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Distributed Differential Graphical Game for
Control of Double-Integrator Multi-Agent
Systems with Input Delay

Hossein B. Jond

Abstract—This paper studies cooperative control of
noncooperative double-integrator multi-agent systems
(MASs) with input delay on connected directed graphs in
the context of a differential graphical game (DGG). In the
distributed DGG, each agent seeks a distributed informa-
tion control policy by optimizing an individual local perfor-
mance index (Pl) of distributed information from its graph
neighbors. The local Pl, which quadratically penalizes the
agent’s deviations from cooperative behavior (e.g., the con-
sensus here), is constructed through the use of the graph
Laplacian matrix. For DGGs for double-integrator MASs,
the existing body of literature lacks the explicit character-
ization of Nash equilibrium actions and their associated
state trajectories with distributed information. To address
this issue, we first convert the N-player DGG with m com-
munication links into m coupled optimal control problems
(OCPs), which, in turn, convert to the two-point boundary-
value problem (TPBVP). We derive the explicit solutions for
the TPBV that constitute the explicit distributed information
expressions for Nash equilibrium actions and the state tra-
jectories associated with them for the DGG. An illustrative
example verifies the explicit solutions of local information
to achieve fully distributed consensus.

Index Terms— Consensus, differential graphical game
(DGG), distributed information, input delay, multi-agent sys-
tem (MAS), Nash equilibrium.

[. INTRODUCTION

OOPERATION is fundamental in distributed biological

multi-agent systems (MASs) for certain eco-evolutionary
advantages [1]. Cooperative human-engineered distributed
MAS:s are a research trend that draws inspiration from biologi-
cal systems like flocks of birds or bacterial colonies. In the past
decades, cooperative control of MASs on graphs has received
increasing attention due to its extensive applications such as
consensus [2], synchronization [3], flocking [4], formation [5],
rendezvous [6], and so on. Classical control designs for such
systems are centralized and require global knowledge of the
system or a complete communication graph, which is excessive
and conflicts with the communication infrastructure of MAS
[7], [8]. Cooperative distributed control of MAS in terms of
optimality is of prime interest. However, finding a locally
distributed control that is optimal in some sense, e.g., when
each agent is optimizing its own local performance index
(PD), is particularly demanding [9]. For noncooperative MASs
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on graphs, this can be achieved by a differential graphical
game (DGG) [10], where the notion of optimality is Nash
equilibrium.

DGGs are a significant class of differential games with
applications to the distributed control of networked systems
on graphs. In recent years, there has been an increased
interest in studying various cooperative control problems using
differential (or dynamic) games (see, e.g.,consensus [11], [12],
flocking [13], synchronization [14], [15], formation [7], [16],
and pursuit-evasion [17], [18]). The challenges of applying
DGG-based control are twofold. First, differential games, in
general, are difficult to solve [10], [19], [20]. Second, even if
a solution is found, it requires global information. However,
there have been attempts to overcome these challenges, for
instance, by estimation [21], constructing local solutions to
global Nash [22], iterative control laws that converge to
the Nash equilibrium [23], neural network-based integrated
heuristic dynamic programming [24], reinforcement learning
for Nash [25], value function approximation [10]. Solving
a DGG also depends on whether it is discrete-time [12] or
Stackelberg type [26]. This paper focuses on a continuous-
time DGG of the Nash type.

Due to its analytical tractability, the framework of linear-
quadratic (LQ) differential games is popular for analyzing
MASs. The double-integrator MASs on graphs can be modeled
as LQ DGGs with quadratic performance indices (PIs) [7],
[14], [27], [28]. The emerging noncooperative DGG prob-
lem in this study is in fact a continuous-time LQ Nash
differential game. The open-loop Nash equilibrium solution
as well as its uniqueness and existence for this game are
given in [29], [30]. Nevertheless, the given Nash equilibrium
solution requires global state information [7], [27]. The main
challenge in noncooperative differential games is finding a
distributed information Nash equilibrium solution that can be
executed locally [7], [31]. Recently, a distributed adaptive
Nash equilibrium solution for DGGs with an infinite planning
horizon was proposed [14]. In infinite-horizon differential
games, there is no specified terminal time nor a terminal state
constraint in the PIs associated with players, and the solution
to the HIB equation for nonlinear systems or the Riccati
equation for linear systems is time-invariant. In the case of
a finite horizon, a terminal state constraint is usually included
in the PIs, and the solution to either the HJB equation or
the Riccati equation is time-dependent. Finding a distributed
solution with a finite planning horizon is a great challenge.
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A distributed estimation of Nash equilibrium for DDGs with
a finite planning horizon has been constituted in [7]. On the
other hand, explicit expressions have not been found except for
differential games with simplified single-integrator dynamics
in 1-dimensional coordinates (e.g., see [32]-[34]). The input
delay considered in this paper even makes finding such a
solution more difficult.

Commonly, a time delay occurs in the control input when
the control action depends on the relative state information
transmitted over the wireless communication network. Input-
delayed cooperative MASs have been extensively studied by
the control community. However, only a few research works
have been done in the game theoretical control of MASs with
input delay (e.g., [35]).

In this paper, cooperative control of double-integrator MASs
on graphs is formulated as an LQ DGG. The Nash equilibrium
of the DGG is a mutually beneficial control strategy that
nobody will deviate from. Therefore, it can be exploited as
a self-enforcing MAS control strategy. The main contribution
of the paper is deriving a distributed explicit expression of
time, delay, and the initial state for the LQ DGG with input
delay. Our results differs from similar works in [7], [27], [28],
[30], [32], [33], [35] as follows:

1) The DGG in this paper has both a terminal PI of state
and a running PI of state and control with input delay.
The DGG in [7], [27] has a terminal PI and a running
PI of only control without delay. The DGG in [32], [33]
has only running PI of state and control without delay
and without terminal PIL

2) [28], [30], [35] do not offer an explicit distributed
solution for DGGs. While [28], [30] presented a numeri-
cal non-distributed solution, [35] proposed a distributed
Nash equilibrium-seeking algorithm with a distributed
observer for MASs with input delay that converges
asymptotically.

The rest of this paper is organized as follows. Section [
provides preliminaries. The DGG for cooperative control of
double-integrator multi-agent systems is introduced in Sec-
tion [ In Section [[V] the introduced DGG is converted to
a set of coupled optimal control problems (OCPs) where the
explicit solution for the latter is derived. Section [V] illustrates
the simulation results for the cooperative consensus control of
double-integrator multi-agent systems with input delay. The
conclusion is given in Section [Vl

[I. PRELIMINARIES

A. Kronecker Product

Let X € R™*"™ Y € RP*Y be real-valued (or complex-
valued) matrices. The Kronecker product is defined as

I11Y chnY

X®Y = € RMPX"Y

Tm1Y TmnY

The Kronecker product has the following properties [36]

XeY) ' =XTeY", XeY)'=X'leovy !

XeY)UeV)=XUYV, &® =" e,

det(X @ Y) = (detX)™(detY)", X € R Y € R™*™,
(1)

B. Graph Theory

A directed graph is a pair G(V,E) where V is a finite set of
vertices/nodes and £ C {(4,7) : 4,5 € V} is a set of directed
edges/arcs. Each edge (i,j) € & represents an information
flow from node 7 to node j and is assigned a positive weight
pi; > 0. The set of neighbors of vertex i is defined by N; =
{j €V:(ij) or (j,i) € E,j #i}. Graph G is connected if
for every pair of vertices (i,5) € V x V, from i to j for all
j €V, j # i, there exists a path of (undirected) edges from &.

Matrix D € RIVI*I€l is the incidence matrix of G where
D’s uvth element is 1 if the node u is the head of the
edge v, —1 if the node « is the tail, and 0, otherwise. The
distributed Laplacian matrix for each node 7 that depends only
on information about that node and its neighbors in the graph
is defined as

L; = DW;D" e RIVIxIVI

where W; = diag(- -+ , puij, - - ) Vj € N; € RIEIXIEL

The Kronecker product is used to extend the dimension of a
matrix. The extended dimension Laplacian matrix L; is defined
as

Li= DW,DT € RmIVIxmiv

where D = D @ Iyxg, Wi = Wi @ Iyxg, and Iy, is the
identity matrix of dimension ¢ € N. The m-dimensional graph
Laplacian L, is symmetric (L; = L] ), positive semidefinite
(ZALZ > 0), and satisfies the (local) sum-of-squares property [4]

> wigllzi =zl =2 Liw 2
ViEN;
where © = [z1,--+ x| is a nonzero vector of all nodes
states z; € R?<! and ||.|| is the Euclidean norm.

I1l. DIFFERENTIAL GRAPHICAL GAME

Consider a MAS V = {0,1,---, N} with N 4+ 1 agents,
where 0 corresponds to an externally controlled agent and the
rest are agents with their control input to be designed. The
inter-agent communications are restricted by a connected di-
rected graph G(V, £). Bach agent 7 € {1,---, N}’s nonlinear
dynamics is reduced to a double-integrator model as follows
using the feedback linearization technique (e.g., see unmanned
aerial vehicle (UAV) linearization in [27], [37] and distributed
generators (DGs) linearization in [14])

ﬁi(t) = ui(t — T) (3)

where p; € R?*! and u; € R?*! are the g-dimensional
information and control input vectors, respectively, and 7 > 0
is a constant time delay (u;(t) = 0 when ¢ < 7). The dynamics
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@) is equivalent to the following linear time-invariant agent
dynamics with input delay

pit)| _ 0 1 pi(t) 0 (—

|:p1(t)] - ([O O:| ®Iq><q) [pz(t) +( 1 ®Iq><q)u1(t T)'
(4)

R2(N+1)ax1 be the state vector for V. The state dynamics

of the system with a given initial state can then be described
by

N
,T(t) = A(}T(f) + Z Biui(t — T), LL‘(O) = o 5)
=0

where Ag = A ® Iy, € REV+Dax2(N+Da 4 — [8 (1) o
0

Inyyx(Nv+1) € R2N+L)x2(N+L) - B (N;)ril)xl 2

Ipxg € RENADaxa b — [0 ... 1,...,0]T € RN+Ox1

and O(n41)x1 is the zero vector of dimension N + 1.

In the context of a DGG, each agent i € {1,--- , N} is so-
called a player of the DGG, {1,--- , N} corresponds to the set
of players, and the system dynamics (B represents the state
dynamics of the DGG. In the DGG approach to cooperative
control of the noncooperative MAS (@), each player seeks to
optimize a local PI that solely reflects its interests by finding
a suitable control policy. Define the finite horizon PI

T
J; = Ci(=(T),T) —i—/o Li(x(t),u;(t — 7),t) dt  (6)

for each player i € {1,---,N} where C;(x(T),T) is the
terminal PI at horizon time T and L;(z(t),u;(t — 7),t) is
the running PI over the entire horizon. Note that C; and L;
are associated with distributed information available only to
agent 4 locally through the graph G(V,&). Each player i €
{1,---, N} runs an optimization to find an admissible control
policy u;(t — T) € U; that optimizes its unified PI J; subject
to the state dynamics (3).

Various cooperative control problems can be depicted by
a distributed PI (6) that quadratically penalizes the local
behavior of an agent. In this paper, we define C;(«(T),T') and
L;(z(t),u;(t — 7),t) mathematically for consensus-seeking
agents. Thereby, the vectors p;(t), p;(t), and wu;(t) represent
the position, velocity, and acceleration input for agent ¢ in an g-
dimensional space. Under the DGG framework, each player’s
aim is to achieve consensus while minimizing their PI J;,.

The MAS in V governed by the state dynamics (3) and the
graph G(V, &) is said to achieve consensus if for any initial
position p;(0) and initial velocity p;(0), Vi € {1,--- , N},

> wig (Ilpi(t) = ps (O + i) = B )P) =0 (D
JEN;
ast — T and T" > 7 [38]. In the DGG context, a weighted
sum of local consensus errors and local velocity errors at the

horizon can be defined for each player i € {1,--- , N} as
Ci(x(T),T) =
D wig (Ipi(T) = pi(T)I* + 16:(T) = B (D) ()
JEN;

where w;; > 0 is a scalar. In addition to the least @) and
(), each player at the same time naturally seeks to expend
the least control effort over the entire horizon. Therefore, a
reasonable running PI for player ¢ € {1,--- , N} is

Li(x(t),ui(t — 7)) = rilJug(t — 7)||*+
> i (Ilpi(t) — o NP + [1Bi(8) — p;0)]%) (9

JEN;
where 7; > 0 is a scalar penalizing the control effort term.
The PIs (8) and (@) can be depicted in compact form by
using the sum-of-squares property (@) as follows

Ci(x(T),T) = 2" (T)(Iax2 ® Lir)x(T),  (10)
Li(x(t),ui(t — 7),t) = 2" (t) (Toxe ® L;)z(t)+
u; (t — 7)Riug(t — 1) (11)

where -i/iT = ﬁWiTﬁT, ﬁ = D@Iqxq, WiT = WiT ®Iq><q,
Wi = diag(--- ,wsj,--+) Vj € N € R™*™ (where m =
I€]), and R; = r; ®1,x4. Therefore, the minimization problem
for each player i € {1,---, N} consists of the unified PI (6)
with components in compact form (I0)-(I0) subject to state
dynamics ().

The requirement for consensus (7)) can be easily generalized
to most cooperative control problems, such as formation
control. Accordingly, similar expressions to (8) and (@) and
thereby the compact forms (IQ) and (11l can be acquired. For
formation control, the compact form of PIs is given in [39].

Each player’s optimal strategy is the solution to its optimiza-
tion problem. Under an open-loop information structure in the
DGG (@) and (6), all players simultaneously determine their
strategies at the beginning of the game and use this open-loop
strategy for the entire horizon. The players must then adjust
their control inputs based on the delayed information. In a
noncooperative DGG, the players of the game cannot make
binding agreements. Therefore, the solution ought to be self-
enforcing, such that, once agreed upon, no one has the incen-
tive to deviate from it [40]. A Nash equilibrium possesses the
characteristic that any individual player’s decision to deviate
unilaterally does not result in a lower cost for that player. It
is a strategy combination of all players in a noncooperative
game where no one can achieve a lower cost by unilaterally
deviating from it. The open-loop Nash equilibrium is defined
as a set of admissible actions (u7, - - - , uj) if for all admissible

(uq, -+ ,un) the following inequalities
* * * * *
']i(ulv Uy Uy Uy gyt auN) <
* * * *
Ji(ul’ T Uy Uiy Ugy gyt ’UN)

hold for ¢« € {1,---,N} where u; € I; and T'; =
{uwi(t,zo)|t € [0,T]} is the admissible strategy set for player
i. We assume that u; (Vi € {1,---,N}) consists of the set
of measurable functions from [0,7] into T'; for which the
differential equation (3) has a unique solution and the PI (@)
exists.

The noncooperative DGG problem in (3) and (@) for 7 = 0
admits a unique Nash equilibrium solution for every initial
state xq iff there exists a solution set to a set of the coupled
(asymmetric) Riccati differential equations (see Theorem 7.2
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((N+1)-node

N-player DGG
MAS)

m OCPs explicit
(m-edge system)]:|,>[ TPBVP ]:|,>[ olutlon]

Fig. 1: Block diagram representation of the proposed system-
atic approach to solving the DGG.

in [30]) or, equivalently, iff a specific matrix is invertible (see
Theorem 7.1 in [30]). Moreover, Nash equilibrium requires
global knowledge of the initial state vector z(0). Therefore, the
existence of a unique open-loop Nash equilibrium and whether
or not the equilibrium and its associated state trajectories are
distributed, as well as the input delay, are the main issues that
need to be addressed for the DGG problem (@) and (6&).

IV. MAIN RESULTS

In this section, we present an explicit solution of distributed
Nash actions and their associated state trajectories to the input
delayed DGG problem in (B) and (6). To the best of our
knowledge, such solutions have not yet been reported for
the LQ differential game. The presented solution results from
applying the proposed systematic approach in Fig.[Il The first
step in this approach is converting the N-player DGG problem
to m OCPs. In terms of the MAS on the graph G(V, ), this is
as converting the (N +1)(= |V|)-node MAS to the m(= |£|)-
edge system.

Toward this, we define the following new state vector and
new control inputs

2(t) = (Izx2 ® DT)a(t) € RPMOY,

(12)
e RIx1,

13)

The state dynamics (@) in terms of the state vector z(¢) and
control inputs &;(¢) is given by

(1) Z J(t—1), 2(0) =2z (14)

A A 2magx2m A 0 1
where Ag = A ® Ijxg € R¥MIX2MI A = 0 ol ®
Lyxm € RZm*2m Bz = [5} ® Igxq € R2maxd, l;z =

[0,---,1,---,0]T e R™*1, and zp = (Taxz ® DT )ag
The PIs (I0) and (II) are rewritten as follows

CZ(I(T),T) = xT(T) (IQXQ ® [)WZTDT)x(T)
=z (T) (I2><2 ® f)) (I2><2 ® WzT) (I2><2 ® ﬁT)x(T)
= ((I2x2 ® ﬁT)f(T))T(I2x2 ® WiT) (szz ® ﬁT)x(T)

= 2 (T)(Inx2 ® Wir) 2(T) 2 C;(2(T), T), (15)
Li(z(t),&(t —7),t) £
2T (1) (Taxe @ Wi)2(t) + & (t — T)Ri& (t — 7), (16)

where RZ = 7; ® Iyxq. Without loss of generality, we assume
i = m;V(i,5) € &, e, fp = r; = r; for the kth edge
(i,7) € € in the kth column of D. As a result, the following
PI emerges

=

T
Ti —Ci(z(T),T)—i—/O Li(z(t),&(t —7),t) dt a7

for i € {1,--- ,m}. The N-player DGG problem with input
delay in (B) and (@) is reduced to m OCPs with input delay
in (I4) and ([I7). In other words, the transition from the
(N 4 1)-node MAS to the m-edge system, as shown in
Fig. [ is complete. The latter is analytically more tractable
to investigate for an explicit solution.

The existence and uniqueness of the optimal control policies
&i(t)s and their associated state trajectory z(t) for the m OCPs
(@) and (T2 can be investigated by applying the necessary
conditions for optimality using Pontryagin’s principle. As
a result, these problems are converted into the two-point
boundary-value problem (TPBVP). In the context of the DGG
@) and (@), the Laplacian matrices L; and L; that occur in the
performance index (@) are symmetric and positive semidefinite,
and R; are positive definite. According to [41], then for the
N-player differential game, the PIs J; (¢ € {1,---,N})
are strictly convex function of w; for all admissible control
functions u;, j # 4, and for all zo. This implies that
the conditions obtained from Pontryagin’s principle are both
necessary and sufficient for consensus control of the given
MAS. Similarly, the matrices Wi and WiT in the performance
index (I7) are also symmetric and positive semidefinite, and
Ri are positive definite. Therefore, also for the m OCPs,
the conditions obtained from Pontryagin’s principle are both
necessary and sufficient.

Before proceeding with applying the necessary conditions
to the m OCPs in order to obtain the TPBVP, one should
address the input delay. A common approach in dealing with
the input delayed linear dynamical system (I4) is to apply an
integral transformation to obtain a delay-free linear dynamical
system [42]. Below, we convert the input delayed OCPs (14)
and (I7) to the delay-free OCPs.

The PI (I7) can be decomposed by

Ji =Ci(2(T), T)+

/ £
where the middle integral term on the right-hand side is
a constant since the control does not take place for ¢t €

[0, 7[. Therefore, the minimization of 7; is equivalent to the
minimization of

) dt + /T_T Li(z(t+7),&(t),t) dt
0

T—1
Ji =Ci(2(T),T) +/0 Li(z(t+7),&(t),t) dt.  (18)
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The solution of (I4) at t + 7 is given by

2(t+7) = A0z (0)

t+7 Lo mo
+ / =40 N " Biti(s — 7) ds
0

i=1

o t omo
= ™o (etAoz(O) + / elt=9)4o Z Bi&i(s—1) ds
0 i=1
t+7 . m R
+ / e(tis)AO Z BZ@(S — 7') dS) .
t i=1

The first and second terms inside the outer bracket pair on the
right-hand side denote the solution of (I4) at ¢. Thereby,

2(t+71) = em Ao <z(t) + /t+T e(t=)4o i Bi&i(s — 1) ds)
t

N t ., o
= 7o <z(t) + / DI 110 ds)
t—1 i=1

£ eTA“y(t).

19)

(20)

=(0)
), respectively. By substituting Q)

By letting ¢ = 0 and ¢t = T'— 7, we obtain e*TAf’z(T)
and z(T) = e™ oy (T —
into (I8), we have

R . T—1 R
Ji=Cy(T —7),T — ) + / Eoly(6),& (1), 1) dt

(21
where
C(2(T),T) = 2(T)(I2x2 ® Wir)2(T)
_ (T4 _ T 1. Ay _
= (e y(T 7')) (Tax2 @ Wir) (e y(T 7'))
=y (T —7) (eTAJ (I2x2 ® WiT)eTAO) y(T' —7)
£ G(y(T - 7). T~ 1)
and
Li(z(t+7),&(t),t)
=2 (t+7) (ngg @Wi)z(t+7) + & () Ri&i(t)
=7 () (7 (L @ Wi ) y(t) + & () it (t)
£ Liy(1), & (1), 1).

We notice that A2 = 0 and A2 = (AJ)? = 0. The matrix
exponential terms can then be rewritten as

™40 (Iax2 ® WiT)eTAD =

(I +7AJ)(Tax2 ® Wir)(I + TAp)
e (I2><2 ® Wz‘)eTAO =

(I +7AJ)Taxz @ Wi)(I +74o) 2 Q.
T — 1) and £i(y(t), 6(1),)

£ QiTa

Therefore, the Pls C;(y(T —
in 1) are simplified as
y(T =7),T —7) =y (T = 7)Qury(T — 7),
)

Ci( (22)
Li((6),&(1),1) =y ()Quy(t) + & (HR& (1)

(23)

The time derivative of 20) is given by

eT A0 (t) = 3(t+ 1) = Agz(t +7) +§:B (24)
i=1
or equivalently,
G(t) = e A Agz(t + 7) i Bio&i(t) (25)
where BiO = e_TAOBi. We also notice
eFT A0 Ay = (Ag £ 7A2) = Age* ™ = 4y, (26)
Using the simplification above, we get
§0) = Aozl + 1)+ 3 Buoka(t) @)
i=1
Substituting z(t + 7) = e"A0y(t) into @7) yields
§(t) = Age™ oy (t) + fj Bio&i(1) (28)
i=1

and re-substituting (26), finally the delay-free state dynamics
is given by
§(t) = Aoy(t)

+ Z Bio&i(t) = (I —7Ap)z(7). (29)

Now, we apply the conditions obtained from Pontryagin’s
principle to the delay-free m OCPs in (29) and @21)). According
to Pontryagin’s principle, the Hamiltonian

H; = Li(y(t),&(1), 1) + & (0)3(t) (30)
is minimized with respect to &;(t) (for ¢ = 1,---,m). This
gives the necessary conditions

&i(t) = —R; ' Bijwa(t) 31)
where the vectors v;(t) satisfy
Pi(t) = —Quy(t) — Ay vi(t), ¥i(T —7) = Qiry(T — 7).
(32)
Substituting (31)) into (29) yields
§(t) = Aoy (t) ZS Gi(t), y(0)=yo  (33)

where S’Z = Bl-oRi_lBiB.

The delay-free m OCPs in (29) and @) have a solution iff
the set of differential equations (32) and (33) with the given
boundary conditions above has a solution. Reference [30] (see
Proof of Theorem 7.1) shows that these differential equations
with their boundary conditions convert to a TPBVP for a
two-player differential game. This result can be generalized
straightforwardly to the m OCPs in (29) and 1) as envisaged
in Fig. [l The optimal control policy & (t) as well as the
associated state trajectory y(t) can be calculated from the
TPBVP.

For the set of differential equations in (32) and (33) for
every initial state yo, the associated state trajectory y(t) with
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the optimal control policies is given by (see the proof of
Theorem 7.4 in [30])

y(t) = H(T =7 = t)H (T =)y 34
-4y S S
. Q1 Al 0 o0 )
where M = ,1 0 ) and H(T —7—1t) =
: 0 .0
Qm 0 0 A}
1
Qur
[I2mq><2mq 0 0} (T—r=t)M .
QmT
Using the Kronecker product property (I), we obtain

Qir
= (I + TAT by Iqu)(I2><2 & WiT & Iq><q) (I + TA [ Iq><q)
= ((I+TAT)(I2XQ ® WiT)(I—FTA)) ®@ Iyxg

£ Qir @ Iyxg, (35)

Q
((I+ TAT)(Inxa ® W;) (I + TA)) 9 Iyxg 2 Qi ® Iy,

(36)
A 0 1 -
Si = ( b, ®Iqu) (f_ ®Iqxq)( 0 5] ®Iqxzz) =
0 0 0
(bl M) en=[o 1] em-
1.4
{8 (1)] ® f—ibibj @ Iyxg = Si @ Iyxg- (37)
Using (33)-@B7), the matrices 47[ and H(T — 7) can be
expandedas M = M®I;xq and H(T—7—t) = H(T—-7-1)®
-A 5 S
Q. AT 0 0
144, respectively, where M = . ) and
: 0 0
Qn 0 0 AT
1
Q17
H(T — 7 —t) = [Lamx2m 0 0] eT=r=OM | =
QmT

Therefore, (34) is rewritten as

y(t) = (H(T —T—1)® Iqxq) (H_l(T -7)® Iqu)yO
= (H(T —7—t)H (T — 7) ® Iyxq) Yo (38)

From (38), it is obvious that the existence of a unique
solution to the TPBVP depends on whether or not H (T —
7) is invertible. If invertible, there exists a unique open-
loop Nash equilibrium for the DGG problem. Besides, if the
individual trajectories y;(¢) in (B8) do not require knowledge
of y;(0), j # i from yo, one can conclude that the equilibrium
and its associated state trajectories for the DGG problem are
distributed. In the following, we prove the invertibility of
H(T —7) i.e., the existence of unique optimal control policies
and present individual state trajectories y;(t) in the form of

explicit expressions of time, delay, and the initial state y;(0).
Before, the following definitions were given.

Let )\; denote the ith eigenvalue of M. Define f(\;) =
fi(\) + fa(\) where fi(\;) = (% + 'L;—T)Xlg — )\; and
f2(N) £ (“”T+‘“ (T +1))5;- Also, g(Ai) £ g1(Ai) +g2(Ai)
where g1 (\; ) £w /\2 +1and ga(\;) = 2i(r +1)i Notice
that fi(=X;) = fl( D Fa(A) = —fa(h) gi(=A) =
g1(A\i), and ga(—X\;) = —ga(\i, 7). Define

13
T 2E )T

D)

oi(N) =0, @i(N), - -

Theorem 1: H(T — 7) is nonsingular and

- (st= 80 £ om0

%( )

where

AT —71)=Bi(T —7)%(T —7) — o (T — T)mi (T — 7),

qi(t) = Bi(T —7 = t)vi(T —7) —a;(T — 7 = )i (T" — 7),
Gi(t) = a;(T =7 =t)Bi(T —7) = Bi(T — 7 = )i (T — 7),
Gi(t) =ni(T =7 = 0)%(T = 7) =T =7 = t)ni(T' — 7),

4i(t) =7 (T =7 =)Bi(T —7) =i (T — 7 — t)ay (T — 7),
ai(¢) = 4?]‘%(17}1-2()\1)[ F1 () sinh(éA;) + f2(X;) cosh(pA; )]
Bi(@) = AR(w? (Ai) [ g1 (Ai) sinh(9A) + g2 (Ai) cosh(9:)]),

(@) A
7i(9) = =R (M) [ 1 () sinh(9:) + f2(\:) cosh(6,)]),
()

= —AR(\F (M) [91 () sinh(6A) + g2(As) cosh(6,)]).
Proof: To extract the explicit expressions for y;(¢) from
(38)), one has to find the inverse of H(¢). The invertibility of
H (¢) depends on M and ¢. We begin with the decomposition
of the square matrix M into the product of matrices. Matrix
M is defective (i.e., non-diagonalizable, see Appendix [[V)). Its

Jordan decomposition is
M=oJU (41)

where @, J, and ¥ are square matrices given in Appendix [l
The matrix exponential term e?™ in H(¢) is expanded as

M — §e?/ . (42)

Using this expansion, as shown in Appendix [VIL we have

m

H() =Y (KO + K (%) + K(=3) + K(-X)) @3)
i=1
where
K(\) = e {_ff?& i )} @ iAo (A)

(44)
and f(\;), g(\i), and o;()\;) are defined beforehand.
As \; are \; the complex conjugate of each other, we have
RIK ) = RE ), SEN)) = =S(K(\)) (45
where $(.) and $(.) denote the real and imaginary parts,
respectively. Thereby, (@3) is simplified further as

6) =23 (RUK) +

R(K(=Ni)).  (46)
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Therefore, H(¢) is a real-valued matrix.

From (@4) we can see that K();) has the structure @),
shown at the bottom of the page. On this basis, H(¢) has the
following form

diag(- -+, (),
diag(-- - ,7i(9), -

)
)

diag(- - -
diag(. ..

7Bi(¢)" o
7ni(¢)7.. :

)

)
(48)

where a; (), Bi(¢), vi(¢), ni(¢) are given by @E9)-(2),

shown at the bottom of the next page.

To find its inverse, first, we show that H(¢) is nonsingular.
The eigenvalues of H(¢) are the roots of its characteristic
polynomial

p(6) = det (H(¢) — 61) = det (diag(- .
(00(A) = 8) (m:(%) = 8) = Bix)3(n), ) ) =TT (8-
(X)) 8 + (A (M) — wim(m).

None of the roots of the quadratic expression above are zero,
meaning that H (¢) has no zero eigenvalues and is nonsingular.
As its blocks (which are diagonal matrices) are commuting
matrices, the inverse of H(¢) is obtained by matrix analyses
as (33D, shown at the bottom of the next page.
Knowing that R(e?*i) R(e), R(wZ(\))
R(w?(\i)), and R(f(N\;)) = R(f(\;)), finally, we can express
ai(}), Bi(d), vi(d), ni(¢) in terms of the hyperbolic sine
and cosine in @Q). For «;(¢), it is given in (34), shown at

H(¢) =

Bi(A

@8) to H=Y(T — 7) from (33) yields @Q) and the proof is
concluded. [ |
For t < 7, &(t) = 0 foralli € {1,---,m} and 2(t) =
(I+tAg)y(0). For ¢t > 7, from @O, z(t+7) = (I+7Ap)y(t).

Equivalently,

1
o= ([} eraumn n 6
1 7

zi(t+71) = ([O J ® Iqxq> yi(t), t>rT. (56)

The control inputs &;(¢) for ¢ > 7 are obtained from the
double-integrator relations,

LG(t+71)= [0 Iqu] i (t),

As shown in Fig. [1] the proposed systematic approach to
solving the DGG problem accomplishes this by using the
optimal control policies §;(t) and their corresponding state
trajectories zj(t) for Vi € {1,---,m} in the m-edge system
to find the distributed explicit open-loop Nash equilibrium
actions u;(t) and their corresponding distributed state trajec-
tories x;(t) for Vj € {1,---, N} in the N-player DGG.

t>T. (57)

V. ILLUSTRATIVE EXAMPLE

In this section, we present an illustrative example to
verify the distributed solution given in Theorem [Il As-
sume a consensus-seeking MAS V = {0,1,2,3} and £ =
{(0,1),(1,2),(1,3)}. The communication graph is not com-
plete, and agents 2 and 3 cannot acquire global knowledge of
the initial state vector xg.

the bottom of the next page, and 3;(¢), v:(¢), and 7;(¢) are The lead agent is determined by po(t) = [cos(t),t]T,
obtained similarly. Finally, multiplying H(T — 7 — t) from po(t) = [—sin(¢),1]", and 1(t) = [ cos(t),0] . The initial
K(\) = diag(0, - - ,e?*ww?(\;) f(\i), -+ ,0) diag(0, - - - ,e? w2 (N\;)g(\;), -+ ,0) @7

)= Lding(0, -, ~Ae @) FN), -+, 0) diag(0, -+, —Ae @ (A)g(A), - ,0)

Oéi(¢) :eq»\iwi ()‘z)f()‘z) + e_d»\ ( )‘z)f(_/\z) + e¢flw12(x )f(X ) +e liﬂz (_)‘i)f(_xz)v (49)
Bi() :e¢Alwf(Ai)g(Ai) + efq”‘lwz(—/\i)g(—/\i) + e¢Aiw12(Xi)g_(Xz, T)+ ef‘w‘lwz(—XQg(—Xi), (50)
Yi(@) = = Xie®M@? (A) F(A) — Mie” PN (= N) F(= ) — Nie®iawml (X)) F (M) — Mie” PNl (=) F(=N), (5D
1i(9) = — Xie? w2 (A)gi(Ai) — Aie” M2 (= A)gi(—Ai) — Mie? w2 (N)gi(Ne) — Me NP (- N)gi(—Ni)  (52)
- diag(- -, —— _m‘@» —_..)  diag(---, Bi(d) )
H 1(¢) l . ﬁz(?b)'h(’j:) ai(@)ni(¢) } Bi(¢ )%(@5) ai(d)n:(¢) ) (53)
diag(-- -, ﬂi<¢>w<¢>£q2i<¢>m<¢> vor) diag( e — g (d;)lw)mw) )
a;i (@) =2R(e®)R(ww (M) R(F(A:)) + 2R(e™ M) R(w] (=) R(F (=)
=2R (R ) (R O) + a%(ﬁ( ) = 2R )R(w ( ))( <f1<m> R(f200))
KoY o)
—ar( ) [ ) LRy 2 )
—4R(? ()[R (7)) R(sinh(9A:)) + %(fz(/\i))%(cosh(@\i))} (54)
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states of the other agents are p;(0) = [—1,1]", p1(0)
[072]T7 p2(0) - [474]T9 pQ(O) = [OaO]T9 p3(0) = [6a9]
and pg(O) = [Q,O]T. In the PIs, Wi = Waor = Wsp
IS><3’ W1 = diag(1,0.7,0.5), W2 = diag(0,0.?,O), W3 =
diag(0,0,0.5), 1 =ro=r3 =1,and T = 8.

Following the proposed approach in Fig. [l the 3-player
DGG converts to the TPBVP for which the explicit solution
is given in Q). The distributed Nash strategies and their
associated distributed state trajectories are wui(t) = ug(t) +
§u(1), ua(t) = & (t) + ua(t), us(t) = &(t) + ur(t), z1(t) =
LL‘Q(t) + 21 (t), l‘g(t) = I (t) + Zg(f), $3(t) = ,Tg(t) + Z3(t)
where z;(t) = [p/ (t),p; (t)]". For comparison, we employ
the non-distributed solution (38). Figs. show the agents’
trajectories and time histories generated by both the distributed
and non-distributed solutions for delay-free DGG and delayed
DGG. It is seen that the agents {1, 2,3}’ positions, velocities,
and control inputs reach a consensus with the lead agent.

From Figs. D4l we observe that the behavior of agent
1 is identical under both the non-distributed and distributed
solutions. Notice from the communication graph £ that agent
1 has access to the global knowledge of all other agents, i.e.,
{0,2, 3}, while they do not. As seen, agents 2 and 3 have
different behaviors under both solutions. When they implement
the distributed solution, these two agents converge to the lead
agent’s trajectory on a shorter path than when they implement
the non-distributed solution.

.7l

10

Di2

Di2

Pbi1
(b) delayed (7 = 0.5) trajectories

Fig. 2: Agents’ trajectories under the non-distributed (solid
gray lines) and distributed solutions (dashed color lines).

VI. CONCLUSION

This paper presents a fully distributed explicit solution
for the finite-planning horizon DGGs defined to govern the
cooperative control of double-integrator multi-agent systems in
a g-dimensional space (¢ € {1, 2,3}). The classical solution is
associated with solving either a set of coupled (asymmetric)
Riccati differential equations or, equivalently, a TPBVP and
is non-distributed since it requires global state information.
For future work, the proposed systematic approach could be
generalized to solving DGGs with the feedback information
structure and/or MAS with more complex dynamics.

Appendixes, if needed, appear before the acknowledgment.

APPENDIX |
DECOMPOSITION OF M

The matrix M is defective (see Appendix [V)). Its Jordan
decomposition is given by (&I) where

Im(m—l) xm(m—1)
J2(0) @

J1(N\i)

is the Jordan normal form of M with J;(.) defined in ([V.I)
being the Jordan block of size i (see Appendix [V). The
generalized modal matrices & and ¥ are constituted from
vectors v; and w; as following

O2m(m71)><2m7 *

P — 02m><2m(m—1)
* w;

where * are the elements/blocks not to be concerned with (see
Appendix [T).

Vectors v; and w;, given at the top of the next page, are the
right and left eigenvector associated with the eigenvalue \; of
M, respectively (see Appendix [II).

The nonzero eigenvalues of M are A;, i, —Ai, =i, - - -
where

Lpi, , 1/ 2 Hi
P = Al =— 1 - =(2+1 -— (14
A 272i(7+)+\/4(ﬁi(7'+) 7. (1.4)
for i = 1,---,m and )\; denotes the conjugate of \; (see
Appendix [I)).

APPENDIX Il
EIGENVALUES OF M

Eigenvalues of M correspond to the roots of its character-
istic polynomial

p(A) = det(M — \I) (IL.1)
. -A S
where A denotes the unknown eigenvalues. M = 0O Vv

where V = diag(AT,--- ,AT), S =[Sy, ,Sm], and Q =
[Qlu"' 7Qm]T~



AUTHOR et al.: PREPARATION OF PAPERS FOR IEEE TRANSACTIONS AND JOURNALS (FEBRUARY 2017) 9

8 2
=
= =1 S
= = s
s T 2
] 8 2.
S E g
-2 5 -1 =
e g 5
a ) g -
Q
o
3 K
0 2 4 6 8
t
10 2
’1? 8 % 1 §
g & g 2
£ 4 E &
e E s
A 2 g2 =
o
o
0 3 -
0 2 4 6 8 0 2 4 6 8
t t
Fig. 3: Delay-free time histories under the non-distributed and distributed solutions.
8 2
= =1 =l
= = 3
S & g 2
z 2 2
e £ 4 B
=l g =
e E 5
a g2 g
o
o

10 2

| s
= 8 =1 =
= = b
B & ;
=] 9 =
.2 4 =4 8
= o —_

Z < g2
A 2 g2 =
5
o

0 -3 4

0 2 4 6 8 0 2 4 6 8 0 2 4 6 8
t t t

Fig. 4: Delayed (7 = 0.5) time histories under the non-distributed and distributed solutions.

.
1 1
0 = | (o O =T (49 O, O+ (5 = Il Wi 3 = (72 D (AW ) -+ O, O
' 12)
i 1 i 1 1 1
wi(Ag) = [((%rﬁ +E @ - - Az—) o1 (A1), (A0)), Omx1, Omx1), - (5308 ()b, 3-07 (Mi)éda), - 7(omxl,omxl>}
’ ' (13)
The determinant of M — A1 is [43] Also,
—A— )\ S i R L -
det(M — )\I) = det |: Q V— )\I:| (_A - /\12m><2m) ! - (_ |:O )\:| ®Im><m) !
~ A _ -1
=det(—A — M) det(V — A — Q(—A — XI)71S) (1L.2) _ B ﬂ N [—O§ i] @ Lo (ILd)
where using the Kronecker property (1) A
01 From (36)
det(A — Mo xam) = det(— ® Imxm — M2 @ Lnxm) I ol[w, o][r +I 1 T
0 0 Qi = = ® W;
v N I I||0 W;l0 I T 241
— det(— {O A] ® Lnxm) = (det(— {O A])) — A2 (IL5)

(I.3) and from 37) §; = %IA)J)ZT
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_)\Imxm

Ime

p(A) =A*" det (diag(- - , [

AQdet<[

me

_)\zdeet ~Msem) Hdet((T +1)

i=1 i=1

=Am(m+2) ﬁ det

i=1 i=1

2’”+1HA3(A( 1A 1) - )\4> Azmm= 1>H<

AIm><7n (_%
_)\Imxm + ((T

(=Mm-1)x(m-1) ﬁ (((72 + 1)% - %) ff— - A)

2N+ - ) (IL9)

Using the expressions above, we have

Qi(~A - AD)7LS; = <[i TQZrJ@Wi)

([ 3]} (6 o0

1] ® W;d; (IL6)

where W;6; = diag(0,---, &5, ---,0) and W;; = 0 Vi # j
Similarly,
Q(—A—-AD)"'S =
0 L _ 7
22 p)
diag( [o i = (2 + 1)4 o)

On the other hand,

V =M =diag(---, AT — AMapmxam, )

-A 0
: { ) _A] @ Ly, ). (IL8)

Substituting ([L.3), ((L.7) and (IL8) in (IL2) yields (IL.9), shown
at the top of the next page. The quartic polynomial in (IL9)
has four roots given by ([4), two opposites in sign, and two
conjugates.

= diag(- - -

APPENDIX Il
EIGENVECTORS OF M
Eigenvectors associated with the nonzero eigenvalues:

Matrix M consists of 2(m + 1) x 2(m + 1) blocks of size
m x m as follows

Omxm —1I 0 O 0 O
0 Omxcm 0 & 0 Om
Wy W1 0 0 0 O
M= | ™ (r2+1)Wy I 0 0 O
Wi TWn, o 0 --- 0 0
W (P2+1D)W,, 0 0 - T 0|
(IIL.1)
Any nonzero right eigenvector v; satisfies
(M — X\ T)v; =0. (I11.2)

Substituting ([2) into the left-hand side of ([IL2) yields

(M — AiT)v; = [ (olxm,v (% = 1)) UJ(AZ-)) ,

T

(lemvolxm);"' 7(01><m;01><m) (1113)

Here, the expression A} + & % —(r?+ 1)) appears to

be the quartic polynomial in that \; is a zero of it.

Therefore, ([2) satisfies (IL2).

Any nonzero left eigenvector w; satisfies
w;(M —N\I)=0. (111.4)

Similarly, substituting (L3) into (IL4), (IL4) is satisfied. By
adopting @;(\;) as B, v;(A\;) and w;(A;) are normalized so
that wl()\l)vz(/\z) =1.

Eigenvectors associated with the zero eigenvalue:

From Appendix [ we notice that M has 2m(m — 1)
zero eigenvalues. Thereby, the definition of the right and left
eigenvectors in (IIL2) and (IL4), respectively, reduces to

Muvyg =0, woM =0. (II1.5)
Vectors

Vo = [(lemu Ole)u (lem7/(91r)7 T (01Xm7 1971—1)]1—
wo = [(lemu Ole)u (19]—7 01><m)7 Y (/(97—:7,7 Ole)]

where ¥; = [9%,--- ,[0];,- -, 95T € R™ satisfy ([IL3).
From Appendix [Vl we notice that the Jordan blocks as-
sociated with the zero eigenvalues are of size 2 where each
corresponds to a chain of generalized eigenvectors of rank 2.
A generalized eigenvector of rank 1 is an ordinary eigenvector.
The generalized right and left eigenvectors of rank 2 satisfy

MlA)O = o, ﬁ)oM = wo (IIIé)

where 170 # 0 and Wy # 0. It is verified that 99 = wJ and
Wy = vy . The right and the right generalized eigenvector, as
well as the left and the left generalized eigenvector associated
with the zero eigenvalues, have the form [legm,*]T and
[01%2m, *|, respectively.
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APPENDIX IV
M |s DEFECTIVE
For a defective matrix, its Jordan normal form is a block-

diagonal matrix whose diagonally located blocks are associ-
ated with the eigenvalue of that matrix in the form of

X100
0 N 1 0
Je(Ni) = S (Iv.)
0 DY

0 A kxk

To determine whether M is defective or not, we inspect the
geometric multiplicity associated with the zero eigenvalues.
The number of linearly independent eigenvectors associated
with an eigenvalue is its geometric multiplicity. A defective
matrix has an eigenvalue with its geometric multiplicity less
than its algebraic multiplicity [44].

Let N (M — AI) be the dimension of the null space of
M — M. The geometric multiplicity of A is dimN (M — A1)
which is the number of free variables in

(M = X)v=0 IV.2)

where v is a nonzero vector.

Consider ([T T).
(2,795 ), (1,07, (0 Op I s 00 = [of, -+, 0},] " €
R™*1 9, = [98,---,90]T € R™*L For A = 0, (N2
reduces to

Let v =

-1 1
m SRS

av.3)
Clearly, 192 in ¥; must be zero, thus, there are m — 1 free
variables left in ¢J;. Consequently, the total number of free
variables is m(m — 1) and

dimN (M

As a result of the geometric multiplicity of the zero eigenval-
ues being less than their algebraic multiplicity, M is defective.

)=m(m—1).

APPENDIX V
JORDAN BLOCKS OF M

By definition, the size of the Jordan block associated with
i, i.e., (, is the first integer for which dimA (M — /\Z-I)C
stabilizes. This is equal to the number of free variables in

(M — XI)7v =0. (V.1)

For the eigenvectors associated with the zero eigenvalues,
we have dimA (M) = m(m—1). It can be verified that vector
v (as defined in Appendix [V) with g9 = Jg = 0 and o; =
Oi = [0%, - ,[0]s,---,0%,]",i=1,---,m satisfies (V.I) for
j = 2 and j = 3. Therefore, dimN (M)? = dimN (M)3 =
2m(m—1). It is seen that ¢ = 2 and thus, there are m(m—1)
Jordan blocks of size 2.

For the eigenvectors associated with nonzero eigenvalues,
the number of free variables in the equation (V.I) for j = 1
and j = 2 are both equal to m. Therefore, ( = 1 and the
corresponding Jordan block is of size 1.

APPENDIX VI
DECOMPOSITION OF H

Substituting e®™ from [@2) shows that

H(¢) = [Iomxom O (VL1)

0] ®e?’ W
QmT
This expression is broken apart into the expressions (VI.2))-
VL.
[I2m><2m 0

1
02m><2m(m—1) R (_)\) 02y Ui(/\i)7 o :| (VL.2)

O}sz

Im(mfl)xm(mfl) & €¢J2(0) 0 L. 0
67 0 o0
e =
e
0 o -
(VL3)

Finally, by multiplying the right-hand sides of (VL.2)-(VL4)
we get (@3).
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