − ϕw|z=sbot = Dϕ
h +Dϕ

v + Fϕ,(4c)

p(x, y, z) = ps(x, y) +

∫ zs

z

ρgdz′,(4d)

ρ = feos(Θ, S, p).(4e)

The equations above are the standard expression for the primitive equations. Equation (4a) is the momentum
equation, Equation (4b) is the equation for vertical layer thickness, Equation (4c) is the equation for the
tracers (salinity and temperature), Equation (4d) is the hydrostatic condition, and Equation (4e) is an
equation of state. The variable and parameter values are described in Table 1.

2.2. AOT Algorithm Equations. The AOT algorithm is implemented for this system as follows:

∂u

∂t
+ ηk× u+ w

∂v

∂z
= − 1

ρ0
∇p− ρg

ρ0
∇zmid −∇K +Du

h +Du
v + Fu(5a)

+µIδ(Edtobsuref − u),

∂h

∂t
+∇ · (huz) + w|z=stop − w|z=sbot = 0,(5b)

∂

∂t
hϕ

z
+∇ · (hϕuz

) + ϕw|z=stop − ϕw|z=sbot = Dϕ
h +Dϕ

v + Fϕ(5c)

+hµIδ(Edtobsϕref
z − ϕ

z
),

p(x, y, z) = ps(x, y) +

∫ zs

z

ρgdz′,(5d)

ρ = feos(Θ, S, p).(5e)

The variable and parameter values are listed in Table 2 as well as explained briefly below. Note that
the equations here are the same as the governing equations, except in this case we have additional feed-
back control terms in Equation (5a) and Equation (5c). In Equation (5a) this additional term is given
by µIδ(Edtobs(uref ) − u), where µ is a feedback control parameter, Iδ is a linear interpolant with spatial
resolution δ, Edtobs is piece-wise linear interpolation in time with time-scale dtobs, and uref is the value of
u from our reference solution obtained from Equation (4a) that is observed with spatial resolution δ and
time resolution dtobs. We note that since Iδ is a linear operator, this term can be equivalently rewritten as
µ (Iδ(Edtobs(uref ))− Iδ(u)), as in [12]. Notice also that we utilize Edtobs(uref ), which is an approximation
of uref created by linearly interpolating between observed states at different times. The usage of such an
approximation is a necessary one, due to the infeasibility of storing high resolution ocean data continuously
in time.
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symbol name notes
Du

h, D
u
v momentum diffusion terms h horizontal, v vertical

Dϕ
h , D

ϕ
v tracer diffusion terms horizontal and vertical

f Coriolis parameter
feos equation of state
Fu momentum forcing
Fϕ tracer forcing
g gravitational acceleration
δ layer thickness
k vertical unit vector
K kinetic energy K = |u|2/2
p pressure
ps surface pressure
sbot z-location of bottom of layer
stop z-location of top of layer
S salinity a tracer ϕ
t time
u horizontal velocity
w vertical transport
z vertical coordinate
zmid z-location of middle of layer
zs z-location of sea surface
ω relative vorticity ω = k · (∇× u)
η absolute vorticity η = ω + f
Θ potential temperature a tracer ϕ
κh, κv tracer diffusion horizontal and vertical
ρ density
ρ0 reference density
ϕ generic tracer e.g. Θ, S

Table 1. Variables utilized in MPAS-Ocean governing equations.

It was proved in [53] that sufficiently dense observations of the velocity and tracer fields were enough to
obtain convergence to the true solution for the primitive equations of the ocean (assuming diffusion in all
tracer fields), but observing only the velocity poses analytical problems to the convergence proof. Thus,
in our setting, it is expected that salinity and temperature measurements will need to be assimilated to
achieve convergence of this model to the true solution, and we investigate this below. To examine the effect
that these tracer quantities have on convergence, we incorporate an additional feedback control term into
Equation (5c). We note that the feedback control parameter, µ > 0, is the same for both Equations (5a)
and (5c). We found that for simulations the optimal choice of µ for Equation (5c) appeared to be the same
as the optimal choice in Equation (5a) so they are denoted by the same symbol µ. Note however that in
many of our simulations below, we do not assimilate tracer observational data, which can be seen as formally
setting µ = 0 only in Equation (5c).

3. Methods

In this section we outline the experimental setup that we employed to test the AOT algorithm in the
MPAS-Ocean system. Additionally we detail the numerical schemes and algorithms used in the simulation
of the governing equations and for the generation of observational data. We also discuss several validation
tests that were utilized to ensure that the AOT algorithm was implemented correctly into MPAS-Ocean.

3.1. Experimental Setup. In order to test the AOT algorithm we used an “identical twin” experimental
design. This is a standard experiment used to test methods of data assimilation, involving running two
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symbol name notes
Iδ interpolation operator spatial length scale δ
Edtobs interpolation operator time scale dtobs
δ spatial length scale measured in cell lengths
dtobs time scale time between observations
µ feedback control parameters
uref , ϕref reference solution observables observed with spatial resolution δ

Table 2. Variables utilized by the AOT algorithm formulation applied to the governing equations.

separate simulations. The first simulation is used to produce a reference solution, which is used both to
generate observational data and as the “true” solution we want to recover using data assimilation. Next, we
start the twin simulation, a second simulation that we begin from a different set of initial data. The obser-
vational data is assimilated into the twin simulation, and the error between both simulations is calculated.
The phrase identical twin here refers to the underlying physics in the simulations; namely, both the reference
and twin simulation utilize the same underlying model with consistent physics between them. We note that
in several validation tests the physics were adjusted (as detailed below), which would classify those tests as
“fraternal twin” experiments instead. For a detailed discussion of twin experiments see, e.g., [56].

For our experiments we first initialized the reference solution using high resolution initial data which
was “spun-up” until the kinetic energy was statistically stabilized. This data was then run for another two
simulation years to ensure that the kinetic energy was approximately constant for the system. The end
result of these simulations was then utilized as the initial state for the reference solution. This reference
solution was simulated for an additional month in order to generate observational quantities. The final state
of this simulation was recorded and utilized as the initial state for the twin simulation. We note that after
thirty days have passed, the end state of the reference solution is sufficiently decorreleated from the initial
state to ensure that the root-mean-squared error of the kinetic energy between the simulated solution and
the reference solution is large (e.g. 5e − 2)1 during the initial startup of the simulated solution. Moreover
the solutions are decorrelated to the point where the error remains large for all times when no observational
data is assimilated.

We note that we utilized the difference of pointwise kinetic energy as a metric for the error as it is a
standard metric in oceanography used to characterize simulations. In addition, the kinetic energy is a scalar
and so does not depend on the frame of reference, as the velocity components do; which have meridional and
zonal components when measured in cell centers or normal and tangential components when measured on
cell edges. In low resolution tests, we found that the differences between in error between simulations was
qualitatively the same when using the kinetic energy and the velocity fields directly.

3.2. Numerical Scheme. MPAS-Ocean was developed with the option to use different time-stepping
schemes to advance the governing equations forward in time. The methods we used in our simulations
were a barotropic-baroclinic splitting explicit scheme (SE), as well as a forward Euler scheme that we imple-
mented for our validation tests. MPAS-Ocean additionally has a fourth order Runge-Kutta (RK4) scheme,
however we note that, as pointed out in [51], the AOT algorithm cannot be faithfully implemented with
higher-order Runge-Kutta methods, or implicit methods, due to the fact that the feedback control term,
being based on data, cannot be evaluated at arbitrary arguments. We note that the forward Euler scheme
is applied specifically to the momentum equation. We found that the inclusion of terms in the tracer and
vertical layer thickness equations introduced instabilities, making the forward Euler scheme unsuitable for
the high resolution tests using the full ocean model.

Details of the specific time-stepping schemes used in MPAS-Ocean can be found in [55]. We note that
the forward Euler scheme was implemented as a modification of the current RK4 scheme. The assimilated
equations were simulated using the same numerical scheme used to generate the initial data, with the
exception that the feedback control term was implemented as an explicit term in both the momentum and
tracer equations, except for certain validation tests which we discuss below.

1We use the standard notation Me− n to mean M × 10−n.
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Additionally we note that our simulations were all conducted on the Cori computing cluster at the National
Energy Research Scientific Computing Center (NERSC). We utilized Cori’s Haswell system partition which
utilizes Intel Xeon processors (E5-2698 v3) running at a clock rate of 2.3 GHz. Numerical tests were
performed using 512 cores for low resolution and 4096 cores for high resolution simulations of the ocean.

3.3. Observational Data and Interpolant. The observational data was gathered by saving the meridional
and zonal velocities and the salinity and temperature tracers as measured in the cell centers at 6-hour
intervals. Low resolution simulations showed that the difference in convergence between simulations using
observations gathered daily and hourly were negligible. Due to this, the choice of 6-hour time intervals was
made as a compromise to conserve storage space while still utilizing a significant amount of observational
data. We note that for ultra-low resolution simulations, we ran tests with ocean data saved from each time-
step. The results of these simulations were qualitatively the same as those featuring a linear interpolation
of observational data for the high resolution simulations, so they have been omitted from this work.

The linear interpolant we used for Iδ was a modified flood fill algorithm given in Algorithm 1 with an
additional smoothing given in Algorithm 2. First, we used a masking array to determine the locations of
observational data. Using this mask, we initialized the observed cells with the meridional and zonal velocities
as measured in the cell centers. Once the observation cells are initialized we perform a flood fill algorithm.
That is, we propagate all of the observational data from the unmasked cells to all neighboring cells. This
propagation continues from all newly initialized cells to all of its neighbors. This continues until all cells in
the domain are initialized. In the case of a conflict, where multiple cells try to propagate their information
to a shared neighbor, the data in the new cell is averaged between all neighboring cells that have been
initialized in the previous iteration. After the observational data has been initialized using this algorithm
the data in all of the unobserved cells is then averaged with all of the neighboring cells using Algorithm 2.
This averaging is done to ensure a smoother transition between the piecewise-constant regions around the
observed cells.
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Algorithm 1: Flood Fill Interpolant

Data: Ocean observation mask: Obs(i) =

{
1 cell i is observed,

0 cell i is not observed
.

Data: Current ocean data on cells, Oi, given over N total cells.
Data: Number of smoothing iterations, smoothing, betweeen 0 and δ.
Result: Interpolated ocean data Õi

1 for i = 1 : N do
2 %% Initialize variable tracking distance of individual cells from observed cells.

3 cell depth(i) =

{
0 Obs(i) = 1,

∞ Obs(i) = 0
;

4 %% Initialize interpolated ocean with data from observed cells

5 Õi = Obs(i) ·Oi;

6 %% Initialize variable that maintains a count for each cell used for averaging.

7 count(i) = 0;

8 %% Loop over cells targeting a specific distance from observed cells (depth).

9 for depth = 0 to δ do
10 for i = 1 : N do
11 if cell depth(i) = depth then
12 %% Extract list of neighboring cells

13 nearby cells = Neighbors(i);

14 %% Propogate information to neighboring cells

15 for cell in nearby cells do
16 if cell depth(cell) > depth then
17 %% Set correct depth

18 cell depth(cell) = min(cell depth(cell), depth+ 1);

19 %% Update Õ with running average.

20 Õ(cell) = average(Õ(cell), Õ(i), count);

21 %% Update count for running average.

22 count(cell) = count(cell) + 1;

23 else
24 %% Do nothing. Cell has been flooded by closer cells already.

25 else
26 %% Do nothing. Cell is not at the targeted distance from observed cells.

27 for j = 1 : smoothing do
28 %% Apply smoothing algorithm.

29 Õ = smoothing(Õ);

3.4. Validation Tests. To validate the implementation of the AOT algorithm, validation tests were per-
formed on low resolution simulations. These tests were conducted to illustrate that the algorithm was
implemented correctly despite the fact that the convergence to machine precision was not achieved using
observational data of arbitrary spatial and temporal distributions. The validation tests were conducted to
test the implementation for different time-stepping lengths, convergence to a static ocean state, and im-
plicit/explicit variations of the AOT algorithm. The validation tests featured in this section were performed
on a low resolution ocean mesh, using 512 processor cores in simulations.

In order to ensure the efficacy of these validation tests we adjusted the implementation of the AOT
algorithm to use edge-based measurement data. Normally the observational data is recorded at the cell
centers for all of the cells on the unstructured mesh utilized by MPAS-Ocean. This presents a potential
source of error, as the governing equations are evolved using quantities evaluated on the cell edges, which
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Algorithm 2: Smoothing Operator

Data: Interpolated observational data to be smoothed: Õ.

Data: Ocean observation mask: Obs(i) =

{
1 cell i is observed,

0 cell i is not observed
.

1 %% Save data to new variable to prevent race conditions.

2 Õ temp = Õ;

3 %% Loop over all N cells in the domain.

4 for i = 1 : N do
5 if Obs(i) ̸= 1 then
6 %% Find neighboring cells of current cell

7 nearby cells = Neighbors(i);

8 total = Õ temp(i);

9 count = 1;

10 %% Sum over all neighboring cells

11 for cells in nearby cells do

12 total = total + Õ temp(cells);

13 count = count+ 1;

14 Õ(i) = total/count;

15 else
16 %% Do nothing, as these cells are directly observed.

Figure 3. Diagram of flood fill interpolation algorithm. Observation data is first initialized
with data (given by colorings) from observed cells and zero on unobserved cells (left), then
the algorithm loops based on distance from observed cells (middle and right), where infor-
mation from active cells is propagated to neighboring cells via arrows. In case of conflicts
cell data is averaged over all cells attempting to propagate to it as indicated via a green
coloring in the central cells in the rightmost image.

requires the observational data to interpolated from cell centers to cell edges. This interpolation breaks
down at the poles, which is why we implemented a latitude filter to only use observational data below 70◦

North. For the validation tests we instead use edge-based measurements directly to avoid any error from
interpolation.

Additionally, in all of our validation tests we set the observational length scale of “δ = 0.” This means
that we are utilizing the full solution uref as observational data. This is useful for validating the methods,
however for this case the algorithm does simplify to the more classical data assimilation known as nudging,
as there is no spatial interpolation of the observational data.

The results of our validation tests can be seen in Figures 4 and 5 and table 3. The first validation test
we conducted was an alteration of the time-stepping parameter dt. This was done to ensure that the results
we obtained were consistent for different time-steps that shared the same µ value. Due to the explicit
implementation of the feedback control term, there is a CFL-type condition restricting the choice of µ
parameter; roughly, µ ≲ 2

dt . This allows smaller time-steps to utilize a smaller µ value for potentially faster
9



Figure 4. Convergence rates for varying dt choices. The ”SE” (Split Explicit) in the legend
refers to the barotropic baroclinic splitting scheme used in the time integration.

Figure 5. Convergence to static ocean state for an implicit and explicit implementations
of the AOT term. Note: The output times for MPAS-Ocean are much larger than the time-
step, and hence the above plot only shows the error after the first hour of simulation.

convergence. In our simulations we saw that, as expected, utilizing the same µ value across a selection of dt
values resulted in similar error rates (see Figure 4). Moreover, we also noted that if we set µ = µ0

dt with µ0

a constant, then the scheme remained stable with better error values, as expected. This was done to ensure
the CFL condition is satisfied while increasing the value of µ for smaller time-steps. The results of these
simulations are not pictured, but are qualitatively similar to Figure 7. While decreasing the time-step may
be somewhat beneficial to accuracy, it means that one is spending significantly more computational resources
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Trial Explicit Implicit
No Dynamics EPS EPS
Full Dynamics 3.107e-4 2.515e-4
Coriolis Only 1.090e-4 1.781e-4
Explicit Bottom Drag Only EPS EPS
Surface Stress Only 1.488e-8 3.721e-12
Topographic Wave Drag Only EPS EPS
Horizontal Mixing Only 7.672e-6 1.919e-9
Vertical Mixing Only 7.535e-4 1.083e-3
Vertical Advection Only 9.695e-8 3.264e-11
Pressure Gradient Only 1.379e-4 3.449e-8

Table 3. Convergence levels for implicit and explicit implementations of the AOT feedback
control term into the forward Euler numerical scheme for the momentum equation. Error is
measured as the RMS of the difference between the normal velocity and the observed normal
velocity. All implicit simulations used µ = 10 and all explicit simulations used µ = 1e− 3.
Error level was achieved within 3 hours of simulation and stayed approximately constant.
EPS for certain explicit trials indicates convergence to machine precision with the error
returning a NAN (not a number) error when calculated at the end of the 24 hour simulation
due to lack of precision.

simulating the equations. Additionally, we found that we were unable to achieve convergence to machine
precision using this method, even with a time-step far smaller than needed for low resolution simulations.

Another validation test we performed was to test convergence to a static ocean state (i.e., a time-
independent state). In this case we used a static ocean state as our reference solution uref and attempted to
obtain convergence to it using the AOT algorithm. For these tests, we turned the underlying ocean physics
off, as the static ocean state is arbitrarily chosen and not in equilibrium. In this case the AOT equations
reduce from a PDE to an ODE due to the modifications to the model equations, greatly simplifying the
dynamics. The results of this test can be seen in Figure 5. Note that here we use the forward Euler scheme
with either an implicit or explicit implementation of the feedback control term, which we will discuss more in
depth later on. It is worth mentioning that the forward Euler scheme was implemented for this test instead
of the split-explicit scheme used in other tests as the split-explicit scheme does not allow for disabling of
individual ocean terms in the way we require. Notice in Figure 5 that we observe exponential convergence
in time with arbitrary precision. Machine-level precision (∼1e-15) is achieved within one hour of simulation
time for the implicit scheme and 8 hours for the explicit scheme.

One additional validation test that we performed was a modification of the implementation of the AOT
term. We reformulated the algorithm into a predictor-corrector scheme by treating the µIδv term implicitly
and the µIδEdtobsu term explicitly. We note that, since there is no interpolation for this validation test,
this scheme is equivalent to a semi-implicit implementation of nudging, a more classical data assimilation
algorithm. This test was inspired by our previous observation that increasing the value of µ improves con-
vergence levels of simulations. By implementing the µIδv term implicitly, we could relax stability constraint
µ ≲ 2

dt and choose a much larger µ value for a given time-step. Note that implicit methods for the AOT
algorithm were also investigated in [43] (but, as a cautionary note, see the discussion in Section 4 of [51]).

To see where the CFL constraint µ ≲ 2
dt arises, consider the ODE

vt = −µ(v).(6)

Approximating the time derivative with the explicit Euler scheme we obtain:

vn+1 − vn

dt
= −µvn,(7)
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where the indices refer to the timestep v is evaluated at, i.e. vn = v(tn). This simplifies to the following
equation

vn+1 = (1− dtµ)vn(8)

= (1− dtµ)nv0.(9)

Thus, to ensure that our scheme is stable we require |1− dtµ| ≤ 1, which implies µ ≤ 2
dt , for dt and µ

positive. Now, if we instead use the implicit Euler update scheme we obtain

vn+1 − vn

dt
= −µvn+1(10)

which simplifies to

vn+1 = (1 + dtµ)−1vn(11)

= (1 + dtµ)−nv0.(12)

Now similarly to before, we require
∣∣(1 + dtµ)−1

∣∣ ≤ 1 for the scheme to remain stable, however note now
that this constraint is automatically satisfied for any positive dt and µ.

We simulated the new implicit implementation, comparing it to the original explicit scheme to observe any
changes in performance. The results of these simulations can be seen in Table 3. In addition to testing the
implementation, we also investigated the performance of both schemes with different physics enabled. We
found that machine-level precision can be achieved for both schemes with certain physical processes disabled.
The Coriolis force and vertical mixing terms appeared to be particularly restrictive, as they restrict the error
to 1e − 4. The pressure gradient term introduced a similar level of error to these terms for the explicit
implementation, but was much less restrictive for the implicit implementation.

We note that each of the simulations involved in this validation test exhibit the same qualitative behavior
in the error plots, where the error very quickly drops to a constant value where it remains for the rest of the
simulation. We were able to achieve convergence to machine precision for the both schemes, but this was
only realized in the case when disabling all of the physical ocean terms except those involving wave drag.
It appears from these simulations that the Coriolis and vertical mixing terms are especially problematic,
as these terms have errors significantly larger than any of the other terms. The only terms that are not
problematic for convergence are topographic wave drag and explicit bottom drag. When the physics of the
model are adjusted, the error of implicit and explicit schemes still behave the same qualitatively. That is,
each simulation exhibited steep decay in the error that leveled off quickly and remained roughly constant for
the remainder of the simulation time. We note that the error level achieved for explicit and implicit methods
are close when simulating all of the ocean physics, even though the feedback control parameter µ is much
larger for the implicit schemes.

4. Computational Results

In this section we will outline the computational results we obtained in this study. In particular we look at
sensitivity of the error to several of the parameters present in the assimilated system. Using high resolution
simulations we simulated the AOT algorithm as applied to the MPAS-Ocean system. We first look at the
application of the AOT algorithm applied to the momentum equations exclusively. We note that to apply the
current theory (see [53]) in order to achieve exponential convergence to arbitrary precision for the primitive
equations of the ocean, we require assimilation terms for both momentum and tracer quantities, at least in
an idealized setting without salinity effects. In our study we examine the usefulness of data assimilation
applied only to the momentum equation as well as with the inclusion of tracer quantity data assimilation.
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Figure 6. Error corresponding to varied dtobs values over time.

Figure 7. Error corresponding to varied µ values over time.

4.1. Parameter Dependence. For this study we varied a variety of parameters relevant to the AOT
algorithm. These parameters were µ, dtobs, and δ. Here, µ is the feedback control parameter from the AOT
equations, dtobs is the length of time between observational data is recorded, and δ is the spatial length scale
between observer locations (measured in cell lengths). The errors shown in Table 4 were calculated as the
maximum value of the root mean square of the difference between the kinetic energies calculated between
the reference and simulated solutions taken over daily measurements calculated over 30 simulated days. We
note that the simulations featured here were conducted on the high resolution ocean mesh, using 4096 cores.
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Figure 8. Error corresponding to varied δ values over time.

Figure 9. Error corresponding to default and optimized parameter values based on previ-
ous tests.

It is important to note that in our above formulation, the AOT algorithm utilizes observational data that
is continuous in time (although, see, e.g., [13, 30, 38, 45] for the AOT algorithm adapted to discrete times).
In our case, the generation and storage of high resolution observational data presents a problem for the
application of the AOT algorithm as is. To solve this issue we introduced a new parameter, mentioned above,
known as dtobs. Instead of recording observational data at each time step, we instead record observational
data at each dtobs time interval and performed a linear interpolation in time. In low-resolution tests it was
found that the value of dtobs was largely irrelevant to the convergence level attained. This can be seen in
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Trial µ dtobs δ Tracers Error
µ #1 1e-4 03:00 1 Off 1.13e-3
µ #2 1e-5 03:00 1 Off 3.60e-3
µ #3 1e-6 03:00 1 Off 5.48e-3
dtobs #1 1e-5 03:00 1 Off 1.64e-3
dtobs #2 1e-5 06:00 1 Off 3.60e-3
dtobs #3 1e-5 12:00 1 Off 1.53e-3
δ #1 1e-5 03:00 0 Off 3.60e-3
δ #2 1e-5 03:00 1 Off 3.60e-3
δ #3 1e-5 03:00 2 Off 3.74e-3
Tracers Off 1e-5 03:00 1 Off 3.60e-3
Tracers On 1e-4 03:00 1 On 5.853e-4
Default 1e-5 03:00 1 Off 3.60e-3
Optimized 1e-4 03:00 0 On 1.77e-4

Table 4. Convergence levels for various choices of essential data assimilation parameters.

Figure 10. Figures showing magnitude of the difference of velocities for reference solution
and simulated solution (|uref − u|) measured on the ocean surface along southern coast of
Africa on days 1 (left), 10 (middle), and 30 (right) for high resolution “optimal” trial.

Figure 6 where the plots for 3 hour and 12 hour values of dtobs results in the errors fall roughly on top of
one another.

4.2. Minimum Length Scale. One parameter of note was the length scale of the observational data, δ.
Here δ refers to the distance between observations measured in the number of cell lengths apart. The δ
values were varied between 0 and 3 cell lengths, with a value of 0 indicating that observations were taken
from every cell in the domain. As one can see from Figure 8, we obtained what looks like initial exponential
decay, and then a roughly constant error for each value of δ = 0, 1, 2. In the case of δ = 3 we see slower
exponential decay that is still present at day 30 of our simulations; however, we expect similarly to our other
δ values, that the error will level off as time increases.

We note that the maximum value of δ = 3 was chosen due to the limitations of the domain decomposition
utilized for efficient parallel computation. Specifically, the domain is decomposed into smaller subdomains
with an outer boundary ring, known as the halo, that is 3 cells in width, see Figure 11. This halo is used to
limit the communication between nodes by allowing each node to accurately access the information in the
parts of the adjacent subdomains internally. That is, the interior of the domain is evolved forward in time
using information from within the subdomain and from neighboring subdomains that is contained in the
halo. Extending the value of δ past 3 would require performing a halo update to obtain updated information
from the boundary of the halo from each neighboring subdomain. Without performing such an update we
cannot guarantee that the information contained in each node about the neighboring subdomains is accurate,
or that our results will not vary between different runs of the same simulation.
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Figure 11. Representation of the edges owned by a single node. Pink edges are owned by
the block itself, with the other colors representing edges in the halo layer that is shared with
neighboring subdomain. The coloring (dark blue, light blue, and orange) correspond to the
halo layer (first, second, and third), respectively. (Image credit: MPAS Developer’s guide
[49].)

4.3. Assimilation of tracer quantities. Now we look into the effect of assimilating the tracer quantities of
temperature and salinity. Due to the coupling between Equation (5a) and Equation (5c), occurring through
the pressure term, it is expected that assimilation of the tracer values may be required to obtain convergence
to arbitrary precision. In this section we detail the results from simulations were we assimilated the tracer
data in addition to velocity measurements.

We note here that in addition to the feedback control term on Equation (5a) there is an additional feedback
control term on Equation (5c) to consider. As we stated in the preceding sections we note again that the
parameter µ should have separate components µu and µϕ as the parameters should be adjusted based on
the specific term they are applied to. In testing, we noted that the optimal choice of µ for the momentum
equation was also the optimal choice for the tracer equations. Thus we opted to denote all of the feedback
control parameters for each equation by a single µ parameter.

As we see in Figure 13 the inclusion of tracer component data into the AOT algorithm does have an
affect on convergence. However, the effect is still less than expected. In our simulations we were only able
to obtain convergence to 1e − 4 with the addition of tracers. While the error does not decay to machine
precision, we do observe several important features of the algorithm through the error decay. Namely, we
see that the error decays exponentially fast in time in all of the assimilated quantities: see, e.g., Figures 12,
13 and 14.

As the error only decays to the level of 1e − 4, there is the question of where this error is concentrated.
It may be expected that when applying data assimilation on a realistic ocean model that error should
accumulate on the coastlines and other domain boundaries. To clarify this, we see in Figure 10 that the
absolute difference between observational data and the assimilated solution appears to be widespread and
not restricted to coastlines. Moreover we see that the errors on day 10 appear to be qualitatively similar to
those on day 30, so the error appears to converge to 1e − 4 throughout the domain with little decay past
this level occurring.
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Figure 12. Error (in kinetic energy measurements) corresponding to the inclusion or ex-
clusion of tracer based values.

Figure 13. Error (in salinity measurements) corresponding to the inclusion or exclusion of
tracer based values.

5. Conclusion

In the present work, we have tested implementations of several versions of the Azouani-Olson-Titi (AOT)
algorithm in the context of the MPAS-Ocean implementation of the primitive equations of the ocean. We
have observed that the AOT algorithm decreases the error exponentially fast before reaching a certain error
level, dependent on the terms involved and whether the AOT feedback control term was handle implicitly
or explicitly. The range of error levels we observed in Table 3 covered roughly from 1e − 4 all the way to
machine precision.
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Figure 14. Error (in temperature measurements) corresponding to the inclusion or exclu-
sion of tracer based values.

The reasons for this wide range are presently unknown. From the table in Figure 4, we see that while
including more parameters seems to increase the error, the Coriolis force, vertical mixing, and pressure
gradient terms appear to be the most problematic, as these terms each impart an order 1e − 4 error. In
the case of vertical mixing, we speculate that this may be due to the nature of the primitive equations
themselves. In particular, in the primitive equations, there is no evolution equation for the vertical velocity.
It has been observed by the authors in unpublished simulations of the other equations that when there is a
prognostic variable (e.g., one without an evolution equation), or when the system is partially hyperbolic (say,
a parabolic or diffusive system coupled to a hyperbolic or conservative system), the error can still decay, but
tends to be bounded away from machine precision.

Moreover, in [53], a lower bound on µ was given in terms of a high power of the Grashöf number. For ocean
simulations the Grashöf number is measured in millions, and so our range of µ values, constrained by a CFL
condition, is not large enough in this setting to guarantee convergence according to the analytical theory.
While numerical tests of the algorithm often indicate that such constraints are likely overly conservative by
many orders of magnitude (see, e.g., [8, 31, 33, 45]), we cannot rule out the possibility that our parameter
ranges are insufficient for machine-precision convergence to be realized.

While we did not typically observe convergence to machine precision, we note that our results appear to
be consistent with the error levels observed in other studies applying the AOT algorithm in similar settings.
In particular we note that in [12] the error levels were not seen to converge to arbitrary precision. We do
note that in this previous study, utilization of the full solution as observational data was not considered,
thus convergence to machine precision might not be expected. Regardless, we note that the convergence
levels appear comparable and we are unaware of any studies at this time that have obtained convergence to
machine precision for a high resolution ocean model using the AOT algorithm or a modification of it.
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