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Abstract: In this paper, we consider classes of decision tables with many-valued decisions closed
under operations of the removal of columns, the changing of decisions, the permutation of columns,
and the duplication of columns. We study relationships among three parameters of these tables: the
complexity of a decision table (if we consider the depth of the decision trees, then the complexity
of a decision table is the number of columns in it), the minimum complexity of a deterministic
decision tree, and the minimum complexity of a nondeterministic decision tree. We consider the
rough classification of functions characterizing relationships and enumerate all possible seven types
of relationships.
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1. Introduction

In this paper, we consider closed classes of decision tables with many-valued decisions
and study the relationships among three parameters of these tables: the complexity of a

check for decision table (if we consider the depth of decision trees, then the complexity of a decision

updates table is the number of columns in it), the minimum complexity of a deterministic decision
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on these queries: deterministic and nondeterministic decision trees. One can interpret
nondeterministic decision trees for a decision table as a way to represent an arbitrary
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Decision tables with many-valued decisions often appear in data analysis, where
they are known as multilabel decision tables [1-3]. Moreover, decision tables with many-
valued decisions are common in such areas as combinatorial optimization, computational
geometry, and fault diagnosis, where they are used to represent and explore problems.
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ied quite intensively [14-16]. Note that the minimum depth of a nondeterministic decision
tree for a Boolean function is equal to its certificate complexity [17].

We study classes of decision tables with many-valued decisions closed under four
operations: the removal of columns, the changing of decisions, the permutation of columns,
and the duplication of columns. The most natural examples of such classes are closed
classes of decision tables generated by information systems [18]. An information system
consists of a set of objects (universe) and a set of attributes (functions) defined on the
universe and with values from a finite set. A problem over an information system is
specified by a finite number of attributes that divide the universe into nonempty domains
in which these attributes have fixed values. A nonempty finite set of decisions is attached
to each domain. For a given object from the universe, it is required to find a decision from
the set attached to the domain containing this object.

A decision table with many-valued decisions corresponds to this problem in a natural
way: the columns of this table are labeled with the considered attributes, and the rows
correspond to domains and are labeled with sets of decisions attached to domains. The set
of decision tables corresponding to problems over an information system forms a closed
class generated by this system. Note that the family of all closed classes is essentially wider
than the family of closed classes generated by information systems. In particular, the union
of two closed classes generated by two information systems is a closed class. However,
generally, there is not an information system that generates this class.

Various classes of objects that are closed under different operations have been inten-
sively studied. Among them, in particular, are classes of Boolean functions closed under
the operation of superposition [19], minor-closed classes of graphs [20], classes of read-once
Boolean functions closed under the removal of variables and the renaming of variables,
languages closed under taking factors, etc. Decision tables represent an interesting mathe-
matical object deserving mathematical research, particularly regarding the study of closed
classes of decision tables.

This paper continues the study of closed classes of decision tables that started with the
work of [21] and that were frozen for various reasons for many years. In [21], we studied
the dependence of the minimum depth of deterministic decision trees and the depth of
deterministic decision trees constructed by a greedy algorithm on the number of attributes
(columns) for conventional decision tables from classes closed under operations of the
removal of columns and the changing of decisions.

In the present paper, we study so-called t pairs (C, ), where C is a class of decision
tables closed under the considered four operations, and  is a complexity measure for this
class. The t pair is called limited if ¥ is a limited complexity measure. For any decision
table T € C, we have three parameters:

e ¢/(T)—The complexity of the decision table T. This parameter is equal to the com-
plexity of a deterministic decision tree for the table T, which sequentially computes
the values of all attributes attached to columns of T.

e ¥ (T)—The minimum complexity of a deterministic decision tree for the table T.

e *(T)—The minimum complexity of a nondeterministic decision tree for the table T.

We investigate the relationships between any two such parameters for decision tables
from C. Let us consider, for example, the parameters ¢/ (T) and ¢ (T). Let n € N. We study
relations of the kind /(T) < n = ¢4(T) < u, which are true for any table T € C. The
minimum value of u is the most interesting for us. This value (if it exists) is equal to

Ugi,(n) = max{¢d(T) T eCyi(T) < n}.

We also study relations of the kind ¢(T) > n = ¢4(T) > I. In this case, the maximum
value of [ is the most interesting for us. This value (if it exists) is equal to

cdi,(n) = min{lpd(T) T eCyi(T) > n}.
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The two functions Z/Igfp and Egiw describe how the behavior of the parameter ¢*(T)

depends on the behavior of the parameter ! (T) for tables from C.

There are 18 similar functions for all ordered pairs of parameters ' (T), ¢*(T), and
§*(T). These 18 functions well describe the relationships among the considered parameters.
It would be very interesting to point out the 18 tuples of these functions for all t pairs and
all limited t pairs. But, this is a very difficult problem.

In this paper, instead of functions, we study types of functions. With any partial
function f : N — N, we associate its type from the set {«, B,,, €}. For example, if the
function f has an infinite domain, and it is bounded from above, then its type is equal to
«. If the function f has an infinite domain, is not bounded from above, and the inequality
f(n) > nholds for a finite number of n € N, then its type is equal to B. Thus, we enumerate
the 18 tuples of the types of functions. These tuples are represented in tables called the
types of t-pairs. We prove that there are only seven realizable types of t pairs and only five
realizable types of limited t pairs.

First, we study 9 tuples of the types of functions Ugfp, b,c € {i,d,a}. These tuples are
represented in tables called upper types of t pairs. We enumerate all the realizable upper
types of t pairs and limited t pairs. After that, we extend the results obtained for the upper
types of t pairs to the case of the types of t pairs. We also define the notion of a union of
two t pairs and study the upper type of the resulting t pair, thus depending on the upper
types of the initial t pairs.

The obtained results allow us to point out cases where the complexity of deterministic
and nondeterministic decision trees is essentially less than the complexity of the decision
table (see Section 2.3). This finding may prove useful in related applications.

This paper is based on the work of [22], in which similar results were obtained for
classes of problems over information systems. We have generalized proofs from [22] to the
case of decision tables from closed classes and use some results from this paper to prove
the existence of t pairs and limited t pairs with given upper types.

In our previous work [7], we considered functions characterizing the growth in the
worst case of the minimum complexity of deterministic and nondeterministic decision
trees with the growth of the complexity of the set of attributes attached to columns of the
conventional decision table and also obtained preliminary results on the behavior of the
function characterizing the relationship between the former two parameters. In the current
work, we mainly focus on the rough classification of types.

The paper consists of eight sections. In Section 2, the basic definitions are considered.
In Section 3, we provide the main results related to the types of t pairs and limited t pairs. In
Sections 4-6, we study the upper types of t pairs and the limited t pairs. Section 7 contains
proofs of the main results, and Section 8 provides short conclusions.

2. Basic Definitions
2.1. Decision Tables and Closed Classes

Let N = {0,1,2,...} be the set of non-negative integers. For any k € N\ {0,1}, let
Ex ={0,1,...,k —1}. The set of nonempty finite subsets of the set N will be denoted by
P(N). Let F be a nonempty set of attributes (really, the names of attributes).

Definition 1. We now define the set of decision tables My (F). An arbitrary decision table T from
this set is a rectangular table with n € N\ {0} columns labeled with attributes fi, ..., fy € F,
where any two columns labeled with the same attribute are equal. The rows of this table are pairwise
different and are filled in with numbers from Ey. Each row is interpreted as a tuple of values of
attributes fi, ..., fu. For each row in the table, a set from P (N) is attached, which is interpreted as
a set of decisions for this row.

Example 1. Three decision tables Ty, T, and T3 from the set My(Fy), where Fy = {f1, f2, f3},
are shown in Figure 1.
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fi f i fo fs
0 0| {1} 1 0 0 {12
Ti=|1 0]{23 =0 1 0] {13}
0o 1| {2} 0 0 1| {4
1 1| {4} 0 0 0 {123}
A A f3
0 0 0]{L3}
;=1 1 0] {1}
0o 0 1] {2)
1 1 1]{1,2}

Figure 1. Decision tables Ty, T, and T5.

We correspond to the table T the following problem: for a given row of T, we should
recognize a decision from the set of decisions attached to this row. To this end, we can use
queries about the values of the attributes for this row.

We denote as At(T) the set {f1,..., fu} of attributes attached to the columns of T.
IT(T) denotes the intersection of the sets of decisions attached to the rows of T, and by
A(T), we denote the set of rows of the table T. Decisions from I1(T) are called common
decisions for T. The table T will be called degenerate if A(T) = @ or if TI(T) # @. We denote
as M (F) the set of degenerate decision tables from M (F).

Example 2. Two degenerate decision tables, D1 and D,, are shown in Figure 2.

i fo f3
00 {12}

1
Di=[fi_ f]] 2=l 1 0 {13
0

0 0 {123}

Figure 2. Degenerate decision tables D; and D,.

Definition 2. A subtable of the table T is a table obtained from T through the removal of some of
its rows. Let ©(T) = {(f,9) : f € AH(T),6 € Ex} and ©*(T) be the set of all finite words in the
alphabet ©(T), including the empty word A. Let « € ©*(T). We now define a subtable Tw of the
table T. If & = A, then T = T. Let & = (f;,,01) - - - (fi,,, Om). Then, Tw consists of all the rows of
T that, in the intersection with columns f; , ..., f;,, have values &y, . .., 6y, respectively.

Example 3. Two subtables of the tables Ty and T, (depicted in Figure 1) are shown in Figure 3.

i f
Ti(fi,1)=] 1 0 ]{23}
1 1] {4}
T2(f1,0)(f2,0)(f3,0) = ](()1 {)2 J;% {1,2,3}

Figure 3. Subtables T1(f1,1) and T»(f1,0)(f2,0)(f3,0) of tables T} and T, shown in Figure 1.

We now define four operations on the set M (F) of decision tables:

Definition 3. Removal of columns: We can remove an arbitrary column in a table T with at least
two columns. As a result, the obtained table can have groups of equal rows. We keep only the first
row in each such group.
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Definition 4. Changing of decisions: In a given table T, we can change in an arbitrary way sets of
decisions attached to rows.

Definition 5. Permutation of columns: We can swap any two columns in a table T, including the
attached attribute names.

Definition 6. Duplication of columns: For any column in a table T, we can add its duplicate next
to that column.

Definitions 5 and 6 characterize the two most natural examples of operations applied
to information systems. Definitions 3 and 4 allows us to say that we cover important classes
of information systems (see Section 2.4).

Example 4. Decision tables T{,T;,T)', and T} depicted in Figure 4 are obtained from decision
tables Ty and T, shown in Figure 1 by operations of changing the decisions, removal of columns,
permutation of columns, and duplication of columns, respectively.

i f
00 [ {L4] i
T'=| 1 o0 |{23} T, =1 [ {1,2]
0o 1| {3} 0| {1,3)
1 1| {4
fr f A o o fs
0 0 {1} 1 0 0 0 {1,2}
Tlﬂz 0 1 {2,3} Tﬁ’z 0 1 1 0 {1,3}
1 0 {2} 0 0 0 1 {4}
1 1 {4} 0 0 0 o0]({123}

Figure 4. Decision tables T;,T},T;’, and T} obtained from tables T; and T, shown in Figure 1 by
operations of changing the decisions, removal of columns, permutation of columns, and duplication
of columns, respectively.

Definition 7. Let T € My(F). The closure of the table T is a set, which contains all the tables
that can be obtained from T by the operations of the removal of columns, the changing of decisions,

the permutation of columns, and the duplication of columns using only such tables. We denote the
closure of the table T by [T). It is clear that T € [T).

Definition 8. Let C C M(F). The closure [C] of the set C is defined in the following way:
[C] = UreclT]. We say that C is a closed class if C = [C]. In particular, the empty set of tables is a
closed class.

Example 5. We now consider a closed class Cy of decision tables from the set My ({ f1, f2}), which
is equal to [Q], where the decision table Q is depicted in Figure 5. The closed class Cy contains all
the tables depicted in Fiqure 6 and all the tables that can be obtained from them by the operations of
the duplication of columns and the permutation of columns.

5
1 0 1
Q=lo 1|2
0 0] {3

Figure 5. Decision table Q.
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fl f2 7 fl f2
1 0

Q= 1 d; Q=|1|dy Q3=| 0 | d¢
0 0 |ds 0 | ds 1 | d;

Figure 6. Decision tables from closed class Cy, where dy, ..., d7 € P(N).

If C; and C; are closed classes belonging to My(F), then C; UC; is also a closed
class. We can consider closed classes C; and C; belonging to different sets of decision
tables. Let C; C My, (F) and C; C My, (F). Then, C; UC; is a closed class, and
CiUC, C Mmax(kl,kz) (FL U Fz).

2.2. Deterministic and Nondeterministic Decision Trees

A finite directed tree with the root is a finite directed tree in which exactly one node
has no entering edges. This node is called the root. Nodes of the tree, which have no
outgoing edges, are called terminal nodes. Nodes that are neither the root nor the terminal
are called worker nodes. A complete path in a finite directed tree with the root is any
sequence of nodes and edges starting from the root node and ending with a terminal node
¢ =00,d0,...,9m, dm, VUmy1, Wwhere d; is the edge outgoing from the node v; and entering
thenodev;.4,i =0,...,m.

Definition 9. A decision tree over the set of decision tables My (F) is a labeled finite directed
tree with the root with at least two nodes (the root and a terminal node) possessing the following
properties:

o  The root and the edges outgoing from the root are not labeled.

e Each worker node is labeled with an attribute from the set F.

e Each edge outgoing from a worker node is labeled with a number from Ej.
e Each terminal node is labeled with a number from N.

We denote as T (F) the set of decision trees over the set of decision tables M (F).

Definition 10. A decision tree from Ty.(F) is called deterministic if it satisfies the following conditions:

o Exactly one edge leaves the root.
o The edges outgoing from each worker node are labeled with pairwise different numbers.

Let I be a decision tree from T (F). Denote as At(T') the set of attributes attached to
the worker nodes of I'. Set @(T') = {(f,9) : f € At(T),d € Ei}. Denote as @*(T) the set of
all finite words in the alphabet ©(T'), including the empty word A. We correspond to an
arbitrary complete path § = vg,do, ..., Um, dm, V41 In T, as well as a word 7(§). If m = 0,
then 71(¢) = A. Let m > 0 and, fori = 1,...,m, the node v; is labeled with an attribute
fj.» and the edge d; is labeled with the number ¢;. Then, 7(¢) = (fj,, 1) - - - (f;,,, om). We
denote as 7(&) the number attached to the terminal node of the path {. We denote as
Path(T) the set of complete paths in the tree T’

Definition 11. Let T € M(F). A nondeterministic decision tree for the table T is a decision tree

I over M (F) satisfying the following conditions:

e AH) C AK(T).

* Ueepan(r) A(T7(E)) = A(T).

e Forany rowr € A(T) and any complete path & € Path(T), if r € A(Tnt(E)), then ()
belongs to the set of decisions attached to the row r.

Example 6. Nondeterministic decision trees I'1 and I'y for decision tables Ty and T, shown in
Figure 1 are depicted in Figure 7.
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Figure 7. Nondeterministic decision trees I'1 and I'; for decision tables T7 and T, depicted in Figure 1.

Definition 12. A deterministic decision tree for the table T is a deterministic decision tree over
M(F), which is a nondeterministic decision tree for the table T.

Example 7. Deterministic decision trees Ty and T, for decision tables Ty and T, shown in Figure 1
are depicted in Figure §.

Figure 8. Deterministic decision trees I} and I'} for decision tables T} and T, depicted in Figure 1.

2.3. Complexity Measures

Denote as F* the set of all finite words over the alphabet F, including the empty
word A.

Definition 13. A complexity measure over the set of decision tables M (F) is any mapping
P:F* = N

Definition 14. The complexity measure ) will be called limited if it possesses the following properties:

@ P(agar) < ¢P(aq) +Pp(az) for any ay, ap € F*.
(b) Y(aapaz) > P(aqaz) for any aq, ap, a3 € F*.
(c) Forany a € F*, the inequality p(«) > |a| holds, where || is the length of a.

We extend an arbitrary complexity measure i onto the set 7;(F) in the following
way. LetI' € Ti(F). Then, ¢(I') = max{y(¢({)) : ¢ € Path(I')}, where ¢(¢) = A if

() =Aand ¢(&) = f1-- fm if ©(&) = (f1,01) - - - (fm, Om)- The value p(T') will be called
the complexity of the decision tree T'.
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We now consider an example of a complexity measure. Let w : F — N\ {0}. We define
the function ¢* : F* — N in the following way: ¢“(¢) = 0if & = A and ™ (a) = 112, w(fi)
ifa = f1--- fiu. The function ™ is a limited complexity measure over M (F), and it is
called a weighted depth. If w = 1, then the function ¢% is called the depth and is denoted by h.

Let i be a complexity measure over My (F) and T be a decision table from M (F), in
which rows are labeled with attributes fi, ..., f,. The value ¢!(T) = ¥(f1 - - - fu) is called
the complexity of the decision table T. We denote by ¢ (T) the minimum complexity of a
deterministic decision tree for the table T. We denote by ¢*(T) the minimum complexity of
a nondeterministic decision tree for the table T.

2.4. Information Systems

Let A be a nonempty set and F be a nonempty set of functions from A to Ej.

Definition 15. Functions from F are called attributes, and the pair U = (A, F) is called an
information system.

Definition 16. A problem over U is any (n + 1) tuplez = (v, f1,..., fn), where n € N'\ {0},
v:E! = P(N),and fi,...,fs € F.

The problem z can be interpreted as a problem of searching for at least one number
from the set z(a) = v(f1(a), ..., fu(a)) for a given a € A. We denote as Probl(U) the set of
problems over the information system U.

We correspond to the problem z a decision table T(z) € My(F). This table has n
columns labeled with attributes fi, ..., fy. Atupled = (d1,...,8,) € E}! is a row of the
table T(z) if and only if the system of equations

{fi(x) =01, fulx) = 6u}

has a solution from the set A. This row is labeled with the set of decisions v(6). Let
Tab(U) = {T(z) : z € Probl(U)}. One can show that the set Tab(U) is a closed class of
decision tables.

Closed classes of decision tables based on information systems are the most nat-
ural examples of closed classes. However, the notion of a closed class is essentially
wider. In particular, the union Tab(U;) U Tab(U,), where U; and U, are information
systems, is a closed class, but generally, we cannot find an information system U such that
Tab(U) = Tab(Uy) U Tab(Uy).

2.5. Types of T Pairs
First, we define the notion of a t pair.

Definition 17. A pair (C, ), where C is a closed class of decision tables from My(F), and ¢
is a complexity measure over My(F), is called a test pair (or t pair for short). If ¢ is a limited
complexity measure, then t pair (C, ) will be called a limited t pair.

Let (C, ) be a t pair. We have three parameters ¢/(T), $*(T), and ¢*(T) for any
decision table T € C. We now define functions that describe the relationships among these
parameters. Let b, c € {i,d,a}.

Definition 18. We define the partial functions L{gfp :N — Nand Ezcw :N — Nas

Ul (n) = max{lpb(T) T eCyf(T) < n},
e (n) = min{lpb(T) T e C,y°(T) > n}.
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If the value Ugfp (n) is definite, then it is the unimprovable upper bound on the values
¢P(T) for tables T € C satisfying y°(T) < n. If the value L',chp( n) is definite, then it is the
unimprovable lower bound on the values ’(T) for tables T € C satisfying ¢°(T) > n.

Let g be a partial function from N to N. We denote as Dom(g) the domain of g. Denote
Dom™(¢) = {n:n € Dom(g),g(n) > n} and Dom™ (g) = {n:n € Dom(g),g(n) < n}.

Definition 19. Now, we define the value typ(g) € {«, B, v, d,€} as the type of g. Then, we have
the following:

*  IfDom(g) is an infinite set and g is bounded from the above function, then typ(g) = .
o IfDom(g) is an infinite set, Dom™ (g) is a finite set, and g is unbounded from the above

function, then typ(g) = B.
o Ifboth sets Dom™ (g) and Dom™ (g) are infinite, then typ(g) = 1.

e IfDom(g) is an infinite set and Dom™ (g) is a finite set, then typ(g) = 6.
e IfDom(g) is a finite set, then typ(g) = €.

Example 8. One can show that typ(1) = a, typ([log, n]) = B, typ(n) = v, typ(n?) = 6, and
typ(rmy) = €

Definition 20. We now define the table typ(C, ), which is called the type of t pair (C, ). This is a
table with three rows and three columns, in which the rows from top to bottom and the columns from
left to right are labeled with the indices i,d, a. The pair typ(ﬁléf/}) typ(ugfp) is in the intersection of

the row with index b € {i,d,a} and the column with index ¢ € {i,d,a}.

3. Main Results

The main problem investigated in this paper is finding all the types of t pairs and
limited t pairs. The solution to this problem describes all the possible (in terms of functions
L{é’fp, Eléfip and types, b, c € {i,d,a}) relationships among the complexity of decision tables,
the minimum complexity of the nondeterministic decision trees for them, and the minimum
complexity of the deterministic decision trees for these tables. We now define seven tables:

i d a i d a
T, — i | ex ex en T, — i|yy €€ €€
P71 d | en en en 27 d | an en en
a|ex ex ew a | ax  ex  €x
i d a i d a
Tn — i| vy de €€ T, — i| vy e €€
S7Tld | ap gy ee N I B I ="=
a| ax  oax  €en a | ax  oax €ex
i d a i d a
Te—| LYY e e .| LYy e e
5= 6 — d 5
Oy oYY Yy oy Yy
alay Yy Y alay By vy
i d a
o L N CR
=
dlay yy e
a | ey ay Yy

Theorem 1. For any t pair (C,), the relation typ(C, ¢) € {Ty, T, T3, Tu, T5, Tg, T7 } holds. For
any i € {1,2,3,4,5,6,7}, there exists a t pair (C, {) such that typ(C, ) = T;.
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Theorem 2. For any limited t pair (C, ), the relation typ(C, ¢) € {T», T3, T5, Ty, T; } holds. For
anyi € {2,3,5,6,7}, there exists a limited t pair (C, h) such that typ(C,h) = T;.

4. Possible Upper Types of T Pairs

We begin our study by considering the upper type of t pair, which is a simpler object
than the type of t pair.

Definition 21. Let (C,) be a t pair. We now define table typ, (C, ), which will be called the
upper type of t pair (C, ). This is a table with three rows and three columns, in which the rows
from top to bottom and the columns from left to right are labeled with the indices i,d, a. The value
typ(ucbfp) is in the intersection of the row with index b € {i,d,a} and the column with index

c € {i,d,a}. The table typ,,(C, ) is called the upper type of t pair (C, ).

In this section, all possible upper types of t pairs are enumerated. We now define
seven tables:

i d a i d a i d a
H = i | o « t = i|y € € ty = iy € €
dla a «a d|la a « d| B v €
alae a «o ala o « ala a
i d a i d a i d a
b = iy € € s = iy € € b = i|vy € €
dly v € dly v v dly v ¢
aleae o o aly v v aly v v

i d a

t7:i Y € €

d|lvy v €

aly v

Proposition 1. For any t pair (C,1), the relation typ,(C, ) € {t1,t2, t3, t4,t5,te, t7} holds.
Proposition 2. For any limited t pair (C,), the relation typ,,(C,¢) € {to, t3,t5, ts, t7} holds.
We divide the proofs of the propositions into a sequence of lemmas.

Lemma 1. Let T be a decision table from a set of decision tables M(F), and let { be a complexity
measure over My (F). Then, the inequalities " (T) < ¢*(T) < ¢/(T) hold.

Proof. Let the columns of table T be labeled with the attributes fi, ..., f,. It is not difficult
to construct a deterministic decision tree Iy for table T, which sequentially computes the
values of attributes fi, ..., f,. Evidently, ¢(Tg) = ¢/(T). Therefore, y*(T) < ¢/(T). If a
decision tree I is a deterministic decision tree for T, then I is a nondeterministic decision
tree for T. Therefore, ¢*(T) < ¢*(T). O

Let (C, ) beatpair,n € N,and b,c € {i,d,a}. The notation ngfp(n) = oo means that
the set X = {¢"(T) : T € C,¢°(T) < n} is infinite. The notation Mcbfp(n) = @ means that

the set X is empty. Evidently, if L{é’fﬁ(n) = oo, then Ué’fp(n +1) = oo. It is not difficult to
prove the following statement.

Lemma 2. Let (C,¢) be a t pair, and b, c € {i,d,a}. Then, we have the following:
(a) If there exists n € N such that L{gf/}(n) = oo, then typ(ugfp) =e

(b) If there is no n € N such that L{ng(n) = oo, then Dom(Z/{é’fp) ={n:neNn>np},
where ng = min{y“(T) : T € C}.
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Let (C, ) beatpair,and b,c,e, f € {i,d,a}. The notation L{bep 4 Z’{Ce{p means that, for
any n € N, the following statements hold:

(a) If the value L{é’fﬁ(n) is definite, then either Z/Iéj;(n) = oo or the value Z/[é{p(n) is
definite, and the inequality Z/lgfp(n) < Z/léfp(n) holds.

(b) I UL () = oo, then U, () = .
Let < be a linear order on the set {«, B,7,6,€} such thata < f <y <6 <e.

Lemm2 3. Let (C‘; ;p) be a t Zuir. Then, ty'p(Z/lgip) =< typ(ugé) = typ(ugfp) and
typ(Upy) = typ(Uey) = typ(Upy) forany b € {i,d,a}.

Proof. From the definition of the functions L{é’fp, b,c € {i,d,a} and from Lemma 1, it follows
that L{gip N Ugi N Ugfp and Z/lglbp Q Z/Igf;, AU} forany b € {i,d,a}. Using these relations and

P
Lemma 2, we obtain the statement of the lemma. O

Lemma 4. Let (C,¢) be a t pair, and b,c € {i,d,a}. Then, we have the following:
(a) typ(ngfp) = a if and only if the function " is bounded from above on the closed class C.

(b) If the function " is unbounded from above on C, then typ (L{bep) =1.

Proof. The statement (a) is obvious. For (b), let the function ¢’ be unbounded from above
on C. One can show that in this case the equality Z/{%(n) = n holds for infinitely many

n € N. Therefore, typ(ucbblp) =v. O
Corollary 1. Let (C, ) bea t pair,and b € {i,d,a}. Then, typ(blchf’p) € {7}
Lemma 5. Let (C,y) be a t pair, and typ (Z/{(';,"w) # . Then,

typ(UEy) = typ(UE,) = €.

Proof. Using Lemma 4, we conclude that the function ¢ is unbounded from above on C.
Let m € N. Then, there exists a decision table T € C for which the inequality ¢/(T) > m
holds. Let us consider a degenerate decision table T’ € C obtained from T by replacing
the sets of decisions attached to the rows by the set {0}. It is clear that (T") > m. Let T
be a decision tree that consists of the root, the terminal node labeled with 0, and the edge
connecting these two nodes. One can show that I' is a deterministic decision tree for the
table T’. Therefore, y*(T") < ¢*(T") < ¢(T) = ¢(A). Taking into account that m is an
arbitrary number from N, we obtain L{é‘fp(lp()\)) = oo and Z/{é”w(lp(/\)) = o0. Using Lemma 2,

we conclude that typ(Z/{é”fp) = typ(Ué”¢) —c. O

Example 9. Let us consider a t pair (Co, ), where Cy is a closed class described in Example 5.
It is clear that the function h' is unbounded from above on Cy, and the functions h® and h" are
bounded from above on Cy. Using Lemma 4, we obtain that typ(L{gé’h) = typ(ugé’h) =« for any
b e {ida}, and typ(ug;)h) = 1. Using Lemma 5, typ(Z/Ié‘éh) = typ(Z/{é‘éh) = €. Therefore,
typ, (Co h) = ta.

Lemma 6. Let (C,y) be a t pair. Then, typ(ugil]) € {a, v}

Proof. Using Lemma 3 and Corollary 1, we obtain typ(ugfp) € {a,B,v}. Using Lemma 2,

Dom( gip) ={n:n e N,n>np} for some ny € N. Set D = Dom( gp) Assume that

typ( gip) = B. Then, there exists m € D such that L{gip(n) < nforanyn € D,n > m.
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Let us prove by induction on # that, for any decision table T from C, if /(T) < n, then
Y*(T) < mg, where my = max{m, (A)}. Using Lemma 1, we conclude that the considered
statement holds under the condition n < m. Let it hold for some n,n > m. Let us show that
this statement holds for 7 + 1 too. Let T € C, ¢'(T) < n + 1, and let the columns of the table
T be labeled with the attributes f;,..., f; . Since n +1 > m, we obtain $*(T) < n. Let I be
a nondeterministic decision tree for the table T, and ¢(I') = *(T). Assume that in T, there
exists a complete path ¢ in which there are no worker nodes. In this case, a decision tree that
consists of the root, the terminal node labeled with 7(¢), and the edge connecting these two
nodes is a nondeterministic decision tree for the table T. Therefore, ¢*(T) < ¢(A) < my.
Assume now that each complete path in the decision tree I' contains a worker node. Let
¢ € Path(I'), A(T(G)) # @, ¢ = vo,do, - .., Up, dp, vpy1and, fori=1,...,p, thenode v; is
labeled with the attribute f;, and the edge d; is labeled with the number J;. Let the decision
table T’ be obtained from the decision table T using the operations of the permutation of
columns and the duplication of columns so that its columns are labeled with attributes
fir--s fps fiys- -+ fi,- We obtain the decision table T from T’ by removal of the last k
columns. Let us denote as T the decision table obtained from T by changing the set of
decisions corresponding to the row (41, ...,0,) with {7(&)} and for the remaining rows
with {7(¢) 4 1}. It is clear that ' (Tz) < n. Using the inductive hypothesis, we conclude
that there exists a nondeterministic decision tree It for the table Tz such that ¢(T'z) < my.
We denote as ['; a tree obtained from I's by the removal of all the nodes and edges that
satisfy the following condition: there is not a complete path ¢’ in I's that contains this node
or edge and for which 7(¢') = 7(&). Let {¢ : ¢ € Path(I'), A(Tn(¢)) # @} = {¢1,...,Cr )
Let us identify the roots of the trees fév e, l:gy. We denote as G the obtained tree. It is not
difficult to show that G is a nondeterministic decision tree for the table T, and ¥(G) < my.
Thus, the considered statement holds. Using Lemma 4, we conclude that typ(Z/lC”ip) =a.

The obtained contradiction shows that typ(ug’;p) e{a,v}. O

Let T be a decision table from M (F). We now give the definitions of the parameters
N(T) and M(T) of the table T.

Definition 22. We denote as N(T) the number of rows in the table T.

Definition 23. Let the columns of table T be labeled with the attributes fi, ..., fu, € F. We now
define the parameter M(T). If table T is degenerate, then M(T) = 0. Let T now be a nondegenerate
table,and 6 = (64,. .., o) € E[. Then, M(T, 5) is the minimum natural m such that there exist
attributes f; ..., fi, € At(T) for which T(f;,,d;,) - - - (fi,, i, ) is a degenerate table. We denote
M(T) = max{M(T,é) : 6 € E}'}.

The following statement follows immediately from Theorem 3.5 [23].

Lemma 7. Let T be a nonempty decision table from My (F) in which each row is labeled with a set
containing only one decision. Then,

h(T) < M(T)log, N(T).

Lemma 8. Let (C, ) be a limited t pair, and typ(ugip) = . Then, typ(ugfp) € {a, B}

Proof. Using Lemma 4, we conclude that there exists ¥ € N such that the inequality
¢*(T) < r holds for any table T € C.

Let T be a nonempty table from C in which the columns are labeled with the at-
tributes f1,...,fnand & = (6y,...,6,) € E{. We now show that there exist attributes
fiys-- s fi, € AH(T) such that the subtable T(6) = T(f1,61) - - - (fu, 6u) is equal to the sub-
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table T(f;,, 6i,) - - - (fi,., 9i,,), and m < rif 6 is a row of T; as well, m < r +1if § is not a row
of T.

Let 5 be a row of T. Let us change the set of decisions attached to the row § with
the set {1} and for the remaining rows of T with the set {0}. We denote the obtained
table as T'. It is clear that T’ € C. Taking into account that ¢*(T’) < r and the complex-
ity measure ¢ has the property (c), it is not difficult to show that there exist attributes
fiys--or fin € AH(T') = AH(T) such that m < r, and T'(f; ,é;,) - - - (fi,,Ji,) contains only
the row 4. From here, it follows that T(8) = T(f;,, 6;,) - - - (fi,,, 6i,,)-

Let 6 be not a row of T. Let us show that there exist attributes f; , ..., f;, € At(T) such
that m < r 41, and the subtable T(f;,,d;,) - - - (fi,,, i, ) is empty. If T(f1, 1) is empty, then
the considered statement holds. Otherwise, there exists g € {1,...,n — 1} such that the
subtable T(f1,61) - - - (fg,94) is nonempty, but the subtable T(f1,d1) - - - (fg41,94+1) is empty.
We denote as T’ the table obtained from T by the removal of the attributes f;(1,..., fu. Itis
clear that T' € C, and (44, .. ., (Sq) is a row of T". According to what has been proven above,
there exist attributes f; ,..., fi, € {f1,..., fs} such that

T'(fi,04) -+ (fi, 61,) = T'(f1,61) - -~ (fg, 5g)

and p < r. Using this fact, one can show that T(f;,,d;,) - - - (fi,, 6i,) (fg+1,04+1) is empty
and is equal to T(§).

Let Ty € C. We denote as T, the decision table obtained from T; by the removal of
all the columns in which all the numbers are equal. Let the columns of T; be labeled with
attributes f, ..., fu. We now consider the decision table T3, which is obtained from T, by
changing the decisions so that the decision set attached to each row of table T3 contains only
one decision and, for any two non-equal rows, the corresponding decisions are different. It
is clear that T3 € C. It is not difficult to show that ¥ (Ty) < ¢*(T>) < ¢4(T3).

We now show that the inequality ¢(f) < r holds for any attribute f € At(T3). Let us
denote as T’ the decision table obtained from T3 by the removal of all the columns except
the column labeled with the attribute f. If there is more than one column in T3, which is
labeled with the attribute f, then we keep only one of them. Let the decision table Ty be
obtained from T’ by changing the set of decisions for each row (6) with the set of decisions
{0}. Ttis clear that Ty € C. Let I be a nondeterministic decision tree for the table Ty, and
¢(I') = ¢*(Tf) < r. Since the column f contains different numbers, we have f € A{(T).
Using the property (b) of the complexity measure ¢, we obtain (') > ¢(f). Consequently,
¥(f) <. ]

Taking into account that, for any 6 € A(T3), there exist attributes f; , ..., fi, € {fi,..., fu}
such that m < r, and T3(f;,, ;) - - - (fi,, 9i,) contains only the row 4, it is not difficult to
show that

N(T;) <n" -k 1)

According to what has been proven above, for any § € EJ!, there exist attributes f; , ...,

fi, € {fi,--., fu} suchthatm <r+1,and T3(fi,,d;,) - - - (fi,,, 9i,,) = T3(f1,01) -+ (fu, On)-
Taking into account this equality, one can show that

M(T3) < r+1. )

Using Lemma 7, as well as inequalities (1) and (2), we conclude that there exists a deter-
ministic decision tree T for the table T3 with h(I') < M(T3)log, N(T3) < (r +1)%log, (kn).

Taking into account that ¢(f) < r for any attribute f € At(T3) and that the complexity
measure 1 has the property (a), we obtain

P(T3) < (r+1)*log, (kn).

Consequently, y(T;) < (r + 1) log, (kn). Taking into account that the complexity

measure | has the property (c), we obtain ¢'(T;) > n. Since Tj is an arbitrary decision table
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from C, we have that Dom™ (Z/[g;]) is a finite set. Therefore, typ (Z/{fflp) # 7. Using Lemma 3
and Corollary 1, we obtain typ(ugfp) € {ap}. O

Proof of Proposition 1. Let (C,%) be a t pair. Using Corollary 1, we conclude that
typ(Ug,) € {a,7v}. Using Corollary 1 and Lemma 3, we obtain typ(Z/{gip) € {a,B 7}

From Lemma 6, it follows that typ(Z/Igip) € {a,v}. Then, we have the following:
(a) Let typ(ugw) = &. Using Lemmas 3 and 4, we obtain typ, (C, ¢) = t;.
(b) Let typ(uglp) = v and typ(Z/{gfp) = w. Using Lemmas 3, 4, and 5, we obtain

P, (C9) =t |
(c) Let typ(Ug,) = 7 and typ(ug;]) = pB. From Lemma 5, it follows that

typ (L[(":’fp) = typ(Z/lé’jp) = €. Using Lemmas 3 and 6, we obtain typ(Z/Igip) = a. From
this equality and from Lemma 4, it follows that typ(Z/I%) = typ(blgfp) = «. Using the equal-
ity typ(ugf/}) = B, Lemma 3, and Corollary 1, we obtain typ(ugi) = <. From the equalities,
typ (Z/{gi) = 7, typ(Ugy) = a and from Lemmas 2 and 4, it follows that typ(ug@) = €. Thus,

typu (Cl l/J) = t3. .. . .
(d) Let typ(Ug,) = typ(ugip) = v and typ(U¢,) = «. Using Lemma 5, we obtain

typ(L[é‘fp) = typ(Ué”lp) = €. From Lemma 4, it follows that typ(Z/Ig‘fp) = typ(Ugy) =
Using Lemma 3 and Corollary 1, we obtain typ(ugi) = <. From this equality, equality
typ(ug,fp) = «, and from Lemmas 2 and 4, it follows that typ(Z/Ig{“p) = €. Thus, typ,,(C, ¢) = t4.
(e) Let typ(lx{éiw) = typ(ugfp) = typ(Z/{C"ip) = 7. Using Lemma 5, we conclude that
typ (Z/{gfp) = typ(l/lé‘ip) = €. Using Lemma 3 and Corollary 1, we obtain
typ(ugi) = typ(l/{g’fp) = typ(U¢y,) = 7. Using Lemma 3, we obtain typ(UgZ)) € {v,6,¢e}.
Therefore, typ,,(C, ¢) € {ts5,t¢,t7}. O
Proof of Proposition 2. Let (C, ¢) be a limited t pair. Taking into account that the complex-
ity measure ¥ has the property (c) and using Lemma 4, we obtain typ(blé’lp) # . Therefore,

typ,(C,¢) # t;. Using Lemma 8, we obtain typ, (C,¢) # t;. From these relations and
Proposition 1, it follows that the statement of the proposition holds. [

5. Realizable Upper Types of T Pairs
In this section, all realizable upper types of t pairs are enumerated.

Proposition 3. Foranyi € {1,2,3,4,5,6,7}, there exists a t pair (C,) such that

typu (C' ll)) = t;.

Proposition 4. Forany i € {2,3,5,6,7}, there exists a limited t pair (C, h) such that
typu(C,h) = ti-

The proofs of these propositions are based on the results obtained for information
systems [22].

Let U = (A, F) be an information system, where the attributes from F have values
from Ej, and ¥ is a complexity measure over U [22]. Note that ¢ is also a complexity
measure over the set of decision tables M (F). Letz = (v, f1,..., fu) be a problem over U.
In [22], three parameters of the problem z were defined: ¢},(z) = ¥(f; - - - f») was called
the complexity of the problem z description, 1,%(2) was called the minimum complexity
of a decision tree with attributes from the set {f1, ..., f, }—which solves the problem z
deterministically—and ¢, (z) was called the minimum complexity of a decision tree with
attributes from the set {f1, ..., f, }, which solves the problem z nondeterministically.
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Let b, c € {i,d,a}. In [22], the partial function Z/Ifflp : N — N was defined as follows:
Uﬂclp(n) = max{ ¢} (z) : z € Probl(U), ¥;(z) < n}.

The table typ,, (U, ¢) for the pair (U, ¢) was defined in [22] as follows: this is a table
with three rows and three columns, in which the rows from top to bottom and the columns
from left to right are labeled with the indices 7, d, a. The value typ (L{{ffw) is in the intersection
of the row with the index b € {i,d,a} and the column with the index ¢ € {i,d, a}.

We now prove the following proposition:

Proposition 5. Let U be an information system and ¢ be a complexity measure over U. Then,

typ,, (U, ) = typ, (Tab(U), ).

Proof. Let z = (v, f1,..., fx) be a problem over U and T(z) be the decision table cor-
responding to this problem. It is easy to see that },(z) = 9'(T(z)). One can show
that the set of decision trees solving the problem z nondeterministically and using only
the attributes from the set {fi, ..., fu} (see corresponding definitions in [22]) is equal to
the set of nondeterministic decision trees for the table T(z). From here, it follows that
¥4 (z) = ¢*(T(z)) and ¥§,(z) = ¢*(T(z)). Using these equalities, we can show that
typlu(u' lp) = tpr(Tab(ll), 11[]) O

This proposition allows us to transfer the results obtained for information systems
in [22] to the case of closed classes of decision tables. Before each of the following seven
lemmas, we define a pair (U, ), where U is an information system, and ¢ is a complexity
measure over U.

Let us define a pair (U, 1) as follows: U; = (N, F;), where F; = {f}, f = 0, and
t=0.

Lemma 9. typ,(Tab(U;), ) = #.

Proof. From Lemma 4.1 [22], it follows that typ,, (U1, 71) = t;. Using Proposition 5, we
obtain typ,, (Tab(Uy), ) = t;. O

Let us define a pair (Uy, h) as follows: Up = (N, F,), where F, = Fj.
Lemma 10. typ, (Tab(U,),h) = t».

Proof. From Lemma 4.2 [22], it follows that typ;, (U, ) = t,. Using Proposition 5, we
obtain typ, (Tab(Uy), h) = tp. [

Let us define a pair (Uz, h) as follows: Uz = (N, F3), where F3 = {I; : i € N\ {0}} and,
foranyi € N\ {0},j € N,if j < i, thenl;(j) = 0,and if j > i, then [;(j) = 1.

Lemma 11. typ, (Tab(U3),h) = ts.

Proof. From Lemma 4.3 [22], it follows that typ,, (U3, h) = t3. Using Proposition 5, we
obtain typ,, (Tab(U3z), h) = t3. [

Let us define a pair (Uyg, p) as follows: Uy = (N,Fy), where F;, = F,u(A) =0,
u(lyy---L,) = 1ifm = 1orm = 2, and iy > i, u(ly---1;,) = max{iy,...,iu} in
other cases.

Lemma 12. typ, (Tab(Uy), p) = t4.

Proof. From Lemma 4.4 [22], it follows that typ,,(Uy, i) = t4. Using Proposition 5, we
obtain typ, (Tab(Uy), u) = t4. O



Entropy 2024, 26, 519

16 of 21

Let us define a pair (Us, h) as follows: Us = (N, F5), where F5 = {f; : i € N\ {0}}
and, forany i € N\ {0},j € N, if i = j, then f;(j) = 1, and if i # j, then f;(j) = 0.

Lemma 13. typ, (Tab(Us),h) = ts.

Proof. From Lemma 4.5 [22], it follows that typ,, (Us, h) = t5. Using Proposition 5, we
obtain typ,(Tab(Us), h) = t5. [

Let us define a pair (U, 1) as follows: U = (N, Fg), where Fs = Fs UG, G = {241 :
i € N}and, foranyi € N,j € N, if j € {2i4+1,2i + 2}, then g5;11(j) = 1, and if j ¢
{2i+1,2i + 2}, then g7;+1(j) = 0.

Lemma 14. typ, (Tab(Ug), h) = te.

Proof. From Lemma 4.6 [22], it follows that typ,, (Us, 1) = t¢. Using Proposition 5, we
obtain typ,, (Tab(Us), h) = tg. [

Let us define a pair (Uy, h) as follows: Uy = (N, F;), where F; = F3 U Fs.
Lemma 15. typ, (Tab(Uy),h) = t;.

Proof. From Lemma 4.7 [22], it follows that typ,, (U7, h) = t;. Using Proposition 5, we
obtain typ, (Tab(Uy), h) = t;. [

Proof of Proposition 3. The statement of the proposition follows from Lemmas 9-15. O

Proof of Proposition 4. The statement of the proposition follows from Lemmas 10, 11, 13,
14,and 15. O

6. Union of T Pairs

In this section, we define a union of two t pairs, which is also a t pair, and study
its upper type. Let 7y = (Cq,¢1) and 7, = (C2,¢2) be t pairs, where C; C My, (F;), and
Cy € My, (F). These two t pairs are called compatible if Fy N F, = @ and ¢1(A) = ¢(A).
We now define a t pair T = (C, ¢), which is called a union of compatible t pairs 7y and 1.

Definition 24. The closed class C in T is defined as follows: C = C1 U Cy C M pay (i, ky) (F1 U B2).
The complexity measure  in T is defined for any word « € (F; U F,)* in the following way: if
a € Ff, then ¢(a) = ¢1(a); if & € Ef, then (a) = y(a); if « contains letters from both Fy and
F,, then (a) can have an arbitrary value from N. In particular, if 1 = o = h, then with ¢ we
can use the depth h.

We now consider the upper type of t pair T = (C, ). We denote as max the function
maximum for the linear ordera < f <Xy <X <e.

Theorem 3. The equality typ(L{é’fp) = nTS((typ(Ué’lcwl ), typ(ucb§¢2)) holds for any b,c € {i,d,a},

except for the case that bc = da and typ(ugflpl) = typ(ugfwz) = 7. In the last case,
typ(Ugs) € {70},

Proof. Letn € Nand b,¢ € {i,d,a}. We now define the value M = max(U;,U,), where
U = Uglclpl (n), and Uy = L{é’glpz (n). Both Uy and U, have values from the set {&,c0} UN
(see the definitions before Lemma 2). If Uy = Uy, = &, then M = @. If one of Uy, U, is
equal to @ and another one is equal to a number m € N, then M = m. If Uy, U, € N, then
M = max(Uy, Uy). If at least one of Uy, U, is equal to co, then M = co.

The following equality follows from the definition of the partial function Z/{gfp(n),

where n € N, and b,c € {i, d,a}: Z/{gfp(n) = max(L{glC%(n),L{g;wz(n)). Later in the
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proof, we will use this equality without special mention. From this equality, we obtain
typ(blglcwl) = typ(ugfp) and typ(ug;h) =< typ(ucbfp). We now consider two different cases
separately: (1) typ(ucbf%) = typ(l/lcb;l}z) and (2) typ(ué’lclpl) # typ(Z/{g;/}z). Thus, we have
the following:

(1) Let typ(UgS,,) = typ(UE,,)-

(a) Let typ(uglcwl) = typ(ug§¢2) = w. Since the functions Llé’flpl and Z/{Chz':l)bz are both
bounded from above, we obtain that the function I/, be — max (U be U be

; Cy ——= bcllﬁl Capn ,

from above. From this, it follows that typ (Mcfp) = max(typ (Ue; " ), typ(UC§¢2)) =u.

(b) Let typ(Z/{é’lclpl) = typ(ucl’;%) = B. From the fact that Dom™ (Z/lé’lclpl) and Dom™ (L{g;pz)
are both finite, we obtain that Dom™ (Z/lgfp) is also finite. Similarly, one can show that Z/{bep

) is also bounded

is unbounded from above on C. From here, it follows that typ(ugfp) = rﬁE((typ(L{Chfwl),
typ(ugzclpz)) =B

(c) Let typ(blgf%) = typ(ug§¢2) = 7. From here, it follows that the function ¢°
is unbounded from above on C. From Proposition 1, it follows that bc belongs to the
set {ii,di,dd,da,ai,ad,aa}. Let c = b. Using Lemma 4, we obtain typ(ugblp) = 7. Let
bc € {di,ai,ad}. Using Lemma 3 and the inequalities typ(uglclpl) = typ(Llefp) and
typ(Z/ICbZC%) = typ(ucbfp), we obtain typ(ugfp) = 9. The only case left is when bc = da.
Since there is no n € N for which L{é’flpl (n) = oo or L{é’;% (n) = oo, then according to
Lemma 2, we obtain that Dom(ugfp) is an infinite set. Therefore, typ(ugfﬁ) # €, and hence,

typ(blé’fp) € {v,d}. From Proposition 6, it follows that both cases are possible. Thus, we
have the following:

(d) Let typ(Ugf%) = typ(l/{g;pz) = ¢. From here, it follows that there isno n € N for

which Uéﬁflp] (n) = oo or Z/Icl’;p2 (n) = oo. Using Lemma 2, we conclude that Dom(l/{é’fp) is an
infinite set. From the fact that Dom ™ (ucbf%) and Dom™ (L{é’;pz) are both finite, we obtain
that Dom™ (L{gfp) is also finite. Therefore, typ(ugfp) = ﬁ((typ(ugf% ), typ(ug§¢2)) =J.

(e) Let typ(ucblclpl) = typ (Z/{é’;%) = €. Since both Dom(uglc%) and Dom(ugglpz) are finite
sets, we obtain that Dom(u(lj’fp) is also a finite set. Therefore, typ (Ugfp) = rﬁafx(typ(Z/lel‘:lp1 ),
typ(UE,,)) = €.

(2) Let typ(ugf%) # typ(Z/{Ch;pz). Denote f = Z/Ié’l"lp1 and g = ucbng' Let typ(f) = typ(g)-
We now consider a number of cases.

(a) Let typ(g) = €. From here, it follows that Dom(g) is a finite set. Taking into account
this fact, we obtain that Dom(max(f,g)) is also a finite set. Therefore,
typ(max(f, g)) = max(typ(f), typ(g)) = €. Later, we assume that typ(g) # €.

(b) Let typ(f) = «. Then, both f and g are nondecreasing functions, f is bounded
from above, and g is unbounded from above. From here, it follows that there exists
np € N such that f(n) < g(n) for any n € N,n > ng. Using this fact, we conclude that
max(f (), g(1)) = g(n) for n > no. Therefore, typ(max(f, g)) = max(typ(f), typ(g)) = typ(g)-

Later, we will assume that typ(f) # a. It means we should only consider the pairs
(typ(f), typ(g)) € {(B,9), (B, 7), (7,9)}-

(c) Let typ(f) = B, typ(g) = 6. From here, it follows that Dom™ (f), Dom™ (g) are both
infinite sets, and Dom™ (f), Dom™(g) are both finite sets. Taking into account that both f
and g are nondecreasing functions, we obtain that there exists 19 € N such that f(n) < g(n)
for any n € N,n > ny. Therefore, typ(max(f, g)) = max(typ(f), typ(g)) = typ(g) = 4.

(d) Let typ(f) = B,typ(g) = - Then, Dom™ (max(f,g)) is an infinite set. Taking
into account that Dom ™~ (g) is an infinite set and that Dom™ (f) is a finite set, we obtain
that Dom ™~ (max(f, g)) is also an infinite set. Therefore, typ(max(f,g)) = max(typ(f),

typ(g)) = typ(g) = 7-
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(e) Let typ(f) = <,typ(g) = 6. From here, it follows that Dom™ (max(f,¢)) is an
infinite set, and Dom ™~ (max(f, g)) is a finite set. Therefore, typ(max(f, g)) = max(typ(f),

typ(g)) = typ(g) = 4. U
The next statement follows immediately from Proposition 1 and Theorem 3.
Corollary 2. Let 7y and 1, be compatible t pairs, and let T be a union of these t pairs. Then, the

possible values of typ,,(T) are in the table shown in Figure 9 in the intersection of the row labeled
with typ,, (T1) and the column labeled with typ,,(12).

ty ty 13 14 ts te t7
|t t tz3 14 ts te ty
ty | tp tr t3 4 ts te ty
3 | t3 t3 t3 4 ty ty 1y
tg |ty 1ty ty Iy ty ty ty
ts | t5 ts ty ty tg5,tg tg iy
te | te te t7 ty te te ty
ty |ty ty ty iy ty ty ty

Figure 9. Possible upper types of a union of two compatible t pairs.

To finalize the study of unions of t pairs, we prove the following statement:

Proposition 6. (1) There exist compatible t pairs T} and ©} and their union t' such that
tyP. (1) = typ, () = typ,(T}) = ts5

(b) There exist compatible t pairs T?
typ, (7) = typ, (1) = t5 and typ, (T*) = te.

and T3 and their union T> such that

Proof. For i € N, we denote F; = {a;,b;,¢;}, and G; in the decision table depicted in
Figure 10. We study the t pair (7;, ¢;), where 7; is the closed class of decision tables from
M, (F;), which is equal to [G;], and ; is a complexity measure over M;(F;) defined in the
following way: ;(A) = 0,¢;(a;) = i(b;) = ¢i(c;) = iand ¢p;(a) =i+ 1ifw € F* and
la| > 2.

a; b ¢
o 1 0 0/
i=lo 1 0l{2)
0 0 1|13}

Figure 10. Decision table G;.

We now study the function Z/l%’ - Since the operations of the duplication of columns
and the permutation of columns do not change the minimum complexity of the determinis-
tic and nondeterministic decision trees, we only consider the operations of the changing of
decisions and the removal of columns.

Using these operations, the decision tables from 7; can be obtained from G; in three
ways: (a) only through the changing of decisions, (b) by removing one column and through
the changing of decisions, and (c) by removing two columns and through the changing of
decisions. Figure 11 demonstrates examples of the decision tables from 7; for each case.
Without loss of generality, we can restrict ourselves to considering these three tables: Hj,
Hz ’ and H3.
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a; b ¢ a; b G
10 o4 [0 0 [ds
aHi =\ 1 o4 D) H=\ 1 0|4 ¢) H = (1) 27
0 0 1|d; 0 1 |ds 8

Figure 11. Decision tables from closed class 7;, where dy, ..., dg € P(N).

We consequently have the following:

(a) There are three different cases for the table H;: (i) the sets of decisions dq,d», d3
are pairwise disjoint, (ii) there are I,t € {1,2,3} such that | # t,d,Nd; # & and
diNdyNds = @, and (iii) dy Ndp Nd3 # @. In the first case, p*(Hy) = iand $?(Hy) =i+ 1.
In the second case, Y¢(H;) = i and ¢?(H;) = i. In the third case, ¥*(H;) = 0 and
¥ (Hy) = 0.

(b) There are three different cases for the table Hy: (i) the sets of decisions dy, ds, dg are
pairwise disjoint, (ii) there are [, t € {4,5,6} such that! # t,d;Nd; # @ and dy Nds Ndg = 2,
and (iii) d4 Nd5s Nde # @. In the first case, Y?(Hy) = i+ 1, and lpf(Hz) =i+ 1. Inthe
second case, we have either ¢ (H,) = y(H,) = i+ 1 or ¢*(Hp) = ¢?(H,) = i depending
on the intersecting decision sets. In the third case, ¥*(H,) = 0, and ¢ (H,) = 0.

(c) There are two different cases for the table Hs: (i) d; Ndg = @ and (ii) dy Ndg # @. In
the first case, Y (Hs) = i, and ¢ (Hz) = i. In the second case, *(H3) = 0, and y¢(H3) = 0.

As a result, we obtain that, forany n € N,

0 n<i
da . 4 7
Uy, (n) = {i+1, n>i. ©)

Let K be an infinite subset of the set N. Denote Fx = U;cxF; and Tx = U;ex[Gjl. Tt is
clear that 7T is a closed class of decision tables from M (Fx). We now define a complexity
measure g over My (Fk). Leta € Fg. If « € F for some i € K; then, g (a) = ¢;(a). If &
contains letters from both F; and Fj, and if i # j, then g (a) = 0.

Let K = {n;:j € N} and nj < nj;; for any j € N. We define a function ¢ : N — N
as follows. Let n € N. If n < ng, then gg(n) = 0. Let, for some j € N, that nj <n<mnj.
Then, ¢x(n) = n;. Using (3), one can show that, for any n € N,

Uty (n) = gx(n).

Using this equality, one can prove that typ(u%‘z ) = 7 if the set N'\ Kis infinite and
that typ(u%z I,UK) = ¢ if the set N'\ K is finite.

Denote K] = {3j : j € N}, Kl = {3j+1:j € N} and K! = K} UK]. Denote
= (ﬂq,lplq), T = (7%%,1,01(%), and ! = (71, Px1). One can show that the t pairs
7! and 7} are compatible and that 7! is a union of 7} and 7). It is easy to prove that

typ(bl%‘z}wq) = typ(u%‘zyp@) = typ(Z/[%’z1 lIJK1) = 1. Using Proposition 2, we obtain

typ. (1) = typ, () = typ, (') = t5.

Denote K2 = {2j : j € N}, K3 = {2j+1:j € N} and K? = K2 UK3 = N. Denote
le = (7;<%,¢K%), 1'22 = (7%%,1/1@), and 72 = (Tx2, Pg2). One can show that the t pairs
72 and 77 are compatible and that 72 is a union of 72 and 77. It is easy to prove that
typ(u%‘;sz%) = typ(u%‘z% ‘l’Kg) =y and typ(Z/{%‘i2 lPKz) = 4. Using Proposition 2, we obtain

typ, (%) = typ,(13) = ts and typ,, (12) = t. O

7. Proofs of Theorems 1 and 2

First, we consider some auxiliary statements.



Entropy 2024, 26, 519

20 of 21

References

Definition 25. Let us define a function p : {«,B,7v,6,€} — {a,B,v,6,€} as follows:
p(a) =€,0(B) =6,0(7) =7,00) =B, ple) =

Proposition 7 (Proposition 5.1 [22]). Let X be a nonempty set f : X — N,g : X —
N, Uf8(n) = max{f(x) : x € X,g(x) < n},and £&8f(n) = min{g(x) : x € X, f(x) > n} for
any n € N. Then, typ(L£8f) = p(typ (z,{f(_%')),

Using Proposition 7, we obtain the following statement:
Proposition 8. Let (C, ) be a t pair, and b,c € {i,d,a}. Then, typ(ﬁfﬁp) = p(typ(ucbfp)).

Corollary 3. Let (C, ) be a t pair, and i € {1,...,7}. Then, typ,(C,¢) = t; if and only if
typ(C, ¢) = T

Proof of Theorem 1. The statement of the theorem follows from Propositions 1 and 3 and
from Corollary 3. O

Proof of Theorem 2. The statement of the theorem follows from Propositions 2 and 4 and
from Corollary 3. [

8. Conclusions

This paper is devoted to a comparative analysis of the deterministic and nondeter-
ministic decision tree complexity for decision tables from closed classes. It is a qualitative
research: we have considered a finite number of types of the behavior of functions char-
acterizing the relationships among different parameters of decision tables. In this paper,
we have enumerated all the realizable types of t pairs and limited t pairs. We have also
defined the notion of a union of two t pairs and studied the upper type of the resulting t
pair, thus depending on the upper types of the initial t pairs. The obtained results allow
us to point out cases where the complexity of deterministic and nondeterministic decision
trees is essentially less than the complexity of the decision table. Future publications will
be related to a quantitative research: we will study the lower and upper bounds on the
considered functions.
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