o4 entropy

Article

Linear Codes Constructed from Two Weakly Regular Plateaued
Functions with Index (p — 1)/2

Shudi Yang *, Tonghui Zhang 2

check for
updates

Citation: Yang, S.; Zhang, T.; Yao, Z.-a.
Linear Codes Constructed from Two
Weakly Regular Plateaued Functions
with Index (p — 1) /2. Entropy 2024,
26,455. https://doi.org/10.3390/
€26060455

Academic Editor: Luca Barletta

Received: 14 April 2024
Revised: 17 May 2024

Accepted: 23 May 2024
Published: 27 May 2024

Copyright: © 2024 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Zheng-an Yao 3

School of Mathematical Sciences, Qufu Normal University, Jining 273165, China; zhangthvvs@126.com
School of Mathematics and Statistics, Fujian Normal University, Fuzhou 350117, China

School of Mathematics, Sun Yat-sen University, Guangzhou 510275, China; mesyao@mail.sysu.edu.cn
Correspondence: yangshudi@qfnu.edu.cn

W N =

Abstract: Linear codes are the most important family of codes in cryptography and coding theory.
Some codes only have a few weights and are widely used in many areas, such as authentication codes,
secret sharing schemes and strongly regular graphs. By setting p =1 (mod 4), we constructed an
infinite family of linear codes using two distinct weakly regular unbalanced (and balanced) plateaued
functions with index (p — 1) /2. Their weight distributions were completely determined by applying
exponential sums and Walsh transform. As a result, most of our constructed codes have a few nonzero
weights and are minimal.

Keywords: linear code; weight distribution; Walsh transform; plateaued function

1. Introduction

Let p be a prime number and F), the finite field with p elements. We denote C to be a
linear code over ), with parameters [n,k,d], which that means C is a subspace of dimension
k with minimum distance d of the vector space I;,. Compared with nonlinear codes, linear
codes are easier to describe, encode and decode, due to their algebraic structure, so they
have many applications in cryptography and communications. See [1] for more information
about linear codes.

For a codeword ¢ = (cq,c1,...,c4—1) € C, its weight is defined by

wt(c) =#{0<i<n:c #0}.

Then, the weight distribution of C is the sequence (Ao, A1, Ay, ..., An), where Ag = 1 and
Ay stands for the number of codewords in C that have weight w, for 0 < w < n, i.e.,

w=1#{ceC:ut(c) =w}.

The code C is called t-weight if the number of nonzero A, for 1 < w < n equals t.
Linear codes with a few nonzero weights have attracted much attention in recent decades
due to their wide applications in theory and practice, see [2-11]. Some linear codes are
constructed from bent functions [6,12], square functions [13] and weakly regular plateaued
functions [3,5,7].

In what follows, we always assume p is an odd prime. Now, let us introduce an
efficient way to construct linear codes, which was proposed by Ding et al. [14]. Let g = p™
and D be a subset of F; of size n. We define

Cp = {c(a) = (Tr(ax)),cp : a € Fy},
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where Tr is the absolute trace function. It can be checked that Cp is a linear code of length
n. The set D is called the defining set of Cp. This approach was generalized by Li et al. [15],
who defined a class of codes by

Cp = {C(ﬂ,b) = (Tr(aerby))(x,y)eD rabe F‘?}’ @)

where the defining set D is a subset of IF% Let c € IFy. For p-ary functions f and g, we define

D(e) = {(x,y) € F\{(0,0)} : f(x) +g(y) = c}.

Based on [15], Wu et al. [16] offered new linear codes using the defining set D(0), where f
and g are weakly regular bent functions from I, to IF,. Later, Cheng et al. in [3] introduced
several linear codes Cp ) of (1) with a few weights by considering f and g to be weakly
regular unbalanced s-plateaued functions in the defining set D(0), where 0 < s < m.
In 2022, Sinak [17] went deeper by choosing the weakly regular unbalanced and balanced
s¢-plateaued function f and sg-plateaued function g in D(0), where 0 < sy, s¢ < m. Very
recently, Yang et al. [18] continued the research of [17] by considering two weakly regular
balanced plateaued functions in the defining set D(c), where ¢ # 0. All of them studied the
indexes of f and ¢ among the set {2, p — 1}, that s, If, I € {2,p — 1}.

Along this research line, we further consider the index of (p —1)/2, where p = 1
(mod 4). Let f and g be certain weakly regular unbalanced and balanced s-plateaued and
t-plateaued functions, respectively, for 0 <'s, t < m. The defining set is denoted by

Dyg = {(xy) € FA{(0,0)} : f(x) +g(y) = 0}. @

For clarity, we only concentrate on the case of [; = (p —1)/2and I € {2, p — 1}, since the
caseof Iy = (p—1)/2and I € {2, p — 1} will lead to similar results (also, see Remark 3
for the case of If = Iy = (p — 1)/2). In this paper, we consider the constructed codes Cp g
of (1) and (2). In detail, we will completely determine their weight distributions using the
theory of exponential sums and Walsh transform.

The rest of this paper is arranged as follows. We first present, in Section 2, an introduc-
tion to the mathematical foundations. Section 3 gives necessary results for our computation.
Our main results are proposed in Section 4, where we study the weight distributions
and the parameters of our constructed codes and their punctured ones. Section 5 shows
the minimality and applications of these codes. Finally, the whole paper is concluded in
Section 6.

2. Mathematical Background

In this section, let us have a quick glance at the mathematical background, including
cyclotomic classes, cyclotomic fields, the theory of exponential sums and weakly regular
plateaued functions. We recall that ¢ = p™ and m > 2. We denote by S; (resp. Ng;) the set
of square (resp. non-square) elements in [,

2.1. Cyclotomic Classes and Cyclotomic Fields

Let 0 be a fixed primitive element of F; and N > 2 be a divisor of g — 1. For 0 <i < N,
the i-th cyclotomic classes of order N are defined by C i(N’q) = 0'(sN), where (8N) stands
for the subgroup generated by 0.

The p-th cyclotomic field is denoted by K = Q( ), where {, = exp (%) . From [19],

we know that the Galois group Gal(K/Q) is given by {0z : z € F};}, where the automor-
phism ¢ of K is defined by ¢>({p) = (7. Let 17 be the quadratic character of F,. Then,

oz(v/p*) = 1(z)y/p*, where p* = 5(=1)p.
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2.2. Exponential Sums

We denote by 7, the quadratic character of F;, where g = p™. Let G(#,) be the
quadratic Gauss sum over I, defined by

m) = Z (%) x1(x)

*
xEIFq

where x1(x) = é p ) is the canonical additive character, and Tr is the absolute trace function.

It is well known that G(1,,) = (—1)"~ 1\/7 and G(17) = /p*.
Forn e Nanda € ]F;‘, the Jacobsthal sum is defined by

= L i ax) = X (g +a).

x€F, xeF,

We define

= 2 Nm(x" + a).

x€F,

It is a companion sum related to Jacobsthal sums because Ip,(a) = I,(a) + Hy(a), which is
due to Theorem 5.50 in [20]. We can evaluate easily that I;(a) = 0 and I;(a) = —1 for all
ae IFZ; In general, the sums I,(a) can be described in terms of Jacobi sums.

Lemma 1 (Theorem 5.51, [20]). Foralla € IF; and n € N, we have

Ii(a) = nm(a Z )\] )\] m),

where A is a multiplicative character of F; of order d = ged(n,q — 1), and J(M, 1gm) is a Jacobi
sum in [Fy.

Lemma 2 (Theorem 5.33, [20]). Let g = p™ be odd and f(x) = arx? + ajx +ag € IFy[x] with
ay # 0. Then,

T rafa2 4q,)1
Y o) = iRy )G ).

xely,

2.3. Weakly Regular Plateaued Functions
Let f : F; — ) be a p-ary function. For B € 5, the Walsh transform of f is defined by

Z gf —Tr( ﬁx

xelF,

A function f is said to be balanced if X¢(0) = 0; otherwise, it is said to be unbalanced.

Plateaued functions in characteristic 2 were first studied by Zheng et al. [21] for cryp-
tographic applications in 1999, and later in any general characteristic p by Mesnager [22] in
2014. Several years ago, Mesnager et al. presented the definition of (non-)weakly regular
plateaued functions in their work [23]. We follow the notation used in [23]. A function f is
s-plateaued if [Xr(B) |2 € {0, p™*¢} for each B € F,, where 0 < s < m. Let Sy be the Walsh
support of f. In fact,

Sy ={BeFy:1Xs(B)I> = p"*}.

According to [22], the cardinality of Sy is given by #5; = p™~*
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Definition 1 ([23]). A function f is called weakly reqular s-plateaued if there exists a complex
number u, |u| =1, such that

2r(B) € {0,up" T 8Py

for all B € Ty, where g is a p-ary function over Fy satisfying g(B) = 0 for all B € Fy\ Sf.
Otherwise, if u depends on B, then f is called non-weakly regular s-plateaued.

Lemma 3 (Lemma 5, [23]). Let B € F; and f a weakly regular s-plateaued function. For every
ges £, we have

2rB) = ep/p P,

where e € {£1} is the sign of X¢ and f* is a p-ary function over Fy with f*(B) = 0 for all
B € Fy\ S¢. Wecall f* the dual function of f.

In 2020, Mesnager and Smak [5,7] defined two subclasses of weakly regular
plateaued functions.

Definition 2 ([5,7]). Let f be a weakly regular unbalanced (vesp. balanced) s-plateaued function
with 0 < s < m. We denote by WRP (resp. WRPB) the subclass of the unbalanced (resp. balanced)
functions f that meet the following homogeneous conditions simultaneously:

1. f(0)=0;

2. There exists a positive integer hy, such that 2 | hy, ged(hy —1,p—1) = 1 and
F(zx) = 2" f(x) for every z € F.

Remark 1. It is clear that 0 € Sy (resp. 0 ¢ Sy) whenever f € WRP (resp. f € WRPB).

The following lemmas, due to [5,17], play a significant role in the following calculation.

Lemma 4 (Lemma 6, [5]). Let f € WRP or f € WRPB with £¢(B) = e4/p7" ¢, P, where
B € S¢. Then, for z € Iy, we have zp € Sy if B € Sy, and otherwise, we have z € Fy\Sy.

Lemma 5 (Propositions 2 and 3, [5]). Let f € WRP or f € WRPB with X ¢(B) = Sf\/}?m+s§£*(ﬁ),

where B € Sy. Then, f*(0) = 0and f*(zB) = 2 f*(B) for all z € F%, where 2 | lf and
ged(ly —1,p— 1) = 1. We call I the index of f.

Remark 2. According to Lemma 5, if we take ¢ = (p — 1) /2, then we must have p =1 (mod 4).

Lemma 6 (Lemma 10, [5]). Let f € WRP or f € WRPB with Xr(B) = sf\/fmﬁ@];*(ﬁ), where
B € S¢. For c € F),, we define

Ni(e) =#{p € S : f*(B) = c}.
When 2 | m—s,

N (C) _ {pm—s—l + (P _ 1)17m+1(_1)€f\/p7m—s—2, ifc — 0,
f pmfsfl _ 17m+1(_1)€f\/p7m—s—2’ if e 75 0.

Otherwise,

m—s—1 .
p , ifc=0,

Ni(e) = mes—1 .
f {pm51+17(c)77’"(—1)£f\/p* voife # 0.
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Lemma? (Lemma3.12, [17). Let f, g € WRPor f, g € WRPB with Ty («) = ¢ IN AR
and X¢(B) = sg\/?mHé% ) where n Syand B € Sq. We define

T(0) = #{(a,b) € Sf x S; : f*(a) +&"(b) = 0},
T (c) =#{(a,b) € Sf x S : f*(a) + g*(b) = c} for c € F},.

Then, we have

T = [P = D e 2 s+,
pAmos—i=l if2fs+t,

T() = prosTil pflsfsg\/pi*zm_s_t, if2|s+t,
PP L (c)epeg /P Y, if2 s+t

Lemma 8 (Lemma 3.7, [17]). We write n = #Dy o, where Dy o is defined by (2) and f, g are given
in Lemma 7. If f, ¢ € WRPB, then n = p*"~1 — 1. If f, ¢ € WRP, then

n— pt—1, if24s+t,
P 1 (p - Dp e/, 2 s+t

3. Auxiliary Results

To ensure that the frequency of each weight appears in our codes, we will need the
following lemmas.

Lemma9. Let p =1 (mod 2). For the quadratic character 1 over ¥, we have

Y L oawto) =L@+,

u€S,; veS,
v£tu

Y Y o) =P @),

uENsq VENsq
vEtu

Proof. We note that —1 € S, if p =1 (mod 4), and otherwise, —1 € Ng; if p =3 (mod 4).
Thus,

Y L o) = Yo ¥ on+ )

u€S,; veS, UES, vES,
v#E+u v#E+u
=) ) 11+
UES, vES,
v£+1
-1
== (L 10+0) 1)
vES,
_p-11 2y 1
=2 (5 S+ -5 -52)
xeF,
_P=tl o
== (50 — 5~ 1)
The first assertion then follows from (1) = —1. The second one is analogously proved

and is omitted here. [
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Lemma 10. Let p =1 (mod 4) and f, g be given as Lemma 7. We suppose that s + t is odd. We
write v =2m —s — t and

Bs, = #{(a,b) € S x Sg: f*(a) +g"(b) € Sy, f*(a) — g*(b) € Sq},
By, = #{(a,b) € S x Sg : f*(a) + g"(b) € Ngg, f*(a) — g*(b) € Ny}

Then, if24m — s and 2 | m — t, we have

-1 _ -1 _ -
Bs, = Fo = v P (B v @™

+1 Mm—s—
e /P (1) + peseg )

-1 . ap—1 _ .
Br, = P v (B v 1@y

S U
+ B e v = (1(2) + pesey)-

+

Otherwise, if 2 | m — s and 2t m — t, we have

-1 - -1 - mM—s
Bs, = Lo (B v - 1@ vp

+1 et
+ B e T+ (1(2) + pese),

-1 _ -1 _ _
Bn,, = pT\/?7 3(%\/?7 Y+ n(2)eg P

1 o
+p2 er\/P tlf(n(2)+p)efeg).

Proof. We only calculate Bs, for the case 2 { m —sand 2 | m — t. Let f*(a) + g*(b) = u,
f*(a) — g*(b) = v, whereu,v € F}. So, f*(a) = 412 ¢*(b) = %52 and consequently,
u—v

Bs, = ¥ ¥ N (5N (M),

uES, vES,

where Ny and N, are computed in Lemma 6. It follows that

Bs, = Z N (u)Ng(0) + Z N¢(0)Ng (u) +,

UES, uUES,
where n
u—+o u—ov
S= Y L NSNS0, 3)
u€S,; veS,
v#E+u

We observe that “5° # 0 in (3). If we write c = “5° # 0, then, from Lemma 6,

+

S=N() & ¥ Ny(5)
u€S,; veS,
v#E+u

=Nele) X 1 (Pm_&4‘¥ﬂ(zgigkfv@m_&4)

UESy VES,
v£tu

= N @ (B 22 @7 L L (o)),

u€S, veS,
v£tu

The desired assertion then follows from Lemmas 6 and 9. [
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4. Main Results

In this section, we will give our main results of the weight distributions of the desired
linear codes Cp g defined by (1) and (2). Let us fix some notation that will be used
throughout this section. Let p = 1 (mod 4) and f, g € WRP or f, ¢ € WRPB. For each
a € Sfand B € S;, we may assume from Lemma 3 that Xr(x) = 8f\/ﬁm+s§£ ®) and
Xe(B) = gg\/ﬁ’"*fgﬁ*(ﬁ), where ef, e € {£1} and 0 < s, ¢
lfand lg such that Iy € {2,p—1}and lg = (p —1)/2.

For (a,b) € ]P%\{(0,0)}, we define

< m. The indexes of f and g are

Np = #{(x,y) € F2: Te(ax + by) = 0, f(x) + g(y) = 0}. (4)

In what follows, we always denote ¢ = 2m —s — t and T = 2m + s 4 t for abbreviation
purposes.

4.1. The Calculation of Ny
The values of Nj in (4) are stated in Lemmas 11-13.

Lemma 11. Let f, ¢ € WRP or f, ¢ € WRPB with I, = (p — 1)/2. We suppose that 2 { s + t
and (a,b) # (0,0). We always have Ny = p*"~2 if (a,b) ¢ S x Sg. Otherwise, the following
statements hold.

Whenly =p—1,

P24 Py (2)epeg BT, if f1(a) € Sp,87(b) = £*(a),

P2 — Ly ()eseg /T2, if f*(a) € Neg, g*(b) = £f*(a),

No = p¥" 24 (p—)epeg /52, if f*(a) +g*(b) € Sq, f*(a) — g*(b) € S,
p Veseg /P70, if f*(a) + 8% (b) € Nog, f*(a) — g*(b) € Ny,
p

P otherw1se.

Whenly =2and p =1 (mod 8),

PP (p - Depeg/pT 0, i f5(a) =0,8%(b) € S
org*(b) =0, f*(a) € Sq
p2m=2 _ (p — 1)gfgg\/ﬁf—3, if f*(a) =0,8*(b) € Ngg
Np = or g*(b) =0, f*(a) € N,
P2 = 2(p — Veeg /P 0, if f*(a) € Sp,8%(D) € Sy,
p2m72 +2(p — 1)£fgg\/ﬁ773, if f*(a) € qu,g (b) € Nsg,

p>m=2, otherwise.

When lf = 2and p =5 (mod 8),

p 2, if f*(a) = g*(b) =0,
P24 (p—Vegeg /"2, if f*(a) =0,g*(b) € S,
or g*(b) =0, f*(a) € Sg,
o= v (p— Deegyp™™, if f*(a) = 0,g*(b) € Neg
or g*(b) =0, f*(a) € Ny,
g o () (). o

where 14 is a companion sum determined in Lemma 1.
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Proof. Let21s + t. By Equation (4) and the orthogonal property of group characters,

2 z g Z gphTr(uerby)

P x,y€F, z€F, heF,
1
== Z <1+2€ ><+Zé—hTrax+by)>
x,y€F, zeF; heFy,

pZm 2 2 Z é x)+g(y))

P z€Fp x,y€ly

- Z Z Z 5 z(f(x)+g(y))+hTr(ax+by)

?’ xyeF, zeF} heF

=24 p 2 (A + Ay), (5)

where we write

A=Y Y gAUwrsw),

z€F, xyely

Z 2 2 épz(f(")*8(y))+hTr(ax+by)'

x,yEIFq zeIF; he]F;

Y4V

It follows that

A = Z U’z()?f(o)??g(o))

z€F}
_Jo if f,¢ € WRPB,
 \eregy/PT Leery 1°1(2), if f,g € WRP.

So, we always have A1 = 0 when 2 1 s + t. Now, it is sufficient to determine A,. We observe
from its definition that

A=Y Y Y A0 T Y g ) Te(iby)

z€F} helfy, xeFy yelF,

— Y Y Y g0 e) ¥ o s(s)-Tekoy)

z€F}, helfy, xely yely,

= ¥ % o(Rp(ha)ze (b)) ©)

zeF;; heIF;;

Let h € F}. Obviously, when (a,b) ¢ Sy x Sg, (ha,hb) ¢ Sy x Sg by Lemma 4. Hence,
Xf(ha) = 0 or Xg(hb) = 0, and consequently, by (6),

Ay = 0.

When (a,b) € Sf x Sg, then (ha, hb) € S¢ x Sq. By (6), Lemmas 3 and 5, we obtain

* 1
Ay = Z (Tz( Z €f€gf ghff )+hig g (b))>

zeIF* heIF*

—eree /BT Y 77$+t(Z)UZ( y gszf*(a)Jrhlgg*(b))

ze]F;; heIF*

= eree 7T X (@ ( X0 g0, 7)

z€F} heFy
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In the following, we will determine A; in (7) by considering the cases of [y = p — 1 and
Iy = 2, separately.
The first case is that [y = p — 1.

In this case, h#~! =1 for every h € IF;‘, By (7), we have

Ay :ngg\/?T Z 77(2)‘72< 2 g{;*(”)Jrg*(b) + Z éJ;*(“)*g*(b))

z€F} he$, heNgq
1 T * * * o
_F ——eseg VP (Z W(Z)C;(f (@)+g7(9)) | y W(Z)C;(f (a)-g (b)))
ZGIF;‘, ZGIF;‘,
0, 1 if f*(a) = g*(b) =0,
3 pT_lsfng(zf*(ﬂ))\/ﬁHl, if f*(a) = —g*(b) #0,
Prepegn(2f*(a) 7, if f*(a) = g*(b) #0,
p—1

N‘

ereg (1(F(a) +87(5)) +1(F*(a) —g"(8)) ) P!, otherwise.
Now, let = 2; then, the proof is divided into two subcases.

Subcase (a): If p =1 (mod 8), then —1 € C(()4’p). So, from (7),

Z*a * 2*u7*
Ao =g L n()ex (X gy OO 4y gm0

ze]F,*, he$, h€Nsq

2 rx a * (]2 £* a *
= epegypt L (e 1 g T 4y g )

ze]F,*, he$, heNgq

2(h2 F*(a)+g¢* (K2 ()L o*
:gfsgﬁr( Y (z) Y ép(hf (@)+8*(0) | Y (-2 Y g (2 f*(a)+g (b)))'

z€F} heS, z€F} heNg

Replacing —z by z in the last double sum above, we obtain from Lemma 2 that

. hZ * *(p
Az = eeg 7 Y n(z) X 0@ 0)

zelF, heFy
:gfgg\/ﬁ'r Z W(Z)C;g*(b) Z é';hzf*(“)
zelF, heFy
0, if f*(a) = g*(b) =0,
_ J (p=Depegn(g*(0) /P, if f*(a) =0,8"(b) #0,
(P = Vegegn(f*(a)yp ™, if f*(a) #0,8*(b) =0,

—(p = Degeg(n(f~(a)) +n(g*(b))) /P, otherwise.

Subcase (b): If p =5 (mod 8), then —1 € C§4'p). So, from (7),

2 £k * 2 e
AZZEng\/ﬁT Z U(Z)(TZ(E Cgf (a)+g (b)+ Z CZf (a)—g (b)>

z€F} heS, heNsq

2 £k * _ (12 £x *
= efeg /P y U(Z)(Tz( y gl;f (@)+8*(b) Y g, (H2f*(a)+g (b)))

z€F} heS, heS,
hZ * *(b
= 2epeq /P ) 17(2)(72( Y g,,f (a)+g"( )>
zeF} he$,

2 rx *
= 2epeg /P y ¥ U(Z)CZ(’! fr(a)+g7(b))

heSq z€Fy
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We assume that f*(a)g*(b) # 0. If < ; € C(4p) then the equation #2f*(a) + ¢*(b) = 0 has

exactly two solutions, iy and hp, in S;, where hy = —hy. Otherwise, 1f g ; ¢ C£4 ») , then the

inequality h2f*(a) 4+ g*(b) # 0holds for all i in S,. Consequently, When f*(a)g*(b) #0,

Ay = 2epeg /P Y (2 f*(a) + g7 (b))

hes,
=ereevp L nh @)+ (1)
_ T « 8*(b) 8*(b)
e (4(50) o (£12)),
where 14 is determined from Lemma 1. Thus, we conclude that
0, if f*(a) = g*(b) = 0,
a ) (P Depegn(g @)y if f*(a) = 0,8*(b) #
27 (p = Depegn(f(a) P, if f*(a) #0,8*(b) =

b *(b
stg\/?T+l (f*(a ))( (f*E g) -7 (f‘*%ag))' otherwise.
The desired conclusion then follows from (5), completing the proof. O

Lemma 12. Let f, ¢ € WRP with l; = (p — 1) /2. We suppose that 2 | s + t and (a,b) # (0,0).
We always have Ny = p*" =2 + (p — 1)sf.€g\/ﬁ774 if (a,b) ¢ S¢ x Sg. Otherwise, the following
statements hold.

When lf = p — 1, we have

P24 (p—Vegeg /' 2, if f*(a) = g*(b) =0,

No sz_z‘kailsfsg\/ﬁTi% if £*(a) = —g*(b) #
or f*(a) = g*(b) #0,
p>"=2, otherwise.

When Iy =2and p =1 (mod 8), we have

P2m72 4 (P _ 1)5f5g\/ﬁT72/ 11:f*<a) — g*(b) = 0/
No =4 P2 4 2e 60 /572, if f*(a)g*(b) € Sy,
pZm—Z’ otherwise.

When lf =2 and p =5 (mod 8), we have

P2+ (p—epeg /™2, if f*(a) = g*(b) =0,

— - -2 b (4 )
Ny = PZm 2 +48f€g\/?1— , if ?J‘E % € C P
p>m=2, otherwise.

Proof. The proof is completed in a manner analogous to the previous lemma by noting
that2 | s +t. Now, let (a,b) € S¢ x S;. From (5)~(7),

Ny = p?" 24+ p72(A + Ay),

where

A= (p— 1)£f£g\ff,
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L s lg o
e K 5 O

zeF; heF;

It is sufficient to determine Aj.
The first case is that [ = p — 1.
Again, from (7), we have

Ay =P ; lsfsg\/?T< 5 C;(f*(ﬂ)ﬂ*(b)) + Y gé(f*(ﬂ)*g*(b)))
z€F} z€F}
(p—1)%epeg/p",  if f*(a) = g*(b) =0,
_ B (p = epeg /P, i f1(a) = —g*(b) £ 0
or f*(a) = g*(b) #0,
—(p—1)efeg/p",  otherwise.

The second case is that [; = 2 where we only need to consider two different subcases.
Subcase (a): If p =1 (mod 8), then, from (7),

2 rx *
Ar=epegyi ¥ YT GO @)

z€F}, hely,
GG M
z€F} heF;
(p—1)%epeg/p", if f*(a) =g*(b) =0,
= (p+Desegy/pt,  if f*(a)g™(b) € Sy,
—(p—1)ereg\/p", otherwise.

Subcase (b): If p =5 (mod 8), then, from (7),

2(h2f*(a *
Ar=2epegyp° Y Y P @0,

hequeF;

The value of A; is clear if f*(a)g*(b) = 0. We now assume that f*(a)g*(b) # 0. If gb) ¢

f*(a)
C§4'p ) ; then, the equation h? f*(a) + g*(b) = 0 has exactly two solutions, hi; and hy, in S,
where h, = —hy. Hence,
-1
Ao =2¢geg /P (2(p = 1) - (F5= - 2))
= (Bp+1)eseg/p"

Otherwise, if &%) ¢ C}*"/, then the inequality h%f*(a) + g*(b) # 0 holds for all / in S,.
Thus,

Ag = 2¢peg/p7 x P > LIV
= —(p—1epeg /7"
So, we conclude that

(p—1)2ereg/p%, if f*(a) = g*(b) =0,

A= (Bp+1)epegypt, it S e i),

—(p—1)epeg\/p", otherwise.
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The desired conclusion then follows from (5), completing the proof. O

Lemma13. Let f, ¢ € WRPBwithly = (p —1)/2. Wesuppose that 2 | s 4t and (a, b) # (0,0).
We always have Ny = p*"~2 if (a,b) ¢ Sf x Sg. Otherwise, the value of Ny is presented in
the following.

When lf = p — 1, we have

P (p = 1)epeg /P, i f*(a) = g7(
PR (p— eseg Y, i f(a) = —g*

or f*(a) = g*
=2 — (p — l)sfsg\/ﬁT*‘l, otherwise.

No =

When Iy =2and p =1 (mod 8), we have

P (p = 1)epeg P if f*(a) = g7(b) =0,
No=< "2+ (p+ 1)sf£g\/ﬁT*4, if f*(a)g*(b) € Sy,
P2 — (p— 1)£f£g\/ﬁT_4, otherwise.

When ly =2 and p =5 (mod 8), we have
PR (p = Depeg P if f1(a) = g7(b) =0,

No =3 PP 2+ (Bp+eseg p™ 4, if &5 € 17,
P2 — (p—1)eseg/p**,  otherwise.

Proof. We note that Ay = ¥,cpy 0= (Xf(0)X5(0)) = 0 for f, ¢ € WRPB. From (5), Ny =
P2+ p=2(Ag + Ag) = pP 2 + p~2A,, where A is given in Lemma 12. This completes
the proof. O

4.2. Weight Distributions of Cp I from WRP or WRPB

The weight distributions of Cp,  defined by (1) and (2) are given in the following
theorems explicitly. We recall that the length of Cp, , denoted by 1, is already settled in
Lemma 8. (

Theorem 1. We suppose that 2 { s +t, f, ¢ € WRP or f, ¢ € WRPB with I, = (p —1)/2.
Then, the code Cp, , has parameters [p?" =1 —1,2m] and its weight distribution is summarized in
Table 1iflf = p —1,in Table 2 if [ = 2and p =1 (mod 8) and in Table 3 if Iy =2 and p =5
(mod 8).

Proof. From Lemma 8, the length is n = p?"~! — 1. Let (a,b) # (0,0) and we write
wt(c(a, b)) to be the weight of nonzero codewords c(a, b). Clearly,

we(e(a,b)) =n+1—No,
where Nj is given by Lemma 11. To be more precise, if (a,b) ¢ Sy x Sg, then

we(e(a,h)) = (p— 1)p" 2.

For each (a,b) € S¢ x Sg, there are four different cases when the weight of ¢(a, b) does
not equal (p — 1)p?" 2.
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When Iy = p — 1, we have

(p=D(p* 2~ j’? )gffg\/ﬁT_S), E; times,
2m—2 T3 .
wt(c(a, b)) = (p— 1)(P2 +371( )Efr‘c’i\/ﬁ ), Ea tn.nes,
(p=1)(P"" 2 —efeg /P 0), Bs, times,
(P=D) (P 2+ eseg /"), By, times,

where the numbers Bg, and By, are computed in Lemma 10, and

Ey =#{(a,b) € Sf x S : f*(a) € S4,8*(b) = £f*(a)} = (p — VYN (i) N (i),
Ey =#{(a,b) € Sy x Sy : f*(a) € Nog, g"(b) = £f"(a)} = (p = DN ()N (j),
with i € Sy, j € Ny, and Ny and Ny are given in Lemma 6. The weight distribution in

Table 1 is then established.
When /f =2and p =1 (mod 8), we have

( ,  Estimes,

et(e(a,b)) = - Fatimes,
’ (p— ), @Nf(i)./\/'g(i) times,
(p—1)(p*2 — 2efeg\/ﬁ 3), @Nf(j)/\/g(j) times,

where
Es = #{(a,b) eSfog f*(a

7(/\0() ¢ (1) + Ny
Ey = #{(q, b)ESfXSg f*(a

) = 0,%(b) € Sy} +#{(a,b) € Sf x Sg: g*(b) =0, f*(a) € S}
(1)N3(0)),

) = 0,%(b) € Nog} + #{(a,b) € S5 x Sg : g*(b) = 0, f*(a) € Neg}
2L NHONG () + NG (DA (0)),

fori € §;and j € Nyg. The above argument leads to Table 2.
When lf =2and p =5 (mod 8), we have

(p—1) (PP 2 —eseq /7 7), Ej3 times,
_ 1) (p2m-2 -3) E, times,
et(c(a, b)) = (p—=1)(p™" > +epegy/P ) 4 times

- (p— 1)p2m_2 - €f€g\/?T7377(”) (14(%) - ’7(5)) Nf(M)N (v) times.
forallu,v € F}, ¢

The weight distribution in this case is concluded in Table 3. [

Table 1. The weight distribution of Cp,  in Theorem 1 when Iy = p —1.

Weight Frequency

0 1

(P—l)PZ'Z 2 p*" —1—E1 — Ex — Bs, — By,
(=1 (p* 2 - 717 2)eseg /pT ) E

(r =D (P 2+ 31( ) G ’) E

(P=1) (PP 2 —epeg /P ) Bs,

(r=1)(p*" 2+£f ) B,
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Table 2. The weight distribution of Cp, in Theorem 1 when [y = 2and p =1 (mod 8).
Weight Frequency
0 1
_1)2 . ) ) .
(p—1)p2 P =1 = By — By — U (N (NG (1) + N ()AG ()
(p=1) ("2 = Efsg\/?*i) Es
(P =1 (P2 +epegy/P" ) Ey
(p= D)2+ 2epeg 7 0) NN (D)
(P12~ 2epeeyp %) NN
Table 3. The weight distribution of Cp,  in Theorem 1 when /; =2and p =5 (mod 8).
Weight Frequency
0 1
(P - 1)p2m 2 sz —1-E3—Es— Zu,vdF; Nf(”)Ng(U)
(p=1) (P22 —eseg/p" ) Es
(p—1)(p*~ 2+z—:fe VP 3) E,
_1)p2m=2 _ 73 vy _p(2
(p—1p Efeg VP ’7(“)(14(u) ’7(1¢)> Nf(u)Ng(U)

forallu,v € IE‘;‘,

Theorem 2. We suppose that 2 | s+t and f, ¢ € WRP with Iy = (p —1)/2. Then, Cp,, is
an [n,2m] linear code and the weight distribution is given in Table 4 if I; = p — 1, in Table 5
iflf = 2and p = 1 (mod 8) and in Table 6 if Iy = 2 and p = 5 (mod 8). Here, we set
n=p" 1 -1+ (p- l)sfsg\/ﬁffzfor brevity.

Proof. The length of this code comes from Lemma 8. For (a,b) # (0,0), the weight

wt(c(a,b)) = n+1— Ny can be obtained from Lemma 12. To be more explicit, when
(a,b) & Sf x Sq,

wt(c(a,b)) = (p— 1) (P 2+ (p — Veseg /P 2.

The frequency of such codewords equals p*” — p” since f, §¢ € WRP. When (a,b) €
Sr x Sg\{(0,0)}, we will discuss four different cases.
When Iy = p —1, we have

(p—1)p™ N¢(0)Ng(0) — 1 times,
wt(c(a,b)) =< (p— (pzm 2—|— 2€fEg\ /P %), F times,
(p—1)(p* 2 +epeq,/p" %), F times,

where we define

Fy = #{(a,b) € Sp x Sg: f*(a) #0,8"(b) = £f*(a)} =2 Y Ny(c)Ng(o),
ceFy
F = p” — N¢(0)Ng(0) — Fy.
Thus, we obtain the weight distribution in Table 4.
When /f =2and p =1 (mod 8), we have

(p—1)p*m 2, N5(0)Ng(0) — 1 times,
wt(c(a,b)) =< (p—1)p*" 2+ (p—3)epegy/p* 2, Fs times,
(p—1) (P2m_2 + €f€g\/ﬁr_2), F; times,
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where

_1)\2
By = #{(a.b) € 8 x St £ (@)g"(0) € Sg) = P (VAL + A (IAG ),
Fy = p" = Nf(0)Ng(0) — B3,

fori € Sy and j € Ns;. This implies the weight distribution listed in Table 5.
When I =2and p =5 (mod 8), we get

(p—1)p™ 2, N5(0)Ng(0) — 1 times,
wt(e(a, b)) = (p—1)p?>" 2+ (p— 5)sfsg\/ﬁ“2, Fs times,
(p=1) (PP 2 +eeg /7 2), Fy times,

where we write

Fs = #{(a,b) € Sy x S; : g*(b) c C§4'7")}

fr(a)
(P =1 ra i oy 1
= 3 (Nf(l)Ng(l) +Nf(])Ng(])) = §F3/
1
Fo = P7 _Nf(O)Ng(O) - EFS'
fori € S;and j € Nyg. Thus, the result in Table 6 is derived. [
Table 4. The weight distribution of Cp, in Theorem 2 when Iy = p — 1.
Weight Frequency
0 1
(p—1)p*"2 N5(0)Ng(0) —
(P 1)( 2m—2 4 st fT 2) £
(p—1)(p*" 2+€f€ V) pY — Nr(0)NG(0) — Fy
(p—=1) (P 2+ (p— Degeg P ) p2m — pY

Table 5. The weight distribution of Cp,  in Theorem 2 when Iy = 2and p =1 (mod 8).

Weight Frequency

0 1

(p—1)p>2 N7 (0)Ng(0) —
(p—1)p*" 2+ (p—3)epeg /P ° F3

(p=1)(P*" 2 +epeg /P2 pY — N5(0)Ng(0) —
(P=D) (P 2+ (p — Degeg /7™ ?) P —p?

Table 6. The weight distribution of Cp, , in Theorem 2 when [y = 2and p =5 (mod 8).

Weight Frequency

0 1

(p—1)p*m2 N (0)Ng(0) —
(p—1)p¥" 2+ (p—5)eseq /P 2 1B

(p—1) (PP 2+ eseg /P 2) p’ — N (0)Ng(0) — 3F5
(P =1 (PP 2+ (p— Depeg /P4 p?" —p?

Theorem 3. We suppose that 2 | s+t and f, g € WRPBwith Iy = (p —1)/2. Then, Cp,  isa

[p?" =1 —1,2m] linear code with its weight distribution given in Table 7 if | r=p— 1 inTable 8 if
lf =2and p =1 (mod 8) and in Table 9 if Iy = 2and p =5 (mod 8).
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Proof. We note that (0,0) is not in Sy x Sg since f, ¢ € WRPB. This theorem can be
derived in the same way as Theorem 2 by using Lemmas 6-8 and 13. We omitted the details
here. [

Table 7. The weight distribution of Cp,  in Theorem 3 when Iy = p — 1.

Weight Frequency

0 1

(p—D) (P 2= (p— Degegy/p™?) N (0)N;(0)

(p 1)(p2m -2 _ 7€f€g\fr 4) Fl

(p=1) (g 2+ egegy/p™™) pT =Ny (0)N;(0) - Fy
(p—1p>" p2m —p¥ —1

Table 8. The weight distribution of Cp,  in Theorem 3 when Iy = 2and p =1 (mod 8).

Weight Frequency

0 1

(P=D(p*" 2= (p—Deseg /7™ *) N5 (0)N5(0)
(p—1)p>2 (p+1)8f£g\FT - F3

(p=1)(p*" 2 +epegy/p™ ) p? = Np(0)N;(0) — F5
(p—1)p*" 2 p2m —p7 —1

Table 9. The weight distribution of Cp, , in Theorem 3 when Iy = 2and p =5 (mod 8).

Weight Frequency

0 1

(p=D(p*" 2= (p = Vepegy/p" ") NF(0)N (0)
(p—1)p*2 (3p+1)8f6g\fT ! 2h

(p—1)(p*m2 +ereg /Pt ) pY — N¢(0)Ng(0) — 1F;
( 1) 2m—2 pZm_pfy_l

Remark 3. In Theorems 1, 2 and 3, we completely presented the weight distributions of Cp I for
f,.8 € WRPor f,g € WRPBwithly € {2,p— 1} andlg = (p —1)/2, where p =1 (mod 4).
The case Iy = lg = (p — 1) /2 is not considered here, since the results for this case will be the same
asfor Iy = lg = 2 0or Iy = lg = p — 1 and they were determined in [17] (see Tables 3, 4 and 6).

Remark 4. For s + t is odd, it is interesting to see that the codes have the same weight distributions
whenever the functions are balanced or unbalanced. When s + t is even and f,g € WRP and
p =1 (mod 8), the weight distribution in Table 5 coincides with [17] (see Theorem 3.17, Table 5).
If we set t = s in Table 5, then the result coincides with [3] (see Theorem 4, Tables 9 and 10).
When s + t is even and f,g € WRPB and p = 1 (mod 8), the weight distribution in Table 8
coincides with [17] (see Theorem 3.21, Table 7). However, this is not the case for p =5 (mod 8).
Neuvertheless, the index (p — 1) /2 is not considered in the literature. Moreover, most of our results,
such as Tables 1-4, 6, 7 and 9, are not contained in [3,17].

Now, we will provide some examples from weakly regular unbalanced plateaued
functions to illustrate the results in Theorems 1 and 2.

Example 1. Let f,g : Fs3 — Fs bedefined as f(x) = Tr(x® + x2) and g(y) = Tr(0y® + 63y?) for
a primitive element ofIE‘;S. Then, f, g € WRPwiths =0,t =1, er=—-le =1 lf =l =2,
Xr(a) € {—\@3%“(“)} and Xq(B) € {0,52§§*(ﬁ)}, where o, p € Fsz and f*(0) = ¢g*(0) = 0.
Actually, the function f is quadratic bent and its Walsh transform satisfies |Xs(x)|* = 125.
From Magma programs, the code Cp g 150 three-weight code with parameters 3124, 6,2400] and
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the weight enumerator 1 + 130022400 4+ 13124229 + 12002260, This is verified by Table 3 in
Theorem 1 noting that Iy(1) = =3, I4(2) = =5, I4(3) = 3and I4(4) = 1.

Example 2. Let f,g : Fey — Fs be defined as f(x) = Tr(x®) and g(y) = Tr(y?® — y?). Then,
f, 8§ € WRPwiths =t =2,ef = —1,e¢ = land Iy = lg = 2. Their Walsh transforms satisfy
Rr(@) € {0,-5°¢L Y and 34 (B) € {0,5°¢8 P}, where a, B € Fau and £*(0) = ¢*(0) = 0.
From Magma programs, the code Cp I is a three-weight code with parameters 65624, 8,50000]

and the weight enumerator 1 + 520z5°0%0 4 3900002525 + 104z525%. This is verified by Table 6
in Theorem 2.

Example 3. Let f,g : Fso — F5 be defined as f(x) = Tr(x?) and g(y) = Tr(0y?> — 0y°) fora
primitive element 6 of Fz,. Then, f, ¢ are quadratic bent functions in the set WRP, withs =t = 0,

— —Leg =11 =lg =2, %f(a) € {=5¢, ¥} and z4(B) € {55 P}, where a, € Fs
and f*(0) = g*(0) = 0. From Magma programs, the code Cp,  is a two-weight code with

parameters [104,4,80] and the weight enumerator 1+ 520280 + 104z1%. This is also verified by
Table 6 in Theorem 2.

5. Minimality of the Codes and Their Applications

This section is devoted to analyzing the minimality of our codes Cp,.  defined by (1)
and (2), and then applying them to construct secret sharing schemes.

A linear code C over [}, is called minimal if every nonzero codeword c solely covers
its scalar multiples zc for z € F. In 1998, Ashikhmin and Barg [24] provided a sufficient
condition for a linear code to be minimal, that is,

Winin > pP—- 1
Winax p

7

where w,,;;, and wyy,,y represent the minimum and maximum nonzero weights, respectively.
Now, we will show the minimality of the constructed linear codes in Theorems 1-3.

Theorem 4. (1) The linear codes with weight distributions in Tables 1 and 2 are minimal, if y > 5
(2) The linear codes with weight distributions in Tables 4—6 are minimal, if efeq = 1 and
v = 4,or1'f€fsg =—landy > 6
(3) The linear codes with weight distributions in Tables 7-9 are minimal, if v > 4.

It should be noted that the minimum distance of C lefg equals 2 since there are two

linearly dependent entries in each codeword in Cp, . Additionally, under the framework
stated in [25,26], the minimal codes described in Theorem 4 can be employed to construct
secret sharing schemes with good access structure.

Theorem 5 (Proposition 2, [26]). Let C be an [n, k| code over Fy, and let G = [g),81,---,8,_1]

be its generator matrix. If C is minimal, then in the secret sharing schemes based on the dual code

C*, there are altogether =1 minimal access sets. In addition, we have the following assertions:

(1) Ifg;isamultiple of gy, 1 < i < n— 1, then participant P; must be in every minimal access
set. Such a participant is called a dictatorial participant.

(2) Ifg;is not a multiple of g5, 1 < i < n — 1, then participant P; must be in (q — 1)q*=2 out of

7"~ minimal access sets.

According to Theorem 5, we give the following example for secret sharing schemes.

Example 4. Let f,g : Fss — F5 be defined as f( ) = Tr(x®) and g(y) = Tr(y®). Then, f, g €
WRP withs =t = 2, ef =g =—1 and lf = lg = 2. From Table 6 in Theorem 2, the code CDf

is a three-weight code with parameters [90624, 8, 62500] and the weight enumerator 1 + 144262500 4
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39000027290 + 480272090, So, Cp ¢ ¢ 18 minimal by Theorem 4. Let G = 180/ 81/ - - -+ 8o0en3) be the
generator matrix of Cp . . Then, in the secret sharing scheme based on the dual code Céf v there are
altogether 78,125 minimal access sets. In addition, we have the following assertions: )

(1) Ifg;is a multiple of g, 1 < i < 90,623, then participant P; must be in every minimal access
set and P; is a dictatorial participant.

(2) Ifg; is not a multiple of g;, 1 < i < 90,623, then participant P; must be in 62,500 out of
78,125 minimal access sets.

6. Conclusions

In the literature, linear codes from weakly regular plateaued functions with index 2
and p — 1 have been extensively studied, where p is a general prime number, see [3,16-18]
and the references therein. However, the index of (p — 1) /2 has not been considered before.
In this paper, we took p = 1 (mod 4) and studied the construction of new linear codes
from two weakly regular plateaued functions with new indexes 2, p —1 and (p —1)/2.
By calculating the exponential sums carefully, we succeeded in determining their weight
distributions, as we had described in Theorems 1-3. Moreover, most of our codes are
minimal and so they are suitable for designing secret sharing schemes. It should be noted
that all the examples we gave are chosen from weakly regular unbalanced plateaued
functions. Unfortunately, we have not found any weakly regular balanced plateaued
functions until now. It would be very nice if someone found such a function in the future.

Author Contributions: Conceptualization, S.Y. and T.Z.; methodology, S.Y.; validation, T.Z. and Z.-a.Y.;
writing—original draft preparation, S.Y.; writing—review and editing, S.Y. and T.Z.; visualization,
Z.-a.Y.; supervision, S.Y. All authors have read and agreed to the published version of the manuscript.

Funding: This research was partially supported by the National Natural Science Foundation of China
(Nos. 12071247, 12126609, 11971496), National Key R&D Program of China (No. 2020YFA0712500), Re-
search and Innovation Fund for Graduate Dissertations of Qufu Normal University (No. LWCXS202251).

Institutional Review Board Statement: Not applicable.
Data Availability Statement: Data is contained within the article.

Conflicts of Interest: The authors declare no conflicts of interest.

References

1.  Huffman, W,; Pless, V. Fundamentals of Error Correcting Codes; Cambridge University Press: Cambridge, UK, 2003.

2. Calderbank, A.R.; Goethals, ]. M. Three-weight codes and association schemes. Philips ]. Res. 1984, 39, 143-152.

3.  Cheng, YJ.; Cao, X.W. Linear codes with few weights from weakly regular plateaued functions. Discret. Math. 2021, 344, 112597.
[CrossRef]

4. Kong, X.L,; Yang, S.D. Complete weight enumerators of a class of linear codes with two or three weights. Discret. Math. 2019, 342,
3166-3176. [CrossRef]

5. Mesnager, S.; Sinak, A. Several classes of minimal linear codes with few weights from weakly regular plateaued functions. IEEE
Trans. Inf. Theory 2020, 66, 2296-2310. [CrossRef]

6.  Ozbudak, F; Pelen, RM. Two or three weight linear codes from non-weakly regular bent functions. IEEE Trans. Inf. Theory 2022,
68, 3014-3027. [CrossRef]

7. Smak, A. Minimal linear codes from weakly regular plateaued balanced functions. Discret. Math. 2021, 344, 112215. [CrossRef]

8. Yang, S.D. Complete weight enumerators of linear codes based on Weil sums. IEEE Commun. Lett. 2021, 25, 346-350. [CrossRef]

9. Zhang, TH.; Lu, H; Yang, S.D. Two-weight and three-weight linear codes constructed from Weil sums. Math. Found. Comput.
2022, 5, 129-144. [CrossRef]

10. Zheng, D.B.; Zhao, Q.; Wang, X.Q.; Zhang, Y. A class of two or three weights linear codes and their complete weight enumerators.
Discret. Math. 2021, 344, 112355. [CrossRef]

11. Heng, Z.L,; Li, D.X;; Du, J.; Chen, EL. A family of projective two-weight linear codes. Des. Codes Cryptogr. 2021, 89, 1993-2007.
[CrossRef]

12.  Tang, C.M,; Li, N,; Qi, Y.E; Zhou, Z.C.; Helleseth, T. Linear codes with two or three weights from weakly regular bent functions.
IEEE Trans. Inf. Theory 2016, 62, 1166-1176. [CrossRef]

13. Tang, C.M.; Qi, Y.F; Huang, D.M. Two-weight and three-weight linear codes from square functions. IEEE Commun. Lett. 2016, 20,

29-32. [CrossRef]


http://doi.org/10.1016/j.disc.2021.112597
http://dx.doi.org/10.1016/j.disc.2019.06.025
http://dx.doi.org/10.1109/TIT.2019.2956130
http://dx.doi.org/10.1109/TIT.2022.3145337
http://dx.doi.org/10.1016/j.disc.2020.112215
http://dx.doi.org/10.1109/LCOMM.2020.3027754
http://dx.doi.org/10.3934/mfc.2021041
http://dx.doi.org/10.1016/j.disc.2021.112355
http://dx.doi.org/10.1007/s10623-021-00896-2
http://dx.doi.org/10.1109/TIT.2016.2518678
http://dx.doi.org/10.1109/LCOMM.2015.2497344

Entropy 2024, 26, 455 19 of 19

14.
15.

16.
17.
18.
19.
20.
21.

22.

23.

24.
25.

26.

Ding, C.S.; Niederreiter, H. Cyclotomic linear codes of order 3. IEEE Trans. Inf. Theory 2007, 53, 2274-2277. [CrossRef]

Li, CJ.; Yue, Q.; Fu, EW. A construction of several classes of two-weight and three-weight linear codes. Appl. Algebra Eng.
Commun. Comput. 2017, 28, 11-30. [CrossRef]

Wu, Y.N,; Li, N.; Zeng, X.Y. Linear codes with few weights from cyclotomic classes and weakly regular bent functions. Des. Codes
Cryptogr. 2020, 88, 1255-1272. [CrossRef]

Smak, A. Construction of minimal linear codes with few weights from weakly regular plateaued functions. Turk. ]. Math. 2022, 46,
953-972. [CrossRef]

Yang, S.D.; Zhang, T.H.; Li, P. Linear codes from two weakly regular plateaued balanced functions. Entropy 2023, 25, 369.
[CrossRef] [PubMed]

Ireland, K.; Rosen, M. A Classical Introduction to Modern Number Theory; Springer: New York, NY, USA, 1990.

Lidl, R.; Niederreiter, H. Finite Fields; Cambridge University Press: Cambridge, UK, 1997.

Zheng, Y.L.; Zhang, X.M. Plateaued functions. In Proceedings of the International Conference on Information and Communica-
tions Security, Sydney, NSW, Australia, 9-11 November 1999; Springer: New York, NY, USA, 1999; pp. 284-300.

Mesnager, S. Characterizations of plateaued and bent functions in characteristic p. In Proceedings of the International Conference
on Sequences and Their Applications, SETA-2014, Melbourne, VIC, Australia, 24-28 November 2014; Springer: Cham, Switzerland,
2014; pp. 72-82.

Mesnager, S.; Ozbudak, F,; Smak, A. Linear codes from weakly regular plateaued functions and their secret sharing schemes. Des.
Codes Cryptogr. 2019, 87, 463-480. [CrossRef]

Ashikhmin, A.; Barg, A. Minimal vectors in linear codes. IEEE Trans. Inf. Theory 1998, 44, 2010-2017. [CrossRef]

Ding, C.S.; Yuan, J. Covering and secret sharing with linear codes. In Discrete Mathematics and Theoretical Computer Science;
Springer: Berlin/Heidelberg, Germany, 2003; pp. 11-25.

Yuan, J.; Ding, C.S. Secret sharing schemes from three classes of linear codes. IEEE Trans. Inf. Theory 2006, 52, 206-212. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1109/TIT.2007.896886
http://dx.doi.org/10.1007/s00200-016-0297-4
http://dx.doi.org/10.1007/s10623-020-00744-9
http://dx.doi.org/10.55730/1300-0098.3135
http://dx.doi.org/10.3390/e25020369
http://www.ncbi.nlm.nih.gov/pubmed/36832735
http://dx.doi.org/10.1007/s10623-018-0556-4
http://dx.doi.org/10.1109/18.705584
http://dx.doi.org/10.1109/TIT.2005.860412

	Introduction
	Mathematical Background
	Cyclotomic Classes and Cyclotomic Fields
	Exponential Sums
	Weakly Regular Plateaued Functions

	Auxiliary Results
	Main Results
	The Calculation of  N0 
	Weight Distributions of CDf,g from WRP or WRPB

	Minimality of the Codes and Their Applications
	Conclusions
	References

