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Problem 1:

Fixed Polyominoes



Rookwise connected patterns of n square cells:
1, 2, 6, 19, 63, 216, 760, 2725, 9910, 36446, 135268, 505861,
272680844424943840614538634, (n = 47)

69150714562532896936574425480218, (n = 56)

t(n), ...



Reason to Hope:
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71 1-cell component: 1
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v 5-cell component: (---)
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diagonal slice pattern (0100-0100) (01-)1
(the parentheses in a pattern must be properly nested)

S X|SZX, X >1| ), I—e|0l|XI|-I, Z—¢€|0Z



to(n) = number of partial polyominoes built on slice «,
with n cells on and above the diagonal

Ga =Y, ta(n)z"

initial slice = all cells disconnected: 1, 11, 101, 111, 1001, ...
final slice = all cells connected: 1, O, (0), (=), (00), ...

g= tn)z"= Y ga

o final



Infinite linear system g, = zm(@) (5(0z) + ZB (e, 5)9[3)

m(a) = number of (nonzero) cells in slice «;
d(a) = 1 if « is initial, otherwise 0;

c(a, f) = number of ways a can follow .

g1 = 2(1+2¢1 + g11 + 390 + 101 +390) + )
2

g11 = 2" (1 + 291 + 29¢) + G101 + 290y + 29¢-y + )
90 = 2°(g1 + 2911 + 290 + 39 + 9111 + 39 + )
Jgio1 = 22(1 + 491 + 3911 + 2g101 + 49¢0) + 29111 + )
9 = 2°(90 + 29 + 29> + 2910 + 2901+ )



Conjecture. All g, have the same singularities.

ta(n) ~ ca8™/n.

Empirically, most of the contributions to #(n) come from g :

t1(15) = 20112826  (73.4%)

to(15) = 4322819 (15.8%)

teoy(15) = 1085779  (4.0%)

t(15) = 608461  (2.2%)

tooy(15) = 393425  (1.4%)

tioy (15) = toy(15) = 163613  (0.6%)
toooy (15) = 139624  (0.5%)

t——y(15) = 84949  (0.3%)

t(_oo) (15) — t(oo_) (15) — 51788 (02%)

and we also have t1(14) = 5301097 (73.6%),
Lo (14) = 1146353 (15.9%), (o) (14) = 285841 (4.0%), etc.



What slices o can follow a given slice 37

(oo - () o-1) 005001
e 1Ty 1 X2 X3 4 ¥y g 7 T8 9 L1011 X12X13T14 - - -

Answer: One « for every solution to the Boolean formula

(xoVr1VasVargVerVagVaeegViTig)
N (xaVasVae) A (xsVTg) A (T13VT14)

in the infinite set of variables xj for —oo < k < oo (one con-
straint for every component of ), because every component
of / must survive in «.



Although g10000001 = 22 + 423 + - - -, the actual contribution of
G10000001 tO ¢ is only 13221% + O(21%), because at least 13 more
cells are needed to connect the slice 10000001 with other cells
below the diagonal (and there are 132 ways to do that with 13).

It’s easy to compute the minimum “cost” k£ that’s needed to
connect a slice a below the diagonal. Slices of cost k essentially
lose a factor of 8% before they contribute to g, although that’s
somewhat compensated (for large k) by a large number of ways
to connect them up. (132 is a Catalan number.)



Here are the 47-ominoes enumerated by (height, width),
rounded to units of 10%2:

6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26

3 3 2 1 1
1 1 1

6 1 2 3 5 6 6 6 4 3 1 1
7 2 7 15 25 33 36 33 26 18 11 5 3 1
8 2 10 28 57 87 107109 95 71 47 27 14 6 3 1
9 5 23 66 129 191 226 224190 141 92 53 27 13 5 2 1
10 6 35 105208 307 362 356 301 223 147 86 46 22 9 4 1
11 5 35 121 259 396 475 474 407 306 205 123 67 33 15 6 2 1
12 2 23 105259 428 539 555 488 376 259 160 90 46 21 9 3 1
13 10 66 208 396 539 583 531 423 299 191 111 59 28 13 5 2 1
14 2 28 129 307 475 555 531 439 321 212127 70 35 16 7 3 1
15 7 57 191 362 474 488 423 321 219 136 77 40 19 8 3 1
16 1 15 87 226 356 407 376 299 212136 80 43 21 10 4 2 1
17 2 25 107 224 301 306 259 191 127 77 43 22 10 4 2 1
18 3 33 109190223 205160111 70 40 21 10 5 2 1
19 5 36 95 141147123 90 59 35 19 10 4 2 1
20 6 33 71 92 86 67 46 28 16 8 4 2 1
21 6 26 47 53 46 33 21 13 7 3 2 1
22 6 18 27 27 22 15 9 b5 3 1 1
23 4 11 14 13 9 ©6 3 2 1
24 3 5 6 5 4 2 1 1
1
1
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Problem 2 (A. Erickson, F. Ruskey):

Tatami Polynomials
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(Notice that ly is disallowed, but [y would be fine.)



n x n tilings with n monominoes, (}) dominoes:

There are n2" ! solutions; the generating function for n = 8 is
28
28—k
gs(m) = > o'm "7
k=0

gs(2) = 2L dy L6224+ 46220 1 4227 1 9,28



Let S,(2) = (1+2)(1+2%)...(1+2").
Theorem (Erickson, Ruskey, 2013):

If n > 2 we have g,(2) = 2h,(2) + 22"(»=D/2p, (271,
where

[(n—1)/2]
ha(2) =2 > Supa(2)Sk—1(2)2"* 1 + S| (n_2)/2) (2)°
k=1

— Pn(z> H SL(n—2)/2jJ (Z>7
=1

and P, (z) is a (mysterious) polynomial.

For example, P3(z) = 1+ 22, Py(2) =1 + 2z + 222,
Ps(2) =14 24222 +423 +22°, ...



If n > 2, deg(P,(z)) = S.7_7 (number of odd divisors of k).
P, (1) = n2v(»=2)~1 where vk denotes the sideways sum of k.
Conjectures:

e P,(2) is irreducible over the integers.

1+ 2 1 — 22
P,(—1)z""? = .
'; (=1)z 1-2.2\1+22

(Both have been verified for n < 200. The degree of Pjg9(2)
is 13022, and its largest coefficient has 55 decimal digits.)




Here are the roots of P,(z), when n is even and less than 50:
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Problem 3 (G. M. E X. Viennot):

Pruning a Forest
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Theorem (Mireille Vauchaussade de Chaumont, 1985):

The number of n-node binary trees with Strahler number k
equals the number of n-node forests with pruning number k.



Checking all forests with 8 nodes...
After O prunings (cases with k£ leaves):
0 0O0O0OOO0O0 1430

After 1 pruning (cases with k£ 1s):

128 432 500 275 81 131 0 0

After 2 prunings (cases with k£ 2s):
1288 131 0 0 0 0 0 O

After 3 prunings (cases with k£ 3s):
1400000000

13

81

275

500 1
432 13
128 1288

14
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Problem 4:

Lattice Paths of Slope 2/5



Alij] = {m if j > 2i/5+2/5,
’ Ali —1,5] + Afi, 5 — 1], if j < 2i/5+2/5;
Bli. f] = {m if j > 2i/5+1/5,
Bli —1,§]+ B[i,j — 1], if j < 2i/5+1/5;
Ali,0] = B[i,0] = 1. When 0 <7 <4 and 0 < j <10 we have:
1 111111 1 1 1 1
0012345 6 7 8 9
A=[0 0 0 0 0 4 9 15 22 30 39
0000 OO0 0 15 37 67 106
0000 O0O0TO0 O 106
1 111111 1 1 1 1
000123 4 5 6 7 8
B=|0 000 0 3 7 12 18 25 33
000 O0O0O0O0 0 18 43 76
000 0O0OO O 0 0 76



Thus Alz,y| enumerates lattice paths from (0,0) that stay in
the region y < %x + %, while B[z, y] enumerates the paths that
stay in the region y < %x + %

Theorem (Nakamigawa, Tokushige, 2012):

2 7t—1
Al5t—1,2t—1]+B[5t—1,2t—1] = —( ) for all £ > 1.
5 |+ BI[5 ] il G or all t >
Empirical observation:
A5t — 1,2t — 1] b L
—a- 4ot
Bist—12t—1 ¢ ¢ O

where a ~ 1.63026 and b ~ 0.159 (I think).
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News Flash!

Cyril Banderier announced on Friday, 20 June 2014, that he
has solved this problem (and the series are algebraic)!



Problem 5:

The Principle of
Negligible Perturbation



(e
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D. E. Knuth. R. Motwani, and B. Pittel 1

A Functional Limit Theorem for Random Graphs with Applications to
Subgraph Count Statistics

S. Janson 15




“The idea will be to change the transition probabilities between
certain nodes, obtaining a ‘perturbed’ probability distribution
Pr’ on which it is relatively easy to compute the probability of
some given event. Let ¢ be a level of the tree, and let E be the
set of all nodes at level ¢ such that the given event is true. Let
C be the set of all nodes a at level t whose probability has been
perturbed somewhere along the path from the root to «; thus,
Pr(a) = Pr'(a) for all « ¢ C. Summing over all a ¢ C and
taking complements tells us that Pr(C) = Pr'(C). If Pr(C) is
small, then the perturbation will have a negligible effect on the
probability of E, because

Pr(E) — PY(E)| = --- < --- = 2P1(C).

Expected values can be estimated in a similar way.”



“(The principle of negligible perturbation seems almost absurdly
simple, but we will see that it simplifies our analyses in surpris-
ingly nontrivial ways. The idea is similar in spirit to Laplace’s
method of asymptotic analysis, where integrals are estimated
by changing the integrand in unimportant portions of the do-
main. Another kindred method is Wilkinson’s well-known tech-
nique of ‘backward error analysis,” in which numerical errors
are conveniently studied by assuming that exact answers have
been obtained from approximate data; the actual situation, in
which approximate answers are calculated from exact data, is
more difficult to handle directly.)”



“The previous proof uses a convenient simplification, indicated
by the words ‘According to Lemma 1, we may assume that ...’.
The assumption we are making holds q.s., but it is not always
true; moreover, it is a probabilistic assertion about time N + 1.
So we should be careful that we are not fallaciously using the
future to influence probability calculations in the past. A rig-
orous justification can be made by appealing to the principle
of negligible perturbation: We simply recompute the transition
probabilities when the assumption kj, < 2n? is invalid.

More precisely, if a is any node in the branching pro-
cess, we let the perturbed transition probabilities from « to aj
and aj be 1/(k; + 1)n and k; /(k;, + 1)n, respectively, where

k) = min(ky, 2n°).

The proof of Lemma 3 is valid for the perturbed branching
process, using k; in place of kj in the formula for P(a, m,t).”



“Notice that the principle of negligible perturbations has per-
mitted us, in this proof, to estimate probabilities of events that
start at time ¢ by using assumptions that might fail at some
future time > t. (Thus, ||4,|| might be < 2n2?°(logn)? at the
beginning of a run but not at the end.) Arguments based on
a weaker principle, which would require only that the assump-
tions hold at time t, would be more complicated; we would have
to argue that ||A,| cannot grow by more than 1 at each time
step, and our upper bound would be (p’ + m/ (n(2n‘S — 1)))m
instead of (p')™.”



The basic idea is this. Suppose we’re analyzing a rather com-
plicated algorithm, A. We replace it with a simpler algorithm,
A’, which does the same thing with high probability.

When A’ differs from A, it may do entirely stupid things:
It might deliver results out of range, the invariants on its data,
structures might be violated, it might divide by zero or go
haywire in any number of bizarre ways. It certainly need not
compute a decent answer. But if the probability that A’ and
A behave differently is really small, we’re allowed to pretend
that the two algorithms have the same expected performance.
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