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Abstract
We consider a problem of inferring contact network from nodal states observed dur-

ing an epidemiological process. In a black–box Bayesian optimisation framework this
problem reduces to a discrete likelihood optimisation over the set of possible networks.
The high dimensionality of this set, which grows quadratically with the number of net-
work nodes, makes this optimisation computationally challenging. Moreover, the com-
putation of the likelihood of a network requires estimating probabilities of the observed
data to realise during the evolution of the epidemiological process on this network. A
stochastic simulation algorithm struggles to estimate rare events of observing the data
(corresponding to the ground truth network) during the evolution with a significantly
different network, and hence prevents optimisation of the likelihood. We replace the
stochastic simulation with solving the chemical master equation for the probabilities of
all network states. This equation also suffers from the curse of dimensionality due to the
exponentially large number of network states. We overcome this by approximating the
probability of states in the Tensor-Train decomposition. This enables fast and accurate
computation of small probabilities and likelihoods. Numerical simulations demonstrate
efficient black–box Bayesian inference of the network.
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algorithm, Markov chain Monte Carlo, Bayesian inference

2020 MSC: 15A69, 34A30, 37N25, 60J28, 62F15, 65F55, 90B15, 95C42

1 Introduction
The recent outbreak of COVID-19 and the public discussion that followed has led to better
understanding of the central role that epidemiological models play in the decision making
process and developing an informed response strategy. The quality of the mathematical
models used in this process is crucial, not only because it allows to accurately predict the
spread of a disease in population, but also in order to increase public trust in research and
the decisions that follows from it. The limitations of the the over–simplified homogeneous
models [48] in describing the human communities are well understood. To move beyond
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the Kermack–McKendrick compartmental SIR model [48], we should discard the assump-
tion that population is ‘well–mixed’ and include the information on the structure of contact
network, leading to study of epidemics on networks [47, 13, 75, 62, 49].

Predicting the evolution of epidemic on a given network is muchmore difficult than solv-
ing a homogeneous model. If the number of individuals assigned to each network node
is small (which is the most interesting alternative to homogeneous models), the evolution
becomes stochastic, and one needs to model a probability distribution function of states in-
stead of states themselves. This probability distribution function satisfies the chemicalmaster
equation (CME) [71], which is an ordinary differential equation on the probability values.
However, the total number of network states (and hence the size of the CME) grows expo-
nentially in the number of network nodes [13, 75]. This makes the direct solution of the
stochastic network models computationally intractable for large networks [49].

Perhaps the most traditional method for tackling the CME is the Stochastic Simulation
Algorithm (SSA) [29] and variants, which compute random walks over the network states,
distributed according to the CME solution. However, as a Monte Carlo method, the SSA is
known to converge slowly, especially for rare events. Alternative approaches include mean–
field approximations [46, 63], effective degree models [31, 52, 70], and edge–based compart-
mental models [56], but these models are approximate and rely on truncation of the state
space. This introduces a truncation error that is difficult to estimate and/or keep below a de-
sired tolerance for a general network. Other approaches include changing the original model
into a surrogate model such as birth–death processes [17], or using neural networks [34, 69].
For solving the originalmodel in a numerically controllable approximation framework, a new
approach based on tensor product factorisations was recently proposed by authors in [21].

If the contact network is not known, we can attempt to solve an inverse problem, i.e. to
infer the network from observations of disease data over time. For N network nodes, the
number of possible networks grows exponentially in N2. Hence, for large N, the problem
complexity typically grows much faster than the information available, and network infer-
ence becomes a (very) underdetermined problem [16]. Network inference is therefore only
solved directly for very small population sizes [59, 24]. Networks with mass-action kinetics
can be inferred uniquely by observing transition rates at a simplex set of states [25], but the
cardinality of this set is combinatorial in N .

To address the problem for larger N, one can involve additional information about the
network structure, such as degree distribution and sparsity [57, 35]. In a similar way, one can
assume the underlying statistical distribution for the network and infer its parameters [33].
Another approach is to infer properties of the network rather than its exact structure [9],
e.g. to find a class of network distributions, which the contact network most likely belongs
to [17]. Relatedwork include inferring the origin of epidemic given the contact network [53].
For a recent survey on network inference see [10].

In this paper we investigate inference of the contact network from states of the network
observed over time. We use a Bayesian formulation but do not assume any prior knowledge
on the structure of the contact network, and thus solve a black–box optimisation problem

networkopt = arg max
network

P(data | network),

i.e. look for the optimal network for which the actually observed data are most likely to ap-
pear. To summarise the above, the network inference problem is difficult due to the following
reasons.

1. Large inverse problem. The inverse problem is a high–dimensional discrete optimisa-
tion problem. Indeed, in an undirected network withN nodes there are 1

2
N(N − 1) po-

tential links, which are the optimisation variables, each of which can independently be
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in one of two states (on/off). In total, the search spacewhich consists of 2N(N−1)/2 possi-
ble networks, hence the exhaustive search is computationally unfeasible. Since the op-
timisation variables are discrete, the gradient of the target function is unavailable, and
hence we can’t apply steepest descend or Newton–Raphson algorithms. Hence, to find
the near–optimal solution, we need to explore the structure of the high–dimensional
array with some (possibly heuristic) algorithm, which may require a large number of
target function evaluations.

2. Large forward problem. For each network in the search space, a single evaluation of the
target function requires solving a forward problem, i.e. finding a probability of given
data to be observed during the evolution of the disease on the current network. This is
a Markov chain problem on the state space of accessible network states, which scales
exponentially with the number of nodes, causing the currently available algorithms to
struggle.

3. Low contrast caused by insufficient data. We may observe conditional probabilities to
be (almost) the same,P(data|network1) ≈ P(data|network2), for example if the twonet-
works differ only by the links attached to the nodes, for whichwe do not have (enough)
events in the observed dataset. In this case, the Bayesian optimisation won’t be able to
choose one particular network, as a large number of them are equally likely to produce
the observed dataset. Any numerical approximation errors due to limitations of the for-
ward problem solvers (see item 2) add extra noise to the high-dimensional probability
density function and further complicate the optimisation process (see item 1). Due to
the probabilistic nature of the problem, the ground truth network network⋆, for which
the observed dataset was generated, may differ from the optimal network recovered by
the Bayesian inference method, network⋆ ̸= networkopt.

4. High contrast caused by a large amount of data. Although adding more data makes
the ground truth network a unique global optimum for Bayesian optimisation, it also
creates a large number of local optima. In a black–box optimisation setting, there is no
prior information that could navigate the optimisation towards the global optimum,
and the algorithm can be trapped in a local optimum for considerable time.

The existing literature often does not consider these issues separately, nor approach the
problem directly. It is typically stated that the network optimisation is impossible to solve,
and alternative formulations are considered [16, 49, 10, 17]. In this paper we attempt to per-
form the black–box network inference directly following the Bayesian optimisation frame-
work. To tackle the forward problem, we solve the CME using tensor product factorisa-
tions [21]. A related work was recently proposed in tensor network community, but it is
limited to linear one–dimensional chains [54]. We demonstrate that the proposed method
provides faster and more accurate solution to the forward problem compared to SSA, partic-
ularly when the network is far from optimal.

Next, we apply two Markov Chain Monte Carlo (MCMC) algorithms for black–box dis-
crete high–dimensional optimisation and analyse results. An overall workflow of this proce-
dure is illustrated in Figure 1. By simulating three examples of networks, we show that by
collecting sufficiently many data we can make the contrast high enough to infer the original
ground truth network.
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MCMC CME TT solver P (xk−1 → xk|G)

Data

G

xk−1 xk

L(G)
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L

max︷ ︸︸ ︷

Figure 1: Network inference workflow. An MCMC algorithm samples proposal network configura-
tions, G. The CME is solved on each time interval [tk−1, tk] in the observed data, starting from the state
observation X(tk−1) = xk−1 and obtaining the TT approximation of the probability of observing the
state X(tk) = xk for the given network G. These probabilities for all data are multiplied to form the
likelihood L(G), which is accepted or rejected in the MCMC. Finally, the network with the maximum
likelihood among the MCMC samples is inferred.

2 Methods
2.1 Forward problem: ε–SIS epidemic on network
Weconsider the ε–SISmodel of the contact process, which is a variation of a classical susceptible–
infected–susceptible (SIS) model, allowing for every node to self–infect with rate ε. This
process was originally proposed by Hill et al. to describe the spread of emotions in social
network [40]. Mieghem et al. studied analytical properties of the model for fully connected
networks [72, 1]. Zhang et al. extended this study to arbitrary networks and found condi-
tions under which the equilibrium distribution can be accurately approximated by a scaled
SIS process, gaining useful insights on vulnerability of the population [76].

The classical SISmodel has an absorbing statewhere all nodes are susceptible (i.e. the net-
work is fully healthy), but due to spontaneous self–infections the ε–SIS model does not have
an absorbing state, hence the epidemics lasts forever. This property allows us to observe the
epidemics for sufficiently long time and eventually collect the dataset which is large enough
to ensure the required contrast for the Bayesian optimisation.

We consider a ε–SIS epidemic on a unweighted simple network G = (V , E),which is a set
of nodes (representing people, or agents) V = {1, 2, . . . , N} and links (or edges, representing
contacts between agents) E = {(m,n) : m ∈ V , n ∈ V , m ̸= n}. We additionally assume that
the contacts are bidirectional, i.e. (m,n) ∈ E ⇔ (n,m) ∈ E , which allows us to introduce a
symmetric adjacency relationm ∼ n ⇔ (m,n) ∈ E for the connections.

Each node can be in one of two states, xn ∈ X = {susceptible, infected} = {0, 1}, for
n ∈ V . The state of the whole network is therefore a vector x =

(
x1 x2 . . . xN

)T ∈ XN .We
consider the system dynamics as a continuous–timeMarkov jump process on the state space
Ω = XN . The following two types of transitions (or reactions), infection and recovery, occur
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Figure 2: Markov transitions between network states: (a) ε–SIS epidemic on a chain ofN = 3 people;
(b) ε–SIS epidemic in a fully connected network ofN = 3 people. On the graph, green arrows denote
recovery process with rate γ, and red arrows with a circled number k denote infection process with
rate kβ + ε.

independently and at random according to the Poisson process with the following rates

px→y =





p(inf)x→y, if ∃n ∈ V : y = x + en;
p(rec)x→y, if ∃n ∈ V : y = x− en;
0, otherwise,

(1)

where en ∈ RN is the n–th unit vector. For simplicity, we assume that the recovery rates
p(rec)x→y = γ are the same for all nodes of the network. In the classical SIS model, the infection
rate for the susceptible node xn = 0 is proportional to the number of its infected neighbours,
In(x) = |{m ∈ V : m ∼ n, xm = 1}| , and the per–contact rate β, which we also consider the
same across all network. In the ε–SIS model, an additional infection rate ε is introduced to
describe possible infection through contactswith the external, off-the-network, environment.
Hence, the infection rate is p(inf)x→y = In(x)β + ε. Examples of the Markov transition graph are
shown in Fig. 2.

The stochastic properties of the system are described as probabilities of network states
p(x, t) = P(system is in state x at time t). The system dynamics is written as a system of ordi-
nary differential equations (ODEs), known as Markovian master equation [71, 13], Chapman
or forward Kolmogorov equations:

p′(x, t) =
∑

y∈Ω
(py→x · p(y, t)− px→y · p(x, t)) , x ∈ Ω, (2)

subject to initial conditions p(x0, 0) = 1 for the initial state x = x0 and p(x, 0) = 0 otherwise.
The number of ODEs scales as 2N , making traditional numerical solvers struggle for even
moderate values of N.
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2.2 Inverse problem: Bayesian inference of the network
Our goal is to infer the most probable contact network G = (V , E) from the observed data
X = {tk, x(tk)}Kk=0. According to the Bayes theorem [8], P(G|X ) = P(X|G)P(G)

P(X )
, where P(G) is

the prior probability distribution for the grid, P(X|G) is the likelihood of the observed data
as a function of the grid G, P(X ) is the probability of the observed data, and P(G|X ) is the
posterior probability of the grid given the data.

The connectivity network G can be described by its adjacencymatrixG = [gm,n]m,n∈V with
gm,n = 1 ⇔ (m,n) ∈ E and gm,n = 0, otherwise. Since G is simple, G is a binary symmetric
matrix, G = GT , with zero diagonal, diag(G) = 0. It is easy to see that a grid G can be
described by 1

2
N(N − 1) independent binary variables gm,n ∈ B = {0, 1} with m,n ∈ V and

m > n, representing the states (on/off) of possible edges (m,n) ∈ E . Therefore, for a fixed
number of nodes |V| = N, the set of all possible networks G = {G : gm,n = gn,m ∈ B, m, n ∈
V , m > n} has cardinality |G| = 2N(N−1)/2. Note that G is isomorphic to BN(N−1)/2, the set of
adjacency elements gm,n. The structure of this set is illustrated in Fig. 3.

Assuming that nodes are known and no prior information of the edges E is available,
we take the uniform prior distribution, P(G) = 2−N(N−1)/2. Although P(X ) is unknown, it
does not affect the optimisation problem, as maxG P(G|X ) = 2−N(N−1)/2

P(X )
maxG P(X|G), hence

argmaxG P(G|X ) = argmaxG P(X|G).
Due to the Markovian property of the system dynamics, the likelihood can be expanded

as follows,

L(G) = P(X|G) = P(X(t1) = x1, · · · , X(tK) = xK |G)
= P(X(t1) = x1|X(t0) = x0,G) · · ·P(X(tK) = xK |X(tK−1) = xK−1,G),

=
K∏

k=1

P(X(tk) = xk|X(tk−1) = xk−1,G)︸ ︷︷ ︸
P(xk−1→xk|G)

,
(3)

where X(t) ∈ XN are random variables describing the network states during its stochastic
evolution, and the time sequence {tk}Kk=0 is monotonically increasing. We see that the like-
lihood is a product of transition probabilities P(xk−1 → xk|G) = P(X(tk) = xk|X(tk−1) =
xk−1,G), which are the probabilities for the system to evolve from the state xk−1 to xk over
the time period [tk−1, tk]. The (black–box) Bayesian network inference therefore boils down
to likelihood optimisation,

Gopt = argmax
G∈G

log L(G) = argmax
G∈G

K∑

k=1

logP(xk−1 → xk|G). (4)

To compute a single log–likelihood log L(G) in (4), we need to solveK forward problems,
i.e. estimate the chance of arriving to the state xk from the state xk−1 over the period of time
t ∈ [tk−1, tk] for k = 1, . . . , K. To find the optimal network Gopt, we may need to compute a
large amount of log–likelihoods for different networks G, hence the efficiency of the forward
solver is crucial to make the optimisation procedure feasible. This rules out a possibility of
solving (2) directly due to the curse of dimensionality.

2.3 Stochastic simulation algorithms for forward problem
Traditionally, probabilities p(x, t) are estimated using the Stochastic Simulation Algorithm
(SSA) [29], or some more efficient (e.g. multilevel) Monte Carlo simulations of the reali-
sations of the model [30, 39, 3, 51]. Essentially, these methods sample NSSA random walks
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Figure 3: The set of all possible networks with N = 3 nodes is a binary hypercube in dimension
1
2N(N − 1) = 3.

through the state spaceΩ starting at the initial state xk−1, count the numbernSSA of trajectories
that end up in the state xk by the time tk, and estimate the target probability as a frequency,

P(xk−1 → xk|G) ≈ P̃(xk−1 → xk|G) =
nSSA

NSSA

. (5)

The cost of sampling each trajectory does not grow exponentially withN which makes these
methods free from the curse of dimensionality. However, the convergence of these algo-
rithms is not particularly fast, with typical estimates

err =
∣∣∣P(xk−1 → xk|G)− P̃(xk−1 → xk|G)

∣∣∣ ⩽ cN−δ
SSA,

with 0.5 ⩽ δ ⩽ 1 depending on a particular method. This is usually sufficient to estimate
large probabilities and main statistics (such as mean and variance) of the process. However,
if the probability p = P(xk−1 → xk|G) is small, to ensure the desired relative precision |p−p̃| ⩽
ϵp, the number of samples should satisfy cN−δ

SSA ⩽ ϵp, or NSSA ⩾ (ϵp/c)−1/δ. In practice this
means that estimation of rare events with probabilities p ≲ 10−6 with these algorithms can
be prohibitively expensive.

If the computational budget of NSSA trajectories is exhausted and none of them arrived
at xk, then nSSA = 0 and p̃ = 0, i.e. the event is not resolved with the algorithm and is
considered impossible. If this happens for at least one transition from state xk−1 to xk for
some k = 1, . . . , K, then the whole likelihood L(G) = 0 for the given network G. In practi-
cal computations this issue can occur for most networks G ̸= G⋆ except the ‘ground truth’
network and its close neighbours. The limited computation budget for the forward problem
therefore leads to flattening of the high–dimensional landscape of the likelihoods, wiping
off the structural information that should be used to navigate the optimisation algorithm to-
wards the solution of (4). This motivates the development of more accurate methods for
the forward problem, such as the tensor product approach that we discuss in the following
subsection.

2.4 Tensor product algorithms for forward problem
To find the probabilities composing the likelihood (4), we can solve the system of ODEs (2)
for the probabilities of the network states. This system is commonly known as the chemical
master equation (CME) and consists of |Ω| = 2N equations and unknowns, hence tradi-
tional solvers suffer from the curse of dimensionality. To mitigate this problem, different ap-
proaches were used, including sparse grids [37], adaptive finite state projections [58, 43, 11],
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radial basis functions [50], neural networks [34, 69], and tensor product approximations,
such as canonical polyadic (CP) format [44, 2, 38], and more recently tensor train (TT) for-
mat [45, 19, 23, 22, 73, 18, 42, 28, 21]. Here we briefly describe the tensor train approach used
in our recent paper [21].

First, we note that among 2N reaction rates py→x in (2) only 2N are non–zero, according
to (1):

p′(x, t) =
N∑

n=1

(
p(inf)(x−en)→xp(x− en, t) + p(rec)(x+en)→xp(x + en, t)−

(
p(inf)x→(x+en)

+ p(rec)x→(x−en)

)
p(x, t)

)
,

(6)
for x ∈ Ω. Let us now uncover the tensor product structure of the matrix of this CME, as-
suming that the probability p(x, t) of the network state x = (x1, · · · , xN)

T appears in the
probability distribution function (p.d.f.) vector p(t) = [

p(x, t)
]
x∈Ω in position x1x2 . . . xN =

2N−1(x1 − 1) + 2N−2(x2 − 1) + · · ·+ 20xN .
Using indicator function

1condition =

{
1, if condition is true
0, if condition is false,

we can write p(rec)x→(x−en)
= γ1xn=1, and p(inf)x→(x+en)

= (ε + β
∑

m∼n 1xm=1)1xn=0. Collecting these
reaction rates in vectors of size 2N , and using the big–endian ordering as explained above, we
obtain tensor product decompositions

[
p(rec)x→(x−en)

]
x∈Ω

= γe⃗⊗ · · · ⊗ e⃗⊗ ı⃗⊗ e⃗⊗ · · · ⊗ e⃗, (7)

where ı⃗ = (
0 1

)T appears in position n, e⃗ =
(
1 1

)T appear elsewhere; and
[
p(inf)x→(x+en)

]
x∈Ω

= εe⃗⊗ · · · ⊗ e⃗⊗ s⃗⊗ e⃗⊗ · · · ⊗ e⃗

+ β
∑

m∼n

e⃗⊗ · · · ⊗ e⃗⊗ s⃗⊗ e⃗⊗ · · · ⊗ e⃗⊗ ı⃗⊗ e⃗⊗ · · · ⊗ e⃗,
(8)

where s⃗ = (
1 0

)T appears in position n, ı⃗ =
(
0 1

)T appear in positionsm ∼ n, e⃗ =
(
1 1

)T
appear elsewhere. To complete the expansion for the right–hand side of (6), we need to
express the shifted state p(x− en, t) as a sum over probabilities p(y, t) as follows

p(x− en, t) =
∑

y∈Ω
1x1=y1 · · ·1xn−1=yn−1 · 1xn−1=yn · 1xn+1=yn+1 · · ·1xN=yN · p(y, t),

[
p(x− en, t)

]
x∈Ω =

(
Id⊗ · · · ⊗ Id⊗ JT ⊗ Id⊗ · · · ⊗ Id

)
︸ ︷︷ ︸

JT
n

p(t),
(9)

where the shift matrix JT = ( 0 0
1 0 ) appears in position n, and identity matrices Id = ( 1 0

0 1 )
appear elsewhere. Similarly, [p(x + en, t)

]
x∈Ω = Jnpwith Jn = Id⊗· · ·⊗ Id⊗J⊗ Id⊗· · ·⊗ Id.

Combining the above, we collect all equations of (6) in a vectorised CME

p′(t) = Ap(t), p(0) = p0, (10)

8



where the 2N × 2N matrixA admits the following tensor product form:

A = γ
N∑

n=1

Id⊗ · · · ⊗ Id⊗ (J − Id) diag(⃗ı)⊗ Id⊗ · · · ⊗ Id

+ ε

N∑

n=1

Id⊗ · · · ⊗ Id⊗ (JT − Id) diag(s⃗)⊗ Id⊗ · · · ⊗ Id

+ β

N∑

n=1

∑

m∼n

Id⊗ · · · ⊗ Id⊗ (JT − Id) diag(s⃗)⊗ Id⊗ · · · ⊗ Id⊗ diag(⃗ı)⊗ Id⊗ · · · ⊗ Id.

(11)

This so-called canonical polyadic (CP) [41, 36, 12] form represents the CME matrix A as a
sum of (2N + |E|) elementary tensors, each of which is a direct product of N small 2 × 2
matrices, acting on a single node of the network only. Hence, the storage for A reduces from
O(2N⟨k⟩) down toO((2N + ⟨k⟩)N) elements, where ⟨k⟩ = |E|/|V| denotes the average degree
of G. The curse of dimensionality for the matrix is therefore removed.

To remove the exponential complexity in solving (10), we need to achieve a similar com-
pression for the p.d.f. p(t) = [p(x, t)]x∈Ω, for which we employ the tensor train (TT) for-
mat [60].

p ≈ p̃ =

r0,...,rN∑

α0,...,αN=1

p(1)
α0,α1

⊗ · · · ⊗ p(n)
αn−1,αn

⊗ · · · ⊗ p(N)
αN−1,αN

. (12)

Here, the rn−1 × 2 × rn factors p(n) =
[
p
(n)
αn−1,αn(xn)

]
, n = 1, . . . , N, are called TT cores, and

the ranges of the summation indices r0, . . . , rN are called TT ranks. Each core p(n) contains
information related to node n in the network, and the summation indices αn−1, αn of core p(n)

link it to cores p(n−1) and p(n+1). The matrix–vector multiplication can be performed fully
in tensor product format. Using recently proposed algorithms [23, 22] the linear system
of ODEs (10) can be solved fully in the TT format avoiding the curse of dimensionality, as
explained in details in [21].

2.5 Ordering of network nodes for faster forward problem solving
The TT decomposition of probability functions exhibits low rankswhen distant (with respect
to their position in the state vector) variables are weakly correlated; see e.g. [65] for a rig-
orous analysis of this for the multivariate normal probability density function. Numerical
approaches to order the variables in such a way include a greedy complexity optimisation
over a reduced space of permutations [4, 55], using gradients to compute a Fisher–type in-
formation matrix and its eigenvalue decomposition to sort or rotate the variables [15], and
sorting the variables according to the Fiedler vector of the network [5]. Since in our case the
variables are discrete, we adopt the latter approach.

We consider the Laplacian matrix of the network G, defined as follows

L = diag(Ge)−G, (13)

where G ∈ BN×N is the adjacency matrix of G, and e =
(
1 1 · · · 1

)T ∈ BN . We are par-
ticularly interested in the Laplacian spectrum of G, i.e. solutions to the eigenvalue problem
Lu = λu. It is easy to see that since G = GT we also have L = LT , hence the spectrum is real,
λ ∈ R.We also note that L = [ℓm,n]m,n∈V is diagonally dominant, since ℓm,m =

∑
n∈V gm,n ⩾ 0,

and ℓm,n = −gm,n ⩽ 0 for m ̸= n, hence |ℓm,m| =
∑

m ̸=n |ℓm,n|. Since diag(L) ⩾ 0 and L is

9



symmetric and diagonally dominant, the Laplacian is positive semi-definite, hence its eigen-
values are nonnegative, λn−1 ⩾ λn−2 ⩾ . . . ⩾ λ1 ⩾ λ0 ⩾ 0. It is easy to see that Le = 0, hence
λ0 = 0 is the lowest eigenvalue with the corresponding eigenvector u0 = e.

The second eigenvalue, which we denote λ1, is called the algebraic connectivity of G or
Fiedler value. It was known since [26] that λ1 = 0 if and only if G is disconnected. This is
a particularly easy scenario for epidemiological modelling. If G consists of two disjoint net-
works, G1 and G2, then nodes from G1 and G2 can not affect each other. The random variables
associated with those nodes are therefore independent, i.e. if X1 ∈ G1 and X2 ∈ G2 then
P(X1, X2) = P(X1)P(X2). This means that if we order the variables x1, . . . , xN in such a way
that the first block x1, . . . , xm ∈ G1 and the second block xm+1, . . . , xN ∈ G2 do not overlap,
then the TT format (12) for the p.d.f. p(x1, . . . , xN) will have the TT rank rm = 1 for the
connection separating G1 and G2.

These geometric properties of the network can be estimated from the eigenvector v = u1,
also known as Fiedler vector. In the pioneering paper [27] it was related to finding an opti-
mal cut in the network G. It was generalised to reducing the envelope (or the bandwidth)
of the adjacency matrix G in [6], and later to finding orderings of variables for which TT
decomposition (12), and related MPS and DMRG representations in quantum physics [66],
have lower TT ranks [5]. The Fiedler vector can be computed byminimising the Rayleigh quo-
tient v = argminv⊥e v

TLv/∥v∥2, also known as the Courant minimax principle, orthogonally
to u0 = e. Following [6], we use the Fiedler vector to define a one–dimensional embedding
of the graph to a linear chain. Let σ ∈ Sn be the permutation vector of the set of nodes V
such that (vσ) is ordered, i.e. vσ1 ⩾ vσ2 ⩾ · · · ⩾ vσN

, or equivalently in the ascending or-
der. Following [5], the same permutation of variables also reduces the TT ranks of the TT
decomposition (12). In particular, it groups together variables corresponding to indepen-
dent subgrids. Hence, we compute this permutation and adopt its order of variables before
solving the forward problem (10) using tensor product algorithms.

2.6 Algorithms for Bayesian inverse problem
Since the full grid search is unfeasible for evenmoderate networks, we adopt theMetropolis–
Hastings Markov Chain Monte Carlo (MCMC) method to approach the maximum of L(G).
The method is depicted in Algorithm 1. We need to choose a proposal distribution q(Ĝ|G)
which is tractable for sampling a new state of the network Ĝ, given the current network G.
In each iteration, given the current network Gi, we sample a new proposal Ĝ and accept or
reject it probabilistically based on theMetropolis–Hastings ratio, forming aMarkov Chain of
network configurations G0,G1, . . .After theMarkov Chain is computed, we return the sample
of this chain with the maximal likelihood. This algorithm is known to converge to the true
distribution 1

Z
L(G) (where Z is the normalising constant) under mild assumptions [64]. In

practice, we use two proposal distributions.
1. Choose one link in Gi uniformly at random and toggle its state (on/off). Since there

are N(N − 1)/2 possible links to toggle, q(Ĝ|G) = 2
N(N−1)

independently of Ĝ and G,
and hence cancels in the Metropolis-Hastings ratio. We will call Algorithm 1 with this
proposal “MCMC”.

2. Every N(N − 1)/2 iterations (i.e. when mod (n,N(N − 1)/2) = 0), sample a random
permutation vector σ ∈ SN(N−1)/2 of the set {1, . . . , N(N−1)/2}, and in the nextN(N−
1)/2 iterations toggle links in the order prescribed by σ. This is still a validMCMC algo-
rithm with a constant proposal distribution, but now with respect to σ, corresponding
to a collection of networks in consecutive update steps, (Gi+1, . . . ,Gi+N(N−1)/2). How-
ever, as wewill observe in the numerical experiments, this algorithm can often increase
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Algorithm 1MCMC algorithm for the likelihood maximization
1: Choose the proposal distribution q(Ĝ|G), initial network G0 and length of the chain Neval.
2: for i = 0, . . . , Neval − 1 do
3: Sample a new proposal network Ĝ ∼ q(Ĝ|Gi).
4: Compute the Metropolis–Hastings ratio h(Ĝ,Gi) =

L(Ĝ)
L(Gi)

q(Gi|Ĝ)
q(Ĝ|Gi)

. ▷ As shown in (14).
5: Sample a uniformly distributed random number r ∼ U(0, 1).
6: if r < min(h(Ĝ,Gi), 1) then
7: Accept the proposal by setting Gi+1 = Ĝ.
8: else
9: Reject the proposal by setting Gi+1 = Gi.
10: end if
11: end for
12: return G∗ = argmaxi=0,...,Neval

log L(Gi).

the likelihood faster in terms of the individual link changes, and hence the computing
time. In each block ofN(N−1)/2 iterations, this algorithm proposes link changeswith-
out replacement [67]. For this reason, we will call this algorithm “MCMC noR” (for
“no Replacement”).

Cancelling the constant proposal probability, and using log-likelihoods to avoid numerical
over- and under-flow errors, we arrive at the following formula for the Metropolis–Hastings
ratio:

h(Ĝ,Gi) = exp
(
log L(Ĝ)− log L(Gi)

)
. (14)

2.7 Choosing initial guess for optimisation
A good initial guess G0 for the contact network can significantly improve the computational
efficiency by reducing the number of steps required by the optimisation algorithm to con-
verge towards the optimum Gopt, but also by simplifying the forward problems and hence
reducing the computational time required to evaluate each likelihood L(G) in (4). Here we
present a simple algorithm to generate an initial guess using the given nodal time series data
X = {tk, xk}Kk=0. By comparing each next state xk against a previous one xk−1 for k = 1, . . . , K
node-by-node, we observe events of two possible types: infected nodes that become suscep-
tible (recovery), and susceptible nodes becoming infected (infection). Recoveries are single–
node events and provide no information on the network connectivity. In contrast, infections
are two–node events that occur when a susceptible node is connected to an infected node.
Therefore, any node m that was or became infected during t ∈ [tk−1, tk] could have infected
any connected susceptible node n that became infected during the same time interval.

Thus, we compute the connectivity scores hm,n for all m,n ∈ V as follows

hm,n =
K∑

k=1

h(k)
m,n, with h(k)

m,n =

{
1

|Ik| , if xn,k−1 = 0, xn,k = 1, andm ∈ Ik;

0, otherwise, (15)

where Ik = {m ∈ V : xm,k−1 = 1 or xm,k = 1} is the set of all infected nodes at the beginning
or by the end of the interval t ∈ [tk−1, tk]. The higher is the acquired score hm,n the higher
is the evidence that m ∼ n in the contact network. Hence, when the scores are calculated,
we can sample an initial guess network G0 randomly with probabilities for each link propor-
tional to the scores. Alternatively, for a more deterministic approach, we can discretise the
distribution, and set m ∼ n in G0 for all links (m,n) for which the score exceeds the average,
hm,n ⩾ 2

N(N−1)

∑
i>j hi,j.
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3 Results
The numerical experiments were implemented in Matlab 2022b based on TT-Toolbox1 and
tAMEn2 packages, and run on one node of the HC44 series of the University of Bath “Nim-
bus” Microsoft Azure cluster, parallelising experiments with different datasets over 42 cores
of the Intel Xeon Platinum 8168 CPUs. Each of these parallel processes ran in a single–
threaded mode.

The codes are publicly available from github.com/savostyanov/ttsir.

3.1 Linear chain
For this experiment we generated Ns = 42 samples of synthetic data by computing random
walks of ε-SIS process with parameters β = 1, γ = 0.5 and ε = 0.01 for the duration of
T = 200 time units. The trajectories were then re-sampled to a uniform grid on [0, T ] with
the time step τ = 0.1 to imitate data collected at regular intervals. Therefore, each trajectory
contained K = 2000 data records representing the epidemic process. Data were created
using the ‘ground truth’ network G⋆ which is a linear chain with N = 9 nodes as shown in
Fig. 4(a), and assuming that the initial state x0 = (1, 0, . . . , 0) is the same for all data samples.

First, we checked the contrast of the log–likelihood at the ground truth network G⋆, by
computing E[log10 L(G) − log10 L(G⋆)] averaged over the Ns = 42 sampled datasets. We cal-
culate this value for all G that are nearest neighbours of G⋆, i.e. differ by only one link. The
results are shown on Fig. 4(b). We note that removal of an existing link from G⋆ results in
a contrast E[log10 L(G) − log10 L(G⋆)] ≃ −50, raising to ≃ −60 for links attached to the sides
of the chain. This is easy to understand, as removal of a link from G⋆ creates a disconnected
graph G,where two subraphs can not pass the infection on to each other, hence the epidemic
dynamics on G differs significantly from the one on G⋆. Adding a new link to G⋆ results in a
milder contrast E[log10 L(G) − log10 L(G⋆)] ∈ [−30,−10], because the grid remains connected
and the dynamics of the epidemic is less affected. This confirms that G⋆ is at least a local
optimum for log L(G), and therefore can be inferred by Bayesian optimisation, assuming the
optimisation algorithm manages to converge to it.

Secondly, we evaluated probabilities P(x
(ns)
k−1 → x

(ns)
k |G) in (4) for all data records k =

1, . . . , K for all generated datasets ns = 1, . . . , Ns. The results are shown in Fig. 4(c) for the
initial guess network G = G0 computed as explained in Sec. 2.7, and in Fig. 4(d) for the
ground truth network G = G⋆. We used the SSA algorithm [29] with NSSA = 103 samples
as explained in Sec. 2.3. A significant number of events are not resolved by SSA and the
probabilities are estimated as zero, as shown by the log10 p = −∞ column on the histograms.
We then computed the same probabilities by solving the CME (10) subject to initial condi-
tion x

(ns)
k−1 on time interval t ∈ [tk−1, tk], for which we apply the tAMEn algorithm [22] with

Chebyshëv polynomials of degree 12 in time and relative accuracy threshold ϵtAMEn = 10−6.
From the tAMEn algorithm we obtain the whole p.d.f. p(t) = [p(x, t)]x∈Ω for t ∈ [tk−1, tk]
and for all states x ∈ Ω, from which we extract the required probability by projecting to the
deterministic final state x(ns)

k .
We observe that 1.7% of probabilities are unresolved by SSA for G = G0 and 1.1% of

probabilities are unresolved for G = G⋆, which is nevertheless sufficient for both likelihoods
L(G0) = 0 and L(G⋆) = 0 to be unresolved for 100% of data samples ns = 1, . . . , Ns.

The number of SSA trajectories is set to approximately match the computational time of
SSA and tensor product algorithms for the forward problem. With tAMEn, the trajectories
p(t) are computed in the TT format (12) for which the TT ranks are determined adaptively.

1https://github.com/oseledets/TT-Toolbox
2https://github.com/dolgov/tamen
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Figure 4: Inferring linear chain network with N = 9 people from ε–SIS epidemic process with β = 1,
γ = 0.5 and ε = 0.01: (a) the network G⋆ in its initial state; (b) the contrast log10 L(G) − log10 L(G⋆)
averaged over Ns = 42 datasets, shown for grids G that differ from G⋆ by a single link (m,n); axes ×
show connected nodes in G⋆; (c) the distribution of probabilities for the transitions observed in data
for the initial guess networkG0; (d) the distribution of probabilities for the transitions observed in data
for the ground truth network G⋆; (e) convergence of likelihood L(G) towards L(G⋆) in the optimisation
process; average (solid lines)± one standard deviation (shaded areas) over theNs = 42 datasets; (f)
convergence of network G towards G⋆.
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For this example we observe TT ranks r ≃ 14.8 ± 2.3 for G = G0 and r ≃ 11.1 ± 0.9 for
G = G⋆ leading to computational time for the likelihood L(G) to be CPU time ≃ 98 ± 6.9
seconds for G = G0 and CPU time ≃ 80 ± 3.2 seconds for G = G⋆. With the SSA algorithm,
one likelihood computation took CPU time ≃ 199±23.5 seconds for G = G0 and CPU time ≃
107 ± 6.3 seconds for G = G⋆. Note that the forward problems become easier to solve as the
optimisation process approaches the ground truth network both because the linear geometry
of the chain matches the structure of the TT format, and because the easier reaction network
admits larger time steps in SSA. Due to the simplicity of the linear structure, a linear chain
is an attractive model for study in quantum physics, see e.g a recent paper on the SIS model
on a linear chain [54].

We performed the black–box Bayesian optimisation usingNeval = 400 steps of the MCMC
algorithms with and without replacement as explained in Sec. 2.6. The results are shown
in Fig. 4(d) for the convergence of the likelihood L(G) towards the one of the ground truth
network, L(G⋆), and in Fig. 4(e) for the corresponding convergence of the network G towards
the ground truth network G⋆. The latter is measured using the number of incorrectly inferred
links,

∥G − G⋆∥1 =
∣∣{m,n ∈ V , m > n : gm,n ̸= g⋆m,n}

∣∣ , (16)
related to the total number of possible links, 1

2
N(N − 1).With both algorithms we observe a

steady convergence towards optimumwith the ground truth grid correctly inferred in 40 out
of 42 experiments and one link inferred incorrectly in 2 out of 42 experiments afterNeval = 400
likelihood evaluations. In total for this experiment, the network inference from each dataset
with K = 2000 records took about 33 · 103 seconds.

3.2 Austria road network
For this experimentwe considered amore realistic example of a contact network, drawn from
the road network inAustria, shown in Fig. 5(a). Frompreliminary experimentswe noted that
both MCMC algorithms for Bayesian optimisation struggle to converge to the optimum. To
partly mitigate this, we increased the size of the dataset. We generated Ns = 42 samples of
synthetic data for a ε–SIS model with per contact transfer rate β = 1, individual recovery rate
γ = 0.5 and self–infection rate ε = 0.01, for the duration of T = 1000 time units, and again
re-sampled the data to a uniform grid with the time step τ = 0.1, hence creating K = 104

data records for each data sample.
From the contrasts shown on Fig. 5(b), we see that removal of any of two links that pro-

duces a disconnected graph G results in a very high contrast, E[log10 L(G) − log10 L(G⋆)] ≲
−400. Removing or adding other links results in a connected G and hence a moderate value
of the contrast E[log10 L(G)− log10 L(G⋆)] ∈ [−100,−15].

Similarly to the previous example, we observe that SSAwith nSSA = 103 samples does not
resolve a significant number of events along the trajectory, and therefore returns P̃(xk−1 →
xk|G) = 0 for 5.6% of data points for the initial guess network G = G0 and for 2.0% of data
points for the ground truth network G = G⋆, leading to the likelihood L(G) = 0 being unre-
solved in all experiments for both grids. Note that the proportion of unresolved (rare) events
is larger for this example due to a more complex network structure.

Using the tensor product approach with the same parameters as in Sec. 3.1 for the for-
ward problem, we were able to resolve probabilities of up to p ∼ 10−7, which produced
non–zero values for all likelihoods L(G), enabling the optimisation for the inverse problem.
For this example, one likelihood evaluation solving the forward problem with tAMEn took
CPU time ≃ 431 ± 8.2 seconds for G = G0 and CPU time ≃ 439 ± 4.8 seconds for G = G⋆.
The main reason for the larger times compared to the previous experiment is the larger data
sizeK = 104 compared toK = 2000 for the linear chain. However, a more complex structure
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Figure 5: Inferring a road network in Austria (N = 9 nodes) from ε–SIS epidemic process with β = 1,
γ = 0.5 and ε = 0.01: (a) the network G⋆ in its initial state; (b) the contrast log10 L(G) − log10 L(G⋆)
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show connected nodes in G⋆; (c) the distribution of probabilities for the transitions observed in data
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for the ground truth network G⋆; (e) convergence of likelihood L(G) towards L(G⋆) in the optimisation
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convergence of network G towards G⋆.
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Figure 6: Inferring a rewired link in small world graph (N = 15 nodes) from ε–SIS epidemic process
with β = 1, γ = 0.5 and ε = 0.01: (left) the ground truth grid G⋆ shown in its initial state; (right) the
contrast log10 L(G) − log10 L(G⋆) averaged over Ns = 42 datasets, shown for grids G ∈ G̃ from a class
of small–world networks with a single rewired link.

of the contact network also contributed via higher TT ranks r ≃ 12.0 ± 1.8 for G = G0 and
r ≃ 13.4± 1.2 for G = G⋆. The total time required to perform the Bayesian optimisation with
Neval = 400 steps of theMCMC algorithm took us about 180 ·103 seconds, or just slightly over
2 days. For comparison, when SSA is used as the forward solver, one likelihood computation
took CPU time ≃ 1292 ± 58.7 seconds for G = G0 and CPU time ≃ 853 ± 24.4 seconds for
G = G⋆.

From results shown in Fig. 5 we note that the convergence of both MCMC algorithms is
stuck at a level where a small number of links of the network are inferred incorrectly, namely,
approximately 5 of 36 links using the standard MCMC algorithm, and approximately 4 of 36
links using the MCMC algorithm without replacements. This highlights the potential of
the no-replacement MCMC algorithm to tackle more complex problems, but also motivates
the development of alternative approaches to black–box high–dimensional optimisation to
improve their convergence and hence the quality of inference.

The fact that the MCMC algorithms got stuck before the ground state network is inferred
can be explained by presence of local maxima in which the MCMC methods get trapped.
This can be considered as a consequence of a too high contrast, that sharpens the high–
dimensional landscape and makes both the global and local maxima steeper. If we use less
data for Bayesian inference, the contrast reduces, making it easier for MCMC to escape from
local optima by switching from current network Gi to less attractive proposal Ĝ with prob-
ability L(Ĝ)/L(Gi) < 1 as explained in Alg. 1. However, it also makes global maximum less
emphasized and can lead to a situation where the optimal grid recovered by the Bayesian
optimisation is not the same as the ground truth grid, Gopt ̸= G⋆.

3.3 Small world network
We note that even though the use of tensor product algorithms allows us to compute like-
lihoods (4) faster and more accurately, Bayesian inference of a contact network in a fully
black–box setting remains a challenging task, as we see from experiments in Sec. 3.1 and
Sec. 3.2.

In this section we present a preliminary experiment where we assume some prior knowl-
edge of the contact network, which allows us to reduce the number of unknown parameters
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even for a larger number of network nodes. Specifically, we assume that the contact network
is from a family of small–world networks [74], which is shown in Figure 6(a). It consists of
N = 15 nodes which are arranged as a loop and connected with a double bond, where each
node n ∈ V is connected to nodes n+ 1 and n+ 2, where we assume that indices go around
the circle, so N + 1 = 1 and N + 2 = 2 when necessary. The main loop is rewired, i.e a
certain link (n, n + 1) is removed and replaced with a link (n,m) to a random node m ∈ V ,
which provides additional connectivity. For this experiment we assumed that the ground
truth network G⋆ contains a single rewired link 1 7→ 8, i.e. the link (1, 2) is removed and
replaced with (1, 8).We then proceed to infer this network, assuming that we know it is from
the set of small–world networks with a single rewired link n 7→ m, which we denote G̃. The
problem therefore reduces to finding only two parameters, n and m, and the search space
shrinks from |G| = 2N(N−1)/2 to only |G̃| = N2 possible grids.

Inferring a network from a known class can be formulated as Bayesian optimisation (4)
on a class of networks G̃ parametrised by small number of parameters. This removes our
main computational challenge related to high dimensionality of the search space and allows
us to solve this problem directly. We generated Ns = 42 data samples by simulating the ε–
SIS epidemic on a ground truth contact network G⋆ using parameters β = 1, γ = 0.5 and
ε = 0.01, for the duration of T = 1000 time units, and re-sampled the data to a uniform grid
with the time step τ = 0.1, hence creating K = 104 records for each data sample. Using
tAMEn algorithm to model the evolution of epidemic on 15–node networks, we were able to
compute the likelihoods for all grids G ∈ G̃. We then computed the average contrast for all
G ∈ G̃ as shown in Fig. 6(b). The results show that E[log10 L(G) − log10 L(G⋆)] ⩽ −10 for all
G ̸= G⋆, which ensures that the ground truth network is a unique global maximum of the
Bayesian optimisation problem (4).

4 Discussion
Inferring the contact network in a Bayesian optimisation framework requires us to estimate
the likelihood of observed data X , which are a realisation of epidemic dynamics on the
ground truth network G⋆, to appear for the epidemic on another network G. In a black–box
setting, we have no a priori information on the network, and start the optimisation from an
initial guess G0 that may be (very) different from G⋆. For the grids G in the vicinity of G0,
observing the same dynamics as on G⋆ is a (very) rare event, which we need to estimate with
sufficient precision in order to evaluate the likelihoods L(G). The slow convergence of the SSA
algorithm limits its capability to recover rare events. By replacing it with the tensor product
algorithms, we are able to recover rare events much more accurately by solving the forward
problem in the CME form (10) and overcoming the curse of dimensionality. This allows the
MCMC method to find its way from the initial network G0 towards the optimum.

As the optimisation gets closer to G⋆, the likelihoods increase and the presence of steep
local maxima slows down the convergence towards the global one. In this area high contrast
ratios L(G∗)/L(G) are undesirable as they make it harder for the MCMC algorithm to get out
of local maxima. This can be addressed by using only a part of the available data to compute
likelihoods (4) and/or tempering of L(G) to simplify the high–dimensional landscape for the
optimisation. This has been used successfully for sampling from concentrated distributions
of continuous random variables [14].

We also explored the potential of tensor product algorithms for tackling the network like-
lihood optimisation. However, these attempts so far were less efficient than theMCMC algo-
rithm (in particular the MCMC without replacement). The TT-Cross algorithm [61] and its
extensions [20] are used to compute a TT approximation to a black-box tensor by drawing a
few adaptive samples from it using themaximumvolume algorithm [32] or a greedy version
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thereof [20]. These maximum volume samples are expected to be good candidates for the
maximum absolute value of the tensor [32, 68]. However, the maximum volume algorithm
requires all elements of a TT core, which must be drawn as full columns from the tensor,
including elements which are known to be far from the maximum. MCMC probes only one
element at a time, and can skip such unnecessary calculations. In numerical experiments
with the linear chain, MCMC was systematically faster and more accurate compared to the
TT-Cross maximizer, albeit by a modest margin (1-2 contacts). Tempering the likelihood to
reduce its TT ranks and caching its values (which are often repeated in the TT-Cross) may
make this approach faster in terms of the actual CPU time.

Another tensor optimiser proposed recently is PROTES [7], a probabilistic method sim-
ilar to genetic algorithms. In each iteration, this algorithm draws K candidate optima as
random samples from a probability distribution function in the TT format, which is in turn
updated by a stochastic gradient ascent maximizing the probability of drawing k samples
with the largest values of the sought function out of the K candidates. The default parame-
ters proposed in [7] are k = 10 andK = 100. Compared to our budget ofNeval = 400 function
evaluations, this corresponds to only 4 stochastic gradient ascent iterations, which are clearly
insufficient and produce an almost random network. TakingK in the order of 10 (and hence
k below 10) is uncompetitive too, since a few tens of iterations cannot compensate for a more
random stochastic gradient due to a smaller k. However, it may be reasonable to use such an
algorithm to fine-tune a previous TT approximation of the likelihood to new data.
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