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Abstract

As radar systems will be equipped with thousands of antenna elements and wide bandwidth, the

associated costs and power consumption become exceedingly high, primarily attributed to the high-

precision (e.g., 10-12 bits) analog-to-digital converters (ADCs). To address this challenge, a potential

solution is to adopt low-resolution quantization technology, which not only reduces data storage needs

but also lowers power and hardware costs. In this context, the focus is on studying line spectral estimation

and detection (LSE&D) with few-bit ADCs, typically using 1-4 bits. This paper investigates the signal-to-

noise ratio (SNR) loss, establishing a framework to understand the impact of intersinusoidal interference,

the bit-depth of the quantizer, and the noise variance on weak signal detection in scenarios involving

multiple sinusoids under low-resolution quantization. Additionally, a low-complexity, super-resolution,

and constant false alarm rate (CFAR) algorithm, named generalized Newtonized orthogonal matching

pursuit (GNOMP), is proposed. Extensive numerical simulations are conducted to validate the theoretical

findings, particularly in terms of the detection probability bound. The effectiveness of GNOMP is

demonstrated through comparisons with state-of-the-art algorithms, the Cramér Rao bound, and the

detection probability bound. Real data acquired by mmWave radar further substantiates the effectiveness

of GNOMP in practical applications.
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Generalized Newtonized orthogonal matching pursuit (GNOMP), low resolution quantization, con-

stant false alarm rate (CFAR), Rao test, weak signal detection, line spectral estimation and detection.

I. INTRODUCTION

Low-resolution quantization (e.g., 1-4 bits) emerges as a promising technique for future digital radar

systems equipped with large arrays and high bandwidth, as highlighted in previous studies [1], [2]. When

compared to traditional radars employing high-resolution analog-to-digital converters (ADCs) (e.g., 10-12

bits), radar systems utilizing low-resolution quantization present both advantages and challenges.

On the positive side, adopting low-resolution quantization significantly reduces power consumption,

hardware costs, and data rates generated by the radar. Conversely, the nonlinearity inherent in low-

resolution quantization introduces substantial distortion to the original signal. This poses a challenge

to conventional signal processing methods such as matched filtering (MF)-based linear approaches and

compressed sensing (CS)-based iterative methods, leading to performance degradation by neglecting the

nonlinear quantization effects. Theoretical analyses indicate that coarsely quantized line spectral exhibits

abundant harmonics, potentially causing false alarms when using conventional fast Fourier transform

(FFT) methods.

Moreover, the low-resolution ADC exacerbates the near-far problem by reducing the instantaneous

dynamic range (DR)1. Consequently, investigating the detection performance limits for weak signals in

scenarios involving multiple sinusoids becomes meaningful. It is crucial to unveil the impacts of quantizer

bit-depth, noise variance, and intersinusoidal interference on weak signal detection and to design practical

algorithms that approach these performance limits.

A. Related Work

Range estimation and target detection in linear frequency modulated continuous wave (LFMCW) radar

can be conceptualized as line spectral estimation and detection (LSE&D). Existing research on LSE&D

from coarsely quantized samples can be broadly categorized into two groups: signal-reconstruction-based

linear approaches and parameter-estimation-and-detection-based nonlinear methods [4]. From the signal

reconstruction perspective, several criteria of the analog-to-digital converter (ADC), including the dynamic

range (DR) and spurious free dynamic range (SFDR), have been thoroughly investigated. The spectrum

1In [3], the instantaneous dynamic range concerning two simultaneous signals is defined as the power ratio of the maximum

and minimum simultaneously received pulses that can be properly detected by the receiver.
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of the low-resolution quantized signal, particularly in cases of 1-bit quantization, has been analyzed,

shedding light on the effects of linear processing on target estimation and detection. On the other

hand, the parameter-estimation-and-detection-based method aims to directly perform target detection and

estimation using a parameterized model through nonlinear processing, such as the CS-based algorithm.

In the following sections, we delve into the specifics of these research endeavors.

Extensive analysis has been conducted on the criteria of ADCs when subjected to sinusoidal inputs.

The study reveals that the DR of a general ADC is 6B + 1.72 dB, where B represents the bit-depth.

Additionally, it has been established that ADCs generate harmonics, imposing limitations on their spurious

free dynamic range (SFDR). In the context of radar applications, it has been demonstrated that binary

data contains abundant self-generated harmonics [5] and cross-generated harmonics [4]. In scenarios

with low signal-to-noise ratio (SNR), harmonic strengths decay rapidly, and conventional FFT methods

demonstrate robust performance. However, in high SNR scenarios, FFT may lead to an overestimation of

the model order. A notable approach presented in [6] involves forming fundamental and harmonic beams

separately within subbands. Fine angular-resolution harmonic beams are then leveraged, bypassing the

need for suppression in such scenarios.

Regarding parameter estimation, the Cramér Rao bound (CRB) has been employed to analyze the

performance limits of maximum likelihood estimators (MLE). In-depth analysis has been carried out

in [7] on scalar parameter estimation under various control inputs, including additive noise control

input, threshold control input, and feedback control input. It was unveiled that appropriately tuned noise

positively influences the estimator’s performance, a phenomenon well-known as stochastic resonance.

The study also highlighted the significant impact of the threshold input on MLE performance. When the

threshold is close to the true value compared to the noise, the performance degradation, compared to the

unquantized system, is minimal; otherwise, the degradation is substantial. In the context of single-tone

frequency estimation [8], it was discovered that 1-bit quantization results in a dramatic increase in variance

at certain frequencies and slightly worse performance at other frequencies. Meanwhile, in [9], a stochastic

Gaussian point source model was assumed to study direction of arrival (DOA) estimation, analogous to

the temporal line spectral estimation (LSE) problem with multiple measurement vectors (MMVs). The

closed-form CRB for a two-sensor array case was derived, revealing weak dependency on SNR for

estimation error. Notably, two singular DOA angles, 0◦ and 30◦, were identified, showing that higher

SNR leads to improved estimation performance. In the study presented in [10], LSE with MMVs from

coarsely quantized samples was investigated. For single-tone frequency estimation with multisnapshots

and deterministic parameter modeling, the performance bound and its asymptotic behavior under 1-bit

quantization were provided. The asymptotic analysis indicated that the CRB is inversely proportional to
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the number of snapshots and the cubic of the number of samples per snapshot. In lower SNR scenarios, the

CRB is inversely proportional to SNR, while in higher SNR scenarios, the CRB is inversely proportional

to the square root of the SNR.

The above work focuses on the theoretical aspects of LSE. Next, we will introduce related work in

the algorithmic part. On-grid methods, which discretize frequencies into a finite number of grids, have

been commonly employed [11], [12], [4]. However, these methods often suffer from model mismatch

[13]. To overcome this issue incurred by on-grid assumptions [14], a gridless atomic norm minimization

(ANM) approach has been introduced, involving solving semidefinite programming and exhibiting high

computational complexity [15], [16]. In efforts to mitigate computational burdens, alternative methods

such as a gridless support vector machine (SVM) approach [17] and a relaxation-based approach known

as 1bRELAX have been proposed [18]. 1bRELAX utilizes grid refinement to address model mismatch

issues [19], [20], [21]. Additionally, the Bayesian information criterion (BIC) is employed to determine the

number of scatters [19]. This approach has been extended to handle range estimation and range-Doppler

imaging in LFMCW radar [21]. However, the computational complexity of the 1bRELAX algorithm

remains high, as it solves convex optimization problems for all the grids in a single iteration. To enhance

computational efficiency, a Majorization–Minimization (MM)-based variant, denoted as 1bMMRELAX,

has been proposed. In efforts to enhance computational efficiency, low-complexity algorithms, VALSE-

EP and MVALSE-EP, have been proposed [22], [10], [23]. These methods incorporate Newton steps to

refine frequencies and utilize the expectation maximization (EM) algorithm to automatically estimate

noise variance for bit-depth greater than 1. While these methods provide an efficient Bayesian inference

framework for LSE&D from quantized samples, they have limitations. Specifically, VALSE-EP and

MVALSE-EP may act like black boxes, making it challenging to ascertain if a sinusoid is missed.

Furthermore, Bayesian algorithms, designed for estimation, may not be a good choice for target detection.

In summary, the existing studies mentioned do not delve into the impact of low-resolution quantization

on the DR for the recovery of multiple sinusoidal signals. Additionally, there is a gap in the availability

of a fast algorithm that simultaneously preserves CFAR behavior, boasts lower computational complexity,

attains super-resolution capabilities, and ensures high estimation accuracy. These identified gaps serve as

the motivations for our current work.

B. Main Contributions

In this paper, the LSE&D have been thoroughly investigated, and the main contributions can be

summarized as follows: Firstly, a comprehensive examination of the inherent DR limitations associated

with a receiver employing low-resolution ADCs, particularly in the case of 1-bit ADCs, has been
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conducted. The study reveals that in scenarios involving multiple sinusoids, the SNR loss of the weakest

signal is attributed to both quantization effects and intersinusoidal interference, considered as the synthesis

of the remaining sinusoids. The Rao test is proposed and its false alarm probability and detection

probability are provided. It is also shown that the proposed Rao test can be efficiently implemented

through FFT and inverse FFT (IFFT). Secondly, inspired by the remarkable super-resolution and rapid

performance of Newtonalized orthogonal matching pursuit (NOMP) [24], a fast, superresolution and

CFAR perserved generalized NOMP (GNOMP) is proposed 2. Finally, extensive numerical simulations

and real experiments are conducted to verify the theoretical results and showcase the efficiency and

outstanding performance of the GNOMP. The comparison is made against theoretical bounds in terms of

estimation and detection, as well as state-of-the-art algorithms. The results demonstrate the effectiveness

of the GNOMP in various scenarios.

The remainder of this article is structured as follows. In Section II, we introduce the signal model.

Section III delves into the study of the effects of low-resolution quantization in a single-signal scenario

with nonidentical thresholds, and its relationship with multiple sinusoids scenarios is discussed. The

proposed GNOMP approach is detailed in Section IV. Subsequently, in Section V, we present substantial

numerical experiments to illustrate the frequency estimation and detection performances of GNOMP. The

efficacy of GNOMP is further demonstrated using real data in Section VI. Finally, Section VII provides

the conclusion for this article.

For a complex vector x ∈ CM , let ℜ{x} and ℑ{x} denote the real and imaginary part of x, respectively.

For the square matrix A, let diag(A) return a vector with elements being the diagonal of A. Meanwhile,

for a vector a, let diag(a) return a diagonal matrix with the diagonal being a. Thus diag(diag(A))

returns a diagonal matrix. Let j denote the imaginary unit. For the matrix A ∈ CN×N , let A∗, AT and

AH be the conjugate, transpose and Hermitian transpose operator of A, respectively. For the matrix A,

let |A| denote the elementwise absolute value of A. Let IL denote the identity matrix of dimension L.

Let CN (x;µ,Σ) denote the complex normal (CN) distribution of x with mean µ and covariance Σ.

Let ϕ(x) = exp(−x2/2)/
√
2π and Φ(x) =

´ x
−∞ ϕ(t)dt denote the standard normal probability density

function (PDF) and cumulative distribution function (CDF), respectively.

2It’s noteworthy that the GNOMP can be readily extended to handle various settings, such as compressive measurement

scenarios, multisnapshot measurement scenarios, multidimensional LSE, signed measurements from time-varying thresholds,

measurements from mixed-resolution ADCs, unknown noise variance scenarios, etc. Although these details are not explicitly

presented, the GNOMP is applied to address scenarios involving signed measurements from time-varying thresholds and unknown

noise variance in numerical simulations.
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II. PROBLEM SETUP

The LSE&D from low-resolution quantized samples is formulated as

y = QC

(
K∑
k=1

a(ωk)xk + ϵ

)
, (1)

where

a(ω) = [1, ejω, · · · , ej(N−1)ω]T (2)

is the atom or array manifold vector, QC(x) = Q(ℜ{x}) + jQ(ℑ{x}), y ∈ CN are the measurements,

ϵ ∈ CN is the additive white Gaussian noise (AWGN) satisfying ϵ ∼ CN (0, σ2IN ), σ2 is the variance

of the noise, N is the number of measurements, Q(·) is a uniform/nonuniform quantizer which maps

the continuous-valued observations into a finite number of bits. A uniform quantizer with bit-depth B is

used, defined as [25]:

Q(x) =

 −γ + 2γ
b

(
d+ 1

2

)
, x− d2γ

b + γ ∈ [0, 2γb ], d ∈ {0, 1, · · · , b− 1},

sign(x)
(
γ − γ

b

)
, |x| > γ,

(3)

where b = 2B is the cardinality of the output of the quantizer, γ is the maximum full-scale range.

The quantization intervals for the quantizer Q(·) are {(τd, τd+1)}b−1
d=0, where τ0 = −∞, τd = d2γ

b − γ,

d = 1, 2, · · · , b − 1, τb = ∞. For example, one-bit quantization refers to B = 1, b = 2, τ0 = −∞,

τ1 = 0, τ2 =∞, and Q(·) reduces to the signum function, i.e., Q(·) = sign(·)γ/2. To better describe the

quantizer, we define two functions l(·) and u(·) which return the componentwise lower thresholds l(y)

and upper thresholds u(y) of the measurements y. For example, u
(
−γ + 2γ

b

(
d+ 1

2

))
= (d+1)2γb − γ

and l
(
−γ + 2γ

b

(
d+ 1

2

))
= d2γ

b − γ.

The goal of this work is to perform line spectrum estimation and detection from the coarsely quantized

measurements y, i.e., inferring the unknown parameters {ωk}Kk=1, {xk}Kk=1, and K, while maintaining

the CFAR property.

III. A SINGLE SINUSOID ESTIMATION AND DETECTION WITH NONZERO THRESHOLDS

Directly analyzing the theoretical estimation and detection performance limits in a multiple targets

scenario is a very challenging task due to intersinusoidal interference. Therefore, we adopt an oracle

theoretical perspective: For a given sinusoid with frequency ωk and amplitude xk that we aim to estimate

and detect, assuming the remaining signals are perfectly known or estimated, this scenario can be likened

to a single sinusoidal signal estimation and detection with non-zero thresholds, as defined later in (4).

Here, we set ω = ωk, x = xk, and ζ =
K∑

k′=1,k′ ̸=k

a(ωk′ )xk′ , which can be regarded as the intersinusoidal
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interference for the current sinusoid under detection in a multiple sinusoid scenario. In this context,

the estimation bound for the given sinusoid is expected to be lower than that in the true model (1).

Furthermore, the detection probability of the given sinusoid in such a scenario provides an upper bound

for the detection probability in the true model (1). It is anticipated that the estimation and detection

bounds will be accurate provided that the designed algorithm exhibits very high estimation accuracy, as

demonstrated in Sec.V.

From an algorithmic perspective, the proposed GNOMP, detailed in Section IV, follows a greedy

approach by sequentially estimating the sinusoids. Ideally, GNOMP begins by detecting the strongest

signal while ignoring the presence of other signals. Subsequently, GNOMP incorporates the first detected

strong signal and assesses the existence of the second signal. Assuming GNOMP exhibits high estimation

accuracy, detecting the presence of the current signal can be modeled as a binary hypothesis testing prob-

lem, as defined later in (4), where the thresholds can be regarded as a synthesis of the estimated/detected

signals. Consequently, it is meaningful to explore single sinusoid estimation and detection with non-zero

thresholds.

This section introduces the mathematical model for the estimation and detection of a single sinusoid

with nonzero thresholds in the case of a known frequency. Subsequently, the results are extended to

address the scenario where the frequency is unknown.

A. Complex Amplitude Unknown

Consider the following binary hypothesis testing problemH0 : y = QC (ζ + ϵ) ,

H1 : y = QC (ζ + a(ω)x+ ϵ) ,

(4)

where ζ ∈ CN are the nonzero thresholds. For the known frequency ω case, let θ = [ℜ{x},ℑ{x}]T denote

the unknown deterministic parameters and θ0 = 02×1. Then one could obtain the generalized likelihood

ratio test (GLRT), Wald test and Rao test [27]. Since the asymptotic performances of GLRT and Wald

test are the same as that of Rao test, and both GLRT and Wald Test depend on the ML estimate θ̂1 under

hypothesis H1, making the computation complexity high especially when the frequency is unknown. We

focus on the Rao test, similar to [33] but only under the zero threshold case. Note that the Rao Test

depends on the Fisher information matrix (FIM) under hypothesis H0, and the asymptotic distribution of

Rao test depends on the FIM under H1 [26], [27], we provide the FIM in the following proposition.
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Proposition 1. For the quantization with bit-depth B, the FIM IB(θ) and the CRB I−1
B (θ) are

IB(θ) =
2

σ2

aHdiag(hB,+(ax+ ζ))a

 1 0

0 1

+ ℜ{aTdiag(hB,−(ax+ ζ))a}

 1 0

0 −1


−ℑ{aTdiag(hB,−(ax+ ζ))a}

 0 1

1 0

 , (5)

and

I−1
B (θ) =

σ2

2
(
(aHdiag(hB,+(ax+ ζ))a)2 −ℜ2{(aTdiag(hB,−(ax+ ζ))a)} − ℑ2{(aTdiag(hB,−(ax+ ζ))a)}

)
aHdiag(hB,+(ax+ ζ))a

 1 0

0 1

−ℜ{aTdiag(hB,−(ax+ ζ))a}

 1 0

0 −1


+ℑ{aTdiag(hB,−(ax+ ζ))a}

 0 1

1 0

 , (6)

respectively, where

hB,+(η) =
hB(ℜ{η}, σ2) + hB(ℑ{η}, σ2)

2
, (7a)

hB,−(η) =
hB(ℜ{η}, σ2)− hB(ℑ{η}, σ2)

2
, (7b)

hB(x, σ
2) is given by

hB(x, σ
2) =

b−1∑
d=0

[
ϕ
(
τd+1−x

σ/
√
2

)
− ϕ

(
τd−x
σ/

√
2

)]2
Φ
(
τd+1−x

σ/
√
2

)
− Φ

(
τd−x
σ/

√
2

) , (8)

and hB(x, σ
2) = [hB(x1, σ

2), hB(x2, σ
2), · · ·hB(xN , σ2)]T for x ∈ RN . Here we use a instead of a(ω)

for brevity. Besides, hB=∞(x, σ2) = limB→∞ hB(x, σ
2) = 1, and the FIM I∞(θ) is

I∞(θ) =
2

σ2
aHa

 1 0

0 1

 =
2N

σ2

 1 0

0 1

 . (9)

For one-bit quantization where B = 1, b = 2B = 2, τ0 = −∞, τ1 = 0, τ2 =∞, hB=1(x, σ
2) simplifies

to be

hB=1(x, σ
2) =

ϕ2
(

x
σ/

√
2

)
Φ
(

x
σ/

√
2

)
Φ
(

−x
σ/

√
2

) =
1

2π

e−
2x2

σ2

Φ
(

x
σ/

√
2

)
Φ
(

−x
σ/

√
2

) . (10)

Proof. The proof is postponed to Appendix VIII-A.

1) Estimation Performance: We investigate the estimation performance by evaluating the CRB which

equals to the trace of I−1
B (θ), i.e., tr

(
I−1
B (θ)

)
[26].
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2) Detection Performance: The Rao test TR,B(y, ζ) decides H1 if [27]

TR,B(y, ζ) =
∂ ln p(y, ζ;θ)

∂θ

∣∣∣∣T
θ=θ0

I−1
B (θ0)

∂ ln p(y, ζ;θ)

∂θ

∣∣∣∣
θ=θ0

≥ γth,B, (11)

where θ = [ℜ{x},ℑ{x}]T, θ0 = [0, 0]T,

ln p(y, ζ;θ)

=

N∑
n=1

(
log

(
Φ

(
ℜ{u(yn)} − ℜ{ζn + an(ω)x}

σ/
√
2

)
− Φ

(
ℜ{l(yn)} − ℜ{ζn + an(ω)x}

σ/
√
2

))
+ log

(
Φ

(
ℑ{u(yn)} − ℑ{ζn + an(ω)x}

σ/
√
2

)
− Φ

(
ℑ{l(yn)} − ℑ{ζn + an(ω)x}

σ/
√
2

)))
, (12)

∂ ln p(y, ζ;θ)

∂θ
=

N∑
n=1

−
ϕ
(
ℜ{u(yn)}−ℜ{ζn+an(ω)x}

σ/
√
2

)
− ϕ

(
ℜ{l(yn)}−ℜ{ζn+an(ω)x}

σ/
√
2

)
Φ
(
ℜ{u(yn)}−ℜ{ζn+an(ω)x}

σ/
√
2

)
− Φ

(
ℜ{l(yn)}−ℜ{ζn+an(ω)x}

σ/
√
2

) [ℜ{an(ω)},−ℑ{an(ω)}]T
σ/
√
2

−
N∑

n=1

ϕ
(
ℑ{u(yn)}−ℑ{ζn+an(ω)x}

σ/
√
2

)
− ϕ

(
ℑ{l(yn)}−ℑ{ζn+an(ω)x}

σ/
√
2

)
Φ
(
ℑ{u(yn)}−ℑ{ζn+an(ω)x}

σ/
√
2

)
− Φ

(
ℑ{l(yn)}−ℑ{ζn+an(ω)x}

σ/
√
2

) [ℑ{an(ω)},ℜ{an(ω)}]T
σ/
√
2

,

(13)

and γth,B is the detection threshold.

Now we simplify the Rao test TR,B(y, ζ). We first compute I−1
B (θ0) and ∂ ln p(y,ζ;θ)

∂θ |θ=θ0
. According

to (6), I−1
B (θ0) is

I−1
B (θ0) =

σ2

2
(
(aHdiag(hB,+(ζ))a)

2 −ℜ2{(aTdiag(hB,−(ζ))a)} − ℑ2{(aTdiag(hB,−(ζ))a)}
)

aHdiag(hB,+(ζ))a

 1 0

0 1

−ℜ{aTdiag(hB,−(ζ))a}

 1 0

0 −1

+ ℑ{aTdiag(hB,−(ζ))a}

 0 1

1 0

 ,

(14)

∂ ln p(y,ζ;θ)
∂θ

∣∣
θ=θ0

is

∂ ln p(y, ζ;θ)

∂θ

∣∣∣∣
θ=θ0

= − 1

σ/
√
2

 ℜ{aHφB(σ)}

ℑ{aHφB(σ)}

 , (15)

where φB(σ) = [[φB(σ)]1, [φB(σ)]2, · · · , [φB(σ)]N ]T and

[φB(σ)]n = −
ϕ
(
ℜ{u(yn)−ζn}

σ/
√
2

)
− ϕ

(
ℜ{l(yn)−ζn}

σ/
√
2

)
Φ
(
ℜ{u(yn)−ζn}

σ/
√
2

)
− Φ

(
ℜ{l(yn)−ζn}

σ/
√
2

) − j
ϕ
(
ℑ{u(yn)−ζn}

σ/
√
2

)
− ϕ

(
ℑ{l(yn)−ζn}

σ/
√
2

)
Φ
(
ℑ{u(yn)−ζn}

σ/
√
2

)
− Φ

(
ℑ{l(yn)−ζn}

σ/
√
2

) , (16)
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For simplicity, we use φB instead of φB(σ) for brevity. Inserting (14) and (15) into (11) yields the

simplified Rao test as

TR,B(y, ζ) =
∂ ln p(y, ζ;θ)

∂θ

∣∣∣∣T
θ=θ0

I−1
B (θ0)

∂ ln p(y, ζ;θ)

∂θ

∣∣∣∣
θ=θ0

=

(
aHdiag(hB,+(ζ))a

)
|aHφB|2 −ℜ{

(
aTdiag(hB,−(ζ))a

)
(aHφB)

2}
(aHdiag(hB,+(ζ))a)

2 − |aTdiag(hB,−(ζ))a|2

=

the first term︷ ︸︸ ︷(
1ThB,+(ζ)

)
|aHφB|2−

the second term︷ ︸︸ ︷
ℜ{
(
aTdiag(hB,−(ζ))a

)
(aHφB)

2}
(1ThB,+(ζ))

2 − |aTdiag(hB,−(ζ))a|2
.

(17)

Note that the Rao test TR,B(y, ζ) consists of two terms: The first term can be viewed as the MF based

test with pseudo measurements φB , the second term can be viewed as a regularization term due to the

nonidentical thresholds in Inphase/Quadrature (I/Q) channels.

As stated in [27], when the data record is large and the signal is weak, and when the MLE attains its

asymptotic PDF, the Rao test TR,B(y, ζ) has the PDF [27]

TR,B(y, ζ)
a∼

χ2
2, under H0,

χ′2
2 (λR,B), under H1,

(18)

where χ2
ν and χ′2

ν (λ) denote the chi-squared PDF with ν degrees of freedom and the noncentral chi-

squared PDF with ν degrees of freedom and noncentrality parameter λ, respectively, a∼ denotes an

asymptotic PDF, λR,B reduces to

λR,B = [ℜ{x},ℑ{x}]IB(θ0)[ℜ{x},ℑ{x}]T

=
2

σ2
1ThB,+(ζ)|x|2 +

2

σ2
ℜ{aTdiag(hB,−(ζ))ax

2}. (19)

Consequently, the false alarm probability PFA,B and detection probability PD,B are

PFA,B =

ˆ ∞

γth,B

1

2
e−

x

2 dx = e−
γth,B

2 , (20)

PD,B = Q1

(√
λR,B,

√
γth,B

)
= Q1

(√
λR,B,

√
−2 lnPFA,B

)
, (21)

due to γth,B = −2 lnPFA,B , where Q1(·, ·) is the Marcum Q-function.

We now hope to provide some insights to reveal the relationship between the proposed general Rao

detector (17), the detector without quantization and the detector under 1 bit quantization. For unquantized

measurements one has h∞,+(ζ) = 1N and h∞,−(ζ) = 0N . TR,∞(y, ζ) (17) reduces to

TR,∞(y, ζ) =
1

aHa
|aHφ∞|2. (22)

January 19, 2024 DRAFT



10

According to

lim
∆→0+

ϕ(x+∆)− ϕ(x)

Φ(x+∆)− Φ(x)
=

ϕ′(x)

ϕ(x)
= −x, (23)

we let B →∞ in (16) and simplify φ∞ as

φ∞ =
y − ζ

σ/
√
2
. (24)

Therefore TR,∞(y, ζ) (22) is simplified to be

TR,∞(y, ζ) =
1

aHa

∣∣∣∣aHy − ζ

σ/
√
2

∣∣∣∣2 = 2

σ2

1

aHa
|aH (y − ζ) |2. (25)

In addition, λR,∞ (19) is simplified to be

λR,∞ =
2

σ2
aHa|x|2 = 2

σ2
N |x|2. (26)

It can be concluded that the Rao test TR,∞(y) (25) and the concentrality parameter λR,∞ (26) are

consistent with the results directly obtained with the unquantized measurement model [24]. Besides, the

effects caused by the nonzero thresholds can easily be cancelled and the asymptotic distribution under

either hypothesis H0 or hypothesis H1 is irrelevant with respect to the thresholds ζ. This reflects that in

the oracle setting where the thresholds ζ are perfectly known, estimating and detecting a single sinusoidal

signal with a general ζ is equivalent to estimating and detecting a pure sinusoidal signal, which makes

sense.

For quantized measurement model, in general, hB,−(ζ) is usually very small, compared to hB,+(ζ).

Dropping those terms involved with hB,−(ζ) or letting hB,−(ζ) = 0, a simplified Rao test T ′
R,B(y, ζ)

T ′
R,B(y, ζ) =

1

aHdiag(hB,+(ζ))a
|aHφB|2 =

1

1ThB,+(ζ)
|aHφB|2 (27)

can be obtained, which is the MF filter. According to (19), a simplified λ′
R,B omitting hB,−(ζ) is

calculated to be

λ′
R,B =

2

σ2

(
aHhB,+(ζ)a

)
|x|2 = 2

σ2
1ThB,+(ζ)|x|2 (28)

Compared to the unquantized measurements, one can define the SNR loss incurred by the quantization

as

SNRloss,B =
λR,∞
λ′
R,B

=
N

1ThB,+(ζ)
. (29)

It can be seen that the SNR loss SNRloss,B is related to the noise variance σ2, the bit-depth B caused by

the low resolution quantization and the nonzero thresholds ζ which can be regarded as the intersinusoidal

interference in multiple sinusoids scenario.
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Next we consider 1-bit quantization. According to (16), [φB=1]n is simplified as

[φB=1]n =
sign(ℜ{yn})ϕ

(
ℜ{ζn}
σ/

√
2

)
Φ
(
sign(ℜ{yn})ℜ{ζn}

σ/
√
2

) + j
sign(ℑ{yn})ϕ

(
ℑ{ζn}
σ/

√
2

)
Φ
(
sign(ℑ{yn})ℑ{ζn}

σ/
√
2

) .

We discuss two cases in which |ζn|/σ is near zero and |ζn|/σ is very large. For ζn/σ ≈ 0, using the

first order Taylor series expansion, [φB=1]n can be approximated as

[φB=1]n ≈

(
ϕ(0) + ϕ′(0)ℜ{ζn}

σ/
√
2

)
sign(ℜ{yn})

Φ(0) + Φ′(0) sign(ℜ{yn})ℜ{ζn}
σ/

√
2

+ j

(
ϕ(0) + ϕ′(0)ℑ{ζn}

σ/
√
2

)
sign(ℑ{yn})

Φ(0) + Φ′(0) sign(ℑ{yn})ℑ{ζn}
σ/

√
2

=
2sign(ℜ{yn})

√
2π
(
1 + sign(ℜ{yn})2ℜ{ζn}√

πσ

) + j
2sign(ℑ{yn})

√
2π
(
1 + sign(ℑ{yn})2ℑ{ζn}√

πσ

)
≈
√

2

π
sign(ℜ{yn})

(
1− sign(ℜ{yn})

2ℜ{ζn}√
πσ

)
+ j

√
2

π
sign(ℑ{yn})

(
1− sign(ℑ{yn})

2ℑ{ζn}√
πσ

)
.

It can be seen that [φB=1]n ≈
√

2
π (sign(ℜ{yn}) + jsign(ℑ{yn})) is independent of noise variance. For

|ζn| ≫ σ, [φB=1]n can be approximated as

[φB=1]n ≈ sign(ℜ{yn})ϕ
(
ℜ{ζn}
σ/
√
2

)
+ sign(ℑ{yn})jϕ

(
ℑ{ζn}
σ/
√
2

)
=

sign(ℜ{yn})√
2π

e−
ℜ2{ζn}

σ2 + j
sign(ℑ{yn})√

2π
e−

ℑ2{ζn}
σ2 ,

and the real (or imaginary) part of [φB=1]n decays very quickly and approaches to 0 as the absolute

value of the real (or imaginary) part of ζn increases. This demonstrates that those measurements with

large absolute thresholds compared to the noise standard deviation will not contribute too much for signal

detection.

For one-bit quantization, we use the following two approximations [28]

Φ(x)Φ(−x) ≈


1
4e

− x2

2 , x ≤
√

8
π

1√
2π|x|e

−x2/2, x ≥
√

8
π

(30)

to approximate hB=1(x, σ
2) (10) as

hB=1(x, σ
2) ≈


2
π e

−x2/σ2

, x ≤
√

8
πσ,

|x|√
πσ

e−x2/σ2

, x ≥
√

8
πσ.

(31)
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Let IR,≤ ⊆ N ≜ {1, 2, · · · , N} and II,≤ ⊆ N be the index set such that ∀n ∈ IR,≤, |ℜ{ζn}| ≤
√

8
πσ,

∀n ∈ II,≤, |ℑ{ζn}| ≤
√

8
πσ, respectively. Using the approximation (31) and the definition hB,+(η) (7a),

SNRloss,B=1 can be approximated as

SNRloss,B=1 ≈ 2N/

 2

π

∑
n∈IR,≤

e−|ℜ2{ζn}|/σ2

︸ ︷︷ ︸
The first term

+
2

π

∑
n∈II,≤

e−|ℑ2{ζn}|/σ2

︸ ︷︷ ︸
The second term

+
1√
πσ

∑
n∈N\IR,≤

|ℜ{ζn}|e−|ℜ2{ζn}|/σ2

︸ ︷︷ ︸
The third term

+
1√
πσ

∑
n∈N\II,≤

|ℑ{ζn}|e−|ℑ2{ζn}|/σ2

︸ ︷︷ ︸
The fourth term

 . (32)

We now analyze the SNR loss in two extreme cases corresponding to the zero threshold case, i.e.,

ζ = 0N , and the identical large threshold case where ζ/σ ≫ 1N . For the first case, it can be shown

that SNRloss,B=1 ≈ π/2, which demonstrates that for weak signal detection under zero threshold, one

achieves the minimal performance loss compared to the quantized system. For the second case, IR,≤ = ∅

and II,≤ = ∅, and define ζmin = min{|ℜ{ζn}|, |ℑ{ζn}|, n = 1, 2, · · · , N}, the righthand term of (32)

can be upper bounded as

SNRloss,B=1 ≥
σ

ζmin

√
πe

ζ2min
σ2 . (33)

The SNR loss increases rapidly as ζmin/σ increases. Another common case is that either |ℜ{ζn}|/σ ≈ 0

or |ℜ{ζn}|/σ ≫ 1, either |ℑ{ζn}|/σ ≈ 0 or |ℑ{ζn}|/σ ≫ 1. Let NR and NI denote the number of terms

such that |ℜ{ζn}|/σ ≈ 0 and |ℑ{ζn}|/σ ≈ 0, respectively. In this setting, the SNR loss SNRloss,B=1 is

dominated by the first and the second terms, which can be further approximated as

SNRloss,B=1 ≈
π

2
× N

(NR +NI)/2
. (34)

The term π
2 in (34) is the minimal SNR loss incurred by the 1 bit quantization. The term N

(NR+NI)/2
in

(34) is the loss due to the nonzero thresholds with large absolute value compared to the noise standard

deviation σ which, in our case, is the synthesized signal except the current signal. This demonstrates that

if the synthesized signal is comparable to the noise standard deviation, the performance degradation is

small.

B. Frequency and Complex Amplitude are Unknown

For the frequency unknown case, we also evaluate the performance of unbiased estimator by deriving the

CRB. Besides, we propose a detector and analyze its theoretical performance. We discrete the frequency
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into a number of grids ΩDFT = { g
N 2π, g = 0, 1, 2, · · · , N − 1}. For each frequency ωg = g

N 2π ∈ ΩDFT,

we define the Rao test TR,B(y, ζ, ωg) as

TR,B(y, ζ, ωg) =
∂ ln p(y, ζ;θ)

∂θ

∣∣∣∣T
θ=θ0

I−1
B (θ0)

∂ ln p(y, ζ;θ)

∂θ

∣∣∣∣
θ=θ0

=

(
1ThB,+(ζ)

)
|aH(ωg)φB|2 −ℜ{

(
aT(ωg)diag(hB,−(ζ))a(ωg)

)
(aH(ωg)φB)

2}
(1ThB,+(ζ))

2 − |aT(ωg)diag(hB,−(ζ))a(ωg)|2
.

(35)

We conjecture that the distribution of TR,B(y, ζ, ωg) follows

TR,B(y, ζ, ωg)
a∼

χ2
2,under H0,

χ′2
2 (λR,B,g),under H1,

(36)

where λR,B,g reduces to

λR,B,g =
2

σ2

∣∣∣∣aH(ωg)a(ω)

|a(ωg)|22

∣∣∣∣2 (1ThB,+(ζ)|x|2 + ℜ{aT(ω)diag(h−(ζ))a(ω)x
2}
)

=
2

σ2
βg
(
1ThB,+(ζ)|x|2 + ℜ{aT(ω)diag(hB,−(ζ))a(ω)x

2}
)
, (37)

βg is

βg =

∣∣∣∣∣sin
N(ω−ωg)

2

N sin ω−ωg

2

∣∣∣∣∣
2

(38)

due to the mismatch between ω and ωg and βg ≤ 1. Note that the term aH(ωg)φB in {TR,B(y, ζ, ωg)}N−1
g=0

can be evaluated efficiently through FFT and IFFT, while the term aT(ωg)diag(hB,−(ζ))a(ωg) can also

be evaluated through FFT, which simplifies the computation complexity significantly. We propose the

following Rao test TR,B,max(y, ζ) as

TR,B,max(y, ζ) = max
ωg∈ΩDFT

TR,B(y, ζ, ωg). (39)

Note that TR,B(y, ζ, ωg) is only related to aH(ωg)φB . In addition, one has

E [φB] = 0,E [[φB]n[φB]m] = 0,E [[φB]n[φB]
∗
m] = 0, n ̸= m,

Provided ℜ{ζ} = ℑ{ζ}, one has

E [[φB]n[φB]n] = 0, (40a)

E [[φB]n[φB]
∗
n] = hB(ℜ{ζn}, σ2) + hB(ℑ{ζn}, σ2). (40b)

In addition, suppose that

hB(ℜ{ζn}, σ2) + hB(ℑ{ζn}, σ2) = const (41)
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independent of n where hB(·, σ2) is defined in (8), then the covariance matrix of φB is a scaled identity

matrix. Due to aH(ωg)a(ωg′) = δgg′ , it can be shown that aH(ωg)φB is uncorrelated with aH(ωg′)φB

for g ̸= g′, thus TR,B(y, ζ, ωg) is uncorrelated with TR,B(y, ζ, ωg′). Here we make an assumption that

{TR,B(y, ζ, ωg)}Gg=1 are independent3, the false alarm probability P̃FA,B is

P̃FA,B = Pr

{
max

g=0,··· ,N−1
TR,B(y, ζ, ωg) > τth

}
= 1− Pr

(
max

g=0,··· ,N−1
TR,B(y, ζ, ωg) ≤ τth

)
= 1− Pr (TR,B(y, ζ, ω0) ≤ τth, · · · , TR,B(y, ζ, ωN−1) ≤ τth)

= 1− (Pr (TR,B(y, ζ, ωg) ≤ τth))
N = 1− FN

χ2
2
(τth) = 1− (1− e−

τth
2 )N , (42)

where Fχ2
2
(·) is the cumulative distribution function of the chi-squared distribution with 2 degrees of

freedom, and the threshold is

τth = −2 ln (1− (1− P̃FA,B)
1

N ). (43)

To find the detection probability P̃D,B , we first define a detection as a threshold crossing in the correct

frequency bin g∗ corresponding to the frequency ωg∗ closest to the true frequency ω in wrap-around

distance. Hence P̃D is defined as the probability that the peak of the spectrum occurs in the correct

frequency bin g∗ and crosses the threshold τth. With this definition and for a given P̃FA,B , we have

P̃D,B = Q1

(√
λR,B,g∗ ,

√
τth

)
= Q1

(√
λR,B,g∗ ,

√
−2 ln (1− (1− P̃FA,B)

1

N )

)
, (44)

where Q1(·, ·) is the Marcum Q-function. According to the definition of λR,B,g∗ , one could also define

the SNR loss similar to the frequency known case. It can be easily seen that the SNR loss is the same

as (29).

It is worth noting that once the signal is detected, the gradient descent or Newton method is adopted

to jointly refine the frequency and amplitude estimates. In order to accelerate the GNOMP approach

developed later in Sec. IV, one could use oversampling to evaluate TR,B(y, ζ, ωg), ωg ∈ Ωos, where γos

is the oversampling factor and Ωos = {2πg/(γosN), g = 0, 1, · · · , γosN − 1}. The coarse estimate of the

frequency can be obtained via finding the maximum of TR,B(y, ζ, ωg), ωg ∈ Ωos.

3Provided that φB follows Gaussian distribution, the assumption holds.
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C. Further Discussion on the Detection Probability of Multiple Sinusoids

Although we focus on a single signal detection, the analysis can be used to provide an upper bound

of the detection probabilities of all the targets. Let Ai denote the event that the the ith target is detected.

Define λg∗,i as

λg∗,i =
2

σ2
βg∗,i1

Th+(ζ\i)|xi|2 +
2

σ2
ℜ{aT(ωi)diag(h−(ζ\i))a(ωi)x

2
i }, (45)

where βg∗,i is calculated through (38) by replacing ω with ωi, ζ\i =
K∑

k=1,k ̸=i

a(ωk)xk, xi denotes the

complex amplitude of the ith sinusoid. According to (44), the detection probability of the ith sinusoid

with all the other signals being perfectly known is

P̃D,i = Q1

(√
λg∗,i,

√
−2 ln (1− (1− P̃FA,B)

1

N )

)
. (46)

Consequently, the detection probability Pall
D = Pr(A1A2 · · ·AK) of all the targets can be upper bounded

as

Pall
D = Pr(A1A2 · · ·AK) = Pr(A1)Pr(A2|A1)Pr(AK |A1A2 · · ·AK−1) ≤

K∏
k=1

P̃D,k. (47)

A particular case is that all the K − 1 targets except the Kth target are strong such that PD,k ≈ 1,

k = 1, 2, · · · ,K − 1, and the detection probability Pall
D (47) can be simplified as

Pall
D ≤ (≈)P̃D,K . (48)

This demonstrates that the detection probability of all the targets is dominated by the detection probability

of the weakest target, which makes sense.

IV. GENERALIZED NOMP

This section develops a fast GNOMP for LSE&D. The GNOMP mainly consists of two steps: Detection

and Estimation. The signals that have been estimated can be synthesized to create the thresholds ζ, and

the binary hypothesis testing problem (4) studied in Sec. III can be used to detect whether an additional

sinusoid is present or not, and a coarse estimate of the frequency can be obtained to provide a good initial

point for the Newton step. In the following, we will first demonstrate how to handle a single sinusoid,

and then extend these findings to scenarios involving multiple sinusoids.

Given the number of sinusoids K and provided that the real and imaginary parts of yn lie in the

interval [l(ℜ{yn}), u(ℜ{yn})) and [l(ℑ{yn}), u(ℑ{yn})), respectively, the MLE of the frequencies and

amplitudes are

maximize
ω,x

l(y;ω,x), (49)
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where l(y;ω,x) denotes the loglikelihood

l(y;ω,x)

=

M∑
n=1

log

Φ


u(ℜ{yn})−ℜ{

K∑
k=1

an(ωk)xk}

σ/
√
2

− Φ


l(ℜ{yn})−ℜ{

K∑
k=1

an(ωk)xk}

σ/
√
2




+ log

Φ


u(ℑ{yn})−ℑ{

K∑
k=1

an(ωk)xk}

σ/
√
2

− Φ


l(ℑ{yn})−ℑ{

K∑
k=1

an(ωk)xk}

σ/
√
2



 . (50)

Directly solving the above problem needs a K dimensional search of the frequencies by restricting the

frequencies onto the grids. With the frequencies being fixed, the amplitudes can be solved via

maximize
x

l(y;ωg,x). (51)

It has been shown that (51) is a convex optimization problem [34], which can be solved efficiently. In

total, the number of convex optimization problems needed to be solved is NK
g , where Ng denotes the

number of grids. Then a gradient descent or Newton method can be adopted to eliminate the offgrid

effects. The computation complexity of this method is huge especially when the number of frequencies

K is large. In addition, the number of frequencies K is usually unknown. Therefore we propose a greedy

based low complexity approach named GNOMP, and use the CFAR based criterion to perform target

detection and stop the GNOMP.

A. A Single Sinusoid Scenario

Motivated by the low complexity and high estimation accuracy of NOMP algorithm, we propose a

generalized NOMP algorithm which iteratively cancels the interference in a nonlinear and greedy way.

For a single target scenario, the model reduces to

y = Q (ℜ{a(ω)x+ ϵ}) + jQ (ℑ{a(ω)x+ ϵ}) . (52)

The loglikelihood is l(y;ω, x). The MLE can be formulated as

(x̂ML, ω̂ML) = argmax
x,ω

l(y;ω, x). (53)

Directly solving the MLE of a single frequency is difficult as l(y;ω, x) is not concave with respect to

the frequency and the real and imaginary parts of x. However, with the frequency ω being known, the

loglikelihood function is concave with respect to the real and imaginary parts of x [34]. Therefore we

use the alternating minimization (AM) approach to solve (53). We first obtain a good initial point of ω
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as ω̂ and the amplitude x as x̂. Then we fix the amplitude estimate x̂ and refine the estimate ω̂ as ω̂′.

The amplitude is further optimized as x̂′ by fixing the frequency as ω̂′. To ensure the fast convergence,

the previous estimate can be used as the initial for the ensuing optimization problem. The two steps are

detailed as follows:

• Good initial points: The frequency ω ∈ [0, 2π) is first discretized into a finite number of grids. As

shown in [24], an oversampling factor γos = 4 with respect to the Nyquist grid is preferable to ensure

the convergence of Newton’s method. For each grid ωg = g2π/(γosN), g = 0, 1, 2, · · · , γosN − 1,

γos is the oversampling factor, the following subproblem

x̂g = argmax
x

l(y;ωg, x), (54)

is solved globally. The frequency yielding the maximum loglikelihood is calculated as

ω̂ = argmax
ωg∈Ωos

l(y;ωg, x̂g). (55)

The computation complexity of the above steps are very high, and we instead propose a low

complexity approach. The Rao detector is adopted to obtain ω̂ efficiently through solving

ω̂ = argmax
ωg∈Ωos

TR,B(y, ζ, ωg), (56)

where ζ = 0 due to detecting the first signal. Additionally, the amplitude estimate x̂ is obtained via

solving (54) with ωg replaced with ω̂. It is worth noting that ω̂ can be obtained via efficient FFT

and IFFT.

• Alternating minimization (AM): With the coarse detection frequency ω̂ and amplitude x̂, the Newton

refinement is adopted to refine the frequency ω̂ with the amplitudes x̂ being fixed, i.e.,

ω̂′ = ω̂ − l̇(y; ω̂, x̂)

l̈(y; ω̂, x̂)
, (57)

where l̇(y; ω̂, x̂) and l̈(y; ω̂, x̂) denote the first and second order derivative of l(y;ω, x̂) with respect

to ω evaluated at ω̂. For brevity, the detailed computations of l̇(y;ω, x̂) and l̈(y;ω, x̂) are omitted.

Then the amplitude x̂ is refined via the Newton step with ω fixed at ω̂′, i.e., ℜ{x̂′}
ℑ{x̂′}

 =

 ℜ{x̂}
ℑ{x̂}

− [∇2l(y; ω̂′, x̂)]−1∇l(y; ω̂′, x̂), (58)

where ∇l(y;ω, x) and ∇2l(y;ω, x) denote the gradient and Hessian of l(y;ω, x) with respect to

[ℜ{x};ℑ{x}]T.
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B. Multiple Sinusoids Scenario

Suppose we have detected L mixtures of sinusoids. Let P = {(xk, ωk), k = 1, · · · , L} denote the set

in which the sinusoids have been detected. Then the block coordinate descent (BCD) is applied to refine

all the amplitudes frequencies pairs, which amounts to solve

maximize
{ωk}L

k=1,x
l(y; {ωk}Lk=1,x), (59)

where l(y; {ωk}Lk=1,x) denotes the loglikelihood whose form is similar to (50). The BCD proceeds as

follows: For the lth sinusoid, the amplitudes frequencies pairs of the other sinusoids are fixed, and the

amplitude frequency pair are optimized via AM similar to Subsection IV-A does. After optimizing the

lth sinusoid, we begin to optimize the other sinusoid in a cyclic way.

Once all the amplitudes-frequencies pairs have been updated and put into the list P ′ = {(x̂′k, ω̂′
k), k =

1, · · · , L}, we reestimate all the amplitudes of the frequencies by fixing the frequencies to further improve

the estimation accuracy, i.e.,

maximize
x

l(y; {ω′
k}Lk=1,x). (60)

The gradient and Hessian of l(y; {ω′
k}Lk=1,x) (60) with respect to [ℜ{x};ℑ{x}] are calculated and the

Newton method can be applied to refine the amplitudes’ estimates. Note that all the above steps are

accepted provided that these steps improve the loglikelihood.

We have found an interesting phenomenon in the numerical experiments. In the two-sinusoid coexis-

tence scenario where one sinusoid’s integrated SNR (defined later in Sec. V) is very large such as 60 dB,

we first detect this strong signal. Then we will detect a spurious component whose amplitude is small.

Next we detect the second sinusoid and its amplitude is stronger than that of the spurious component.

We redo the CFAR detection for the spurious component and its test does not exceed the threshold.

Therefore, we add a Spurious Component Suppression Step in GNOMP summarized in Algorithm 1. It

is worth noting that the cardinality of Pm is not always equal to m, i.e., |Pm| ̸= m in some scenarios

due to this step. Further details about GNOMP could be referred to the NOMP algorithm [24].

Note that we have used the CFAR criterion to stop the GNOMP algorithm. We could use the one-bit

Bayesian information criterion (1bBIC) proposed in [19] to select the model order K̂ that minimizes the

1bBIC cost function

1bBIC(K̂) = −2 ln p(y, ω̂, x̂) + 5K̂ lnN. (61)

Still, we emphasize that using the Rao test (which can be implemented via FFT and IFFT) instead of

1bBIC reduces the computation complexity significantly.

January 19, 2024 DRAFT



19

Algorithm 1 GNOMP.
1: Procedure EXTRACTSPECTRUM (y, τth) :

2: m← 0, P0 = {}, ζ0 = 0

3: while max
ω∈ΩDFT

TR(y, ζm, ω) > τth do

4: m← m+ 1

5: IDENTIFY

ω̂ = arg max
ω∈Ωos

TR(y, ζm−1, ω)

and its corresponding x vector estimate

x̂ = argmax
x

l(y, ζm−1; ω̂, x)

7: SINGLE REFINEMENT: Refine (x̂, ω̂) using single frequency Newton update algorithm (Rs Newton

steps) to obtain improved estimates (x̂′, ω̂′) and set P ′
m = Pm−1 ∪ {(x̂′, ω̂′)}.

8: ζ′m = ζm−1 + a(ω̂′)x̂′

9: CYCLIC REFINEMENT: Refine parameters in P ′
m one at a time: For each (xl, ωl) inside P ′

m, we

treat ζl = ζ′m − a(ωl)xl as the pseudo thresholds ζ and apply single frequency Newton update

algorithm. We perform Rc rounds of cyclic refinements. Let P ′′
m denote the new set of parameters.

10: UPDATE all x vector estimate in P ′′
m via solving (60), i.e., x′′ = argmax

x
l(y; {ωk}mk=1,x).

11: SPURIOUS COMPONENT SUPPRESSION

if m > 2 and |xm−1| < 0.5|xm| Let P ′′′
m denote the new set of parameters

and set ζm =
∑

k∈P ′′′
m

a(ωk)xk. Let ζr = ζm − a(ωm−1)xm−1

if TR(y, ζr, ωm−1) > τ Keep the (m− 1)th sinusoid into the List P ′′′
m.

else Remove the (m− 1)th sinusoid from the List P ′′′
m. Run CYCLIC REFINEMENT and

UPDATE steps to optimize parameters in P ′′′
m.

end

end

12: Let Pm denote the new set of parameters and set ζm =
∑

(xk,ωk)∈Pm

a(ωk)xk.

13: return ζm and Pm.

The computation complexity of GNOMP, assuming it runs for exactly K iterations, can be analyzed

as follows:

• Detection Step: The computation cost of the Detection step can be efficiently implemented via FFT

and IFFT with a cost of KN logN .

• Identify Step: Involves obtaining the initial point of ω, which can also be efficiently implemented
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via FFT and IFFT with a cost of KγosN log(γosN), where γos is the oversampling factor.

• x ∈ C Vector Estimate: Consists of calculating the gradient, Hessian matrix, and the Newton step

with costs of O(Iter×KN), O(Iter×KN), and O(Iter×K), respectively, where Iter denotes the

number of Newton steps (usually about 2 ∼ 5).

• Single Refinement Step: Takes only O(Iter×RsN) operations per sinusoid, where Rs is the number

of single refinement steps (default is 1), and the total cost is O(Iter×RsKN).

• Cyclic Refinement Step: Involves refining all frequencies with an overall complexity of O(Iter ×

RcRsK
2N), where Rc is the number of cyclic refinement steps (default is 3).

• Update Step: Involves computing the gradient, Hessian matrix, and the Newton step of the ampli-

tudes of the K sinusoids. The costs are O(Iter×KN), O(Iter×K2N), and O(Iter× (K3 +K2))

per outer iteration. The overall cost of the Update step is O(Iter× (K2N +K3N +K4 +K3)).

It’s noteworthy that the computation complexities of 1bMMRELAX and MVALSE-EP are O(KN2)

and O(N2 + Iter×NK3) with both scaling with N2 [20], while GNOMP scales with N , resulting in a

lower computation complexity.

V. NUMERICAL SIMULATION

The quantizer is designed with γ set as γ = max(|x1|, · · · , |xk|, · · · , |xK |, 3σ/
√
2), where |xk| denotes

the magnitude of the kth sinusoidal signal4. The choice of γ for the quantizer’s maximum full-scale

range suggests that when all signal amplitudes are weaker than the noise standard deviation, the noise

variance is used to design γ. In contrast, if any signal amplitude is stronger than the noise standard

deviation, we design γ based on the magnitude of the strongest signal. Additionally, the time domain

SNR 10 log(|x|2/σ2) and the integrated SNR 10 log(N |x|2/σ2) are employed. The integrated SNR is

10 logN dB higher than the time domain SNR. Typically, it is considered that a signal can be reliably

detected if its integrated SNR is greater than 15 dB based on unquantized measurements in AWGN

environments. For unquantized measurements, the NOMP is run, but the notation GNOMP (B =∞) is

used instead. The false alarm probability or rate is set as P̃FA,B = 0.01 unless stated otherwise.

A. Validate the Estimation Performance In a Single Sinusoid Scenario with Nonidentical Thresholds

For the initial numerical simulation, we aim to validate the theoretical results of single signal estimation

with nonidentical thresholds, as established in Section III. The nonidentical thresholds ζ are set as

4The design of the quantizer’s maximum full-scale range is important for optimization of the estimation and detection

performance. However, fine-tuning the quantizer for improved performance goes beyond the scope of this paper. Interested

readers can refer to [29], [30], [31] for further discussion on this topic.
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ζ = a(ω1)x1. We set x1 = −0.96 − 1.75j, and the time domain SNR is approximately 6 dB, with

ω1 = 0.15. We consider two scenarios:

• Scenario 1: Weak signal scenario, x = −0.27 + 0.29j, and the time domain SNR is −8 dB.

• Scenario 2: Strong signal scenario, x = −0.68 + 0.73j, and the time domain SNR is about 0 dB.

The parameters are set as follows: ω = 2.34, σ2 = 1. We assess the MSE and the CRB of the amplitude

of the signal with known thresholds ζ for the case where the frequency is unknown. The results are

depicted in Fig. 1. It can be observed that as the number of measurements N increases, the algorithms

asymptotically approach the CRBs.
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(a) Scenario 1: Time domain SNR = −8 dB
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(b) Scenario 2: Time domain SNR = 0 dB

Fig. 1: Measured MSEs and CRBs of amplitude versus the number of measurements N averaged over

5000 Monte Carlo (MC) trials.

B. Validate the Detection Performance In a Single Sinusoid Scenario with Nonidentical Thresholds

We set N = 1024. The threshold ζ is defined as ζ = a(ω1)x1, where x1 = 2 and the time domain

SNR is 6 dB. We use two slightly different frequencies to generate ζ.

• Scenario 1: ω1 =
π
2 , and the SNR losses under 1 bit, 2 bits, and 3 bits quantization are 4.8 dB, 2.3

dB, 1 dB according to (29).

• Scenario 2: ω1 = π
2 + 0.1, and the SNR losses under 1 bit, 2 bits, and 3 bits quantization are 6.4

dB, 2.2 dB, 0.9 dB, according to (29).

The detection probability versus the integrated SNR of the target signal is illustrated in Fig. 2. The

measured detection probability closely aligns with the theoretical detection probability, affirming the

accuracy of the analysis. As shown in Fig. 2(a), for a detection probability PD = 0.5, the integrated SNRs

January 19, 2024 DRAFT



22

10 12 14 16 18 20 22 24
SNR

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

P
D Silmulated(B=1)

Theoretical(B=1)
Silmulated(B=2)
Theoretical(B=2)
Silmulated(B=3)
Theoretical(B=3)
Silmulated(B=1)
Theoretical(B=1)

(a) ω1 = π
2

10 12 14 16 18 20 22 24
SNR

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

P
D

(b) ω1 = π
2
+ 0.1

Fig. 2: Measured and computed probability of detection versus the integrated SNR averaged over 104

MC trials.

of 1 bit, 2 bits, 3 bits, and ∞ bits quantization are 17.2 dB, 14.7 dB, 13.3 dB, 12.4 dB, respectively.

Therefore, the SNR losses of 1 bit quantization, 2 bits quantization, and 3 bits quantization compared to

unquantized measurements are about 17.2−12.4 = 4.8 dB, 14.7−12.4 = 2.3 dB, and 13.3−12.4 = 0.9

dB in Scenario 1. As shown in Fig. 2(b), similarly, the SNR losses under 1 bit, 2 bits, and 3 bits

quantization compared to unquantized measurements are about 18.7− 12.4 = 6.3 dB, 14.6− 12.4 = 2.2

dB, and 13.2− 12.4 = 0.8 dB in Scenario 2. These simulation results are consistent with the theoretical

analysis.

C. Validate the CFAR Property

We evaluate the performance of GNOMP using two criteria: the overestimation probability POE and the

false alarm probability PFA. An overestimation occurs when GNOMP overestimates the model order K,

and a false alarm occurs when the minimum wrap-around distance between a given estimated frequency

and all the true frequencies exceeds π/N . All K targets have identical integrated SNRs SNR and their

frequencies satisfy the minimum frequency separation ∆ωmin = 2.5∆DFT.

The “measured” overestimation and the “measured” false alarm probability versus the "nominal" false

alarm rates under different bit-depths and integrated SNRs are shown in Fig. 3. Each point in the plot

is generated by 300 runs of the GNOMP algorithm for estimating frequencies in a mixture of K =

8 sinusoids of SNR = 20 dB. As shown in Fig. 3, both the empirical false alarm probability and
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overestimation probability closely follow the nominal value under SNR = 20 dB, demonstrating the high

estimation accuracy of GNOMP.
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(a) False alarm probability (SNR = 20 dB)
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Fig. 3: The false alarm probability and overestimating probability versus the nominal false alarm

probability, where all K targets have identical integrated SNRs SNR and their frequencies satisfy the

minimum frequency separation ∆ωmin = 2.5∆DFT.

D. Dynamic Range

We consider two signals, and N = 512. The amplitude of the first signal is stronger than that of the

second signal. Define SNRi as the integrated SNR of the ith sinusoid, and the DR as DR ≜ SNR1−SNR2.

We evaluate the detection probability of the weakest signal versus SNR1 and DR for a given false alarm

rate. The detection probability of target 1 (the weaker target) under different bit-depths is shown in Fig.

4. It can be seen that the instantaneous DR is about 10 dB under 1 bit quantization5. For 2 bits and 3

bits quantization, the DRs are about 22 dB and 30 dB. This demonstrates that the proposed GNOMP

enlarges the DR compared to the FFT-based linear approach.

5In fact, the performance of FFT-based approaches on two simultaneous signals is investigated in [35]. It is shown that when

two signals are of the same amplitude, the receiver does not report them all the time. The receiver reports both signals only about

24% of the time. About 76% of the time, the receiver only reports one signal. Besides, the instantaneous DR of the monobit

receiver is about 5 dB, and the receiver measures the weak signal whose amplitude is 5 dB weaker than that of the strong signal

in 33/1000 trials. Here we show that our nonlinear approach performs significantly better than that of the FFT-based linear

approach.

January 19, 2024 DRAFT



24

10 12 14 16 18 20

Dynamic Range (dB)

50

51

52

53

54

55

56

57

58

59

60

S
N

R
 o

f T
ar

ge
t 1

 (
dB

)

0.4

0.5

0.6

0.7

0.8

0.9

(a) B=1

20 22 24 26 28 30

Dynamic Range (dB)

50

51

52

53

54

55

56

57

58

59

60

S
N

R
 o

f T
ar

ge
t 1

 (
dB

)

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(b) B=2

28 30 32 34 36 38

Dynamic Range (dB)

60

61

62

63

64

65

66

67

68

69

70

S
N

R
 o

f T
ar

ge
t 1

 (
dB

)

0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95

1

(c) B=3

Fig. 4: Instantaneous DR under different bit-depth computed over 300 MC trials.

E. The MSE Performance of the Frequency

In Fig. 5, we plot the “measured” MSE and CRB versus the integrated SNR under different bit-depths.

Each point is generated by 300 runs of the GNOMP algorithm for estimating frequencies in a mixture

of K = 8 sinusoids, with identical integrated SNRs ranging from 14 dB to 40 dB, and N = 512. It can

be seen that as SNR increases from 14 dB to about 34 dB, the GNOMP asymptotically approaches the

CRB under 1-3 bit quantization. As SNR increases further, the GNOMP deviates away from the CRB,

except in the no quantization situation.

F. The Detection Probability versus the SNR

We generate 8 sinusoids, where 7 of them have an identical integrated SNR = 30 dB and N = 512.

The integrated SNR of the remaining sinusoid increases from 10 dB to 26 dB. The measured false alarm

probability, the measured overestimating probability, and the detection probability of the remaining target

are shown in Fig. 6, where each point is generated by 1000 MC trials. It can be observed that the

measured false alarm rate is close to the nominal false alarm rate, and the overestimating probability

tends to be lower than the nominal false alarm rate. Moreover, the measured detection probability is close

to the oracle detection probability (assuming that ζ is known), demonstrating the excellent performance

of GNOMP.

G. The Detection Probability versus the SNR from Signed Measurements with A Time-Varying Threshold

The false alarm probability, overestimating probability, and detection probability versus SNR are

investigated using signed measurements with a time-varying threshold. The thresholds used to obtain

the signed measurements are randomly generated from a discrete set of 8 values uniformly distributed
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Fig. 5: The measured MSE and CRB of frequencies versus the integrated SNRs under different bit-depth.
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Fig. 6: The false alarm rate, the overestimating probability, the measured and theoretical detection

probability of the remaining target versus the integrated SNR.

over [−1, 1]. The number of sinusoids is 8, with 7 of them having the identical integrated SNR = 25

dB. The integrated SNR of the remaining sinusoid increases from 14 dB to 24 dB. The noise variance is

σ2 = 1, and the results are averaged over 500 MC trials. The GNOMP is compared with the MVALSE-EP

and 1bMMRELAX, where the GNOMP and the MVALSE-EP are modified to address the LSE&D in

this setting. It is worth noting that both MVALSE-EP and 1bMMRELAX estimate the noise variance,
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and the proposed GNOMP is more flexible as the false alarm rate can be specified. We set Rc = 3

for GNOMP and Rc = 4 for GNOMP (σ2 unknown). The results are shown in Fig. 7. Fig. 7(a) and

Fig. 7(b) show that the false alarm probabilities and overestimating probabilities of 1bMMRELAX,

GNOMP (PFA = 0.01), and GNOMP (PFA = 0.01, σ2 unknown) are close to 0.01, except for GNOMP

(PFA = 0.01, σ2 unknown) at SNR = 25 dB. The false alarm probability and overestimating of GNOMP

(PFA = 0.05) and GNOMP (PFA = 0.05, σ2 unknown) are close to the nominal value 0.05 except

GNOMP (PFA = 0.05, σ2 unknown) at SNR = 25 dB. The reason may be that one of the conditions

under which the asymptotic expressions of the Rao detector hold is that the signal is weak. As for the

detection probability, GNOMP (PFA = 0.05) and GNOMP (PFA = 0.05, σ2 unknown) are highest and are

close to the corresponding theoretical detection probability, followed by GNOMP (PFA = 0.01), GNOMP

(PFA = 0.01, σ2 unknown), 1bMMRELAX, MVALSE-EP. For PD = 0.5 and PFA = 0.01, the SNRs

required by GNOMP (PFA = 0.01), GNOMP (PFA = 0.01, σ2 unknown), and 1bMMRELAX are about

15.7 dB, 15.7 dB, and 16.7 dB, respectively, demonstrating that GNOMP (PFA = 0.01, σ2 unknown)

has a 1 dB gain compared to 1bMMRELAX. We also evaluate the running time averaged over 50 Monte

Carlo trials. The running time is obtained on a desktop computer with an Intel(R) Core(TM) i7-12700

4.90 GHz CPU and 32 GB of RAM, running the operating system Microsoft Windows 11. It can be seen

that the running time (mean±3 standard deviation) of GNOMP (PFA = 0.01), GNOMP (PFA = 0.05),

GNOMP (PFA = 0.01, σ2 unknown), GNOMP (PFA = 0.05, σ2 unknown), 1bMMRELAX, MVALSE-

EP are 1.70±0.25 sec., 1.74±0.21 sec., 6.12±1.56 sec., 6.18±1.38 sec., 7.20±0.84 sec., 12.84±0.15

sec., respectively. This demonstrates the computational efficiency of the proposed GNOMP approach.
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Fig. 7: The false alarm rate, the overestimating probability, the measured and theoretical detection

probability of the remaining target versus the integrated SNR from signed measurements with a time-

varying threshold.
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VI. REAL EXPERIMENT

The real data acquired in [32] is utilized to investigate the estimation and detection performance of

GNOMP. For GNOMP, the FFT is used to estimate the noise variance, which is then input to the GNOMP

algorithm. Additionally, GNOMP is also implemented without the knowledge of the noise variance to

perform target estimation and detection with bit-depth greater than 1. The experimental setup involves

setting σ2 = 250, P̃FA,B = 0.01, B = 1, 2, 3,∞, and the maximum full-scale range of the quantizer is

γ = 60, with N = 256.

people 1people 2

(a) The setup of experiment 1

cyclist

people 1

people 2

(b) The setup of experiment 2

Fig. 8: The setup of experiment 1 and 2.

A. Experiment 1

In the first experiment, as depicted in Fig. 8(a), two individuals, people 1 and people 2, are positioned

in front of the radar at radial distances of approximately 4.88 m and 3.05 m, respectively. The results

presented in Fig. 9 demonstrate the detection of People 1, People 2, and the leakage component. GNOMP

and GNOMP (σ2 unknown) generate false alarms under 2 and 3 bit quantization. Regarding running time,

NOMP takes 0.004 sec, GNOMP (B = 1) takes 0.11 sec, GNOMP (B = 2) takes 0.15 sec (and 0.85

sec for unknown noise variance), and GNOMP (B = 3) takes 0.14 sec (and 1.05 sec for unknown noise

variance). On the other hand, MVALSE-EP (B = 1) takes 1.18 sec, MVALSE-EP (B = 2) takes 1.5 sec,

and MVALSE-EP (B = 3) takes 1.47 sec. Therefore, GNOMP exhibits much faster processing times

compared to MVALSE-EP.

B. Experiment 2

In the second field experiment, as illustrated in Fig. 8(b), two stationary individuals named people 1

and people 2 are positioned at radial distances of about 4.87 m and 2.63 m. Meanwhile, a cyclist is
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Fig. 9: The range estimation and detection results of field experiment 1.

moving toward the radar with a radial distance ranging from 7 m to 2 m and a velocity of approximately

2 m/s. The range estimation and detection results are depicted in Fig. 10. Observations indicate that

under 1 bit quantization, both GNOMP and MVALSE-EP fail to detect the cyclist due to the inherent

low DR associated with 1 bit quantization. MVALSE-EP also generates a false alarm. For B ≥ 2,

GNOMP successfully detects both people and the cyclist, while MVALSE-EP continues to miss the

cyclist. Additionally, under 3 bit quantization, both GNOMP and GNOMP (σ2 unknown), along with

NOMP, produce a false alarm.

VII. CONCLUSION

This paper presents a theoretical analysis of false alarm probability and detection probability under

low-resolution quantization. The study introduce the SNR loss to reveal the impact of both low-resolution
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Fig. 10: The estimation and detection results of experiment 2.

quantization and intersinusoidal interference on the detection of weak signals. Furthermore, the paper

introduces a fast and super-resolution algorithm, GNOMP, which utilizes FFT and IFFT for implementing

the Rao detector, achieving LSE&D while maintaining CFAR behavior. The theoretical findings are

verified and the efficiency and excellent performance of GNOMP are demonstrated through extensive

numerical simulations and real experiments, comparing with state-of-the-art algorithms, the CRB, and

the detection probability bound.

VIII. APPENDIX

A. The FIM for the Single Sinusoid Model (4) with Nonzero Thresholds

We now evaluate the FIM for the model (4) under the hypothesis H1 using the following lemma.
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Lemma 1. [15], [22], [10] Let κ ∈ RP denote the set of unknown deterministic parameters. Note that

in the case of quantized observations y = Q(r) ∈ RN where r ∼ N (µ(κ), σ2IN/2), the FIM is given

by

I(κ) =
2

σ2

[
∂µ(κ)

∂κT

]T
Λ

[
∂µ(κ)

∂κT

]
, (62)

where

∂µ(κ)

∂κT
=
[

∂[µ(κ)]
∂κ1

∂[µ(κ)]
∂κ2

· · · ∂[µ(κ)]
∂κP

]
∈ RN×P , (63)

and Λ is a diagonal matrix with the (i, i)th element

Λi,i = hB(µi(κ), σ
2), (64)

hB(x, σ
2) is given by (8) and B is the bit-depth of the quantizer. For unquantized system, the FIM (62)

is obtained with Λ = IN .

In our setting, the observations are [ℜ{y};ℑ{y}]. Note that κ ∈ R2 and µ(κ) ∈ R2N are

κ =

 ℜ{x}
ℑ{x}

 ,µ(κ) =

 ℜ{ζ + ax}

ℑ{ζ + ax}

 , (65)

respectively. Thus

∂µ(κ)

∂κT
=

 ℜ{a} −ℑ{a}
ℑ{a} ℜ{a}

 ∈ R2N×2. (66)

Substituting (66) in (62), the FIM IB(θ) is

IB(θ) =
2

σ2

 ℜ{a} −ℑ{a}
ℑ{a} ℜ{a}

T

diag

hB(ℜ{ax+ ζ}, σ2)

hB(ℑ{ax+ ζ}, σ2)

 ℜ{a} −ℑ{a}
ℑ{a} ℜ{a}

 (67)

Simplifying (67) yields (5). The inverse of IB(θ) is shown to be (6).
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