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Abstract— In this paper, we consider the problem of joint
transceiver design for millimeter wave (mmWave)/Terahertz
(THz) multi-user MIMO integrated sensing and communication
(ISAC) systems. Such a problem is formulated into a noncon-
vex optimization problem, with the objective of maximizing a
weighted sum of communication users’ rates and the passive
radar’s signal-to-clutter-and-noise-ratio (SCNR). By exploring a
low-dimensional subspace property of the optimal precoder, a
low-complexity block-coordinate-descent (BCD)-based algorithm
is proposed. Our analysis reveals that the hybrid analog/digital
beamforming structure can attain the same performance as
that of a fully digital precoder, provided that the number of
radio frequency (RF) chains is no less than the number of
resolvable signal paths. Also, through expressing the precoder
as a sum of a communication-precoder and a sensing-precoder,
we develop an analytical solution to the joint transceiver design
problem by generalizing the idea of block-diagonalization (BD)
to the ISAC system. Simulation results show that with a proper
tradeoff parameter, the proposed methods can achieve a decent
compromise between communication and sensing, where the
performance of each communication/sensing task experiences
only a mild performance loss as compared with the performance
attained by optimizing exclusively for a single task.

Index Terms— Integrated sensing and communication,
mmWave, THz, hybrid precoding/beamforming.

I. INTRODUCTION

The sixth generation (6G) wireless network is envisioned

to support not only full-dimensional wireless connectivity but

also enhanced sensing capabilities [1], [2]. Wireless communi-

cation and radar sensing have flourished as different disciplines

due to their different objectives. Recently, with the develop-

ment of millimeter-wave (mmWave)/terahertz (THz) commu-

nications as well as large-scale antenna arrays, mmWave/THz

communication systems and radar sensing systems are now

sharing many similarities in hardware structures, channel

characteristics and signal processing techniques. Consequently,

integrated sensing and communication (ISAC) is emerging as

a paradigm-shifting concept with a great potential in revolu-

tionizing both fields [3], [4].

Joint transceiver design is a key problem in mmWave/THz

ISAC systems due to the inevitable competition for communi-

cation and sensing resources and the subsequent interference

management [3], [5]. For mmWave and THz communications,
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massive antennas are employed at the base station (BS) and/or

user equipments (UE) to compensate for the severe path loss

incurred by mmWave/THz signals. Moreover, due to hardware

and power constraints, hybrid analog and digital structures

with a small number of radio frequency (RF) chains are

usually adopted [1], [2], [6]–[8]. The large-scale antenna array

along with a hybrid precoder/combiner structure makes joint

transceiver design for ISAC systems a challenging problem. In

addition, as the joint transceiver design has to be performed

for each interval of channel coherence time that could be less

than several milliseconds [9], low-complexity transceiver opti-

mization algorithms are highly desirable in practical systems.

A plethora of studies [10]–[18] have been made to

jointly devising transmit precoder and receive combiner for

mmWave/THz ISAC systems. The existing body of literature

can be roughly classified into three categories based on their

design criteria. Communication-oriented approaches put their

priority on communication tasks and try to improve the sensing

accuracy given that the communication performance is guar-

anteed. Meanwhile, sensing-oriented approaches [14], [15]

attempt to optimize the communication performance given

that a certain sensing performance is attained. In addition

to these approaches, some other works [16]–[19] attempt to

achieve a decent tradeoff between communication and sensing

performance without explicitly considering any performance

constraints on sensing or communication. Among them, [16],

[17] proposed to find a precoder for mmWave/THz ISAC

systems such that the precoder is as close as possible to

the optimal precoder for communication and also as close as

possible to the optimal precoder for sensing. Other tradeoffs

between communication and sensing were also exploited.

For instance, [19] proposed to optimize the tradeoff between

the weighted sum rate (WSR) and the radar beam pattern

matching error, while [18] aimed to maximize the sum of

communication and sensing signal-to-noise-ratios (SNRs).

In this paper, we consider the problem of joint transceiver

design for mmWave/THz multi-user MIMO ISAC systems,

where a multi-antenna base station (BS) serves multiple users

and a passive radar receiver is deployed to detect targets

by processing reflections from BS’s downlink communication

signals. Our objective is to optimize the transmit precoder

along with the receive combiner such that the communication

and sensing performance can be well compromised. To more

accurately characterize the communication and sensing perfor-

mance, a metric in terms of users’ weighted sum rate is used

to evaluate the communication performance and a metric in

terms of the signal-to-clutter-and-noise-ratio (SCNR) is used

to evaluate the sensing performance. We aim at maximizing the

http://arxiv.org/abs/2401.17681v1


2

BS

Target

……

UE-1

UE-K

UE-2

Communication Signal

Clutter

Echo

Radar ReceiverBS

Target

…

UE-1

UE-K

UE-2

Communication Signal

Clutter

Echo

Radar Receiver

Fig. 1: Illustration of mmWave/THz MU-MIMO ISAC sys-

tems

sum of communication users’ sum rate and the radar’s received

SCNR subject to a certain unit modulus and transmit power

constraints. To tackle such a non-convex optimization problem,

we propose two solutions, namely, a block-coordinate-descent

(BCD)-based method which alternatively optimizes each block

variable given other variables fixed, and an analytical solution

that generalizes the block-diagonalization (BD) idea to the

ISAC systems for joint transceiver design. Both methods enjoy

a low computational complexity that scales linearly with the

number of antennas at the BS. Specifically, a low-dimensional

subspace property associated with the optimal precoder is

explored to reduce the complexity of the BCD method. In

addition, this low-dimensional subspace property also sheds

light on the minimum number of RF chains that is required

to achieve a fully-digital precoding performance for ISAC

systems.

The rest of paper is organized as follows. In Section II, the

system model and the problem formulation are discussed. In

Section III, by exploring the low-dimensional subspace prop-

erty, the BCD-based method is developed for joint transceiver

design. Next, a simple analytical joint transceiver design

method is proposed in Section IV. Simulation results are

provided in Section V, followed by concluding remarks in

Section VI.

II. SYSTEM MODEL

In this paper, we consider an ISAC system where a multi-

antenna BS serves K multi-antenna UEs, and a passive radar

receiver is deployed to detect a point-like target by processing

reflections from BS’s downlink communication signals. To

avoid self-interference, we consider a bistatic setup where the

BS and the radar receiver are geographically separated (see

Fig. 1). The BS and the radar are cable-connected such that

they can exchange necessary information to facilitate detection

and tracking of the target.

To reduce the hardware cost, we consider a hybrid analog

and digital structure at both the BS and UEs. Specifically, the

BS is equipped with Nt antennas and NRF
t radio frequency

(RF) chains, and each UE is equipped with Nr antennas and

NRF
r RF chains. The BS first employs a digital precoder

FBB,k ∈ CNRF

t ×Ns to precode the kth user’s transmitted

symbol sk ∈ CNs , where Ns denotes the number of data

streams and the transmitted symbol sk is assumed to satisfy

E[sks
H
k ] = INs

. The signal is then processed by an analog

precoder FRF ∈ C
Nt×NRF

t with its elements satisfying unit

modulus constraints. The baseband signal forwarded to the kth

user can be written as xk = FRFFBB,ksk, and the transmitted

signal can be expressed as

x =

K
∑

k=1

F ksk, (1)

where F k , FRFFBB,k, and the transmit power constraint is

given by E[‖x‖22] =
∑K

k=1 Tr(F kF
H
k ) ≤ Pt with Pt denoting

the maximum transmit power.

A. MU-MIMO Communication Performance

The transmitted signal arrives at the kth user via propa-

gating through the channel between the BS and the kth UE

Hk ∈ CNr×Nt . Due to the small wavelength, mmWave/THz

channels exhibit sparse scattering characteristics and can be

characterized by the Saleh-Valenzuela (S-V) model [1], [9].

Suppose both the BS and the UE are equipped with uniform

linear arrays (ULA), Hk can be modeled as

Hk =

Lk
∑

lk=1

βlkar(γlk)a
H
t (ϕlk), (2)

where Lk denotes the total number of signal paths, βlk is

the complex gain associated with the lkth path, ϕlk and

γlk respectively denote the angle-of-departure (AoD) and the

angle-of-arrival (AoA) associated with the lkth path, ar(·) and

at(·) denote the normalized receive and transmit array steering

vectors at the UE and the BS, respectively.

The signal received by the kth UE is given by

ȳk = HkF ksk +

K
∑

j 6=k

HkF jsj + nk, (3)

where nk ∼ CN (0, σ2
kI) is the additive white Gaussian noise

(AWGN). The received signal is first processed by an analog

combiner WRF,k ∈ CNr×NRF

r and then followed by a lower-

dimensional digital combiner WBB,k ∈ CNRF

r ×Ns . Define

W k , WRF,kWBB,k ∈ CNr×Ns , the received baseband

signal is thus given as

yk = WH
k HkF ksk +

K
∑

j 6=k

WH
k HkF jsj +WH

k nk. (4)

Accordingly, the achievable rate of the kth user is given by

Rk = log2 det
(

I +WH
k HkF kF

H
k HH

k W kJ
−1
k

)

, (5)

where

Jk ,

K
∑

j 6=k

WH
k HkF jF

H
j HH

k W k + σ2
kW

H
k W k. (6)

The WSR can be calculated as

R(F k,W k) =

K
∑

k=1

wkRk, (7)
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where wk denotes a weight characterizing the priority of the

kth UE. Note that the system parameters satisfy KNs ≤
NRF

t ≤ Nt and Ns ≤ NRF
r ≤ Nr.

B. MIMO Sensing Performance

The radar receiver is equipped with Nsen antennas. Assum-

ing a point-like target is located at angle θ0 with respect to

(w.r.t.) the BS and angle ϕ0 w.r.t the radar receiver, the target

response matrix is expressed as

HA = α0as(ϕ0)a
H
t (θ0), (8)

where as(·) ∈ CNsen denotes the normalized receive array

steering vector at the radar receiver, α0 is the complex gain

incorporating the target radar cross section (RCS) as well as

the path loss. Here, α0 is assumed to be a zero mean complex

Gaussian random variable with variance σ2
A [5]. In addition

to the echo back-scattered from the target, the radar receiver

also receives echoes from the environment [5], [20], i.e., the

clutter. Suppose there are I clutter patches 1. The response

matrix associated with the ith clutter is given as

HB,i = αias(ϕi)a
H
t (θi), (9)

where αi ∼ CN (0, σ2
Bi
) is the complex gain associated with

the ith clutter patch, ϕi and θi denote the AoA and AoD at

the radar receiver and BS, respectively. The received signal at

the radar receiver is given by

y0 =HAx+

I
∑

i=1

HB,ix+ n0, (10)

where x is the communication signal defined in (1), and n0 ∈
CNsen×1 is the AWGN satisfying CN (0, σ2I).

Let w ∈ CNsen denote the radar receive beamforming

vector. The output of the radar receiver is given by

r = wHy0 = wHHAx+wH
I
∑

i=1

HB,ix+wHn0. (11)

For sensing tasks, the SCNR determines both detection and

localization performance [5], [20]. Therefore we use SCNR as

a metric to evaluate the sensing performance. Specifically, the

SCNR is defined as the ratio of the average received signal

power to the average received clutter power plus the noise

power [5], [14], i.e.,

SCNR(w,F k)
(a)
=

E[|wHHAx|2]
E[|wH

∑I
i=1 HB,ix+wHn0|2]

=
wHAFFHAHw

wH
(

∑I
i=1 BiFFHBH

i + σ2I
)

w
,

(12)

where the expectation in (a) is taken over the transmitted

signal x as well as the random target/clutter response matrices,

and A, Bi and F are respectively defined as

A =σAas(ϕ0)a
H
t (θ0), (13)

1The line-of-sight (LOS) path from the BS to the radar receiver can also
be regarded as a strong clutter patch.

Bi =σBi
as(ϕi)a

H
t (θi), ∀i (14)

F =[F 1 F 2 . . .FK ] ∈ C
Nt×KNs . (15)

Note that the statistical information of the target and the clutter

patches {σ2
A, σ

2
B,i} are assumed known a priori. In practice,

they can be estimated based on a cognitive paradigm [21].

C. Problem Formulation

As discussed earlier, the communication performance is

measured by the WSR while the sensing performance is

determined by the SCNR. In this paper, we hope to achieve

a tradeoff between the communication and sensing perfor-

mance by jointly optimizing the hybrid precoder/combiner

{F k,W k} and the radar receive beamforming vector w. The

optimization problem can be formulated as

max
{F k,W k}K

k=1
,w

ρcR(F k,W k) + ρsSCNR(w,F k)

s.t.

K
∑

k=1

tr(F kF
H
k ) ≤ Pt,

F k = FRFFBB,k,

W k = WRF,kWBB,k,

|(FRF)i,j | = 1,

|(WRF)i,j | = 1, (16)

where R(F k,W k) is defined in (7), SCNR(w,F k) is defined

in (12). The weighting coefficients ρc = η
cons1

, ρs = 1−η
cons2

are used to control the tradeoff between communication and

sensing performance, in which cons1 and cons2 are predefined

constants used to reduce the weighting effects caused by the

large difference in values between SCNR and WSR. When

η = 1, the system focuses only on the communication

performance. On the contrary, when η = 0, the sensing

performance is exclusively optimized. As η varies from 0 to 1,

the performance tradeoff can be characterized by the optimal

solution of (16).

The optimization problem (16) is challenging due to its non-

convexity as well as coupling among optimization variables. In

the following, we propose a low-complexity block-coordinated

descent-based method to solve (16).

III. PROPOSED BCD-BASED METHOD

For simplicity, we first ignore the constraints placed by

the hybrid structure at the transceiver and consider a fully

digital precoder/combiner F k/W k. After the optimal fully

digital precoder/combiner is obtained, an efficient manifold

optimization-based algorithm is employed to find hybrid

precoder/combiner to approximate the optimal digital pre-

coder/combiner.

A. Problem Reformulation

By ignoring the constraint imposed by hybrid structures, the

problem (16) is simplified as

max
{F k,W k}K

k=1
,w

ρcR(F k,W k) + ρsSCNR(w,F k)
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s.t.

K
∑

k=1

tr(F kF
H
k ) ≤ Pt. (17)

Before proceeding, we consider the problem of optimizing

{F k}Kk=1, given fixed {W }Kk=1 and w, in which case the

problem becomes

max
{F k}K

k=1

ρcR(F k,W k) + ρsSCNR(w,F k)

s.t.

K
∑

k=1

tr(F kF
H
k ) ≤ Pt. (18)

We first obtain an interesting and useful result regarding the

low-dimensional subspace property of {F k}Kk=1 by exploiting

the sparse characteristics of mmWave/THz channels.

Proposition 1: Denote

V =[at(ϕ1) . . .at(ϕLK
) at(θ0) at(θ1) . . .at(θI)] ∈ C

Nt×r

(19)

as the matrix consisting of the steering vectors from the BS

to all UEs, the steering vectors from the BS to the target and

the steering vectors from the BS to all clutter patches, where

we have r ,
∑K

k=1 Lk + I+1. Then, any non-trivial Karush-

Kuhn-Tucker (KKT) point of (18) can be expressed as

F k = V Xk, ∀k (20)

where Xk ∈ Cr×Ns .

Proof: See Appendix I.

Define

H ,[HT
1 . . . HT

K AT BT
1 . . . BT

I ]
T ∈ C

M×Nt , (21)

where M = KNr + (I + 1)Nsen. It can be readily verified

that V and HH have the same range space, i.e., R(V ) =
R(HH). The low-dimensional subspace property for commu-

nication systems has been verified by classical linear precoders

[22], e.g., the maximum-ratio-transmission (MRT) precoder

FMRT = HH and the zero-forcing (ZF) precoder F ZF =
HH(HHH)−1. Here, we show that the precoder F for ISAC

systems also exhibits this intriguing low-dimensional subspace

property.

Define H̄k , HkV ∈ CNr×r, Ā , AV ∈ CNsen×r,

B̄i , BiV ∈ CNsen×r, H̃ , V HV ∈ Cr×r. By invoking

Proposition 1, the problem (17) can be rewritten as

max
{Xk,W k}K

k=1
,w

ρcR(Xk,W k) + ρsSCNR(w,Xk)

s.t.

K
∑

k=1

tr(H̃XkX
H
k ) ≤ Pt. (22)

where

R(Xk,W k)

=

K
∑

k=1

wk log2 det

(

I +WH
k H̄kXkX

H
k H̄

H
k W k

×
(

K
∑

j 6=k

WH
k H̄kXjX

H
j H̄

H
k W k + σ2

kW
H
k W k

)−1
)

,

(23)

and

SCNR(w,Xk) =
wHĀXXHĀ

H
w

wH
(

∑I
i=1 B̄iXXHB̄

H
i + σ2I

)

w

(24)

in which X , [X1 . . . XK ] ∈ C
r×KNs .

In (22), the optimization variable F ∈ C
Nt×KNs is replaced

by X ∈ Cr×KNs . Note that, due to limited scattering

characteristics of mmWave/THz signals, the dimension r is

usually smaller than the number of antennas Nt at the BS.

As a result, Proposition 1 allows us to remarkably reduce the

complexity of the proposed algorithm, as will be elaborated

in Section III-B.

Furthermore, it should be noted that the optimal solution to

(22) will always be on the boundary of the quadratic constraint,

which is known as the full power property. Using this property,

the constraint in (22) can be removed and absorbed into the

objective function, which yields

max
{Xk,W k}K

k=1
,w

ρcR̄(Xk,W k) + ρsSCNR(w,Xk), (25)

where

R̄(Xk,W k)

=

K
∑

k=1

wk log2 det

(

I +WH
k H̄kXkX

H
k H̄

H
k W k

×
( K
∑

j 6=k

WH
k H̄kXjX

H
j H̄

H
k W k

+
σ2
k

Pt

K
∑

i=1

tr(H̃XiX
H
i )WH

k W k

)−1)

, (26)

and

SCNR(w,Xk)

=
wHĀXXHĀ

H
w

wH
(

∑I
i=1(B̄iXXHB̄

H
i ) + σ2

Pt

∑K
i=1 tr(H̃X iX

H
i )Ir

)

w
.

(27)

Next, we show that the optimal solution of (22) can be

obtained by solving (25).

Proposition 2: Denote ({W opt1
k ,Xopt1

k }Kk=1,w
opt1) as the

optimal solution to (22) and ({W opt2
k ,Xopt2

k }Kk=1,w
opt2) as

the optimal solution to (25). Then, we have

W
opt1
k = W

opt2
k ,wopt1 = wopt2 ,Xopt1

k = αXopt2
k , ∀k,

(28)

where

α =

√

Pt
∑K

k=1 tr(H̃X
opt2
k (Xopt2

k )H)
. (29)

Proof: See Appendix II.

So far we have converted the problem (17) into a low-

dimensional unconstrained problem (25). Nevertheless, it is

still difficult to solve (25) due to coupling among optimization

variables. To address this issue, we use the following tricks

to simplify the WSR term and the SCNR term. Specifically,



5

by resorting to the WMMSE technique [22], the WSR term

R̄(Xk,W k) in (26) can be formulated into the following

optimization:

R̄(Xk,W k)

= max
Λk≻0,Ek

K
∑

k=1

wk

(

log2 det(Λk)− tr(ΛkEk)

)

+KNs,

(30)

where {Λk}Kk=1 are auxiliary variables and

Ek =(I −WH
k H̄kXk)(I −WH

k H̄kXk)
H

+W kJ̄kW
H
k , (31)

in which

J̄k =

K
∑

j=1,j 6=k

H̄kXjX
H
j H̄

H
k +

σ2
k

Pt

K
∑

i=1

tr(H̃XiX
H
i )I.

(32)

On the other hand, the SCNR term can be written as

wHĀXXHĀw

wH
(

∑I
i=1(B̄iXXHB̄

H
i ) + σ2

Pt

∑K
i=1 tr(H̃XiX

H
i )I

)

w

,
f1(X ,w)

f2(X ,w)
. (33)

By introducing an auxiliary vector u = [uT
1 uT

2 . . . uT
K ]T ∈

CKNs with uk ∈ CNs , the SCNR term is equivalent to solving

the following optimization [23]

SCNR(w,Xk) = max
u

2ℜ{wHĀXu} − ‖u‖22f2(X,w).

(34)

Combining (30) and (34), the problem (25) is finally simplified

as

min
{Λk,W k,Xk}K

k=1
,w,u

K
∑

k=1

ρcwk (tr (ΛkEk)− log det(Λk))

− ρs
(

2ℜ{wHĀXu} − ‖u‖22f2(X,w)
)

.
(35)

Although the objective function of (35) is nonconvex, it is

convex over each individual optimization variable when the

other variables are fixed. Hence, a block-coordinate-descent

(BCD) method can be applied to solve the problem (35).

B. The Proposed BCD-Based Algorithm

In the sequel, we update each block variable while fixing the

others. Since each subproblem is convex, its optimal solution

can be obtained in a closed-form by checking the first-order

optimality condition. The details are given as follows.
1) Update w: Given other variables fixed, the optimization

of w can be formulated as

min
w

−2ℜ{wHAXu}+ ‖u‖22f2(X,w), (36)

where f2(X ,w) is defined in (33). By checking its first-order

optimality condition, we can update w via

w =
1

‖u‖22

(

I
∑

i=1

(B̄iXXHB̄
H
i ) +

σ2

Pt

K
∑

k=1

tr(H̃XkX
H
k )I

)−1

× ĀXu. (37)

2) Update W k: Given other variables fixed, the optimiza-

tion of W k is simplified as

min
W k

tr(ΛkEk), (38)

where Ek is defined in (31). Hence, the update of W k is

given by

W k =

(

K
∑

i=1

H̄kXiX
H
i H̄

H
k +

σ2
k

Pt

K
∑

i=1

tr(H̃X iX
H
i )I

)−1

× H̄kXk. (39)

3) Update Λk: Given other variables fixed, the update of

Λk is given by

Λk = (I −WH
k H̄kXk)

−1. (40)

4) Update Xk: Given other variables fixed, the optimiza-

tion of Xk is formulated as

min
Xk

K
∑

k=1

(ρcwktr (ΛkEk)) + ρs‖u‖22tr(XHB̃X)

− 2ρsℜ{wHĀXu}+ ρsσ
2

Pt
‖u‖22‖w‖22

K
∑

i=1

tr(H̃XiX
H
i ),

(41)

where Ek is defined in (31) and B̃ =
∑I

i=1 B̄
H
i wwHB̄i.

Similarly, by checking its first-order optimality condition, the

update of Xk is given by

Xk

=

(

ρc

K
∑

i=1

wiH̄
H
i W iΛiW

H
i H̄ i + ρs‖u‖22B̃

+

(

ρc

K
∑

i=1

wiσ
2
i

Pt
tr(ΛiW

H
i W i) +

ρsσ
2

Pt
‖u‖22‖w‖22

)

H̃

)−1

×
(

ρcwkH̄
H
k W kΛk + ρsĀ

H
wuH

k

)

. (42)

5) Update uk: Given other variables fixed, we can update

uk by solving

min
uk

−2ℜ{wHAXu}+ ‖u‖22f2(X ,w) (43)

where f2(X,w) is defined in (33). The optimal solution can

be calculated as

uk =
XH

k Ā
H
w

wHB̊w + σ2

Pt

∑K
i=1 tr(H̃XiX

H
i )wHw

, (44)

where B̊ =
∑I

i=1(B̄iXXHB̄
H
i ).

Finally, let ({W ⋆
k,X

⋆
k,Λ

⋆
k}Kk=1,w

⋆,u⋆) denote the solu-

tion to problem (35). Then the solution to problem (17) is

given as ({W ⋆
k,F

⋆
k}Kk=1,w

⋆), where

F ⋆
k = α⋆V Xk, α⋆ =

√

Pt
∑K

k=1 tr(H̃X⋆
i (X

⋆
i )

H)
. (45)

For clarity, we summarize the proposed BCD-based method

in Algorithm 1. Since the BCD generates a non-decreasing
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sequence, the proposed algorithm is guaranteed to converge

to a stationary point of the optimization problem.

Now, we analyze the computational complexity of the

proposed BCD-based method. Calculating H̃ in (22) has

complexity O(Ntr
2), which is linear in Nt. By examining

each iteration of the proposed BCD-based method, we see

that the complexity of one iteration is dominated by the matrix

inverse operation involved in (37), (39), (40), and (42). Among

them, the dominant term lies in (42), where the matrix inverse

operation involves a computation complexity in the order of

O(r3), where r, defined in Proposition 1, represents the total

number of signal paths from the BS to terminals (including

UEs and radar receiver) as well as clutter patches. As a

comparison, the traditional BCD-based framework requires

to perform Nt-dimensional matrix inverse, resulting in a

computational complexity in the order of O(N3
t ). Note that

for mmWave/THz systems, the number of antennas at the BS,

i.e., Nt, could be up to hundreds or even thousands in order

to compensate for the severe path loss, whereas r is usually

small due to sparse scattering characteristic of mmWave/THz

channels. As a result, the proposed BCD method can achieve a

remarkable computational complexity reduction as compared

to traditional BCD-based method, while achieving the same

performance.

Algorithm 1 Proposed BCD-based algorithm for digital

transceiver design

Require: Any initial point X satisfying the power constraint

in (22), Λk = I,W k = I, ∀k, and w. Set the tolerance

of accuracy ǫ;
1: repeat

2: Update the radar receive beamforming vector w via

(37);

3: update the combiner W k, ∀k via (39);

4: update the auxiliary variable Λk, ∀k via (40);

5: update the auxiliary precoder Xk, ∀k via (42);

6: update the auxiliary varible uk, ∀k via (44);

7: until The absolute difference of objective function value

in two consecutive iterations are smaller than ǫ ;

8: Normalize the digital precoder F ⋆
k, ∀k via (45)

9: return The optimized point ({W ⋆
k,F

⋆
k}Kk=1,w

⋆)

C. Hybrid Precoder/Combiner Design

In this section, we employ a classical least square-based

approach to find hybrid precoder/combiner to approximate

the fully-digital precoder/combiner. Here, we focus on the

precoder design. The idea can be straightforwardly extended

to the combiner design. A natural approach is to directly

minimize the Euclidean distance between the hybrid precoder

and the optimal digital precoder obtained in Section III-B. The

problem can be formulated as

min
FRF,{FBB,k}K

k=1

K
∑

k=1

‖F ⋆
k − FRFFBB,k‖2F

s.t. |FRF(i, j)| = 1

K
∑

k=1

‖FRFFBB,k‖2F ≤ Pt. (46)

1) Initialization: A good initial point is essential for ex-

pediting the convergence speed of the algorithm. For hybrid

precoding, we have F k = FRFFBB,k, ∀k. This formulation

implies that all hybrid precoders lie in the range space of FRF,

i.e., R(F k) ⊂ R(F RF), ∀k. Denote F ⋆ = [F ⋆
1 F ⋆

2 . . .F
⋆
K ] ∈

CNt×KNs as the matrix comprising all optimized digital pre-

coders, where each F ⋆
k is given in (45). The analog precoder

FRF is supposed to satisfy R(F ⋆) ⊂ R(FRF) to achieve

optimal performance. Nevertheless, such a condition may not

be satisfied due to the limited number of RF chains. To

obtain a decent approximation performance, we hope to choose

R(FRF) to maximize the dimension of R(F ⋆)∩R(FRF). To

this goal, denote the ordered SVD of F ⋆ = ŨΣ̃Ṽ
H

, the initial

point of (F ini
RF, {FBB,k}Kk=1) is given by

F ini
RF = exp(j∠(Ũ (:, 1 : NRF

t )),FBB,k = ck(F
ini
RF)

†F ⋆
k, ∀k,

(47)

where ∠(·) denotes the element-wise argument operator, Ũ(:
, 1 : NRF

t ) denotes the submatrix formed by extracting the first

NRF
t columns of Ũ , (F ini

RF)
† is the Moore-Penrose pseudo-

inverse of F ini
RF, and ck is a normalization factor accounting

for the transmit power constraint.

2) Manifold Optimization-Based Algorithm: The problem

in (46) can be solved by a fast manifold optimization-based

algorithm [6], [24], in which we optimize FRF and FBB,k, ∀k
in an alternating manner. In particular, optimization of FRF

is solved on a complex circle manifold which is the product

of NtKNs complex circles. The reader may refer to [24]

for more details. It should be mentioned that the algorithm

in [24] is guaranteed to converge to a critical point with a

computational complexity at the order of O(NtN
RF
t KNs).

3) How Many RF Chains Are Required?: As discussed

earlier, the performance of employing a hybrid precoder F k =
FRFFBB,k, ∀k is inherently constrained by the number of RF

chains available at the BS. A fundamental question is: for the

considered ISAC system, how many RF chains are required in

order to achieve the same performance attained by the fully-

digital precoder. We have the following result concerning the

above question.

Proposition 3: For hybrid precoder ISAC systems, it is

sufficient that the number of RF chains satisfies

NRF
t ≥ r (48)

in order to achieve a performance of a fully digital precoder.

Here r, defined in Proposition 1, denotes the total number of

resolvable paths from the BS to terminals as well as clutters.

Specifically, if the clutter nulling is achieved by radar receive

beamforming, then this condition can be further relaxed as

NRF
t ≥ r̃ = r − I .

Proof: As shown in Proposition 1, the optimized digital

precoder can be expressed as F ⋆
k = V X⋆

k, ∀k with V ∈
CNt×r and X⋆

k ∈ Cr×Ns , ∀k. Note that V is a matrix

comprising steering vectors from the BS to all K UEs, the

target and all clutters. As a result, all elements in V satisfy
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the unit modulus constraint. If NRF
t ≥ r, then we simply set

the analog precoder FRF as

FRF = [V T UT ]T ∈ C
Nt×NRF

t , (49)

where U ∈ CNt×(NRF

t −r) is an arbitrary matrix satisfying the

unit modulus constraint. With FRF defined above, the optimal

precoder F ⋆
k can always be attained by the hybrid precoder

via searching for an appropriate FBB,k for each user.

On the other hand, if the radar receiver beamforming w can

effectively null those clutter patches, i.e., ‖wH
∑I

i=1 Bi‖22 =
0, the SCNR term in (75) simplifies to ∇F k

SCNR =
1
f2
AHwwHAF k. Consequently, the paths associated with

these nulled clutter patches become insignificant for SCNR

optimization and can be eliminated from V . This leads to the

optimized digital precoder of the form F k = V rXr with

V r ∈ CNt×(r−I) and Xr ∈ C(r−I)×Ns . We can then define

the hybrid precoder as before using V r instead of V . This

completes the proof.

Since mmWave/THz channels typically exhibits a sparse

scattering characteristic, we usually have r ≪ Nt. Hence a

small number of RF chains are adequate for fully exploiting

the multiplexing gains of mmWave/THz MU-MIMO ISAC

systems.

IV. A SIMPLE SUB-OPTIMAL SOLUTION FOR

TRANSCEIVER DESIGN

The algorithm proposed in Section III-B involves an itera-

tive procedure for updates of block variables, thereby posing

challenges in deriving clear insights. In this section, we pro-

pose a simple sub-optimal solution to the optimization problem

(17). The proposed solution is inspired by the traditional BD

scheme. Note that the precoder F k, ∀k should be optimized to

maximize the communication as well as sensing performance.

Naturally we can express the precoder F k as a sum of two

terms, one for communication and the other for sensing, i.e.

F k = F c,k + F s,k, (50)

where F c,k denotes the precoder matrix used for the kth

UE, and F s,k is the precoder used for sensing. Let pc,k =
‖F c,k‖22, ∀k denote the transmit power for communication and

ps,k = ‖F s,k‖22, ∀k the transmit power for sensing.

A. Communication-Oriented Precoder Design

Firstly, we introduce the basic idea of designing the precoder

F c,k. The design of F c,k is primarily based on the following

two criteria:

1) The precoder F c,k is designed to cause no interference

to other UEs. Also, it should not illuminate any clutter

patches to deteriorate the sensing performance.

2) The precoder is designed to maximize the achievable

rate for the kth UE.

The above two criteria are introduced to ensure that the

communication-oriented precoder F c,k enhances the WSR

while without compromising the sensing performance. Specif-

ically, the first criterion leads to

HjF c,k = 0, ∀j 6= k, BiF c,k = 0, ∀i = 1, 2, . . . , I. (51)

To satisfy the above constraints, the precoder F c,k should lie

in the null space of the channel from the BS to all other UEs

and all clutter patches, i.e.,

Ĥk =[HT
1 . . . HT

k−1 HT
k+1 . . . HT

K BT
1 . . . BT

I ]
T ,

(a)
= ÛΣ̂[V̂

(1)

k V̂
(0)

k ]H , (52)

where (a) denotes the SVD of Ĥk, and V̂
(0)

k is a submatrix

consisting of Nt−rank(Ĥk) right singular vectors which form

an orthogonal basis for the null space of Ĥk. Therefore, the

precoder F c,k can be represented as F c,k = V̂
(0)

k X̂c,k, where

X̂c,k is to be determined.

It is noted that the interference-nulling technique enables us

to express the WSR term in (7) as a sum of K independent

rate functions. As a result, the problem of designing F c,k can

be simplified as

max
Xc,k

log2 det(I + σ−2
k (WH

k W k)
−1WH

k HBD
k X̂c,k

× X̂
H

c,k(H
BD
k )HW k)

s.t. tr(Xc,kX
H
c,k) ≤ pc,k, (53)

where HBD
k , HkV̂

(0)

k denotes the effective channel between

the BS and the kth UE, and its ordered SVD is given as

HBD
k = UBD,kΣBD,kV

H
BD,k, (54)

where ΣBD,k = diag(̺k,i, . . . , ̺k,Ns
). According to the

traditional MIMO theory [25], the optimal solution to (53)

can be obtained as

Xc,k =V BD,k(:, 1 : Ns)Γ
1/2
k , (55)

W k =UBD,k(:, 1 : Ns), (56)

where V BD(:, 1 : Ns) denotes the matrix consisting of the

first Ns columns of V BD, Γk = diag(pk,1, . . . , pk,Ns
) is a

diagonal matrix with the ith diagonal element pk,i being the

power allocated to the corresponding data stream. Also, we

have
∑Ns

i=1 pk,i = pc,k. The corresponding precoder F c,k is

thus given by

F c,k =V̂
(0)

k V BD,k(:, 1 : Ns)Γ
1/2
k , (57)

We will discuss the power allocation pk,i, ∀k, ∀i in the next

subsection.

B. Sensing-Oriented Precoder Design

We express the sensing-oriented precoder as

F s,k =
√
ps,kF sen, ‖F sen‖2F = 1, (58)

where ps,k denotes the power allocated to the sensing precoder

F sen. The design of F sen is based on the following two criteria

1) The precoder does not cause any interference to UEs.

Meanwhile, it should not illuminate any clutter patches

to deteriorate the sensing performance.

2) The precoder should maximize the received signal power

at the target.

Since the design criteria prevents the transmitter from

illujminating the clutters, the radar receiver w reduces to a
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simple beamformer that points to the target, i.e., w = as(ϕ0).
Consequently, the target’s received signal power due to the

sensing precoder F sen is given by tr(wHAF senF
H
senAw) =

σ2
A‖aH

t (θ0)F sen‖22. Hence the above two criteria can be

formulated into the following optimization

max
F sen

‖aH
t (θ0)F sen‖22

s.t. H̄F sen = 0,

‖F sen‖2F = 1, (59)

where H̄ = [HT
1 . . . HT

K BT
1 . . .BT

I ]
T denotes the matrix

containing all UEs’ channels and clutter response matrices.

The optimal solution to problem (59) can be easily obtained

by choosing the columns in F sen as the orthogonal projection

of at(θ0) onto the null space of H̄ , i.e.,

F sen =f sen × 1
T
Ns

,

f sen =csen(at(θ0)− V̄ V̄
H
at(θ0)), (60)

where V̄ is the right singular matrix of the truncated SVD of

H̄ = ŪΣ̄V̄
H

, and csen is a scalar to ensure that ‖F sen‖F =
1.

Remarks: When at(θ0) lies in the range space of H̄
H

,

at(θ0) is orthogonal to the null space of H̄ , resulting in

f sen = 0. This is consistent with the intuition that when the

target subspace overlaps with the communication subspace,

the communication power itself suffices for target illumination.

Consequently, no additional power needs to be allocated for

sensing.

C. Combining Communication- and Sensing-Oriented Pre-

coder

To obtain the final precoder, it remains to determine the

power coefficients that are allocated to F c,k and F s,k.

Define P , {{pk,i}K,Ns

k=1,i=1, {ps,k}Kk=1} as the set contain-

ing all power coefficients. Substituting the combiner W k in

(56) and the precoder in (58) into the WSR term in (7), we

arrive at

R(P) =

K
∑

k=1

wk log2 det(I + σ−2
k (WH

k W k)
−1WH

k HkF k

× FH
k (Hk)

HW k)

=

K
∑

k=1

wk

Ns
∑

i=1

log2(1 + σ−2
k ̺2k,ipk,i), (61)

where ̺k,i is defined in (54). Fixing w = as(φ0), the SCNR

term in (12) can be expressed as

SCNR =
wHAFFHAHw

wH
(

∑I
i=1 BiFFHBH

i + σ2I
)

w

=
1

σ2

K
∑

k=1

tr(FH
k AHwwHAF k)

=

K
∑

k=1

Ns
∑

i=1

dk,ipk,i + g

K
∑

k=1

ps,k

+

K
∑

k=1

Ns
∑

i=1

ek,i
√
pk,ips,k

(a)≈
K
∑

k=1

Ns
∑

i=1

dk,ipk,i + g
K
∑

k=1

ps,k, (62)

where

dk,i ,σ−2σ2
A[F

H
c,kat(θ0)a

H
t (θ0)F c,k]i,i, (63)

ek,i ,2σ−2σ2
Aℜ{[FH

senat(θ0)a
H
t (θ0)F c,k]i,i}, (64)

g ,σ−2σ2
Atr

(

FH
senat(θ0)a

H
t (θ0)F sen

)

, (65)

with [R]i,j denoting the (i, j)th element of the matrix R.

By examining (63) to (65), we see that dk,i characterizes

the SCNR gain resulting from the energy leakage from

communication-oriented precoder, g only depends on F sen,

and ek,i is a cross term that describes the correlation between

the communication-oriented precoder F c,k and the sensing-

oriented precoder F sen. It should be noted that ek,i is usually

much smaller than dk,i or g because of the following two

reasons:

• when at(θ0) lies in the communication subspace, we have

F sen = 0 and thus ek,i = 0;

• when at(θ0) does not lie in the communication subspace,

the sensing-oriented precoder F sen lies in the null space

of Hk while the communication-oriented precoder F c,k

should be as far away as possible from the null space of

Hk to ensure communication performance. Specifically,

when fH
senF c,k = 0, we have ek,i = 0.

Since the cross term ek,i
√
pk,ips,k makes it difficult to

optimize, we turn to maximize the sum of the WSR and the

approximate expression of SCNR derived in (62). The problem

can be formulated as a simple power allocation problem

max
P

ρc

K
∑

k=1

wk

Ns
∑

i=1

log2(1 + σ−2
k ̺2k,ipk,i)

+ ρs

K
∑

k=1

Ns
∑

i=1

dk,ipk,i + ρsg

K
∑

k=1

ps,k

s.t.

K
∑

k=1

Ns
∑

i=1

pk,i +
K
∑

k=1

ps,k ≤ Pt, (66)

which is convex and admits a closed-form solution akin to

traditional water-filling scheme.

Proposition 4: The optimal solution of (66) is given as

pk,i =max{0, ρcwk

(ln 2)(µ− ρsdk,i)
− σ2

k

̺2k,i
}, µ ≥ ρsg, (67)

ps,k =

{

0, if µ > ρsg,
Pt

K − 1
K (
∑K

k=1

∑I
i=1 pk,i), if µ = ρsg,

(68)

where µ is the auxiliary variable satisfying the total transmit

power constraint in (66).

Proof: The solution can be obtained directly by solving

the KKT condition of the problem (66) and is thus omitted

for brevity.

Here we gain insights into the proposed solution. Firstly,

it is observed that, when either ρs = 0 or g = 0, the power
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Fig. 2: Convergence behaviour of the proposed BCD-based

method.

allocated to sensing becomes zero and the power allocated

to different data streams for different UEs admits the optimal

water-filling solution. The result for ρs = 0 is intuitive since all

the power should be allocated to improve the communication

performance in such a case. On the other hand, in cases where

ρs > 0, the power allocated to sensing may still be zero. This

occurs if at(θ0) lies in the range space of H̄
H

, leading to

g = 0, as discussed earlier in Section IV-B.

Next, we delve into the scenario where ps,k > 0, i.e.,

µ = ρsg. It is interesting to observe that the power allocated

to different streams of communication users still admits a

solution akin to water-filling scheme. However, instead using a

fixed water level as in traditional MIMO capacity optimization

problems, the water level in (66), i.e., ρcwk

(ln 2)(ρsg−ρsdk,i)
, is

dependent on dk,i which can be considered as a metric charac-

terizing the amount of power leakage from communication to

sensing. When dk,i gets larger, the water level rises, resulting

in an increased power allocated to the kth communication UE.

This result is quite natural as increasing the power to this UE

can also help increase the sensing performance. In contrast,

when dk,i, ∀k, i is relatively small, i.e., UEs and target are

separated in spatial domain, and the communication users have

a high receive SNR, Proposition 4 suggests that the equal

power allocation among different UEs is an approximately

optimal solution.

Remarks: The proposed method for the problem (66) can be

easily adapted to the case where the objective is to maximize

the sensing (or communication) performance subject to a com-

munication (or sensing) constraint. In particular, we can use a

line search-based method to find a suitable value of (ρc, ρs) to

satisfy the communication (or sensing) constraint and mean-

while maximize the sensing (or communication) performance.

After obtaining the optimal digital precoder/combiner, we can

resort to the manifold-optimization method in Section III-C to

obtain a hybrid precoder/combiner.

V. SIMULATION RESULTS

In this section, we evaluate the performance of the proposed

BCD-based method and the BD-based sub-optimal solution.

Unless otherwise stated, the simulation parameters are set as

follows. The BS, which is equipped with a uniform linear array

(ULA) of Nt = 64 antennas, serves K = 5 UEs. Each UE

is equipped with a ULA of Nr = 4 antennas. The number of

data streams is set to Ns = 2. The number of RF chains at

the BS and the UE is set to NRF
t = KNs = 5× 2 = 10 and

NRF
r = Ns = 2. The BS and the radar receiver are located at

coordinates [20, 30]T and [15, 15]T , respectively. The angular

parameters associated with the UEs and the clutter patches are

uniformly generated from [−π/2, π/2]. The carrier frequency

is set to 28 GHz. The noise power at each UE and the radar

receiver is set to σ2 = −90 dBm.

For communication channels, the complex path gain of

the LOS path follows βlk ∼ CN (0, 10−0.1κ), where κ =
a+10b log10(d)+ǫ, with d being the distance between the BS

and the kth UE and ǫ ∈ CN (0, σ2
ǫ ) [26]. Here we set a = 61.4,

b = 2, σǫ = 5.8 dB as suggested in [26]. For non-line-of-sight

(NLOS) paths, the complex gain follows a complex Gaussian

distribution βk,i ∼ CN (0, 10−0.1(κ+µ)) with µ = 7 dB

denoting the Rician factor [5]. For sensing response matrices,

we set σ2
A/σ

2 = 20 dB and 1
I

∑I
i=1 σ

2
Bi
/σ2 = 40 dB for

the target and clutter patches, respectively. The weighting

coefficient for each UE is set to wk = 1.

A. System Performance

Fig. 2 depicts the convergence behaviour of our proposed

BCD-based method, where we set the transmit power Pt =
30 dBm and the weighting coefficient η = 0.5. It can be

seen that the proposed BCD-based method has a relatively fast

convergence rate and attains the maximum objective function

value within only 7 iterations. Moreover, we observe that the

convergence rate is independent of the number of antennas at

the BS, i.e., Nt, which is a desirable characteristic for large-

scale mmWave systems.

In Fig. 3(a), we plot the overall communication-sensing

performance as a function of the transmit power Pt, where

the weighting coefficient η is set to 0.5. Also, we depict the

WSR and SCNR in Fig. 3(b) and Fig. 3(c), respectively. We

see that, as expected, the performance increases as the transmit

power Pt grows. Also, it is observed that the performance of

using the hybrid precoder/combiner is close to the performance

attained by fully digital precoder/combiner. Furthermore, the

proposed BCD-based method can deliver a better communica-

tion/sensing performance than the BD-based solution, and the

performance improvement is more pronounced as the transmit

power increases.

In Fig. 4, we depict the overall communication-sensing

performance of the proposed BCD method versus the number

of RF chains NRF
t , where the transmit power is set to Pt =

30 dBm. To better illustrate the performance, the weighting

coefficient is set to η = 1 and η = 0.55, respectively. The

total number of resolvable paths at the BS is set to r = 18,

in which the number of clutter patches is set to I = 2. To

illustrate how many RF chains are required, the performance

attained by the BCD method with a fully digital precoder is

also included for a comparison. We see that when η = 1,

which implies only communication performance is concerned,
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the BCD method with a hybrid precoder achieves the same

performance as that of a fully digital precoder using only

NRF
t = r − I − 1 = 15 RF chains. When η = 0.55, the

BCD method with a hybrid precoder requires r̃ = r− I = 16
RF chains to achieve a performance similar to that of a fully

digital precoder. This result is attributed to the fact that the

radar receive beamforming vector w has effectively eliminate

the interference caused by the clutter patches. These results

corroborate our theoretical result in Proposition 3 which states

that r̃ RF chains are sufficient to achieve the same performance

as that of a fully digital precoder.

Fig. 5 illustrates the tradeoff between the communication

and sensing performance by varying the weighting coefficient

η in [0, 1], where the transmit power is set to Pt = 20 and

Pt = 30 dBm, respectively. From Fig. 5, we see that by

choosing a proper weighting coefficient η∗, a good balance

between the communication and sensing performance can be

achieved. Specifically, for such a value of η∗, both communi-

cation and sensing achieve a decent performance that incurs

only a mild performance loss (less than 20%) as compared

with the performance attained by optimizing exclusively for

0 10 20 30 40 50 60 70 80 90

-10

-5

0

5

10

15

Fig. 5: SCNR-WSR performance region by varying η in [0, 1].

a single task. Also, a further increase (resp. decrease) of η∗

only leads to a small improvement in communication (resp.

sensing) performance, but results in a substantial sensing (resp.

communication) performance degradation.

B. Beam Pattern Analysis

To gain insight into the optimized precoder, we examine

their transmit beam patterns. In our simulations, we set η =
0.5, K = 3 and Ns = 1. For simplicity of illustration, the

directions of UEs, target and the clutter patches are fixed as

{10◦, 15◦, 25◦}, 30◦, and {50◦, 60◦}, respectively. Fig.6(a)-

Fig.6(c) depict the beam pattern for each UE, in which

the beam pattern for the kth UE is defined as Pk(θ) =
‖aH

t (φ0)F k‖2. The transmit power is set to Pt = 30 dBm.

It can be observed in Fig. 6 that for both methods, the

optimized radiation pattern forms directional beams towards

the target and the served user, and creates nulls in direc-

tions pointing to other users as well as the clutter patches.

Such a beam pattern can effectively increase the desired

communication/radar signal while suppressing interference

caused by other users and clutter patches, which is beneficial
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(a) Beam pattern for the first UE.

-20 -10 0 10 20 30 40 50 60

-50

-45

-40

-35

-30

-25

-20

-15

-10

-5

0

(b) Beam pattern for the second UE.
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(c) Beam pattern for the third UE.
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(d) Overall beam pattern.

Fig. 6: Transmit beam pattern for different UEs.

for improving both sensing and communication performance.

We also observe that, despite similar beam patterns, these

two methods are slightly different in their power allocation

strategies. For the BCD-based method, it tends to allocate

more power to the user that is near to the target. Apparently,

assigning more power to this user not only helps increase

the communication performance, but also improve the sensing

accuracy. In contrast, the BD-based analytical solution tends to

allocate nearly the same power to each UE. This phenomenon

is consistent with the results reported in Proposition 4.

VI. CONCLUSION

In this paper, we studied the problem of joint transceiver

design for mmWave/THz ISAC systems. Such a problem was

formulated into a non-convex optimization problem whose

objective is to maximize the sum of all communication users’

rates and the radar’s received SCNR. By exploring the low-

dimensional subspace property of the optimal precoder, we

developed a computationally efficient BCD-based algorithm

for joint transceiver design. In addition, by generalizing the

BD idea to the ISAC system, we proposed an analytical

solution to the joint transceiver design problem. Simulation

results were provided to illustrate the effectiveness of the

proposed methods. Specifically, we showed that by choosing a

proper weighting coefficient, the communication and sensing

performance can be well balanced, with the performance

of each task incurring only a mild performance degradation

as compared with the performance attained by optimizing

exclusively for a single task.

APPENDIX I

PROOF OF PROPOSITION 1

To demonstrate the low-dimensional subspace property, we

first introduce the definition of trivial points and then analyze

the KKT conditions of problem (18). Specifically, if a point

{F k}Kk=1 satisfying HkF k = 0 and AF k = 0, which results

in a zero WSR and a zero SCNR, we say it is a trivial point

of problem (18). Intuitively, any effective optimized solution

to problem (18) should be a non-trivial KKT point. Then, we

have the following proposition regarding the dual variable λ⋆.

Proposition 5: For any non-trivial KKT point of problem

(18), the dual variable λ⋆ associated with the transmit power

constraint must be positive, i.e., λ⋆ > 0.

Proof: Denote {F ⋆
k}Kk=1 as the KKT point of the problem

(18), which satisfies

ρcwk∇F ⋆
k
Rk(F

⋆) + ρc

K
∑

i6=k

wi∇F ⋆
k
Ri(F

⋆)

+ ρs∇F ⋆
k
SCNR(F ⋆)− λ⋆F ⋆

k = 0, ∀k, (69)
(

K
∑

k=1

Tr
(

F ⋆
k (F

⋆
k)

H
)

− Pt

)

· λ⋆ = 0, (70)
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K
∑

k=1

K
∑

i=1

ρcαk(F
⋆
i )

HHH
k W k

( K
∑

j=1

WH
k HkF

⋆
j (F

⋆
j )

HHH
k W k + σ2

kW
H
k W k

)−1

WH
k HkF

⋆
i +

ρs
f2
2

K
∑

i=1

f2tr
(

(F ⋆
i )

HAHwwHAF ⋆
i

)

=

K
∑

k=1

K
∑

i6=k

ρcαk(F
⋆
i )

HHH
k W k

( K
∑

j 6=k

WH
k HkF

⋆
j (F

⋆
j )

HHH
k W k + σ2

kW
H
k W k

)−1

WH
k HkF

⋆
i

+
ρs
f2
2

K
∑

i=1

f1,itr

(

(F ⋆
i )

H
I
∑

m=1

BH
mwwHBmF ⋆

i

)

(77)

K
∑

k=1

ρcwkσ
2
ktr

(

(WH
k W k)

−1
(

K
∑

j=1

WH
k HkF

⋆
j (F

⋆
j )

HHH
k W k + σ2

kW
H
k W k

)−1
)

+
ρs
f2
2

K
∑

i=1

f1,i

M
∑

m=1

tr
(

(F ⋆
i )

HBH
mwwHBmF ⋆

i

)

=
K
∑

k=1

ρcwkσ
2
ktr

(

(WH
k W k)

−1
(

K
∑

j 6=k

WH
k HkF

⋆
j (F

⋆
j )

HHH
k W k + σ2

kW
H
k W k

)−1
)

+
ρs
f2
2

K
∑

i=1

f2tr
(

(F ⋆
i )

HAHwwHAF ⋆
i

)

(78)

K
∑

k=1

Tr
(

F ⋆
k (F

⋆
k)

H
)

≤ Pmax, (71)

λ⋆ ≥ 0, (72)

where Rk(F
⋆) and SCNR(F ⋆) are defined in (5) and (12) in

terms of F ⋆ = [F ⋆
1 . . . F ⋆

K ] ∈ CNt×KNs , respectively.

We prove λ⋆ > 0 by contradiction. We first assume λ⋆ =
0. Note that the gradient of ∇F k

Rk(F
⋆), ∇F k

Ri(F
⋆), and

∇F ⋆
k
SCNR(F ⋆) can be respectively calculated as

∇F ⋆
k
Rk(F

⋆) =HH
k W kZ

−1
k WH

k HkF
⋆
k, (73)

∇F ⋆
k
Ri(F

⋆) =HH
i W i(Z

−1
i − Z̃

−1

i )WH
i HiF

⋆
k, (74)

∇F ⋆
k
SCNR(F ⋆) =

1

f2
2

(f2A
HwwHAF ⋆

k

− f1,k

I
∑

i=1

BH
i wwHBiF

⋆
k), (75)

where

Zk =

K
∑

j=1

WH
k HkF

⋆
j (F

⋆
j )

HHH
k W k + σ2

kW
H
k W k, ∀k,

Z̃i =

K
∑

j 6=i

WH
i HiF

⋆
j (F

⋆
j )

HHH
i W i + σ2

iW
H
i W i, ∀i,

f1,k = wHAF ⋆
k(F

⋆
k)

HAHw and f2 =

wH(
∑I

i=1 BiF
⋆(F ⋆)HBH

i + σ2I)w. Left-multiplying

the first-order optimality condition in (69) by (F ⋆
k)

H , we

arrive at

ρcwk(F
⋆
k)

H∇F ⋆
k
Rk(F

⋆) + ρc

K
∑

i6=k

wi(F
⋆
k)

H∇F ⋆
k
Ri(F

⋆)

+ ρs(F
⋆
k)

H∇F ⋆
k
SCNR(F ⋆) = 0. (76)

Taking summation over all k = 1, 2, . . . ,K gradients in (76)

and re-arranging the terms, we could obtain (77) at the top

of this page. Using the identities tr(AB) = tr(BA) and

tr(A(A + I)−1) = tr(I) − tr(A + I)−1, we can further

obtain (78).

Comparing each term in the left-hand-side and right-hand-

side of (78), it can be seen that the equality holds iff HkF
⋆
k =

0, ∀k and AF ⋆
k = 0, ∀k, which contradicts the fact that F ⋆

k is

a non-trivial point. Therefore, we conclude that for any given

non-trivial point, the corresponding dual variable λ⋆ > 0.

Also, the full power property can thus be deduced by checking

the slack-complementary condition in (70).

Given λ⋆ > 0, we then prove that the corresponding

F ⋆
k must be a non-trivial point. Similarly, we prove it by

contradiction. If HkF
⋆
k = 0, ∀k and AF ⋆

k = 0, ∀k, the

gradients in (73) to (75) are equal to zero. In this case, the

first-order optimality condition in (69) reduces to λ⋆F ⋆
k = 0,

which implies F ⋆
k = 0. This contradicts (70). Therefore,

we can conclude that for a non-trivial point {F ⋆
k}Kk=1, the

corresponding dual variable λ⋆ > 0.

Looking back on (69) and noting λ⋆ > 0, the precoder F ⋆
k

can be represented as

F ⋆
k =

1

λ

(

ρcwk∇F ⋆
k
Rk(F

⋆) +
K
∑

i6=k

ρcwi∇F ⋆
k
Ri(F

⋆)

+ ρs∇F ⋆
k
SCNR(F ⋆)

)

= HHGk (79)

with

H , [HT
1 . . . HT

K AT BT
1 . . . BT

I ]
T ∈ C

M×Nt ,

Gk ∈ C
M×Ns , M = KNr + (I + 1)Nsen,

It is seen that F ⋆
k must lie in the range space of HH . Let

V ∈ C
Nt×r denote the matrix comprising the steering vectors

from the BS to all K UEs, the target and all clutters with

r =
∑K

k=1 Lk+I+1, it is easy to verify that V and HH have

the same range space2. In other words, the digital precoder

2If either ρc or ρs is zero, the corresponding paths are irrelevant for either
communication or sensing. Therefore, we can simply remove them from
the matrix V . This reduces the dimension of V to either I + 1 (if only
communication paths are irrelevant) or r − I − 1 (if only sensing paths are
irrelevant).
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F ⋆
k, ∀k can be represented by

F ⋆
k = V Xk, (80)

This completes the proof.

APPENDIX II

PROOF OF PROPOSITION 2

Firstly, it is easy to see that ({W opt2
k , αXopt2

k }Kk=1,w
opt2)

satisfies the transmit power constraint in (22), which

shows it is a feasible solution of (22). Next, we

show that ({W opt2
k , αXopt2

k }Kk=1,w
opt2) attains the

maximum objective function value in (22). Substituting

({W opt2
k , αXopt2

k }Kk=1,w
opt2) into the objective function of

(22), we arrive at

ρcR(αXopt2
k ,W opt2

k ) + ρsSCNR(wopt2 , αXopt2
k ),

=ρcR̄(Xopt2
k ,W opt2

k ) + ρsSCNR(wopt2 ,Xopt2
k ),

≥ρcR̄(Xk,W k) + ρsSCNR(w ,Xk),

(a)
=ρcR(α̃Xk,W k) + ρsSCNR(w, α̃Xk), (81)

where α̃ is a scaling factor to satisfy the transmit power

constraint and is defined as

α̃ =

√

Pt
∑K

k=1 tr(H̃Xk(X
H
k )

. (82)

Hence, the point ({W opt2
k , αXopt2

k }Kk=1,w
opt2) is the optimal

solution to (22). This completes the proof.
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