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A super-Tonks-Giradeau gas is a highly excited yet stable quantum state of strongly attractive
bosons confined to one dimension. This state can be obtained by quenching the interparticle inter-
actions from the ground state of a strongly repulsive Tonks-Girardeau gas to the strongly attractive
regime. While the super-Tonks-Girardeau quench with contact interactions has been thoroughly
studied, less is known about the stability of such a procedure when long-range interactions come
into play. This is a particularly important question in light of recent advances in controlling ultra-
cold atoms with dipole-dipole interactions. In this study, we thus simulate a super-Tonks-Girardeau
quench on dipolar bosons in a one-dimensional optical lattice and investigate their dynamics for many
different initial states and fillings. By calculating particle density, correlations, entropy measures,
and natural occupations, we establish the regimes of stability as a function of dipolar interaction
strength. For an initial unit-filled Mott state, stability is retained at weak dipolar interactions. For
cluster states and doubly-filled Mott states, instead, dipolar interactions eventually lead to complete
evaporation of the initial state and thermalization consistent with predictions from random matrix
theory. Remarkably, though, dipolar interactions can be tuned to achieve longer-lived prethermal
states before the eventual thermalization. Our study highlights the potential of long-range interac-
tions to explore new mechanisms to steer and stabilize excited quantum states of matter.

I. INTRODUCTION

Rapid experimental advances in controlling ultracold
atoms and their interactions are making it possible to
realize and study enticing states of matter that encapsu-
late the exotic properties of quantum mechanics. These
range from equilibrium phases such as supersolids and
dipolar supersolids [1–14], to dynamical phenomena such
as time crystals [15–17] and various Floquet phases [18–
24]. Among these numerous recent advances, the super-
Tonks-Girardeau (sTG) gas deserves special attention.
The sTG is a quantum state of strongly attractive bosons
confined to a one-dimensional (1D) geometry [25–29], and
it is remarkable because it is stable despite being a highly
excited state of matter. The sTG gas can be obtained
from the standard Tonks-Girardeau (TG) gas [30–38] un-
der sudden switching of contact interactions from the
strongly repulsive to the strongly attractive regime. A
possible explanation for the stability of the final state af-
ter the sudden quench relies on the sTG inheriting hard-
core behavior from the TG gas [39] and the quenching
process not causing any violent dynamics [40]. Besides
providing a novel paradigmatic behavior, the realization
of the sTG phase opens up the possibility of creating
other quantum states of ultracold quantum gases with
similar counter-intuitive properties [41, 42].

In particular, in recent experiments with 1D arrays of
bosons, the stability of the sTG phase has been revisited
by adding a weak dipole-dipole interactions (DDIs) be-
tween the atoms. In the experiment of Kao et. al. [29],
the robustness of the sTG phase against collapse has been
studied for a bosonic one-dimensional quantum gas of
dysprosium atoms. Unexpectedly, even though the DDIs
break the integrability, they enhance the stability of the
sTG phase in comparison to the short-range interaction

case. This observation raises the prospect of employing
weak dipolar forces to influence stability without chang-
ing the energy of the sTG phase significantly. This issue
has been addressed recently by solving exactly a system
of three trapped atoms with both contact and dipolar
interactions [43], for which a distinct spectral response
consisting of weaker hybridization with excited bound
states is observed when repulsive DDIs are present. An-
other recent work [44] explores instead the unconven-
tional mechanism of liquid formation in 1D optical lattice
with strong on-site repulsion and weak long-range inter-
actions. The underlying mechanism for liquid formation
is established by a superexchange process. This discovery
further prompted the investigation of the sTG quench in
the corresponding geometry by means of extended Bose-
Hubbard models, exploring the disruption of the states
within a specific range of interactions [45].

Our work aims to describe a similar sTG quench in
an optical lattice but with richer initial setups spanning
more diverse states and particle fillings. This allows us
to unravel intriguing physics in the quench dynamics.
We mainly focus on a) clean Mott states and cluster
states with unit filling and b) fermionized Mott states
and cluster states with double filling. For each case, the
strong short-range on-site repulsion is supplemented by
four (for unit filling) and three (for double filling) spe-
cific cases of long-range dipolar interactions which corre-
spond to different scenarios in the dynamical process. We
present numerically exact many-body dynamics by solv-
ing the time-dependent many-boson Schrödinger equa-
tion utilizing the MultiConfigurational Time-Dependent
Hartree method for bosons (MCTDHB) [46–52], imple-
mented in the MCTDH-X software [53, 54]. We extract
key measures such as one- and two-body density dynam-
ics, natural occupations, many-body information entropy
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and Glauber correlation functions. Our many-body dy-
namics highlights microscopic mechanisms not explored
in earlier studies and provide understanding of the path-
way from TG to sTG transition.

Besides highlighting new pathways to stable excited
states of matter, studies on DDIs in STG states – such
as the experiment by Kao et. al [29] – also give rise to
strongly correlated prethermal states. In fact, prether-
malization has emerged over the past decade as a ubiqui-
tous phenomenon in the dynamics of ultracold quantum
gases in 1D geometries [55–60]. Prethermalization hap-
pens when a many-body quantum system exhibits non-
monotonic non-equilibrium dynamics: before reaching
the true relaxed state (e.g. a thermal state), the system
first relaxes to a short lived prethermal state which ex-
hibits well separated intermediate time scales manifested
by different values of certain observables, first among all
in entropic quantities. This is contrast to the monotonic
way of relaxation exhibiting a single time scale. While
investigating the relaxation process in our STG quench
dynamics, we encounter a highly nontrivial time evolu-
tion that leads to prethermalization. In particular, we
show how to control the long-range interactions to cre-
ate a long-lived prethermal states or short-lived quasi-
prethermal states.

Our overall observations are as follows: While the TG
gas without dipolar perturbation is stable under the sTG
quench, all weakly bound and scattering Mott states and
all cluster states collapse and lose all correlations – a
process termed evaporation. The evaporation occurs at
different time scales depending on the strength of the
DDIs and we can trace clear many-body features before
it actualizes. Furthermore, the fermionized Mott state
exhibits even more intriguing expansion dynamics before
evaporation. In terms of entropy dynamics, perfect ther-
malization is observed both for the clean Mott states and
deep self-bound cluster states. However, for very weak
attractive long-range interactions, some quasi-stationary
states at intermediate time scales emerge. This estab-
lishes how long-range interactions can be taken as a con-
trol parameter to create prethermal or quasi-prethermal
states with longer lifetimes.

The rest of this paper is structured as follows. In sec-
tion II, we expostulate the theory behind the system we
investigate and the quenching protocols we implement
in our simulations. In section III, we briefly review the
main features of our methods and we define the observ-
ables used to track the post-quench dynamics. In sections
IV and V we present our results for respectively unit and
double filling and discuss their significance. Finally, in
section VI, we summarize the main findings of our paper
and give an outlook on potential future research direc-
tions.

II. SYSTEM AND PROTOCOL

We are interested in the dynamics of a system of N
interacting bosons of mass m in a one-dimensional lat-
tice, which is governed by the time-dependent many-
body Schrödinger equation

Ĥψ = iℏ
∂ψ

∂t
. (1)

The total Hamiltonian has the form

Ĥ(x1, x2, . . . xN ) =

N∑
i=1

ĥ(xi) +

N∑
i<j=1

Ŵ (xi − xj). (2)

Its one-body part is ĥ(x) = T̂ (x)+V̂OL(x), where T̂ (x) =

− ℏ2

2m
∂2

∂x2 is the kinetic energy operator and ˆVOL(x) =

V0 sin
2(k0x) is the external 1D lattice of depth V0 and

wave vector k0. Unless otherwise stated, we will keep V0
fixed at 20 Er, where Er = ℏk0

2m is the recoil energy of
the lattice. This depth is necessary to reach the Mott
regime in the state preparation. We restrict the geome-
try to encompass S sites in the optical lattice (defined as
the spatial extent between two maxima in the sinusoidal
function) adding hard-wall boundary conditions at each

end. The two-body interactions Ŵ (xi−xj) contain both
short-range WC(xi, xj) = g0δ(xi − xj) and long-range
dipolar interactions WD(xi, xj) =

gd
|xi−x′

j |3+α . Here, g0 is

the strength of the local interactions, which is strongly
positive before the quench and suddenly becomes neg-
ative after the quench, gd controls the strength of the
long-range interactions and it is negative all throughout
our calculations, and α denotes a renormalization fac-
tor used to avoid nonphysical singularities at xi = xj .
Without long-range interactions, the ground state of the
system is either in the TG phase (with one particle per
site) or the fermionized TG phase (with more than one
particle per site). With strong negative DDIs, the ground
state is a cluster state at one site in the optical lattice
and possesses distinguished many-body features. Weakly
negative DDIs interpolate between these two cases. We
remark that the Hamiltonian Ĥ can be written in di-
mensionless units obtained by dividing the dimensionful

Hamiltonian by ℏ2

mL2 , with L an arbitrary length scale,
which for the sake of our calculations we will set to be
the period of the optical lattice.
With this Hamiltonian, we will study two different se-

tups. First, we consider a unit filling scenario of N = 5
particles in S = 5 sites. Then, we explore a more cor-
related double filling setup, with N = 6 particles in
S = 3 sites. The protocol in both cases is identical. We
first obtain the ground state for the Hamiltonian with
strong contact repulsion (gt<0

0 ≫ 0). Then, at time
t = 0, we propagate this state by quenching it to the
strongly attractive regime of equal magnitude (gt≥0

0 ≪ 0,

|gt≥0
0 | = gt<0

0 ). In the experiments, this is achieved by
exploiting a confinement-induced resonance (CIR), where
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particle interactions are enhanced in a confined space
such as a trap or potential well [33, 34, 61–66]. By means
of Feshbach resonance techniques, it is possible to control
the s-wave contact interaction and effectively control the
long-range interaction. We study the stability of the sTG
state during the time evolution for different values of the
attractive dipolar interactions gd. Our additional moti-
vation is to find the time scale of relaxation and possibly
confirm the existence of any prethermal states.

III. METHODS

To investigate the dynamics of dipolar bosons un-
der the sudden quench, we employ the MultiConfigu-
rational Time-Dependent Hartree method for indistin-
guishable particles (MCTDHB) [46–49] implemented by
the MCTDH-X software [49–54]. MCTDH-X solves the
many-body Schrödinger equation by recasting the many-
body wave function as an adaptive superposition of M
time-dependent single-particle wave functions, called or-
bitals. Both the coefficients and the basis functions in
this superposition are optimized in time to yield either
ground-state information (via imaginary time propaga-
tion) or full-time dynamics (via real-time propagation).
We refer to the Appendix A for further details on this
method. In our calculations, we employ M = 10 orbitals
for the unit filling case of N = 5 particles in S = 5 sites,
and M = 12 orbitals for the double filling case of N = 6
particles in S = 3 sites. Our choice of number of orbitals
thus guarantees an average of at least two orbitals per
site in each case and the required convergence is assured.

To extract information from the system, we calculate
several observables. To probe the spatial distribution of
the bosons, we calculate the one-body density from the
many-body state |Ψ(t)⟩ as

ρ(x; t) = ⟨Ψ(t)| Ψ̂†(x)Ψ̂(x) |Ψ(t)⟩ . (3)

To measure the degree of coherence and many-body cor-
relation, we calculate the reduced one-body and two-
body densities, defined respectively as

ρ(1)(x, x′; t) = ⟨Ψ(t)| Ψ̂†(x)Ψ̂(x′) |Ψ(t)⟩ (4)

ρ(2)(x, x′; t) = ⟨Ψ(t)| Ψ̂†(x)Ψ̂†(x′)Ψ̂(x′)Ψ̂(x) |Ψ(t)⟩ . (5)

To study statistical relaxation and thermalization in
the quench dynamics, the information theoretical mea-
sure known as Shannon information entropy is the ideal
quantity [67, 68]. We define here an equivalent mea-
sure of information entropy called occupation entropy.
This is based on the assumption that in MCTDHB with
time evolution the many-body state can exhibit dynam-
ical fragmentation, i.e. several natural orbitals exhibit
significant population. We thus define the occupation
information entropy as

Sn⃗(t) = −
∑
n⃗,i

ni(t)

N
ln

(
ni(t)

N

)
, (6)

FIG. 1. Density dynamics post quench for N = 5 bosons
and M = 10 orbitals in S = 5 sites (unit filling) with (a)
gd = 0.0Er, (b) gd = −0.45Er, (c) gd = −0.82Er, (d) gd =
−2.02Er. The other parameters are V0 ≈ 20Er and |g0| ≈
81Er. The dotted lines indicate the system boundaries.

where ni(t) is the occupation of the i-th element of the
many-body configuration n⃗ (see appendix A for details).
In the Gross-Pitaevskii single orbital mean-field theory,
as the reduced density matrix has a single eigenvalue, Sn⃗

is zero. For multiconfigurational states, instead, when
several configurations contribute to the many-body state,
Sn⃗ ̸= 0. As more and more orbitals start to populate the
many-body state, Sn⃗(t) gradually increases and finally
saturates to a value determined by the maximally frag-
mented many body state.

IV. RESULTS FOR UNIT FILLING

We begin our analysis by presenting the results for the
unit filling case of N=5 bosons in S = 5 sites. In this
section, unless otherwise stated, the magnitude of the
contact interactions is fixed at |g0| ≈ 81Er. We have
probed a fine array of dipolar interactions in the range
gd ∈ [−3.6Er, 0Er], but we will only show representative
results to be concise.

A. Evaporation mechanism

The density dynamics is plotted in Fig. 1(a)-(d) for
four representative values of gd showcasing the appear-
ance of different dynamical behaviors. Fig. 1(a) demon-
strates the TG to sTG quench for gd = 0. In this sce-
nario, the pre-quench state is a fully fragmented clean
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Mott state in the TG limit (see appendix C for an
overview of the initial states), which has positive en-
ergy and remains highly stable for very long time af-
ter the quench. Upon turning on the dipolar attrac-
tions, for gd = −0.45Er, the bosons initially retain their
Mott structure. However, the post-quench stability is re-
duced and the particles eventually evaporate as shown
in Fig. 1(b). When the long-range attractions are in-
creased further, e.g. to gd = −0.82Er, the bosons pro-
gressively deviate from the Mott state and form clusters
pinned around a subset of the total number of lattice
sites. The system still has positive energy, but due to
the effect of long-range interactions all the five bosons
are confined within a subset of five lattice sites. Upon
quenching, the state first demonstrates very intriguing
many-body expansion dynamics and subsequently evap-
orates as shown in Fig. 1(c). We remark that the time
scale for this process is extremely short (evaporation be-
gins already around 10 µs) compared to the time scale for
the emergence of instability in the clean Mott state. For
even stronger attractions, which correspond to the self
bound Mott phase with negative energy, the bosons form
a cluster state in the central lattice and upon quench-
ing the evaporation is extremely fast – in the order of 5
µs. This is illustrated in Fig. 1(d) for gd = −2.02Er. In
both Fig. 1(c) and (d), the diverging nature of long-range
interactions is clear: the density is propelled externally,
hits the walls of the lattice, bounces back, and forms a
distorted interference pattern.

To clearly explore the many-body features in the sTG
quench, we present snapshots of the reduced one-body
density ρ(1)(x, x′, t) and two-body density ρ(2)(x, x′, t) for
some chosen times in Fig. 2 and Fig. 3, respectively. For
the TG state at gd = 0.0Er, the one-body density is
perfectly diagonal, indicating only self-correlation within
each Mott peak. The two-body density, exhibits a com-
pletely depleted region along the diagonal – termed “cor-
relation hole” – which is a manifestation of fermion-like
exclusion stemming from the strong repulsion that makes
the bosons act as hard-core particles. As already seen
from the density, the TG to sTG quench at zero dipolar
interactions [Figs. 2(a)-(c) and 3(a)-(c)] is stable for very
long times, and both the diagonal shape of ρ(1) and the
correlation hole of ρ(2) persist at all probed times. How-
ever, when the dipolar interactions are increased such
that an eventual instability appears [Figs. 2(d)-(f) and
3(d)-(f)], the diagonal (off-diagonal) pattern in ρ(1) (ρ(2))
is maintained only until a critical time, which for the cho-
sen point at gd = −0.45Er is approximately 260 µs. After
that, a rather sudden collapse and eventual evaporation
of all correlations occur. Further increasing the interac-
tions, e.g. to gd = −0.82Er, leads to a phase transition
from the TG Mott state to a progressively more local-
ized cluster state, which is apparent also in the correla-
tion functions [Figs. 2(g)-(i) and 3(g)-(i)]. Five bright
spots in ρ(1) distinguish the existence of five strongly in-
teracting bosons at t = 0. After the quench, at a very
small time (t = 5.94µs), the central atom loses its iden-

FIG. 2. Dynamics of the reduced one-body density ρ(1)(x, x′)
post quench for N = 5 bosons and M = 10 orbitals in S =
5 sites (unit filling) with (a)-(c) gd = 0.0Er, (d)-(f) gd =
−0.45Er (g)-(i) gd = −0.82Er, (j)-(l) gd = −2.02Er. The
other parameters are V0 ≈ 20Er and |g0| ≈ 81Er.

tity, whereas two atoms on each side of it retain their
identity although a bit diminished. At t = 29.52 µs, we
observe complete disruption. However, four very faded
traces are visible across the diagonal. Interestingly, the
two-body density exhibits correlation across the entire
system, even though the density seems localized on the
left-hand side. Upon quenching, it spreads and becomes
uniform across the whole diagonal and gradually evapo-
rates. For gd = −2.02Er, deep in the cluster state, five
bright central spots in ρ(1) and a central correlation re-
gion in ρ(2) again configure the existence of five bosons.
After the quench, they follow the same evaporation pro-
cess but in a much faster time scale. We remark that
the evaporation process is not “macroscopic”; not all the
five bosons evaporate simultaneously. It is rather mi-
croscopic; the outermost bosons evaporate first and are
followed by the rest of the central atoms.
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FIG. 3. Dynamics of the reduced two-body density ρ(2)(x, x′)
post quench for N = 5 bosons and M = 10 orbitals in S =
5 sites (unit filling) with (a)-(c) gd = 0.0Er, (d)-(f) gd =
−0.45Er (g)-(i) gd = −0.82Er, (j)-(l) gd = −2.02Er. The
other parameters are V0 ≈ 20Er and |g0| ≈ 81Er.

B. Emergence of statistical relaxation and
prethermalization

The onset of thermalization in an isolated quantum
system with a finite number of interacting particles is
an established issue in theoretical physics [69]. The nec-
essary condition for thermalization is statistical relax-
ation, whereupon various observables settle to some kind
of equilibrium. The emergence of prethermalization is
characterized by the establishment of a quasi-stationary
state at intermediate time scales, followed by relaxation
to a stationary state at much longer time scales. Physical
origin of prethermalization is still elusive and primarily
supposed to be related to integrability modified by exter-
nal perturbation or quasi-integrability. The time scale of
prethermalization in complex many-body systems is cru-
cially determined by the range of interaction and parti-
cle number [70]. In the present work, as the sTG phase
demonstrates strong many-body correlation and its sta-
bility depends on the strength of weak dipolar interac-
tions, we utilize the quenched state to understand the

relaxation process, its time scale and the possibility of
induce prethermalization.

Many-body information entropy measures such as
Sn⃗(t) defined by Eq. (6) are generally considered as the
ideal quantities to study statistical relaxation [67, 68].
To investigate statistical relaxation of the post quench
state, we then plot the time evolution of Sn⃗ for differ-
ent choices of long-range interactions in Fig. 4. As the
entropy evolution is very closely related to the occupa-
tion in different orbitals and dynamical fragmentation,
we also plot the dynamics of the natural occupations in
Fig. 5.

For the TG gas without long-range interactions, whose
ground state is a five-fold fragmented Mott state, the low-
est five orbitals exhibit equal population each of 1/N =
0.2. Throughout the dynamics, as shown in Fig. 5(a),
there is no change in fragmentation because the state is
stable against the quenching procedure. Thus, the occu-
pation information entropy remains constant at the ini-
tial value of Sn⃗ ≈ 1.61 as shown in Fig. 4(a).

Now, it is also interesting to assess this constant value
utilizing the prediction from the Gaussian orthogonal en-
semble (GOE) of random matrices [71]. For time re-
versal and rotationally invariant systems, statistical re-
laxation follows the prediction of GOE which estimates

SGOE
n⃗ = −

∑M
i=1

1
M ln

[
1
M

]
= lnM , where M is the sig-

nificantly contributed number of orbitals exhibiting dy-
namical fragmentation. For the TG to sTG quench with-
out long-range interactions the GOE prediction is then
SGOE
n⃗ ≈ 1.609 as the system exhibits five-fold fragmen-

tation throughout the dynamics; thus out of M = 10
orbitals only M = 5 orbitals are populated. As we can
see from Fig. 4(a), the post-quench entropy dynamics
perfectly saturates to the value of the GOE prediction.

For gd = −0.45Er, Fig. 5(b) shows that initially the
system retains five-fold fragmentation as the long-range
interaction is weakly attractive. Upon quenching, the
system remains highly stable until time t ≈ 236 µs,
when suddenly the system breaks its stability and be-
comes fully fragmented. Thus, initially M = 5 orbitals
contribute in fragmentation as well as in the entropy
measure, whereas upon complete fragmentation all the
M = 10 orbitals become equally populated. The corre-
sponding entropy measure in Fig. 4(b), starts with the
GOE predicted value ≈ 1.61 (M = 5) and then increases
and saturates at the GOE estimate with M = 10 or-
bitals, i.e. SGOE

n⃗ ≈ 2.30, which is concomitant with the
complete relaxation process to an evaporated gas state.

For gd = −0.82Er and gd = −2.02Er the system be-
comes fully fragmented very fast as observed in Fig. 5
(c) and (d) respectively. The corresponding entropy pro-
duction is shown Figs. 4 (c)-(d). In both cases, the en-
tropy measure starts from the initial value close to the
GOE prediction, then steeply increases and at the time
of complete fragmentation it finally saturates perfectly
to GOE estimate. The steep increase in the occupation
entropy reflects an exponential increase in the number of
excited states participating in the many-body dynamics.
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FIG. 4. Dynamics of occupation entropy for N = 5 bosons
and M = 10 orbitals in S = 5 sites (unit filling) with (a)
gd = 0.0Er, (b) gd = −0.45Er, (c) gd = −0.82Er, (d) gd =
−2.02Er. The other parameters are V0 ≈ 20Er and |g0| ≈
81Er.

For both cases perfect relaxation is achieved and one sin-
gle time scale is exhibited, although for larger attractive
long-range interactions the relaxation happens very fast.

It is also interesting to examine whether the system
with long-range attractive interactions always exhibits
the monotonic nonequilibrium dynamics or it is possi-
ble that before reaching the true relaxed state, the sys-
tem may exhibit one or several intermediate time scales
and more complex relaxation dynamics. To investigate
that, we reduce the lattice depth to V0 ≈ 8Er and slowly
control very weak attractive long-range interaction. Re-
sults are presented in Fig. 6 for few selected choices of
gd. It is clearly seen that initially all entropy measures
start from ≈ 1.61 and eventually saturate to ≈ 2.3 at
time t = 59 µs. However, they also exhibit intermediate
plateaus, where an almost constant entropy is held for
certain time. One can define a time τpre, as the time for
which the prethermal state survives. This is a well sepa-
rated time scale from the eventual relaxation time scale.
We find that τpre is longer for weaker long-range attrac-
tions, gd = −0.2Er and −0.4Er. With slow tuning and
making the long-range interactions stronger, the lifetime
of the prethermal state begins to decrease, it becomes
quasi-prethermal and then disappears, finally exhibiting
single timescale nonequilibrium dynamics for gd ≥ 1.0Er.
This phenomenology indicates that the long-range inter-
action strength can act as a controlling parameter to re-
veal relaxation processes in several steps, through well
separated timescales. We also find that with other, suit-
able choices of lattice depths and quenching strengths it
is possible to create similar intermediate prethermal or
quasi-prethermal states.

FIG. 5. Dynamics of orbital occupation for N = 5 bosons and
M = 10 orbitals in 5 sites (unit filling) with (a) gd = 0.0Er,
(b) gd = −0.45Er, (c) gd = −0.82Er, (d) gd = −2.02Er. The
other parameters are V0 ≈ 20Er and |g0| ≈ 81Er.

FIG. 6. Dynamics of occupation entropy for N = 5 bosons
and M = 10 orbitals in S = 5 sites (unit filling) with V0 ≈
8Er, |g0| = 20Er and (a) gd = −0.2Er, (b) gd = −0.4Er, (c)
gd = −0.6Er, (d) gd = −0.8Er.

V. RESULTS FOR DOUBLE FILLING

We now present results for more exotic doubly-filled
initial states consisting of N=6 bosons in S = 3 sites.
Unless otherwise stated, we keep the magnitude of the
contact interactions at |g0| ≈ 81Er and probe the same
range of dipolar interactions gd ∈ [−3.6Er, 0Er] as in the
single filling case, showing a handful of representative
cases.
Fig. 7 illustrate the post-quench density dynamics for

increasing values of DDIs gd. For all the values of DDIs
probed, we find that the system is very unstable to the
sudden quench and the density rapidly evaporates. For
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FIG. 7. Density dynamics post quench for N = 6 bosons
and M = 12 orbitals in S = 3 sites (double filling) with (a)
gd = 0.0Er, (b) gd = −0.82Er, (c) gd = −2.02Er. The other
parameters are V0 ≈ 20Er and |g0| ≈ 81Er. The dotted lines
indicate the system boundaries.

gd = 0.0, the initial state consists of pairs of bosons lo-
cated at the minima of the optical lattice (we again refer
to appendix C for detail on the initial states). Because of
the strong contact repulsion, the initial many-body wave
function is already fragmented and the particles at each
site are spatially separated in dimers –it is a fermionized
Mott phase. Upon quenching, the configuration is sta-
ble only for short times of around 6 µs, comparable to
the stability of the unit-filling cluster states, after which
evaporation and total fragmentation occur, see Fig. 7(a).
This is in stark contrast to the unit filling case, where
the TG state at gd = 0.0 exhibits extreme stability. We
thus reveal that the stability of the STG state does not
survive multiple filling. When the dipolar interactions
are turned on, the initial state becomes more clustered.
The cluster state is contended by two consecutive lat-
tice sites while keeping the third one completely empty
due to frustration emerging between lattice localization,
attractive long range interactions and repulsive contact
interactions. However, the cluster state clearly exhibits
the presence of six bosons: in the density dynamics six
bright jets propagate for short time before losing their
stability (Fig. 7(b)). By further increasing the dipolar
interactions, we achieve an initial cluster state tightly
self-bound around the center of the optical lattice. How-
ever, six clear humps in the initial density exhibits six
strongly correlated bosons in the fermionized limit. Sim-
ilarly to the fate of the cluster state in the unit filling
case, this state is very unstable to quenching. It survives
for only a few µs, before evaporating by rapidly ejecting
particles outward as shown in Fig. 7(c).

The mechanism for the evaporation process at differ-

FIG. 8. Dynamics of the reduced one-body density ρ(1)(x, x′)
post quench for N = 6 bosons and M = 12 orbitals in S = 3
sites (double filling) with (a)-(c) gd = 0.0Er, (d)-(f) gd =
−0.82Er, (g)-(i) gd = −2.02Er. The other parameters are
V0 ≈ 20Er and |g0| ≈ 81Er.

ent dipolar interaction strengths becomes clearer upon
examining the one-body and two-body reduced density
matrices visualized in Figs. 8 and 9. For the dimerized
initial states at both zero and non-zero gd, the bosons
clearly exhibit non-zero off-diagonal one-body correlation
within each dimer already at time zero [Figs. 8(a),(d)].
This act as a channel that allows to dissipate correlation
away from the main diagonal, leading to subsequent evap-
oration at later times [Figs. 8(b)-(c),(e)-(f)]. This cross-
correlation between different particles is not present in
the TG Mott state at unit filling. A similar mechanism
is at play also for the cluster state achieved at stronger
dipolar interactions [Figs. 8(g)], but in this case the evap-
oration occurs at even faster rate [Figs. 8(h)-(i)].

In the two-body reduced density matrix, the struc-
ture of the dimerized state is clearly visible both in the
off-diagonal peaks and in the diagonal correlation hole
[Figs. 9(a),(d)]. Upon quenching, the correlation hole
is rapidly reduced while at the same time off-diagonal
correlation evaporates. Note, however, that the initial
geometric structure of the initial state is visible at later
times after evaporation has taken place [Figs. 9(c),(f)].
For the cluster state, a similar initial structure is present,
albeit with a much smaller correlation hole due to the
self-confinement of the bosonic particles [Figs. 9(g)]. The
sudden quench immediately destroys the correlation hole
and induces correlation in the outward-ejected particles
[Figs. 8(h)]. The process rapidly culminates into evap-
oration of the cluster state into very fragmented single-
particle states.

Finally, we briefly examine the occupation and entropy
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FIG. 9. Dynamics of the reduced two-body density ρ(2)(x, x′)
post quench for N = 6 bosons and M = 12 orbitals in S = 3
sites (double filling) with (a)-(c) gd = 0.0Er, (d)-(f) gd =
−0.82Er, (g)-(i) gd = −2.02Er. The other parameters are
V0 ≈ 20Er and |g0| ≈ 81Er.

behavior of the three representative double-filling states
examined thus far. A plot of the occupation entropies
is shown in Fig. 10 whereas the evolution of the natu-
ral occupations is depicted in Fig. 11. All doubly filled
states become completely fragmented very fast – in the
order of 10 µs – and all the orbitals acquire the same
population of 1/12. The corresponding entropy mea-
sures in Fig. 10 (a)-(c), show saturation to GOE esti-
mate SGOE

n⃗ ≈ 2.48 at longer time for all three choices of
long-range interactions. For strong attractive long-range
interactions with gd = −2.02Er, relaxation happens in
a single timescale and possibility of prethermalization is
ruled out. However, for weaker long-range interaction
some additional features are exhibited in the entropy dy-
namics at intermediate timescale, which signifies the pos-
sibility for the existence of extremely short-lived quasi-
prethermalization behavior before increasing almost lin-
early towards the GOE estimate.

VI. CONCLUSIONS

We have investigated the quench dynamics of strongly-
interacting bosons in an optical lattice for a wide range of
dipolar interaction strengths and different fillings, gener-
alizing the STG quench procedure to the presence of long-
range interactions and more exotic initial states. Our
protocol consisted in preparing an initial state of bosons
with strong contact repulsions and dipolar attractions,
and then quenching the strength of the contact interac-
tions to the strongly negative (attractive) regime. We

FIG. 10. Dynamics of occupation entropy for N = 6 bosons
and M = 12 orbitals with (a)-(b) gd = 0.0Er, (c)-(d) gd =
−0.82Er, (e)-(f) gd = −2.02Er. The other parameters are
V0 ≈ 20Er and |g0| ≈ 81Er.

FIG. 11. Dynamics of orbital occupation for N = 6 bosons
and M = 12 orbitals in three sites (double filling) with (a)
gd = 0.0Er, (b) gd = −0.82Er, (c) gd = −2.02Er. The other
parameters are V0 ≈ 20Er and |g0| ≈ 81Er.

have calculated numerous observables to study the time
evolution, including one-body density, reduced one-body
and two-body densities, entropy measures, and natural
occupations. By analyzing these quantities, we have
mapped out the effect of different dipolar interaction
strengths on the stability of the post-quench states.
As expected, starting from a unit-filled Mott state

at zero dipolar interactions we recollect the robustness
of the original STG quench, where the localized Mott
peaks remain unperturbed for a very long time. At weak
dipolar interactions, this stability is retained only for a
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shorter time. By increasing the dipolar interactions fur-
ther, the initial bosonic configuration condenses into a
cluster state. The cluster state is much more sensitive
to the quench procedure and rapidly evaporates into a
chaotic state well-described by a thermal Gaussian or-
thogonal ensemble that maximizes entropy measures. A
similar fate is observed by starting from doubly filled
states, be them in dimerized Mott configurations (low
dipolar interactions) or cluster states (high dipolar inter-
actions). The state rapidly evaporates ejecting particles
with complex many-body dynamics that leads to com-
plete fragmentation and thermalization. By examining
measure of correlations, we find that the cause for this
behavior lies within the structure of the initial states,
that exhibit pockets of correlations within the dimers or
within different peaks of the cluster states. These pock-
ets of correlations spread upon quenching and lead to
instability and eventual evaporation.

However, we have also established that the pathway to-
wards thermalization can be drastically altered by tuning
the magnitude of the interactions and of the optical lat-
tice depth. It is possible to obtain prethermal states that
survive for longer times before the eventual entropy satu-
ration. Empirically, we find that this behavior is obtained
using moderate dipolar interactions strengths in the or-
der of up to one recoil energy. This finding is consistent
with previous literature predictions for the appearance of
prethermalization due to long-range interactions.

Our study sheds light onto the behavior and stability
of strongly correlated bosonic states in the presence of
long-ranged interactions. It also showcases the potential
of harnessing such long-range interactions and quenching
protocols to achieve novel pathways to the creation and
control of excited quantum states of matter. These ques-
tions are particularly timely since the systems we have
investigated should be easily engineered in state-of-the-
art ultracold experiments, e.g. with magnetic quantum
gases [72]. The complex atomic structure and the large
dipole moment of these systems facilitate the control of
the interatomic interaction strength, specially the rela-
tive strength of contact over dipolar interactions. This
will lead to further exploration of few and many-body
physics.

In the future, we envision that similar approaches
could be employed to study the complex interplay of dif-
ferent energy scales introduced by the competition be-
tween localizing optical lattices, local (contact) interac-
tions, and long-range interactions, which could lead to a
multitude of exotic quantum states. Our study could also
be extended to analyze the stability of other fermioniza-
tion and crystallization phenomena, potentially in higher
dimensions or fostered by other kind of long-range inter-
actions, e.g. mediated by cavities [73, 74]. This last setup
is particularly promising as it has been shown to give
rise to a plethora of intriguing equilibrium and out-of-
equilibrium phases of matter, such as higher-order super-
fluidity, Mott phases, and limit cycles [75–78]. It would
be interesting to analyze whether the interplay of such

phases with dipolar interactions could lead to a stabi-
lization of prethermal states. Another interesting route
to pursue is the connection with the accuracy of dipolar
quantum simulators [79]. Our method solves the many-
body Schrödinger equation in the continuum, and thus
should be an accurate representation of the physics at
play in the actual quantum simulators and not just in the
simulated lattice models (e.g. extended Bose-Hubbard
models) studied elsewhere in the literature. For exam-
ple, a relevant question to ask is to what extend a simi-
lar STG quench would lead the physics to deviate from
that of a lattice model as a function of dipolar interaction
strength, optical lattice depth, and other system param-
eters. It could also include the investigation of quantum
many-body scar states which can give rise to infinitely
long-lived coherent dynamics under quantum quenches
from well controlled initial states [80]. Another open av-
enue for future studies is the impact of long-range inter-
actions on quantum holonomy – where parameters are
tuned to realized a cycle starting from the free system,
to Tonks-Girardeau and super-Tonks-Girardeau regimes,
and then back to the free system [81]. The comparison
between sudden quench and adiabatic quench will help
to understand the underlying correlation dynamics. Fur-
thermore, continuous quenches will provide information
on defect dynamics and criticality by means of Kibble-
Zurek formalism [82, 83].
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Appendix A: MCTDH-X

In this appendix, we briefly review the numerical
method used to obtain the time evolution of the few-
boson systems presented in the main text. We em-
ploy the MultiConfigurational Time-Dependent Hartree
method for indistinguishable particles implemented by
the MCTDH-X software [49–54].
MCTDH-X constructs the many-body wave function

as a linear combination of time-dependent permanents

|Ψ(t)⟩ =
∑
n

Cn(t)|n; t⟩. (A1)

The permanents are constructed over M time-dependent
single-particle wavefunctions, called orbitals, as

|n; t⟩ =
M∏
k=1

[
(b̂†k(t))

nk

√
nk!

]
|0⟩ (A2)

Here, n = (n1, n2, ..., nM ) is the number of bosons in

each orbital. This is constraint by
∑M

k=1 nk = N , with
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N the total number of bosons. Allocating N bosons
over M orbitals, the number of permanents becomes(
N +M − 1

N

)
. Additionally, |0⟩ is the vacuum state

and b̂†k(t) denotes the time-dependent operator that cre-
ates one boson in the k-th working orbital ψk(x), i.e.:

b̂†k(t) =

∫
dx ψ∗

k(x; t)Ψ̂
†(x; t) (A3)

Ψ̂†(x; t) =

M∑
k=1

b̂†k(t)ψk(x; t). (A4)

The accuracy of the algorithm depends on the number of
orbitals used. For M = 1 (a single orbital), MCTDH-X
coincides with a mean-field Gross-Pitaevskii description.
For M → ∞, the wave function becomes exact as the
set |n1, n2, . . . , nM ⟩ spans the completeN -partcle Hilbert
space. For practical calculations, we restrict the number
of orbitals to a value that is small enough to achieve
convergence in the relevant observables.

Both the expansion coefficients Cn(t) and the working
orbitals ψi(x; t) that constitute the permanents are opti-
mized variationally at every time step [84] to either relax
the system to its ground state (imaginary time propaga-
tion), or to calculate the full dynamics of the many-body
state (real time propagation). The variational procedure
occurs at the level of the many-body action obtained from
the Hamiltonian of the system written in second quanti-
zation as

Ĥ =

∫
dxΨ̂†(x)

{
p2

2m
+ V (x)

}
Ψ̂(x)

+
1

2

∫
dxΨ̂†(x)Ψ̂†(x′)W (x, x′)Ψ̂(x)Ψ̂(x′), (A5)

where V (x) denotes a one-body potential and W (x, x′)
describes two-body interactions. For the present work,
V (x) is the optical lattice, while W (x, x′) is the sum of
contact repulsion and dipole-dipole interactions. We re-
quire the stationarity of the action with respect to vari-
ations of the time-dependent coefficients and orbitals.
This results in a coupled set of equations of motion con-
taining those quantities, which are then solved simultane-
ously. We remark that the one particle function ϕi(x, t)
and the coefficient Cn̄(t) are variationally optimal with
respect to all parameters of the many-body Hamiltonian
at any time [84–87].

From the working orbitals, it is possible to calculate
N -body reduced density matrices and obtain information
about correlation in the system. For example, the one-
body reduced density matrix can be computed as

ρ(1)(x, x′) =

M∑
kq=1

ρkqψk(x)ψq(x
′), (A6)

where

ρkq =

{∑
n |Cn|2nk, k = q∑
n C

∗
nCnk

q

√
nk(nq + 1), k ̸= q

(A7)

and the sum runs over all possible configurations of n.
The quantity nk

q denotes the configuration where one bo-
son is extracted from orbital q and then added to orbital
k. The one-particle density can be then easily computed
from the one-body reduced density matrix as its diagonal
elements:

ρ(x) = ρ(1)(x, x)/N (A8)

Appendix B: System parameters

In this appendix we discuss the parameters for the sim-
ulations presented in the main text. The system consists
of N = 5 or N = 6 bosons in an optical lattice with
lattice depth V0 and wave vector k0 = π/λ parametrized
as

V (x) = V0 sin
2(k0x). (B1)

We choose the wavelengths to be compatible with real
experimental realizations in ultracold atomic labs, i.e.
λ0 ≈ 532.2 nm. This gives a wave vector k0 ≈ 5.903×106

m−1. Depending on the setup, we set hard-wall barriers
to restrict the optical lattice to the center-most five min-
ima (single-filling simulations) or three minima (double-
filling simulations).

1. Lengths

In MCTDH-X simulations, we choose to set the unit
of length L̄ ≡ λ0/2 = 266.1 nm, which makes the min-
ima of the optical lattice (the sites in the lattice picture)
appear at integer values in dimensionless units, while
the maxima are located at half-integer values. In par-
ticular, x = 0 acts as the center of the lattice which
can host an odd number of sites S. In our simula-
tions, we consider mainly two cases: an integer filling
of N = 5 bosons in S = 5 sites, and a double fill-
ing of N = 6 bosons in S = 3 sites. In both cases,
we run simulations with 512 gridpoints in an interval
x ∈ [−4L̄, 4L̄] ≈ [−1.064µm, 1.064µm], giving a resolu-
tion of around 4.158 nm. We employ hard-wall boundary
conditions at x = ±2.5 (S = 5) and ±1.5 (S = 3) to
clearly demarcate the end of the optical lattice.

2. Energies

The unit of energy Ē is effectively defined in terms of

the recoil energy of the optical lattice, i.e. Er ≡ ℏ2k2
0

2m ≈
2.204 × 10−30 J with m ≈ 51.941 Da the mass of 52Cr
atoms, a dipolar species amply used in experiments [88,
89]. More specifically, we define the unit of energy as

Ē ≡ ℏ2

mL̄2 = 2Er

π2 ≈ 4.466× 10−31 J.
In typical experiments, the optical lattice depth is var-

ied in regimes of up to several tens of recoil energies (in
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Quantity MCTDH-X units

unit of length L̄ = λ0/2 = 266.1 nm

opt. latt. sites at -2, -1, 0, 1, 2

unit of energy Ē = ℏ2
mL̄2 = 2Er

π2 ≈ 4.466 × 10−31 J

potential depth V = 400.0Ē ≈ 81 Er

on-site repulsion |g0| = 400.0Ē ≈ 81 Er

dipolar interaction e.g. gd = −1.0Ē = −0.203 Er

unit of time t̄ ≡ mL̄2

ℏ = 59.03 µs

TABLE I. Units used in MCTDH-X simulations. Er =
ℏ2k2

0
2m

is the recoil energy.

particular when lattice physics is quantum simulated). In
our simulations, we probe similar regimes of V0 = 40Ē ≈
8Er or V0 = 100Ē ≈ 20Er. The on-site interactions
are kept at fixed magnitude |g0| = 400Ē ≈ 81Er, un-
less otherwise state. During the quench, we change only
their sign (from repulsive to attractive). When we turn
on dipolar interactions, we probe regimes up to strength
|gd| = 45Ē ≈ 9Er, although in the main text we reported
only results up to |gd| = 10Ē ≈ 2Er since the physics
does not change qualitatively with stronger dipolar in-
teractions.

3. Time

The unit of time is also defined from the unit of length,

as t̄ ≡ mL̂2

ℏ =
mλ2

0

ℏ = 0.5903× 10−4 s = 59.03 µs. In our
simulations, we ran time evolutions up until around t ≈
10t̄ ≈ 590.25 ms. However, in thermalizing phases, the
onset of thermalization is very rapid. Thus, we typically
restrict our ranges to show only results up to t ≈ 1t̄ ≈
59.03 µs.

Appendix C: Initial states

In this section we show the density profile for the ini-
tial states used in the quench protocol and studied in the
main text. The initial states for the unit filling case can
be seen in Fig. 12 while the ones for the double filling case
are shown in Fig. 13. We remark that close to the tran-
sition between the Mott and cluster phases (gd ≈ 0.8Er)
there is a strong competition between lattice localization,
contact repulsion, and dipolar attraction. Furthermore,
depending on the number of particles and sites used, frus-
tration can emerge (for example 6 particles wanting to
localize on two sites will not be pinned symmetrically
around the central site in an optical lattice with an odd
number of sites). As a consequence, the corresponding
ground states can be quasidegenerate and spontaneously
break the inversion symmetry of the lattice. This can
lead to the states being pinned away from the central
site of the optical lattice [see Fig. 12(c) and Fig. 13(b)].

FIG. 12. Initial states (solid line) and optical lattice (dashed
line, scaled down by 20×) used in the quench protocol for
N = 5 bosons and M = 10 orbitals in S = 5 sites (unit filling)
with (a) gd = 0.0Er, (b) gd = −0.57Er, (c) gd = −0.82Er,
(d) gd = −2.02Er. The other parameters are V0 ≈ 20Er and
|g0| ≈ 81Er.

Nevertheless, we have verified that pinning at different
sites does not lead to any qualitative differences in the
density nor in the entropy dynamics.

Appendix D: Other measures of correlation

In this appendix we present the results for the
one-body and two-body Glauber correlation functions

g(1)(x, x′) = ρ(1)(x,x′)

N
√

ρ(x)ρ(x′)
and g(2)(x, x′) = ρ(2)(x,x′)

N2ρ(x)ρ(x′) .

These quantities, shown in Figs. 14 to 17, provide a more
comprehensive picture of the correlations in the system
by normalizing the one-body density ρ(1)(x, x′) and two-
body density ρ(2)(x, x′) with the particle number and
density, although they conclude with the same physics
drawn in the main text. We find that the dynamics of
first-order and second-order coherence is strongly related
to the many-body dynamical fragmentation. The pa-
rameters for post quench dynamics remain the same as
described in the main text.
The results for the unit filling case are presented in

Figs. 14 and 15. For the prequench state with gd = 0.0Er

[Fig. 14(a)] and with gd = −0.45Er [Fig. 14 (d)], the
diagonal of the first order correlation function shows
five completely separated coherent regions (bright lobes)
where |g(1)|2 ≈ 1. The coherence of bosons within the
same well is maintained whereas the off-diagonal corre-
lation (x ̸= x′) vanishes. This describes the five-fold
fragmented fully localized Mott phase. The correspond-
ing g(2) in Figs. 15(a) and (d) shows five completely ex-
tinguished lobes (correlation holes), i.e. the probabil-
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FIG. 13. Initial states (solid line) and optical lattice (dashed
line, scaled down by 20×) used in the quench protocol for N =
6 bosons and M = 12 orbitals in S = 3 sites (double filling)
with (a) gd = 0.0Er, (b) gd = −0.82Er, (c) gd = −1.01Er,
(d) gd = −2.02Er. The other parameters are V0 ≈ 20Er and
|g0| ≈ 81Er.

ity of finding two bosons in the same place (x = x′) is
zero. On the other hand, second order coherence is main-
tained between the wells. For gd = 0.0Er, as the many
body state remains five-fold fragmented throughout the
post quench dynamics, the corresponding correlation dy-
namics also remains stable as seen in Figs. 14(b)-(c) and
15(b)-(c). For gd = −0.45Er, the initially fully localized
Mott state retains stability for long time but eventually
becomes fully fragmented. This behavior is exemplified
by the disappearance of diagonal correlation in one-body
[Fig. 14(e)-(f)] and disruption of the correlation hole in
two-body [Fig. 15 (e)-(f)] coherence. However, the faded
five spots across the diagonal exhibit the presence of five
bosons before complete evaporation. For gd = −0.82Er,
as the many-body state is clustered in two consecutive

lattice sites in one side, the corresponding one-body cor-
relation is also confined with distinct many-body features
[Fig. 14 (g)]. Upon quenching, coherence is gradually lost
and finally evaporates as seen in Figs. 14 (h)-(i). The
corresponding two-body coherence [Fig. 15 (g)] exhibits
a correlation hole confined only to the two consecutive
lattice in one side and in the post quench dynamics it
follows the evaporation process (Figs. 15 (h)-(i)). For
gd = −2.02Er, the one-body coherence is clustered in
the central lattice [Fig. 14 (j)] and the correlation hole
moves to the central position as well [Fig. 15 (j)]. Dur-
ing the post-quench dynamics, both one- and two-body
coherence are lost with clear signature of many-body fea-
tures.
In Figs. 16 and 17, we plot the one- and two-body

correlation functions g(1) and g(2) for the double fill-
ing case where the fermionized Mott phase is perturbed
by weak attractive long-range interaction. For the pre-
quench state with gd = 0.0Er [Fig. 16(a)], the coherence
between wells is already lost as |g(1)|2 ≈ 0 for all off-
diagonal points (x ̸= x′). In addition, due to double
occupation, the first order coherence within each well is
designed by two distinct bright lobes signifying the pres-
ence of two fermionized bosons. The second order corre-
lation function g(2) has a fully developed correlation hole
along the diagonal with distinct many-body features in
each lattice site. During the post-quench dynamics, cor-
relation in each well first expands and then is quickly
lost [Figs. 16(b)-(c) and 17(b)-(c)]. For gd = −0.82Er,
diagonal correlations are confined to two consecutive lat-
tice sites [Fig. 16(d)]. Upon quenching, the structure
of correlation is lost and only a thin thread-like diag-
onal correlation is retained before complete disruption
(Fig 16(e)-(f)). Fig. 17(d) shows that the correlation
hole stays along the diagonal of two consecutive lattice
sites and then disappears with time (Fig. 17(e)-(f)) after
the quench. Similarly, for gd = −2.02Er, as the atoms
are centrally localized, both the diagonal one-body cor-
relation and the correlation hole are confined in the cen-
tral lattice site [Figs. 16(g) and 17(g)]. Upon quench-
ing, correlation is lost maintaining a thin diagonal line
showing the presence of bosons before total evaporation
[Figs. 16(h)-(i) and 17(h)-(i)].
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