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ABSTRACT
Vigenere Cipher is one of the classic cryptographic algorithms and included into symmetric

key cryptography algorithm, where to encryption and decryption process use the same key.
Vigenere Cipher has the disadvantage that if key length is not equal to the length of the
plaintext, then the key will be repeated until equal to the plaintext length, it course allows
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Classic Cryptography Algorithm,
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cryptanalysts to make the process of cryptanalysis. And weaknesses of the symmetric key
cryptographic algorithm is the safety of key distribution factor, if the key is known by others,
then the function of cryptography itself become useless. Based on two such weaknesses, in
this study, we modify the key on Vigenere Cipher, so when the key length smaller than the
length of plaintext entered, the key will be generated by a process, so the next key character
will be different from the previous key character. In This study also applied the technique
of Three-pass protocol, a technique which message sender does not need to send the key,
because each using its own key for the message encryption and decryption process, so the
security of a message would be more difficult to solved.

1. Introduction Vigenere Cipher is a classic cryptographic algorithm, classical
cryptography is generally included into the symmetric key

A security issue is one of the most important aspects of an : . g
algorithm, where to do the encryption and decryption process use

information system. A message that contains important

information can be misused by irresponsible people, therefore a
message contains important information, in order to secure an
important message it is necessary a technique to secure it,
cryptography is the science and art to maintain the security of a
message [11].

The development of cryptography itself has already begun a
long time ago, there are two types of cryptography, classical and
modern cryptography, classical cryptography works based on
character mode, and modern cryptography works based on bit
mode. And if viewed from the key, cryptographic algorithm using
symmetric and asymmetric key do not revise any of the current
designations.

*Corresponding Author: Amin Subandi, Faculty of Computer and Information
Technology, Universitas Sumatera Utara, Medan, 20155, Indonesia
Email: aminsubandi@yahoo.com
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the same key. In this case, key security and key distribution
become the main factor, when the key and the ciphertext is known,
then, of course, plaintext will be known also. This is one of the
drawbacks of symmetric key algorithms.

Plaintext Ciphertext Plaintext

Encryption

Key'| <_sameKey-> [Key

Figure 1: Symmetric key algorithm scheme

Decryption
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Plaintext Ciphertext Plaintext

Encryption Decryption

Different Keys | K€y

Figure 2: Asymmetric key algorithm scheme

Vigenere Cipher itself also has drawbacks which have been
solved by a kasiski method, The drawback is if the key length is
not the equal to the length of plaintext, then the key will be
repeated continuously until the same as the plaintext length, it can
cause the occurrence of what is called the histogram, which is the
same ciphertext or repetitive content, kasiski method collect all
the repeated histogram to calculated the distance between the
histogram to find the length of the initial key.

With the existence of these flaws, we interested to try and
examine how to minimize weaknesses. And we try to modify
Vigenere Cipher algorithm with the Key Stream Generator
method, which if key length is not the same length of the plaintext,
then the next key will be generated by a process, this will cause
key to getting the same length as the plaintext length becomes
unrepetitive and it is expected to thus it would be more difficult
to solve by kasiski method.

Furthermore, this paper also will apply what the so-called
Three-Pass protocol, a method for securing messages without
having to distribute keys, because neither the sender nor the
recipient can use owned key each to encryption and decryption
process. It is expected also that by applying the layered method
(Vigenere Cipher key modification and use Three-Pass protocol
methods), can increase the security level of classical cryptography
algorithms Vigenere Cipher.

2. Theories
2.1. Three-Pass Protocol

The Three-Pass protocol is a framework that allows a party
may send a message encrypted securely to the other party without
having provided the key [2], this is possible because between the
sender and receiver using a key belonging to the respective to
perform the encryption and decryption process. Called the
Three-pass protocol as do three exchange time before a message
decrypted into meaningful messages. Three-Pass protocol
invented by Adi Shamer about 1980 [2]. in applying Three-Pass
protocol does not always have to use a cryptographic algorithm,
because basically, this technique has its own function, namely to
use the function exclusive-OR (XOR) [1], but in practice, to
improve the reliability of this technique combined with
cryptographic algorithms.

The implementation of this technique is still less attention [1],
In the previous study, This technique can be a solution to the

WWww.astesj.com

classic problem of the symmetric key algorithm which should
send a key to the recipient. A message sender only needs to send
a message to the recipient, and the important one (the key) does
not need to distribute.

Here is a schematic representation Three-Pass protocol:

Sender § Receiver
: | .
—>p| Plaintext ; Ciphertext
Encryption Epcryption
With Key(a) ) With Key(b)
Ciphertext Ciphertext
: 13
Clphertext < : \ Clph ertext
Decryption | Decryption
With Key(a) With Key(b)
Ciphertext Plaintext

Figure 3: Three-Pass Protocol Process Scheme

2.2. Vigenere Cipher

Vigenere Cipher is one of the classic cryptographic algorithms
that included into the category of polyalphabetic substitution [3]
and a symmetric key cryptographic algorithm, whereby for
encryption and decryption process used same keys. In the process
of encryption and decryption, Vigenere Cipher using a table called
tabula recta [11], it is a 26 x 26 matrix containing alphabet letters.
This Algorithm was discovered by Blaise de Vigenere of France
in the century to sixteen, in 1586 and this algorithm cannot be
solved until 1917 [3] [11] Friedman and Kasiski solved it [3].

-~ PLAINTEXT --
A BCDETFGHTIJKLMNOPOQQRSTUVWXYIZ
A{A[B|C|D|E|F|G|H|T|J|K|L|M|N|O|P|Q|R|S|T|U|V|WX|Y|Z
B(B|C|D|E|F|G|H|T|J|K|L/M|N|O|P|QIR|S|T|U|V|W|X|Y|Z]|A
C|{C|D|E|F|G|H|T|J|K|L|M{N|O|P|Q|R|S|T|U|V|W|X|Y|Z|A|B
D|{D|E|F|G|H|I|J|K[L|M{N{O|P|Q|R|S|T|U|V|W|X|Y|Z|A]|B]|C
E|{E|F|G|{H|T|J|K|L|{M|N|O|P|Q|R|S|T|U|VIWIX|Y|Z|A|B|C]|D
FIF|GIH|T|J|K|L|M{N|O|P|Q|R|S|T|U|V|IW|X|Y|Z|A|B|C|D|E
G[G|H|T|J|K|L{M|N|O|P|Q|R|S|T|U|V|W|X|Y|Z|A|B|C|D|E|F
H{H|T|J|K|{L|M{N|O|P|Q|R|S|T|U|V|W[X|Y|Z|A|B|C|D|E|F|G
I|T|J|[K|L|M|N|O|P|Q|R|S|T|U|V|W|X|Y|Z|A|B|C|D|E|F|G|H
JIJ|K|L{M{N|O|P|Q|R|S|T|U|V|W|X|Y|Z|A|B|C|D|E|F|G|H|I
K{K|L|M|N|{O[P|Q|R|S|T|U|V|W|X|Y|Z|A|B|C|D|E|F|G|H|I]|]J
K L{L|{M|N|O|P|Q|R|S|T|U|V|W|X|Y|Z|A|B|C|D|E|[F|G|H|I]|J|K
E M{M|N|O|P|Q|R|[S|T|U|V|W|X|Y|Z|A|B|C|D|E|F|G|H|T|J|K|L
N|{N|[O|P|Q|R|S|T|U|V|IW|X|Y|Z|A|B|C|D|E|F|G|H|I|J|K|L|M
Y O[O|P|QIR|[S|T|U|V|W|IX|Y|Z|A|B|C|D|E|F|G|H|T|J|K|L|M|N
P{PIQ|R|{S|T|U|V|W|X|Y|Z|A|B|C|D|E|F|G|H|I|J|K|L|{M|N|O
Q[Q|R|{S|T|U|V|W|X|Y|Z|A|B|C|D|E|F|G|H|T|J|K|L|M|N|O|P
R(R|S|T|U|V|W|X|Y|Z|A|B|C|D|E|F|G|H|I|J|K|L|{M{N|O|P|Q
S|S|T|U|V|W|X|Y|Z|A|B|C|D|E|F|G|H|I|J|K|LIM/N|O|P|Q|R
T|(T|U|V|W|X|Y|Z|A|B|C|D|E|F|G|H|I|J|K|LIM{N|O|P|Q|R|S
U|U|VIWIX|Y|Z|A|B|C|D|E|F|G|H|I|[J|K|L{M|{N|O|P|Q|R|S|T
VIVIW|IX|Y|Z|A|B|C|D|E|F|G|H|I|J|K|L|M|{N|O|P|Q|R|S|T]|U
WIW|X|Y|Z|A|B|C|D|E|F|G|H|IT|J|K|L|M|N|O|P|QIR|[S|T|U|V
Figure 4: Vigenere Cipher table
2
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Mathematically, the process of encryption and decryption
Vigenere Cipher can be seen in the following equation:

Ci=E(P;i+K;)mod26 (N

P;=D(Ci—K;) mod 26 ©)

Which C is the ciphertext, P is the plaintext, K is the Key, E is
Encryption than D is Decryption. For the encryption process,
every plaintext alphabet combined with the alphabet keys, the
alphabet which intersected (by table) between the plaintext and
ciphertext is the alphabet ciphertext. If the key alphabet is smaller
than the plaintext, then the key will be repeated until equal to the
length of the plaintext.

For example, supposing that the plaintext "THIS IS MY
PAPER" with the keyword "UP", then, based on the table square
vigenere, illustrations encryption can be seen as follows:

Plaintext THIS IS MY PAPER
Keyword UPUP UP UP UPUPU
Ciphertext NWCH CH GN JPJTL

For the decryption process, with vigenere cipher table and
used the same key, then the resulting plaintext from the ciphertext
comparison with the keys, the alphabet corresponding to the key
and the ciphertext, then the alphabet is the plaintexts.

Ciphertext NWCH CH GN JPJTL
Keyword UPUP UP UP UPUPU
Plaintext THIS IS MY PAPER

The drawback of Algorithm Vigenere Cipher is if the key
length is smaller than the plaintext length, then the key will be
repeated, because it most likely will produce the same ciphertext
as long as the same plaintext, in the example above, the character
"IS" in the encryption into ciphertext the same as "CH" , this can
be exploited by cryptanalysts to break off the ciphertext. Kasiski
method is a method of cryptanalysis that broke Vigenere Cipher
algorithms, methods kasiski collect the same characters of
ciphertext to calculate the distance to ultimately find a number of
the key length. After a long key is found, the next step is
determining what the keywords to use exhaustive key search [11].

2.3. Keystream Generator

KeyStream Generator is a process for generating the key by
using a function, so that be randomly generated the key. With the
random key, it will further increase the reliability of a
cryptographic algorithm because it would be difficult to solve.

The function used may be any function by use of bait as an
input that is not the same for each process, so it will produce
different output depending on that input.

Process keystream generator receives the initial fill of U (as a
user key), and then processed to generate keys Kj, the next insert
is from the previous process, and so on until the process reached
K.

Internal State W

Next-State Function

‘c

v
Output Function

Keystream

i

Figure 5: Key Stream Generator Process

3. Methodology

In this paper, it will be implemented how to implement
cryptographic algorithms classic Vigenere Cipher by the key
modification and how it is applied in the Three-pass protocol that
the sender and the receiver do not have to exchange keys.

o

Decryption]

Encryptionl

E

Decryption2

i

Encryption2

Stop

'E«

oA

Figure 6: Flowchart of Three-Pass Protocol scheme

The key modification of Vigenere Cipher in this study, we use
the key stream generator, the key will be generated when the key
length is not equal to the length of the plaintext, when the key
length equal to the length of the plaintext, the key generating
process is not necessary.

In generating the keys, we use the following equation:
K,‘ = (K,‘.] + I’l) mod 26 (3)

where K; is a character key that will be generated, K;.; is the index
of the previous key character and 7 is the length of the keys to the
K.

Alphabet in the alphabet 4 to Z can be described as an index
of a row of numbers from 0 fo 25 with 0 = 4 and 25 = Z, an
illustration of the process of generating the key is illustrated as
follows: suppose the length of plaintext is 10, and the length of
the is key 6, suppose the key text "MYCODE", when the standard

3
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key Vigenere Cipher, key will be "MYCODEMYCO", then by
using the above functions, the whole key generate to
"MYCODEKRZI", where "K" is generated from the summation
of index "E"= 4 plus the length of the key of "M" to "E"= 6 equals
10 then in modulo with 26 generating a character to /0 ="K", and
SO on.

For encryption and decryption is then performed as usual.
Flowchart for encryption and decryption process vigenere cipher
can be seen as follows:

Plaintext P

Encryption

Figure 7: Vigenere Cipher Encryption Process

£

Vv
Generate Key
K,

Start

Key K

G

z
<«

Decryption
L Generate Key

K

Figure 8: Vigenere Cipher Decryption processed

In this paper, to prove each process, we use python, we made
it to both encryption and decryption process in plaintext manual
input or plaintext taken from a file with .txt extension.

4. Testings And Implementations

As a test, we will do the encryption and decryption of a
message with a cryptographic algorithm classic Vigenere Cipher
that reads "THE FAMILY AND THE FAV" uses two keys are

WWww.astesj.com

assumed as a key owned by the sender "KEY" and keys owned by
the recipient "BUNG".

First, the sender will encrypt the plaintext with his own key
and produce the first ciphertext, then the first ciphertext sent to
the recipient, the recipient encrypts back the first ciphertext with
his own key and produce the second ciphertext, and then the
second ciphertext is sent back by the recipient to the sender, then
sender decrypt the second ciphertext and generates the third
ciphertext, the third ciphertext is sent back to the recipient to
decrypt into plaintext.

For the illustrations can be seen as follows:

First Encryption by Sender:

Plaintext : THE FAMILY AND THE FAV
Sender Key : KEY BFKQXF OYJ VIW LBS
First Ciphertext : DLC GFWYID OLM OPA QBN
Second Encryption by Recipient:

First Ciphertext : DLC GFWYID OLM OPA QBN
Recipient Key : BUN GKPVCK TDO ANB QGX
Second Ciphertext : EFP MPLTKN HOA OCB GHK
First Decryption by Sender:

Second Ciphertext : EFP MPLTKN HOA OCB GHK
Sender Key : KEY BFKQXF OYJ VIW LBS
Third Ciphertext : UBR LKBDNI TQR TUF VGS
Second Decryption by Recipient:

Third Ciphertext : UBR LKBDNI TQR TUF VGS
Recipient Key : BUN GKPVCK TDO ANB QGX
Plaintext : THE FAMILY AND THE FAV

In the above process, we can see that there have been three
exchanges between the sender and the recipient, the first exchange
is the sender sends the first ciphertext, the second exchange is the
recipient sends back the second ciphertext to the sender, the last
exchange is the sender sends the third ciphertext, and finally the
recipient decrypts the message to be plaintext.

For comparison, let's see how if the message decrypted by
standard Vigenere cipher algorithm method. Where the sender
sends the key to the recipient for decrypt the ciphertext
simultaneously through different paths and assuming that the key
delivered safely.

Encryption by Sender:

Plaintext : THE FAMILY AND THE FAV
Key : KEY KEYKEY KEY KEY KEY
Ciphertext : DLC PEKSPW KRB DLC PET
Decryption by Recipient:

Ciphertext : DLC PEKSPW KRB DLC PET
Key : KEY KEYKEY KEY KEY KEY
Plaintext : THE FAMILY AND THE FAV

For encryption process using the key that has been modified,
it appears that the ciphertext generated more random, the word
"THE" produce different cipher word, it will be different if we
decrypt without key modification, the word "THE" will be
decrypted the same word "DLC", then "FA" equal to "PE", this
will be loopholes for cryptanalyst to make the cryptanalysis
process using kasiski methods. By modifying the key, kasiski
method will be more difficult to do, moreover, the key also has to

4
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distributed, this, of course, requires us to ensure that the
distribution of the key should be completely safe. But when we
applying the method of Three-Pass protocol, the key does not
need to be distributed.

5. Conclusions

From the research, it seemed that by modifying keys, classical
algorithm Vigenere Cipher actually has better reliability
compared with standard Vigenere Cipher, this is due to the
modification of the keys that are generated from a process that is
done, so that when the key length is not equal to the length of the
plaintext, then the key will not be repeated, but will be generated
by a function, this has resulted in a more random keys rather than
having to repeat the key as in the standard Vigenere Cipher
algorithm.

And Vigenere Cipher can also be applied to the method of
Three-Pass protocol, so although Vigenere Cipher included into
the algorithm symmetric key, the sender of the message does not
have to send the key used to encrypt the message, because each
can use its own key both to encrypt and decrypt, of course, this is
very useful when the key distribution security more vulnerable to
tapping, and moreover, if the distribution of key is secure, the
message sent does not have to be encrypted, isn’tit ?.

In this study, we simply apply safeguards messages using the
standard alphabet consists of 26 characters, for further research,
may be applied to a more complex character.
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Classical cryptography is a way of disguising the news done by the people when there was
no computer. The goal is to protect information by way of encoding. This paper describes
a modification of classical algorithms to make cryptanalis difficult to steal undisclosed
messages. There are three types of classical algorithms that are combined affine chiper,
Caesar chiper and chiper transposition. Where for chiperteks affine chiper and Caesar
chiper can be looped as much as the initial key, because the result can be varied as much
as key value, then affine chiper and Caesar chiper in this case is dynamic. Then the results
of the affine and Caesar will be combined in the transposition chiper matrix by applying
the pattern of rice cultivation path and for chipertext retrieval by finally applying the
pattern of rice planting path. And the final digit of the digit shown in the form of binary
digits so that 5 characters can be changed to 80 digit bits are scrambled. Thus the
cryptanalyst will be more difficult and takes a very long time to hack information that has

been kept secret.

1. Introduction

A security issue is one of the most important aspects of an
Advancements in the field of computer technology allows
thousands of people and computers around the world connected
in a virtual world known as cyberspace or Internet. But
unfortunately, technological advances are always followed by a
downside to the technology itself. One is the susceptibility of data
security, giving rise to the challenges and demands the availability
of a data security system is as sophisticated as the technology
advances of the computer itself. This is the background of the
development of a data security system to protect data transmitted
through a communications network [1]. There are several ways to
do security data through one channel, one of which is
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cryptography. In cryptography, data transmitted via the network
will be disguised in a way that even if the data can be read then it
cannot be understood by unauthorized parties. Data to be
transmitted and not experienced isitilah encoding known as
plaintext, and after camouflaged with a way of encoding, then this
will turn plaintext into ciphertext. The functions that are
fundamental in cryptography is encryption and decryption [2].

Many cryptographic techniques are implemented to safeguard
information, but the present condition is much too way or the
work done by cryptanalysis to break it. Though an important thing
in the delivery of the message is to maintain the security of the
information that are not easily known or manipulated by other
parties. One solution that can be done is to modify the
cryptography solved or create a new cryptography so that it can
be an alternative for securing messages [3].
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This study design a symmetric key cryptography by using 3
classical cryptographic algorithm, of which two are affine and
Caesar chiperteksnya results will be dynamic (changing). And the
matrix transposition cipher is a medium to combine chiperteks
affine and Caesar on the technique of laying of the bits in the
matrix using the rice planting furrow pattern and sampling
technique of bits to be chiperteks end using the groove pattern-
making transplanting rice. And in this study chiperteks be
displayed in the form of binary numbers are 1 and 0. This research
could be useful as a modification that serve as an alternative
cryptographic security of information, so that the cryptanalyst
would have difficulty or even require a very long time in the
hacking of information [4-10].

2. Theoretical Basic

Encryption is the process of converting a plain text to be a
message in the ciphertext.

C=EM)

Where:

M = original message

E = encryption process

C = message in code (for brevity called the password), while

Decryption is the process of changing the password message
in one language into the original message back.

M=D (C)

Where:
D = the decryption process

Generally, apart from using certain functions in the encryption
and decryption, it is often a function was given an additional
parameter called the key terms. For example, the original text:
"experience is the best teacher". Once encrypted password
algorithm with key xyz and PQR into cipher text: V583chao8 @
$%.

2.1. Algorithm of Affine Chiper

Affine cipher on the method of affine is an extension of the
method Caesar Cipher, which divert the plaintext with a value and
add it with a shift of P produce ciphertext C is expressed by the
function of congruent:

C=mP+b (modn)

In which n is alphabet size, m is an integer which must be
relatively prime to n (if not relatively prime, then the decryption
can not be done) and b is the number of shifts (Caesar cipher is
the specialty of affine cipher with m = 1). To carry out the
description, equation (4) herus solved to obtain a solution P.
congruence exists only if inver m (mod n), expressed in m "Jikam
I exists then decryption is done by the following equation:

P =m "!(C - b) (mod n)

WWwWw.astesj.com

2.2. Algorithm of Caesar Chiper

Cryptographic one of the oldest and simplest is Caesar
cryptography. Historically, this is how Julius Caesar send
important letters to the governors. Caesar cryptographic formula,
generally can be written as follows:

C=E (P)=(P+k)mod26

P =D (C) =(C k) mod26, where

P is the plaintext,

C is the ciphertext,

K is shifting letter corresponding to the desired key.
2.3. Algorithm of Chiper Transposition

Cryptographic in column (column cipher), plaintext letters are
arranged in groups consisting of several letters. Then the letters in
this group write a column by column, the order of columns can be
fickle. Cryptography column is one example of cryptographic
methods of transposition. Example Cryptography Column:

The phrase 'FATHER HAS ARRIVED YESTERDAY
AFTERNOON!, if arranged in columns 7 letter, it will be the
following columns:

AYAHSUD
AHTIBAK
EMARINS
OREAAAA

Figure 1. Structure of Character Chiper Transposition

To complete the last column that contains 7 letters, then the
rest is filled with the letters' A 'can be any letter or as a
complementary letter. Tesebut sentence after 7 columns
encrypted with a key sequence of letters and 6,725,431, the result
of the encryption:

DKSAATAEUANASBIAHIRAAAEOYHMR

Figure 2. Column Encryption of Chiper Transposition

3. Research Methods

3.1. Research Design

In the development of classical cryptography is included 3
classic algorithm that is affine cipher, Caesar cipher and a
transposition cipher. Wherein the plaintext to be executed by
using affine cipher and the Caesar cipher in advance separately,
and in the encryption process is dynamic, ie chiperteks generated
by affine and caesarean may change according to the wishes, of
which a maximum of change as the keys that are used at the
beginning of the process affine and Caesar.

Changes that occur chiperteks generated by looping the same
7
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process. Below we can see the design of stages of research:

And to process returns to the plaintext message from chiperteks
called process descriptions, can be seen in the design below:

3.2. 3.2. Limitations of Problem

To not extend the scope of the discussion of the given
limitations in this study, namely;
1. The process of encryption and decryption is done on the
text.
2. Key b at the same affine with key k at Caesar specified
by the author of the message and should be a number,
whereas m in the affine key is a prime number.

(m.P) +b Modn (P+K) Modn
IResl]tl..l(l—key) IReslhl..l(l—key)

Value of ASCIT

Matriks Chiper Trasnpotition| ====3p Combinztion chipertest of affine and caesar on matrix, then

Put the character with the rice planting pattern

=== Take the character with the pattern of planting rice
Figure 3. Research Design Process Encryption

3. Affine cipher algorithm and a Caesar cipher generates a
dynamic chiperteks, where the results are changed just
as much as the initial key specified by the author of the
message.

4. Recurrence happened not more than the limit, and the
limit on the initial key = used affine key (b) and Caesar
(key k).

5. Laying chiperteks affine and Caesar on Marik
transposition cipher using rice cropping patterns and
making the character to chiperteksnya is to use pattern-
making transplanting rice.

== lusertthe chiperteks into the matrx with the pattern of ice plasting

Fon a large encryption matrix Px L (mumber of bits per character x Length Cheractrs),
Then for the description of the matrixlarge form L x P (Chiaracter Lengh x Number of Bis per Character)

Chiperteks

[Matriks Chiper Transpofition semgp Once composed, indicate that the first line is effine and the secend is a caesar, ard

Take the character with the pattern of planting rice

Chiperteks 1

=== So Clipericks | or chigerteks afine and Cacsar bas retured, but ot yet fished here,
Next s a drsciption vith the afine and cesarean section formias scparately.

Convert to Decimal Convert to Decimal

-
.Res-nl..-(-:k»y).

Figure 4. Process Research Design Description

T

NPRARAREA

Figure 5. Pattern of Rice Planting
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4. Results and Discussions

This
cryptography involving three classic algorithms are affine cipher,

study to design the development of classical
Caesar cipher and a transposition cipher, where the encryption
result of the affine cipher and the Caesar cipher is dynamic. And
matrices on transposition cipher contain binary blend chiperteks

of affine cipher and the Caesar cipher.

4.1. Rice Planting Pattern Flow

Method rice planting is usually done in a long horizontal
continuous with mapped fields. This study used the same way as
the planting of rice, using a matrix transposition ciphe

4.2. Flow Pattern Making Rice Planting

Rice planting take groove pattern is used as a pattern for the
process description, which is to get back the encrypted plaintext
before the rice planting groove pattern on the matrix transposition
cipher.

Figure 6. Flow Patterns Rice Planting Decision

4.3. Flowchart of Encryption

In cryptography this modification, first
encryption process we execute with affine cipher and the Caesar
cipher separately. Where the results of the affine cipher
encryption and later Caesar cipher is a dynamic, namely

in plaintext

chiperteks generated by each algorithm can be fickle. It is very
helpful to add to the confusion of the cryptanalyst. And to create
dynamic results, the authors do looping on the affine cipher or
Caesar cipher formula denagn respectively. But in this study, we
limit the repetition can be done, namely a maximum of keys are
initialized at the beginning. For example, key in the beginning is
15, then looping may occur up to 15 times.
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b. Caesar Chiper Encryption

R L E
W

" PLAINTEKS —

| INPUT KEY |

.
.

o RESULT -~

4 AL FHAEET

7 WALUE of ”

- BEC -~

| CONWVERT to BINER |

N

y. 7
A CHIPERTEKS .~

e T NO
\,\, Dz it leop e
» =r not? o
T
\ /
ﬁES
L S
P =

' FIMISH

k-\-\"—‘-i—-—.—'—""‘/

Figure 8. Flowchart of Caesar Chiper
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¢. Encryption of Chiper Transposition

START

v

COMEINE
AFFINE + CAESAR

¥

GET CHIPERTEXT

L4

RESULT
CHIPERTEXT

v

FINISH

Figure 9. Flowchart encryption of Chiper Trasnposition

In transposition ciphers will be included chiperteks of affine
cipher and the Caesar cipher to the matrix. Chiperteks of affine
and Caesar in the form of binary digits, and the digits of the binary
is placed into the matrix to follow the pattern of grooves cropping
with the provisions of the first line starts from the affine cipher
followed by a Caesar cipher and so on so forth until all the binary
digits chiperteks on affine and Caesar composed both in the
matrix transposition cipher.

4.4. Flowchart of Description

For the description of the process of restoring the messages
that have been encrypted, or in other words to restore the plaintext
of chiperteks, starting from a transposition cipher.

a. Description of Transposition Chiper

START

4

PUT
CHIPERTEXT

I

GET PLAINTEKS

. 4

RESULT
PLAINTEKS

¥

FIMISH

Figure 10. Flowchart Description of Chiper Trasnposisi

After receiving the plaintext of a transposition cipher, the
plaintext is chiperteks results affine and Caesar cipher encryption.
It is still necessary for the next stage of the description that the
message be the same again. And the next process is
mendeksripsikan the description of a transposition cipher using a
formula descriptions affine cipher and the Caesar cipher.

9
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b. Affine Chiper Description

Figure 11. Flowchart of Affine Chiper

¢. Chipper Description

CHIFERTEXT /

pe /

WALUE
AsCH

Figure 12. Flowchart of Caesar Chiper

4.5. Discussion of combined Affine chiper and Caesar chiper in
the matrix of Chiper Transposition

For processes in detail, if we presuppose the plaintext is Y
and chiperteks is C were converted into bits, then:

Y ={Y1, Y2, Y3, Y4, Y5, .., Yn

WWww.astesj.com

Y1={Cl1,C2,C3,..,C8}
Y2 ={C9, Cl0,Cl1,..., Cl6}
Y3={C17,Cl18, C19, ...,C24}... and so on up to Yn.

To process the cipher transposition, then we take chiperteks on
affine cipher and the Caesar cipher and place in the matrix with
the provisions of the algorithm is:

The first line is the first character or that has been converted
into 8-digit bit chiperteks of affine, which started with a pattern
of grooves rice planting ie from left to right on the first row (odd)
and so on.

Then for the second row, followed by the first character of the
Caesar cipher chiperteks or 8-digit bit after conversion is done
according to the rules also cropping the groove pattern from left
to right of the second row (even) and so on.

So can we symbolize results occur:

Description A symbol is Affine Chiper, and

B Symbol is Caesar Chiper.
Figure 13. Matrix Encryption of Chiper Transposition (Put plaintext)

See matrix above, the number of bits is 8 x 10 = 80 bits, which
consists of 40 bits and 40 bits affine Caesar. And the last step in
the process of encryption to obtain chiperteks the above matrix is
to apply the rice cropping making workflow, from left column top
to bottom and so on.

The matrix can be seen in the figure below:

f

Figure 14. Matrix Encryption of Chiper Transposition (Decision Chiperteks)
10
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From the matrix above, we can take chiperteks by following
the rice planting groove pattern as above, then chipertek is:

C ={CIA, C8B, C9A, Cl16B, C17A, C24B, C25A, C32B,
C33A, C40B, C39B, C34A, C31B, C26A, C23B, C18A, CI5B,
CI0A , C7B, C2A, ... ... ... , C33B, C40A, C25B, C32A, C27B,
C24A, C9B, C16A, C1B, C8A}

Chiperteks that have been obtained in the above then we
descriptions to get the plaintext back. This is what will be done
recipient messages or information. The algorithm description on
transposition cipher chiperteks above is:

1. Put chiperteks transposition cipher encryption on the results
into the matrix, where the matrix is a comprehensive
description width x length (number of characters x number of
bits per character) or the inverse of the encryption process.
Peletakannya same way with encryption that is by adopting a
rice planting furrow.

1 i Wi miiji i it o pris = 0B
f"l fan TARR fArn rARK AN Ll s et ﬂjqﬂ
M wip LIUH LlJu L1UH LLID LLUH LD LIH L
kA o L g o s as it mois i
{-‘HI rTh (X RT] 47n ~inA ~n A £ARR £SACR "~ IB
o (e vien (EXeT) viun Liilh LibA LLTU LJUH i
. " - s 714 paus 7o 7t = i1
{:‘” ran rARA raan £AAR rann fan nmn Annn n 5H'
i L LIHH Ll LLLA (WE 1] LA LiD LI0A ()
} i mm: o8 ra): o8 wi: Wil J9R (2B
{:;ll rn rACA ran AR 17 [mal rn ARk r 33
"o o

e I T I L T A I

Figure 15. Matrix Description of Chiper Transposition (Put Chiperteks)

2. After putting chiperteks into the matrix, then the next step is
to take the initial plaintext or chiperteks of affine and Caesar
by following the flow of the rice-planting decision.

Figure 16. Matrix Description of Chiper Transposition (Plaintext Intake /
Chiperteks1)

3. And can be seen in the matrix with the pattern of grooves
taking over the rice planting, that plaintext or chiperteks 1
which means chiperteks of affine and Caesar already
apparent. If we write the tracks arrow then these bits are
arranged well and return to the previous message. And it
seems clear also that the symbol is a bit affine cipher A and
B are Caesar cipher. The results of the description if written
is:
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P = {PIA, P2A, P3A, P4A, P5A, P6A, P7A, PSA, C1B, C2B,
C3B, C4b, C5b, C6b, C7B, C8B, C9A, C10A, C11A, CI2A,
CI3A, C14A, C15A, C16A ... ... ... , C33A, C34A, C35A, C36A,
C37A, C38A, C39A, C40A, C33B, C34B, C35B, C36B, C37B,
C38B, C39B, C40B}

4.6. Test Result

There are some that can can of this algorithm, the invention
includes some strengths and weaknesses in this algorithm.
Namely:

a. Advantages :

1. The results of the dynamic at chiperteks early stage in the
process of the affine cipher and the Caesar cipher, becomes
a strength because the results can vary and this will make
the cryptanalyst becomes more difficult to hack.

2. Chiperteks end that is sent to the message recipient is the
number of binary digits, so if 5 characters or one word shall
we send, will generate 80 digit bit. And even this 80-digit
randomly arranged by rice cropping pattern groove, so that
in testing it becomes an advantage in this algorithm.

b. Weaknesses :

However, there are things that still looks weak in the
algorithm, namely a recurrence that may be performed in
affine and Caesar does not exceed the value of the key
early, it can be said that the larger the key will be the better,
but if the keys are initialized at the beginning of the small,
then the less recurrence happens that a hacker does not
require a long time to try to hijack the message.

5. Conclusions

a. Chiperteks dynamic process and Caesar affine cipher is also
an important point on the modification of this algorithm, as
plaintext consists of one message alone can generate an
arbitrary chiperteks. And this technique can also trickthe
cryptanalyst.

b. The use of algorithms rice planting groove pattern on the
matrix transposition cipher can prove that this technique
generates a symmetric cryptographic methodology stronger.

c. The combination of several methods on classical cryptography
such as affine cipher, Caesar cipher and a transposition cipher
increase the level of difficulty of this cryptography. The
encryption process is layered with berebeda method will make
hackers need at a very long time to steal the information or
message.

d. Chiperteks display in the form of binary digits that doubled
the number of bits in each character, will help add to the
confusion cryptanalyst for one word alone can produce tens or
hundreds of binary bits consist of 1 and 0.
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Cryptography is still developing today. Classical cryptography is still in great demand for
research and development. Some of them are Vigenere Cipher and One Time Pad (OTP)
Algorithm. Vigenere Cipher is known as the alphabet table used to encrypt messages. While
OTP is often used because it is still difficult to solve. Currently there are many ways to
solve the Vigenere Cipher algorithm. OTP itself has constraints with the distribution of keys
that are too long. The key length in the OTP algorithm is the same as the plaintext length.
Key random creation also increases the intensity of key distribution. This requires a secure
network at a high cost. The key repeater also lowers the message security level. EM2B Key
algorithm is able to overcome key problem in OTP. EM2B and Increment of Key (Ly)
collaborations produce key lengths equal to plaintext. The Rotation of Matrix (ROM)
algorithm contributes to manipulating the length of plaintext characters. ROM works with
Square Matrix tables that also scramble the contents of plaintext. The addition of Vigenere
Cipher further enhances plaintext security. The algorithm was developed with the EnCl
function, Subrange (S;), and Length of Plaintext (L,). This research produces a very strong
ciphertext. Because plaintext undergoes four stages of encryption to become cipherteks.
Then the length of the plaintext changes with the number of cells in the matrix. The value
of Si and L, is added to the plaintext to be a flag for the decryption process.

1. Introduction

to enter the computer access and steal all the data he wants. Some

In this increasingly sophisticated era almost all the good
circles of government, industry, business to personal companies
do the work using computer. The capabilities possessed by
computer devices is no doubt, this is proved by the level of
accuracy to a high speed in completing a job. Besides the bias
advantage obtained from the use of computer, the most important
thing to be considered is part of its security which if the
information/data stored in the computer suffered damage or loss
then it could lead to huge losses. The condition of a computer that
is not secured properly, will be a great opportunity to the hackers
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Engineering, University of North Sumatera, Medan, 20155, Indonesia
Email: elwin.zeva@gmail.com
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examples of hacking cases in 2016, among others “Ransomware
emerges as a top cyber threat to business, UK second only to US
in DDoS attacks, 412 million user accounts exposed in Friend
Finder Networks hack, Financial Conduct Authority concerned
about cyber security of banks, and other cases caused by the
weakness of the security system. For that we need a computer
security system. Security of data in a computer is very important
to protect the data from other parties that do not have the authority
to determine the content of the data [1]. Security concerns relate
to risk areas such as external data storage, dependency on the
public internet, lack of control, multi-tenancy and integration with
internal security [2].
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2. Literature Review

The NIST Computer Security Handbook [NIST95] defines the
term computer security as follows: The protection afforded to an
automated information system in order to attain the applicable
objectives of preserving the integrity, availability, and
confidentiality of information system resources (includes
hardware, software, firmware, information/data, and
telecommunications) [3]. Cryptography is one of the areas of
science that studies about information security / data to avoid
adverse effects due to misuse of information by irresponsible
parties. Cryptography has an important role in maintaining the
confidentiality of information both in the computer and at the time
of transaction data.

So a more hardheaded goal of cryptography is to make it too
work intensive for attacker [11]. The basic terms used in
cryptography are discussed bellow:

Plaintext

In crytography, plaintext is a simple readable text before being
encrypted into ciphertext [12]. The data can be read and
understood without any special measure is called plaintext [13].

Ciphertext

In Cryptography, the transformation of original message into
non-readable message before the transmission is known as cipher
text [16]. It is amessage obtained by some kind of encryption
operation on plain text.

Encryption

Encryption is a process of converting plain text into cipher
text. Encryption process requires encryption algorithm and key to
convert the plain text into cipher [17]. In cryptography encryption
performed at sender end.

Decryption

Decryption is the reverse process of encryption. It converts the
cipher text into plain text. In cryptography decryption performed
at receiver end [11].

Key

The key is the numeric or alphanumeric text used for the
encryption of plain text and decryption of cipher text [16]

Currently the scientists in the field of cryptography has been a
lot of research about the science of cryptography by creating a
variety of new algorithms developed from previous algorithms.
The level of security offered varies, there is a security priority by
applying the stages of a very complex algorithm, and by offering
the speed of the execution process of the algorithm they created.

Vigenere Cipher is one of the classic cryptographic algorithms
that until now is still widely developed by researchers. In the
cryptography, it contains different methods among them the
cryptography with the Vigenére matrix. Cipher was proposed by
BLAISEDE VIGENERE in 1583 and has reigned about
03centuries.

Another classic cryptographic algorithm is Vernam Cipher,
known as the One Time Pad algorithm. In its development One
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Time Pad algorithm is still much in demand by researchers,
because the key length generated randomly equal to the length of
the message. But the length of the key to be distributed becomes
an interesting thing to develop, because when sending a key must
require a secure network where the secure network is expensive.
The key looping is also a weak point in the algorithm, which
means that if the message is encrypted and decrypted then to
encrypt the same message must use a new key, it means that
network security is a top priority due to frequent distribution of
keys.

The key looping is also a weak point in the algorithm, which
means that if the message is encrypted and decrypted then to
encrypt the same message must use a new key, it means that
network security is a top priority due to frequent distribution of
keys. This is the case with Vigenere ciphers though considered
safe for centuries but then its weaknesses have been identified.
Friedrich Kasiki invented a method to identify the period and
therefore the key and plaintext [11]

This research provides a solution to the length of keys to be
distributed that have lengths to be equal to the message. Doubts
over repetition of key biases that result in cryptanalysis can easily
know the contents of the message can be overcome by the
collaboration with the algorithm Vigenere Cipher and Rotation of
Matrix (ROM). These three algorithms support each other to
ensure the security level of the message and make it difficult for
the irresponsible party to guess the contents of the original
message.

The message will be sent encryption process four stages where
each stage will produce I* ciphertext, 2" ciphertext, 3™
ciphertext, and final ciphertext [10]. The first stage, the message
is encrypted using the Vigenere Cipher algorithm by first
determining the index of each message character and key. Both
indexes are summed and modulated to the specified character
length of the index table. The result of this stage is called I*
ciphertext. . The next step is to determine the value of subrange
and Length of plaintext. The subrange value is derived from the
sum of each message index and the Length of Plaintext is
determined by the number of characters of the message itself.
After the subrange and length of plaintext values are obtained then
the index value for each key character multiplied by the subrange
value and modulated by length of plaintext, this result is called
Encryption 1% ciphertext (EnCl1). 2" ciphertext is obtained from
multiplication between I* ciphertext and EnC1 value. The third
stage is using the Rotation of Matrix (ROM) algorithm where in
this stage the message that has been converted into 2™ ciphertext
is inserted into a matrix table. This algorithm aims to scramble
messages that have been entered into the matrix table using the
rotation method and manipulate the number of characters from the
message.

The workings of this algorithm is very easy but requires
precision because the rotation value obtained from a key
algorithm called E2mbs Key Algorithm and the length of the key
characters will determine the number of matrix tables to rotate.
After all the process at this stage is done then obtained 37?
ciphertext, and the final stage is using One Time Pad algorithm,
where as we know this algorithm is run by converting all
characters of the message and key into binary numbers which then
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operated by exclusive or (XOR) method. The One Time Pad
algorithm in this research has been modified in the key generation
section. Previous research has always used a random machine to
generate a key. The need for modifications to the key generation
process aims to avoid making such long keys when restoring the
original message from ciperthext. The key used to encrypt
messages on the One Time Pad algorithm is the primary key that
has been altered using the E2mbs Key algorithm, then to increase
the length of the key so that it is the same as the message display,
the increment key method is used. The encryption results in this
final stage produce Final Ciphertext which will be sent to the
recipient of the message along with the main key where the length
of the character does not have to be the same length of the
message. In this classic algorithm has been found a way to find
out the contents of the original message without having to know
the key, This research is explained that the decryption process will
be faster if the recipient of the message to obtain the main key and
follow the correct procedure. However, if decrypted by guessing
the key then kriptanalis must go through a long route and the
weight of the possibility to find out the original message content.

3. Materials and Methods

According to (William, 2010) Cryptography is a technique
applied for encryption and decryption. In the field of cryptography
there are several techniques available for encryption/decryption.
These techniques can be generally classified into two major
groups, i.e. Conventional and public key Cryptography [4].

To understand the workings of cryptographic algorithms in
this research, the following will be presented a block diagram
explaining the flow of the encryption process.

Key
\4

| Vigenere Cipher |

| Rotation of Matrix |

| One Time Pad |

Vigenere Cipher

| Rotation of Matrix |

A X O R0 T =0

- X 0O +38 ~ o —g

| One Time Pad |

A
Key

Figure 1. Block Diagram of Cryptography Algorithm Encryption and
Decryption.

From the picture above can be known in general the process of
encryption of a plaintext into ciphertext and the decryption of
ciphertext to plaintext.
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In this cryptographic algorithm used two tables as parameter
to determine character index among others, Plaintext Index Table
0,1, 2, ..., 36) of 37 characters to identify characters (A, B, ...,
Z, spaces, 0, 1, ..., 9) and ASCII tables as character parameters

changed into ASCII characters.

CETEH Index LEI

Index el

Index el

Index

A 0 ¢ 10 20 30
B 1 L 11 21 31
C 2 M 12 22 32
D 3 N 13 23 33
E 4 (0] 14 24 34
F 5 P 15 25 35
G 6 0] 16 26 36
H 7 R 17 27

I 8 S 18 28

J 9 T 19 29

Figure 2. Plaintext Index Table

Oer HeOd Char

Oeo He Oct Himl Chr

Ogr He Oct Himl Chr

Ogc H Ot Himl Chr

00000 WL 320 140 430; Space| 64 40 100 oS4 1| % 60 10 %
DLO0L SO (stact of hesttng) |93 OLOAL B0 |65 AL 1ILaHS A 901140 YT 8
27007 ST (stazt of text) W00 T |66 40 100 ehf6: B | %60 10 e
33003 ETY fend cf tevt) 030 6T 4 L0 el | e 13 a9 o
3OO0 0T (end of teamsmission] | % 04 044 GBS |68 4 104 e D 100 64 144 4100; d
55005 TH) (euquiry) 3700 045 63T 5 |69 49 105 eBS9; E |10L 65 145 oL ¢
§ 006 ACF fackmonledge) WO e |04 06 60 F 102 g L a0
77007 BEL fhell) WO US|l LT e (L5 6 147 a3
B8 OUE [oakapace] 025 050 6840 | |72 46 120 672 B |104 68 190 afL04 b
9 9001 T8 fhorioontal. e 40905 Bl ) 740 100 e T |10 69 181 g5 1

10 40012 LF (N0 Line feed, new line)
10 B0I3YT (wertical tab)
12 COLAFE (NP forw feed, new page)

24 150 ol
43 2B 153 634
4020 054 ofd;

WAL )
15115 T K
76 40 114 &6, |

106 £ 152 6f106; |
107 66 153 adl00; &
108 60 154 4§18 1

13 D 0SB |parriage retum) 4520 156 ¢f45; - |77 4D 116 &#77; 101|109 6D 185 4108; 0
14 £ 006 50 |shith out) 46 2 0% of4; . |78 4E 16 &F70; 1 |100 £F 15 6110 0
15 P07 ST jghift in) 4727 057 af40: /|79 4F 117 &#19; 0100 6F 157 4f11L 0
16 10 020 DIE {data Link eacape| 46 30 060 of43: 0| B0 50 120 &#80: P 102 %0 160 4£11E D
1711 021 DEL {dewice conteol 1) 4930 061 of43: 1 |80 50 120 &f8Ls 0103 71 16 4811%; ¢
18 12 022 D2 {dewice control 2) 50030 062 ofS0r D | B2 52 122 ef82) R 104 02 162 efllG
1913 023 D3 {device conteol 3 SUT3 063 651 | B3 53 125 eff3; § |LL5 73 163 46115 8
20 14 024 D4 {device control 4) 5230 064 650 4|84 54 104 f3d; T 116 74 164 63116 €
EL 16 025 WA neqative acknowledge) | 53 35 065 68335 |85 55 126 &#30; T|117 78 165 63110; 0
22 16 026 ST {smchronous 1dlz] 543 066 of54 8| 86 56 126 «f6; ¥ |108 %6 166 5118 ¥
2307 027 ETE (end of crans, block) | 55 37 067 35T |97 50127 46ET T (18 M7 167 efLIS; W
24 18 030 CA {cance) 5630 070 of5e 3| B0 58 130 «R80: X120 78 130 48120 ¥
0500 030 BN fend of wedium) ST30 000 650080 5O 130 «f89; T (120 79 170 681000 Y
26 1h 03 9B {mbstitute) 5830 072 of5 s | 90 Sh 132 ef%0; T (120 0 10 6100 T
1718 033 I3C {eacape) SO3B 073 68N 0 9L B 133 R0 [ (123 U8 173 o123
IAC0MFS (file separator) 630 T0d 6sR0: |52 SC I eBRE ) (20 104 w24 |
1010035 05 (growp separator) GLAD 0T fl;= | 93 %D 195 6693: ] (125 7D 175 ef125; )
01T 036 RS (record separator) 62 3F 006 offds > | 94 SE 136 ef34 ¢ (126 OF 176 ofL26; -
WIFOM U8 fumcdt separator) 6397 077 b3 2|95 5F 137 4635|127 7F 177 8120 LEL

Souree: wnw LaokupTablez.com
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Source: www,LookupTables.com

Figure 3. Three-Pass Protocol Process Scheme based on ASCII table
Source: http://www.asciitable.com

The Vigenere cipher is a method of encrypting alphabetic text
by using a series of different Caesar ciphers based on the letters
of a keyword. It is a simple form of polyalphabetic substitution in
which each alphabet can replace with several cipher alphabets [5].
The encoding by the Vigenére matrix is the type by substitution.
It consists to employ a key composed by a word or by an
expression. It utilizes a square composed by the alphabet 25 times
in such way it signifies a square matrix where each cell contains
a letter of the alphabet (it exists several variants of the matrix) [6].
Message is divided in blocks. Length’s block is equal length’s key
K. Maximal Length of key is 208 bits (26*8=208). Key length
then could be 128,192,256... for one matrix. To perform the
encryption using Vigenere Cipher algorithm development
required the following functions:

Ci :Pi +Kl mod 37 (1)

This function is then developed by multiplying each index to
the value of 1st ciphertext (Cil) with Encryption 1st ciphertext.
Encryption 1st ciphertext (EnC1) is the sum of subrange with
length of plaintext.

3.1. Cryptography

The word Cryptography is derived from the Greek, namely
from word Cryptos meaning of the word hidden and graphein
means writing. Cryptography can be interpreted as an art or a
science which researched how the data is converted into a certain
shape that is difficult to understand [1]. Cryptography aims to
maintain the confidentiality of information or data that can not be
known by unauthorized parties (unauthorized person)

Cryptography components

Basically, the cryptographic component consists of several
components, such as:
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1. Encryption: is very important in cryptography, is a way of
securing the transmitted data that are kept confidential. The
original message is called plaintext, which is converted into
code that is not understood. Encryption can be interpreted
with a cypher or code. Similarly, do not understand a word
then we will see it in a dictionary or glossary. Unlike the case
with encryption, to convert plain text into text-code we use
algorithms to encode the data that we want.

2. Decryption: is the opposite of encryption. The encrypted
message is returned to the original form (original text), called
the message encryption algorithm used for encryption is
different from the algorithm used for encryption.

3. Keywords: that means here is the key used for encryption and
description.

Security of cryptographic algorithms depending on how the
algorithm works, therefore this kind of algorithm is called finite
algorithm. Limited algorithm is an algorithm used a group of
people to keep the messages they send.

3.2. Vigenere Chiper

The Vigenere cipher is a method of encrypting alphabetic text
by using a series of different Caesar ciphers based on the letters
of a keyword. It is a simple form of polyalphabetic substitution.
[2]. The characters used in the Cipher Vigenere that is A, B, C, ...,
Z and united with the numbers 0, 1, 2, ..., 25. The encryption
process is done by writing the key repeatedly. Writing the key
repeatedly performed until each character in messages have a
couple of key characters. Furthermore, the characters in the
message is encrypted using the Caesar Cipher key values that have
been paired with numbers. The Confederacy's messages were far
from secret and the Union regularly cracked their messages.
Throughout the war, the Confederate leadership primarily relied
upon three key phrases, "Manchester Bluff", "Complete Victory"
and, as the war came to a close, "Come Retribution".[3] The table
below show the example of encription using Vigenere Chiper
consist of Plaintext, Key and Chipertextin Figure 4.

Plaintext | E| L {W|I|N PI{U|R|B|A M{AN|O|R|S|A
Key M{A[N|{O|R|S|A/M|A/N|O|R|S|A/M|A|N|O|R
Chipertext | R M| K |[X|F|S|Q|H|S|[P|P|R|F|B|A|P|F|H|S

Figure 4. Examples Using Encryption Vigenere Cipher (Bruen, 2005)

Examples of encryption in Figure 1, the message character "E"
is encrypted with a key "M" and generate cipher text "R". The
results obtained from the code encrypting the message "E" is
worth 5 and a key character "M" which is worth 13. Each
character value added 5 + 13 = 18. Because 18 is less than the 26
which is the number of characters used, then 18 divided by 26.
The rest of the division is 18 which is a character "R". The
encryption process can be calculated by the following equation
(Stalling, 2011):

Ei=(Pi+Ki) mod 26 (2.0)

where Ei, Pi and Ki an encrypted character, the character of the
message and the character key. While the decryption process can
use the following equation:

Di=(Ci—Ki) mod 26 @2.1)
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with Di is the result of the decryption code, Ci is character cipher
text or cipher, Ki is a key character. While other methods to
perform the encryption process with Vigenere Cipher method that
uses tabula recta (also called Vigenere square; Figure 5).

A B CDEVTFOGHTISJZEKTLMEIEDOTPUO OGRS STUYVW X Y Z
a|A|B|C|D|E|(F|G|H|I|J|K|L M| NHN|O|P| Q| R|S|T|U(V|W|X|T Z
b|BE|C|D|E|F(G|HE|I|J| KE|L|M|N|Q|P(Q|R|S|T|U(V|(W[X|Y|Z|R
e ([C|D|E|F|(G(E|I|J|E|L|M|N|O(P(Q|R| S| T|U(V|(W|X|YT| Z|A| B
d ([DE|F|G|HI(J| K| M|N|O|P|Q|R|ES|T|U|V|W|X[Y|Z|R|EB|C
e E|F|G|H|I(J(EKE|L M| N|O|P|Q|R|S|(T| U V|W|X|Y(Z|(R|B|C|D
E: FIG|(E|I|J|EK(LM(N|Q|P|Q|R|S|T|U|V|WX|Y|Z|A|B|CT|D|E
g |[G|H|I|J|E[L(M|N|Q|P|Q|R|S|T|U(V|W| X|Y|Z|(A|B|C|D|E|F
h [HE|I|J|KE|L(M[N|OQ|P|Q|R|S|T|U|(V|W X|¥Y|Z|A|(B|(C|D|E|F| &
i | I|JT|E(L|M| N|O|P(Q|R|S|T|U|V|W|H|¥ Z|2|B(C|D|E|F|G| H
j|J|EKE|L|M(N(OQO|P|Q|R|S|T|U|V|(W|X| ¥ Z|A|B|(C|(D|E|F|G|H| I
E (K|L) M| N|O|[P(Q|R|S|T|U|V|W|X|X(Z|A|B|C|D|(E|F|G|H|I|J
15 LIMN|O|P|QIR|E(T|U|V|W|H|Y¥|E|A|B|C|D|E|F|G|E|I|JlE
m (M N|O|P|Q(R(ES|T|U|V|W|X|Y|Z|A(B|C|D|E|F|G|(HE|(I|JT| KL
n [N Q| P|Q|R(S|(T|U|V|W|X|Y|Z|R|EB|(|C|D|E|F|G|(E|(I|J|K|L|M
o o|B(Q|R|(S|T|U|V|W|X|¥|Z|A|B|(C|D|E| F(G|H|(T|JT|K|L|M N
P|(P|Q|R|S|T|(U|(V|W|X|Y|Z|A|B|C|D|E|F|G|H|I|J|E(L| M|HNlO
g (Q R|S|T|U(V|(W|X|¥Y|Z|A|B|C|D|E|(F| G| HI|J|E(L(M N|QP
r R|S|T|U|(V|(W|X|Y¥|Z|A|B|C|D|E|F|G|H|I|J|(K|L|M|H|O|P|Q
8 (S|T|U|V|W|X|¥Y|Z|A|B|C|D|E|F|G|H|I|JT|IK|L(M{N|O|P|Q|R
E|(T|U|V|W|X|(Y| Z|A|B|C|D|E|F|(G|H|I|J|K|L(M[{N|O|P|Q|R| S
w|U|V|W|X|Y|EZ|2A|B|C|D|E|F|G|H|I|J|K|LM|N|O|[P|[Q|R|E|T
v |V|W|X|Y|Z|A|B|C|D|E|F|G|H|I|J| K| L M|N|O|P|[Q|R|E|T| T
w |W| X|Y|Z|A|B|C|D|E|F|G|E|I|J|E|L M| N|O|P|Q|R|[S|T|U|V
x |X| Y| Z|A|B|(C|D|E|F|G|H|I|J|E|L|M| H|O|P|Q|R|(S|T|T|V|W
¥ |¥Y|Z|AL|B|C|(D|E|F|G|H|I|J|K|L|M H| Q| P|Q|R|S|(T|T|V|W|X
z |Z|AL|B|C|D|E|F|G|H|I|J|E|L(M|{HN|O|P|Q|R(S|T|U|V| WX T

Figure 5. Tabula recta Vigenere algorithm.

The leftmost column of squares states key letters, while the top
line states plaintext letters. Each line in the rectangle states the
letters ciphertext obtained by Caesar Cipher, in which the
number of shifts letter plaintext specified numerical values of
letters that key (ie,a=0,b=1,¢c=2,...,2=25), Vigenére square
is used to obtain the ciphertext by using a key that has been
determined. If the key length is shorter than the length of the
plaintext, then the key are repeated it’s use (the periodic system).
When the key length is m, then the period is said to be m.

3.3. Vernam Chiper

Cryptography for most people is something that is very
difficult and we as beginners tend to be lazy to learn it. However
there is a cryptographic method that is rather easy to learn and the
experts have stated that this method is a cryptographic method that
is safe enough to use. The method is commonly known by the
name of One Time Pad (OTP) or better known as the Vernam
Cipher [4]. Vernam Cipher invented by Major J. Maugborne and
G. Vernam in 1917. Algorithms One Time Pad (OTP) is a
diversified symetric key algorithm, which means that the key used
to encrypt and decrypt the same key. In the process of encryption,
algorithm it uses the stream cipher derived from the XOR between
bits of plaintext and key bits. In this method, the plain text is
converted into ASCII code and then subjected to an XOR
operation on the key that has been converted into ASCII code.

3.4. One Time Pad

One-time pad (OTP) is a stream cipher to encrypt and decrypt
one character each time [5]. This algorithm was found in 1917 by
Major Joseph Mauborgne as improvement of Vernam Cipher to
produce a perfect security. Mauborgne proposes the use of One-
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Time Pad containing a row of characters randomly generated key.
One pad is used only once (one-time) only to encrypt a message,
after the pad has been used demolished so as not be reused for
other encrypting messages. Encryption can be expressed as the
sum modulo 26 of the plaintext character with one key character
one-time pad [6]. This is the equation of one-time pad encryption
26 characters shown in Equation 2.2 below:

Ci= (Pi+Ki) mod 26 2.2)
If the character that is used is a member of the set of 256
characters (such as characters with ASCII encoding), then the
encryption equation shown in equation 2.3 below.

Pi= (Ci—Ki) mod 26 (2.3)

After the sender encrypts the message with the key, he destroyed
the key. Recipient of the message using the same pad to decrypt
the ciphertext characters into characters plaintext with equation
2.4 below.

Pi= (Ci-Ki) mod 26 2.4)

for the 26-letter alphabet, or for the 256-character alphabet with
equation 2.5 below.

Pi= (Ci-Ki) mod 256 2.5)

The ways of working one time pad method:
C=PXORK (2.6)
P=CXORK 2.7

Note that the key length should be equal to the length of the
plaintext, so there is no need to repeat the use of the key during
the encryption process (as in vernam cipher).

3.5. Rotation Matrix

Rotation matrix is shifting ciphertext character that has been
incorporated into the matrix column clockwise, along the defined
distance of the key. How to determine the length of shifts and the
number of shifts can be seen in the following Table 1 below:

Table 1. Calculation of Long Shifts in Matrix

Plaintext E[LIW[I|N PIU|R|B|A M A/N|O|R|S5|A
Key M{A/N|O/R|S|A{M|A|N|O|R|S|A/M|A|N|O
Chipertext |R|M|{K|X|F|[S|Q|/H|S|P|P|R|F|B|A|P|F|H|S
Ki M| A | N O R S A
A = Dec(Ki) 77 165 |78 | 79 | 82 [ 83 [ 65 | (2.8)
B =A+Cn1 76 190 |91 17918387170 29
C=Amod26 251 13 0 1 4 5 13 | (2.10)
D=B+Cmod26 | 23 | 25 | 13 2 9 14 5 | (2.11)
Char W|Y | M| B I N | E
G = Dec(Char) 87 | 89 | 77 | 66 | 73 | 78 | 69 | (2.12)
Rg = G mod 26 o |11 2514210 [17]@13)
Explanation:
Ki : Key
A :  Decimal ASCII value of the key characters
B : Results Summation with a decimal value key with the
previous result (C).
C : The decimal value of a key character mod 26
D : Number of B + C mod 26
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Char The result of the shift in the index table alphabetic
characters as much as the value of D

G : Decimal ASCII value of the key characters

Rg :  Long shifts in the character matrix table

Whereas for the amount of shift is determined by the character
key.

Forms of research conducted by the authors in this paper is a
review of literature. The literature review is a framework,
concepts, or orientation to perform the analysis and classification
of facts collected in a study. Referral sources from books and
journals, which are referred to in this paper are directly related to
the object under researched, that is the plaintext encryption. The
method of research that used in this paper is a flowchart. This
method includes determining a model of encryption, the
completion of the encryption algorithm, encryption simulation
manufacture and analysis of simulation results encryption.
Flowchart design simulations on complete this research can be
seen in Figure 6.

Plain Text E L W I N P U R B A M N O R S A

A
Index Plaintext 5 1223 9 14 0 1 21 18 2 1 0 13 1 14 15 18 19 1
Index Key 3 1 14 15 18 19 1 13 1 14 15 18 19 1 13 1 14 15 18
P +Kmod 26 18 13 11 24 6 19 17 8 19 16 16 18 6 2 1 16 6 8 19
Cipertext_1 R M K X F s Q H s P P R F B A P F H S

Figure 6. Table Testing of Encryption Vigenere Cipher

Rotation Key Algorithm

Rotation key generation algorithm aims to improve the
security of the plaintext by changing the keys into a new character.
Furthermore, the new character is converted to decimal and then
look for the value of the modulation to determine the length of a
shift towards the characters in the matrix table. Consider the
following Figure 7.

Key M A N O R S A
A =ASCIl Code 77 65 78 79 82 83 65
B=A+C(n-1) 76 9 91 79 83 87 70
C = Mod(ASClI Code) 25 13 0 1 4 5 13
D =Mod (B +C) 22 25 13 2 9 14 5
Chiper_Key W Y M B | \| E
X = ASCII Code 87 8 77 66 73 78 69
Y = Mod(X) 9 11 25 14 21 0 17
RT 9|RT11|RT25|RT14{RT21] RTO |RT17]

Figure 7. Process Key Algorithm determining Long Shifts on Matrix rotation
Rotation algorithm

In this process, all the characters ciphertext that has been
generated on Vigenere Cipher algorithm written into the matrix
table where condition matrix which must consist of a matrix of
squares, where the number of rows equals the number of columns
(Figure 8). To run this algorithm, first consider the following
steps.

1. Write down all of the ciphertext into the matrix
2. The matrix will be formed must consist of the same number

of rows and columns.
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3. To define a matrix of rows and columns calculate the amount
of n ciphertext; n = length of ciphertext.

4, If 0< n <= 9, it will forma 3 x 3 matrix.
If 9<n <= 16, it will form a matrix of 4x 4
If 16 <n <= 25, it will form a matrix of 5 x 5, etc.

5. If the matrix column empty, fill it with the alphabet from A
until the empty column full of character.

6. Copy the first column then make a new ending column
7. After that copy the first line and then make a new ending line.

8. Make the first shift in which the shift length is determined by
the rotation of key algorithms. Rotation matrix will end after
reaching n MAX of keys.

Matrix 5X5 Rro= 9
M| K 1 KI{M|R|B|P
H

=[=[=[=
===

=

= | = [ [=
~[<[=[=

o= 2 =10

S|P
ALF
J |
A
S| H
s|e

B
0
(
f
R
B

=|=|=[=]|~[=

8
D
(
f
R
8

~|=|=[=]|=]=

R ’ R
i E O
X f X 1]

LSEd 5 8 Ly Ly
M 0 M 1
R P R R

Figure 8. Process of Rotation Matrix

Retrieved end Cipertext:
BRFXKMPDCFRRPEFBQBSFHSHPRAAPSPFXKMS

Vernam Cipher

Encryption can be expressed as the result of the Exclusive OR
(XOR) of the plaintext character with an OTP key characters. This
algorithm acts to encrypt the plaintext where the key is generated
randomly. This key is valid only disposable where if you want to
decrypt the same message then the generated key will be changed.

One Time Pad

In this method, there are two things that need to be encrypted
is the key and the ciphertext obtained from vigenere chipper. This
method works in advance is change the main key with One Time
Pad methode to produce the Ciphertext of the key then this key
will be the second key or a new key (Figure 9).

Ei : Pi XOR Ki

The main key MANORSA
Random key

Key Ciphertext "€ +« "n%
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Plaintext Random XOR Key
Binary Bit Bit

M 01001101 11100101 10101000 “
A 01000001 11000001 10000000 €
N 01001110 01100101 00101011 +
0 01001111 11100100 10101011 «
R 01010010 11111010 10101000 “
S 01010011 00111101 01101110 n
A 01000001 01100100 00100101 %

Figure 9. Encryption Results of Main Key

The next new key that has been generated is used to encrypt
the ciphertext that has been obtained from vigenere cipher.

From the results of the main key encryption in the previous
process we obtain a new key and then the key is repeated until the
key length equal to the length of the plaintext. The result of the
encryption of the plaintext and the key will be the end of the
process to produce a strong ciphertext.

Plaintext

BRFXKMPDCFRRPEFBQB SFHSHPRAAPSPFXKMRS
Key

“EHEN% €+« n% €+« n% €+« n% €+« “n%"*

Clphertext
UEm¥%O0#uy |—m > TzUl(mlL{ Uh'dm¥%4O#w!

The encryption process is represented in binary form :

Pi : 01000010 01010010 01000110
01011000 01001011
01001101

Ki : 10101000 10000000 00101011
10101011 10101000
01101110

Ci : 11101010 11010010 01101101
11110011 11100011
00100011

Pi : 01010000 01000100 01000011
01000110 01010010
01010010

Ki : 00100101 10101000 10000000
00101011 10101011
10101000

Ci : 01110101 11101100 11000011
01101101 11111001
11111010

Pi : 01010000 01000101 01000110
01000010 01010001
01000010

Ki : 01101110 00100101 10101000
10000000 00101011
10101011

Ci : 00111110 01100000 11101110
11000010 01111010
11101001

WWwWw.astesj.com

Pi : 01010011 01000110 01001000
01010011 01001000
01010000

Ki : 10101000 01101110 00100101
10101000 10000000
00101011

Ci : 11111011 00101000 01101101
11111011 11001000
01111011

Pi : 01010010 01000001 01000001
01010000 01010011
01010000

Ki : 10101011 10101000 01101110
00100101 10101000
10000000

Ci : 11111001 11101001 00101111
01110101 11111011
11010000

Pi : 01000110 01011000 01001011
01001101 01010010
01010011

Ki : 00101011 10101011 10101000
01101110 00100101
10101000

Ci : 01101101 11110011 11100011
00100011 01110111
11111011

Fig. 8 The encryption process with the one-time pad method

4. Results and Discussions

The results of encryption on this method obtain ciphertext to
be sent to the recipient where there are two keys that are sent,
among others, the key to decrypt the plaintext and the key to
decrypt the key.

4.1. Description
One Time Pad

To know the plaintext from the ciphertext received by the
rightful recipient of the message, that is by first using the one-time
pad method. The message recipients require a new key as a
reference to recover the plaintext.

Clphertext
UEmM%O#uy |-m > -|-ZU1(m1 LU dm%O#w!
New Key D “E+H«“n%

Ciphertext and the key then is XOR ed using the formula:
Di : Ci XOR Ki

The process of the message recipient to get a new message that is
still in the form of Ciphertext are:

BRFXKMPDCFRRPEFBQBSFHSHPRAAPSPFXKMRS.
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After successful decryption of the message recipient to
decrypt back to find out the main key is still the one-time pad

method.
Ciperteks key “€+«“n%

Key : aAedi=d

Main Key = Ci XOR Ki

“ :10101000 XOR a: 11100101 =

01001101 ‘M

€ : 10000000 XOR A ;11000001
=01000001 tA

+ : 00101011 XOR e: 01100101
=01001110 :N

« :10101011 XOR da: 11100100
=01001111 e

“ :10101000 XOR a: 11111010
=01010010 :R

N : 01101110 XOR =: 00111101
=01010011 S

% : 00100101 XOR d: 01100100
=01000001 CA

Main Key MANORSA

Rotation algorithm

The next decryption algorithm is an algorithm in which the
rotation that has been encrypted ciphertext of the previous
methods to be put into a matrix table. See the Figure 10 below.

Ciphertext:
BRFXKMPDCFRRPEFBQBSFHSHPRAAPSPFXKMRS

B[R F X K| M
P D|C F R R
P E F B | Q]| B
S F H S H| P
P S P

X K|{M|R S

Figure 10. Matrix Ciphertext

In the previous encryption process, ciphertext character
that is in the column of the matrix are moved forward along key
value, but on the decryption algorithm ciphertext character that is
in the matrix table is sliding backwards or revers along key value
and repeated as much as the key length. The key value is obtained
from the following process in the Figure 11 and Figure 12.
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Key M A N O R S A
A = ASCII Code 77 65 78 79 82 8 65
B=A+C(n-1) 76 9 91 79 83 87 70
C = Mod(ASCII Code) 25 13 0 1 4 5 13
D = Mod (B +C) 22 25 13 2 9 14 5
Chiper_Key
X = ASCII Code 87 8 77 66 73 78 69
Y = Mod(X) 9 11 25 14 21 0 17
RT 9|RT11|RT25|RT14|RT21| RTO [RT17]

Figure 11. The process of determining the value of the key.

After a successful key value is determined next process is to do a
rotation matrix algorithm.

= 17 RV= 0 R= 1

IR S| P[P
FIE

H

=|m ||

o |lo|e|e
|| |=

= | |=|o|=|=

o |lo|lo|le|=|=

w| = | |o|lo|=

ES
o= ||| |=

=|lo|o|e|—|=<
= |=|=|>=<|—|=

= |=|=|>=
o
=
=3

o

<|m|o|wm o |=<|wo

= | |== =N ==

===

= | |o|o|wn]|=

=

= |o|= =
o
o=

Figure 12. Process Description ciphertext with Matrix Ciphertext Algorithm

The results of the first rotation indicated at number one in the
previous figure 10 wherein R is on the line five-column one. If we
look at previous matrix characters that are in row one column one
is B, then calculated spin clockwise as key values obtained from
the previous process. The key value is taken values that are at the
end of the index is 17, the next process is the value at the previous
index up until the beginning of the index, this is certainly the
opposite of encryption algorithms. Having calculated the
characters are on the order of 17 is R then R is placed on row one
column one on the following matrix and is followed by the next
character, then repeated continuously until the last process (Figure
13). In the process of this algorithm obtained the final matrix
below:

M K X F R

S P S

P B A P
P F H S A P
B C D E F B
R M K X F R

Figure 13. The Results of Algorithm Rotation Matrix
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The next stage removes the last row and the last column of the
matrix.

Remove The Last Row Remove the last column
M{K[X]|F|R M{K|X]|F
HIS|P|S HIS(P
P BlA|P P A
PIFE(H[SIA]P fllP FlH]5]A
plelolele]s jalefolele

White down everything that exists in the matrix
[k[we[x[elsaln[s[e]r[r[e[alafee[R{s[alnlclolE]F]

Delete character as an index value of the character that is not used on the nghtmost in chiperteks
GTalx [y s o TsTe L[ ]r s [a s [ [+ ENCIENEHED

The Ciphertext become:
[Rlwlc[x[rlsfafulslefe[nfe[ofale[r[n]s]

Algoritma Vigenere

Last decryption algorithm using the algorithm vigenere
cipher by using the key with formula:

Di = (Ci - Ki) mod 26

So the result we can see below:

Ciphertext : RMKXFSQHSPPRFBAPFHS
Key : MANORSAMANORSAMANOR
Plaintext : ELWIN PURBA MANORSA

RIM[ k[ x] el slalulse|r]n]e]n]alr|e]n]s
BB 1M 619U 8B HKB 6L L%6 Y
M AN ORSAMANO TRSAMANDO R
B1 WS BY 1B 1USEBYLB1US B
5B 9 W0 6NB2I10B LWL B Y
E LW I N PURBA MANORS A

5. Conclusions

The encryption mechanism used in the present research is still
modest or simple, but is expected to be useful as a first step to
enter into the world of cryptography, particularly in the
implementation of message security algorithms using other
combinations. To the future, this research is expected to be
developed, used and applied in the areas of life that is more
complex.
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The caesar cipher modification will be combine with the transposition cipher, it would be
three times encryption on this experiment that is caesar modification at first then the
generated ciphertext will be encrypted with transposition, and last, the result from
transposition will be encrypted again with the second caesar modification, similarly at the
decryption but the process is reversed. In the modification of caesar cipher, what would be
done is the shift of letters are not based on the alphabet but based on ASCII table, plaintext
will get the addition of characters before encryption and then the new plaintext with the
addition of characters will be divided into two, they are plaintext to be encrypted and
plaintext are left constantly (no encryption), The third modification is the key that is used

dynamically follows the ASCII plaintext value.

1. Introduction

Cryptography is one way to conceal a message so that it is
not easy to read or understood by people who are no right to access
it. Cryptographic algorithm is divided into two that is classic and
modern cryptographic algorithm. Classical cryptographic
algorithm is an algorithm that used in antiquity that generally this
algorithm only uses substitution and permutation method. Along
with the development of algorithm technology it is considered less
secure so then the new algorithms were created, then the modern
cryptographic algorithm was born that use various method and in
the process it used binary, hexadecimal, etc.

Classical cryptographic algorithm 1is starting to be
abandoned by some people because it is considered less secure or
considered it has expired, therefore it is possible to make
modifications to the one of the classical cryptographic algorithm
that is caesar cipher and combine it to another classical algorithm
that is transposition cipher, so the results of ciphertext will be
more complex and difficult to solve.

Modifications of caesar cipher have been done by other
research, manipulating ciphertext by making readable ciphertext,
so cryptanalis or unauthorized parties will not be suspicious if the

*Corresponding Author: Fahrul Ikhsan Lubis, Magister Informatics, Universitas
Sumatera Utara, Medan, 20155, Indonesia | Email: fahrulikhsan30@gmail.com

WWww.astesj.com
https://dx.doi.org/10.25046/a2j020504

message they are reading is a ciphertext [1]. In another research,
caesar cipher was manipulated by changing the order of plaintext
characters then performed substitution according to the key [2].

The modification of Caesar cipher will be executed by
shifting the character based on ASCII table, plaintext will get the
addition of characters before encryption and then the new
plaintext with the addition of characters will be divided into two,
plaintext that will be in encryption and plaintext which is left fixed
(without encryption), and the last modification is to use a dynamic
key following the value of plaintext ASCII.

2. Materials and Methods

In secure communication field, there are many studies which
involves cryptography. Cryptography would be a well-known
method for secure communication from the present of intruder. It
is the algorithm method in which security goals are preferred.
There are the processes to transcribe information into different
form so that only authorized parties can access it. [3]

A cryptographic algorithm would be quite efficient when
there is a guarantee for the data security. However, time of
execution is more important, since it does not have to spend a lot
of time to execute. [4]

There are two techniques of encryption: Substitution
Technique and Transposition Technique. In substitution
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technique, the letters of plaintext are replaced by other letters or
any number or by symbols. Example Caesarcipher, hill cipher,
monoalphabetic cipher etc. In transposition technique, some sort
of permutation is performed on plaintext. Example: rail fence
method, columnar method etc[5].

Cryptography is divided into two types, Symmetric key and
Asymmetric key cryptography. In Symmetric key cryptography a
single key is shared between sender and receiver. The sender uses
the shared key and encryption algorithm to encrypt the message.
The receiver uses the shared key and decryption algorithm to
decrypt the message.

Key Key
N Enkripsi » Dekripsi >

Figure 1. The encryption and decryption process of symmetric keys

In Asymmetric key cryptography each user is assigned a
pairof keys, a public key and a private key. The public key
isannounced to all members while the private key is kept secretby
the user. The sender uses the public key which was announced by
the receiver to encrypt the message. Thereceiver uses his own
private key to decrypt the message[6].

Public Key Private Key
—_— Enkripsi ——»| Dekripsi ——»

Figure 2. The encryption and decryption process of asymmetric keys.

2.1. Caesar Cipher

At the encryption of caesar cipher, each letter in the plaintext
replaced with another letter with a fixed position apart by a
numerical value, it is used as a secret key. [3]

Caesar cipher would be the simplest method of encryption
because it is very easy to calculate but rarely used because of lack
of robustness. The novelty of the introduced encryption technique
is Simple in implementation but difficult in intercepting. And with
caesar cipher data transmission can be successfully delivered
using LASER. [7]

In cryptography, Caesar cipher is one of the simplest and
most famous encryption techniques. The password includes a
substitution password in which each letter in the plaintext is
replaced by another letter that has a certain position difference in
the alphabet. For example, if using shear 3, B will be E, U
becomes X, and K becomes N so the plaintext of "buku" will
become "EXNX" in encoded text. Caesar's name was taken from
Julius Caesar a Roman general, consul, and dictator who used this
password to communicate with his commander.

The encoding process (encryption) can mathematically use
modulus operation by converting the letters into numbers, A = 0,
B=1,..,Z=25. The password (En) of "letter" x with shear n is
mathematically written with:

WWwWw.astesj.com

E,(x)=(x + n) mod 26
While in the process of solving the code (decryption), the
decryption (Dn) is:

D, (x) = (x - n) mod 26 [8]

Caesar Cipher can be combined with the vigenere cipher [9].
But, it would be possible to combined Caesar cipher with
transposition cipher for secure encryption. Because the
combination of this two techniques provides more secure and
strong cipher. The final cipher text is so strong that is very
difficult to solve. The transposition method only change position
of characters and substitution method only replaces the letter with
any other letter. The above described method provides much more
secure cipher with combination of both the transposition and
substitution method. [10]

2.2. Transposition Cipher

Ciphertext is obtained by changing the position of the letters
inside the plaintext. In other words, this algorithm transfers the
sequence of letters in plaintext. Another name for this method is
the permutation, because transpose each character in the text is
the same as permutating the characters [11].

Examples of transposition cipher are as follows:

Plaintext: "ABCDEFGHI”

A B C
D E F
G H I

The result of transposition cipher is: ADGBEHCFI

Transposition is often combined with other techniques. With
the power of computers, substitution and transposition encryption
can be easily performed. The combination of these two classic
techniques provides a more secure and strong cipher. The key is
like a password for cipher text which is so strong that no one can
break it. Transposition method only provides the rearrangement
of characters of the plaintext. The attacker may attack on the
cipher text to known plaintext. Above described method contain
transposition as well as substitution method which makes secure
and strong ciphertext. [12]

3. Results and Discussions

Encryption and decryption process through 3 processes. In
the encryption process, the plaintext will be encrypted twice with
the modified caesar cipher and once with the transposition cipher
algorithm. Modifying the caesar cipher algorithm which the
caesar not only uses the alphabet letters but also uses the
characters in the ASCII table (32-126 characters), Key is used
dynamically because the key is one of the ASCII value of one
plaintext character. So, different plaintext, different key.
Mathematically the process of encryption and decryption are as
follows:

Ex- ((A-32)+K) mod 127)
Dx= ((A-32)-K) mod 127
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3.1. Description

A=ASCII character inthe plaintext K= Key(one of the ASCII
characters from plaintext mod 32).

The last modification is by adding certain words to the
plaintext, in the encryption process the system will add a certain
word on the back of the plaintext then plaintext divided into 2
parts: the unencrypted part, and the encrypted part. Conversely in
the process of decryption, system will automatically delete the
additional words so plaintext will be back to normal. The process
of encryption and decryption is as follows:

ENKRIPST DEKRIPSI

CIPHERTEXT | IDRESCSVwHWSA2HSSp2STSe cZae XcRWE

MASURKAN PLAINTEXT  1277020401930003

ENKRIPSI 1 (CAESAR CIPHER) DEKRIPS] 1 (CAESAR CIPHER

IDKESIBE(77FBSI78B_IBCBT!

1277BDBFBCKEBBBESS_TSZ

DEKRIPS] 2 (TRANSPOSTION CIPHER)

PLAINTEXT  1277BDBFBCKEBBBESS_TSZ

ENKRIPSI 2 (TRANSPOSITION CIPHER)

CIPHERTEXT  |DKES2BE{ZTFBS!TB3_BCRT!

DEKRIPS 3 (CAESAR CIPHER)
1277020401930003

ENKRIPS] 3 (CAESAR CIPHER)

IDKESCSVwiHWSA2H3$p2STSe2 cZaeXcRWE

Figure 3. The process of encryption and decryption system

The explanation of the first caesar modification is as
follows: The plaintext used is the NIK Number of KTP (identity
Card) consisting of 16 characters, So the plaintext is
1277020401930003, then added with the word "TAMBAH', so the
plaintext on the system become 22 characters, they are
127702040193TAMBAH. Furthermore, the plaintext is divided
into two, they are the unencrypted characters and the character
that will be encrypted. The unencrypted charactersare the the
four characters at the beginning of the plaintext, they are
'1277'and  the character that will be encrypted is
'02040193TAMBAH'. The key in this encryption is the ASCII
value of the second character ('2') which is 50. Then put into the
formula where the conversion is executedat every character on the
plaintext that will be encrypted.

Ex-((A-32)+K) mod 127)
The ASCII Value of character ‘0’, which is 48.
Ex = ((48-32)+50) mod 127)
= ((16+50) mod 127)
=66 mod 127
=066

The ASCII value of 66 is character 'B'. And so on until the
last character. So from the above data '127702040193TAMBAH'
become '1277BDBFBCKEBBBESfS_TSZ'

Since the encryption/decryption key depend on the ASCII
value of the message so if the key character changed then all of
ciphertext will be changed. As in the picture below:

WWww.astesj.com

ENKRIPSI

MASUKKAN PLAINTEXT

ENKRIPSI 1 (CAESAR CIPHER)

1977020401930003

1977TIKIMITRLITILmZf[Za

| ENKRIPSI 2 (TRANSPOSITION CIPHER) |

CIPHERTEXT

ENKRIPSI 3 (CAESAR CIPHER)

Figure 4. The process of encryption system

Then, the result of the first Caesar modification is encrypted
with columnar transposition with 5 as key, since the result of the
first encryption just 22 characters then the plaintext will be added
3 characters of ‘!’. There is not any modification at this encryption
step, so it will execute as usual.

Plaintext is ‘1277BDBFBCKEBBBEfS TSZ’

1 2 7 7 B
D B F B C
K E B B B
E F S _ T
S zZ X X X

So, the ciphertext is :
“1DKES2BEfZ7FBS!7BB_!'BCBT!”

Furthermore, the result of columner transposition will be
encrypted again with the second Caesar modification. The second
modification is similar to the first modification. The difference is
the number of unencrypted characters is 5. The word added into
this step is “KRIPTOGRAFI” and the key used is the first ASCII
value.

The plaintext for the second Caesar modification is
‘1DKES2BEfZ7FBS!7BB_!BCBT!KRIPTOGRAFI”. The
unencrypted characters is ‘1DKES’. And the character that will
be encrypted is ‘2BEfZ7FBS!7BB_!BCBT!KRIPTOGRAFT’
with The key in from the ASCII value of the first character ('1")
which is 49. After all of the part has been known, then put it into
the formula.

Ex=((A-32)+K) mod 127)
The ASCII Value of character ‘2°, which is 50
Ex =((50-32)+49) mod 127) = ((18+49) mod 127)
=67 mod 127
=067

The ASCII value of 67 is character 'C'. And so on until the
last character. So from the above data
‘1DKES2BEfZ7FBS!7BB_!BCBT!KRIPTOGRAFTI’ become
‘1DKESCSVwkHWSd2HSSp2STSe2\cZae' XcRWZ’.
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Decryption is the inversion of the encryption process, if
there is character addition at the encryption process then there is
character reduction at the decryption process. The decryption
process is refer to the following Figure 5:

ENKRIPS DEKRIPST

MASUKKAN PLAINTEXT  1277020401930003 CIPHERTEXT IDKESCSVwiHWSd2HSSp2STSe) cZae XeRWZ

ENKRIPSI [ (CAESAR CTPHER) DEKRIPS] 1 (CAESAR CIPHER)

IDKESBE{Z7FBSITRB _IBCRT!

1277BDBFBCKEBBBES_TSZ

ENKRIPSI 2 (TRANSPOSITION CIPHER) DEKRIPSI 2 (TRANSPOSTION CIPHER)

CIPHERTEXT  |DKES2BEf77FBS!TEB _IBCBT! PLAINTEXT  1277DBFBCKEBBBESS TSZ

ENKRIPSI 3 (CAESAR CTPHER) DEKRIPS! 3 (CAESAR CIPHER)

IDKESCSVewkHWSd2HSSp2STSe) e Za XeRWZ 127T020401930003

Figure 5. The process of encryption and decryption system

4. Conclusions

From the above explanation, it is known that the original
plaintext and final ciphertext have different number of characters
and in the process occurs 3 times encryption where each process
occurs characters addition. So, the result of ciphertext is very
complex and to solve it there are so many possibilities that should
be tried cryptanalis such as: must find the sequence of algorithms
used, determine the added character part, determine the
unencrypted character part and search for the key used, this is not
simple, because different plaintext, different keys will be used.
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In the first journal, I made this attempt to analyze things that affect the achievement of
students in each school of course vary. Because students are one of the goals of achieving
the goals of successful educational organizations. The mental influence of students’
emotions and behaviors themselves in relation to learning performance. Fuzzy logic can be
used in various fields as well as Clustering for grouping, as in Learning Development
analyzes. The process will be performed on students based on the symptoms that exist. In
this research will use fuzzy logic and clustering. Fuzzy is an uncertain logic but its excess
is capable in the process of language reasoning so that in its design is not required
complicated mathematical equations. However Clustering method is K-Means method is
method where data analysis is broken down by group k (k= 1,2,3, .. k). To know the optimal
number of Performance group. The results of the research is with a questionnaire entered
into matlab will produce a value that means in generating the graph. And simplify the
school in seeing Student performance in the learning process by using certain criteria. So

from the system that obtained the results for a decision-making required by the school.

1. Introduction

The quality of education is largely determined by the ability
of schools to manage the learning process and more specifically
the learning process that takes place in the classroom. In particular
students who are still in junior high school who have adolescence,
adolescence is a critical period in the development cycle of a
person, where at this time there are many changes, both biological
changes, psychological and social changes. This phase of change
often leads to conflict between adolescents with themselves and
conflicts with the surrounding environment. If the conflict cannot
be resolved properly then in its development can bring negative
impact, especially on adolescent character maturation and not
infrequently trigger the occurrence of mental disorders.

Mentally and emotional disorders such as depression,
behavior problems and substance abuse among children and
adolescents cause a heavy burden for families, nations and

*Corresponding Author: Maulana Erwin Saputra, Technique Informatics,
Universitas Sumatera Utara, Medan, 20155, Indonesia
Email: maulanaerwin_saputra@students.usu.ac.id
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themselves. For that required an expert to diagnose developmental
learning disorders in children by knowing the graph of learning
disorders of the learners themselves. By knowing the graph of the
level of learning disorders of students, teachers and parents can
find out how to educate and more to control the level of patience
in educating children.

The data used for the diagnosis of developmental learning
disorders categorized mental emotional problems and learning
behavior is from the problem below:

1. Behavior

2. Feelings

3. Relationships

4. Individuals who never mature

From the above variables, the authors analyze by applying the
fuzzy logic method, because it is very flexible and has a tolerance
to data that is not appropriate and based on natural language.

And also the author tries to add the processing in the analysis
of Student Learning Performing Grouping by applying Clustering
method by assessing:
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1. Material
2. Discipline
3. Attitude
2. Research Methods
In order to obtain the data that can be in this study, then
held the factors that affect student learning disorders is a factor in

everyday life. Learning disorder factors are acceptable in a
variable that is:

Table 1. Types of Bounce Emotions and Behavior Problems in Learning

o Category | TypeProblems | Value Information
I. | Learning -Bahavior - Conduet Pull Avway
Problams 0-17 {Orvarambitious)
Bordarline -
- faalings 0 -Excassiva womias
lﬁ:ﬁ about problams
-Falationships - Thiffieulty
astablishing
0 —-20 | relationships with
pears
~Individuals -Lack of consistaney
who never graw | 0 - 18
I | Abnormal | -Bshavier - Conduct contrany
Laarning {notlika baing
Problams reprimandad . givan
13-25 | positive feadback do
not want to follow tha
rulas)
- faalings -Notablato solve
14-25 | problems
- Falationships - Apprassive apainst
16-25 | peers
- Individuals - Vary inconsistart
who navar praw | 15- 25
Information:

Here the author previously explained in the table above that
categorized:

1. Borderline learning problems describe the behavior and
disorders of children who are changing.

2. And if abnormal learning problems are excessive child's
behavior and disorder.

3. Discussion

[lustrations to clarify the notion of a fuzzy rule system.
Suppose we want to build a system to control the storage tool,
then the process is needed:

3.1. Fuzzification

The input of truth value is certain (crisp input) is converted
to fuzzy input form, which is linguistic value whose semantic is
determined based on membership function.

3.2. Inference

To distinguish from Firs-Order logic, syntax, a fuzzy rule is
written as IF antecendent THEN consequent.

WWwWw.astesj.com

3.3. Defuzzification

At this stage of defuzification we calculate the average
(Weight Average / WA) of each predicate on each variable using
the following equation:

L _2YiR()
2 ur(y)

Information:

o, = the value of the predicate rules to-n
Z,= index to the output value -n

4. General Needs

Emotional and mentality problems that are not resolved
properly, it will have a negative impact on the development of
adolescents in the future, especially on the maturation of his
character and not infrequently trigger the occurrence of emotional
and behavioral mental disorders that can be high-risk behavior.
This shows that 80% of adolescents aged 11-15 years are said to
have exhibited risk behaviors such as misbehavior in school,
substance abuse, and anti-social behavior (stealing, fighting,
pulling, or ditching) and 50% of them also show behavior Other
high risk factors such as drunk driving, sexual intercourse without
contraception, and minor criminal behavior.

Motivation of teachers to work will encourage to achieve the
success of teaching and learning activities. One measure of the
success of teaching and learning can be seen from the value
obtained from students didikannya.

From the results of questioning based on the questionnaire
can be retrieved important data available to be re-managed into
information that will be used as source based on the criteria or
variables contained in the questionnaire.

Start the fuzzy logic toolbox on matlab by typing fuzzy on
the commad window. Next will appear FIS Editor window view
with sugeno type. To start the FIS with the usual sugeno type start
by adding and adjusting the input and output.

| EET SR A e e
- e e -
o = | [t
Cxsabud S -
- -
et
e o
-
saimmn — |
- ome
Sy Ureme 1 . 1 o, s (e I

Figure 1. FIS Editor

The next step is to add the desired number of parameters
of behavior, feelings, relationships, individuals who never mature.
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igure 2. FIS Editor Tipe Sugeno

Description, picture above is Variable in Sugeno type. Each
input parameter has a certain value, each being a membership
function (MF) that has a different type.

For category I using type zmf, category II using type zmf,
category III using type zmf and category IV using type zmf. The
output variables in the form of results have two categories of MF,
namely Borderline (changing nature) and Abnormal (hard and
excessive bars). Both categories use tippet zmf.
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variables with each variable has three MF, then made the rule as
much as 16 pieces with the algorithm as follows:

In full, the entire algorithm is created in the Rule Editor by
using operand and in determining the result value. As seen in the
picture.4 Rule Editor.

Description, the picture above is Rule-rule that will determine
the final result in Sugeno type.

The algorithm created in Rule Editor can be visualized by
using Rule Viewer, which by using the input parameter values
will get the output value.

File Edit View Options
Perilaku=12.5 Peragaan=12.5 Hubungaméiﬂmf-_yang_tidak_pernah_dewaﬁgﬂjgi;gnusﬂ =18
1 & [ ] \ ] [ ] L |
2 ] [ ] [ L] [ 1] [ |
3 ] [ | \ ] [ 1] [ |
4 ] [ | \ | [ b [ |
5 ] [ ] \ ] [ ] [ |
5 | N [ | \ L] [ b [ |
7 & ] [ ] \ ] [ ] [ |
8 | & [ ] \ | [ ] [ |
9 ] [ ] \ | [ 1] [ ]
10 ] [ ] [ L] [ 1| [ ]
1 ] [ ] \ ] [ ] | ]
12 ] [ | \ ] [ ] | ]
13 ] [ | \ L] [ b | ]
14] ] [ ] \ ] [ ] [ ]
15 ] [ ] [ ] [ ] [ ]
s\ ] | ] \ 7] I ] | ]
0 25 0 25 0 25 0 25 [:‘
Input: 1125125125125 HP"’* points: —4nq "“‘WE: ﬂ M M ﬂ‘
Fieady ‘ ‘ Help | Close | ‘

5. Rule Viewer TipeSugeno

Description, picture above is Rule Viewer in sugeno type.
The result of algorithm created in rule editor can be shown in
graphical form by using surface viewer. That is shown below.

File Edit View Options

Figure 3. Membership Function Behavior

iing) then (Hasil_Diagnosais Borderl .

1.If (Perilaku is Bordeling) anc! (Perasaan is Borderling) and (Hubungan is Bordering) and (Indivicu_yang_tidak_pernah_c
2 If Periaku s Bordeline) and (Perasaan is Abnarmal) and (Hubungan is Abrormal) and (individu_yang_tidak_pernah_dewasa is Borderlng) then (Hasi_Diagnosa is Borderir
3.If (Perilgku is Bordeling) is Borderling) is (Inciividu_yang_ficiak_pernah_dewasa is Borderiing) then (Hasi_Diagnosa is Borderi
4.If (Perilaky is Abnormal) and (Perasaan is Borcleriing) andl (Hubungan is Bordlerling) and! (Individu_yang_fidak_pemah_dewasa is Borderline) then (Hasi_Diagnosa s Border
5. {Periiau s Bordeiine) is (Hubunganis (Incividu_yang_fidak_pernah_dewasa is Abnormal then (Hasi_Diagnosa is Borderir
6. If (Perilaku is Bordeling) is Bamerhne) is (Inciividu_yang_ficiak_pernah_dewasa is Bordering) then (Hasi_Diagnosa is Borderi
7 If (Periaku s Bordeline) (Hubunganis (Incividu_yang_fidak_pernah_dewasa is Bordsring) ther (Hasi_Diagnoss is Borderl
8.If (Perilaku is Bordzline) anc! (Perasaan is Bamerhne) and(Hubungan is Borderling) and (Individu_yang_fidsk_pemah_dewasais Abnormel) then (Hasi_Disgnosa is Borderl
9. If (Perilai is (Perasaanis Lbungan is (Indiviclu_yang_ficiak_pernah_tewasa is Borclering) then (Hasi_Diagnosais Aknorr
m \f(Pemam is Abnormal) and (Perasaanis Abnormal) and (Hubungan is Abnormal) and! (Individ_yang_fidek_pemah_dewasais Borderling) then (Hasi Diagnosais Abrorr

Perilaku is Abnormal) and (Perasaan is Abnormal) and (Hubungan is Abnormal) and (Individu_yang_tidak_pernah_ewasa is Abnormal) then (Hasi_Diagnosais Aknorr
12 If (Peritakuis Abnormal) (Hubunganis | yang_fidak_pernah_dewasais Abnormal) then (Hasil_Diagnosa s Abnorr
1_yang fidak_pernah_dewasa is Bordering) then (Hasi_Diagnosa is Abnor

If(

(

3. If (Perilaku is Abnormal) (Hubungan is

14.If (Periatu s Abnormal) i |_yang tidak_pernah_dewasais Abnormal) then (Hasi_Diagnosais Abnor
(
(

15.If (Periatu’s Abnormal) (Incivie_yang fidek_perah_dewasa is Alnormal)then (Hasi_Diagnosa is Ainor
6. If (Perilaku s Bordeiing) and (Perasaan is Abnormal) andt (Huhungan is Abnarmal) and (Individu_yang_tidak_pemah_dewasa is Abnormal) then (Hasi_Diagnosa is Abnorm =
4 i '

If and and and Then

Perasaen s Hubungenis Invic_yeng_fdk _permh_

Aerwca o

Perldhus Hasl Dieonosais

\Abnormal
none

4. Rule Editor

The above picture is the Membership Function (MF) of each

variable inputted in the Sugeno type. The use of four input
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File Edit View Options
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Figure 6. Surface Viewer Tipe Sugeno

The conclusion of the results at the input is:
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Table 2. Diagnosis of rule input into Matlab

SYMPTOMS

INDIVIDUALS WED DESCRIPTION OF EESULTS
NEVER MATURE

IF AND AND AND THEN

S

BEHAVIOR | FEELING |RELATIONSHIP

Borderline Abnormal

(03=16) 1=2)

Here is a flow chart drawing of K-Means algorithm :

Define the center | centroid

|

{alevlate the ciztance of the object to the cented
centroid

l

Grovp objects based on minimem distance

7. Flow chart of K-Means

Information:

1. First select the number of clusters k. The initialization of this
cluster center k can be done in various ways. The random

WWwWw.astesj.com

way is often used, the cluster centers are scored with random
numbers and used as the starting cluster center.

2. Calculate the distance of each data that exists on each cluster
center.

3. Determine the cluster with the closest distance to each data.

4. Reassemble each object using the new cluster center. If the
cluster center has not changed again, then the clustering
process is complete. When changed, then go back to step
no.3 until the cluster center does not change anymore.

To form a group of objects, the first thing to do is to measure
the euclidean distance between two points or objects or items X
and Y defined as follows:

Deuclidean (X,Y) = / Y;(X1 — Y1)2

Table.3 Distance Determination

Material Discipline Attitude
Student
X Y Z
A 3,15 3,83 3,75
B 3,63 3,88 3,95
C 2,98 3,88 3,75
D 3,63 3,95 3,90
E 3,35 3,88 3,93
F 3,33 3,88 3,95
G 3,83 3,95 3,93
H 3,30 3,95 3,85

From the results of the above data then grouping group can
be seen in the table below:

Table.4 Group Determination

Material | Discipline | Attitude | DistanceFrom
Student T T 7 IO Group
A 3,15 3,53 3,75 00203 1
B 3,63 3,58 35 | 05| 04|03 3
C 1,08 N 375 | 02] 03|04 1
D 3,63 3,85 30 05| 0303 2
E 3,35 3,58 383 (03|01 0 3
F 3,33 N 385 | 03|01 @ 3
G 3,53 3,85 393 | 07|05 0s 2
H 3,30 3,55 385 | 0,7] 06|05 3

Group Search / Determination:

1. If the shortest distance is in C1 then Will be entered into

group 1

2. If the shortest distance is in C2 then Will be entered into
group 2

3. If the shortest distance is in C3 then Will be entered into
group 3

From the results of the above table, the centroid for the
second iteration is determined as follows:
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Centroid 1
X=(3,15+3,63)/2 = 3,39
Y=(3,83+3,88 )/2 =3,86
7=(3,75+3,95)/2 =3,85

Centroid 2
X=(2,98+3,30)/2= 3,14
Y=(3,88+2,95)/2= 3,42
7=(3,75+3,85)/2= 3,80

Centroid 3
X=(3,63+ 3,35+ 3,33+ 3,83)/4=3,54
Y=(3,95+3,88+ 3,88 + 3,95)/4= 3,92
7=(3,90+3,93+ 3,95 + 3,93)/4=3,93

From the results of the above analysis, the results obtained as
shown in Figure 8 below:

B Figure 1 - W — b=k
File Edit View Insert Tools Desktop Window Help x
EEFEIEEE T A

(@ Note new toolbar buttans: data brushing & linked plots 4% (% Playvideo x

Grafik Pengelompokan Performance Siswa

+  cluster]
+  cluster2 -
cluster3| T

O centroid

Sikap

Disiplin Materi

Figure 8 Display Clustering Results

5. Conclusions

From the results of testing the system has been done, it can
be taken several conclusions including the following:

1. The system is expected to help users to analyze
developmental learning disorders in children.

2. By using the method of data mining will be easy in doing
grouping ability or student performance.

3. Data processing is done with the help of matlab program
(matrix laboratory) which can calculate the calculation
with decludean formula.

4. Utilization of this technology as auxiliary tool to
diagnose developmental learning disorders enough to
assist the task of a teacher expert (guidance and
counseling) and other teachers.

WWwWw.astesj.com

6.
(1]
(2]
[3]
(4]
[3]
(6]
(7]
(8]
9]

References

Yusuf Munawir dkk , Pendidikan Bagi Anak Dengan Problem Belajar,
Surakarta : Tiga Serangkai Pustaka Mandiri, 2003.

Prof. Dr. Martini Jamaris, M.Sc.Ed, Kesulitan Belajar, Jakarta :
Indonesia, 2013.

Prof. Dr. H. Prayitno, M.Sc.Ed.dkk, Dasar-dasar Bimbingan dan Konseling,
Jakarta : Rineka Cipta, 1994.

H. Mohammad Asrori, .Pd, Penelitian Tindakan Kelas, Bandung : CV
Wacana Prima, 2008.

Jogiyanto HM, Analisis & Desain Sistem Informasi : Pendekatan
Terstruktur Teori dan Praktik Aplikasi Bisnis, Yogyakarta : Andi, 2005.
Kusrini dan Luthfi Emha Taufiq, Algoritma Data Mining, Y ogakarta: Andi,
2009

Berry dan Linoff, Data Mining Tecnicque for marketing Sales and Customer
Support, Yogyakarta:Andi Publisher, 2008

Kusuma Dewi Sri, Artificial Intelligence (Teknik dan Aplikasinya),
Yogyakarta: GRAHA ILMU, 2003.

Naba Eng Agus, Belajar Cepat Fuzzy Logic Menggunakan MATLAB,
Yogyakarta:

Andi, 2009.

Ghalia

30


http://www.astesj.com/

@ASTES

www.astesj.com

Advances in Science, Technology and Engineering Systems Journal Vol. 2, No. 5, 31-34 (2017)

ASTESJ
ISSN: 2415-6698

2nd International Conference of Computer, Environment, Social Science, Health Science,

Agriculture & Technology (ICEST) 2017 5-7 May 2017, Medan, Indonesia

A Theoretical and Experimental Comparison of One Time Pad Cryptography using Key and Plaintext
Insertion and Transposition (KPIT) and Key Coloumnar Transposition (KCT) Method

Pryo Utomo™!, Nadia Widari Nasution' Arisman', Rahmat Widia Sembiring?

School of Informatics Engineering, Univesritas Sumatera Utara, Medan, 20155, Indonesia

’Department of Informatics Engineering, Univesritas Sumatera Utara, Medan, 201535, Indonesia

Email; utomopryo@gmail.com, nadianwidari@gmail.com, arisman.pili@gmail.com, rahmatwsphd@gmail.com

ARTICLE INFO ABSTRACT

Article history:

Received: 17 March, 2017
Accepted: 20 April, 2017
Online: 13 June, 2017

Keywords:

cryptography
Key insertion
Exclusive-OR

One Time Pad (OTP) is a cryptographic algorithm that is quite easy to be implemented.
This algorithm works by converting plaintext and key into decimal then converting into
binary number and calculating Exclusive-OR logic. In this paper, the authors try to make
the comparison of OTP cryptography using KPI and KCT so that the ciphertext will be
generated more difficult to be known. In the Key and Plaintext Insertion (KPI) Method, we
modify the OTP algorithm by adding the key insertion in the plaintext that has been splitted.
Meanwhile in the Key Coloumnar Transposition (KCT) Method, we modify the OTP
algorithm by dividing the key into some parts in matrix of rows and coloumns.

Implementation of the algorithms using PHP programming language.

1. Introduction

In terms about security especially Information Technology
(IT), security is very important to be applied. There are many
methods that used for this security. But there is no security method
that guaranteed reliability. All of them must have weakness. So,
for decreasing every weakness we need to make experiment about
security method. One of this method is enhancement of
cryptography algorithm.

In cryptography are known some algorithms, one of them is
One Time Pad (OTP) Algorithm. OTP includes flow ciphers.
Discovered by Major ] Maugborne and G Vernam in 1971. Each
key is only used for a single message.

The encryption process with One Time Pad (OTP) Algorithm
or One Time Pad Cryptography is essentially an Exclusive-OR
algorithm that is consistent with a less complicated
implementation [4].

In transposition cipher, plaintext is similar, but its order was
changed. On the other words, the algorithm do transposition of the
character set in the text. The other name for this method is

"Corresponding Author: Pryo Utomo, School of Informatics Engineering,
Univesritas Sumatera Utara, Medan, 20155, Indonesia
Email: utomopryo@gmail.com
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permutation because of doing the transposition each character in
the text is similar with make permutation the characters.

In this paper, modified the One Time Pad (OTP) algorithm
by splitting each binary plaintext into 4 sections and then inserting
a key between separate plaintexts.

In transposition process, there is a key in which is mostly
used in order to make the cryptanalist be difficult to guess the
ciphertext. Transposition would be solution before doing insertion
process. Transposition method in this process using matrix [4x2].

After that, Exclusive-OR process will be done so that the
ciphertext will be more difficult to be known.

2. Materials and Methods

The underlying mathematical basis of the process of
encryption and decryption is the relation between two sets,
plaintext and ciphertext. Encryption and decryption are functions
of transformation between the sets.

In principle, cryptography has 4 main components:

1.Plaintext : Readable messages
2.Ciphertext : Random messages that can not be read
3. Key : The key that’s doing cryptographic

4. Technique Algorithm: Methods for encryption and decryption
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4x2 Matrix
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Split Plaintext Binary START
to 2 bit
]

Here the flowcharts of encrypt and decrypt process:

Input Cipher & Key

Merger Key & Plaintext

|
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v
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Insert Key between to 32 bit
splited plaintext
>
>
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v

XOR with encrypted Key

T
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Split {(Merger Key
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]
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Transpose Key Using
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4x2 Matrix

T
Split Cipher Binary

—>
—> to & hit

J

CIPHER

Figure 1. Flowchart of Encrypt Process

In cryptography, the main process used is encryption and
decryption. Encryption is formed based on an algorithm that will
randomize an information into a form that cannot be read or
cannot be seen. Decryption is a process with the same algorithm
to return random information to its original form. The algorithm
used should consist of carefully planned arrangement of
procedures that must effectively produce an encrypted form that
cannot be returned by someone, even if they have the same
algorithm.

Encryption is the process used to encode plaintext by
converting plaintext into ciphertext. While decryption is the
reverse process, which is to change the ciphertext to plaintext [2].

Formula of the encrypt and decrypt process as follows:

A4

XOR Cipher (+)Transpose Key

Trim All Piece Key

v

Merger All Piece Chiper

8 bit plain binary

Change Bin to Dec
Change Dec to ASCII

Encrypt:

FLAINTEXT

plaintext @ key= ciphertext

Figure 2. Flowchart of Decrypt Process

Table 1. Encryption Proces

a | PLAINTEXT=K 01001011 FL,OW
8 bit binary
b | =(al/4) 01 [ 00 | 10 | 11 Split 8 bit binary@2bit
¢ | KEY=T= 01010100 8 bit of key
d | TRANSPOSE Key 00001110 Transpose Key using 4x2 Matrix
e | MIX(d) to (b) 0100001110 | 0000001110 | 1000001110 | 11 Insert key to splitedplaintextupto 32 bit
f | MERGER(e) 01000011100000001110100000111011 unallocated merger result
g =(f/4) 01000011 | 10000000 | 11101000 | 00111011 | SPlitedunallocated merger result
@ 8 bitbinary
h XOR KEY(d) with(g) | 01001101 10001110 11100110 00110101 | XOR result from d1 with f1
i DEC(h) 77 142 230 53 Change to dec
j ASCII(i) M A n 5 Cipher
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Tabel 2. Decryption Process

- - FLOW
CIPHER K= MApS Eripsi of K7

b DEC(a) 77 142 230 53 Change to dec

¢ BINARY CIPHER(2) 01001101 | 10001110 | 11100110 | 00110101 | ORkey anﬂplam before

d KEYT 00001110 | 00001110 | 00001110 | 00001110 Key Transpose

e | XOR KEY(d) to CIPHER(c) | 01000011 | 10000000 | 11101000 | 00111011 Xor result

f MERGER(e) 0100001110000000111010000011101 1 Unallocated 32 bit binary
g =TRIM(e) 01 | 00 | 10 | 11 Trim key result

h =CONC(g) 01001011 Mix Trim key result

i =DEC(h) 75 Change to dec

e ASCII (i) K Plaintext

3. Results and Discussions

One Time Pad (OTP) in the encryption and decryption
process will perform XOR logic on plaintext-key and chipertex-
key. The ciphertextthat is generated by OTP has the exact
character length of plaintext and key so it opens up opportunities
for cryptanalysis to guess key and plaintext.

But in this case, the authors perform the XOR process after
the insertion of key into individual plaintext characters. So the
ciphertext will be generated more difficult to be guessed. For
more details here is a description of how the KPI algorithm works:

3.1. Encryption Process

We must determine the plain text to be encrypted.

According both of the tables, ciphertext was obtained from
plaintext “K” with key “T” is “ MAuS” and plaintext from
cipher MApS” with key “T” is “K”.

4. TImplementation of The Algorithm

To find out the success of this algorithm, we will try to
implementation this algorithm at PHP Language. This application
is a program that do encryption and decryption process from the
text. On this application User will be requested for entering a plain
text, algorithm will processing it and make a result of chiper text
up to four times from plain text.

For the fruitfulness test of this algorithm, we will encryption
a text as follows:

“PLAINTEXT”

The Following is view of encryption process result using the key
HKEYH.

5. Conclusions

According the Implementation, we have concluded that the
modification of One Time Pad (OTP). Algorithm using insertion
key On the splitting plain that the authors develop In this paper
can working properly as an alternative cryptographic algorithm,
so this algorithm able to improve the capability One Time Pad
(OTP) algorithm for today and future. Based using this algorithm

WWww.astesj.com

we can see the Compare result from the encryption process with
a text as follows: “K” and the key "T".

Encryption Process

B PLAINTEXT

Plaintext

Decryption Process

Ciphertext i WO O T Puzd S UG Pnz e HITIO S

Key

] ciphertext.bxt - Notepad

File Edit Format View Help

|wj@YIE- 'foy wzUIE-%fiu™wz-0103 " fiu™ =

Figure 2. Encryption Interface

The view result of decryption process using the key "KEY" as
follows:

Encryption Process

Plaintext

Key

Decryption Process

Ciphertext

i WO LT Pwzd 9 %S Puz IO

Decrypt:
Plaintext

] ciphertext txt - Notepad

Fie Edt Format View Help

WJOYIE-'foy wzjUIE-%flu™wz-UIUZ"fuu™

+ PLAINTEXT

Figure 3. Decryption Interface
Table 3.0 Cipher Comparation, OTP with OTP Enhancementt

CHAR OTP | OTP with KPI | OTP with KCT
Plaintext | K K K
Key T T T
Ciphertext | ¥ MAuS ©Q.”
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The use of information technology is very useful for today's life and the next, where the
human facilitated in doing a variety of activities in the life day to day. By the development
of the existing allows people no longer do a job with difficulty. For that, it takes a system
safety home using system technology Web-based and complete video streaming CCTV
(video streaming) a person can see the condition of his home whenever and wherever by
using handphone, laptops and other tools are connected to the Internet network. This tool
can facilitate someone in the monitor at home and control equipment the House as open
and close and the lock the gate, turning on and off the lights so homeowners are no longer
have to visit their home and fear the state of the House because fully security and control
in the House was handled by the system. based on the above problems Writer try to design
work system a tool that can control the simulation tools home using two Microcontroller is

Attiny 2313 and Atmegal6.

1. Introduction

Using of information technology is very useful for today's life
and the next, where the human facilitated in doing a variety of
activities in the life day to day. With the development of the
existing allows people no longer do a job with difficult.

For it takes a system safety home using system technology
Web-based and complete video streaming CCTV (video
streaming) a person can see the condition of his home whenever
and wherever with handphone, laptops and other tools are
connected to the Internet network.

This tool can facilitate someone in the monitor the home and
control equipment the House as open and close and the lock the
gate, turning on and off the lights so homeowners are no longer
have to visit his home and fear the state of the House because fully
security and control in the House was handled by the system.

Based on the above problems Writer try to design work
system a tool that can control the simulation tools home using two
microcontroller is ATtiny 2313 and Atmegal6.

2. Research Methodology

The previous was conducted testing the use of the ability of
NN to receive the input of the sensor Web so that NN, can be
decided to do something like that desired. The first test done is

*Corresponding Author: Safarul Ilham, Technique Informatics, Universitas
Sumatera Utara, Medan, 20155, Indonesia | safarulilham@students.usu.ac.id
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using NN as a control the position of a sensor security on an
object. Here NN must understand distance sensor door on certain
distance with object recipient of the sensor hitch. At the
beginning, sensor used is infrared. Testing this fails, because NN
can't be receiving put in the form of binary (on/off or detection/not
detected). This is because NN only can learn from comparing the
mistake of other errors, but with the value should not be too
extreme. Testing followed by using the proximity sensor, so that
NN can measure the distance sensor with the Wall. in this test,
NN can do a good job.

Testing both performed by trying to use the number of entries
for information error that is not the same as the number of the
output of NN . Generally NN use the information error with the
same amount of the output and reference to NN. From this trial
obtained, as long as it can be made a formula that can be used to
change the amount of information error that there is a certain
number same with the output NN, then it can be used. Of the two
experiments this simple tried to design control system motion
control home using NN can learn own based on information from
some of the sensor to drive the two Motor in order to control the
door to move forward and can avoid the theft of people who have
not been known by the database.

In general the configuration of the desired is such as in figure
2.1. and figure 2.2. Method used in this study in general use the
system is common, that NN with learning Backpropagation. Two
or sub-system added the counter error and braking, therefore, in
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the discussion next will not shown formulaformula, except for the
counter error and braking, as well as an explanation system
configuration made. rest (for example of NN) has been much
discussed in the book text as in the Freeman (1992) or other
reference. For sensor, pre-process, drivers, Motor, mechanical
will not discussed here, because it depends on the type used or
depending needs. That will be discussed here just a mechanism to
a control home appliance can have the ability to move to close and
open the door by itself through the process of learning themselves
without guide from outside or learning process previous off-line.

Configuration mechanical equipment Figure 1. explain the
form of mechanical equipment and Figure 2. shows configuration
control system using NN and the process of learning on-line.

Motor pintu
rumah

Sensor- A
SENSOT | Pre-proses NN Driver Dua Motor
Motor Kemudi
Sensor ( Sensor
Tabrakan Penghitung Arah Maju
Error
TSnsamn

Pembelajaran

Figure 2. System Configuration

2.1. Architecture NN to controller

In this experiment used NN configuration 10 neurons in the
input layer to read 8 sensor collision and two speed sensor, some
(10 to 20) neurons in the hidden layer and 2 neurons in the output
layer to run the Motor the left and Motor right.

Sensor collision is proximity sensor used to measure the
distance objects that exist in front of the sensor. This sensor
planned have a range of 0 to 25 centimeters. While the speed
sensor is used to determine the amount of Motor speed at that time
including forward or backward. Pre-process is used only for the
condition the output of the sensor collision and speed sensor to fit
the input of NN the value of 0 to 1.

The key of this system is a model or formulas that exist in the
counter error. In the model NN, the number of error entered or
will be used in the process of learning is the same as the number
of neurons output. Where error mean error output of NN to
reference value. but in this system, not at all used or no data or

WWwWw.astesj.com

reference value given. of course this will make it difficult for
learning process NN. The only information that can be used for
the learning process is input a number of 10 that point, the actual
input is not suitable for error from both sides of the relationship
or number of input. Counter error is considered as a major
determinant because he should be able to change or calculate than
10 input into 2 data errors can then be used for the learning process
NN. Given no relationship direct mathematical between input and
error, then made approach functional (operational), that if a sensor
has a particular value or detect certain conditions, then are to
blame is the Motor next to where. Approach simple this can be
made formula a very simple of counter error and even the form of
formulas can also be created, as long as it meets the approaches
that have been used.

Senmsor | | -

) . * Input
Sensor 2 NM

Sensor 3 - -

Ot —w Maotor B
MM

Senaor 4 » »

Sensor 5 *  Pre > NN
Sensor 6 proses

— Muotor 1
Soemeor T ——& &

Sensor § »
Motor B

Plastonr I Ermot
NM

L Ermor
Motor R

Molor B —

Penghitung

Motor L. —s  Fror oo

Bt L.

Figure 3. Architecture NN to control system

eL=(-S1-S2+S7+S6+ S5+ sML)
eR =(-S1 - S8 +S3 + S4 + S5 + sMR) (1)

or

eL = (-S1-82+87+86+S5+sML) + (Rnd * 0.5 - 0.25)
eR = (-S1-S8+83+S4+85+sMR) + (Rnd * 0.5 - 0.25)  (2)

where:

e cL and eR is error output counter error for learning process
NN

e S1 to S8 is output proximity sensor after through the pre-
process

e sML and sMR is output speed sensor after through the pre-
process

Formula (1) is the simplest form to determine the error
motion of the Motor, while the formula (2) added functionality
random to get the possibility of movement vary. Or can be used
other forms.

3. Results and Discussions

After all the design of hardware and software is completed,
the next step is testing Circuit has been designed. This test
function to show the error writers do when connecting the
program is made with a series of which has been designed for each
design designed controlled by the system program previously
have been made to run the system digital.
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3.1. Test Series USB4REL

Serves as a communication between Computers with

Devices, and continue execution to atmegal6.

Testing in a series of USB4REL this can be done by

connecting a series of minimum attinny2313 with adapter power
supply as a source voltage. Feet 20th connected by voltage source
DC 5V, while the foot of 10th connected to the ground.
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Figure 3 Series USB4REL

Testing program

#include <delay.h>

void main(void)

{

while (1)

}

4.

{

// Place your code here
if (PIND==0x10)
{ PORTB=0xff; }

Conclusions and Suggestions

4.1. Conclusions

The observations made during the study author can draw

conclusions:

1.

Home security systems can monitor through Video Systems
Live Streaming and controlled in a Web interface using
simulation.

Using the Web systems, users do not need to install the
application in the device controller, the user can also access
system using laptop or smartphone connected with the Internet
network.

WWwWw.astesj.com

4.2.

Suggestions

From observations the authors did, there are some things that

can be developed back namely:

1.

(1]
(2]

[3]
(4]

[5]
(6]
(7]
(8]
(]

[10]
(11]

[12]

From the results of the design, manufacture and trial security
systems this, it would be a maximum if this system developed
back to be able to activate the home appliance other such as
water pump, shutters, and air conditioning.

Video facilities that exist in the system only limited to live
streaming, so the camera Web Cam not record and can not be
replay, it would be a maximum if the Web Cam available can
also record.
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In this article we will present a method simplifying 3D point clouds.
This method is based on the Shannon entropy. This technique of
simplification is a hybrid technique where we use the notion of
clustering and iterative computation. In this paper, our main
objective is to apply our method on different clouds of 3D points. In
the clustering phase we will use two different algorithms; K-means
and Fuzzy C-means. Then we will make a comparison between the
results obtained.

1 Introduction

The modern 3D scanners are 3D acquisition tools
which are developed in terms of resolution and acqui-
sition speed. The clouds of points obtained from the
digitization of the real objects can be very dense. This
leads to an important data redundancy. This prob-
lem must be solved and optimal point cloud must be
found. This optimization of the number of points re-
sults in reducing the reconstruction calculation.

The problem of simplifying point cloud can be for-
malized as follows: given a set of points X sampling a
surface S, find a sample points X with |X| < |X|, Such
that X' sampling a surface S" is close to S. |X| is the
cardinality of set X. This objective requires defining a
measure of geometric error between the original and
simplified surface for which the method will resort
to the estimation of the global or local properties of
the original surface. There are two main categories
of algorithms to sampling points: sub-sampling algo-
rithms and resampling algorithms. The subsampling
algorithms produce simplified sample points which
are a subset of the original point cloud, while the re-
sampling algorithms rely on estimating the proper-
ties of the sampled surface to compute new relevant
points.

In the literature, the categories of simplification al-
gorithms have been applied according to three main
simplification schemes. The first method is simplifi-
cation by selection or calculation of points represent-
ing subsets of the initial sample. This method consists
of decomposing the initial set into small areas, each of
which is represented by a single point in the simpli-
fied sample [1-4]. The methods of this category are
distinguished by the criteria defining the areas and
their construction.

The second method is iterative simplification.
The principle of iterative simplification is to remove
points of the initial sample incrementally per geomet-
ric or topologic criteria locally measuring the redun-
dancy of the data [5-10].

The third method is simplification by incremen-
tal sampling. Unlike iterative simplification, the sim-
plified sample points can be constructed by progres-
sively enriching an initial subset of points or sampling
an implicit surface [11-18].

This paper will present a hybrid simplification
technique based on the entropy estimation [19] and
clustering algorithm [20].

It is organized as follows: In section 2, we will re-
call some density function estimators. In section 3,
we will present clustering algorithm. Then in section

I+Corresponding Author: Abddelaaziz Mahdaoui, Email: mahdaoui.abdelaaziz@gmail.com
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4, we will present our 3D point cloud simplification
algorithm based on Shannon entropy [21]. Section 5
will show the results and validation. Finally, we will
present the conclusion.

2 Defining the Estimation of Den-
sity Function and Entropy

There are several methods for density estimation:
parametric and nonparametric methods. We will
fcus on nonparametric methods which include the
kernel density estimator, also known as the Parzen-
Rosenblatt method [22,23] and the K nearest neigh-
bors (K-NN) method [24]. We will only use in this ar-
ticle K-NN estimator.

2.1 The K Nearest Neighbors Estimator

The algorithm of the k nearest neighbors (K-NN) [24]
is a method of estimating the nonparametric probabil-
ity of the density function. The degree of estimation
is defined by an integer k which is the number of the
nearest neighbors, generally proportional to the size
of the sample N. For each x we define the estimation
of the density. The distances between points of the
sample and x are as follows:

(%) < ... <rp_1(x) <71pe(x) < ... <7y (%)

r; with (i = 1...k...N) are distances sorted by ascending
order.
The estimator k-NN in dimension d can be defined as

follows:
k

N
pknn(x) Vk(x) Cdrk(x) (1)
where ri(x) is the distance from x to the k" near-
est point and Vj(x) is the volume of a sphere of radius.
rx(x) and Cy is the volume of the unit sphere in d di-
mension.
The number k must be adjusted as a function of the
size N of the available sample in order to respect the
constraints that ensure the convergence of the estima-
tor. For N observations, the k can be calculated as

follows:
k =ky VN

By respecting these rules of adjustment, it is cer-
tain that the estimator converges when the number N
increases indefinitely whatever is the value of k.

Z|~

2.2 Defining Entropy

Claude Shannon introduced the concept of the en-
tropy which is associated with a discrete random vari-
able X as a basic concept in information theory [21].
The distribution of probabilities p = p1,py,....,pN as-
sociated with the realizations of X. The Shannon en-
tropy is calculated by using the following formula:

N
H(p)=~) p(x;)log(p(x;) 2)
i=1
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Entropy measures the uncertainty associated with
a random variable. Therefore, the realization of the
rare event provides more information about the phe-
nomenon than the realization of the frequent event.

3 Clustering Algorithms Defini-
tion

X ={x; € Rd}, i =1, N is a set of observations de-
scribed by d attributes; the objective of clustering
is the structuring of data into homogeneous classes.
Clustering is unsupervised classification. The objec-
tive is to try to group clustered points or classes so
that the data in a cluster is as similar as possible.
Two types of approaches are possible; hierarchical
and non-hierarchical approaches[25].

In this article, we will concentrate on the non-
hierarchical approach which is encapsulated in both
the Fuzzy C-Means Clustering (FCM) algorithm
[26,20] and K-means algorithm (KM)[27].

3.1 Fuzzy C-Means Clustering Algorithm

Fuzzy c-means is a data clustering technique wherein
each data point belongs to a cluster to some degree
that is specified by a membership grade. This tech-
nique was originally introduced by J.C. Dunn[20], and
improved by J.C. Bezdek[26] as an improvement on
earlier clustering methods. It provides a method that
shows how to group data points that populate some
multidimensional space into a specific number of dif-
ferent clusters.

X ={x1,x,,...,x,} is a given data set to be analysed,
and V = {vq,vy,...,v.} is the set of centers of clusters
in X data set in p dimensional space RP. Where N
is the number of objects, p is the number of features
and c is the number of partitions or clusters. FCM is a
clustering method allowing each data point to belong
to multiple clusters with varying degrees of member-
ship.

FCM is based on the minimization of the following
objective function

c N
_ mimy2
=YY 3

i=1 j=1

(3)

Where, ij 4 is the distances between ith features

vector and the centroid of j' cluster. They are com-
puted as a squared inner-product distance norm in
Equation (4):

(4)

In the objective function in Equation (3), U is a fuzzy
partition matrix that is computed from data set X:

Dija =llx; —v; = (x; - vi) T A(xj - v;)

U = ujj (5)

m is fuzzy partition matrix exponent for control-
ling the degree of fuzzy overlap, with m > 1. Fuzzy
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overlap refers to how fuzzy the boundaries between
clusters are. That is the number of data points that
have significant membership in more than one clus-
ter.

The objective function is minimized with the con-
straints as follows: ujj € 0,1 1<i<¢g 1<j<
N; Yi_juij=1; 0<YN, uij <Nj

FCM performs the following steps during cluster-
ing:

1. Randomly initialize the cluster membership
values, u;;.

2. Calculate the cluster centres:

N m
Liz1 UijX;
N m
i=1 Yij

3. Update u;; according to the following:

1
Y il1 (Djja/Dgja) ¥ m=1)

4. Calculate the objective function, J,,

5. Compare U1 with U*), where t is the itera-
tion number.

6. If || U1 — U ||< e then it stop, or else returns
to the step 2. (¢ is a specified minimum thresh-
old, in this case it uses € = 10‘5).

3.2 K-Means Clustering Algorithm

The K-Means algorithm (KM) iteratively computes the
cluster centroids for each distance measurement in or-
der to minimize the sum with respect to the specified
measure. The objective of the K-Means algorithm is
to minimize an objective function named by squared
error function given in equation (6) as follows:

c N
JonX;V)=) ) D}

i=1 j=1

(6)

Dizj is the chosen distance measure which is in Eu-
clidean norm: || x;; —v; II>,1<i<c1<j<N;. Where
N; represents the number of data points in i*" cluster.
For ¢ clusters, the K-Means algorithm is based on an
iterative algorithm that minimizes the sum of the dis-
tances of each object at its cluster center. The goal is
to have a minimum value of the sum of the distance
by moving the objects between the clusters. The steps
of K-means are as follows:

1. Centroids of ¢ clusters are chosen from X ran-
domly.

2. Distances between data points and cluster cen-
troids are calculated.
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3. Each data point is assigned to the cluster whose
centroid is close to it.

4. Cluster centroids are updated by using the for-
mula in Equation (7):

z

1

o
v; = # (7)
1

Il
—_

5. Distances from the updated cluster centroids
are recalculated.

6. If no data point is assigned to a new cluster, the
execution of algorithm is stopped, otherwise the
steps from 3 to 5 are repeated taking into con-
sideration probable movements of data points
between the clusters.

4 Evaulation of the Simplified
Meshes

In order to give a theoretical evaluation for the simpli-
fication method, we have based on a metric of mean
errors, max error and RMS(root mean square error)
used by Cignoni et al.[28]. Where he measured the
Hausdorff distance between the approximation and
the original model. Hausdorff distance is defined as
follow:

Let X and Y be two non-empty subsets of a metric
space (M, d). We define their Hausdorff distance

dy = max{sup inf(d(x,y),sup inf(d(x,p))}  (8)

xeX yeY yeY xeX

In our experiments we will use the symmetric

Hausdorff distance calculated with the Metro soft-
ware tool[28].
In order to calculate the approximate error, we will re-
construct the models from the point clouds. We find
in the literature several reconstruction techniques
[29] to create a 3D model from a set of points.

In the next section, we will present our simplifi-
cation approach based on the estimation of Shannon
entropy and algorithm clustering. Where we will first
use the FCM algorithm and then replace it with the
KM algorithm and compare the results obtained from
the use of the two algorithms in our simplification
method. We have previously two types of nonpara-
metric estimators, the K-NN estimator and the Parzen
estimator. Each type has advantages and disadvan-
tages. For Parzen estimator, the bandwidth choice has
strong impact on the quality of estimated density [30].
For this reason, we will use K-NN estimator to esti-
mate the density function.
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5 Proposed Approach

Now, we will propose an algorithm to simplify dense
3D point cloud. First, this algorithm is based on the
entropy estimation algorithm. It allows the estima-
tion of the entropy for each 3D point of X as well as
making the decision to eliminate or to keep the point.
In this pproach we will use the K-NN estimator to es-
timate the entropy. Moreover, it is based on clustering
algorithm (KM or FCM) to subdivide point cloud X
into clusters in order to minimize the computation
time. The procedures are:

SIMPLIFICATION ALGORITHM
* Input

- X = {x1,x,,xy} : The data simple (point

cloud)
— S: threshold

— c¢: the number of clusters
* Begin

* Decomposing the initial set of points X into ¢
small areas denoting R]- (j=1,2,..,c), and using
clustering algorithm (FCM or KMA).

e Forj=1toc

— Calculate global entropy of a cluster j by
using all data samples in R; = {y1,2,, Y}
according to the equation (2), Note this en-
tropy H(R;).

- Calculate the entropy H(R; —y;) of point
cloud R]- less point y;(i = 1,2,,m)

- Calculate AH; =| H(Rj) - H(R; — y;)| with
i=1,2,,m

— If AH; < S Then
R] ZR]'—}}I'.

— End-if

¢ End for End.

6 Results and Discussion

To validate the efficiency of the use of the two clus-
tering algorithms FCM and KM in our simplifica-
tion method, we use three 3D models that represent
real objects such as Max Planck (fig. 1,b) and Atene
(fig. 1,a). Fig. (2,a), (2,b) show simplification re-
sults on various point cloud using FCM algorithm.
Fig. (3,a), (3,b) show simplification results on various
point cloud using KM algorithm.
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Figure 1: original point cloud, a) Atene, b) Max Planck

(b)

Figure 2: Simplified point cloud using FCM algorithm, a) Atene,
b) Max Planck

Figure 3: Simplified point cloud using KM algorithm, a) Atene,
b) Max Planck
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Figure 4: Comparison of Max Planck mesh quality, a) Origi-

nal point cloud, b) simplified point cloud using FCM, c) simplified
point cloud using KM
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Figure 5: Comparison of Atene mesh quality, a) Original point
cloud, b) simplified point cloud using FCM, c) simplified point
cloud using KM

In this section, we will validate the effectiveness of
our proposed method. Actually, we have conducted a
comparison between the original and simplified point
cloud. Accordingly, we will use a comparison between
the original and simplified mesh.

Thereafter, we make a comparison between the
original mesh and the one created from the simpli-
fied point cloud. To reconstruct the mesh, we use ball
Pivoting method [31,29] or A.M Hsaini et al. method
[32]. Then, to measure the quality of the obtained
meshes, we compute the quality of the triangles using
the compactness formula proposed by Guziec [33]:

4\/§a

T2+ 2

9)

Where [; are the lengths of the edges of the triangle.
And a is the area of the triangle. We note that this
measure is equal to 1 for an equilateral triangle and 0
for a triangle whose vertices are collinear. According
to [34], a triangle is an acceptable quality if ¢ > 0.6.

In figures 4, 5, we have presented the trian-
gles compactness histogram of the two meshes. In
each figure, the first line presents the reconstructed
mesh from the original point cloud. The second line
presents the simplified point cloud using FCM algo-
rithm. The third line presents the simplified point
cloud using KM algorithm. Note that, the evaluation
of the mesh quality is achieved by the compactness of
the triangles.

Depending on [34] meshes are compact if the per-
centage of the number of triangles, which composes
mesh with compactness ¢ > 0.6 is greater than or equal
to 50%. Also, according to the histograms in figures
4 and 5, it is observed that the surfaces obtained from
the simplified point cloud are compact surfaces.

The table 1 also shows that the use of the KM and
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FCM algorithms retains the compactness of the sur-
faces. However, the compactness obtained by the FCM
algorithm is greater than that obtained by KM for the
two surfaces.

Concerning the number of vertices obtained after
simplification, we note that this number is higher in
the case of FCM for the two models.

It is interesting to note that in the case where FCM
is used better results are produced in terms of speed.
In contrast, in the other case where KM is used the
speed is slow.

Table 3 and table 4 shows the numerical results ob-
tained by the implementation of the two algorithms
FCM and KM in the simplification method. The
main results are average error, maximal error and root
mean square error (RMS).

Figure 6 and 7 present differences between origi-
nal and simplified meshes using Hausdorff distance.
Note that it is a red-green-blue map, so red is min-
imal and blue is maximal, so in our case red means
zero error and blue high error.

a) b)

Figure 6: difference between original and simplified MaxPlanck
mesh

b)

Figure 7: difference between original and simplified Atene mesh

Table 3 presents the results relative to the eval-
uation of the approximation error concerning Max-
Planck model. Table 4 Also presents the same error
related to Atene model.

using FCM particularly in simplification does not
reach a high level of simplification. Moreover, it
records in general the worst result in terms of error
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Table 1: simplification results with s=0.001 using KM algorithm

Number of points Number | KM com- | Percentage of trian-
of putation | gles with a compact-
Object cluster time (s) | ness > 0.6 (%)
Original | Simplified using KM Simplified using KM | Original
Atene 6942 6289 18 1118.98 57.85 59.84
max_planck | 49089 44765 123 7752.49 58.54 59.45
Table 2: simplification results with s=0.001 using FCM algorithm
Number of points Number | FCM Percentage of trian-
of compu- gles with a compact-
Object cluster tation ness > 0.6 (%)
Original | Simplified using FCM time (s) Simplified using FCM | Original
Atene 6942 6289 18 775.75 60.19 59.84
max_planck | 49089 44812 123 7356.52 58.55 59.45
Table 3: Comparison of FCM and KM algorithm used in simplification method: MaxPlanck mesh (errors are measured as percentages
of the datasets bounding box diagonal (699.092499))
Methods Number of vertex | Number of faces (triangles) | Average Error | Max Error | RMS Error
Entropy-KM 44765 89355 0.000010 0.001799 0.000054
Entropy-FCM 44567 88960 0.000010 0.002241 0.000055

Table 4: Comparison of FCM and KM algorit

hm used in simplification method: Atene mesh (errors are m

easured as perce

ntages of the

datasets bounding box diagonal (6437.052937))

Methods Number of vertex | Number of faces (triangles) | Average Error | Max Error | RMS Error
Entropy-KM 6289 11746 0.000153 0.016014 0.000697
Entropy-FCM 6446 9543 0.000331 0.016022 0.000930
shown figures 6.a et figure 7.a. By contrast, it is in- References

teresting to note that this method produces the best
results when speed is needed (look at table 2).

As expected, KM algorithm in table 1 yields good
results in terms of average error, max error and RMS
error. Moreover, she recorded in general the worst re-
sult in terms of calculation speed.
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—div a(x,u,Vu) + g(x, u, Vu)

In this paper, we prove the existence of a solution of the strongly
nonlinear degenerate p(x)-elliptic equation of type:

in Q),
on 0Q,

f
u =20

where Q) is a bounded open subset of RN N>2 aisa Carathéodory
function from Q x IR x RN into IRN, who satisfies assumptions of

Truncations growth, ellipticity and strict monotonicity. The nonlinear term g:
Q x IR x IRN — IR checks assumptions of growth, sign condition and
coercivity condition, while the right hand side f belongs to L'(Q).
1 Introduction Let consider the following degenerate p(x)-elliptic

Let () be a bounded open subset of RN, N > 2, let Q)
its boundary and p(x) € C(Q) with p(x) > 1.

Let v be a weight function in (), ie: v measurable and
strictly positive a.e. in (). We suppose furthermore,
that the weight function satisfies also the integrability
conditions defined in section 2.

Let us consider the following degenerate p(x)-elliptic
problem with boundary condition

P) Au+g(x,u,Vu) f inQ,
u =0 on JdQ,

where A is a Leray-Lions operator defined from
WyPY(Q,v) to its dual WLP'®(Q,v%), with v*
vlfp/(x)’ by :

Au = —diva(x,u,Vu).
where a is a Carathéodory function from () x IR x
RN — IRN who satisfies assumptions of growth, el-
lipticity and strict monotonicity, while the nonlinear
term g: QO x IR x IRN — IR checks assumptions of sign
and growth. We suppose moreover that g checks the
following condition of coercivity:

dp;>0,3p,>0 suchthat:
for[s| = p1, 1g(x,5,&)| = p2v(x)[E[P)

We suppose also that the second member f be-
longs to L1(Q).
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problem of Dirichlet:

{ Au+g(x,u,Vu) = f in D(Q),

1
u e W()Lp(x)(Q,v), g(x,u, Vu) e LY(Q). (1)

In the case where p is constant and without weight,
there is a wide literature in which one can find exis-
tence results for problem (I)). When the second mem-
ber f belongs to W~''(Q), A. Bensoussan, L. Boc-
cardo and F. Murat [6] studied the problem and give
an existence result. While if f € L'(Q) the initiated
basic works were given by H. Brezis and Strauss [9], L.
Boccardo and T. Gallouét [7]] also proved an existence
result for , which was extended to the a unilateral
case studied by A. Benkirane and A. Elmahi [5]. When
g is not necessarily the null function, T. Del Vecchio
[10] proved first existence result for problem in
the case where g does not depend on the gradient and
then in V. M Monetti and L. Randazzo [16] using, in
both works, the rearrangement techniques.

Whoever in [II], Y. Akdim, E. Azroul and A. Benki-
rane treated the problem (I) within the framework
of Sobolev spaces with weight Wol’p(Q,a)), but while
keeping p constant.

E. Azroul, A. Barbara and H. Hjiej [2]] studied ,
in the nonclassical case by considering nonstandard
Sobolev spaces without weight WO1 Pe) (Q). See as well
[3] where existence and regularity of entropy solu-
tions was obtained for equation with degenerated
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second member.
Our objectif, in this paper, is to study equation
by adopting Sobolev spaces with weight v(x), and

to variable exponents p(x), Wol'p(x)(Q,v). We prove
that the problem admits at least a solution u €

PQ,).

2 Functional frame

Throughout this section, we suppose that the variable
exponent p(-) : Q — [1,+oo[ is log-Holder continuous
on (), that is there is a real constant ¢ > 0 such that
Vx,p € Q, x # y with |x — p| < 1/2 one has:

c

Ip(x)-p)| < m

and satisfying

p~<p(x)<p"<+eo

where
p :=essinfp(x); p*:=esssupp(x).
xeQ) xeQ
We define
C,(Q) = {hlog-Holder continous on Q, h(x) > 1}.

Definition 1 Let v be a function defined in Q; we call
v a weight function in Q) if it is measurable and strictly
positive a.e. in Q.

2.1 Lebesgue spaces with weight and to
variable exponents

Letpe C.(Q)and v bea weighted function in Q.

We define the Lebesgue space with weight and to vari-

able exponents LP¥)(Q),v), by
LPYQ,v) = {u Q -

v(0)|ulP¥dx < oo},

IR, measurable

equipped with the Luxemburg

Q
norm:

= inf{pt >0: j v(x)|£|”(x)dx < 1}
Q IS

”u”p(x)v

Proposition 1 The space (Lp(")(Q,v),||.||p(x)’v) is of Ba-
nach.

Proof:
Considering the operator

M 1

Y PO

1
Q) —PIQ)f =My (f)= v
ypx

It’s clear that M 1

)
Q), the _1_is a continuous biuniformly

vp(x)

is isomorphism from LPO(Q, v)

into LP\*

www.astesj.com
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application. Seeing that LP®¥)(Q)) is a Banach space,
then (Lp(x)(Q, V), ||.||p(x)’v) is of Banach.

v (x)[ulP)

Let’s note p, (1) =

Remark 1 In simple case v(x) = 1, we find again the
Lebesgue space with variable exponents LP¥)(Q); and

pu) = pu ) 5= plu) = [ [ulPd, (see [L243) and
Q
[17])

Lemma 1 For all function u € LPY)(Q, v). There are the
following assertions:

ipy(u)>1 (=1L<]) & “u“p(x)v
1), respectively.
(”) If”””p(x),v >1 then ”u”ZEX):V < pv(u) < ||u||£(x) v

Proof: ) :

Seeing that p,(u) = p(v?®u) and |[vP@ull,y) =
lullpx),», and using [17], we prove the lemma 2.1
above.

Let v be a weight function such that the following con-
dition:

>1 (= 1;<

p* p-
v <1 then [lulll ), <py(u) <lulll,)

1
e Lloc

(wl) velL! (Q); VT (Q).

loc

Proposition 2 Let Q) be a bounded open subset of IRN,
and v be a weightfunction on Q,
If (1) is verified then LP®¥)(Q),v) < L}

loc

(€Q).

Proof:
Let K be a included compact on Q. Using Holder
inequality we have
;1

1
J |ul|dx :J- [ty Py Pt dx
K K

1 -1

< 2llulv PO ey gy VPl

Lp (X)(K)’
fp/(x)
< 2l f YR
K

1
~1 /_
< 2||M||p(x),v(f yPO-Tdx + l)p )
K

Thanks to the assumption (wl) we deduce that

f Juldx < Cllally,0
K

dx+1)p,

2.2 Spaces of Sobolev with weight and to
variable exponents

Let pe C,(Q)and v be a weight function in Q.

We define the space of Sobolev w1th welght and to
variable exponents denoted W'P™)(Q,7), by

du

I8 cpx
ox; €

WhPE(Q,v) = {u e LPY(Q): Q,v),i

equipped with the norm
du
lull ey = il + Zn oo
i=1
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which is equivalent to the Luxemburg norm

N
. u ax
lulll = inf >0:J (|—|P<X>+ v(x E | 1|P )del .
H o\ x)

Proposition 3 Let v be a weight function in Q who
checks the condition (wI)

Then the space (W1 P, V), 1, px ) is of Banach.

Proof:
Let us consider (u,), a Cauchy sequence of

(Wl'p(x)(QrV)r”'Hl,p(x),v)-
Then (u ) and the
sequence (‘;x ) is also a Cauchy belong LPM(Q), v), i
1,..,N.

According the proposition 2.1,

+)n is a Cauchy sequence of LP(¥)(Q

there exists u €

LPX(Q) suchthat u, — u in LP®(Q), and
there exists v; € LPW(Q,v) such that ?9';” -

v; in LP(")(Q,V), i=1,..N.

Seeing that proposition 2.2, we have LPM(Q,v) c
L;,.(Q)and L} _(Q)c D (Q).
Thus, we obtain Vo € D(Q),

<Tvix Py = hmn—>oo<T'7un ’ (P>

_hmn—>oo<Tun ax >
d
_<Tu1 TZ:)/

=(T Uy .
( o ®)
Hence T,, = Ta: ,le v = g—;
Consequently
ue WhPN(Q,v),
and

u, — u in WHPE(Q,v),

We deduce then that W1P(¥)(Q),v) is a complete space.

e On another side, seeing that v satisfies the con-
dition (w1), we prove that C{°(Q) is included in
whplx
space

)(Q,v); that enables us to define the following

WOLP(X) (Q, V) — W”'”l,p(x),v’

who is closed in complete space, then it’s complete.

Proposition 4 (Characterization of the dual space
Wy, vy)

Let p(.) € C,(Q) and v a vector of weight who
satisfies the condition (wl). Then for all G €

(Wol’p(x)(Q, v))*, there exist a unique system of functions
(80- 815 &N) € LP DN Q)x(LP (), v17P W)W sych that
Vf e Wy Q)

N
= L f(x)go(x)dx + ;J-Q %gi(X)dx

www.astesj.com

Proof

The proof of this proposition is similar to that of [[14]]
(theorem3.16).

Besides the (w1l) assumption, we suppose that the
function weight satisfied

S )GLZIOC

(w2) v Q)

where s is a positive function to specify afterwards.
Let us introduce the function p; defined by

_ px)s(x)
pS(‘x) - S(X)+ 1 ’
we have
ps(x) < p(x) a.e. in Q.
and
pilx) = ﬁjf’éff% = NGH ()5,5( 7 if p(x)s(x) < N(s(x) +1
pi(x) arbitrary, elseif,

Proposition 5 Let p,s € C.(Q) and v a function weight
which satisfies (w1) and (w2). Then W'"P¥)(Q,v) —
W) (Q).

Proof
According to the Holder inequality, we have

J |V |p€ dX J- |V |ps p(x)

Lp)+m1)w<Ws Cy

1

X L

< CO(J- o ()P ) I(J- v(x)—5<X>dx)”

Q 1

1 72

< CO(J v (x)P®) v (x dx) j v(x)s(x)dx)
Q ; Q
7
< COCl(J [v(x)[P) dx) 1, according to (w2).
o)
If we take v = %, we will obtain then

1
PP« dx < Cocl(J |8_u|p(x)v(x)dx)71
i Q 9%

J' lau
Q axl

where
ps(x)
(B if PPy || > 1,
)/1 = : ps(x) ps(x)
ps(x)
()i )Py o || <1
’ ps)
consequently

L
71

Jdu
Ju V2 p(x)
” 0x; (x)”Ps(X) < COCI( J-Q | axi | V(x)dx)
v3

< CClIZE@IL .,
where
I 12 (0)llpy ) 2 1,
? ()" i GOl < 1,
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and
U A O
po i IOl < 1.
thus
du ou '
1=l < CoCull 5= n””,z:1gpr_ 2)
1

Seeing that
ps(x) <p(x) a.e. in Q.

then, there is a constant

C >0 such that ”uHLPs(X)(Q) < CHMHLP(X)(Q)I

we conclude then that

WPH(Q,v) < WhPs(Q).

Corollaire 1 Let p,s € C.(Q) and v a fuction weight
which satisfies (w1) and (w2). Then WLPH(Q,v) eses
L'¥(Q), for 1 < r(x) < p(x)

3 Basic assumption

Let QO be a bounded open subset of RN, N > 2, let
p(.) € CL(Q), and v a function weight in Q) such that:

vel] (Q)

vt el (Q)

and

—S\X N
v*@eLl (Q) where s(x)e]m,oo[ﬁ[

Let A Leray-Lions operator defined from Wol’p(x)(Q, v
to its dual WP ()(Q), v*) by

Au = —diva(x,u,Vu),

where a is a Carathéodory function satisfying the fol-
lowing assumptions:

p(x)
b(x)+|r|P @ +vr

1
(x) |C|P(X)*1

1
|a,-(x, 7, C)| < ﬁV pix)
(6)
(7)
(8)
with b(x) be a positive function in LP/(X)(Q), and a, f
are two strictly positive constants. On another side,
let g: QxR x RN — IR a Carathéodory function who

satisfied a.e. for x € Q and for all r € IR, { € IRN the
following conditions:

a(x,r,0)|(C-C)>0, YC=Ce RN

a(x,s,0)C > av|P™

[a(x,7,0) -

g(x,r,C)r > 0. (9)

www.astesj.com

,i=1,.,N.

1g0x, 7, Q) < d(Ir)(v()ITPY + ¢(x)),

with d : IR" — IR* a continuous, nondecreasing and
positive function; whereas c(x) be a positive function
in L1(Q).

Moreover, we suppose that g checks:

(10)

dp; > 0,3 p; > 0such that: (11)
for |S| 2 P1, |g(x;5: (E)l 2 pZV(x)I(EIP(X)
and
fell(Q). (12)

We have the following theorem

Theorem 1 Assume that (3) — holds, then the prob-
lem H admits at least one solution u € Wol’p(x)(Q,v)

Remark 2 If f € WL (x
ug(x,u, Vu) € L1(Q).

But if f € LYQ), we necessarily do not have
ug(x,u,Vu) € L1(Q).

Q,v*) then we have

Counter example:
Let us consider Q = {x € IR? : |x| < 1}, the ball open
unit of IR?, let A € [i, %[, we then have u(x) = In* (IXI) €

H}(Q) and —Au € L(Q), such that ~Au > 0,u|Vul? €
L'(Q) and |u|?|Vu|? does not belong to L!(Q) see [7].

Remark 3 The result of theorem (1| is not true when
g(x,7,C) =0, seeing that in the non-degenerate case with
p(x) = p constant, p < N, and when f € LY(Q), a solu-

tion of Au = f does not belong to Wol'p(Q

ﬂ W,y 1(Q), seef8].

Nip-1)
I<g<—F=

) but belongs to

Definition 2 Let X a Banach space. An operator A from
X to its dual X" is called as type (M) if for all sequence
(uy)y C X satisfying:

(i)
(if)
(iif)

then x = Au.

u, — u weakly in X
Au, — x weakly in X*
limsup, , (Au,, u,) <{(x,u),

Remark 4 The theorem 2.1 (p.171 [15)]) remains valid if
we replace A monotonous by: A of type (M).

4 Approximate problem

Let (f,), a sequence of regularly functions such that

fo— fin LY(Q) and |If]I < Ifll = Cy.
Let us consider the following approximate problem:

(Rn{ =

where g,(x,7,C) =

Auy, + gu(x,u,, Vuy,) in Q,

Uy € Wol’p(x)(Q: V),

g(x r,C)
1+1 g(x r,C)
acteristic function of Q,, where Q), is a sequence of

compact subsets which is increasing towards Q.

Xq,, with xq  is the char-
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We have g,(x,1,0)r > 0;|g,(x,7,C)| < |g(x,r,C)| and
Ign(x, 7, ) < n. /

Let us consider G, : Wol'p(x)((),v) — WLP (Q,v*) de-
fined by

(G, u,v) = J;) 2 (x,u, Vu)Vudx,u,v € Wol'p(x)(Q,v).

Proposition 6 The operator G,, is bounded.

Proof: .
Let u and v in Wo’p(x
inequality, we have:

)(Q,v), according to the Hélder

(G,u,v) :J g (x,u, Vu)Vvdx,
Q

f |g (%, u, Vu)|v(x ) Vvv( )P (l’dx

= 1
S(p_+ Mgy (x, u, Vi) v (x) € )||pr(x)||Vvv(x)F(")||p(x),
1
71
< C(L |g, (x, u, Vu)P (")v(x)*dx) ||V||W01'p<X>(Q V)
1
<C np,(")v(x) dx " vl
< 0 Wol’p(x)(Q,v)
1
’ 71
< P+ *
<Cn (Lv(x) dx) ¥l 2069
<Cllly o)
| |

Proposition 7 The operator A+ G,, : Wol’p(x)(Q,v) —
WLP ()(Q),v*) defined by Vu,v € Wol’p(x)(Q,v),

(A+G,)u,v) :J a(x,u,Vu)Vvdx+f 2 (x, 1, Vu)Vodx,
Q Q

is bounded, coercif, hemicontinous and of type (M).

Thanks to [15], the approximate problem admits at
least a solution.

Proof of the proposition|[7]

Using (6) and Holder inequality, we conclude that A
is bounded, by taking account of the proposition [6}
we will obtain that A + G,, is bounded. The coercivity
rise from (8) and from (9). It remains to be shown that
A+ G,, is hemicontinous, i.e. that:

Yu,v,we Wol'p(x)(Q,V),
(A+G,)(u+tv),w) — ((A+G,)(u+tgv), w), whent — tg.
seeing that for a.e. x € O, we have:

a;(x, u+tv,V(u+tv)) — a;(x,u+tqv, V(u+tgv)), t — tq,

then (6) combined to the lemma implies
that a;(x,u + tv,V(u + tv)) — a;(x,u + tev,V(u +

tov)), weakly in (LP ®)(Q,v*))N, when t — t,. Finally,
Ywe W, Lp(x (Q v),Vu,v,we W, Pl )(Q,v)

(A(u+tv),w) — (A(u + tov),w), when t — .

www.astesj.com

On another side g,(x,u + tv,V(u + tv)) — gu(x,u +
tov, V(u + tgv)), when t — g a.e. x € O, moreover

’ 1 7
J- | (o, u + tv, V(u + tv))|P gy < (E)P+|Q| < o0,
Q

while using, still the lemma we obtain:

L u+tv,V(u +tv)) — g,(x, u + tov, V(u + tgv))

weakly in LP,(")(Q), when t — t.
Seeing that w € LP ¥)(Q)), we will have:
(Gu(u +tv),w) — (G, (u + tgv),w), when t — t;.

Now, we will show that A + G,, satisfies the prop-
erty of type (M), a.e. that, for all sequence (u;); C

Wol’p(x)(Q, v) checking:

(i) uj—uin W, LPR(Q, v)
(ii) (A+Gy)u; — x weakly in W=7 ()(Q, v*)

(iii) limsup; ,((A+Gy)uj,u;—u) <0,
then x = (A+ G,)u.
Indeed:

—u)dx  <||g,(x, u];V”])” “”j -

J 8,1}, Vi) (1)
Q

c(f|gn oy, V)P ) =l oy
< CLLPH O =l

y — 0 when j — co.

lim (G uj,uj—u) =0.
]*)OO

consequently, according to (iii), we obtain

limsup(Au]-, uj— uy<0,

j—ooo
and seeing that A is pseudo-monotonous [11]], we de-
duce that

Auj — Au weakly in WP (Q,v")

and lim;_,(Auj,uj—u)=0.

On another side

0 =lim

]4)00

a(x,uj, Vu;)V(uj —u)dx
Q

= 1im(J (a(x, uj, Vuj) —a(x,uj, Vu) |V(u; —u)dx
Q

]4)00

+ a(x,

uj, Vu)V(uj —u)dx).
Q

Moreover we have a(x, u]-,Vu) —> a(x,u, Vu) strongly
in (LP ©(Q, v*))N, then

lim [ a(x,u;, Vu)V(u; —u)dx = 0.
J7JO
Thus
lim (a(x, uj, Vuj)—a(x,uj, Vu) |V(u; —u)dx = 0.
]7JQ
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USing || e ]elllIIla3 see b ow, we COnClude tllat = -r |f f } d:C,
nO

Vuj —> Vu a.e. in (3, when j — oo.
-, If " X (V)

Consequently ,
Let us pose ¢,,, = |f (x)|" ("))/*)(Q\E(no)(x). we have
gn(x,uj, Vuj) — g,(x,u,Vu) a.e. in O, when j — oco.

and

gl <IF G

Seeing that |g,(x,u;,Vu;)| < n € Lp/(x)(Q), then ac-

cording to the dominated convergence theorem of

{ Yy, —0 a.e.in Q,
Lebesgue, we obtain:

, according to the dominate convergence theorem, we
gn(x,uj, Vi) — g, (x,u, Vu) in L M(Q). will have

and seeing that v € L[PM(Q), then we have: Pr (x),y+ (fng (¥) = f (x)) > 0, when 1y — o,
J- gn(x, uj,Vuj)vdx—>J- gn(x,u,Vu)vdx when j—
Q Q

. that means what implies that F is dense in L ¥)(Q, ).

let us show, now, that
Guuj — Gyu in W~ Lp(x )(Q,v*) when j — co.
lim [ @(x)(g,(x)—g(x))dx=0, Yo eF.

Finally n—co )
1
AujtGyuj = AutGuu = x in W= ” 9(Q, v") when j — Seeing that ¢ = 0 on Q\ E,, , it is thus enough to prove
oo that
: lim | @(x)(ga(x) - g(x))dx = 0.
5 Technical lemmas = JE,

Lemma 2 Let y a function weight in Q, r(.) € C.(Q), Let us pose ¢, = (g, — g), we have
g € L'™MQ,y) and (g,), € L'™N(Q,y) such that )
gull-)y < C. { lp(ll(gn(x) — ()l <lp(x)| inE,,

If g, — g a.e. in Q then g, — g weakly in L"™)/(Q), ). ¢ 0 and O
n—0, a.e. in

Proof:

Let 119 > 1, let us pose According to the dominate convergence theorem, we

have

ol
E(ng) = {X €Q:|g,(x)—g(x)<1,¥n> ”0}~ ¢,— 0 ae.in L (Q),

what implies that
We have

lim | (x)(g(x) - g(x)dx =0, Yo F,

mes(E(ng)) — mes(Q), when ng — oo. n—co )

Let and by density of F in Lr,(")(Q,y*), we conclude that:

F=1¢ EL’/(")(Q,y*):(p =0 a.e.in Q\E(n )} ,
{ . " ° lim | ¢@(x)g,(x)dx = J. P(x)g(x)dx, Vo e L” 9(Q,»"),
Q

n—o0 Q
Let us show that Fis densein L" (x)(Q,y*) :
let f € L )(Q,y*), let us pose:

| f(x) if x€E(ng),
f"o(x)_{ 0 ifxEQ\(;f(”o)-

that means

g, — g weakly in L'™(Q, y).

|
We have
X Lemma 3 Assume that (3.1), (3.3), (3.5) hold, let (u,),
)7/*(f”0(x) J [fing (%) )/ dx a sequence in Wol'p(x)(Q,v) and u € Wol’p(x)(Q,v).
u, — u weakly in Wol’p(x)((),v),
=, Pt Cyas If
E(ng andf a(x, u,, Vuy,) —a(x, u,, Vu) |(Vu,, = Vu)dx — 0
| d g
* O\E(ny) f"U ~fll yds, then u, — u strongly in W, Pl (Q V).
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Proof:
Let us pose

D, =la(x,u,,Vu,)—a(x,u,, Vu) |(Vu,, — Vu),

according the (3.5), we have D, is a positive function.
We have also D,, — 0 in L' (Q).
Seeing that

u, — u weakly in Wol'p(x)(Q, V),
we have then

u, — u strongly in L1Y(Q, o),
and consequently

u, — u a.e. in Q.

Thanks to D, — 0 a.e. in Q,
there is then B C Q such that mes(B) = 0 and for
x € )\ B, we have

[u(x)] < oo, |Vuu(x)| < 00, u,(x) — u(x) and D,,(x) — 0.

Let us pose
571 = Vun(x)’ &= Vu(x)’
we have
Dy(x) Za Zwlw +a Zmé P

Za) Mk(x +GP |un|P
Zw
L L 4w
- Zwi’"’” [k(x) + 07 & |7
+Zw
>aZwIE P
o
i=1
(13)

where C(x) is a function depending on x and not on 7.
seeing that u,(x) — u(x), we have |u,(x)| < M,, where
M, is positive. Then by a standard argument, we will
have |£,| is uniformly bounded compared to #; indeed:
(4.4) becomes

enP e

“igd,

[1+Za)

7Pt

g

IénI]

1
7

Zw e Cw  Cwel "
o YT Njgip® <]

C(X)a)lp(x)
|Eplpt-1 e
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If |&,] — oo, there is at least iy such that|&,’| — co, what
will give us D,,(x) — oo; what is absurd.

Let £&* an adherent point of &,,, we have |£*| < co and
by continuity of the operator a compared to two last
variables, we will have:

alx,u, &) —alx,u,&)|(E"-&) =

and according to (3.2), we obtain £* = &.

the unicity of the adherent point implies Vu,(x) —
Vu(x) a.e. in Q.

Seeing that the sequence (a(x, u,, Vu,)), is bounded in
(LP(Q,v)N, and a(x,u,, Vu,) — a(x,u,Vu) a.e. in
Q, then according the lemma [2] we obtain

a(x, uy,, Vu,) — a(x, u, Vu) weakly in (Lp (Q v))

let us pose v, = a(x, u,, Vu,)Vu, and v = a(x, u, Vu)Vu,

in the same way that in [4], we can write

U = a(x, 1, Vu,)Vu, — 7= a(x,u, Vu)Vu strongly in L'(Q).
According to (3.3), we have

N
du,
p(x) < 7~
“;”'axi' <9

let

Z, = Zvl

Thanks to Fatou lemma, we obtain

f 2ydx§liminff Y+, — |z, —zldx,
Q —e Ja

n

8”11;; _ p(x _}/n _
P, 2= lea—l =t =

2 I

ie
0< —limsupf |z, — z|dx,
Q

n—o0
then
0< liminfj |z, —z|ldx < limsup—r |z,, — z|dx < 0,
what implies
Vu, — Vuin (LPY(Q,v)N,
consequently
U, — uin Wy’ Pl (Q V).

Definition 3 for any k >0 and s € IR, the truncature

function Ty(.) is defined as:
s if i<k
Ti(s) = klz—| if ls|> k.

Lemma 4 Let (u,), a sequence from Wl’p(x)(Q,v) such
that u, — u weakly in W, Lp(x (Q v). Then Ti(u,) —
Ty (1) weakly in Wy P )(Q,v).
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Proof .

We have u, — u weakly in Wo’p(x)(Q,v), and
Wol’p(x)(Q,v) s [PO(Q), we will have u, — u
strongly in LP¥)(Q) and a.e.
T (u,) = T (u,) a.e. in Q.

On another side

in Q), consequently

7]
I,y < [ VL,
sf VT, (1) IV 10, P v (),
< | Vi, P¥v(x)dx,
Q

0
<l

where
91 — p+ 1f ”Tk(un)”p(x),v <1,
p- if ”Tk(un)”p(x),v >1,
and _
0, = p+ S1 ”un”p(x),v 21,
! p- si ”un“p(x),v <1
Thus (T, (u,)), is bounded in Wol’p(x)(Q,v), conse-
quently Ty (u,) = Ti(u) weakly in Wol’p(x)(Q,v). [ |

6 Proof of theorem

Stepl: a priori estimate

The problem (P,) admits at least a solution
u, belonging to Wol’p(x)(Q, v).  Choosing  Ty(u,)
as test function in (P,), and seeing that

J- gn(x, 1y, Vu, ) Ty (u,)dx > 0, we obtain:
Q

J;) a(xr uniVTk(un))VTk(un>dx < J;) fnTk(”n)dx-
Using (5), we deduce that
aJ- V(X)|VT(1,)PPdx < kCy,
Q
that means
), < K
V(x)IVTi (u,) P dx < —Cy.
Q 04

Consequently

“VTk(l/ln) v < CZ;

vV
”p(X)»
where

y= p+ lf ”VTk(un)”p(x),v >1,
p- if ”VTk(un)”p(x),V <l

Onthe other hand, we have

f a(0, s, VT 16)) VT (10, )d x
Q

+J gn(xl ty, V) Ty (1, )dx :J fnTk(un)dx-
Q Q

www.astesj.com

What implies

J gn(xr ty, Vi) Tie(u,)dx SJ |fn|kdx
Q Q

Thus
u?l
J k_gn(xr unfvun)dx
luglok) 1l
+f gn(‘x’ unrvun)undx S f |f1’l|kdx'
{lu <k} Q

Consequently

kj G (x, 1y, Vu, )dx < kCy
{luy >k}
However

Jv(x)qunlp(x)dx :J v(x)| Vi, P¥ dx
Q {luy|>k)

+J V()| Vi, [PX) dx.
Q
Then for k > p;, we will have:

1
f V()| Vi, PP dx < —
Q

G (x, 1y, Vu, )dx+Cy < Cy
P2 Jju,l>k)

What implies that a sequence (u,), is bounded in
1,
WP, v).
Step2: Strong convergence of truncations
Seeing that (u,,), is bounded in Wol’p(x)(Q,v), and
Wol’p(x)(Q,v) e [PW)(Q), we can extract a subse-
quence of (uy),, still noted (u,),, and there is u €
Wol’p(x)(Q, v) such that

. 1,
u, —u in W, p(x)(Q,v),
u, —>u a.e.in Q,

We want to show that T(u,) — Ti(u) strongly in
Wy P, v).

Let z, = Ty(u,) — Tx(u), let us pose v, =
As?

(pz\(zrl)f
where @,(s) = se
Choosing v,, as test function in (P,).

We are (v,),, is bounded in Wol’p(x)(Q,v), and v, —> 0
a.e. in (), then according to lemma we obtain

v, — 0 weakly in Wol'p(x)(Q,v),.
thus (f,,v,) — 0, because v, — 0 weakly in L*(Q),
and f, — f strongly in L}(Q).
Consequently
Min = (A, vy) +{Gptty, vy) — 0.

Seeing that g,(x, u,, Vu,) > 0 on {x € Q : |u,| > k}, then
we have:

(Au,,v,)+ J (%, uy, Vuy)v,dx <1y,
{xeQ:lu,|<k}
Thus

<Aunfvn>_|J gn(x, Uy, Vi, )v,dx| < Nin- (14)
{xeQ:|u,|<k}
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however

(Auy,vy,) = J a(x, u,, Vu,
0

= f a(%, Ti(t), VT (14))V (Te() = Te (1)) p  (2)dx

Jo

T (1))@ (2,)dx + 12,
where

Mon =

a(x, uy,, Vun)VTk(u)qoi\(zn)dx
[14,, 1>k

(15)
a(x, T (), Vi () —a(x, Tk(un),VTk(u))]V(Tk(un)

5 a(%, Te (1), VT (w))V(Te (1)~ Tic (1)) ) (2, ) x—

a(x, u,, Vun)VTk(u)qoi\(zn)dx.
|1 |>k

We have

{

= 13y, — Owhen n — co.
On another side

VTi(1) X {ju, >k — O strongly in (LPX)(Q,v))N,
(a(x,1,,V1,)), is bounded in (LP ®)(Q,v*))N,

| (%, 1y, Vi, )v,dx|
{lunl<k}

<

|gn(xl ty, Vi, )l|vy,ldx
{lunl<k}

sj A(K)(c(x) + v(x) |Vt POl |dx
{Junl<k}
<d(k) () (zn)ldx (16)
{lu|<k}
()
+ a(x: unrvun)vunl(P/\(andx

{lun|<k}

< 1jpn + 400 fQ (6, T (1), VT (1) V T (1) o (2l x

< @J\ (a(x, Tk(un)lVTk(un)) —a(x, Tk(un)fVTk(un)))
Q

X [VTk(”rz) —VTk(M)]|§0,\(Zn)|dx+ Mans

where

H3n = d(k)f c(x)|lpa(z,)ldx — 0 whenn — oo,
{luyl<k)

and 74y,

= f a(x, Ti(11,), VT (1)) VT ()02 (2l x
Q

(k)

+a

f a(x, Tie(u), VTie(1))(V T (1) =V Ti ()| @ (2| d x

Q
+13, — 0 whenn — oo,

If A > (@)2 then, by a simple calculation, we have

’

(P,\(S)

By combining this last inequality with (14), and
(16), we obtain

fQ (a(x, Te(1t,), V(1) — alx, Tk(unwn(un)))

d(k)

1
-— > —.
o 2

lpa(s)]
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X VTk(un) — VTk(u)

W(Ti(t4y) = T (1)) (z0)dx < 2115 = 20 + 1an),— 0; When n — co.

Thanks to lemma |3} we deduce that

Ti(u,,) — Ty (u) strongly in Wol’p(x)((),v). (17)

step3: Equi-integrability of the nonlinearitie

(8 (x, 4, Vity )
_We will show that g,(x, u,, Vu,) — g(x,u,Vu) strongly
in Ll(Q). Seeing , we deduce that

Vu, — Vu a.e. in Q, when n — oo. (18)

Let E a measurable part of 2, and let m > 0, let us
pose

Xn={xeQ:|u,|<m}et (X)) ={xeQ:|u,|l>m).

We have

f|gn<x,un,wn>|dx f 1905ty Vit )l dx
E ENX,

+ |0 (%, 1y, Vuy)|d x,
EN(X}:)¢

< d"”’L

+c(x))dx +J-
(X

m)

(V(X)IV T, (10, P>

|gn(x; un) Vun)|dx.

(19)
Thanks to and seeing c(x) € L' (Q), there is 6 > 0
such that for all E: |E| < 0, then
<

(20)

d(m)L<v<x>|VTm<un>|P<x>+c<x>)dx 1

Let 1, a function defined by:

0 iflsl<m-1,
1 ifs>m,
Y (x) = 1 ifs<-m,
Yu(x)=1  ifm-1<s|<m,

we have ¢,,(u,) € Wol’p(x)(Q,v), choosing ,,(u,) as
test function in (P,), we obtain:

La(x,un,Vun>Vun¢;1<un)dx+L 501 Vit o 11)

= L fnl/)m(un)dX
According (9) and (10), we deduce that

f 9%, 6y, Vit ldx < j fldx.
{|un|>m_1} {|un|>m_1}

what implies

Llu,zl>m}

however f, — f in L'(Q) and |{|u,,| > m — 1}| — 0 when
m — oo, uniformly in #n, then for m big enough we
have;

190 (s 11, Vit < f Ifldx.

{|“n|>m_1}

J |fuldx < ﬂ, Vne IN.
{lunl>m—1} 2
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Thus

J |g (%, 1y, Vi, )|dx < ﬂ, Vne IN. (21)
flty>m) 2

Combining (19), and (21), we deduce that
J g (x, 1, Vi, )ldx <, for alln € IN.
E

That means that the sequence (g,(x, 1, Vu,)), is equi-
integrable, but g,(x, u,, Vu,) - g(x,u,Vu) a.e. in Q,
then thanks to Vitali theorem, we deduce that

n(x, 1, Vuy,) — g(x,u, Vu) strongly in LY(Q).

step4: passing to the limit

Seeing that (u,), is bounded in Wol'p(x)(Q,v), and
thanks to (6), we conclude that (a(x,u,, Vi,)),
is bounded in (LP (")(Q,v*))N, and seeing that
a(x, u,, Vu,) — a(x,u,Vu) a.e. in Q, then according to
the lemma|[2] we obtain that

a(x, u,, Vuy,) — a(x, u, Vu) weakly in (Lp/(x)(Q, v*))N,

while making n — oo, we obtain Yv € Wol’p(x)(Q,v) N
L*(Q),

(Au,v)+ j@ g(x,u, Vu)vdx = JQ fvdx.

7 Example of application

Let Q) be a bounded open subset of RN, N > 2, and
let p(x),q(x) € C,(Q).
Let us pose:

a;(x,1,0) = v(x)|C; PP tsgn(Cy), i=1,...
and

g(x,1,0) = prirl™v(x)lcP, p > 0,

were v(x) a function weight in Q. The function a;,
i = 1,..,N, which satisfies the assumptions of theo-
rem (6), and (8); and well as the function g satis-
fies (9), and (11)), with |s| > p; =1 and p, = p >0,
consequently the assumptions of theorem [1|are satis-
fied; thus for f € LY(Q), the following theorem, with
v(x) = d*(x):

N
O {42 ) 24 -1 gy 2
D (i 5

+pulul?™ T Zd (x| geP™) = f inD'(Q),
ue WyPY(Q,d*(x)) and

pululf?® LN, Zd*(x)| gL P e L1(Q),

!Nl

admits at least one solution u € Wol’p(x)(Q,d’\(x)).
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We describe a mathematical model for the industrial heating and
cooling processes of a steel workpiece representing the steering rack of
an automobile. The goal of steel heat treating is to provide a hardened
surface on critical parts of the workpiece while keeping the rest soft and
ductile in order to reduce fatigue. The high hardness is due to the phase
transformation of steel accompanying the rapid cooling. This work
takes into account both heating-cooling stage and viscoplastic model.
Once the general mathematical formulation is derived, we can perform
some numerical simulations.

1 Introduction

In the automative industry, many workpieces such
gears, bearings, racks and pinions, are made of steel.
Steel is an alloy of iron and carbon. Generally, indus-
trial steel has a carbon content up to about 2 wt%.
Other alloying elements may be present, such as Cr
and V in tools steels, or Si, Mn, Ni and Cr in stain-
less steels. Most structural components in mechanical
engineering are made of steel. Certain of these com-
ponents, such as toothed wheels, bevel gears, pinions
and so on, engaged each others in order to transmit
some kind of (rotational or longitudinal) movement.
In this situation, the contact surfaces of these compo-
nents are particularly stressed. The goal of heat treat-
ing of steel is to attain a satisfactory hardness. Prior
to heat treating, steel is a soft and ductile material.
Without a hardening treatment, and due to the sur-
face stresses, the gear teeth will soon get damaged and
they will no longer engage correctly.

In this work we are interested in the mathematical
description of the hardening procedure of a car steer-
ing rack (see Figure[l). This particular situation is one
of the major concerns in the automotive industry. In

this case, the goal is to increase the hardness of the
steel along the tooth line and at the same time keep-
ing the rest of the workpiece soft and ductile in order
to reduce fatigue. This problem is governed by a non-
linear system of partial differential equations coupled
with a certain system of ordinary differential equa-
tions. Once the full system is set we perform some
numerical simulations.

Figure 1: Car steering rack.

Solid steel may be present at different phases,
namely austenite, martensite, bainite, pearlite and fer-
rite. The phase diagram of steel is shown in Fig-
ure 2| For a given wt% of carbon content up to 2.11,

“Corresponding author. Departamento de Matematicas, Facultad de Ciencias, Universidad de Cédiz, 11510 Puerto Real, SPAIN,

francisco.ortegon@uca.es

www.astesj.com
https://dx.doi.org/10.25046/2j020510

55


www.astesj.com

J. M. Diaz et al. / Advances in Science, Technology and Engineering Systems Journal Vol. 2, No. 5, 55-62 (2017)

all steel phases are transformed into austenite pro-
vided the temperature has been raised up to a cer-
tain range. The minimum austenization temperature
(727°) is attained for a carbon content of 0.77 wt%
(eutectoid steel). Upon cooling, the austenite is trans-
formed back into the other phases (see Figure , but
its distribution depends strongly on the cooling strat-
egy ([412]).

Martensite is the hardest constituent in steel, but
at the same time is the most brittle, whereas pearlite
is the softest and more ductile phase. Martensite de-
rives from austenite and can be obtained only if the
cooling rate is high enough. Otherwise, the rest of the
steel phases will appear.

The hardness of the martensite phase is due to a
strong supersaturation of carbon atoms in the iron lat-
tice and to a high density of crystal defects. From
the industrial standpoint, heat treating of steel has
a collateral problem: hardening is usually accom-
panied by distortions of the workpiece. The main
reasons of these distortions are due to (1) thermal
strains, since steel phases undergo different volumet-
ric changes during the heating and cooling processes,
and (2) experiments with steel workpieces under ap-
plied loading show an irreversible deformation even
when the equivalent stress corresponding to the load
is in the elastic range. This effect is called transforma-
tion induced plasticity.

The heating stage is accomplished by an
induction-conduction procedure. This technique has
been successfully used in industry since the last cen-
tury. During a time interval, a high frequency cur-
rent passes through a coil generating an alternating
magnetic field which induces eddy currents in the
workpiece, which is placed close to the coil. The eddy
currents dissipate energy in the workpiece producing
the necessary heating.

2 Mathematical modeling

We consider the setting corresponding to Figure
The domain Q€ represents the inductor (made of cop-
per) whereas Q% stands for the steel workpiece to be
hardened. Here, the coil is the domain Q = QS UQ° U
Sp. In this way, the workpiece itself takes part of the
coil.

In order to describe the heating-cooling process,
we will distinguish two subintervals forming a parti-
tion of [0, T], namely [0, T] = [0, T;,)U[ Ty, T.], Tc > Ty, >
0. The first one [0, Tj,) corresponds to the heating pro-
cess. All along this time interval, a high frequency
electric current is supplied through the conductor
which in its turn induces a magnetic field. The com-
bined effect of both conduction and induction gives
rise to a production term in the energy balance equa-
tion 1) namely b(@)lAt+ch)|2. This is Joule’s heating
which is the principal term in heat production. In our
model, we will only consider three steel phase frac-
tions, namely austenite (a), martensite (m), and the
rest of phases (7). In this way, we have a+m+r =1

www.astesj.com

and 0 <ag,m,r <1in QS x[0, T]. At the initial time we
have r(0) = 1 in Q®. Upon heating only austenite can
be obtained. In particular m = 0 in Q® x [0, T, ] and the
transformation to austenite is derived at the expense
of the other phase fractions (r).

At the instant ¢ = T}, the current is switched off
and during the time interval [T}, T.] the workpiece is
severely cooled down by means of aqua-quenching.

The heating model

The current passing through the set of conductors
Q =0Q°UQ*U S, is modeled by the electric poten-
tial difference, ¢g, applied on the surface I, C Q€ (see
Figure [4). Notice that the applied potential on I} is
zero. In the sequel, we put I' =T} UT5.

The heating model involves the following un-
knowns: the electric potential, ¢; the magnetic vec-
tor potential, A = (A4, A,,A3); the stress tensor,
o= (Gij)lgi,j§3r 0ij = 0j for all 1 <i,j < 3; the dis-
placement field u = (uy,u,,u3); the austenite phase
fraction, a; and the temperature, 6. Among them, only
A is defined in the domain D containing the set of
conductors (). On the other hand, since the inductor
and the workpiece are in close contact, both ¢ and 6
are defined in Q. Since phase transitions only occur
in the workpiece, we may neglect deformations in Q€.
This implies that o, u and a are only defined in the
workpiece Q5.

Since electromagnetic fields generated by high fre-
quency currents are sinusoidal in time, both the elec-
tric potential, ¢, and the magnetic potential field, A,
take the form ([1}, [2} 14} 15]) M(x,t) = Re[ei“’tM(x)],
where M is a complex-valued function or vector field,
and w = 2nf is the angular frequency, f being the
electric current frequency. In general, M also depends
on t, but at a time scale much greater than 1/w. In
this way, we may introduce the complex-valued fields
@ and A as

¢ =Re[e ' p(x,1)], A =Re[e'A(x,1)]. (1)

As a far as the numerical simulation of a system
like — is concerned, the introduction of the new
variables ¢ and A is quite convenient since the time
scale describing the evolution of both ¢ and A is much
smaller than that of the temperature 6. In the case of
steel heat treating, f is about 80 KHz.

The heating model reads as follows ([3}[9}[10, [7]):

V- (b(6)Ve)=0in QTh =Qx (0, Ty),

d

8_(5 =0on (dQ\T)x(0,T;),
@=00onT; x(0,T}), ¢ = pgon I, x (0, Ty),
b0(6)iwA+V><(%V xA)—éV(V-A)

=-by(0)Ve in D x (0, Ty,),
A=00ndDx(0,T}),
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Figure 2: Iron-carbide phase diagram.
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Figure 3: Microconstituents of steel. Upon heating, all phases are transformed into austenite, which is transformed back to the other
phases during the cooling process. The distribution of the new phases depends strongly on the cooling strategy. A high cooling rate
transforms austenite into martensite. A slow cooling rate transforms austenite into pearlite.
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Figure 4: Domains D, Q = QSUQC€US and the faces I1,T; € QF. The inductor Q€ is made of copper. The workpiece contains a toothed
part to be hardened by means of the heating-cooling process described below. It is made of a hypoeutectoid steel. The domain is taken as

a big enough rectangle containing both the inductor and the rack

V-0 =Fin Q%x(0, Ty), (7)

o= K(e(u)—Al(a, m, )1

t
_j y(a,m,a;, my, 0)S dT),
0

u=0onTIyx(0,Ty),

o-n=0on (dQ%\Ty) x (0, Ty), (10)
1 .
a; = %(aeq(Q) —ayH(O0-A,)in Q%% (0,T;,), (11)
a(0) = 01in QS, (12)
a(6,a,m,0)0; -V - (x(6)VO)
+3%q(a,m)0 (V- u; — 3A,(a;, my, 0))
=b(0)|A; +V¢|2 —pLaay
+A,(a;, my, 0)tr o
+v(a, m,at,mt,9)|5|2 in QTh, (13)
8_9=00n Q) x (0, Ty), (14)
on
0(0) =6y in Q. (15)

Here, b(0) is the electrical conductivity (by b(0)
we mean the function (x,t) — b(x, 0(x,t)), and also for
x(6), etc.); @( represents the potential external source.
The domain D containing the set of conductors is
taken big enough so that the magnetic vector poten-
tial A vanishes on its boundary dD (in our model, is
taken to be a 2D rectangle or a 3D cube). Since both
o and g are only defined in %, when they appear in
a term referred in (O, we mean that this term vanishes
outside Q° (for instance, —pL,a, appearing in (13));
bo(x,s) = b(x,s) if x € ), by(x,s) = 0 elsewhere; p = p(x)
is the magnetic permeability; o > 0 is a small constant;
F is a given external force (usually F = 0); K = Kjjy,
1 <1,j,k,1 <3 is the stiffness tensor. Steel can be con-
sidered as an isotropic and homogenous material so
that

Kijkl = jéij6kl+,ﬂ(6ik6jl+6iléjk)r foralli,j,k,1e€{1,2,3}

where A > 0 and ji > 0 are the Lamé coefficients
of steel; e(u) = %(Vu + VuT) is the strain tensor;
A1(a,m,0)I models the thermal strain, I being the 3x3
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unity matrix, whereas A;(a,m, 0) is defined as

Ay(a,m,0) =q,a(0 -0,)+q,m0-0,)
+q,(1 —a-m)(0-0,),

and in its turn q,, q,, and g, are the thermal expan-
sion coefficients of the phase fractions a, m and r, re-
spectively, and 6,, 8,, and 0, are reference tempera-
tures (notice that during the heating stage is m = 0);
J(f)/(a, m,a;, my, 0)Sdt gives the model, through the
function y, of the transformation induced plasticity
strain tensor, where § = o — % trol is the deviator of o,
that is, the trace free part of the stress tensor; Ij is a
certain smooth enough part of dQ%; n is the unit outer
normal vector to the referred boundary; the functions
74(0), deq(0) are given from experimental data (see
Figure , and H is the Heaviside function; «(0) is the
thermal conductivity; the functions appearing in
are given as follows

a(6,a,m,0) = pc. —9%q(a, m)26 —q(a,m)tro,

where p and ¢, are the steel density and the spe-
cific heat capacity at constant strain, respectively, ¥ =
%(3/\ + 2ji) is the bulk modulus, and g(a,m) is defined
as

g(a,m) = gza+qum+(1—a—m)q,;

Ay(ay,my, 0) = qaa,(0 —0,) +q,m (0 —6,,)
—q.(a;+my)(0-6,).

Finally, L, > 0 is the latent heat related to the austen-
ite phase fraction. Notice that, in a more general situ-
ation p, ¢, and L, may also depend on a, m and/or 6.
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4eq(6)

7(0)

A Ay 0

) Figure 5: Functions aeq and 7.

Equations @ and (5) derive from Maxwell’s equa-
tions. In [9]], it is assumed the Coulomb gauge condi-
tion for the magnetic vector potential, namely, V-A =
0. Here, we do not impose this condition since this
makes appear an undesired pressure gradient in the
equation for A. In its turn, we include a penalty term
in this equation of the form —-oV(V - A). In doing so,
both the theoretical analysis and the numerical simu-
lations are simplified.

Equation (7)) is a quasistatic balance law of mo-
mentum and (8) is Hooke’s law. The transformation
to austenite from the initial phase r(0) = 1 is described

in (T1).

Finally, equation derives from the balance law
of internal energy. As it has been pointed out above,
Joule’s heating is the main responsible in heat pro-
duction. Since y(a,m,a,,m;,0)|S|> > 0, the contribu-
tion of the transformation induced plasticity to the
energy balance is also a production term. On the other
hand, during the heating stage we have a; > 0 so that
—pL,a; < 0. This means that the transformation to
austenite absorbs energy, which is released during the
cooling stage.

The cooling model

The heating process ends, the high frequency current
passing through the coil is switched-off and aqua-
quenching begins. The quenching is just modeled via
the Robin boundary condition given in (25).

We put ag, = a(Ty), that is, ar, is the austenite
phase fraction distribution at the final heating instant
T;, obtained from . In the same way, we define
QTh = 0(Ty). Obviously, these functions will be taken
as the initial phase fraction distribution and temper-
ature, respectively, in the cooling model. Here we
use the Koistinen-Marburger model ([11] [13]]) for the
description of the transformation to martensite from
austenite.
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The cooling model reads as follows

V-0 =Fin Q%x (T, T.), (16)
o= K(e(u) —Ai(a,m,0)I
t
—J‘ y(a,m,a;,m;,0)S dT), (17)
0

u=0onTIyx (T T.), (18)

o-n=0on (dQ%\Iy) x (T}, T), (19)
1 .
1t = gy 9ea(0) a/H(O — Ay) in O x (T, T, (20)
a(Ty) = ar, in QF, (21)
my = (1 —m)H(=0,)H(M; — 0) in Q° x (Ty, T.), (22)
m(Ty,) = 0in QF, (23)
a(0,a,m,0)0, -V - (x(6)VO)
+ 37€q((1, m)9 (V Uy — 3A2(at1 mtre))
=—pL,a;+ pLym; + Ay(ay, my, O)tro
+y(a,ma,m,0)SI? in Qx (Ty, T.), (24)
% — B(x,1)(0—00) on IQ x (Ti, T.),  (25)
0(Th) = O, in Q. (26)

In ¢,y > 0 is a constant value. Also, in ,
L,, > 0 is the latent heat related to the martensite
phase fraction. The function S(x,t) in is a heat
transfer coefficient and is given by

0 on dQ) N JA,
Bo(t) on dQNIQS.

where fy(t) > 0 (usually taken to be constant). Finally,
0. is the temperature of the quenchant.

The mathematical analysis of a system similar
to (L6)-(26) can be seen in [3]. In this reference, an
existence result is shown assuming that the data are
smooth enough and T, — Tj, is sufficiently small.
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Figure 6: Domain triangulation. The mesh contains 61790 trian-
gles and 30946 vertices.
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3 Numerical simulation

Using the Freefem++ package ([8]), we have per-
formed some numerical simulations for the approxi-
mation of the solution to the systems (2)-(15) and (16)-
(26). We want to describe the hardening treatment of
a car steering rack during the heating-cooling process.
The goal is to produce martensite along the tooth line
together with a thin layer in its neighborhood inside
the steel workpiece ([} [6]).
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Figure 7: Domain triangulation. Element density near three
teeth.

Figure [4| shows the open sets D, Q = Q*UQ“U S
and the faces I} and I, (they appear stick together
in this figure) which intervene in the setting of the
problem. The workpiece contains a toothed part to
be hardened by means of the heating-cooling process
described above. It is made of a hypoeutectoid steel.
The open set D\ Q) is air. The magnetic permeability y

n (5) is then given by

Ho ifxeD\Q,
u(x) =14 0.99995u, if x € QF,
2.24x 103y, if x€QS,

where pg = 47t x 1077 (N/A?) is the magnetic constant
(vacuum permeability).

The martensite phase can only derive from the
austenite phase. Thus we need to transform first
the critical part to be hardened (the tooth line) into
austenite. For our hypoeutectoid steel, austenite
only exists in a temperature range close to the in-
terval [1050,1670] (in K). During the first stage, the
workpiece is heated up by conduction and induction
(Joule’s heating) which renders the tooth line up to
the desired temperature. In order to transform the
austenite into martensite, we must cool it down at a
very high rate. This second stage is accomplished by
aquaquenching.
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In this simulation, the final time of the heating
process is Ty, = 5.5 seconds and the cooling process
extends also for 5.5 seconds, that is T, = 11.

We have used the finite elements method for the
space approximation and a Crank-Nicolson scheme
for the time discretization. Figures[6|and [7]show the
triangulation of D in our numerical simulations. We
have used P,-Lagrange approximation for ¢, A and 6
and P; for a and m.

In Figure [8| we can see the temperature distribu-
tion of the rack along the tooth line at different in-
stants of the the heating-cooling process. The initial
temperature is 6 = 300K. At t = 5.5 the heating pro-
cess ends and the computed temperature shows that
the temperature along the rack tooth line lies in the
interval [1050,1670] (K).

IsoValue
300
W370
W440
H510
W580
Me650

t =6s
AAAAAAAAAAAAAAAAAAAAAA, Hi6 50
T e

t="7s
Figure 8: Temperature evolution at instants t =1, t =3, t =5.5
(end of the heating stage, aqua-quenching begins), t =6 and t =7
seconds, respectively. At t = 5.5s the temperature along the tooth
part has reached the austenization level in this part of the rack. The
temperature is measured in Kelvin.

t = 5.5s (left), t = 6.5s (right),

aaasAAA

t =7s (left), t = 8s (right)

t = 9s (left) and t = 11s (right).

Figure 9: Transformation of the austenite phase fraction during
the aquaquenching at time instants t=5.5, 6.5, 7, 8, 9, and 11 sec-
onds, respectively.
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Figure [9] shows the austenite evolution from the
beginning of the cooling stage. Blue corresponds to
0% while red is 100%. We observe that martensite
starts to appear, approximatively, one second after the
beginning of the cooling stage. At the final instant,
all the amount of austenite has been transformed into
martensite as it is shown in Figure[10].

t = 5.5s (left), t = 6.5s (right),

t =7s (left), t = 8s (right)

AAAAAA
R

t = 9s (left) and t = 11s (right).

Figure 10: Transformation of the martensite phase fraction from
austenite during the aquaquenching at time instants t=5.5, 6.5, 7,
8,9, and 11 seconds, respectively.

Figure [I1|shows the austenization along the tooth
line at the end of the heating process T = 5.5 seconds.

Figure |12| shows the final distribution of marten-
site from austenite along the rack tooth line through
the cooling stage t = 11 seconds. We have good agree-
ment versus the experimental results obtained in the
industrial process.

During the heating-cooling process, the work-
piece is deformed so that an industrial rectification is
needed (or otherwise the rack would be useless). Fig-
ures [13] and [[4] shows the different deformations un-
dergone by the workpiece.

AAAAAAAAAALAAALMAAAAAALAAAAAAAAL

Figure 11: Heating process. Austenite at ¢ = 5.5 along the rack
tooth line.

ALAAAAAAAALALAAAALAAAAAAAALAALL

Figure 12: Cooling process. Martensite transformation at the fi-
nal stage of the cooling process t = 11 seconds.

www.astesj.com

\ v
/
/
\
/1 /

L

Figure 13: Distorted mesh (with a scale factor of 10) after the
heating stage. The austenite transformation along the tooth line
changes the original profile.
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Figure 14: Distorted mesh (with a scale factor of 10) after the
cooling stage. The original configuration is partially recovered. Due
to the plasticity effect and the lack of the upper supports, the rack
bends down.

61


http://www.astesj.com

J. M. Diaz et al. / Advances in Science, Technology and Engineering Systems Journal Vol. 2, No. 5, 55-62 (2017)

Conflict of Interest The authors declare no conflict

of interest.

Acknowledgments This research was partially sup-
ported by Ministerio de Educacién y Ciencia under
grants MTM2010-16401 and TEC2014-54357-C2-2-
R with the participation of FEDER, and Consejeria
de Educacién y Ciencia de la Junta de Andalucia, re-
search group FQM-315.

References

[1] A. Bermudez, J. Bullén, E. Pena and P. Salgado, “A numer-
ical method for transient simulation of metallurgical com-
pound electrodes”, Finite Elem. Anal. Des., 39, 283-299, 2003.
https://doi.org/10.1016/50168-874X(02)00069-0

A. Bermudez, D. Gémez, M. C. Muiiiz and P. Salgado, “Tran-
sient numerical simulation of a thermoelectrical problem in
cylindrical induction heating furnaces”, Adv. Comput. Math.,
26, 39-62, 2007. https://doi.org/10.1007/s10444-005-7470-9

K. Chelminski, D. Homberg and D. Kern, “On a ther-
momechanical model of phase transitions in steel”,
Adv. Math. Sci. Appl., 18, 119-140, 2008.

J. R. Davis et al. “ASM Handbook: Heat Treating”, vol. 4, ASM
International, USA, 2007.

(2]

(3]

(4]

[5] J. M. Diaz Moreno, C. Garcia Vézquez, M. T. Gonzélez Mon-
tesinos and F. Ortegén Gallego, “Numerical simulation of
a Induction-Conduction Model Arising in Steel Hardening
model arising in steel hardening”, Lecture Notes in Engineer-
ing and Computer Science, World Congress on Engineering

2009, Volume II, July 2009, 1251-1255.

J. M. Diaz Moreno, C. Garcia Vazquez, M. T. Gonzélez Mon-
tesinos, E. Ortegén Gallego and G. Viglialoro, “Mathematical

(6]

www.astesj.com

(12]

(13]

(14]

(15]

modeling of heat treatment for a steering rack including me-
chanical effects”, J. Numer. Math. 20, no. 3-4, 215-231, 2012.
https://doi.org/10.1515/jnum-2012-0011

J. Fuhrmann, D. Hémberg and M. Uhle, “Numerical simula-
tion of induction hardening of steel”, COMPEL, 18, No. 3,
482-493,1999.
https://doi.org/10.1108/03321649910275161

F. Hecht, “New development in freeFem++”", J. Numer. Math.
20, no. 3-4, 251-265, 2012. https://doi.org/10.1515/jnum-
2012-0013

D. Homberg, “A mathematical model for induction hard-
ening including mechanical effects”, Nonlinear Anal.-Real
World Appl., 5, 55-90, 2004. https://doi.org/10.1016/S1468-
1218(03)00017-8

D. Hémberg and W. Weiss, “PID control of laser surface hard-
ening of steel”, IEEE Trans. Control Syst. Technol., 14, No. 5,
896-904, 2006. https://doi.org/10.1109/TCST.2006.879978

D. P. Koistinen, R. E. Marburger, “A general equation pre-
scribing the extent of the austenite-martensite transforma-
tion in pure iron-carbon alloys and plain carbon steels”,
Acta Metall., 7, 59-60, 1959. https://doi.org/10.1016/0001-
6160(59)90170-1

G. Krauss, “Steels: Heat Treatment and Processing Princi-
ples”, ASM International, USA, 2000.

J. B. Leblond and J. Devaux, “A new kinetic model for
anisothermal metallurgical transformations in steels includ-
ing effect of austenite grain size”, Acta Metall., 32, No. 1, 137-
146, 1984. https://doi.org/10.1016/0001-6160(84)90211-6

E.J. Pena Brage, “Contribucién al modelado matematico de al-
gunos problemas en la metalurgia del silicio”, Ph. thesis, Uni-
versidade de Santiago de Compostela, 2003.

H. M. Yin, “Regularity of weak solution to Maxwell’s equa-
tions and applications to microwave heating”, J. Differ. Equ.,
200, 137-161, 2004.
https://doi.org/10.1016/j.jde.2004.01.010

62


http://www.astesj.com

@ASTES

www.astesj.com

Advances in Science, Technology and Engineering Systems Journal Vol. 2, No. 5, 63-69 (2017)

ASTESJ
ISSN: 2415-6698

Proceedings of International Conference on Applied Mathematics

(ICAM'2017), Taza, Morocco

Petrov-Galerkin formulation for compressible Euler and Navier-Stokes equations

Nacer E. El Kadri E., Abdelhakim Chillali®

Sidi Mohamed Ben Abdellah University, Department of Mathematics Physics and Informatics, Polydisciplinary Faculty, Laboratory-

LSI, P.O. Box 1223 Taza, Morocco

ARTICLE INFO ABSTRACT

Article history:

Received: 12 June, 2017
Accepted: 15 July, 2017
Online: 10 December, 2017
Keywords:

Modelling

Fnite elements

Convection

Diffusion

Petrov-Galerkin

The resolution of the Navier-Stokes and Euler equations by the finite element method is the

focus of this paper. These equations are solved in conservative form using, as unknown
variables, the so-called conservative variables (density, momentum per unit volume and
total energy per unit volume). The variational formulation developed is a variant of the
Petrov-Galerkin method. The nonlinear system is solved by the iterative GMRES algorithm
with diagonal pre-conditioning. Several simulations were carried out, in order to validate
the proposed methods and the software developed.

1. Introduction

The mathematical formulation of the conservation laws of
mass, momentum and energy is the first step in the modelling of
fluid flow problems by the finite element method. Thus, we obtain
the Navier-Stokes equations, convection-diffusion transport
equations, and the Euler equations, convection transport equations.
In this first step of resolution, it is advisable to make a judicious
choice of the form and the independent variables. Indeed, there are
several possible choices [1], mainly: the non-conservative form,
the conservative form in entropic variables and the conservative
form. Physically, the conservative formulation is best suited to the
fact that equations fluid dynamics are solved by perfectly
respecting the laws of physics; in addition the boundary conditions
are directly imposed on the physical variables.

The finite element method is one of the most powerful
numerical methods conceived to date. The characteristics that have
led to its popularity include: ease of modelling complex shape
geometries, natural processing of differential-type boundary
conditions, and the possibility of being programmed in the form of
software adaptable to the processing of a wide range of problems.
The classical formulation of the finite element method is based on
the Galerkin weighted residual method. Galerkin's formulation has
proved to be extremely effective in applying structural mechanics
problems and in other situations such as problems governed by
diffusion equations. The reason for this success is that in
application to problems governed by elliptic or parabolic partial
differential equations, Galerkin's finite element method leads to
symmetric stiffness matrices. The advantages of the Galerkin's
finite element method in solving the problems of structural
mechanics and diffusion transport are not directly exploitable for

"Correponding Author: abdelhakim.chillali@usmba.ac.ma

WWwWw.astesj.com
https://dx.doi.org/10.25046/aj020511

the modelling of fluid flow problems, particularly in the simulation
of transport phenomena dominated by convection. A major
difficulty arose because of the presence of convective terms in the
mathematical formulation when using a kinematic description
other than the Lagrangian description as this is practically always
the case in fluid mechanics. In practice, Galerkin's numerical
solutions for dominant convective problems are frequently
polluted by non-physical oscillations which can only be eliminated
by considerably refining the mesh, or in the case of transient
greatly reducing the time step. This, of course, compromises the
very usefulness of the Galerkin method and has motivated the
development of alternative methods that exclude the presence of
non-physical oscillations independently of any mesh refinement or
time step [2-6].

This article proposes elements of answer to these points. The
objective analysis of the choice of form and variables independent
of convection-diffusion transport equations; justifies our choice of
the conservative form using conservative variables to solve the
Navier-Stokes and Euler equations. The variational form used is
based on Galerkin's weighted residual method. For the flow
problems of dominant convection or pure convection fluids, the
variational form used is based on a Petrov-Galerkin type
formulation. Emphasis is placed on the development and
implementation of these two types of variational formulations.

2. Mathematical formulation

We recall in this section the equations of the dynamics of
compressible and viscous fluids. These equations express
conservation laws of mass, momentum and energy. By identifying
conservative variables, namely the density p, the momentum per
unit volume U, and the total energy per unit volume E, as the
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independent variables, the Navier-Stokes equations, in
conservative form and dimensionless, are written:
P v -wy=0=0 1
it - - ( a)
au
8t+V wu@U+Vp=V-g+f (1b)

Z—f+|7-[(E+p)u] = V-(g-u)—V-q+r+f-U (1c)

where u, p, q, r, f and o represent respectively: velocity,
pressure, heat flux, energy source, external force and tensor of
viscous stresses. The heat flux and the pressure are expressed, in
non-dimensional form, as a function of the temperature and of the
density by the Fourier law and the equation of a perfect gas,
respectively:

14

=— VT 2
1 Re Pr @)
and
p=(—-DpT 3
where Re, Pe, y and T represent respectively: Reynolds

number, Prandlt number, specific heat ratio and temperature. On
the other hand, the tensor of viscous stresses g is given by the
relation:

1 2
o(w) = = [vu+ (V)¢ - Zp(@- i 4)

where [ is the identity matrix. Temperature and velocity are
related to conservative variables by the following relationships:

E=p(T+;mP?) 5)
uZE (6)
p

The substitution of equation (6) in equation (4) decomposes the
viscous stress tensor in the following form:

1
a(u) = /—)Q(U) +of 7
where

u 2
F=———|U-(Vp)' + (Vp) U —=(U*-V 1]
a Re p? (Vp)" + (Vp) 3( )l
On the other hand, the substitution of equations (5) and (6) in
equations (2) and (3) makes it possible to express the heat flux
and the pressure, as a function of conservative variables (p, U and
E), respectively by the following relationships:

___r J[E [U|? g
9= " Repr [;_sz] ®
and
—(V—l)[E—@ ©)]
2p
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Equations (1) are strongly nonlinear, their mathematical study
is a great challenge and their numerical resolution is not easy. The
variational formulation as well as the finite element approximation
must respect, inter alia, the implicit condition that temperature,
pressure and density must be positive.

Let V be the vector of conservative variables:
V=(p,U,E)
the system of equations (1) can be written in the vector form:

V. +E(W) = FT (V) + F (10)

where FE™ (V) and FA(V) are respectively the convection
and diffusion fluxes in the i direction, and F is the source vector.
It is also interesting to write the system (1) in the quasi-linear form:

Vet AV = (KyVy) +F (1D
with A; the Jacobian matrices of the convection fluxes such that
A = FConv and Kj; the diffusion matrices such as

KyV; = Fii™.

The flow problems of non-viscous fluids, governed by the
Euler equations, are a special case of the flow of viscous fluids. To
find the Euler equations, we suppress the viscous terms in the
Navier-Stokes equations.

FTWV) or  (KyV J)

The Euler equations can be written respectively in the vector
form and the quasi-linear form, as follows:
FCOnV(v) = and \/.t + Aiv,i =F
2.1. Boundary and Initial Conditions

We consider external and internal flows, the domain of calculation
is denoted Q of boundary I'.

Inlet boundary condition I's

The flow is considered uniform:

v, (cos B) 1 11

= oo=1; . ) Eoo__ AN tro
p=p sin B 2 Y- DMz

where [ is the angle of attack and M, is the Mach number at

infinity.

Wall boundary condition I’

The condition of adhesion (U = 0) is imposed in the case of
viscous fluid flow problems and a sliding condition (U - n = 0) in
the case of flow problems of non-viscous fluids. In addition, one
imposes either a natural condition of Neumann type on the
temperature (adiabatic wall): q-n = 0, or a uniform distribution
of the temperature Ty in order to represent a thermal equilibrium
condition to the wall; which amounts to imposing the Dirichlet
condition: E = pTg . In the case of a uniform temperature
distribution, for Mach numbers less than 3, we take Tg equal to the
stagnation temperature:
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Since p is unknown, the boundary condition E = pTg is non-
linear. During the resolution, the value of the energy at the wall
must therefore be continuously updated as a function of the
density.

Outlet boundary condition '

Two cases must be distinguished. If the local Mach number is
less than unity, subsonic regime, then at least one condition at the
Dirichlet boundary (on density or on pressure or on total energy)
is required. If the local Mach number is greater than unity,
supersonic regime, then no boundary condition is necessary.

The initial conditions are:
P(x,0) = po(x), Ux0)=Uy(x),

3. Galerkin formulation

E(x 0) = Eo(x)

Let Q be a bounded one of the Euclidean space R", of
boundary I'. In order to determine a solution numerically, we
cancel the projection of the system of equations (1) onto a set of
weighting functions according to the Galerkin method. The
weighting functions of the conservative variables (p, U, E) are
denoted by P, YV and YE, respectively. By multiplying the
equations (1) in turn by weighting functions, we have:

ad
(we,55) + @, 7- W) =0 (12a)
U aU U U U
(90.50) + (@07 @@ 1) + (W°. 7p) + (W, U, p)
=W 0H+ WY 0) (12b)

OE
(5.50) + @A [E + pub) + (705, (e v)) - (V4% @)
= AT +1-0) - (5, q)
+ (Y&, (o -u))

where (,) denotes the scalar product in L?(Q), and:

(12¢)

W, U.p) = [ vyt odo

Q

W0) = [ ¥*(a-n)ar
r

(YE,q) = flIJE(q -n) dI
r

The integration by parts of the terms of diffusion makes it
possible to reduce the derivation order from two to one. The
appearance of contour integrals can be used to impose natural
boundary conditions such as adiabatic wall conditions and sliding
conditions. Using vector notation (10), the variational formulation
(12) is written as follows:

f [W- (V, + F&™(V) — F) + WiFHfT] da
Q
- f W (Fiiffp;,) dr = 0 (13)
r
with W = (PP, YV, PE)* the vector of the weighting functions.

Also, using the quasi-linear form (11), we establish the following
variational formulation:
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f [W' (Ve + AV = F) + Wi(KyVy) i] dQ
Q ,
- fw- (FAfn) dr = 0
r
4. Petrov-Galerkin formulation

4.1. Artificial Viscosity

The method of artificial viscosity used consists in replacing the
dynamic viscosity p by:
W= 1+ Hare

where |, is defined in a similar way as artificial diffusion widely
used in finite difference schemes:

[lullh
Hart = 2 {(RpC,

where h is the size of the element, C, is the weighting coefficient
of the viscosity and R, is the local Reynolds number:
_lulln
h 20
The function J(Ry,) is particularly sensitive to zones with dominant
convection; it is defined as follows:

U(Ry) = min (%, 1)

Thus, the modified system of equations includes an artificial
viscosity term whose importance depends on the function {(R,)
and the weighting coefficient C,. By experience, it is necessary to
increase the viscosity in the zones with dominant convection (ie
local Reynolds number is large). The effect of this artificial
viscosity is to create additional energy dissipation, thus
guaranteeing the positivity of temperature, density and pressure.
This method has the advantage of being easy to implement and
does not require any additional calculations, however it has the
disadvantage of containing an arbitrary coefficient C, whose value
influences the quality of the solution. We essentially use this
method to quickly obtain a solution, although diffusive, converges
towards the final solution. This solution subsequently serves to
initialize the stabilized formulation by Petrov-Galerkin finite
element method which we describe in the following section.

4.2. SUPG Method

The Petrov-Galerkin formulation that we use is a variant of the
Streamline Upwind Petrov-Galerkin (SUPG) method [2-6]. The
SUPG method is based on a Petrov-Galerkin formulation, this
method is widely used for the resolution of convection-diffusion
transport equations. As already mentioned in the introduction,
when convection dominates, the use of the Galerkin method
generates non-physical oscillations which can only be eliminated
by considerably refining the mesh, or by greatly reducing the time
step in the transient case. The SUPG method consists in adding an
additional perturbation term to the Galerkin standard formulation.
On the other hand, the use of the Petrov-Galerkin formulation
amounts to modifying the weighting functions of the Galerkin type
by weighting functions having more weight upstream; thus
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introducing artificial diffusion in the direction of the flow. The
variational formulation (13) is modified as follows:

[ W e+ B ) = #) + WiEd) ao
Q

- fw- (FAiffn) dr = 0
r

§ f (A -Wi)T [V.t +F™ - (Kijv,j)i - ?] dQ
ae ,
e

where Q° is an element of the triangulation of the
computational domain ). The matrix t, for the conservative form
using the conservative variables, is written in the following form:

I= [Z|Ciin|
i

In equation (14), the coefficients c;; represent the elements of
the Jacobian matrix of the geometric transformation of the real
element to the reference element. The operator | | applied to a
matrix B defines its absolute value |§| by: |§| = S|AIS, where S
and A are respectively the matrices of the eigenvectors and the
eigenvalues of B. In order to compute T from equation (14) we
must obtain the absolute values of matices B; = |cijA]-|. The
definition of the matrix T therefore requires the solving of a
problem with eigenvalues. It should also be recalled that the
Jacobian matrices A; and A; of the convection flux in direction i
with respect to the conservative and non-conservative variables
respectively are connected by the following relation:

Ai = MKiM_l

-1
¢(Pe) (14)

with
ov
~av
In two dimensions, the vectors of conservative and non-
conservative variables are written respectively:

p p

puy T W
~puz V= U
E p

Analytically, the matrices M and M~ can be obtained in the two-
dimensional case

1 0 0 0
u p 0 0
M = uz 0 p 0
u?/2 pu; pu, 1/(y-1)
and
1 0 0 0
—u/p 1/p 0 0
M™t=| —uy/p 0 1/p 0
y—1
%uz (1 - Y)ul (1 - Y)UZ (Y - 1)

with u? = u? + uZ. The expressions of A, and A, are given in
the two-dimensional case by:
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U p 0 0
- 0 uy 0 1/p
1™V o 0 wu 0
0 pc2 0 u
and
u, 0 p 0
~ | 0 u 0 0
L=y 0 uw 1/p

0 0 pc Uy
with ¢ = ,/yp/p the velocity of sound.

5. Resolution algorithm

The spatial-temporal discretization of the variational problem
leads to the solution of a system of algebraic equations of the form:

M] {V} + [KWD]{V} = {F}

This system of equations has several types of non-linearities.
Some are due to convective terms, others are related to the
compressibility of the fluid. In addition, the use of the Petrov-
Galerkin method introduces strong non-linearities. Given the set of
nonlinear equations, stability of the solution and convergence, the
use of a robust algorithm is therefore crucial. Given its
convergence properties, the Newton-Raphson algorithm coupled
to the chosen implicit time scheme can be effective in solving this
problem. However, in the present situation, the implementation of
the Newton-Raphson method requires the calculation of the first
variations of all the functional ones present in the formulation.
These exact analytical expressions are difficult to obtain,
especially in the presence of a stabilization method. To solve the
problem, we use a variant of the GMRES algorithm [7]. To
accelerate the convergence of the GMRES algorithm, pre-
conditioning techniques are used.

6. Numerical results

A first series of numerical tests concerning external flows of
viscous and non-viscous fluids around a NACAO0012 profile was
carried out to validate the methods described above. The mesh
used comprises 8150 elements. This mesh is illustrated in figure 1,
with an enlargement around the profile NACAO0012 in figure 2.
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Figure 1: Mesh over the entire domain
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Figure 2: Mesh around profile NAC0012
Viscous flow

The first problem presented is a viscous flow at M = 0.85 and
Re = 2000 with a zero angle of attack. The initial solution used is
a uniform field except at the wall. The resolution strategy consists
in fixing the Reynolds and Mach numbers to their maximum
values and to solve the problem over 200 time steps (At = 0.1)
with an artificial viscosity (Ca = 1). The resulting solution serves
as the initial field for the computation sequence in which the
artificial viscosity is canceled by imposing (Ca = 0), and the
SUPG method is applied until converges of the temporal scheme.
The iso-Mach and iso-density curves are shown in figures. 3a and
3b. The pressure coefficients C, = 2(p — Po)/(pu?) on the
profile are compared in figure 3¢ with those obtained by a finite
element method using non-conservative variables [8].

T

Figure 3a: Iso-Mach lines

Figure 3b: Iso-density lines
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Figure 3c: Pressure coefficient
Non-viscous flow

The Euler equations are now solved for M = 0.80 and for an
angle of attack of § = 1.25 degrees; these conditions are similar
to those defined in the [6, 9]. The initial solution used is a uniform
field except at the wall where we impose the normal component of
the velocity at zero. The resolution strategy consists in using the
SUPG method from the beginning of the resolution to the
convergence in time. The mesh is identical to that shown above.
The iso-Mach and iso-pressure curves are shown in FIGS. 4a and
4b. The presence of two zones of low pressure followed by normal
shocks is noted, as can be expected conventionally in transonic
flow. FIG. 4c shows the evolution of the pressure coefficient along
the profile, these results are compared with those obtained by [6,
10] with Roe schemes in finite volumes. We note that for our
results the shocks are well defined on the intrados as on the
extrados. Obviously, the resolution of shocks can be further
improved by using mesh adaptation methods.

Figure 4b: Iso-pressure lines
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Figure 4c: pressure coefficient

The same problem is then dealt with for an angle of attack of
B = 8.34 degrees. The iso-Mach, iso-pressure curves and the
distribution of the pressure coefficient for this test case are
presented in figures 4d, 4e and 4f. The presence of a strong shock
on the extrados is noted.

Figure 4d: iso-Mach lines

Figure 4e: iso-pressure lines
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Figure 4f: pressure coefficient
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Flow around a half cylinder

The simulation of this flow is aimed at validating the methods
described above in the case of supersonic flows. The test consists
of simulating the flow around a half cylinder at a Mach number of
M = 3.0 without angle of incidence. The calculation domain and
the boundary conditions used are illustrated in figure 5a. The
resolution strategy is identical to that used in the previous example.
In addition, the mesh has been refined during the resolution. The
final mesh consists of 15 148 elements. The iso-pressure is shown
in figure 5b, this figure is very similar to that presented by [11]. A
section of the iso-Machs at the line of symmetry is shown in figure
Sc.

U= Uy
uzs =0
P =P
E=E,

My =3.0

Figure 5b: Iso-pressure lines
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Figure Sc: iso-Mach section at the line of symmetry

7. Conclusion

We have presented a finite element method for solving the
Navier-Stokes and Euler equations using conservative variables
and a Petrov-Galerkin variational formulation. Particular emphasis
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was placed on the effective definition and implementation of the
Stabilization Matrix. The use of the pre-conditioned GMRES
algorithm with an adequate resolution strategy allows a relatively
fast convergence. The numerical results obtained show that the
present finite element method gives results at least as good as those
obtained with other methods. However, it seems imperative for
shock problems to use a conservative method; the use of
conservative variables is indeed an essential ingredient. The
condition of the conservation of the mass at the level of each
element is also respected.
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We develop a resolution of the Richards equation for the porous media of variable
saturation by a finite element method. A formulation of interstitial pressure head and
volumetric water content is used. A good conservation of the global and local mass is
obtained. Some applications in the case of heterogeneous media are presented. These are
examples which make it possible to demonstrate the capillary barrier effect.

1. Introduction

The study of the flow of fluids in porous media of variable
saturations is of practical interest in many fields, in agriculture,
civil engineering as well as environment. Control of the movement
of fluids in industrial waste, tailings and municipal waste sites
requires a thorough knowledge of the dynamics of these fluids;
either to assess the extent of the damage, or to design retention or
containment structures or to implement a rehabilitation strategy.

It is not always technically easy to represent the physical reality
of these problems in the laboratory or to design models at a
reasonable cost. The mathematical and numerical modeling of the
flow of fluids in porous media has for some decades made
considerable progress in the wake of the rapid development of the
means of calculation. The flow is modeled by nonlinear partial
differential equations. These equations rarely have analytical
solutions, or at the cost of simplifications which make the model
without practical interest. It is rather by the various numerical
approximation methods that these equations are solved. The
nonlinear character of the properties of the porous media of
variable saturation, the high heterogeneity of these media and the
mixed nature of certain boundary conditions such as those
prevailing on the soil-atmosphere interface, make the problem
singularly difficult and require the implementation of robust and
efficient approximation methods.

In this study, we propose a mixed formulation in volumetric
water content and in interstitial pressure head. The time

*Correponding Author: abdelhakim.chillali@usmba.ac.ma

Www.astesj.com
https://dx.doi.org/10.25046/aj020512

discretization is performed with an implicit Euler scheme with
variable time step. In space, a finite element method is used. The
nonlinear problem is solved by the method of successive iterations.
Although the method is of the first order, taking into account the
variations of the volumetric water content in the iterative scheme
makes it possible to obtain the convergence with a good
conservation of the mass.

As applications, we first propose the study of the classic
problem of infiltrations of water in a very dry environment. It is a
question of testing the convergence and the robustness of the
proposed method in comparison with the results of the literature.
Subsequently, the case of flow in a heterogeneous medium is
examined. We study more precisely the flow of water in a medium
formed of several layers of materials of different textures. The flow
conditions through these layers are often complex due mainly to
the non-linear behavior of the various hydraulic variables of the
medium and their discontinuity in the passage from one layer to
the other. Due to the contrast of the saturation state between the
layers, a capillary barrier effect occurs at their interface. This can
greatly reduce the movement of fluids (water and air) between
layers. This mechanical phenomenon has been extensively
exploited in the design of recovery systems for storage sites of
various types of waste (industrial, mining, domestic, etc.). These
systems contribute to the isolation of these releases from their
immediate environment by restricting the movement of water and
oxygen. The general characteristics of multi-layer barriers have
been dealt with extensively in the mining and geotechnical
literature see [1-4].
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2. Equations of flow

Unsaturated subsurface media are triphase: the medium
skeleton is the solid phase, water and air form the liquid and
gaseous phases, respectively. When the skeleton is assumed to be
rigid and immobile, and air is at atmospheric pressure, the flow of
water is governed by Richards' equation [5] . It is a simple
(seemingly) equation model describing the evolution of volumetric
water content in unsaturated soils. The Richards equation is
obtained from the law of conservation of the mass of water and a
law of behavior, the law of Darcy [6]. The Richards equation in a
mixed formulation, volumetric water content and interstitial
pressure head, is:

ae+V =f
at u=

in Q 2.1
u = —K(Vh + Vz)

Where Q is a domain of the plane R? (or the space R3)
representing (geometrically) the porous medium, 6 is the
volumetric water content ([L3 L™3] dimensionless), u is the Darcy
velocity [L T™1], h is the interstitial pressure head [L], f is a source
function [T™!] and z is the elevation [L]. K is the hydraulic
conductivity tensor [L T~] of the medium that is written in the
form:

K = KAK = KA k k,

Where K” is the anisotropy tensor, K is the hydraulic
conductivity, kg is the hydraulic conductivity of the medium at
water saturation and K. is the relative conductivity.

To the equation (2.1) are associated constitutive relationships
between the volumetric water content and the interstitial pressure
head on the one hand, and between the hydraulic conductivity and
the interstitial pressure head on the other hand. These are empirical
relationships such as those proposed by [7], Van Genuchten at
1980:

IR k. S
_ )" [14 |ah|rm
o(h) = 22)
0, h>0
and
k. k, h<0
K(h) = (2.3)
kq h=>0
with:

1
k, = S, /? [1—(1—Scl/m)m]2, m=1-- forn
06—,

> 1,
es_er

and S, =
Where: 0, is the residual water content and 6, is the water

content at saturation.

Note 1:

In the literature, the Richards equation is also written and
studied in a so-called interstitial pressure formulation. To obtain

this formulation, we put: C(h) = %, thus equation (2.1) becomes:
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C(h 00 f
(h) ot +V-u=
in Q
u = —K(Vh + Vz)
where: C(h) is the hydraulic capacity function of the medium.
In order to solve mathematically the partial differential equation
(2.1), it is associated with initial and boundary conditions.

Initial conditions
We suppose that:

h(x,z,0) = hy(x,2) inQ
where: h, is a given function on Q.

Boundary conditions

We can associate to the equation (2.1) several types of
boundary conditions according to the physical model studied:

Dirichlet boundary conditions

h(x,z,t) = hp(x,z1t) onTy X R,
Neumann boundary conditions
—[K(Vh + Vz)] ‘n = 0,(x,71t) onTy X R,
Gradient boundary conditions
—[KVh)] n = o045(x,2t) onl; X R,

where: [, Iy and [; are respectively parts of the boundary of
the domain Q) and hp, o, and o are given functions and n is the
normal external to [y and I;. In flow models across soils of
varying saturation, boundary conditions are not reduced to the
previous types. Non-standard conditions are imposed as seepage
boundary conditions, atmospheric boundary conditions, and free
drainage boundary conditions.

The seepage boundary conditions consist in imposing the
interstitial pressure head at atmospheric pressure on parts [5, a
priori unknown, of a surface, subject to a potential seepage.

h=0 onlg X R,

The atmospheric boundary conditions are applied to the
surface of the soil to take into account the physical phenomena of
precipitation and evaporation on the surface I'4. These conditions
must respect the constraints of the state of saturation or not of the
soil in the vicinity of the surface in the form of the two inequalities:

|K(Vh + Vz) - n| < Eg onTy X R,
and
hy <h<0 onTy X R,

where: Eg is the maximum potential flux on the surface and h,
is the minimum pressure head under current soil conditions.

The boundary conditions of free drainage consist in imposing
the Neumann condition with: o¢(x,z,t) = 0.

3. Discretization

There is a vast literature on the numerical study of the Richards
equation, both with the finite difference method and with finite
element method see [8-15].
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The finite element method has the advantage of taking into
account general boundary conditions and allows to study the
equation of the flow in complex geometries. In addition, the finite
element method is flexible and practical.

The main difficulty of the numerical resolution of the Richards
equation is its nonlinearity in h by the volumetric water content
0(h) and the hydraulic conductivity K(h) on the one hand, and the
discontinuities due to heterogeneity of the environment on the
other hand. Numerical methods present convergence difficulties as
soon as these functions undergo sudden transitions in the vicinity
of certain values of the interstitial pressure head. This is the case,
for example, during the propagation of the wetting front in dry soil.
The solutions exhibit instabilities with bad mass conservation see
[9, 16, 17].

In the literature, the Richards equation is written and
discretized under three types of formulations: in h, in 6 and inh
and 0. These formulations are formally identical, but sometimes
produce different numerical results [18-20]. The formulation in h
does not ensure a good conservation of the mass unless we
consider a fine mesh and a small time step. The formulation in 6
gives a very good conservation of the mass [9], but it does not
make it possible to treat correctly the flow in the saturated zones,
because the equation degenerates. The so-called mixed form in h
and 0, for its part, ensures a good approximation of the solution
and a better conservation of the mass. A discussion of this subject
in the one-dimensional case is found in [9], [18]. The choice of
iterative methods, such as Newton-Raphson or the method of
successive approximations (Picard) as well as their various
variants, also depends on the considerations of the cost in
computation time.

In this section, we study the approximation of the solutions of
the Richards equation. We use a finite difference scheme for time
discretization with a variable time step. On each time step, we
obtain a nonlinear stationary problem, which is solved after
linearization by an iterative method. At each iteration, a linear
problem is solved by a standard finite element method.

3.1. Time discretization

In the following, we present the time discretization of the
Richards equation in the so-called mixed form h and 6:
00
Fri V- [K(h)(Vh+Vz)] =f 3.1

We denote by At the time step and by tg, ty, ..., ty, th4q, - the
points of the discretization, with t,,,; = t, + At. We also denote
by h", ™ and f™ respectively the values of h, 0 and f at time t,,, ie
h" =h(,t,) , 0"=0(h(t,)) and f*=f(,t,) . The
discretization of (3.1) by the implicit Euler scheme leads us to
solve the nonlinear problem, finding h"** satisfying:

(6n+1 —Qn

— v [K(h™*) (Vh™* ! +vz)] = "1 inQ
h"*1(x,2) = hp(x, Z, the1) on Iy (3.2)

L—K(h"“) (V™' +Vz) - n = oy (X, 7, tyy1) on Iy

To be able to write an iterative scheme of successive
approximations of this problem, we must first linearize the
function 6(h). If we denote by h"**° h"****! the 9 + 1 th and
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9 th approximation of h"*!, we then write using the Taylor
formula :

EnH1O+1 _ gn+1d _ e(hn+1,8+1) _ e(hn+1,3)
~ %(hn+1n‘3) (hn+1,\9+1 _ hn+1,8) (3.3)

or

QULO+1 _ gn+19 — e(hn+1,3+1) _ e(hn+1,8)

+1,9 +1,9+1 +1,9
~ C(h"™7) (A% — h"™%)  (3.4)
The linearization of (3.2) is written in the form
n+1,9+1 _ pn+19 n+19 _ gn
C(h"+19) h A h — V- [K(h"19) (Vho+19+1 4 yz)] = ot — % inQ
h"*19+1(x, 7) = hy (%, Z, ty4q) onl, (3.5)
—K(h™*1?) (Vh™*19*1 + vz) - n = oy (X, Z, ty,q) onTy

The iterative process (3.5) is called by some authors a method
of modified Picard iterations [9, 18].

Note 2:

In the equation (3.2) we could have linearized the function
K(h™™h), as we did for 8(h"*"), by writing its Taylor expansion to
the order 1 in the neighborhood of a given approximation he,
which will naturally involve the derived from dK/dh. This would
lead to an iterative second order scheme of the Newton type. From
this point of view, scheme (3.5) appears in fact as an
approximation of Newton's method. The use of the Newton
method is advantageous in the case of very dry soils where it
converges faster, but with a higher cost [18].

3.2. Finite element discretization

We decompose the domain of the flow () into a finite number
of elements. The approximate resolution of (3.5) by the finite
element method in a standard Galerkin type formulation consists
in determining the solution W™ in the form:

nn

1,9+1 n+1,9+1
hn+ ’ = Z ®; h:
1)

j=1
Where: nn denotes the number of interpolation nodes,
{@1, ..., ©nn} are the basic functions of the Lagrange interpolation

space, and h;’ 19+ s the degree of freedom of h****** at the jth

node. Galerkin's method amounts to writing that h{'**%**
(3.5) in the weak sense, that is, the integral identity:

verifies

n+1,9+1 n+1,9
h —

—

+K(") vz v, +

@ + K(hn+1,8) th+1,3+1 . V(Pi

n+1,9 __ on

At P — an(Pi} dQ

= f oy @; dT (3.6)
T

N

for any basic function ;.

By introducing the explicit form of the terms of identity (3.6),
we obtain the linear systems.

[Mn+1]

An+1
A AT

{hn+1,8+1} — {Qn+1}
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where: [M"*1] is the mass matrix given by:
Mo+ :J-C(hn+1,\9) o ¢, d0
Q
[A"*1] is the stiffness matrix
ARt = L K(h"*) Vo, - Vo, dQ
end the vector Q"*! is given by

n+l _ f {f]’l+1(10i _ K(hn+1,\9) Vz - V(pl } dQ
Q

ij
i n+1,9 n+1,9) _ An+1,9
+ g ) @) o
+ en}@id9+f oy @; dT
I'n
for:i, j = 1, nn.

We have thus reduced the approximation of the problem (2.1)
to the resolution of a linear system of type (3.7) on each time step.

Resolution algorithm

1. Given tp,x the maximum time of the simulation, and
Atpin < At < Aty . the interval of the time steps

2. Given N the maximum number of non-linear iterations

3. Given € and d respectively the tolerances on the interstitial
pressure head and the volumetric water content

4. Loop on the time steps: t =t ,.1,tha2 s - » tmax
5. Loop on non-linear iterations: 9 = 0,1, ..., N
For 9 =0, puth"*"* ="

[Mn+1

6. Calculate h"***** solution of the linear system +

At

[An+1] {hn+1.9+1} — {Qn+1}

7. If”hn+1,9+1 _ hn+1,9|| S € and ||el’1+1,9+1 _ en+1,9” S 8
Convergence achieved on non-linear iterations
To pose : hn+1 — hn+1,9+1
Return to step 3 witht =t
8. If the maximum number of iterations on N is reached
Convergence not achieved in N iterations
Reduce time step
Return to step 3 with t = t;, ;4
Note:

The test on 0 (step (7)) allows a better control of the volumetric
water content and ensures a better convergence and conservation
of the mass.

3.3. Linear system resolution

The linear system obtained in (3.7) is of the form: Ax = b,
where A is a symmetric and definite positive sparse matrix N X N,
WWwWw.astesj.com

and b is a vector of RN given, x is the unknown vector of RN,
When Matrix A is small, the system can be solved by a direct
method such as the Gauss or Choleski elimination method. If, on
the other hand, A is large, it is more advantageous to use iterative
methods such as the conjugate gradient method or the
preconditioned conjugate gradient method. In our case, we use the
conjugate gradient method preconditioned by incomplete LU
factorization [21].

4. Numerical simulations

In this section, some examples of flow tests in porous media
are presented. The main aim is to demonstrate the effectiveness of
the formulation used and the robustness of the finite element
method. This is particularly illustrated in the case of water
infiltration in very dry porous media as well as in the case of
drainage in heterogeneous media.

4.1. Infiltration in a homogeneous column

The classical problem of infiltration of water into a
homogeneous porous column is considered. This example has
been widely used by several authors to validate their numerical
methods for solving flow problems in porous media of variable
saturation. See [9, 18, 20, 22, 23, 24]. The hydraulic properties of
the medium are:

0, 0 a
0,102 0,368 0,0335

ks (cm/s)
0,00922

Figures 1 and 2 show the characteristics of the medium, 8(h)
and K(h).
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Figure 1: Hydraulic conductivity
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Figure 2: Volumetric water content

In this first test, the height of the column is L = 30 cm. The
initial condition is h(.,0) = —1 000 cm, while the boundary
conditions are h(L,t) = — 75 cm at the surface of the column and
h(.,0) = — 1 000 cm on its base. The simulation time is 6 hours.
A regular mesh has been produced with the height of the elements
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Az = 0,25 cm. It has been used with several time steps, from the
finest At = 0,1 s to the widest 50 s < At < 500 s. The solutions
obtained are quite comparable to those of Lehmann in [18], and to
the semi-analytical solution of Philip [25] as well as those obtained
by [9]. We also considered a fine mesh with elements of size Az =
0,1 cm and a time step At = 0,1 s. This mesh was used to calculate
the comparison solution. In the case of the fine mesh and the small
time step, the same results are obtained with a good conservation
of the mass. In figures 3 and 4, the curves of the interstitial pressure
head and the curves of the volumetric water content as a function
of the elevation for a regular mesh, whereas in figures 5 and 6 the
same representations in the case of fine mesh.
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Interstitial pressure head (m)
Figure 3: Interstitial pressure head
(regular mesh Az = 0,25 cm)
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Figure 4: Interstitial pressure head
(regular mesh Az = 0,25 cm)
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Figure 5: Interstitial pressure head

(fine mesh Az = 0,1 cm)
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Figure 6: Volumetric water content
(fine mesh Az = 0,1 cm)

Figure 7 shows the curve of the interstitial pressure head as a
function of the calculated elevation and the curve of the semi-
analytical solution of Philip [25].
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Figure 7: Interstitial pressure head (regular mesh, fine mesh and Philip [25])

4.2. Infiltration in a heterogeneous (multilayer) column

An example given by Lehman in [18]. It is a heterogeneous
column of height L = 180 cm. In this example, it is sought to test
the hydraulic behavior of a heterogeneous medium with boundary
conditions relating to a wetting and drainage cycle. The porous
medium consists of three layers each 60 cm thick. The hydraulic
parameters of the first and the third layer (Berino loamy fine sand)
and those of the second layer (Glendale clay loam) are given by:

Table 1: Hydraulic parameters of the first and the third layer

Berino loamy fine sand | Glendale clay loam
0, 0,0286 0,1060
05 0,3658 0,4686
acm™? 0,0280 0,0104
n 2,239 1,3954
ks (cm/j) 541 13,1

The characteristics of the medium, 6(h) and K(h) are shown in
figures 8 and 9.
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At the top of the column, atmospheric boundary conditions are
predicted with precipitation and evaporation, figure 10.
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Figure 10: Precipitation and Evaporation

Free drainage conditions are imposed at the bottom of the
column. Two types of tests were carried out: a first test with the
initially wet medium and a second initially dry test.
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Figure 11: Interstitial pressure head
(fine mesh h(-,0) = —100 cm)
I) Initially wet medium

The initial interstitial pressure head is taken as h(.,0) =
—100 cm. We first considered a regular mesh, with the height of
elements Az = 5,0 cm. For the time steps, 0,01 < At < 1,0 was
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used. Thereafter, a mesh with element height Az = 1,0 cm was
used. In both cases, we find the same results as Lehman and al.
[18], figures 11 and 12. In figure 12, it is noted that the middle
layer has been saturated rapidly, while the top and bottom layers
desaturate. Thus we are in the presence of an effect of capillary
barrier between layers.
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Volumetric water content

Figure 12: Volumetric water content
(fine mesh h(-,0) = —100 cm)
II) Initially dry medium

For this test, it is assumed that the three media are initially very
dry. The initial interstitial pressure head is taken as h(.,0) =
—10 000 cm and as a time step, successively At = 0,1 days and
At = 1,0 days. To obtain good convergence, we have considered
the fine mesh (Az = 1,0 cm) associated with a rather small time
step (At = 0,0001 days). Figures 13 and 14 shows the interstitial
pressure head and the volumetric water content. As in the previous
case, a capillary barrier effect is highlighted. Although the medium
was initially dry h = —10 000 cm, the layer of fine material in the
middle of the column saturates quite rapidly, while that of the top
remains slightly saturated and that of the bottom always dry, figure
14.
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Figure 13: Interstitial pressure head

(fine mesh h(-,0) = —10 000 cm)
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Figure 14: Volumetric water content

(fine mesh h(-,0) = —10 000 cm)
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4.3. Drainage in a heterogeneous column (dry barriers)

This is an example of covers with capillary barrier effects from
the authors' work in [26]. An initially saturated multilayer medium
is drained. The layers are of materials with highly contrasted
hydraulic properties. The values of the parameters characterizing
the covering materials are:

Sand Unreactive mining
rejection
0, 0,0490 0,0456
0 0,39 0,41
acm™? 0,0290 0,0017
n 10,2100 2,1366
ks (cm/j) 2,10x10-2 6,58x10-5

The geometry is a vertical column of height n = 110 cm
containing a layer of unreactive mining rejection (fine silty
material) 60 cm thick confined between two layers of sand (coarse
material) 30 cm thick for the bottom layer and of 20 cm thick for
the top layer. The medium was initially saturated (the interstitial
pressure head was zero everywhere), thereafter a free drainage
condition was imposed at the base of the column. The simulation
is 60 days. Both layers of sand drain very quickly, figure 15. On
the second day, the water content and pressure curves stabilized.
The volumetric water content of the fine layer remains
substantially at its saturation value, figure 16.
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Figure 15. Interstitial pressure head
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Figure 16. Volumetric water content
5. Conclusion

A finite element method has been developed for calculating the
distribution of the interstitial pressure head and the volumetric
water content in a water flow through a heterogeneous porous
medium such as soil with variable saturation and initially dry. In
the resolution, boundary conditions close to the actual conditions
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are taken into account. In particular, mixed-type conditions
corresponding to atmospheric conditions on the soil surface.
Conventional flow tests in the columns have proved the robustness
and stability of the method with good conservation of the mass.
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The purpose of this conference is to present and analyze different
models accounting for the thermal degradation of combustible
materials (biomass, coals, mixtures...), when submitted to a
controlled temperature ramp and under non-oxidative or oxidative
atmospheres. Because of the possible rarefaction of fossil fuels, the
analysis of different combustible materials which could be used as
(renewable) energy sources is important. In industrial conditions,
the use of such materials in energy production is performed under
very high temperature ramps (up to 105 K/min in industrial
pulverized boilers). But the analysis of the thermal degradation of
these materials usually first starts under much lower temperature
ramps (less than 100 K/min), in order to avoid diffusional

limitations which modify the thermal degradation.

1 Introduction

Before their use as combustible in industrial furnaces
for energy production, materials have to be tested at
a laboratory scale. Their physical and chemical prop-
erties have to be determined, together with their en-
ergy power. Very small amounts of such materials (few
milligrams) are tested in a thermobalance where the
surrounding gas is injected and for which the evolution
of the temperature, from ambient temperature to 900
°C generally under a low heating ramp, is controlled
with high accuracy. This thermobalance measures the
remaining mass with a high precision along the experi-
ment. During a thermogravimetric analysis, the chem-
ical products which are emitted may also be analyzed.
Figure 1 presents an example of mass loss and mass
loss rate curves during the combustion process of a
Cameroonian woody biomass in a thermobalance.

Two peaks appear on the mass loss rate curve (red),
with shoulders on both sides of the main peak, all
occurring in successive temperature ranges and cor-
responding to more intensive emissions of chemical

species. The thermal degradation is indeed obtained
through a progressive destruction of the material struc-
ture under the influence of the gas (here synthetic
air) which is injected and of course of the increasing
temperature. While different molecules are released,
the carbon structure is progressively destroyed. Under
non-oxidative atmospheres, the mass associated to this
carbon structure is almost preserved, while under air,
this carbon structure is totally destroyed and removed.
Only ash containing minerals remain at the end of the
experiment. It is important to notice that even under
(synthetic) air, such experiments do not lead, up to
very rare and limited occurrences, to the presence of
flames inside the thermobalance.

When modeling the thermal degradation of com-
bustible materials in a thermobalance, as the diame-
ter of the pan is few millimeters long, the space vari-
ables may be omitted and one can reasonably consider
the evolution of the mass with respect to only the
time parameter. All biomass are composed of three
constituents: hemicellulose, cellulose and lignin, plus
the carbon structure (and ash, moisture...) which are

1Corresponding Author: Alain Brillard Email: Alain.Brillard@uha.fr
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known to degrade in different but superimposing tem-
perature ranges. The relative fractions of these con-
stituents depend on the material and the bonds be-
tween them influence the thermal degradation of the
material.
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Figure 1: Mass and mass loss rate curves for a

Cameroonian wood residue, temperature ramp of 5
°C/min, under synthetic air.

Based on this assumption and observation, different
models have already been proposed for a representa-
tion of the thermal degradation in a thermobalance of
a material considered either as global or as the sum of
different constituents which are being degraded in an
almost independent way, as their chains are intricate
with the carbon structure.

More complex models are now being proposed
which are based on balances which are written: masses
of the different chemical species which are emitted dur-
ing the experiments, momentum, energy. Of course,
such complex models involve many equations and one
usually needs a dedicated software for their numerical
resolution.

In the different available models, constants have to
be determined from the experimental results. They are
called kinetic parameters and they are characteristics
of the material and of the experimental conditions. The
resolution of a model has thus to be coupled with an
optimization procedure which determines the optimal
set of kinetic parameters.

The purpose of this talk is to present a review of
such models, from the simplest ones to the more com-
plicated ones.

2 Kinetic modeling through
a differential isoconversional
method

The differential isoconversional method determines the
values of the kinetic parameters associated to the ther-

www.astesj.com

mal degradation of a material performed in a ther-
mobalance, considering the material as global. It starts
with the ordinary differential equation

do

= () = k(T@))f(al)), (1)

see [I], which expresses the variations versus time of
the extent of conversion « taken as

—m(t)

)
Mini — Mfin

a(t) _ Ming

(2)

where m;y,; (resp. m(t), my,) is the initial (resp.
remaining at time ¢, final) mass of the sample. In
(), k(T) is given an Arrhenius expression k(T) =
Aexp(—Ea/RT), T being the temperature expressed in
Kelvin (K) and which evolves with respect to the time
parameter ¢t from the ambient temperature Ty with a
constant rate a: T(t) = at + To. Here A is the fre-
quency factor and Fa is the activation energy associ-
ated to the thermal degradation process of the material
under consideration. Many functions f(a) have been
proposed, starting from Mampel’s first-order function
f1 (a) = 1—a. Another one is the 3D diffusion function
f3(a) =1.5(1—a)?3/(1—(1—a)'/3). The unique or-
dinary differential equation is supposed to simulate
the overall thermal degradation process.

It is impossible to solve the equation in an ex-
plicit way. Many researchers already proposed different
approximations of the right-hand side of in order
to obtain approximate solutions to this simple ordinary
differential equation.

Instead of solving this equation, the differential iso-
conversional method consists to find the values of the
kinetic parameters A and Fa, dividing by f(a(t))
and taking the logarithm of the two members of .
This leads to

(s
"\ Flaw) at

tozmwawnzmm—Rﬂw

The values of the left-hand side of the preceding
equality are plotted for successive values of the
extent of conversion « and for different temperature
ramps (at least three), in terms of 1/7. The ICTAC
recommendations suggest to take values of the extent
of conversion o with steps not larger than 0.05, see [I].
The parameters of the straight lines which are plotted
for different values of the extent of conversion using
a linear regression lead to the determination of In(A)
(hence of A) and of Fa. Figure 2 presents such an
example
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Figure 2: Straight lines for successive values of the ex-
tent of conversion and for four temperature ramps.

One obtains values of the kinetic parameters A and
FEa which are global for the material but which depend
on the extent of conversion a.

Mampel’s function

« A (1/s) Ea (kJ/mol)
0.05 2.2 23.0
0.10 3.5 x 10! 134.7
0.15 1.2x10° 110.0
0.20 7.0 x 107 97.8
0.25 1.7x107 92.6

3D diffusion function

! A (1/s)  Fa (kJ/mol)
0.05 3.2 23.0
0.10 5.4 x 1011 134.7
0.15 1.3 x10° 110.0
0.20 1.3 x 108 97.7
0.25 3.3x107 92.5

What can be done with such lists of values of the ki-
netic parameters? First, take mean values and standard
deviations in order to obtain a unique couple of kinetic
parameters valid for the material. But large variations
of the kinetic parameters may be observed through the
different lines. For small or large values of «, the pre-
cision of the experimental measurements is not really
ensured, as very low amounts of the material are being
degraded. But even when removing these lines, large
variations may still be observed. A second tool con-
sists to propose a reconstruction process which solves
stepwise, according to the time intervals associated
to the stepwise changes of the extent of conversion.
On two examples proposed in the GRE lab, this recon-
struction process led to poor simulations. Probably
because the isoconversional method uses logarithms.

This differential isoconversional method gives
global values of the kinetic parameters for the material,
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but which change according to the extent of conversion,
hence of the time (or temperature) parameter.

3 Kinetic modeling through the
EIPR model

3.1 Description of the model

The EIPR model superimposes the thermal degra-
dations of three or four constituents of the material
(in the case of a biomass: the H,C,L constituents of
the sample, plus its char under an oxidative atmo-
sphere), whose masses are supposed to evolve in an
almost independent way. It leads to a unique set of
kinetic parameters for each constituent of the sample.
The initial mass m;,; of the sample is decomposed as
Mini = M(0) +Mash + Mhym, where m(0) (resp. mash,
Mpum) 1S the mass of volatiles which will be emitted
and of char which will be produced (resp. ashes, mois-
ture) in the sample. At time ¢, the remaining mass
m(t) of the sample which can produce volatiles and
char is given by

m(t) =3 g o, mi(t) )
= S (mil0) = mS (0) = mP,(0)

where m;(t) is the mass of volatiles and of char con-
tained in the constituent ¢ (i = H,C, L) of the sam-
ple at time ¢, m;(0) is the initial mass of the con-
stituent ¢, which may be computed as a fraction of
the overall mass of the sample: m;(0) = ¢;m(0) (with
cutcoter =1),my, ;(t) is the mass of volatiles emit-
ted by the constituent i of the sample (i = H,C, L), at
time ¢ and m?, .. (t) is the mass of char produced from
the constituent ¢ of the sample (i = H,C, L), at time
t. The fraction coefficients ¢; (i = H,C, L) for hemi-
cellulose, cellulose and lignin have to be determined,
which is not always an easy task. Chemical protocols
have been defined for the determination of these frac-
tion coefficients, but they currently lead to quite large
uncertainties.

Under a non-oxidative atmosphere, only the
volatiles are emitted during the thermal degradation
of the material. Assuming first-order reactions for each
constituent, the mass of volatiles emitted from the con-
stituent ¢ (i = H, C, L) evolves with respect to the time
parameter according to

;:z,i (t) = k(T (1)) (mi(O) - miol,i(t)) © o (5)
mf)ol,i (0) = 07

dm

where T'(¢) is the temperature at time ¢ in the sam-
ple (expressed in K) and which evolves with respect to
the time parameter ¢ from the ambient temperature Ty
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with a constant rate a: T'(t) = at + Tp. This leads to
a non-coupled system of three equations, which can be
compared to , in the case of Mampel’s function.

In (5), the kinetic constant k;(T'(t)) obeys an Arrhe-
nius law: k;(T) = A; exp(—Fa;/RT), where A; (resp.
Ea;) is the frequency factor (resp. the activation en-
ergy) for the constituent i.

Under an oxidative atmosphere, the material looses
its volatiles and its char is also consumed. For each
constituent, the mass of volatiles emitted is supposed
to be proportional to the mass of char produced, that
is

Mg, (1)

vol,i Tvol,i
p - !
mchar,i (t) Tchar,i

with Tyori + Tehari = 1, Tvoli (T€SP. Tehar:) being the
fraction of volatiles (resp. char) contained in the con-
stituent ¢ at time t. The fractions 7,4, of volatiles
in H,C, L are specific to each material. The mass of
volatiles emitted from the constituent ¢ (i = H,C, L)
here evolves with respect to the time parameter accord-
ing to

dmvo Jt mzo ,z(t)
et ) = k(1) () - 0
mgol,i(o) =0,

Under an oxidative atmosphere, the mass of char re-
maining at time ¢ in the constituent i of the sample at
time ¢ can be decomposed as Mepqr,i(t) = mﬁhar’i(t) —
Mpari(t), where mgy . . (t) represents the mass of char
consumed at time ¢ among that (mp,,, ,(t)) which is
produced from the constituent ¢ of the sample (i =
H,C,L). The mass of char is supposed to evolve with
respect to the time parameter ¢ according to a first-
order equation, as for the volatiles, but written as

T (t)) mehar,i (t) Po,,
T (1))
zZha 7 (t)

T,
= comb( ( ))
Tchar, e g

chart mf}ol,i (t) - mghar,i (t)) P027

Tvol,i

charz( )) P027

(7)
for i = H,C, L, where the kinetic constant keomp (T')
also obeys an Arrhenius law:

Fa b
kcomb (T) = Acomb €xXp <_ f;;-,m )
and where Pp, is the oxygen pressure which is constant
during the experiment (Pp, = 2.026 x 10* Pa).

Under an oxidative atmosphere, the coupled system
of six ordinary differential equations has to be solved,

with zero initial conditions
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dm¢
() = k(T (1)
1
< (1m0 - o 0).
Twvol,i
Zq“ie)ol,i (O) = 07
m¢ )
— W) = keoms (T (1))
Tchar,i
——m¢ . (t
X Tvol,i vol,i ( ) P027
_mihar,i (t)
mfczhar,i (0) = 0

(3)
The problems or are solved using a numer-
ical software (for example Scilab version 6.0.0) with
given initial guesses of the kinetic parameters. An error
is built which has to be minimized in order to deter-
mine the optimal set of kinetic parameters (4;,Fa;),
1 = H,C,L, (plus (Acomb,Eacomp) under an oxida-
tive atmosphere). This error involves the differences
between the experimental and the simulated mass loss
rates taken at experimental measure times (tj)jzl__w]
regularly distributed along the time interval (0,%qz )
of the experiment, for example according to

error = 2_: (((i’lr:)exp )= (CZL)&M (tj)>27

j=1
(9)
where the simulated mass loss rate taken at time ¢; is
given under a non-oxidative atmosphere as

() = ¥ ey

i=H,C,L

(10)

and under an oxidative atmosphere as

dm
i (t)

ki (T (1))

X <ml (0) - T Zol,z (t)

vol,i
=>icmor | theoms (T (1)) ;
T T,
char, f}ol,i (t)

_mzhar,i (t)

(11)

(dm)mp (t;) being the experimental mass loss rate at

dt
time ¢;. Instead of taking all the experimental measure
times, only around 150 of them are indeed selected,
regularly distributed along the overall experiment du-
ration t,,4.. This reduces in a significant way the com-
puting times.
Figure 3 presents an example of the simulated mass
loss rate curves obtained through the EIPR method
applied to a product derived from wood (hydrolysis

lignin, after a torrefaction process at 275 °C), where
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four (H,C,L+char) constituents are considered, be-
cause of the presence of two successive but ” connected”
peaks. The mass loss rate curve associated to each con-
stituent has been represented together with the sum (in
blue) of these four partial curves. This blue curve is
supposed to represent the experimental mass loss rate
curve of the material (not represented on the figure).

275 char

I 0 100 200 500 400 500 600 700 BOO 900

Temperature (*C)

Figure 3: Simulation of the thermal degradation of hy-
drolysis lignin torrefied at 275 °C under air.

For this material, the optimal values of the kinetic
parameters (A in 1/s) and Fa in J/mol) are obtained
through the EIPR model as:

Ay 9000000 As 1.3

FEa; 110000 Eas 47000

Ay 110000 Acomb 10000000
FEay 105000 Eacomy 135000

with the following values of the fractions of the three
constituents and of the volatile fractions

C1 03 TUOl,l 05
co 0.3 Tool,2 0.9
C3 0.4 Tvol,3 0.5

The maximal difference between the experimental
and simulated mass loss rate curves is equal to 0.008
%/s, which has to be compared to the maximal mass
loss rate curve, round 0.032 %/s.

3.2 Choice of the reaction function

In the above-indicated presentation of the EIPR model,
a first-order reaction function has been used. Different
functions may also be introduced, like in the differen-
tial isoconversional method, especially when the first-
order one does not lead to very good simulations of the
thermal degradation of the material. For example, in
the case of cotton residue, a unique peak is observed,
as cotton is mainly composed of cellulose (more than
92%). But this peak is very narrow, as shown in Figure
4.
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Figure 4: Simulations through the EIPR model with
different functions of the thermal degradation under
air of cotton residue.

Different functions have been tested for the simula-
tion of the thermal degradation of this cotton sample:

e the classical first-order function: f (o) =1— o

e an Avrami-Erofeev reaction function: f(«a) =
4(1—a)(~In(1—a)**

e the Prout-Tompkins reaction function: f(«) =
a(l—a);

e a chain scission function f (a) = 2 (%% — a).

The different functions which have been tested do
not simulate in an appropriate way the very narrow
devolatilization peak, see [7] for more details. Other
reaction functions are available which should be tested.

In the EIPR model, the kinetic parameters are
global but for each constituent of the material and
they do not depend on the time parameter. The EIPR
model has been tested at GRE lab for different ma-
terials, see [2] and [3] for example. Reference articles
for the simulation of the thermal degradation of ligno-
cellulosic materials with independent reactions are [4]
and [B], among others. The independent decomposi-
tion of the three constituents of a lignocellulosic mate-
rial is questionable. The interactions between the three
constituents of a lignocellulosic material have recently
been analyzed in [6].

3.3 Influence of the temperature ramp

It has been observed by several authors and for a long
time that the temperature ramp influences the ther-
mal degradation of a material. Shifts to higher tem-
peratures indeed appear in the mass loss rate curves,
which increase with the temperature ramp, see Figure
5 again in the case of the cotton residue.
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Figure 5: Influence of the temperature ramp on the
thermal degradation of cotton residue under nitrogen
and on the simulation through the EIPR model.

The simulations through the EIPR model which
lead to a quite perfect superimposition of the mass
loss rate curves at 5 °C/min fail at higher temperature
ramps. This may be the consequence of diffusional lim-
itations which occur in the material and which increase
with the temperature ramp. In Figure 5, the mass loss
rate curves have been transformed (multiplication by
a fixed coefficient) in order to reach almost the same
maximal value.

In [7], a heat transfer model has been proposed
which brings corrections to the temperature really act-
ing in the material. The temperature is supposed to
evolve in the sample according to the classical heat
transfer equation

or 0T .
e (2,t) — vy (2,t) =0,1in [0,€] x [0,00], (12)

where e is the thickness of the cotton sample put in
the crucible of the thermobalance and the thermal dif-

e . . . A 1
fusibility coefficient a is given through a = o with:

e )\ thermal conductivity of cotton, approximately
equal to 0.038 W/mK,

e p density of cotton, approximately equal to
40 kg/m?3,

e ¢ specific heat coefficient of cotton, approxi-
mately equal to 1.725 kJ/kg.

Because of the structure of the TA Q600 thermobal-
ance, the boundary condition

oT
(97 (0’ t)

z
_ !
D\
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is considered at z = 0 (upper surface of the sample in
contact with the surrounding heated atmosphere). In
this boundary condition, h (resp. e, o) is taken equal
to 5 W/m?K (resp. 0.9, 5.67 x 1078 W/m?K*) and
T, (t) means the temperature of the heated gas sur-
rounding the cotton sample. The temperature T (t)
is measured in the thermobalance by a thermocouple
located just under the crucible.
The boundary condition

aT re
0z <2’t) =0

is imposed on the mid-thickness (2 = e¢/2, with e =
0.001 m) surface of the sample, thus considering a
symmetry of the sample layer with respect to its mid-
thickness

The temperature T starts at ¢t = 0 from the room
temperature: T (z,0) = 20 °C= 293.15 K.

The above heat transfer problem is solved through
an implicit finite difference method with dt =
8950/896 = 9.99 s and dz = (e/2) /100 = 5.0 x 1076
m, using the numerical software Scilab.

When solving this heat transfer model, typical
curves representing the difference dif f (t) between the
measured temperature T, (t) of the surrounding gas
and the mean value (T (0,t) + T (e/2,t)) /2 of the com-
puted temperatures at the upper surface (z = 0) and
at the mid-thickness (z = e/2) of the bed are given in
Figure 6 for temperature ramps of 5, 20 and 50 °C/min.

25 1 — R

— 020
20 A

N

R50

diff(t) (K)
5 L

wn

o T T T 1
o 500 1000 1500 2000

Time (s}
Figure 6: Differences between the temperature
T, of the surrounding gas and the mean value

(T'(0,t) + T (e/2,t)) /2 inside the sample, for temper-
ature ramps of, 5, 20 and 50 °C/min.

The difference dif f (t) first increases and reaches
its maximal value at 22 °C (resp. 10 °C) for a tem-
perature ramp of 50 °C/min (resp. 20 °C/min). The
differences between the gas temperature and the solid
temperature are really significant and, consequently,
have to be taken into account in the determination
of the kinetic parameters. In the model (B)), T (t),
which was initially taken as the measured gas temper-
ature Ty (¢), is replaced by the computed mean value
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(T (0,t) + T (e/2,t)) /2. For example, considering a
temperature ramp of 50 °C/min, a quite perfect su-
perimposition of the devolatilization peaks may be ob-
served between the experimental and the simulated
mass loss rate curves using the above computed val-
ues of the kinetic parameters for a temperature ramp
of 5 °C/min and considering the above-indicated mean
value temperature in the sample instead of T} (t), see
Figure 7.

0,12 1 — Experiment

= Simulation
0,10 -
Simul-corr.

0,08 -

Mass loss rate (mgfs)

0,00 - T—

150 250 350 450 550
Temperature (°C)

Figure 7: Comparison between the experimental mass
loss rate curve (blue) under nitrogen and under tem-
perature ramp equal to 50 °C/min, and the simulation
with the values of the kinetic parameters obtained for
a temperature ramp of 5 °C/min without correction
(red) or with the correction given by the mean value
of the temperatures (green).

4 A simplified model accounting
for the combustion of coal char
particles in a drop tube fur-
nace

4.1 Description of the experiment

Coal char particles are produced from coal particles
through a pyrolysis process in a drop tube furnace.
Volatiles are emitted from the coal particles and a
swelling phenomenon occurs.

In a drop tube furnace, the temperature ramp is
much higher than in a thermobalance: around 1500
K/s, against 10 K/min in a thermobalance. The drop
tube furnace is 140 cm long and with an internal diam-
eter of 5 cm. It is heated by resistances placed between
its outer and inner envelopes. The reactor temperature
is held fixed, here 1100, 1200 or 1300 °C. This device
simulates the behavior of industrial pulverized boilers.

For each combustion experiment, 2 mg of coal char
particles are injected with an oxidative gas flow (88%
Na, 12% Os, 40 1/hr) through a water cooled injector
and entrained by a secondary nitrogen flow (360 1/hr)
preheated at 900 °C. During the fall in the drop tube
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furnace, the temperature of the coal char particle was
continuously measured by a pyrometer placed at the
bottom of the reactor and pointing vertically to the
injection probe of the reactor.

The fall time of the coal char particle is very short:
around 1s.

4.2 Description of the model

As a simplifying hypothesis, the structure of the coal
char particles may be considered as uniform at each
time of the experiment. The temperature of the parti-
cle may also be supposed uniform inside the particle.
Based on these hypotheses, a simplified model has been
elaborated which intends to predict the temperature of
the particle during its fall in the drop tube furnace.
The energy balance during the heating up of a
spherical char particle of fixed radius R, is written as

( m (1 — Xc) (Cp)e (1) > T, (t)
+mp ash (Cp)asn (Tp) ot
= 4rR%c,0 (Tjéz S 0)) (13)

+47TR2 h(T, — T, (t))
ApHY ( T, ()] ) 2o, ()
Jr( ‘ HO | )1—?—7/2'

t
+|ArHZo, (T, (1))]

The equation for oxygen transport within the par-
ticle is written as

19 aCo,
e (706, 1) %52 )

ks (t) Ac (t) po (1)
= f(t) < 002 (T7 t) )

with the boundary conditions

aCo,

(14)

D, (Tp)

=kq(t) ((002)
8;?2 (0,¢) = 0.

The evolution of the conversion ratio X defined as
Xc (t) =1—me (t) /md is described through
dX¢c (t) _ (1302 (t) McA (t)
dt m, ’

(R, 1)

— COy (R, 1)), (15)

(16)

the oxygen flux @, entering the particle being defined
through the expression

(CO2) o

2o, (1) 3A (t)

T npkepAr R Ag (1 - Xo (1) /I - ¥ (1 - Xc (1))
1

T ha (0 Rz

The different coefficients which appear in equations
— are known or are given known expressions.
The coefficient k, (¢) which appears in is given an
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Arrhenius expression whose frequency factor and acti-
vation energy are deduced from experiments performed
on the coal char particles in a thermobalance under an
oxidative atmosphere and under a temperature ramp
of 5 °C/min, through the EIPR method described in
the preceding section.

For the resolution of and , an explicit
Euler method has been applied (progression with re-
spect to the time parameter). For the resolution of
, a second-order finite difference method has been
built, see [9] for the details of this method, which is
slightly better than the classical finite element method
but which does not require the introduction of com-
plementary basis functions. Further, observe that the
equation is written in spherical coordinates. The
equation may thus look as singular. But the bound-
ary condition 2 prevents from real singularity. The
whole problem has been solved using a Fortran code.

The experimental and simulated temperature
curves are gathered in Figure 8.
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Figure 8: Experimental and simulated temperature
curves of a coal char particle injected in a drop tube
furnace, with a regulation temperature of 1200 °C.

The maximal difference between the experimental
and simulated temperature particle is equal to 43 °C in
the interesting time range (0.2-0.8 s). This may seem
high. But first the uncertainties of the temperature
measurements in a drop tube furnace through a py-
rometer are usually taken equal to 50 °C, because of
the important radiations from the reactor wall. Sec-
ond, the accuracy of the pyrometer itself is given at 6
°C. Finally, the relative difference is equal to 3%, which
is largely acceptable.

Of course, this simplified model does not simulate
the mass loss of the particle during its fall in the drop
tube furnace, as it does not involve the evolutions of
the chemical species during the combustion process.

A more sophisticated model is currently being de-
veloped in Mulhouse, which takes into account local
variations of the structure of the particle during its
fall in the drop tube furnace (pore opening, progres-
sive destruction of the structure from the exterior of
the particle).
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5 More complex models
counting for the thermal
degradation of materials

ac-

For the construction of such models, the chemical
species which are emitted during the thermal degra-
dation process have to be determined first. In [10], the
authors give a long list of possible chemical reactions
which may occur during biomass pyrolysis, together
with the corresponding kinetic parameters which are
given Arrhenius expressions. Then the balance equa-
tions are written, see [I1], in the case of 3 (main) chem-
ical reactions and 5 gas species, which lead to a coupled
system of 847 equations (inside the particle and in a
boundary layer around the particle).

5.1 Inside the spherical particle

e Conservation of each of the gaseous species (k =

1,...,5)
9 (epg,smik,s) 19,
5 ot 6+ ﬁ? (T th sMavmk 5)
ke,sPg,s 2 OM; s
= — Ry M,
2 o \" "o ) + > e Ry M,
with [ = 3.

e Total molar balance of gas mixture

=> Y eRiyu.
Ik

6(€Ct7s) 10

ot 2oy (7N

e Energy balance equation

0 (CpspsTs>
i
T th sMcw stg sT )

8r(
aT ) +Zl€Rl( AH[)

e 0
2o\

e Carbon mass balance

aWc_ 77+1
at—‘(+2&+39

5.2 In a gas boundary layer

+

M‘H

MP’

e Conservation of each of the gaseous species (k =

1,....5)
a(ﬂgmk)
ot
10
g oy
kepP mi
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e Total molar balance of gas mixture
1 8

Oc
L Z Rsvks.

2
N,
ot | rZor to)

e Energy balance equation
9 (CpgpyTy)
“
1 9
+’I"7287’ ( 2thMavCpgT )
Ag O [ 0T,
= r?

_7’725 87")+R3( AH3)

Initial and boundary conditions are added to this
problem.

5.3 Other complex models

In [12], the authors introduce a simpler model, starting
with the conservation law

€4, + 77 (TZPgUg) = Shasss

in the case of a spherical particle, where € is the poros-
ity of the particle (which may evolve along the com-
bustion process), pg is the gas density, v its velocity
and S;,4ss represent the mass sources due to a transfer
to the gas phase. The balance of linear momentum is
written using Darcy’s law as

Opyvg
=——— = —v, — Cpyug |v4],
ot or k g9 Pg gl gl
where p is the pressure, i the viscosity, k£ the perme-
ability and C is a constant. The convection+diffuse
transport of the gaseous species inside the particle is
written as

api,g

% g

AR
ieff OPi,
LD (Rt g,

Mi 87‘
where wy, ; gqs is a reaction term. Finally the energy
conservation is written as

GZipiC J‘T 10
ot ’ r28r< efj@ )JrZwka

Appropriate boundary and initial conditions are
also added.

In [I3], the authors introduce quite similar balance
equations but in a steady regime.

Of course, for the resolution of such coupled and
complex systems of evolution equations, numerical
codes have to be built or dedicated software have to
be used. In their paper [II], the authors indicate that

www.astesj.com

they used Comsol multiphysics software for the resolu-
tion of this problem.

Such complex models have not been solved in the
GRE lab. Interested readers are referred to the indi-
cated references and to the further references these lim-
ited references contain.

To our knowledge, existence and uniqueness results
have never been proved for such coupled systems of
evolution equations, although first they are based on
balance equations and second they are certainly not
"singular” systems. A theoretical numerical resolution
of such systems should be developed.

6 Conclusion

Throughout this presentation, different methods and
models accounting for the thermal degradation of com-
bustible materials under controlled temperature ramps
and non-oxidative or oxidative atmospheres have been
presented. Each method or model is based on hypothe-
ses and presents limits, although the obtained simula-
tion of the thermal degradation process is roughly ac-
ceptable. Mathematical analyses of the models should
be done in order to also improve these simulations. The
references listed below will help the interested read-
ers for deeper understandings of these concrete exper-
iments.
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In this work, we propose a new threshold multi split-row algorithm in
order to improve the multi split-row algorithm for LDPC irregular
codes decoding. We give a complete description of our algorithm as well
as its advantages for the LDPC codes. The simulation results over an
additive white gaussian channel show that an improvement in code
error performance between 0.4 dB and 0.6 dB compared to the multi
split-row algorithm.

1 Introduction

Low-density parity check (LDPC) codes are a class of
linear block codes, which were first, introduced by
gallager in 1963 [1]. As soon as they were re-invented
in 1996 by mackay [2], LDPC codes have received a lot
of attention because their error performance is very
close to the shannon limit when decoded using itera-
tive methods [3]. They have emerged as a viable op-
tion for forward error correction (FEC) systems and
have been adopted by many advanced standards, such
as 10 gigabit ethernet (10GBASET) [4], [5] and digi-
tal video broadcasting (DVB-S2) [6], [7]. In addition,
the generations of WiFi and WiMAX are considering
LDPC codes as part of their error correction systems
(8], [9]-

In the present paper, we propose the threshold
multi split-row method for decoding irregular low-
density parity-check (LDPC) codes [10], to have better
performance in terms of bit error rate. We will apply
the thresholding algorithm in [11] for multi split row
of irregular LDPC codes[10].

The proposed split-row decoder [10],{11] splits the
row processing into two or multiple nearly indepen-
dent partitions. Each block is simultaneously pro-
cessed using minimal information from an adjacent
partition. The key idea of split-row is to reduce
communication between row and column processors
which has a major role in the interconnect complex-

ity of existing LDPC decoding algorithms such as sum
product (SPA) [3] and minsum (MS) [12].

This paper introduces threshold multi split-row
decoding which significantly reduces wire intercon-
nect complexity and considerably improves the er-
ror performance compared to non-threshold multi-
split decoding [10]. The paper is organized as fol-
lows: Section II reviews the sum product and min-
sum, split-row and split-row threshold decoding al-
gorithms. Threshold multi-split-row and its error per-
formance result is presented in section III. Finally, the
conclusion is in section IV.

2 Previous algorithms

2.1 Sum Product Decoding(SPD)

The SPD assumes a binary code word (x1,xXy,...,xy)
transmitted using a binary phase-shift keying (BPSK)
modulation. The sequence is transmitted over an ad-
ditive white gaussian noise (AWGN) channel and the
received symbol is (y1,5,..., UN)-

We define:

Viiy = {j : Hij = 1} as the set of variable nodes which
participate in the check equation i.

C(j) = {i : H;j = 1} as the set of check nodes which par-
ticipate in the variable node j update.

Also

V(i) \ j denote all variable nodes in V/;) except node j.

“Corresponding Author: Chakir Agil , FP , Taza, Morocco & aqil_chakir@hotmail.com
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C(j) \ i denote all check nodes in C;, except node i.
Moreover, we define the following variables used in
this paper.

Aj @ is defined as the information derived from the
log-likelihood ratio of received symbol p;.

Aj = log(P(x; = Oly;)/P(x; = 1ly)) = (2y;)/0> (1)

where o2 is the noise variance. a;j is the message
from check node i to variable node j. This is the row
processing output. f;; is the message from variable
node j to check node i. This is the column processing
output.

The sum product algorithm decoding as described
by mohsenin and Baas [13], can be summarized in the
following four steps:

2.1.1 Initialization

For each i and j, initialize B;; to the value of the log-
likelihood ratio of the received symbol Vi which is
Aj. During each iteration, af messages are computed
and exchanged between variables and check nodes
through the graph edges according to the following
steps numbered 2-4.

2. Row processing or check node update
Compute a;; messages using  messages coming from
all other variable nodes connected to check node C;,
excluding the g information from V;:

[T sienBiy)x o yevindlgyh) ()

jeV(iNj

[Xij =

where the non-linear function

¢(x) = —log(tanh(|x|/2)) (3)

The first product term in the equation that update
the parameter, is called the parity (sign) update and
the second product term is the reliability (magnitude)
update.

3. Column processing or variable node update
Compute B;; messages using channel information A;
and incoming, messages a; from all other check nodes
connected to variable node V;}, excluding check node
C;.

Bij = Aj + Xy cciini®i'y) (4)

4. Syndrome check and early termination
When the column processing is finished, every bit
in column j is updated by adding the channel infor-
mation A; and a, messages from neighboring check
nodes.

(5)

From the updated vector, an estimated code vector
X ={x1,%,,...,.xy} is calculated by:

www.astesj.com

2= Aj+ Eycc;ai)

lif z;<0

Olf z; >0 (6)

If Hx%' = 0 then X is a valid codeword and there-
fore the iterative process has converged and decoding
stops. Otherwise, the decoding repeats from step 2
until a valid codeword is obtained or the number of
iterations reaches a maximum number, which termi-
nates the decoding process.

2.2 MinSum Decoding

The check node or row processing stage of SP decod-
ing can be simplified by approximating the magni-
tude computation in Eq. 2 with a minimum function.
The algorithm using this approximation is called min-
sum (MS):

aij= | ] sign(Biy)xMingcyi (B (7)

i€V

In MS decoding, the column operation is the same
as in SP decoding. The error performance loss of MS
decoding can be improved by scaling the check («)
values in Eq. 7 with a scale factor S < 1 which nor-
malizes the approximations [14], [15].

aij=Sx || sign(iy)x Ming ey (B (®)

jeV(i)j

2.3 Split Row and Split Row Threshold
Decoding

Recall that a standard message passing two-phase al-
gorithm consists of a check node update followed by
a variable node update as shown in Fig. 1 (a). The ba-
sic idea in split-row [10], [16] and split-row threshold
[11], is to divide the check node processing into two or
multiple nearly-independent partitions. Each check
node processor, simultaneously, computes a new mes-
sage while using minimal information from its ad-
jacent partitions. Split-row is illustrated in Fig. 1 (b)
showing how the check node processing is partitioned
into two blocks. A single bit of information (Sign) for
each check node processor must be sent between par-
titions to improve the error performance.

A i 2

Initialization |

[ mtaization | Initlization

| Check proc | | e | ek
\ Proc sgsen | Proc

5 i gl = k | se [g| |8

3

| Variable proc |

;I :sw‘ |‘5p1 |5¢'F

Syndrome

check

(a) {6)

Figure 1. Block diagram of (a) standard two-phase decoding (b)
split-row (c) split-row threshold block diagram.
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The loss error performance is 0.5-0.7 dB of split-row
that is the major drawback, when compared to min-
sum normalized and SPA decoders. This performance
degradation is dependent on the number of check
node partitions. For minsum split-row each partition
has no information of the minimum value of the other
partition, and a Sign signal is sent to minimize the er-
ror due to incorrect sign information of the true check
node output a.

The split-row threshold algorithm mitigates the er-
ror caused by incorrect magnitude by providing a sig-
nal, threshold_en, which indicates whether a partition
has a minimum less than a given threshold (T).This
causes all check nodes to take the min of their own lo-
cal minimum or T. Thus, any large deviations from
the true minimum because of the partitioning are
reduced, which then makes multi-split implementa-
tions feasible.

Figure 1 (c) shows the additional single bit sig-
nal (threshold_en ) added to the original split-row ar-
chitecture by the split-row threshold algorithm. This
signal allows the split-row to remain essentially un-
changed while adding some extra logic and minimal
wiring to improve error significantly [11].

Therefore, the split-row architectures reduce the
communication between check node and variable
node processors, which is the major cause of the inter-
connect complexity found in existing LDPC decoder
implementations.In addition, the area of each check
node processor will be reduced. However, note that
the variable node operation in the SPA, minsum, split-
row and split-row threshold algorithms are all identi-
cal. Thus, the logic of the variable node processor is
left unchanged.

3 Threshold Mutli Split Row De-
coding

3.1 Threshold Mutli Split Row Algorithm

In order to increase the parallelism and reduce
the complexity of the decoder, the multi-split-row

method divides the lines of the systematic submatrix
Hs into Spn blocks called split-Spn. This approxi-
mation requires of the wire to correctly process the
sign bits between the blocks. For the threshold multi
split-row method, Each partition sends the status of
its local minimum against a threshold to the next par-
tition with a single wire, called Threshold_ensp.

The block diagram of threshold multi split-row

decoding with Spn partitions, highlighting the sign
and Threshold_ensp passing signals, is shown in Fig.
2. These are the only wires passing between the par-
titions [17]. In each partition, local minimums are
generated and compared with a threshold T simulta-
neously. If the local minimum is smaller than T then
the Threshold_ensp signal is asserted high. The mag-
nitudes of the check node outputs are finally com-
puted using local minimums and the Threshold_ensp
signal from neighboring partitions.
If a local partition’s minimums are larger than T , and
at least one of the Threshold_ensp signals is high, then
T is used to update its check node outputs. Other-
wise, local minimums are used to update check node
outputs.

in the threshold multi split-row algorithm, as
shown in Eq. (10) and (11), the first and second
Mins are compared with a predefined threshold, and a
single-bit threshold-enable (T hreshold _en_out) global
signal is sent to indicate the presence of a potential
global minimum to other partitions.

3.1.1 Initialization

The first and second minimums are determined for
each partition according to the following relation-
ships:

Minl;; if ; j#argmin(Minl;)
Min2;; if ; j=argmin(Minl;)
(%)

Mi”j’eV(i)\j(|ﬁij'|) = {

Initialization
bl Sign 5p0 Sign Spi 'M Sign spn-2 M .
T > —_—
Check prep ek Sgnspz | L g r—— g
- — Em.mu_.m Proc ——
Threshold_ensp0 o sp2 Proc ""’”“"’-"‘"‘,‘z. Spn1
et et Threshol o2 | 2 aveshold ensper1
e Vartable . Varable
Varable
| precsed | — proc Spn-2 proc Spr-1

Figure 2. Block diagram of threshold multi split row decoding with Spn partitions.
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Minl; = minjey;(IB;;1) (10)

Min2; = mi”j”ev(i)\argmin(minli)(lﬂi]'”|) (11)

to execute the algorithm one needs the number
of partitions and the threshold value T. Finds
Threshold _ensp(i)-out(i¥1) for the ith partition of a
spn-decoder.

Algorithm 1 Threshold Multi Split-Row Algorithm

1-if Minl; < T and Min2; < T then
Threshold _ensp(i)-out(i¥1)=1

. ) Minl; if j=#argmin(Minl;)
Mln]'/ev(i)\]'(lﬁifll) _{ Min2; if j=argmin(Minl;) (12)
2-if Minl; <T and Min2; > T then
Threshold _ensp(i)-out(i¥1)=1
Threshold ensp(i+1)==1or
Threshold _ensp(i —1) == 1 then
. | Minl; if j=argmin(Minlj)
Mmj’EV(i)\j(lﬁij'l) _{ T if j=argmin(Minl;) (13)
else
. | Minl; if j#argmin(Minl;)
Ming ey iy UBij D) ‘{ Min2; if j=argmin(Minl;)
end if
3-elseif Minl; >T and (Threshold_ensp(i+1)==1 or
Threshold _ensp(i —1) == 1) then
Threshold _ensp(i)-out(i¥1)=0
Mmj’eV(i)\j“ﬁij’l):T (14)
4- else
Threshold _ensp(i)-ou(i ¥1) =0
. | Minl; if j=argmin(Minl;)
MmJ"GV(i)\]'(llgf]',l) B { Min2; if j=argmin(Minl;) (15)
end if.

The kernel of the threshold multi split-row algo-
rithm is given in Algorithm 1. As shown, four condi-
tions will occur:

Condition 1: both Minl and Min2 are less than
threshold T. In this case these 2 parameters are used
to calculate o messages according to Eq.(12). In ad-
dition, Threshold_ensp(i)-out(i¥1), which represents
the general threshold-enable signal of a partition with
two neighbors, is asserted high indicating that the
least minimum (Min1) in this partition is smaller than
T.

Condition 2: only Minl is less than T. As Condi-
tion 1 Threshold_ensp(i)-out(i¥1)= 1. If at least one
Threshold_ensp(i F 1) signal from the nearest neigh-
boring partitions is high, indicating that the local
minimum in the other partition is less than T, then
we use Minl and T to calculate o messages according
to Eq.(13). Otherwise, we use Eq.(12).

Condition 3: when the local Min1 is larger than T and
at least one Threshold_ensp(i ¥1) signal from the near-
est neighboring partitions is high; thus, we only use
T to compute all @ messages for the partition using
Eq.(14).

www.astesj.com

Condition 4: when the local Min1 is larger than T and
if the Threshold _ensp(i¥1) signals are all low; thus, we
again use Eq.(12).

The variable node operation in minsum threshold
multi split-row algorithm is identical to the minsum
normalized and minsum multi split-row algorithms.

3.2 BER Simulation Results

The error performance simulations presented here as-
sume an additive white gaussian noise (AWGN) chan-
nel with binary phase-shift keying (BPSK) modula-
tion. The maximum number of iterations is set to
Iuax = 7 or earlier when the decoder converged [11].
We fix the threshold Imax to satisfy a tradeoff between
the performance correction and the speed of the de-
coder.

The following labelings are used for the figures:
“MS Standard” for normalized minsum, “MS Multi
Split-Row” for the method minsum multi split-row al-
gorithm, and “S” for the scaling factor. The perfor-
mances of irregular LDPC codes are illustrated in the
figure given below.

The error performance depends strongly on the
choice of threshold T values and the scaling factor S.
The optimum values for T and S are obtained by em-
pirical simulations as illustrated in the following fig-
ures.

The figure 3 shows the simulation to determine
experimentally the threshold for minsum threshold
multi split-row of the LDPC code (6,18) (1536,1152).
with:

Code length N= 1536.

Information length K=1152.

Column weight Wec = 6 which is the number of ones
per column.

Row weight Wr =18 which is the number of ones per
row.

The threshold optimum value for an SNR ranging
from 2.7 dB to 4.2 dB, with the value of the normal-
ization factor S = 0.25 obtained in figure 6, is 1.5.

J—a—cuo-27d
—+—EHlo=3dB

7| —w—Edo=35dB
——Ebllo =4 dB

Threshold values

Figure 3. BER (Bit error rate) performance in function of the
threshold for different SNR (Signal to noise ratio) values.

Figures 4 and 5 show the simulation to determine
experimentally the scaling factor for normalized min-
sum and minsum multi split-row, respectively, of the
LDPC code (6,18) (1536,1152) . Optimal scale factor,
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for normalized minsum, is 0.6. And optimal scale fac-
tor, for minsum multi split-row, is 0.2.

|| —B—Eto=27dB |
1078 —8—Eblo =3 dB
—#—EbNo=33dB |-
—w— Ebo =3.5dB [
|| —F—Ebo=37d8 | i
01 02 0.3 04 0.5 0.6 07 08 09 1
Scale factor

Figure 4. BER (Bit error rate) performance in function of the scale
factor using normalized minsum for different SNR (Signal to Noise
Ratio) values.

—B— Eblo = 3,2 dB
—&—EbNo = 3,5dB
—&%—EbNe = 3,7 dB
—#%— EbNo = 4 dB

—F—EbNo = 4.2dB
—&— EblNo = 4,3dB

| oA
0 003 01 0.15 0z 0.25 0.3 035 04 0.45 05
Scale factor

10

10*

Figure 5. BER (Bit error rate) performance in function of the Scale
factor using minsum multi split-row for different SNR (Signal to
noise ratio) values.

Figure 6 shows the simulation to determine exper-
imentally the scaling factor for minsum threshold
multi split-row of the LDPC code (6,18)(1536,1152).
Optimal scale factor is 0.25 with the threshold T=1.5.

—B—EblNo=2.7 dB
—O6—EbNo=3dB |
——EbNo=35dB
—H— EbNo =4 dB
; —%— EbNo =42 dB
1 1 1 1
0.05 0.1 0.15 0.2 025 03 038 0.4 0.45 0.5
Scale factor for Th=15

Figure 6. BER (Bit error rate) performance in function of the scale
factor using minsum threshold multi split-row for different SNR
(Signal to noise ratio) values.

Figure 7 shows the error performance results for a
(6,18) (1536,1152) LDPC code for different decoding
algorithms (minsum normalized, minsum multi split-
row and minsum threshold multi split-row). The code
rate is R=0.75 and the maximum number of iteration
is set to I,,,, = 7, with threshold values obtained in
Fig.3 and scale factors obtained in Fig.4, Fig.5 and
Fig.6.
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Multi Split

10 | | | H |
1 15 2 25 3 35 4 45 5 55

Eb/Mo in dB

Figure 7. BER performance of (6,18) (1536,1152) irregular code
using various decoding algorithms.

As shown in the figure, minsum threshold multi split-
row with optimal threshold T = 1.5 performs about
0.6 dB better than minsum multi split-row and is
only 0.7 dB away from MinSum normalized at BER =
6.1077.

The minsum threshold multi split-row algorithm
utilizes a threshold-enable signal to compensate for
the loss of min() interpretation information in multi-
split-row algorithm. It provides at least 0.6 dB error
performance over the multi-split-row algorithm with
Spn = 4. Partitioning the parity matrix in Spn blocs
allows us to increase the decoder’s parallelism. There-
fore, the partitions are performed simultaneously and
we obtained a parallel decoder. That means,the com-
plexity decreases and the decoding becomes faster.

As shown in Figure 7, the better performance gap
indicated between the minsum threshold multi split-
row and minsum multi split-row algorithm revert to
the information passed from one partition to another
(Threshold_ensp) in algorithm threshold multi split-
row, which reduces difference between the local mini-
mum in each partition and the first and second global
minimums.

4 Conclusion

In this paper we have extended threshold multi split-
row decoding method used for regular LDPC code to
theirregular LDPC code. The aims was to improve the
errors performances of the decoder. Simulation re-
sults show that the threshold multi split-row outper-
forms the multi split-row algorithm for 0.6 dB while
maintaining the same level of complexity (only the
comparison between the threshold and the first and
second minimums is added). Our simulation results
show that for a given LDPC code keeping threshold T
constant at any SNR does not cause any error perfor-
mance degradation.
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In this paper, we present a novel secure cryptosystem for direct encryp-
tion of color images, based on an iterative mixing spread over three
rounds of the R, G and B color channels and three enhanced chaotic
maps. Each round includes an affine transformation that uses three in-
vertible matrices of order 2 x 2, whose parameters are chosen randomly
from a chaotic map. The proposed algorithm has a large secret key space
and strong secret key sensitivity, which protects our approach from a
brutal attack. The simulation results show that our algorithm is bet-
ter for color images in terms of Peak Signal to Noise Ratio (PSNR),
entropy, Unified Average Changing Intensity (UACI) and Number of
Pixels Change Rate (NPCR).

1 Introduction

The proliferation of access to information terminals,
as well as the implementation of digital personal data
transfers, requires the availability of means that en-
sure a reliable, fast and genuine exchange. In fact, the
use of a communications network exposes the trans-
fer of data to certain risks, which require adequate
and appropriate security measures. For example, Pi-
rated images can subsequently be the subject of data
exchange and illegal digital storage. Data encryption
is often the only effective way to meet these require-
ments. According to Shannon, the basic techniques
[1] for an encryption system can be classified into two
main categories: permutation of positions (diffusion)
and transformation of values (confusion). And the
combination between the two classes is also possible.
In the literature, several algorithms based on confu-
sion and diffusion have been developed [2-3]. Cur-
rently, the use of chaos in cryptosystems, has caught
the attention of researchers. This is due to the char-
acteristics of the chaotic signals. To quote, unpre-
dictability, ergodicity, and sensitivity to parameters
and initial values. Recently, several chaos-based ar-
ticles have been proffered [4-5]. Unfortunately, the
one-dimensional logistic map has been widely used
in several cryptosystems based on chaos [6-7]. Nev-

ertheless, this map has some disadvantages when it is
used in cryptography such as not uniform distribu-
tion, small space key, chaotic discontinuous ranges,
and periodicity in chaotic ranges [8]. Its very im-
portant to produce a new chaotic system with better
chaotic performance. In this work, we proposed a
method based on an improvement of the three chaotic
maps, namely the Pseudorandomly Enhanced Logis-
tics Map (PELM) [9], the Pseudorandomly Enhanced
Sine Map (PESM) and the Pseudorandomly Enhanced
Skew Tent Map (PESTM). Thus, the red channel of
the original image is mixed with the ELM, the green
channel with the ESM, and the blue channel with the
ESTM. Then, a strong avalanche effect will be applied
on the three mixed channels, so that a small perturba-
tion on a pixel of the original image will be reflected
on the entire image.

The paper is organized as follows. Section 2 makes
a new chaotic maps by using the above mentioned
three 1D chaotic maps. Section 3 gives a detailed ex-
planation of the proposed image encryption scheme.
Section 4 present experimental results demonstrating
performance of the proposed method against statisti-
cal and sensitivity cryptanalysis. section 5 shows con-
clusion.
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2 The pseudorandom number gen-
erator

The proposed image encryption scheme relies on
three improved chaotic maps PELM, PESME and the
PESTM, for the generation of pseudo-random number
sequences. In this section we show the improvement
of the three chaotic maps in terms of chaotic behavior,
Lyapunov exponent, bifurcation and distribution.

2.1 Pseudorandomly Enhanced Logistics
Map

The logistic map is a simple dynamic nonlinear equa-
tion with a complex chaotic behavior, is one of the fa-
mous chaotic maps, expressed by the following equa-
tion:

Xp+1 = pux Xy x (1

_Xn) (1)

Where y € [0,4] is a control parameter of the lo-
gistic map, the variable X, € [0,1] with n is the iter-
ations number used to generate the iterative values.
The one-dimensional logistics map is characterized by
its simple structure and its ease of implementation.
Its usually used to encrypt large data in real time [11].
On the other hand, it has several weaknesses [10], in-
cluding discontinuity, non-uniformity, short periodic-
ity, numerical degradation and weak key space.

We have thus improved the pseudo-randomness
of the sequences generated by the logistic map, by a
simple multiplication by 10° and an application of
the modular arithmetic (mod 1). This new pseudo-
random generator is indicated in equation (2) [9]:

Xoper = mod(((jx X, (1= X,))(10°)) (2)

where mod is the operation of module 1. the pro-
posed generator has a Lyapunov exponent higher than
that of the logistic map (Fig. 1), and a good distribu-
tion (Fig. 2).

2.2 Pseudorandomly Enhanced Sine Map

The sine map is also one of the one-dimensional
chaotic maps whose chaotic behavior is similar to that
of the logistic map described by the following equa-
tion:

Y, =rxsin(ntxY,)

(3)

Where r €]0,1] is a control parameter of the sine

map, the variable Y, € [0,1] with n is the iterations
number used to generate the iterative values.
We have also improved the pseudo-randomness of the
sequences generated by the Sine map, by a simple
multiplication by 10° and an application of the modu-
lar arithmetic (mod 1). This new pseudo-random gen-
erator is indicated in equation (4):

Y1 = mod(((r x sin(m x Y,,))(10°)) (4)

www.astesj.com

To test the property of the PESM in terms of the
Lyapunov exponent and distribution, several simula-
tions and analysis were performed (see Fig. 1 and Fig.
2).

2.3 Pseudorandomly Enhanced Skew Tent
Map

The skew tent map is a one-dimensional simple
chaotic system which can be described by [12]:

Zo if Z,<b

Zys = Z, € [0’ 1] (5)
1-7,

1-b

if Z,>b

Where Z, € [0,1] is the state of the chaotic system,
and b €[0,0.5]U [0.5,1] is the control parameter. We
have also improved the pseudo-randomness of the se-
quences generated by the skew tent map. This new
pseudo-random generator is indicated in equation (6):

mod(((%:)(109),1) if Z,<b
Z,€[0,1]

mod (((452)(109),1) if Z,>b

Zn+] =

(6)
The figure below shows the Lyapunov exponents
of the logistic map, the sin map, the skew tent map,

and of the pseudo-random generators proposed.

—4‘ el
)
I
I

4 oz 04 :,E 08 o 0.2 04 N 06 08
(a) (b) (c)
Fig. 1 : Lyapunov exponent of: (a) Logistic Map and PELM; (b) Sine
Map and PESM,; (c) Skew Tent Map and PESTM.
55 Districution o f Logistic map

Distribution of Sine map Distribution of Skew tent map
T 100 ;

Frequensy
Frequency
Frequency

Frecuency
Frecuency
Frecuensy

Fig. 2: Distribution of: (a) Logistic Map; (b) Sine Map; (c) Skew
Tent Map; (d) PELM; (e) PESM; (f) PESTM.
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We can see in the fig. 1 that the Lyapunov expo-
nent is large for the proposed pseudo-random gen-
erator. Therefore, this generator presents a higher
and faster divergence between two chaotic trajectories
having very similar initial conditions. From a cryp-
tographic point of view, a good pseudo-random gen-
erator must produce chaotic sequences with uniform
distribution. The figure below shows the distribution
densities of the logistic map, the sin map, the skew
tent map, and of the pseudo-random generators pro-
posed.

It is clear from the fig. 2 that the pseudo-random
generators proposed has a uniform distribution den-
sity. Therefore, has excellent statistical properties,
and is more recommended to use for a robust encryp-
tion system.

3 Description of the proposed
scheme

Our algorithm is based on three stages of confu-
sion and a diffusion step. Let us consider an H X
W color image P to be encrypted. With H is the
height and W the width. The process of our pro-
posed algorithm will be summarized in Fig. 3 :

| [ = ] & |l & 1
E

| N
EA
¥

Mixing | Mixing
GO&B® ROKK®
G¢

I Diffusion process |

1# stage

G

stage

i

3 stage

Fig. 3: Flowchart of the proposed algorithm

3.1 Confusion process

The confusion step is described as follows :

Step 1: Load the plain image P of size W x H, and
divide it into 3 images with R, G and B channels re-
spectively.

Step 2: Choose six values Xy, Yy, Zy, p,r and b which
represent the initial conditions and the control pa-
rameters of the pseudo-random generators proposed.
Step 3 : Iterate the PELM, PESM and PESTM re-
spectively for W x H times to get the state X =
{Xo,Xl,...,XWXH,l}, Y = {Xo, Yl,..., YWXHfl} and Z =
{Zo, 21, Zwxg-1}-

Step 4 : Generate three keys KM, K@ and
K@, with K = mod(floor(X(i) x 10'%),256),
K®? = mod(floor(Y(i) x 10'%),256), and KB =
mod(floor(Z(i)x10'4),256), Withi =0, 1... WxH 1.
Then convert each key into a matrix of dimensions
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with the size of W x H.
Step 5: Create three invertible matrices M1, M!
and M®) used for iterative mixing. With

2)

M“):( L p )’M(Z):( L p> )
q1 1+p1q g2 1+p2g>
mlciM(3):(1 ps )
g3 1+ps3qs

Where p; and g; are from KW, p» and g; are from
K, p5 and g3 are from K,

Step 6 : Mix each color channel with to another or
with a key according to the following formulas :

R

( G
B B

( Tonptl) ):M“)x( <) ) (mod 256)  (8)

R® R
- M@

):me( Ié ) (mod 256) (7)

) (mod 256) (9)

! ) (mod 256) (10)

() 2)
( b ):M(3)><( ](3;(2) ) (mod 256)  (11)

R(3) R(2)
_ as(3)
( Tmp® )_M X( K®)

TmpM), Tmp?) and Tmp'® are variables not taken
into consideration in the encryption process.

) (mod 256) (12)

3.2 Diffusion process

The diffusion step is described as follows :

Step 1: Convert RO, G® and B® to
a vectors of size W x H , and concate-
nate them into a single vector V(RGB -

{ro, 115 TWxH -1, 805 81 --s §WxH -1, b0, b1, o Dy -1 }-
Where {ro,ry,... twxu-1}, {8081, §wxH-1} and
{bg,b1,.... bywxg_1} are respectively the components of
R®), G® and BY.

Step 2 Concatenate the three sequences
X, Y and Z into a single vector VK =
{X01X1: o XwxH-1 Y0, Y150 YwxH-1, Z0s Zy, s ZWxH-1 }
Then by sorting the order of the vector V&) the
chaotic sequence is changed into a sorted order. This
sequence is called V(P

Step 3 : Obtain the permuted image pixel vector
P’ ={po,p1,--r Pwxr-1}, by using the permutation po-
sition vector V(P) according to the following formula

P(i) = VRCBI (v (P)(7)) (13)

Step 4 Obtain the diffusion vector D =
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{do,d1, ..., d3xwxH-1}, by the following algorithm :

Algorithm 1: Diffusion mechanism
S «— 0 //Initialisation
Fori«—0 To 3xWxH-1

S «— mod(S + P'(i), 256)
EndFor
D(0) «— S
Fori«—1 To 3xWxH-1
S« D(i-1)@P (i)
D(i) «— S & V(p)(i)
EndFor

Step 5 : Convert the diffusion vector D into the R, G
and B color image with the size of W Q H.

3.3 Decryption algorithm

The decryption process is similar to that of encryption
procedure in the reversed order.

4 Experimental results and analy-
sis

In this section, we will validate our encryption system
in terms of key space, histogram, entropy, correlation
coefficient, NPCR, and UACI. All simulations are per-
formed on a personal computer. Table 1 shows the
hardware, the software environment and the image
source.

Table. 1: Specification table

Processor Intel CoreT™ {5-2430M CPU 2.4GHZ
RAM 4GB

Operating system Windows 8 professional
Programming language | JAVA

Image source USC-SIPI image data base [13]

4.1 Space of key

The exhaustive attack is to try all possible combina-
tions of keys until obtaining a clear text. Therefore, in
a good image cryptosystem, the space of key should
be large enough to make brute-force attack infeasible.
The secret key of the proposed cryptosystem contains
six real numbers (y, r, b, Xo, Yy, Zg). If the precision
is 10714, the key space size can reach to 222, From a
cryptographic point of view, the size of the key space
should not be less than 2!%° to ensure a high level of
Security [14]. This means that our algorithm can with-
stand the brute force attack.

4.2 Statistical Analysis
4.2.1 Histogram analysis

An image histogram is a graphical representation of
the number of pixels with the same gray level. Thus,
the abscissa axis represents the color level, which
starts from zero (color channel off) to 255 (maximum
color channel). Fig. 4(a)-(b) show the plain and cipher
image. Fig. 4(c)-(d) show the histogram of plain and
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cipher components’ R, G, and B.

@
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0 50 00 150 20 20 300 0 50 100 180 200 2% 300
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© (@
Fig. 4: (a) Lena 512 x 512; (b)encrypted image; (c) Histogram of
plain-image; (d) Histogram of encrypted image

Comparing the two histograms of plain and cipher
image, we can see that histogram of encrypted im-
age is fairly uniform and is significantly different from
that of the original image, and that the encrypted im-
ages obtained do not provide any information to the
attacker, which can strongly resist statistical attacks.

4.2.2 Information Entropy

Information entropy is designed to evaluate the uncer-
tainty in a random variable as shown in the following
equation [1]:

M

H(m) =~ P(m;)log(P(m;))

i=0

(14)

Where, M is the total number of symbols and rep-
resents the probability of occurrence of the symbol,
for a grayscale image with a data range of, its maxi-
mum Information entropy is 8. The results are shown
in Table 2.

Table. 2: Entropy of the original image and the encrypted im-

age
mages Original  Encrypted
House 256 x256  7.068625 7.999159
Lena 512x 512 7.750197  7.999779
Peppers 512x512  7.669825 7.999776

It is clear from Table 2 that the values of the en-
tropy of the encrypted images are very close to the
theoretical value (which is equal to 8).

4.2.3 Correlation analysis

The obvious characteristics of visually meaningful
images is redundancy and strong correlation among
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adjacent pixels, and it can be used by attackers. In
order to test the correlation, we randomly select 1000
pairs of adjacent pixels in three dimension (vertical,
horizontal and diagonal). The results are shown in
Table 3 and Fig 5.

The correlation coefficient for a sequence of adjacent
pixels is given by the following formula:

_ cov(u,v) (15)

Tw = —FT/— —>
" D)D)

Where u and v represent two vectors formed re-
spectively by the values of the pixels of the chosen se-
quence of the image and the values of their adjacent
pixels. The terms cov(u,v), D(u) and D(v) are calcu-
lated by the following formulas:

1 N
E(u):ﬁ E u;, (16)
i=1

(17)

N
Covlu,)= 0 ) i~ Bl [vi—E@)]  (18)
i=1

Where N is a large number of adjacent pixel pairs
randomly selected in the image (In our case N =
1000), u; and v; are respectively the color levels of the
collected pixels.

Table. 3: Correlation coefficient of the two adjacent
pixels for the original and encrypted image

Linase Image originale Image cryptée
g Horizontal Vertical Diagonal Horizontal  Vertical  Diagonal
House256x256 0.978233  0.952932 0.936244 -0.001643  0.008486 -0.001133

Lena512x512  0.961575
Pepper512x512  0.965282

0.976149  0.941666
0.975921 0.946051

0.002793  -0.003358 0.0048
-0.001238  0.004687 -0.003195

We can see in the Table 3, the correlation coefficient
values are nearing to zero and negative values which
prove that there is no correlation between the plain
and cipher image.

4.3 Differential analysis

The Number of Pixels Change Rate (NPCR) [15] and
Unified Average Changing Intensity (UACI) [16] are
used to analyze the effect of slight change (one bit of
single pixel) in the plain image on the cipher image
[21]. The formulas used to calculate NPCR and UACI
are defined by the following two equations:

2800, ])
_ 100 1C1(i,j) = Ca(i, j)|
UACI = 755 x 100

W xH —

’

Where, Cy(i,j) is the encrypted image and C,(i, j)
is the encrypted image after changing a pixel of the
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clear image. For the pixels at the position (i,j) , if
Ci(i,j) = Cy(i,j) , then g(i,j) = 1 , otherwise it’s equal
to zero.

A value of UACI > 33.4635% and NPCR > 99.6094%
ensures that an image encryption scheme is immune
to a differential attack. Table 4 below shows the re-
sults of the UACI and NPCR simulations.

Table. 4: NPCR and UACI values after changing the
value of a pixel.

I Encrvpted image
Original image NPCR TACT
House256x256 100 39385312
Lena512x512 95 614501 33.473220
Peppers512x512 99612186 34 536580

It is clear from Table 4 that the value of NPCR
is greater than 99.6094% and that of UACI is greater
than 33.4635%. That is to say a modification of a sin-
gle pixel of the original image results in a radical
change of all the pixels of the encrypted image.
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Fig. 5: Correlation distribution of adjacent pixels of the Lena
512 x 512 in directions, (a) Horizontal, (c) Vertical, (e) diagonal.
Correlation distribution of adjacent pixels of the Lena 512 x 512
encrypted in the directions, (b) Horizontal, (d) Vertical, (f) diago-

nal.

5 Conclusion

In this work, firstly, we proposed a technique of mak-
ing an effective pseudorandom number generator by
using a difference of the output states of three fa-
mous one-dimension chaotic maps namely logistic
map, sine map and skew tent map. Simulations eval-
uations in terms of the Lyapunov exponent and the
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distribution density showed that the proposed gen-
erator is able to generate a one-dimension chaotic
system with excellent statistical properties and good
chaotic behavior. Secondly, we proposed a novel algo-
rithm based on an iterative mixing of the three com-
ponents R, G and B with the three chaotic sequences
generated from the proposed pseudo-random genera-
tor, followed by a strong diffusion. The values of the
performance metrics in terms of key space, histogram,
entropy, correlation coefficient, NPCR, and UACI, sat-
isfy that the proposed algorithm is extremely difficult
to break and withstands on various kinds of security
attacks.
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The purpose of this paper is to prove a fixed point theorem for a proba-
bilistic k-contraction restricted to two nonempty closed sets of a proba-
bilistic metric spaces, then we prove that these results can be extended
to a collection of finite closed sets.

1 Introduction

Fixed points theory plays a basic role in applications
of many branches of mathematics. Finding a fixed
point of contractive mappings becomes the center of
strong research activity. After that, based on this
finding, a large number of fixed point results have
appeared in recent years. Generally speaking, there
usually are two generalizations on them, one is from
spaces, the other is from mappings.

Concretely, for one thing, from spaces, for exam-
ple, the concept of a probabilistic metric spaces was
introduced in 1942 by Karl Menger [1]], indeed, he
proposed replacing the distance d(p, q) by a real func-
tion F,, whose valueF,(x) for any real number x is in-
terpreted as the probability that the distance between
p and q is less than x.

For another thing, from mappings, for instance, let
A and B be nonempty subsets of a metric space (M, d)
and let f : AUB — AU B be a mapping such that:
(1) f(A)SBand f(B)C A.
(2)d(fx, fy)<kd(x,y), Vx€ A, Yy € B,wherek €[0,1).
If (1) holds we say that f is a cyclic map and if (1) and
(2) hold we say that f is a cyclic contraction [2].

In this work, we show the existence and unique-
ness of the fixed point for the cyclic probabilis-
tic k—contraction mapping in a probabilistic metric
spaces.

2 Preliminaries

Throughout this work, we adopt the usual terminol-
ogy, notation and conventions of the theory of proba-
bilistic metric spaces, as in [J3]].

Definition 2.1. A distance distribution function (briefly,
ad.d.f.) is a nondecreasing function F defined on R*U{co}
that satisfies f(0) = 0 and f(oo) = 1, and is left contin-
uous on (0,00). The set of all d.d.fs will be noted by A*;
and the set of all F in A* for which tli_)lgf(t) =1by D*.

For any a in R" U {c0}, ¢,, the unit step at a, is the
function given by:
for0<a<oo

0 if
gﬂ("):{ 1 if

0 if 0<x<oo
£oolX) = 1 if x =

(o]

0<x<a
a<x< oo

and

Note that ¢, < ¢;, if and only if b < g; that ¢, is in D* if
0 < a < oo0; and that € is the maximal element, and e,
the minimal element, of A™.

Definition 2.2. Consider f and g be in A*, h € (0,1],
and let (f,g;h) denotes the condition

0<g(x)<f(x+h)+h,

forall x in (0, %).
The modified Levy distance is the function d; defined on
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AT x A" by

di(f,g)=inf{h: both conditions (f,g;h) and (g, f;h)
holdy}.

Note that for any f and g in A*, both (f,g;1)and (g, f;1)
hold, hence dy is well-defined and d(f,g) < 1.

Lemma 2.1. The function dy is a metric on A*.

Definition 2.3. A sequence {F,} of d.d.f’s is said to con-
verge weakly to a d.d.f. F if and only if the sequence
{F,(x)} converges to F(x) at each continuity point x of F.

Lemma 2.2. Let {F,} be a sequence of functions in A,
and let F be in A*. Then {F,} converges weakly to F if
and only if di (F,,F) — 0.

Lemma 2.3. The metric spaces (A*,dy) is compact, and
hence complete.

Lemma 2.4. Forany F in A™ and t > 0,
F(t)>1—tiff di(F,eo<t).

Lemma 2.5. If F and G are in A* and F < G then
dL(G, 80) < dL(F,So).

Definition 2.4. A triangular norm (briefly, a t-norm) is
a binary operation T on [0,1] such that:

T(x,y) = T(,x), (commutativity)

T(x,y) < T(z,w), whenever x<z, y<w,

T(x,1) = x, (1 is an identity element)
T(T(x,v),2z) = T(x,T(y,2)), (associativity).

Example 2.1. The following t-norms are continuous:
(1) The t-norm minimum M (x,y) = Min(x,p).

(ii) The t-norm product [|(x,y) = x.

(iii) The t-norm W, W(x,y) = Max(x+y—1,0).

Definition 2.5. A triangle function is a binary opera-
tion T on A" that is commutative, associative, and non-
decreasing in each place, and has € as identity.

Example 2.2. If T is left continuous, then the binary op-
eration Ty on A" defined by:

tr(F,G)(x) = sup{T(F(u),G(v)) : u+v =x},
is a triangle function.
Lemma 2.6. If T is continuous, then tr is continuous .

Definition 2.6. A probabilistic metric space (briefly a
bms ) is a triple (M, F, t) where M is a nonempty set, F is
a function from M x M into A*, t is a triangle function,
and the following conditions are satisfied
forallp,r;qe$S

(i) Fpp = &9,

(ii)Fpr=€o =p=r

(iii) Fp, = F,p

(iv) Fpr 2 ©(Fpq, Fyr) -

If © = 17 for some t-norm T, then (M,F,tr) is called a
Menger space.
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It should be noted that if T is a continuous t-norm,
then (M, F) satisfies (iv) under 77 if and only if it sat-
isfies

(v) Fpr(x +y) > T(qu(x)’qu(y))'
forall p,r;q € M and for all x,y >0, under T.

Definition 2.7. Let (M, F) be a probabilistic semimetric
space (i.e., (i), (ii) and (iii) of Definition 2.6 are satis-
fied). For p in M and t > 0, the strong t-neighborhood of
p is the set

Ny(t)={q e M: Fp,(t)>1-t}

The strong neighborhood system at p is the collection
9p = {Np(t) : t > 0}, and the strong neighborhood sys-
tem for M is the union @ = UpeM 9p-

An immediate consequence of Lemma 2.4 is

N

p(t)={qeM: dL(qu,eo) <t}

In probabilistic semimetric space, the convergence of
sequence is defined in the way

Definition 2.8. Let {x,} be a sequence in a probabilistic
semimetric space (M, F). Then

(1) The sequence {x,} is said to be convergent to x € M, if
for every € > 0, there exists a positive integer N (€) such
that Fy (€)>1—e€ whenever n > N (e).

(2) The sequence {x,} is called a Cauchy sequence, if for
every € > 0 there exists a positive integer N (€) such that
n, m>N(e)= Fy , (€)>1-€.

(3) (M, F) is said to be complete if every Cauchy sequence
has a limit.

The proof of the following result is easy to repro-
duce.

Proposition 2.1. Let {x,,} be a sequence in a probabilistic
semimetric space (M, F) and x € M.

1— {x,} is convergent to x, if either

- r}LrEon”x(t) =1forallt>0,or

- for every € > 0 and 6 € (0,1), there exists a posi-
tive integer N(€,0) such that F, .(€) > 1 -0, whenever
n>N(e,0).

2— {x,} is Cauchy sequence, if either

- lim F, . (t)=1forallt>0,or

n,m—-oo
- for every € > 0 and 6 € (0,1), there exists a posi-
tive integer N(€,0) such that F  (€) > 1 -0, whenever
n, m> N(g,0).

Scheizer and Sklar [3] proved that if (M,F,7) is a
probabilistic metric space with 7 is continuous, then
the family I consisting of @ and all unions of elements
of this strong neighborhood system for M determines
a Hausdorff topology for M.

Consequently, in such space we have the following as-
sertions

(a) (M, F, 7) is endowed with the topology I is a Haus-
droff topological space.

(b) There exists a topology A on S such that the strong
neighborhood system g is a basis for A.
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Let f a self map on M. Power of f at p € M are
defined by f%p = p and f™'p = f(f"p), n = 0. We
will use the notation p, = f"p, in particular py = p,
p1=/p.

The letter W denotes the set of all function ¢ :
[0,00) = [0, 00) such that

0<q(t)<t and lim, " (t)=0 for each t>0

Definition 2.9. [4]] We say that a t-norm T is of H-type
if the family {T"(t)} is equicontinuous at t = 1, that is,
Ve € (0,1),A1 € (0,1) : t > 1 -4 = T"¢t) > 1-
e, Vn>1
Where T'(x) = T(x,x), T"(x) = T(x, T""(x)), for ev-
eryn>2.

The t-norm T) is a trivial example of t-norm of H-
type.

Definition 2.10. [5] Let ¢ : [0,00) — [0, 00) be a func-
tion such that @(t) <t for t > 0, and f be a selfmap of
a probabilistic metric space (M, F,t). We say that f is
@-probabilistic contraction if

Ffpfq((P(t))Zqu(t)'
forallp,ge M and t >0,

Theorem 2.1. [I6]] Let (M,F,tr) be a complete proba-
bilistic metric space under a continuous t-norm T of H-
type such that RanF C D*. Let f : M — M be a ¢-
probabilistic contraction where ¢ € V. Then f has a
unique fixed point X, and, for any x € M, r}i_)ngof"(x) =X.

3 Cyclical contractive conditions
in probabilistic metric spaces

Theorem 3.1. Let (M, F,77,) be a complete probabilis-
tic metric space under a continuous t-norm T of H-type
such that RanF C D*. Let f : M — M be a continuous
mapping and satisfies

Ffpfzp(kt) > prp(t).

for all pe M and t >0 where k € (0,1).
Then f has a fixed point in M.

Proof. Let pg € M. Put p, = f(p,_1) = f"(po) for each
n € {0,1,2,..}. We prove that {p,} is a Cauchy se-
quence in M. We need to show that for each 6 > 0 and
0 < € < 1 there exists a positive integer ny = n,(9,€)
such that:

F, » (0)>1—€ for all m>n>nqy(,¢€)

PnPm

www.astesj.com

For each 6 > 0, for m > n we have

FP;sz(é) = T(Fpnan (6_k6)’Fpn+1pm(k6))
= T(Fpn—lpn((é - ké)k71 )’ FPn+1Pm(k5))
Z T(Fpr1—2pn—1 ((6 - ké)k_2)’ Fpn+lpm (kb))
z T(Fpn—Spn—Z((é - ké)k_3)’ Fpn+1pm (ké))
2 T(Epyp, ((0-KkO)K™), Fp, . p,, (kO))
It follows that
Ppnipm(é) 2 T(FPOPI ((5 - ké)k_n)’ T(Fpn+lpn+2(k6 -
kzb):Fpn+2pm(k26”)
Then
Fp_npm (6) = i T(Fpopl ((6 - ké)k_n)’ T(FPran+1 (6 -
kb)'Ferme(kza)))
Then
Fppm(0) = T(Flfopl (06 = kO)k™),T(Fp, p,((0 —
ké)kfl),FszPm(kzb)))
Then
Fppu(0) 2 T(Fpyp (0 kO)K™), T (Epqp, (0
RO)Ey, Ly, (20)

Using the same argument repeatedly and by defini-
tion of the operator T we obtain

F

p”pﬂ’l(é) Z Tm_n(F

((6—=kd)k™)) (3.1)

PoP1

Since T is a t-norm of H-type, for given A € (0,1),
there exists A = A(e) € (0,1) such that if we have
t>1-Athen T*(t)>1—¢forall n>1.

Since
(6—kd)k™ —0 as n—> oo
Then
Fpop, (0-kdO)k™) =1 as n— oo
because F e D*.

PoP1
Then there exists N € IN such that

Fpop, ((0=kS)k™)>1~A for all n>N(A(e))
Hence and by (3.1) we conclude that

F, , (0)>1—¢€ for all m>n>N

lele

Thus we proved that the {p,} is a Cauchy sequence in
M.
Since M is complete there is some g € M such that

Pn—4

The continuity of mapping f and the uniqueness of
the limit implies that

fla)=q

We now state the main fixed point theorem for
cyclical contractive conditions.
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Theorem 3.2. Let (M, F,tr,) be a complete probabilistic
metric space under a continuous t-norm T of H-type such
that RanF C D*. Let A and B be nonempty closed subsets
of M and let f : AUB — AUB be a mapping and satisfies:
(1) F(A) C Band F(B) C A.

(2) Ffpfq(kt) > qu(t), Vp € A and Vq € B, where k €
(0,1)

Then f has a unique fixed point in AN B.

Proof. For p € AU B we have

Erpr2p(kt) 2 Fppp(t)

By theorem 3.1 {p,} is a Cauchy sequence. Conse-
quently {p,} converges to some point g € M. However
in view of (2) an infinite number of terms of the se-
quence {p,} lie in A and an infinite number of terms
liein B,so ANB=0. (1) implies f : ANB—ANBand
(2) implies that f restrected to AN B is a probabilistic
contraction mapping. By theorem 2.1 with ¢(t) = kt,
f has a unique fixed point in AN B.

Corollary 3.1. Let A and B be two non-empty closed sub-
sets of a complete probabilistic metric space (M, F,tr).
Let f : A— Band g: B — A be two functions such that

Ffpgq(kt) >F

>F,4(t) Vpe A and YqeB

(3.2)

where k € (0,1). Then there exists a unique r € AN B
such that

f(r)=g(r)=r.

Proof. Apply theorem 3.1 to the mapping h: AUB —
AU B defined by

h(p) ={

Observ that the mapping h is well define because if
p € ANB, (3.2) implies

f(p)
g(p)

if peA;
if peB.

t
prgp(t)ZFpp(%) for all t>0

Then Ffpgp = €0, SO f(P) :g(p)

www.astesj.com

The reasoning of Theorem 3.2 can be extended to
a colletion of finite sets.

Theorem 3.3. Let {A;}", be nonempty closed subsets
of a complete probabilistic metric space, and suppose
UL A = UPL, A satisfies the following conditions
(where Ap+1 =Ay):

(1) F(A;) CAjyq for 1 <i<p;

(2) Ak € (0,1) such that Fspr,(kt) > Fpe(t) Vp € A;,
Vge A for1 <i<p.

Then f has a unique fixed point in (i1, A;.

Proof. Let py € UL, A;, we observe that, infinitely
terms of the Cauchy sequence {p,} lie in each A;. Thus

;’;1 A; # 0, and the restriction of f to this intersection
is a probabilistic contraction mapping. By theorem
2.1 f has a unique fixed point in 2, A;.

Conflict of Interest The authors declare that they
do not have any competing interests.

References

[1] K. Menger, Statistical metrics, Proc. Natl. Acad. Sci. 28 (1942),
535-537.

[2] W. A. Kirk, P. S. Srinivasan, P. Veeramani, Fixed points
for mappings satisfying cyclical contractive conditions. Fixed
Point Theory, volume 4, No. 1, 2003, 79-89.

[3] Schweizer B. and A.Sklar, Probabilistic Metric Spaces, North-
Holland Series in Probability and Applied Mathimatics, 5,

(1983).
[4] O. Hadzi¢, A fixed point theorem in Menger spaces,
Publ. Inst. Math. (Beograd) T 20 (1979) 107-112.

http://eudml.org/doc/257517

[5] A. Mbarki, A. Benbrik, A. Ouahab, W. Ahid and T. Ismail,
Comments on “Fixed Point Theorems for ¢-Contraction in
Probabilistic Metric Space”, Int. J. Math. Anal. 7, 2013, no.
13,625 - 635. doi 10.12988/ijma.2013.13060

[6] L.Ciric, Solving the Banach fixed point principle for nonlinear
contractions in probabilistic metric spaces, Nonlinear Analy-
sis 72 (2010) 2009-2018. doi 10.1016/j.na.2009.10.001

103


http://www.astesj.com

@ASTES

Advances in Science, Technology and Engineering Systems Journal
Vol. 2, No. 5, 104-108 (2017)
www.astesj.com

ASTES Journal
ISSN: 2415-6698

Proceedings of International Conference on Applied Mathematics
(ICAM2017), Taza, Morocco

Group law and the Security of elliptic curves on Fley, ..., ¢, ]

Abdelalim Seddik”, Chaichaa Abdelhak, Souhail Mohamed

Laboratory of Topology, Algebra, Geometry and Discrete Mathematics, Department of Mathematical and computer
sciences, Faculty of sciences Ain Chock Hassan II University of Casablanca.

Emails: seddikabs@hotmail.com, abdelchaichaa@gmail.com, mohamed90souhail@gmail.com

ARTICLEINEFO

ABSTRACT

Article history:

Received: 12 April, 2017
Accepted: 04 May, 2017
Online: 28 December, 2017

Keywords:

The  Discrete
Problem

Group Low
The Localization of the Ring
The maximal ideal
Complexity

Logarithm

In this paper, we study the elliptic curve E,,(Ap), with Ap the lo-
calization of the ring A = Fyley,...,e,] where eje; = e; and eje; = 0
if i # j, in the maximal ideal P = (ey,...,e,). Finally we show that
Card(E,(Ap)) = (Card(E,p(IF,))—3)" + Card(E, y(IF,)) and the execu-
tion time to solve the problem of discrete logarithm in E, ,(Ap) is Q(N),
sch that the execution time to solve the problem of discrete logarithm in
Eyp(F,) is O VN). The motivation for this work came from search for
new groups with intractable (DLP) discrete logarithm problem is there-
fore of great importance.

1 Introduction

The elliptic curves are a very fashionable subject in
mathematics. They are the basis of the demonstra-
tion of Fermat’s great theorem by Andrew Wiles, it
was proposed for cryptographic use independently by
Neal Koblitz[1] and Victor Miller in 1985, claim that el-
liptic curve cryptography requires much smaller keys
than those used in conventional public key cryptosys-
tems, while maintaining an equal level of security. In
2008, Virat introduced the elliptic curves over local ring
F,[e] =, [X]/(X?)[2], and a proposed a new public key
cryptosystem which is a variant of the ElGamal cryp-
tosystem on an elliptic curve, in 2013 Chillali general-
ized the Virat result for the ring IF, [e] = IF,[X]/(X") [3].
Chillali and Abdelalim constructed a ring IFp[el, e,e3],
defined an elliptic curve over E, ,(IF,[e}, €5, €3]) and they
showed that Card(E,;(IF,[ey, e;,e3])) > (Card(E, ,(IF,)) -
3)" + Card(E, () [4].

In this work we will generalize the construction
of IFp[el,ez,e3] to IFp[el,..,en], but not a local ring to
define a group law in IFp[el,..,e,,],we localized the
ring IF,[e;,..,e,] in a maximal ideal, and we give it
a group law and show that Card(E,(FE,[e,..,e,])) =
(Card(E,p(IF,)) — 3)" + Card(E,(IF,)), then shows the
discrete logarithmic complexity is Q(N) Such that

N = E, ;(IE,) by using the attacks baby step/giant step
and p—Pollard.

Let p be an odd prime number and # be an integer
such that n > 1. we consider the ring A, = F,[ey,...,e,] =
lag+aie; +..+aye,/ag, ay,...,a, €Iy, eje; = e; and eje; = 0
if i = j}. IFp[el,...,en,] is vector space over F, with basis
(1,eq,...,e,,). We have
X+Y =(xo+70)+(x1 +x1)ey +... + (x, + v )e, and XY =
to+teqg +...+t,e, with:

fo =XoYo lf i=0

ti = XiYo +x0y;i +X;p; if i#0
Proposition 1. Let X = xg+x1ey +... + x,¢, € Fyley, ..., €]
then X is invertible if and only if xy # 0 and x; # —x for
alliefl,..,n}.
Proof. Let X = xg+xje+...+x,¢, € F[ey,...,e,] a invert-

ible element, there Y = yg +y ey +... + y,¢, € By ley, ..., €]
such that X.Y =1, this implies that

XoYo = 1 Zf i=0

XiVo+ XV +x;9; =0 if i=0
therefore, xg # 0 and x; # —x( for all i € {1,..., n}.
In this case:

Yo =Xp if i=0
yi = —(xo+x) xixg! if P20
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The other since is evident.

Proposition 2. The ideal P = (ey,...,e,) is a maximal
(prime) of a ring le[el,...,en].

Proof. We have IFp[el,...,
maximal.

e,]/P ~ T, is a field, there P is

Proposition 3. Let S = Fy[ey,...,e,] =P = {sg +sjey +... +
snen/so € By, 50 = 0}. Then the localzzed ofIF [e1, .. ,en] in
Pis:
_ (Xptxjep+...+x,€y,
Ap = {—50+51€1+.--+Snen /X0 X15ev0s X1y S0, 515+ Sy € Iy, S0 # 0}
Xo+X1€1 +... +x,€
0 T /X0, X150y Xy ST v Sy € B )
1+s1e1+... +5,¢,

Ap is a local ring its maximal ideal is

_ X1e1+...+x,e, .
= {—1+sle1+...+s,le,,/x1'""xﬂ'sl""’Sﬂ € IF,} and the residual
field is K ~ IF,.
Proposition 4. The homomorphism :
7 Ap — [,
XotXx1€1+...+x,€,
R T s e A S

1+sie1+...+s,ey

is a surjective homomorphism of rings.

2 The Elliptic Curve over the ring
Ap

Let ne N*, A = IFp[el,...,en], p a prime number p > 5,
P = (eq,...,e,) and Ap the localized of A in P.

Definition 1. An elliptic curve over ring Ap is curve that
is given by such Weierstrass equation:

Y2Z =X3+axz*+bv23

with a,b € Ap and 4a® + 27b? is invertible on Ap, and the
reduction over E, is

Y27 = X3+ n(a)XZ? + n(b)Z3

E.p(F,) ={[X: Y : Z] € PX(F,)/Y?Z = X> +aXZ* + bZ>}
E,p(A)={[X:Y:Z]eP*(A)/Y?Z = X? +aXZ* +bZ3)
E,p(Ap)={[X:Y:Z]€P*(Ap)/Y?Z = X° +aXZ* +bZ3)

Theorem 1. The mapping

(P : Ea,b(A)
[x:p:z]

Eub

RN (
Ty
— [f:7:

~

]

>—|N 'T’

is injective.

Proof. Let [x:v:z],[x" :y":2'] € E ;(A)
Suppose that [x:y:z]=[x":y : 2]

= 3 € A such that (x',9,2") = M(x,9,2)

= (x,y,2") = (Ax, Ay, A2)
=>x'=Ax,y’=Ayand z' = Az

> ¥ =ap F = and ¥ =25

Then [ : 4 : F]=[AF: A7 AF]=[F:7:7]
we deduce that ¢p([x:y:z]) = p([x" : 9" :2'])

www.astesj.com

Then ¢ is well defined.
. f:A — Ap
Note that mapping x > %

We deduce ¢ is injective.

is injective.

Theorem 2. Let a,b € IF,, the mapping
¢ ( r) Ep(A)
[51 ] [x5253 1 Y5153 : 2515, ]
is surjective.
Proof. Let [3-: Sl =

Suppose that [i : 5 : 53

Then 31 € A}, such that (X—,, ,z—) = /\(i,l,i)
51

- v _ 3.

:Si A % =152 g 53

3515253 ; :/\5253X, 515253

Then (p[x : V—é : f—z] (p[slszs3q : 5152535% .5152533]
= @[Asys3x: AsyS3p 1 Asys,p2]
= (P[stsx 51539 © 51522]
=plE: L 2]
Then ¢ is well defined.
Let [x:p:z] € E,p(A), we have p[¥: ¥ : 2] = [x:p:z].
Finally the mapping ¢ is surjective.

= As1537; 515253 = As152

Corollary 1. Let a,b € I, then

Card(E,(Ap)) = Card(E

a,b(A))

Proposition 5. A Weierstrass equation is defined a ellip-
tic curve over Ap if and only if the reduction ever IF, is a
elliptic curve.

Proposition 6. Let a,b € Ap such that 4a3+27b? is invert-
ible on Ap.The set E,,(Ap) together with a special point

=[0:1:0], a commutative binary operation denoted
by +. It is well known that the binary operation + endows
the set E, ,(Ap) with an abelian group with O as identity
element.

Proof. The proof in M.Virat theses[2] page 56, based on
[5] page 117 corollary 6.6 and [6] page 63.

Proposition 7. Let P =[x:y:z]and P’ =[x":y": 2] in
E,(Ap), we have
1. if g, ,4p)(P) # g, (4,)(P’) then P+ P" =[py : q
Tl] with
yzx’z’ zxy’? —a(zx’ + x2)(zx’ — x2') + (2yy’ -
3bzz )(zx" —x2’)
Q1 = yy'(2'y - zy') — a(xyz”? - 2°x'y’) + (-2azz -

3xx’)(x'y —xy’) - 3bzz'(z'y — zy’)
=(zy'+2'y)(z'y — 2v") + (3xx" + azz’)(zx’ — x2)

2. iana,b(R)(P) = T[Ea’h(R)(P’) then P+ P’ =
with
p2 = (yy' = bz2)(x'y + xy’) + (a
zZ'y) -

[p2:q2:72]
222’ — 2axx’)(zy’ +
3b(xyz’? +2°x'y’) — a(yzx? + x*y'z’)
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q> = v?y"? + 3ax?®x’? + (-a® — 9b?)z%2"? — a®(zx’ +
xz')? - 2a’zxz'x" + (9bxx’ — 3abzz’)(zx" + x2')

ry = (yy’ + 3bzz')(zy” + 2'y) + (3xx” + 2azz")(x'y +
xy’) +a(xyz’? + 22x'y’)

Proof. The proof in M.Virat theses[2] page 57 Proposi-
tion 2.1.2. based on formulas I, II and III in the article
of H.Lange and W.Ruppert[7].

Corollary 2. The mapping

TCE(Ap) IE(AP) —> E(]Fp) isa
[x:p:2] —  [n(x): () : 7(2)]

homomorphism of groups.

Theorem 3. Leta,b e F,. Then
Card(E,p(A)) > (Card(E, ,(F,)) - 3)" + Card(E, ;(TF,))

Proof. The proof for n = 3 exist in article of A.Chilali,
S.Abdelalim[4].
For n € IN* We consider the set:

T ={[x:v:z])/y*z=x3+axz? + bz3}
{[x:0:2]/0 = x3 + axz? + bz3}
={[x:0:1)/0 = x3 + ax + b}

then Card(T) is exactly the number of the solution of
the equation x> +ax+b =0

therefore Card(T) < 3.

Let

G= Ea,n(IFp) -T
={x:y:z]€e IPz(IFp)/yzz = x3 +axz? + bz3 avec y = 0}

={[x:1:z] € P*(F,)/z = x> + axz® + bz}

={lx:1:z] € P*(,)/[x:1:z] € E, ,(IF,)}
therefore Card(G) > Card(E, ,(IF,)) -3
We consider the mapping:

a:G" Eqp(A)
(xi:pizzD)iZ — [Xiloxiei:1: X[ zie]

We have:

—

n n
3 3
() xje) :Z(xiei)
i—0 =0
n n
2 2
() zie)? =) (zie;)
i=0 i=0
n n n
2 2
a( ) xiei)( ) ze;) :aZ(xiei)(ziei)
iz0 ic0 io1

Since [x; : 1 : z;] € E, ,(IF,) then z; = x? + axizi2 + bz?. Itis
clear that :

z;e; = (x,-ei)2 + a(xiei)(ziei)z + b(z,-ei)3, Viell,..,n}
n n n n

_ 3 2 3
Zziei = Z(xiei) + QZ(xiei)(ziei) +b Z(Ziei)
i=0 i=0 i=0 i=0
www.astesj.com

n n n n n

Zziei = (inei)3 + u(inei)( zie;)* + b(ZZiei)3

i=0 i=0
we deduce that:

n n
[ine,- :1: zie;] € E;p(A)
i=0 i=0
« is injective. Then
Ea,n(IFp) c Eu,b(A)

a(G") C Ep(A)

and E, ,(F,) Na(G") ={[0:1:0]}
We result that

Card(E,,(A)) 2 Card(a(G")) + Card(E,,,(F,)) - 1
Since a is injective, then
Card(G") = Card(G)" > Card(E, ,(E,) - 3)"
we deduce that:

Card(E,;(A)) > Card(E, ,(F,) - 1)" + Card(E, ,(IF,))

Corollary 3. Let a and b two elements of IF,. Then
Card(Ea,b(AP)) > (Card(Ea,b(]Fp)) - 3)n + Card(Eu,b(]Fp))

Proof. In Corollary 1 Card(E,;(Ap)) = Card(E,;(A)),
and in Theorem 3

Card(E,(A)) > (Card(E,(E,)) —3)" + Card(E, (E,))

we deduce that:

Card(Ea,b(AP)) 2 (Card(Ea,b(IFp)) - 3)n + Card(Eu,b(]Fp))

3 The discrete logarithm problem:
complexity and security

The discrete logarithm problem for G may be stated as:
Given g € G and h €< g >, find an integer x such that
h=g* and ord(g) = q a prime number.

Baby-Step/Giant-Step Method: The idea behind
the Baby-Step/Giant-Step method is a standard divide-
and-conquer approach found in many areas of com-
puter science. We write

X =xo +x1[q]

Now, since 0 < x < g, we have that 0 < xp,x; < [gq] We
first compute the Baby-Steps

g g, for0<i<[q]

The pairs (g;, 1) are stored in a table so that one can eas-
ily search for items indexed by the first entry in the pair.
This can be accomplished by sorting the table on the
first entry, or more efficiently by the use of hash tables.
To compute and store the Baby-Steps clearly requires
O([q]) time and a similar amount of storage.

We now compute the Giant-Steps h; «— h.g7i14l for
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0<j<[q],and try to find a match in the table of Baby-
Steps, i.e. we try to find a value g; such that g; = h;. If
such a match occurs we have x5 =i and x; = .

since, if g; = h; , we have g =h.giml

i.e g”jqu =h

Notice that the time to compute the Giant-Steps is at
most O(+/q).

Hence, the overall time and space complexity of the
Baby-Step/Giant-Step method is O(/q)[8].
Pollard-Type Methods: We define a partition G = Sy U
S1US, and the function

(hy,a,a+b mod(q)) if ¥€S5
f(w,ab)= (yz, 2a mod(q),2b mod(q)) if yeS;
(89,a+1 mod(q),b) if ye$,

Note that if y = g?h’, Then, taking (z,k1) = (y,a,b),
7= okp!

g
Then, it is possible to iterate f until finding two identi-
cal results: (y,a,b) = (z,k,1) and

gahb =p=2z :gkhl :>gl—k _ hl—b
As ¢g* = h, we have
g * =" = x(1-b) = (a— k) mod(q)
if I - b Is invertible modulo g, We find the solution
x=(a-k)(I-b)"! mod(q)
The time and space complexity of the method is O(/q).

Let Card(E,,(Ap)) = M and Card(E,;)(F,) = N
n>3,and N > 7[8].

Theorem 4. The time for solving DLP in E, ,(Ap) is O(N),
and O( \/N)for solving DLP in E, ,(IE,).

Proof. Its clear that for solving DLP in E,,(FF,) is
O( VN). We have the time for solving DLP in E, ;,(Ap) is
O(VM). And: M > (N -3)"+N

=M >(N-3)>+N >N?because n>3 and N >7

= \/A_/Iz N

= VM = Q(N)

Then the time complexity for solving DLP in E, ;,(Ap) is
Q(N) Instead of O( VN) for E;p(IEy).

Example:
Letn=3,p=5a=1land b=1.
E;1(F5)={[0:1:0],{0:1:1],[0:4:1],[2:1:1],[2:4:
11,[3:1:1],[3:4:1],[4:2:1],[4:3:1]}
We have Card(E;;(IF5)) = 9. Then
Card(Ey,1(Ap)) = (Ey,1(IF5) — 3)> + Card(E, 1 (IF5)) = 225
The following table gives the difficulty of calculating in
A =Tsleq,e;,e3], and in E; (A) as a function of the IF5
addition and the multiplication.

Operations +inlF5 | xin [Fy
+in IF5[€1,€2,€3] 3 0

X in 1F5[€1,62,€3] 6 10
+in Eq 1 (Bsler, €5, e3]) | 582 870
+in EI,I(IFS) 6 4

Note that the computational difficulty in
E11(FF5[eq, e5,e3]) is much more difficult than in E; 1 (IFs).

www.astesj.com

4 The fundamental algorithms

4.1 Algorithmsin A

Algorithm 1 sum_1(p)

Input:(X = (xg, X1,..,X),Y = (Y0, V1, V));
Output:(Z =X+Y);

for i = 0 to n do:

Zi =X +Yi;

end for;

return Z = (2,21, ..., 2, );

end;

Algorithm 2 prod_1(p)

Input:(X = (xg, X1, .. X),Y = (Y0, V1, Vir));

Output:(Z = X.Y);

Z0 = X0-Y05
fori=1tondo:

Zj = XYi T XiYi + XiYo;
en for;

return Z = (z9,21,...,2,);
end;

Algorithm 3 if_invertible_1(p)

Input:(X = (xg, x1,..., X))
Output:(true,false)
fori=1tondo
if (xg +x; == 0 mod(p) or xq = 0)
return false;
end if
end for;
return true;
end;

Algorithm 4 invertible_1(p)

Input:(X = (xg, x1,...,X3,));
Output:(Z = X‘l);

if (if _invertible_1(X) == false);
print("X is not invertible);
return null;

end if;

Zp = xal;

fori=1tondo

z; = —(xo +x;) ' xixgt;
end for;

return Z = (zg, 21, ...,Z,);
end;

Algorithm 5 projection_1(p)

Input:(X = (xg, x1,.... X,,));
Output: xy;

return x;

end;
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4.2 Algorithms in Ap

Algorithm 6 prod_2(p)

Input: (X = ((x0, X1, X), (1,51, ...,5,)),
Y= ((}’0:3)1»-~-r3/n): (L1, ty))s

Output: XY;

A =pod_1((x0, X1, Xu), (Y0, Y15+ V)5

B=pod_1((1,51,...,5,), (1, t1,.... t,));

Z =(A,B);

return Z;

end;

Algorithm 7 sum_2(p)

Input: (X = ((xg, X1, %), (1,51, ...,5,))

Y= ((})O’yll""})n)1 (17 By tn)));
Output: X +7Y;
A =sum_1(prod_1((xg,x1,..., X)) (1, t1, .., 1)),
prod_L((90, 91, V) (1,510 50);
B=pud 1((1,51,...,5,), (L, t1,...., t,));
Z =(A,B);
return Z;
end;

Algorithm 8 projection_2(p)

Input:(X = ((xg, X1, .- X1), (1,51,-.,51)));
Output: x(;

return x;

end;

4.3 Algorithmsin E, ;(Ap)

Algorithm 9 projection_3(p)

Input:(X,Y, Z);

Output: (r(X), 7(Y), 7(2));

return (projection_2(X),projection_2(Y),
projection_2(Z)) ;

end;

In this algorithm the + and . in Ap for simplicity

Algorithm 10 sum_3(p)

Input: (X =(x,9,2),Y =(x",v",2'));
Output: X+Y =(p,q,71);
if projection_3(X) = prejection_3(Y) then;

p = v2x'7 — zxy? — a(zx’ + x2)(zx’ - x2’) + (2yy’ -

3bzz’)(zx’ — x2');
2.7

q=yy(z'y-2y")-a(xyz"? -2%x"y’) + (-2az2’ - 3xx/)(x"y ~

xy’) = 3bzz'(z'y — 2’);
r=(zy'+2'y)(z'y —zy’) + (Bxx" + azz’)(zx" — x2’);
else

(yy’ - bzZ')(x'y + xp ) (a®zz' - 2axx’)(zy’ + 2'y) —

(xyz +22x’y’) a(yzx’? +x2y’z’)
g=1y y 2 1 3ax?x"? + (-a® - 9b?)2%2"% — a?(zx’ + x2')
2a%zx2’x’ + (9bxx’ — 3abzz’)(zx’ + x2');

r= (yy +3bzz’)(zy" + 2'y) + (Bxx" + 2azz")(x"y + xp”) +

a(xyz’? + 22x'y’);
end if;
return (p,q,7);
fin;

2 _
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5 Conclusion

In this work we study the elliptic curves over a special
ring, and we construct a new groups with intractable
discrete logarithm problem is therefore of great impor-
tance, This allows to define more secure cryptographic
cryptosystems.
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ABSTRACT

We prove an existence result of entropy solutions for the nonlinear
parabolic problems: Bb(x’")+A(u)—div((D(x, t,u))+H(x, t,u,Vu) = f,and
A(u) =—div(a(x,t,u,Vu)) is a Leary-Lions operator defined on the inho-
mogeneous Musielak-Orlicz space, the term D (x,t,u) is a Crathéodory
function assumed to be continuous on u and satisfy only the growth con-
dition O(x,t,u) < c(x, t)]\_/I_lM(x, agu), prescribed by Musielak-Orlicz
functions M and M which inhomogeneous and not satisfy A,-condition,
H(x,t,u,Vu) is a Crathéodory function not satisfies neither the sign

Keywords:

Musielak-Orlicz space Non-
linear Parabolic Problems
Entropy solution

Condition sign
Lower order term

condition or coercivity and f € L'(Qr).

1 Introduction

Let Q be a bounded open set of RN (N >2), T is a
positive real number, and Qr = Q x(0,T). Consider
the following nonlinear Dirichlet equation:

W) 1 A(u) - div(@(x, t,u) + H(x, t,u, Vir) = f,
u(x,t)=0 on dQx(0,T),
b(x,u)(t=0)=b(x,uy) in Q.

(1)
where A(u) = —div(a(x,t,u,Vu)) is a Leary-Lions oper-
ator defined on the inhomogeneous Musielak-Orlicz-
Sobolev space Wol’xLM(QT), M is a Musielak-Orlicz-
function related to the growths of the Carathéodory
functions a(x,t,u,Vu), ®(x,t,u) and H(x,t,u,Vu) (see
assumptions , and . b:QOxIR —>1Risa
Carathéodory function such that for every x € Q, b(x,.)
is a strictly increasing C! (IR)-function, the data f and
b(.,up) in L'(Q7) and L}(Q) respectively.

Starting with the prototype equation:

Ju

ot
In the Classical Sobolev-spaces, the authors in [1] have
proved the existence of weak solutions, with ¢(.,.) = 0.
For ¢(.,.) € L>(Qr) and p = 2, in [2] have proved the
existence of entropy solutions, recently in [3] have
proved an existence results of renormalized solutions

— 8p(u) +div(c(, )ul’ " u) + b|Vul® = f,in Qr.

in the case where p > 2 and ¢(.,.) € L"(Qr) with r > I;%p}
and by in [4] for more general parabolic term. For the
elliptic version of the problem (1), more results are
obtained see e.g. [5-7].

In the degenerate Sobolev-spaces an existence
results is shown in [8] without sign condition in
H(x,t,u,Vu).

In the Orlicz-Sobolev spaces, the existence of en-
tropy solutions of the problem in [9] is proved
where H(x,t,u,Vu) = 0 and the growth of the first
lower order @ prescribed by an isotropic N-function
P with (P << M). To our knowledge, differential equa-
tions in general MusielakSobolev spaces have been
studied rarely see [10-14], then our aim in this paper
is to overcome some difficulties encountered in these
spaces and to generalize the result of [4, 9, 15, 16], and
we prove an existence result of entropy solution for
the obstacle parabolic problem (1), with less restrictive
growth, and no coercivity condition in the first lower
order term @, and without sign condition in the second
lower order H, in the framework of inhomogeneous
Orlicz-Sobolev spaces Wol’xLM(QT), and N-function M,
defining space does not satisfy the A,-condition.

This paper is organized as follows. In section 2,
we recall some definitions, properties and technical
lemmas about Musielak Orlicz Sobolev , In section 3
is devoted to specify the assumptions on b, D, f, u,

*Corresponding Author: Mhamed Elmassoudi, Laboratoire LAMA , Fez, Morocco & elmassoudi09@gmail.com
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giving the definition of a entropy solution of (1) and
we establish the existence of such a solution Theorem
In section 4, we give the proof of Theorem [4]

2 Musielak-Orlicz space and a
technical lemma

In this part we will define the musielak-Orlicz function
which control the growth of our operator.

2.1 Musielak-Orlicz function

Let Q be an open subset of IRN (N > 2), and let M be a
real-valued function defined in () x IR, and satisfying
conditions:

(Dq):M(x,.) is an N-function for all x € Q) (i.e. convex,

non-decreasing, continuous, M(x,0)=0,

M()

M(x,0) > 0 for t > 0, lim;_,gsup,cq = 0 and

M(x H_ o).

lim; o infyeq
(Dy):M(.,t)is a measurable function for all ¢ > 0.
A function M which satisfies the conditions ®; and
@, is called a Musielak-Orlicz function. For a Musielak-
Orlicz function M we put M, (t) = M(x,t) and we as-
sociate its non-negative reciprocal function M;!, with
respect to t, that is My (M(x,t)) = M(x, M;1(t)) = t.
Let M and P be two Musielak-Orlicz functions, we
say that P grows essentially less rapidly than M at
O(resp. near infinity, and we write P << M, for every

P(x, ct)) -0

positive constant ¢, we have lim;_, ( SUPeQ Mx1)

(resp.lim;_,, ( SUp,cO ﬁ’( Ct;) = O).

Remark 1 [12] If P << M near infinity, then Ye > 0
there exist k(e) > 0 such that for almost all x € (3 we have
P(x,t) <k(e)M(x,et) Vt=>0.

2.2 Musielak-Orlicz space

For a Musielak-Orlicz function M and a mesurable
function u : Q — IR, we define the functionnal

fo,Iu

The set Ky(Q) = {u QO — IR mesurable
om0 (1) < oo} is called the Musielak-Orlicz class. The
Musielak-Orlicz space Ly (Q) is the vector space gen-
erated by Kj;(Q); that is, Ly;(Q2) is the smallest linear
space containing the set K;(Q)). Equivalently

om0 (u

Ly(Q)={u:QQ - IR mesurable: pM’Q(%)<OO,

for some A >0}

For any Musielak-Orlicz function M, we put M(x, s)=
Sup,sq(st — M(x,s)). M is called the Musielak-Orlicz
function complementary to M (or conjugate of M) in
the sense of Young with respect to s. We say that a se-
quence of function u,, € L);(€2) is modular convergent
to u € Ly;(Q) if there exists a constant A > 0 such that

1imn—>oo PM,Q( u",\iu ) =0.
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This implies convergence for o (ITLyy, [TLz)(see [17]).
In the space Ly;(Q2), we define the following two norms

[lullpr = inf{/\ >0: IQM(x, lu()\x)l)dx < 1},

which is called the Luxemburg norm, and the so-called
Orlicz norm by

ullla,q = SUP|y|lr<1 IQ u(x)v(x)ldx,

where M is the Musielak-Orlicz function complemen-
tary to M. These two norms are equivalent [17]. K((Q)
is a convex subset of Ly;(Q). The closure in Ly;(Q) of
the set of bounded measurable functions with com-
pact support in Q) is by denoted E;;(Q)). It is a sepa-
rable space and (Ep;(Q))* = Ly (Q)). We have E;(Q) =
K (Q), if and only if M satisfies the A,—condition for
large values of t or for all values of ¢, according to
whether Q has finite measure or not.

We define
WLy (Q)={u e Ly (Q): D%u € Ly(Q), Va<1),
WIEM(Q) = {u € Ep(Q): D%u € Ep(Q), Va <1},

where a = (ay,...,an)|a| = |ai| + ... + |ay| and D%u
denote the distributional derivatives. The space
WLy (Q) is called the Musielak-Orlicz-Sobolev space.
Let 0y 0(#) = Ljaj<1 om0 (D%u) and Jlully, o = inf(A >
0:0pqlf)<1}foruce WLy (Q).

These funct1onals are convex modular and a norm on
WLy (Q), respectively. Then pair (W!Ly(Q), ””“11\/10)
is a Banach space if M satisfies the following condition
(see [10]),

¢>0 suchthat infM(x,1)>

xeQ

There exists a constant

The space W!Ly(Q) is identified to a subspace of the
product IT,<; Ly (Q) =T1Ly,;. We denote by D(Q) the
Schwartz space of infinitely smooth functions with
compact support in Q and by D(Q) the restriction of
D(IR) on Q. The space WolLM(Q) is defined as the
o(ITLyy, ITEzy) closure of D(Q)) in WLy (Q) and the
space WO1 Ep(Q) as the(norm) closure of the Schwartz
space D(Q) in WLy (Q).

For two complementary Musielak-Orlicz functions M
and M, we have [17].

* The Young inequality:
st < M(x,s) +M(x, t)foralls,t >0,xeQ.

* The Holder inequality

| Jo ()| < lullv ol for all
u € Ly (Q),v € L7(Q).

We say that a sequence of functions u, converges to
u for the modular convergence in W!L(Q) (respec-
tively in WO1 Lp(Q)) if, for some A > 0.

lim pMQ(u”A_u):O.

n—o0

The following spaces of distributions will also be used

= {f IS D,(Q) i f = Z(—l)aDafa

a<l

WL(Q

110


http://www.astesj.com

M. Elmassoudi et al. / Advances in Science, Technology and Engineering Systems Journal Vol. 2, No. 5, 109-123
(2017)

where f, € LM(Q)},

and

W Eg(Q) ={f eD(Q): f = ) (-1)*D*f,

a<l

where f, € EM(Q)}.

Lemma 1 [17] Let Q be a bounded Lipschitz domain in
RN and let M and M be two complementary Musielak-
Orlicz functions which satisfy the following conditions:

e There exists a constant ¢ > 0 such that
inf,cqg M(x,1) > ¢,

* There exists a constant A > 0 such that for all
x,9€Qwith |x—y| < %, we have

( A
log|

M(x, ) <t = forall t>1,
M(y,t)
* ForallyeQ, [, M(y,1)dx < co,
e There exists a constant C >0 such that
M(y, t)<C ae. in Q.

Under this assumptions D(Q) is dense in Ly;(()) with
respect to the modular topology, D(Q)) is dense in
WO1 Ly(Q)) for the modular convergence and D(Q) is
dense in WO1 Ly (Q) for the modular convergence.
Consequently, the action of a distribution S in in
WL37(Q) on an element u of W) Ly(Q) is well de-
fined. It will be denoted by < S,u >.

2.3 Truncation Operator

Ty, k > 0, denotes the truncation function at level k
defined on IR by Ty (r) = max(—k, min(k, 7)). The follow-
ing abstract lemmas will be applied to the truncation
operators.

Lemma 2 [12] Let F : IR — IR be uniformly lipschitzian,
with F(0) = 0. Let M be an Musielak-Orlicz func-
tion and let u € Wy Ly (Q)(resp.u € WLEp(Q)). Then
F(u) € WLy (Q)(resp.u € WOIEM(Q)). Moreover, if the
set of discontinuity points D of F’ is finite, then

d : F’(x)%
a—XZF(M)—{ 0 i

Lemma 3 Suppose that Q satisfies the segement prop-
erty and let u € WO1 Lyi(Q). Then, there exists a sequence
u, € D(Q) such that u,, — u for modular convergence in
WOILM(Q). Furthermore, if u € WolLM(Q) N L*®(Q) then
lunlloo < (N + D)ltt]|co-

a.e. in {x € Q; u(x) ¢ D}
a.e. in {x € Q; u(x) € D}

www.astesj.com

Let Q) be an open subset of IRN and let M be a Musielak-
Orlicz function satisfying

1 as-1
Mz (t
J ’I‘\Hf)dt:oo ae. xeQ,
0 t N

(2)

and the conditions of Lemma (I). We may assume
without loss of generality that

1 _
M(t)
N+1
0 t N

dt<oco ae. xeQ.

(3)

Define a function M* : Q x [0,00) by M*(x,s) =
-1
Is M Wit xeQandse [0, 00).

+1
OtN

M?* its called the Sobolev conjugate function of M (see
[18] for the case of Orlicz function).

Theorem 1 Let Q) be a bounded Lipschitz domain and
let M be a Musielak-Orlicz function satisfying (2),(3) and
the conditions of lemma (1). Then WolLM(Q) — Ly (Q),
where M* is the Sobolev conjugate function of M. More-
over, if @ is any Musielak-Orlicz function increasing essen-
tially more slowly than M* near infinity, then the imbed-
ding WOILM(Q) < L(Q), is compact.

Corollaire 1 Under the same assumptions of theorem ,
we have WO1 Ly (Q) > Ly (Q).

Lemma 4 If a sequence u,, € Ly (Q) converges a.e. to u
and if u, remains bounded in Ly;(Q)), then u € Ly (Q)
and u, — u for o(Lp(Q), Ez7(Q)).

Lemma5 Let u,u € Ly(Q). If u, — u with re-
spect to the modular convergence, then u, — u for
o (L (Q), Ly (Q)).

Démonstration: Let A > 0 such that IQ M(x, “”/\_” )dx —
0. Thus, for a subsequence, u,, — u a.e. in Q. Take
v € L7(Q)). Multiplying v by a suitable constant, we
can assume Av € L3;(Q)). By Young’s inequality,

U, —u

(14, — v < M(x, )+ M(x, Av)

which implies, by Vitali’s theorem, that IQI(un -
u)vldx — 0.

2.4 Inhomogeneous Musielak-Orlicz-
Sobolev spaces

Let Q an bounded open subset IR and let Qr =
Qx]0, T[ with some given T > 0. Let M be an Musielak-
Orlicz function, for each a € INN, denote by V¢ the
distributional derivative on Q7 of order a with respect
to the variable x € INV. The inhomogeneous Musielak-
Orlicz-Sobolev spaces are defined as follows,

WY Ly(Qr) = {u € Ly (Qr) : Viu € Ly (Qr),
Ya e INVN,|a| < 1},

W Ep(Qr) = {u € Epf(Qr) : Viu € Ep(Qr),
Ya e NV, |al < 1).
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The last space is a subspace of the first one, and
both are Banach spaces under the norm |lu|| =
Yiajem IV ttllvr, 0, - We can easily show that they form
a complementary system when () satisfies the Lips-
chitz domain [17]. These spaces are considered as sub-
spaces of the product space I'1Ly;(Qr) which have as
many copies as there is a-order derivatives,|a| < 1. We
shall also consider the weak topologies o (I1Lyy, T1Ez;)
and o(I1Lyg, TLyp). If u € WY*Ly(Qr) then the func-
tion : t — u(t) = u(t,.) is defined on (0,T) with val-
ues WLy (Q). If, further, u € W'*E,(Qr) then
the concerned function is a W'*E,((Q)-valued and
is strongly measurable. Furthermore the following
imbedding holds W"*E;(Q) c L1(0, T, WI¥Ep (Q)).
The space W'*Ly;(Qr) is not in general separa-
ble, if W'"*Ly;(Qr), we can not conclude that the
function u(t) is measurable on (0,T). However,the
scalar function t — [lu(t)llpq, is in L'(0,T) .The
space Wol’xEM(QT) is defined as the (norm) closure
WU Eyi(Qr) of D(Qr). We can easily show as in
[8],that when Q has the segment property, then
each element u of the closure of D(Qr) with respect
of the weak* topology o(IlLy,I1Ez;) is a limit, in
WOI’XEM(QT), of some subsequence (u;) C D(Qr) for
the modular convergence; i.e. there exists A >0 such
that for all |a| < 1

M(x, Vgui —V,‘?u
Qr

Jdxdt - 0 asi — oo.

(4)

This implies that (1;) converge to u in WY*Ly(Qr) for
the weak topology o (I1Ly, I1L77) .
Consequently,

D(Qr)

Do (5)

This space will be denoted by Wol‘xLM(QT) . Furthermore,

Wy Eni(Qr) = Wy Lg(Qr) NTIE .

We have the following complementary system
W§'XLM(QT) F
Wy Em(Qr) Fo

WOI’XEM(QT). It is also, except for an isomorphism, the

quotient of I1L;; by the polar set Wol’XEM(QT)L, and

will be denoted by F = W’LXLM(QT) and it is show
that,

) F being the dual space of

W L {

ZV"‘fa.

la|<1

fa € LM(QT)}

This space will be equipped with the usual quo-
tient norm [|f|| = inf} ;<1 lfallzz,o, Where the infi-
mum is taken on all possible decompositions f =

Z|a|§1 nga' fa € LM(QT)-

The space F; is then given by, F( = {f =Yt Vifa:
fa € EM(QT)} and is denoted by Fy = W~"*E++ (QT)-

Theorem 2 [14] Let Q) be a bounded Lipchitz domain
and let M be a Musielak-Orlicz function satisfying the

www.astesj.com

Then there exists
YV €

same conditions of Theorem (1.
a constant A > 0 such that ||lullpy < MIVulla,

Wy Lot (Qr).

Definition 1 We say that u, — u in W‘LXLM(QT) +
LY(Qr) for the modular convergence if we can write
Uy =Y a1 DEuG +u and u =Y, DFu® +u°

with u§ — u® in Ly(Qr) for modular convergence for all
la| < 1 and ul — u%lstrongly in LY(Qr)

Lemma 6 Let {u,} be a bounded sequence in
WYLy (Qr) such that a”” =a,+p,inD(Qr), u
u, weaklyin WU XLM(QT), for o (I1Ly;, T1Ez;)

with {a,} and {B,,} two bounded sequences respectively
in W-Y*Ls=(Qr) and in M(Qt). Then
U, —> uin LllOC(QT). Furthermore, if u, € Wol’xLM(QT),
then u,, — u strongly in L'(Qr).

Theorem 3 if u € WLy (Qr) N LY(Qp) (resp.
Wo™Lu(Qr)NL!(Qr)) and % € W™ Lyz(Qr)+L" (Qr)
then there exists a sequence (vj) in D(Qr) (resp.
D(I,D(Qr))) such that v; — u in W' Ly(Qr) and

% 9 iy WL (Qr) + LY(Qp) for the modular

convergence.

Démonstration: Let u € WYLy (Qr) N LY(Qr) and
% € W‘l"‘LM(QT) +L'(Qr), then for any € > 0. Writ-
ing %—’; =Y jaj<1 DY u® + u%, where u® € L37(Qr) for all
la| <1 and u® € L'(Qr), we will show that there exits
A > 0 (depending Only on u and N) and there exists
v € D(Qr) for which we can write %—1: =Y ja1<1 DEv*+0°

with v%,v% € D(Q7) such that

D¢v—-Dg
M(x, 22"y avdt < eVlal<1,  (6)
Qr
lv—ullpig) <e (7)
||V0—M0||L1(QT) <e (8)
A Th
M(x, ydxdt <e,Vla| <1 (9)
Qr

The equation (6) flows from a slight adaptation
of the arguments [17],The equations (7),(8) flows also
from classical approximation results. For The equa-
tion (9) we know that D(Qr) is dense in Ly;(Qr)
for the modular convergence. The case where u €
Wol’xLM(QT) N LY(Qr)) can be handled similarly with-
out essential difficulty as it mentioned [17].

Remark 2 The assumption u € L'(Qr) in theorem (3)) is
needed only when Qr has infinite measure, since else, we

have Ly (Qr)) € LY(Qr) and so WLy (Qr)NL (Qr) =
WXLy (Qr).

Remark 3 If in the statement of theorem (3)) above, one
takes I = IR, we have that D(Q x IR) is dense in {u €

Wy Ly(Q x IR)NL'Q x IR) : 94 € W L3-(Q x IR) +
LY(Q x IR)} for the modular convergence This trivially
follows from the fact that D(IR, D(Q)) = D(Q x IR).
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Remark 4 Let a <b € IR and Q) be a bounded open subset
of IRN with the segment property, then {u € WOI’XLM(Q X
(@,b)NL'Qx(a,b) : - € WILyz(Q x (a,b)) + L} (Q x
(a,0))} cC([a, 0], L1(Q

Démonstration: Let u € Wol’xLM(Q x (a,b)) and %—”t’ €
WA L(Q x (a,b)) + LYQ x (a, ).

After two consecutive reflections first with respect
to t = b and then with respect to t = a, i(x,t) =
u(x%, )X () +u(x,2b=t)x(p,20-0) in Qx(b,2b—a)and
i(x, t) = ﬁ(xx t)X(a,Zb—a) +1(x,2a - t)X(3u—2b,a) in Qx
(3a—2b,2b —a). We get function if € Wol’xLM(Q x (3a-
2b,2b - a)) with 2 € W Li(Q x (32— 2b,2b — a)) +
LY(Q x (3a - 2b,2b —a)). Now by letting a function 7 €
D(IR) with =1 on [a,b] and suppn C (3a—2b,2b—a),
we set U = nil, therefore,by standard arguments (see
[19]), we have & = u on (Q x (a,b)), @ € W, Ly (Q x
R)NLY(Qx IR) and 2£ € W, " Lyr(Q x IR) + L! (Qle)

Let now v; the sequence given by theorem (3) corre-
sponding to u, that is,

vi—>u in Wy Ly(QxR)

and
ov; I
8_t] N % in Wy Ly (Q x R) + LY (Q x IR)

for the modular convergence
If we denote Si(s) Jo Ti(t)dt the primitive of Ty.

i
\g\fe have, JQ S1(v; —vj)(r)dx = JQ Loo Ty (vi —vj) (5 -
%)dxdt -0 as i,j — 0, from which, one de-
duces that v; is a Cauchy sequence in C(IR; L1 (Q)))

and hence u € C(IR,LY(Q)).
C([a; b];L1(Q2)).

Consequently, u €

3 Formulation of the problem and
main results

Let Q be an open subset of RN (N > 2) satisfying the
segment property,and let M and P be two Musielak-
Orlicz functions such that M and its complementary
M satisfies conditions of Lemma |1} M is decreasing in
xand P << M.

b:Q xIR — IR is a Carathéodory function such that
for every, x € Q, b(x,.) is a strictly increasing CY(IR)-
function and

beL®(QxR) with b(x,0)=0, (10)

There exists a constant A > 0 and functions A € L*(Q))
and B € Ly;(Q) such that

db(x,s)
ds

db(x,s)
A< ds

a.e.erandV|5|elR
A : D(A) ¢ WyLy(Qr) » W 'Liz(Qr) defined by
A(u) = —div a(x,t u,Vu), where a : QTleleN — IRN

<A(x) and vx( )|§B(x) (11)
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is caratheodory function such that for a.e. x € Q and
forall s € IR,E, & € RN, & = &*

lax,t,5,&)| < viag(x, 1)+ M, P(xls),  (12)

with ag(.,.) € Ezr(Qr),
(alx, b5, 8) —alx,t,5,EN)(E-E)>0,  (13)
alx,,5,6). > aM(x, [E) + M(xls)..  (14)

®D(x,5,&): Qr x Rx RN — RN is a Carathéodory func-
tion such that

D (x,t,5)] < c(x, )M, M(x, aols)), (15)
where c(.,.) € L*(Qr7), lle(, lr(op) < @, and
0<ap< min(l,é).
H(x,t,5,&): Qr X IR x RN S Risa Carathéodory func-
tion such that

|H(X, t,S,cE)l < h(xlf)+P(5)M(x»|<f|)» (16)

p : IR — IR* is continuous positive function which be-
long L!(IR) and K(.,.) belong L!(Q7).

fell(Q), (17)

and

uy € LY (Q) such that b(x,ug) € L'(Q).  (18)

Note that <,> means for either the pairing between
W, "L (Qr) N L=(Qr)) and W Lyz(Qr) + L' (Qr) or
between Wol‘XLM(QT) and W’LXLM(QT).

Weak entropy solution: The definition of a entropy
solution of Problem can be stated as follows,

Definition 2 A measurable function u defined on Qr is a
entropy solution of Problem (1), if it satisfies the following
conditions:

b(x,u) € L®(0, T; LY (Q)), b(x, u)(t = 0) = b(x,uy) in Q,
Ti(u) € Wy "Ly (Qr), Vk>0, Vtelo,T],
Jo (35 i 227 1z
ok ‘%("”Tk( v(0))dsdx
+JZ (u Vu)VTi(u— vdxds+fQ u)VTi(u —v)dxds

+jQ

(u, Vu)Ti(u —v dxds<f ka u—v)dxds

Vk>0, and VYveWl xLM(QT) NL®(Qr) with
v(T)=0, suchthat %*e W "*Ly(Qr)+L (Qr)
(19)
Theorem 4 Assume that - hold true . Then

there exists at least one solution u of the following problem

9.
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4 Proof of theorem

Truncated problem.
For each n > 0, we define the following approximations

b, (x,s) =b(x, T,(s)) + % s VrelR, (20)

a,(x,t,s,&)=a(x,t,T,(s),&) ae. (x
VselR ¥V &elRN,

t)eQr, (21)

D, (x,t,5) =D(x,t,T,(s)) ae.(x,t)eQr, VselR,
(22)
Hy(x, 1,5, &) = — 0 b5:E) (23)

1+%|H(x,t,s,é)|’
fu € L'(Qr) such that fu — f strongly in LY(Qr), (24)
and || fullzr o,y < flliL )

and
ug, € Cy°(Q)such that b, (x, ug,) — b(x, ug) (25)
strongly in L}(Q).
Let us now consider the approximate problem :
b, (x, . .
9bu(%,ttn) _ div(a,(x,t,u,, Vu,)) — div(®,(x, t,u,))
+H,(x,u,, Vu,) = f, in Qr,
u,(x,t)=0 on JQx(0,T),
b(x,u,)(t=0)=0b,(x,uy,) in Q.
(26)

Since H,, is bounded for any fixed n > 0, there exists at
last one solution u,, € Wol'xLM(QT) of (26)(see [20]).

Remark 5 the explicit dependence in x and t of the func-
tions a, ® and H will be omitted so that a(x,t,u,Vu) =
a(u,Vu), ©(x,t,u) = D(u) and H(x,t,u,Vu) = H(u, Vu).

Proposition 1 let u, be a solution of approximate equa-
tion (26)such that

Ti(un) = Ti(u)  weakly in - W'*Ly(Qr),
u, > u ae in Qr,
b,(x,u,) > b(x,u) ae. in Qr and b(x,u)e

a(Tie(up), V(1)) VT (1) = a(Tie(ut), VT (e ))VTk( u)
weakly in  L'(Qr),

Vu, - Vu ae. in Qr,

H,(u,,Vu,) — H(u,Vu) stronglyin L'(Qr).

(27)
then u be a solution of problem (19).

Démonstration: Letv € WolLM(QT) NL*®(Qr) such that
% € W Lyz(Qr) + L' (Qr) with v(T) = 0, then by the-
orem we cantakev=v on Qr,ve WLy (Q x
R)NLYHQxR)NL®(QxIR), 2 € W *Liz(Qr)+L1(Qr),
and there exists v; € D(Q x IR) such that v;(T) = 0,
in Wy Ly(Qx IR) and

U]' -V
ov; ov
L= S e W LyQn+LQr),  (28)

for the modular convergence in WolLM(QT), with
jllee(or) < (N + 2)l[wlle=(p)-
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Pointwise multiplication of the approximate equation

by Ti(u, —v;), we get

T 9b,(x,u,)
JO <T;Tk(

+JQT a, (U, Vi, )VTi(
un)VTk(

+ D,,(
Qr

+jQT H,y(ty, Vi)V Ty (1, — v)dxds

= IQT fuTi(uy —vj)dxds

We pass to the limit as in (29), # tend to +co and j
tend to +oo:
Limit of the first term of :
The first term can be written

ab?l (x’ uﬂ)

T
J;< ds

U, —vj)>ds
uy —vj)dxds

u, —vj)dxds (29)

3 Te(uy —vj) > ds

T 9v (" 9b,(x,2)
:L <8_s'_£) 3 T/(z —vj)>ds
J J Qb,, k(s—vj(T))dsdx
Uon
—f J ab” (%) v;(0))dsdx,

the fact that ( s) >0 and v]( )=0, we get

[ J
L

On the other hand, we have u,, converge to ug strongly
in L'(Q), then

oy db,,
lim,, 0 IQ o (;

- f J”OMTk(S_

vi(T))dsdx =

k(s)dsdx >0

VT (s —v;(0))dsdx

v;(0))dsdx,

Q\'gv)lth M = k+(N+2)||v|l and Tys(u,) converges to Ty, (1)

strongly in Ej;(Q7), we obtain

T 8v “n 9b,(x,2)
. ] n\*s» ’ .
nl—lgloo 0 at J- ds Tk (== v])dz > ds
T 9 Ta(uy)
= liIP ;S j %Tk’(z—vj)dz>ds
n—+oo 0
T dvj (™ gb(x,2)
_J; < == N J o T (z— vj)dz > ds,
then
T Iv; Tp () ab(x,Z)T, Py
L <= s J 3 p(z—v;)dz>ds
T
< lim <MTk(un—v )>ds

T n—o+oco ds

ks

ab

Ti(s —vj(0)) > dsdx,

114


http://www.astesj.com

M. Elmassoudi et al. / Advances in Science, Technology and Engineering Systems Journal Vol. 2, No. 5, 109-123
(2017)

using , the definition of T; and pass to limit as
j — 400, we deduce
J‘T v J‘TW) Ib(x,z)
<=
o 95’ Jp ds
T 9b(x,u,)

< lim lim <
j—+oo n—+00 85

0
o Jb(x,t)
+ <
J-QJ:) ds

* We can follow same way in [21]to prove that

T/ (z—v)dz>ds

Ti(uy —vj) > ds

Ti(s —v(0)) > dsdx.

]'_>oo n—oo

liminflim inff a(uy, Vi)V Ty (1), — vj)dxds
Qr

> J‘ a(u, Vu)VTi(u —v)dxds.
Qr

* For n>k+ (N +2)|vllre(op) Pn(tn)VTi(u, —v)) =
QT+ (N+2)|llioo o) (#n))V Tk (1y = vj). The point-
wise convergence of u,, to u as n tends to +co and
(15), then QT+ (N+2)llell oo (4n))V Tie (14 = vj) =
CD(TkJr(NJrz)”v”Lm(QT)(u))VTk(u - vj) weakly for
o (TTLyy, TTL7z).

In a similar way, we obtain

].li_f{)lo 0 D(Tier (N+2) ol o) (1)) V Ti (1 = vj)dxdss
T

= J Q(Ts(N+2)llellgoo o) (4D V Tic(u —v)d xds

Qr

= f O(u)VTi(u —v)dxds.
Qr

* Limit of H,(uy, Vu,) T (1, —v)):
Since H,(u,,Vu,) converge strongly to
H(x,s,u,Vu) in L'(Qr) and the pointwise
convergence of u, to u as n — +oco, it is
possible to prove that H,(u,, Vu,)Ti(u, — v;)
converge to H(u,Vu)Ty(u — v;) in L'(Qr)

limj_monTH(u,Vu)Tk(u - vj)dxds =

-[QT H(u,Vu)Ty(u —v)dxds.

and

* Since f, converge strongly to f in L'(Qr) , and

Ti(uy —vj) = Ti(u, —vj) weakly* in L*(Qr), we

JuTk(uy—vj)dxds — fTi(u—vj)dxds
Qr

have
Qr

as 1 — oo and also we have

fTi(u - vj)dxds —
JQr
] — 0
Finally, the above convergence result, we are in
a position to pass to the limit as n tends to +oo
in equation and to conclude that u satisfies

).

It remains to show that b(x,u) satisfies the ini-
tial condition. In fact, remark that, Bps(x,u,) =

Up
f 8b(a’;’s)TM(5 —v)ds is bounded in L®(Qr). Sec-
0

ondly, by we show that W

fTi(u —v)dxds as
Qr

is bounded in
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W‘LXLM(QT)) +LY(Qr). As a consequence, a Lemma

implies that Bp;(x,u,) lies in a compact set of

Co[0,T;LY(Q)) . It follows that, Bys(x,u,)(t = 0)
converges to By(x,u)(t = 0) strongly in L'(Q). On
the order hand, the smoothness of By, imply that
Bp(x,u,)(t = 0) converges to By(x, u)(t = 0) strongly in
L'(Q), we conclude that By(x,u,)(t = 0) = Bys(x, 1g,,)
converges to By(x,u)(t = 0) strongly in L}(Q), we
obtain By(x,u)(t = 0) = Bpys(x,ug) a.e. in Q and for
all M > 0, now letting M to +oo, we conclude that
b(x,u)(t =0)=0b(x,up) a.e. in Q.

Remark 6 We focus our work to show the conditions of
the proposition then for this we go through 4 steps to
arrive at our result.

Step 1: In this step let us begin by showing

Lemma 7

Let {u,}, be a solution of the approximate problem (26),
then for all k > 0, there exists a constants Cy and C, such
that

f a(Ty(uy,), VT (1)) VT (uy,)dxdt < kCq, (30)
Qr

and

M(x,|VTi(u,))dxdt < kC,,
Qr

where Cy and C, does not depend on the n and k.

(31)

Démonstration: Fixed k > 0,
Let 7 € (0,T) and using exp(G(u,)) T(u,)" X(0,7) as a
test function in problem (26)), where

G(s) = r p(r)

7

dr and a’ > 0 is a parameter to be speci-

0
fied later, we get:

[ Pubo),
Js p

T

(G(1n)) Te(un)" X 0,0ydxdt  (32)

7

+J a(un,Vun)p(::”)exp(G(un))VunTk(un)+dxdt

T

(33)
+—[ a(uy,, Vu,)exp(G(u,))VTi(u,)dxdt  (34)
{0<u, <k}
+J D, (1) V( exp(G(u,)) Ti(u,) )dxdt  (35)
+f H(1ty, Vity) exp(Glu,) Te(uw,) dxdt  (36)
llpllr:
< kexp( p Mfalletq)- (37)
For the (32), we have
[ ) el i) 0t
Q, s
=f Bn,k<x,un<r>>dx—f B (5, 4 (0))dx,
Q Q
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where

"db,(x,s
o) = [ 2 exp(GUI T ds
0
By (11), we have JQ By k(x,1u,(7))dx > 0 and

J Bkt () < kexp 1L, gl

T

For the (35), if we use and Young inequality , we
get

f D, 1))V (exp(G16) Te 1) )t <

T

lle(, )z (0r)
I : [ao
a Q:

+ M(x:V”n)P(”n)eXP(G(”n))Tk(un)+

dxd
o xt]

Hle( M (op) @0 J-Q M(x,u,)exp(G(u,))dxdt

+||c<.,.>||Lm<QT)jQ M (19 T (1)) exp(Gut)dxd.

which becomes after simplification,

[ L= aglle(, re(or)
a’ Q.
|| oo

s Nen =y -y

+f (it Vity) exp(G{1ty)) VT ()" dxdlt

a—||c(.,.
(x, Vuy,)

||Q(T )i

cl.,. L®(Q7)

< = =T

= P [ao
+aM(x, VTi(

af M(x,u,)exp(G(u,))dxdt
{0<u, <k}
u,)t)exp(G(u,))dxdt]+ kC.

(39)
If we choose a’ such that a’ < a —lc(.,.)||r=(g,) and

using again in we get
lle(., )||L°° (Qr)

(40)
we deduce,

j a(u,, Vu,)exp(G(u,)) VT (u,)dxdt < ke;.
{0<u, <k}

one has exp(G(u,
then

)) > 1 forin {(x,t) € Qr : 0 < u, < k}

j alu,, Vu, )VTi(u,)dxdt < kc;. (41)
{0<u, <k}

and by another again

For the (36), we have, M(x, VT (1, )dxdt < ke, (42)
Q:
H, (u,,Vu,)exp(G(u,)) T (u,) dxdt
Q: i Vitn) eXP(Gn) Te(1tn) Similarly, taking exp(—=G(u,,) Ti(4,)” X(0,7) as a test
function in problem , we get
llpll:
b, (x,
< kexp( o )JQT Ih(x, )ldxdt J- —”gxt i) exp(=G(uy)) Ti(u,) dxdt (43)
Q:
+f (1) exP(G(14,))M(x, VT (1) Te(uy) dxdt. JQ an{it VitV (XP(=G )]V Ty (1))t (44)
Q¢ ‘
finally using the previous inequalities and (14), we +J D@y, (1 )V(exp(=G(uy))VT(uy)")dxdt  (45)
obtain Qe
1 ||, Vi) exp(-Glu ) Ty ) dxds (36)
_, M(x’ un)p(un)eXP(G(”n))Tk(un)+dxdt Qu
o M3 Vit )l exp(Glit) Ty )l ZL foexp(-Glu, ) Teluy) dxdt.  (47)
+ a(u,, Vu,)exp(G(u,))V Ty (u,) " dxdt and using same techniques above, we obtain
Q
< e ”Lw RO | fQ (%, u,)p(uy,) exp(Gluy,)) Ty (1) Fdxdt J a(ty, Vi, )VTi(u,)dxdt < ke;. (48)
{—k<u,<0}
f M(x, Vit )p (1) exp(G(uy)) Ty (uy) dxd] since exp(—G(u,)) > 1 in {(x,t) € Qr : =k < u,, < 0}
and
+a0||c('r')”L“(QT)J;OSIMSHM(X! un)exp(G(un))dxdt M(X, |VTk(un)_|)dxdt < kC2. (49)
Qr
el Mroor) | M(x, VTi(un)") exp(Gluy))dxdt Combining now (41)) and (48) we get,
-, M Vaotu) (G, Ty [ atuegviwpasar <ic,, G0
+k[ex (||P61|L ||f||L (o)t llb(x, 140||L1 in the same with and we get,
+f h(x,t)|dxdt],
Qr M(x,|VTi(u,))dxdt < kC,. (51)
(38) Q.
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we conclude that Ty (u,,) is bounded in Wol’XLM(QT)
independently of n, and for any k > 0, so there exists a
subsequence still denoted by u,, such that

Te(ty) = & W, Lu(Qr)-
On the other hand, using , we have

weakly in (52)

T,
M(x,k)meas{lun| >k} < j M(x, | k(“n)l)d it
0 |y, |>k}

< M(x, |VT(u,))dxdt < kC,,
Qr
then ‘C
meas{|u,| >k} < —zk,
X, 5)

for all n and for all k.
Assuming that there exists a positive function M such

that lim;_,, —~ M(t) = 400 and M(t) < essinf,cq M(x, 1),
YVt > 0. thus, we get

klim meas{|u,| >k} =0
Now we turn to prove the almost every convergence
of u , b,(x,u,) and a,(x,t, Tr(u,), VT (uy)).

Proposition 2 Let u, be a solution of the approximate
problem, then

u, > u aein Qr, (53)
b,(x,u,) > b(x,u) aein Qr and
b(x,u) e L*(0,T,LY(Q)), (54)
ay(Te(), V() = @ in (Lyg(Qr)N,  (55)
for  o(ITLz5, I1E ),
for some @y € (LM(QT))N.
Démonstration: :
Proof of and (54):

Proceeding as in [22], we have for any S € W>®(IR),
such that S’, has a compact support
(suppS’ c [-K,K]).

Bl (x,u,) isboundedin W, Ly(Qr), (56)
and
OB5(0 ) i bounded in L1 L
— 5, Isboundedin (Qr)+ W Q1)

(57)

independently of n.
Indeed, we have first
[VBG (x, )| < | Ak llzoo ()| D Tic(un IS Nl oo () + KIS Moo ()

(58)

a.e.in  Qr.

As a consequence of and we then obtain (56).
To show that . 7) holds true, we multiply the equation

(26) by S’(u,), to obtain
IBg(x, uy) o, ,
T =div(S (un)an(unrvun))_s (un)an(unrvun)vun

(59)
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+div(s’(un)<pn(un)) - S”(un)q)n(un)vun

+Hn(un’vun)s Uy +fn (1)

where B (x,r f S’( s. Since suppS’ and
suppS” are both 1nc1uded in [-K,K], u, may be re-
placed by Ti(u,) in each of these terms. As a conse-
quence, each term in the right hand side of is
bounded either in W™*L3+(Qr) or in L}(Qr) which
shows that holds true.

Arguing again as in [22] estimates (56), (57) and the
following remark (1)), we can show and (54).

in  D(Qr).

abxsd

Proof of :
The same way in [15], we deduce that
a,(Ty(u,), VIi(u,)) is a bounded sequence in

(LM(QT))N, and we obtain (55).
Step 2: This technical lemma will help us in the step
3 of the demonstration,

Lemma 8 If the subsequence u,, satisfies (26)), then

lim lim supj a(uy,, Vu,)Vu,dxdt = 0.
{m<uy|<m+1}

M=+00 400
(60)

Démonstration: Taking the function Z,,(u,) =Ty (u, —
T,,(u,))” and multiplying the approximating equation
by the test function exp(-G(u,,))Z,,(u,) we get

Jo, B, (T))dx

+Jo, an(unfvun) (exp(=G(uy)) Z(uy))dx dt
+JQ V(exp(—=G(u,))Z,,(u,))dx dt
+j H un,Vu Jexp(—G(uy,))Z,,(u,)dxdt

JQTfnexp ~G(1)) Zn(1t) dx dt + [, Byy(x, tgy)dx
(61)

T bu(%5) (- GUs)) 2y (5)ds.

here B ,7) = L
where B, ,,,(x,7) J; s

Using the same argument in step 2, we obtain

M(x,|VZ,,(u,)))dxdt < C(J |h(x, )| Z, (1, )dxd t
Qr Qr
f,, (u,)dxdt +J |b,,(x, ug,)|dx).
[ugul>m
where
||P||L 44
C = exp( )

).
a—le( (g

Bifasking to limit as n — +oo, since the pointwise conver-

gence of u, and strongly convergence in L!(Qr) of f,
and b, (x, up,) we get

lim u)dxdt
n—+oo QT

M(x,|VZ,,(u,))dxdt < C( fZ

+J |h(x, t)|Zm(u)dxdt+f |b(x, ug)|dx).
Qr {lug>m}
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By using Lebesgue’s theorem and passing to limit
as m — +oo, in the all term of the right-hand side, we
get

lim lim | M(x|VZ,(u,))dxdt =0,

m—+00 n—>+0o QT

On the other hand, by and Young inequality,for
n>m+ 1 we obtain
'[QT |(Dn(xl £, ”n) exp(_G(un))vzm(un)ldx dt

(62)

lpllz:
<exp("ERLLy[ M (%, | Ty 1 (1)) dxdt
a {—(m+1)<u, <—m}

+ M(x,|VZ,,(u,,)|)dxdt].
Qr
Using the pointwise convergence of u, and by

Lebesgues theorem, it follows,
1imn—>+oo JQT |(I)n(un) exp(_G(un))VZm(un)Idx dt

<exp(l21LLy( [ M ol Tyss (1))l
a {=(m+1)<u<-m}

+ lim M(x,|VZ,,(u,)|)dxdt]

n—-+oo
Qr

passing to the limit in as m — +co, we get

lim lim D, (uy,)exp(—-G(uy,))\VZ,,(u,)dxdt = 0.
m—+00 n—+00 Qr
Finally passing to the limit in (61), we get

lim lim
mM—+00 H—>+00

a,(u,, Vu,)Vu,dxdt =0,

{—(m+1)<u,<-m}

In the same way we take Z,,(u,,) = Ty (4, — T,,,(14,,))" and
multiplying the approximating equation by the
test function exp(G(u,))Z,,(u,) and we also obtain

lim lim
m—+00 n—>+00

a,(u,, Vu,)Vu,dxdt =0,

{m<u,<m+1}

on the above we get (60).
Step 3: Almost everywhere convergence of the gra-
dients.

This step is devoted to introduce a time regulariza-
tion of the Ti(u) for k > 0 in order to perform the
monotonicity method.

Lemma 9 (See [23]) Under assumptions (11)-(18), and
let (z,) be a sequence in Wol'xLM(QT) such that:

o (ITLp (Qr), TTEx(Qr)),

(a(x,t,2,,Vz,)) isbounded in (LM(QT))N,

z,—z for (63)

(64)

la(x,t,2,,Vz,)-a(x, t,2,,Vzx,)][Vz,~Vzx,]
Qr
(65)

as n and s tend to +oo, and where x is the characteristic
function of Q; = {(x,t) € Qr;|Vz| < s} then,

Vz, —>Vz a.e inQrp, (66)
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lim
n—+oo QT

a(x,t,z,,Vz,)Vz,dxdt = J
Qr

M(x,|Vz,|) = M(x,|Vz|) in LY(Qr).

Let v; € D(Qr) be a sequence such that v; — u in
WOI’XLM(QT) for the modular convergence.

This specific time regularization of T (v;) (for fixed
k> 0) is defined as follows.

Let (ag)ﬂ be a sequence of functions defined on Q) such
that

ah e L®(Q)NW]Ly(Q) forall p>0,  (69)

||a%||Loo a) <k, for all >0,
0llL=(Q) I

and ag converges to Ti(ug) a.e. in (O and ’%llagHMQ
converges to 0 as y — +oo.

For k > 0 and u > 0, let us consider the unique solu-
tion (Ty(v))), € LM(QT)OWOLXLM(QT) of the monotone
problem:

AT (v;
% + p((Te(v)) — Te(vj)) = 0in D'(Q),

(Te(v)))u(t =0) = afy in Q.
Remark that due to

(Ti(v;) )
— L e Wi Lu(Qr ).

We just recall that, (Ti(v;)) a.e.

weakly-+in L®(Qr),

(Te(v), — (Ti(w)), in Wy Ly(Qr) for the
modular convergence as j — +oco and
(Te(u)y = Ti(u) in Wol’xLM(QT), for the modular
convergence as p — +0oo.

M - Tk(u) in QT;

(T () lle=(0g) < max(l(Te())llze (@) lah () <k,

YV u>0,Y k>0.
We introduce a sequence of increasing C! (IR)-functions
S,, such that S,,(r)=1 for |r|<m, S,(r)=m+1-
|r, for m<lr|l<m+1, S, (r)=0 for |r|>m+1
for any m > 1 and we denote by e(n, y, 7, j, m) the quan-
tities such that

lim lim lim lim lim e(np,1,j,m)=0,

m—>+ooj_>+oo 1—+00 p—+00 H—+00

dxdt — 0, the main estimate is

For fixed k>0, let Wit = Ty (Ti(un) = Te(v;),) " and
Wiy = T (Ti(1) = Te(v;),)"
Multiplying the approximating by
exp(G(un)))W,Z',; Sm(u,) and using the same technique
in step 2 we obtain:

equation
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% Démonstration: We adopt the same technics in the
Me D(G(14)) Wy S (14 dx dt proof in [8].
Q ot Proof of (72): If we take n > m + 1, we get
f (10, V11,) exp(Gu,))V( Wy Sty dxdt - Pu1tn) exp(G (1)) S (10) =
Qr
; O(T, u,))exp(G(T, uy))Sm(Tor1 (1)),
+J (14, Vit Vit exp(Glu ))W,Z’,;S,'n(un)dxdt (T1 (1)) exp(G(T1 (1)) S (Tg1 (14))
Qr . then @, (u,)exp(G(u,))S,,(u,) is bounded in L3;(Q),
D, (u,) exp(G(u ))V(W,Z’,;)Sm(un)dxdt thus, by using the pointwise convergence of u, and

Qr
|, ot Viep Gl W )
T .
< JQ Fuexp(G(1,)) Wy S (11,) dx dt
+jQ t)exp(G () Wy Sy (1) dx dt.
(70)
Now we pass to the limit in for k real number
fixed.

In order to perform this task we prove below the fol-
lowing results for any fixed k > 0:

Jo

Iy, (x, 1)

ot eXp(G(Mn))W/Z;;Sm(un)dthZe(n'ﬂ'rl’j)

(71)
forany m>1,

fQ D (1)Som 1) exp(Glun))V(WIE) dxdt = (. )

(72)
forany m > 1,

fQ D, (1) V111 1) exp(Glit)) Wi dxdt = e, 1)
T

(73)
forany m>1,

LTa,,(un,Vu,,)wns;n(u,,)exp(c(un))w,ﬁ’,;dxdt (74)
<e(n,m),
fQTanwn,Vun>sm<un)exp(G(un»ww,Z;;')dxdt (75)
<Cn+e(nj,pum),

fn m(t,)exp(G (un))w;l,'p;dxdt

+j h(x, t)exp(Glu)) Wi Sty dxdt — (76)
Qr

<Cn+e(nn),

o [a(Tk(un)fVTk(un))_a(x! t Tk(un)rVTk(u))] (77)
T
X[VTi(uy,) = VTi(u)]dxdt — 0.
Proof of :
Lemma 10
3bn X, Uy n,j .

|, G exp(Gl Wi > et .

' (78)
m>1.
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Lebesgue’s theorem we obtain
@, (uy,) exp(G(uy)) S (1ty) — (1) exp(G(u))S,, (1),

with the modular convergence as n — +oo, then

D@y, (1) exp(G(14y)) S (1) — P (1) exp(G(u))Sy,(u) for

o (ITLg5, ITLyy).

On the other hand VW;Z’,JI =

V(T (vj), for [Ti(u,) — (Ti(

VTi(u) — V(Tk(vj)), weakly .(LM(QT))N;
Jo, () exp(G(14,))S 5 (14,)V Wy dx dt

jQTcp(u)sm( )exp(G(u ))VW,ﬂ,dedt, as 1 — +oo.

VTk(un) -
vi))ul < 1 converge
to in

then N

using the modular convergence of W

1]
letting p tends to infinity, we get .

as j — +oo and

Proofof.' For n > m + 1 > k,
we have Vu,S,(u,) = VT,(u,) ae. in
Qr. By the almost every where conver-
gence of u, we have exp(G(un))W:",; -
exp(G(u ))Wlﬂn in L®(Qr) weak-* and since the
sequence (P, (T,p41(uy)))y converge strongly in
Exf(Qr)  then  ®u(Tpuui(y)exp(Gluy)) Wy =

DO(x,t, Tyy1 (1)) exp(G(u))W,i,q, converge strongly in
Ez7(Qr)as n — +oo. By virtue of VT, (u,) —
VT,..1 (1) weakly in (Ly(Q7))N as n — +oo we have

f O Tyt (1)) Vit Sy (1) exp(Gluay)) Wi dxdt
{m<|u,|<m+1}

— q)(u)Vuexp(G(u))W,i’,7 dxdt
{m<|u|l<m+1}

as 1 — +oo.

with the modular convergence of W
letting y — +co we get (73).

Proof of (74): we have

f (it Vit) Sy (1) Vit
Qr

,, as j — +oo and

x exp(G(tt)) exp(Gluy)) Wit dx dt

= f an(ty, V”n)s;:n(un)vun
{m<|uy,|<m+1}

X exp(G(un))WIZ',; dxdt

San a,(uy,, Vu,)Vu, dxdt.
{m<|u,|<m+1}

Using (60), we get

a,(u,, Vu,)S,, (u,)Vu, exp(G(un))W,Z’,; dxds

Qr
< e(n, p,m).
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Proof of (76): Since S,,(r) <1 and W, <1 we get

f,, m(it,) exp(Glu,))Wii  dxdt < e(n,n),

J h(x, t)exp(G(un))W,:l,’,;Sm(un) dxdt < Cn.
Qr

Proof of :

fQ (11, Vit,)S o (14,) exp(G 1) VWit dx dt
T

- 0, (Telut,), VTi(10,)
{I“nIsk}n{OSTk(un)_Tk(vj)lu)Sq}
XSm(un)eXP(G(un))(VTk(un>_VTk(vj)y)dxdt
_.r an(uwvun)
{lun|>k}m{0STk(un)_Tk(vj)y)sn}
X Sp(uy) exp(G(uy,))VTi(v)), dxdt (79)
Since  a,(Tiyy (1), VTkyy(uy)) 1is bounded in
(LM(QT))N there exist some @y, € (LM(QT))N
such that a,(Tiy, (4y), VTiiy (1)) — @pyyy weakly in
(Lag(Qr ).
Consequently,

aﬂ(ui’l’ Vun)sm(un)
j)y)Sq}

exp(G(u,))VTi(vj), dxdt

{lun>k})N{0< Ty (uy,)=Ti (v

J (Dkﬂ]
{lu>KIN{O<Ty (u)=Tic(vj), )<}

X Sy (u)exp(G(u))VTi(v)), dxdt + e(n), (80)

where we have used the fact that
S () €xP(G (14))V Tie (V) ) X {1, 1>k 0Ty (1)~ T (v;),0) <17}

— S (1) exp(G(u))V Tie (V) ) X flul>kin{0< Ty () -Te (v;),) <7}
strongly in (Ep(Qr))N.
Letting j — +co, we obtain

)

{lu>k}N{0< Ty (u)=Tie(v}) ) <1}

Sm(u)exp(G(u))VTi(vj), dxdt

J Dy
{lul>k}N{0<Ti (u)=Te (u) ) <1}

Syn(1) exp(G(u)V Ti (1), dx dt + e(n, ),
One easily has,

(lul>kINO< Ty ()~ Te (1)) <)

=e(n,j, p.

By (70)-(76), and we obtain
an(Tk(un)f VTk(”n))Sm(un)
{lunlgk}n{OSTk(un)*Tk(vj)y)SVI}

up))(VTi(uy) = VTi(

exp(G( vj)y)dxdt
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Sim(u)exp(G(u))VTi(u), @, dxdt

<Cn+e(n,j,pum),

we know that exp(G(u,)) > 1 and S,,(u,) = 1 for |u,| <k

then

an(xr t Tk(un)fVTk(un))

(I <K N(O<Ti (1)~ Ti (v}, ) <)

X (VT (1) = VTi( (81)

Proof of (77): Setting for s > 0, Q° = {(x,f) € Q :
|[VTi(u)] < s} and Q;. ={(x,t) € Q:|VT(v;)| < s} and de-
noting by x° and )(j the characteristic functions of Q°

vj)”)dxdt <Cn+e(n,j,pum).

and Q; respectively, we deduce that letting 0 <0< 1,

define
®n,k = (a(Tk(un)lVTk(un)) - a(Tk(

X(VTk(”n) - VTk(u))

un)lVTk(u)))

For s > 0, we have

o<JQS@ pdxdt= [, 0} <y dxdt

1,k X{O< Ty (1)~ Tie (v

o
+J- O kX (Tl )-Ti(wy), >y AX At

The first term of the right-side hand, with the Holder
inequality,

o
Jor @ kX 10 Te1ty)~Ti(wy), <) Ax At <

<jQ O,k X (0T 1) T0 ), A1) <j dxdt)=

<G (.f O3,k X{0< Ty (1)~ Ti (v7) <11} dxdt)®

Also using the Holder inequality, the second term of
the right-side hand is

J-QS O L X (Ty(1ty)- Ty (v), oy} AX A < (J@ ©,,x dxdt)’

x(j dxdt)!=°
{Tk(un)_Tk(U‘) >'7}

since a(x, t, Ty (1), VTi(u,)) is bounded in ( % N,
while VTi(u,) is bounded in (Lp(Qr)) then

Jor @ i XTiun)-Ty(vy)n dxdt < Comeas{(x,t) € Qr :

| T (14,) = Tk(vj)yl > ’7}1_5
We obtain,

J- G)S,k dxdt < Cl(JQ O,k X{0< Ty (1,)~Ti (v dxdt)

+Comeas{(x,t) € Qr : Ty (uy) = Ti(v}), > e

On the other hand,
_[QS ®n,kX{OSTk(u,,)—Tk(vj)’,Sr]} dxdt

< JOSTk(u,l)ka(vj)}ASr[(a(Tk(u”)'VTk(un))

=a(Ty(uy), VT (1) xs

N(VTi(un) = VTi(u)xs)dxdt

120


http://www.astesj.com

M. Elmassoudi et al. / Advances in Science, Technology and Engineering Systems Journal Vol. 2, No. 5, 109-123

(2017)
For each s > r,r > 0,one has _J a(Tk(u),O)VTk(vj)ﬂdxdt
0< IQm{OSTk(u,,)_Tk(yj)ﬂg,,,(ﬂ(Tk(un)’VTk(un)) (Il (1)~ Ti vl <1
—a(Ti (), VT ()(VTi (1) — VT (1) dx dlt < Crp+e(mm, j )

The second term of the right-hand side tends to
< S0ty Ttz (T4, VTil )

_ _ @k (VTi(vj)x; = VTi(vj),) dxdt
a(Ty(u,), VT (u)) (VT (1) = VT (1)) dx dt ‘LlTk(“)—Tk(Uj)y|<'I] jIAj Ju

= T , VT (uy, . . .
JQSH{OsTk(un)—Tk(vj)ysrll(a( (i), V(1)) since a(Ty(uy,), VT (u,)) is bounded 1n(LM(QT))N,there

B 3 exist some @} € (LM(QT))N such that (for a subse-
al Tio0y), V() (Vi) =V Tluha)dxdt o o O oy o

= Jantostun) - on (4 Tr00n) V(02 a(T(1), VTi) > @4 in (L (Qr)™

for o(I1Lz; I1Ey)

S,7}(‘1(Tk(”n):VTk(”n)) In view of the fact that
. . (VTi(px; = VT(0)u) X (0<Ti ()T (o))<} -
~a(Telun), V(i) xp)(VTie () = VTi(v))xj) dx dt (VTi(v)x; = VTi(v})u) X {0< Ty (w)-T(v)),<n) Strongly in
(EM(QT))N as n — +oo.
the third term of the right-hand side tends to
NS
Jto<tutu-itupp s AT VT )x3)

—a(Tie(uy), V() X))V T () = VT (u) x°) dx dt

LOSTk(”n)_Tk(Uj)y

+f a(Ti (), VTe(1))
{OSTk(un)*Tk(Uj);ASV/}

X(VTi(v))x; = VTi(u)x*) dxdt L) VT
Ay

J (( ( ) ( )S) Since a(Tk(un);VTk(vj)X;))X{OSTk(un)—Tk(vj)ﬂgq} e

+ a(Ty(uy,), VI (vi)x; s ) = N

L :\f}ﬁli:u)’VTk(v])Xj))X|Tk(“)—Tk(vj)M|S’1 in  (Ez(Qr))

—a(Tie(un), VTi (1) x*)V Ti () dx dt
(VTi(uy) = VTi(vj)x;) = (VTi(u) = VTi(v)x3))

in (Ly(Qr))N for o(I1Ly;, T1Ey) Passing to limit as
j— +co and y — +o0o and using Lebesgue’s theorem,
we have

-| a(Te(14), VT(v;)1)
{OSTk(un)_Tk(vj)}ASYI}

xVTk(vj))(;)dxdt
I <Cn+e(nj,s,p

For what concerns I, by letting n — +o0, we have

«f Tl VT ()¢ Tilu) ) dx
{0<Ty (u)=Ti(v})u<n}

=1,(n,j,5)+ Io(n, ) + I3(n, ) + Ia(n, j, ) + Is(n, p) I — o< Te(on <n}@k(VTk(vj)X; = VTi(u)x*)dxdt
we will go to the limit as n, j, 4, and s = +c0 I} = ]V
LOSTk(un)_Tk(Uj)PSU}a(Tk(“n)’VTk(un)) Since a(Ti(uy), VTi(uy)) — @k in (Ly(Qr))Y, for

o (ILzp, TTEy), while (VT (07) x5 =V Ti(4) X *) X {0< Ty 10,)- T (07),<n)
x(VTk(un)—VTk(vj)F)dxdt

= (VT(vj)x; = V() X)X (0< Ty ()~ Tiv;),l<11)

_f a(T(uy), VTi(uy))
{0<T (uy)=Ti(v}) <17}
(1) =Tie(v;)=<n strongly in (Ep(Qr))N.
X(VTk(Uj)X; - VTi(vj),)dxdt Passing to limit j — +oco, and using Lebesgue’s theo-
rem, we have
_[{OSTk(W)_Tk(W)m} a(Ti (1), VTi(v})x3)) I, = e(n,j)

Similar ways as above give
X(VTi (1) = VTi(v))x})) dxdt ! i

I; = ]
Using , the first term of the right-hand side, 3=l ))
we get e ATy (1), VT (1)) (VT (1) —
& {0< Ty (1)~ T (v) <) " " " 4= J a(Ty(u), VTi(u))VTi(u)dx dt
VTi(vj),)dxdt (0= T ()= Te(u),<n)

< Cn+e(nm,j,s) +e(n, j, p,s,m)
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I5 :f a(Ty(u), VTi(u))VTi(u)dxdt
{0< Ty (u)~Tie (u) <17}

+e(n, j, u,s,m)
Finally, we obtain,

J O, dxdt < Ci(Cn+e(n, p,11,m))° + Cole(n, ) 0

Which yields,by passing to the limit sup over n,j,u,s
and 7

Since p € Ll(lR), we get

lim sup j p(u, )M (x,Vuy,)dxdt =0
h—0p,eNv {u,>h}

Similarly, let go(u j P(5) X s<—mdx in (26), we have
also
lim sup f p(uy)M(x,Vu,)dxdt =0
h—=0neIN J{u,<—h)

i [(@(T 1), VT 1))~ (Ty 1), VTi () conclude that
Q" P{O<T, (T (1)~Tx (1),0)
lim supj (u,)M(x,Vu,)dxdt =0 (84)
(VT (uy,) - VTk(u))]‘S dxdt = e(n) (82) h—0 eI Jju,|>h) Pt
Taking on the hand the function W,”ﬁ = T,(Tx(u,) = Let D C Qr then
(Te(vj),)™ and Wy, = T, (Te(u) = (Tic(v))) )"
Multiplying the approximating equation by f p(uy,)M(x,Vu,)dxdt < max p(y)J- M(x,Vu,)dxdt
n,j ) {lunl<h) DN([uy,|<h)
exp(G(u,)))Wy,uS(uy,), we obtain
+ (u,)M(x,Vu, )dxdt
f [(a(x, Ty (1), V(1)) Ln{|14n|>h} Pt "
QT (Ti(1ty)~(Te(v))),)<0)

VT (1)) dxdt = e(n)
(83)

o, Tit), VT () (VT 1) -
by and we get
| 10t ), Vi) =t Ty, VT )

x(VTi(u,) = VTi(1))])? dxdt = e(n)

Thus, passing to a subsequence if necessary, Vu,, —
Vu a.e. in Q', and since r is arbitrary,

Vu, - Vu ae.in Qr

Step 4: Equi-integrability of the nonlinearity se-
quence
We shall prove that H,(u,, Vu,) — H(u,Vu) strongly

in LY(Qr).

Consider go(u,) = J- ' p(s)X(s>nyds and multiply
0

by exp(G(u,))go (1) , we get

[jQT B(x, un)dx]§+LTa(, b Vit )V (XD (G (14) g0 1) xd,

+J Dyt VitV (exp( Gl go 1)) dxdt
Qr

+ H, (u,, Vu,)exp(G(
Qr

un))go(un))dxdt

S‘L p(S)dx)eXP(”p”L DIl o)+ bt o))

where BJ!(x,7) = [; 25 ¢)(s) exp(G(Tx(s)))ds > 0

then using same techmque in step 2 we can have

j p(un)M(vaun)dxdt S C(J\
fu>h) 0

www.astesj.com

+00

p(s)dx)

Consequently p(u,)M(x,Vu,) is equi-integrable. Then
p(u,)M(x,Vu,) converge to p(u)M(x,Vu) strongly in
LY(IR). By (T6), we get our result.

As a conclusion, the proof of Theorem is com-
plete.
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In this paper, we study the existence (uniqueness) and asymptotic stabil-
ity of the p-th mean S-asymptotically w-periodic solutions for some non-
autonomous Stochastic Evolution Equations driven by a Q-Brownian
motion. This is done using the Banach fixed point Theorem and a Gron-
wall inequality.

1 Introduction

Let (QQ,F,IP) be a complete probability space and
(L |I]) a real separable Hilbert space. We are con-
cerned in this paper with the existence and asymp-
totic stability of p-th mean S-asymptotically w-
periodic solution of the following stochastic evolution
equation

dX(t)= A(t)X(t)dt + f(t, X(t))dt
+g(t, X(t)dW(t),  t=>0
X(O) = Co,

(1)

where (A(t));> is a family of densely defined closed
linears operators which generates an exponentially
stable w-periodic two-parameter evolutionary fam-
ily. The functions f : R, x LP(QQ,IH) — ILP(Q),H),
g: R, xILP(QQ,H) — ILP(Q,Lg) are continuous satis-
fying some additional conditions and (W(t));>q is a O-
Brownian motion. The spaces IL?(Q,H), Lg and the
O-Brownian motion are defined in the next section.
The concept of periodicity is important in proba-
bility especially for investigations on stochastic pro-
cesses. The interest in such a notion lies in its signif-
icance and applications arising in engineering, statis-
tics, etc. In recent years, there has been an increasing
interest in periodic solutions (pseudo-almost periodic,
almost periodic, almost automorphic, asymptotically

almost periodic, etc) for stochastic evolution equa-
tions. For instance among others, let us mentioned the
existence, uniqueness and asymptotic stability results
of almost periodic solutions, almost automorphic so-
lutions, pseudo almost periodic solutions studied by
many authors, see, e.g. ([1]-[I1]]). The concept of S-
asymptotically w-periodic stochastic processes, which
is the central question to be treated in this paper, was
first introduced in the literature by Henriquez, Pierri
et al in ([12],[13]). This notion has been developed by
many authors.

In the literature, there has been a significant atten-
tion devoted this concept in the deterministic case;
we refer the reader to ([14]-[20]) and the references
therein. However, in the random case, there are
few works related to the notion of S-asymptotically
w-periodicity with regard to the existence, unique-
ness and asymptotic stability for stochastic pro-
cesses. To our knowledge, the first work dedicated
to S-asymptotically w-periodicity for stochastic pro-
cesses is due to S. Zhao and M. Song ([21}, [22]])) where
they show existence of square-mean S-asymptotically
w-periodic solutions for a class of stochastic frac-
tional functional differential equations and for a cer-
tain class of stochastic fractional evolution equation
driven by Levy noise. But until now and to the best
our knowledge,there is no investigations for the exis-

“Corresponding Author: CUFR-Mayotte, IMAG-Montpellier, France,& solym.manou-abi@univ-mayotte.fr

www.astesj.com
https://dx.doi.org/10.25046/aj020519

124


http://www.astesj.com
http://www.astesj.com

S. M. Manou-Abi et al. / Advances in Science, Technology and Engineering Systems Journal Vol. 2, No. 5, 124-133
(2017)

tence (uniqueness), asymptotic stability of p-th mean
S-asymptotically w-periodic solutions when p > 2.

This paper is organized as follows. Section 2 deals
with some preliminaries intended to clarify the pre-
sentation of concepts and norms used latter. We
also give a composition result, see Theorem In
section 3 we present theoretical results on the exis-
tence and uniqueness of S-asymptotically w-periodic
solution of equation (I), see Theorem We also
present results on asymptotic stability of the unique
S-asymptotically w-periodic solution of equation(T),
see Theorem 3l

2 Preliminaries

This section is concerned with some notations, defini-
tions, lemmas and preliminary facts which are used in
what follows.

2.1 p-thmean S asymptotically omega pe-
riodic process

Assume that the probability space (Q,F,IP) is
equipped with some filtration (%);5( satisfying the
usual conditions. Let p > 2. Denote by ILP(Q),H) the
collection of all strongly measurable p-th integrable
H-valued random variables such that

ElIX] = fQ X ()P AP(w) < co.

Definition 1 A stochastic process X : R, — ILP(Q,H) is
said to be continuous whenever

lim EIX (1) - X ()P = 0.
—S

Definition 2 A stochastic process X : R, — ILP(Q),H) is
said to be bounded if there exists a constant C > 0 such
that

E[X(#F <C Vt>0

Definition 3 A continous and bounded stochastic pro-
cess X : R, — ILP(QQ,H) is said to be p-mean S-
asymptotically w periodic if there exists w > 0 such that

Tim EIX(t+@)-X(BIP =0, V20,
—+00

The collection of p-mean S-asymptotically w-
periodic stochastic process with values in H is then

denoted by SAP,(ILP(Q, H)).

A continuous bounded stochastic process X, which
is 2-mean S-asymptotically w-periodic is also called
square-mean S-asymptotically w-periodic.

Remark 1 Since any p-mean S-asymptotically w-
periodic process X is ILP(Q,IH) bounded and continuous,
the space SAPa)(I[JP(Q,H—I)) is a Banach space equipped
with the sup norm :

1/p
Xl = sup (EIX (1P

t>0

www.astesj.com

Definition 4 A function F : R, xILP(Q), H) — LP(Q), H)
which is jointly continuous, is said to be p-mean S-
asymptotically w periodic in t € R, uniformly in X € K
where K C ILP(Q),K) is bounded if for any € > 0 there
exists Lo > 0 such that

ElIF(t+w,X) - F(t, X)IP] < e
forall t > L. and all process X : R, — K

Definition 5 A function F : R, xILP(Q,H) — LLP(Q, H)
which is jointly continuous, is said to be p-mean asymp-
totically uniformly continuous on bounded sets K’ C
ILP(Q), H), if for all € > O there exists 6. > 0 such that

E||F(t,X)-F(t,Y)|IP <e
forall t > 6. and every X,Y € K’ with E||X - Y||P < 6.

Theorem 1 Let F: R, xILP(Q),H) — ILP(Q),H) be a p-
mean S-asymptotically w periodic in t € R, uniformly
in X € K where K C ILP(Q,H) is bounded and p-mean
asymptotically uniformly continuous on bounded sets.
Assume that X : R, — ILP(Q,H) is a p-mean S asymp-
totically w-periodic process. Then the stochastic process
(F(t,X()))>0 is p-mean S-asymptotically w periodic.

Proof 1 Since X : R, — LLP(Q,H) is a p-mean S-
asymptotically w-periodic process, for all € > 0, there ex-
ists T, > 0 such that for all t > T,:

EBlX(t+w)-X(@)|F <€ (2)

In addition X is bounded that is

sup E|[|X(#)[}P < oo
£20
Let K C ILP(Q),H) be a bounded set such that X(t) € K for
all t > 0.
We have :
E||F(t+ w, X(t + w)) — F(t, X(£)||P

< 2P VE|F(t+ w, X(t + w)) = F(t + w, X (1))
+ 2P VE|F(t + w, X (1)) — F(t, X(1))|IP
Taking into account and using the fact that F is p-

mean asymptotically uniformly continuous on bounded
sets, there exists 0, = € and L, = T, such that forall t > T,

€

E|F(t+w,X(t+w))—F(t+w, X)) < > (3)

Similarly, using the p-mean S-asymptotically w periodic-

ity in t > 0 uniformly on bounded sets of F it follows that
forallt > T, :

E|F(f + w, X(£) = F(t, X(D)|F < zip (4)

Bringing together the inequalities (3) and (4), we thus
obtain that forall t > T, > 0

E|F(t+w,X(t+w)) - F(t, X())|P <€
so that the stochastic process t — F(t,X(t)) is p-mean S-

asymptotically w- periodic.
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Lemma 1 Assume that F : R, x LP(Q,H) — ILP(QQ,H)
is p-mean uniformly S-asymptotically w-periodic in t €
R, uniformly on bounded sets and satisfies the Lipschitz
condition, that is, there exists constant L(F) > 0 such that

E||F(t,X) - E(t, Y)|P < L(E)E|X - Y|P VYt>0,

VX, Y e ILP(Q,K). Let X be an p-mean S asymptotically
w-periodic proces, then the process (F(t,X(t)))i>0 is p-
mean S-asymptotically w-periodic.

For the proof, the reader can refer to [22]] whenever
p = 2. The case p > 2 is similar.

Now let us recall the notion of evolutionary family
of operators.

Definition 6 A two-parameter family of bounded linear
operators {U(t,s) : t > s with t,s > 0} from LP(Q),H))
into itself associate with A(t) is called an evolutionary
family of operators whenever the following conditions
hold:

(a)

U(t,s)U(s,r)=U(t,r) for everyr<s<t;

(b)

U(t,t) = I, where I is the identity operator;

(c) For all X e LLP(Q,H)), the function (t,s) —
U(t,s)X is continuous for s <t ;

(d) The function t — U(t,s) is differentiable and

%(U(t,s)) =A(t)U(t,s)

for every r<s<t;

For additional details on evolution families, we refer
the reader to the book by Lunardi [23].

2.2 OQ-Brownian motion and Stochastic

integrals

Let (B,,(t)),>1, t > 0 be a sequence of real valued stan-
dard Brownian motion mutulally independent on the
filtered space (Q, F,P, A ). Set

W(t) = Z VA,B,(t)e,, >0,

n>1

where A, > 0, n > 1, are non negative real num-
bers and (e,),;>1 the complete orthonormal basis in the
Hilbert space (IH,||.]|). Let Q be a symmetric nonnega-
tive operator with finite trace defined by

Qe, = A,e, such that Tr(Q) = Z/\,, < oo

n>1

It is well known that IE[W;] = 0 and for all t > s > 0,
the distribution of W(t)— W(s) is a Gaussian distribu-
tion (NV(0,(t — s)Q)). The above-mentioned H-valued
stochastic process (W(t));»q is called an Q-Brownian

www.astesj.com

motion.

Let (K,||.||x) be a real separable Hilbert space.

Let also £(IK,H) be the space of all bounded linear
operators from K into H. If IK = H, we denote it by
L(H).

Set Hy = Q/2H. The space Hy is a Hilbert space
equipped with the norm |[[ullgs, = 1Q"ul.
Define

LS = {® € L(Ho, H) : Tr[(®QD")] < oo}

the space of all Hilbert-Schmidt operators from H to
H equipped with the norm

1Pl = Tr[((DQQJ*)] - E|®Q"?)2

In the sequel, to prove Lemma [4 and Theorem
we need the following Lemma that is a particular case
of Lemma 2.2 in [24] (see also [25]]).

Assume T > 0.
Lemma?2 Let G [0,T] — L(LP(Q,H)) be an
Fi-adapted measurable stochastic process satisfying
JOT E||G(t)||>dt < oo almost surely. Then,

(i) the stochastic integral J(: G(s)dW(s) is a continu-
ous, square integrable martingale with values in
(IH, ||.||) such that

2 t
E < IEJ IG(s)||>ds
0

Jt G(s)dW(s)
0

(ii) There exists some constant Cp > 0 such that the fol-
lowing particular case of Burkholder-Davis-Gundy
inequality holds :

E sup
0<t<T

p T p/2
< cplEUO ||G(s)||2ds)

In the sequel, we’ll frequently make use of the fol-
lowing inequalities :

jt G(s)dW(s)
0

|a+blP < 2P~ (|alP+[bIP)

t t
1

f e~2alt=s) g5 < J e ds < = VYt> ty, wherea > 0.
a

to to

3 Main results

In this section, we investigate the existence and
the asymptotically stability of the p-th mean S-
asymptotically w-periodic solution to the already de-
fined stochastic differential equation :

AX(t) = A()X(1)dt + f (£, X ()t + g(t, X(£)dW (1),
X(O) = Co»
(5)
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where A(t),t > 0 is a family of densely defined closed (H.2) The function f : R, x LP(Q,H) — ILP(Q,H)

linear operators and is p-mean S-asymptotically w periodic in t € R, uni-
formly in X € K where K C ILP(Q),H) is a bounded set.
f Ry xILP(Q,H) — LP(Q, H), Moreover the function f satisfies the Lipschitz condi-
tion, that is, there exists constant L(f) > 0 such that
g: R, xILP(Q,H) - ILP(Q, L) Ellf (£, X) - f(£, V)P <L(OEIX - Y|P ¥t20
are jointly continuous satisfying some additional con- yx y ¢ LP(Q, H).
ditions and (W(t));>o is a Q-Brownian motion with (H.3) The function g : R, x ILp(Q’Lg) N ILp(Q}Lg)

Vah_lre; in IHhand ﬁ_adaptidl'—l' ) et is p-mean S-asymptotically @ periodic in t € R, uni-

roughout the rest of this section, we require the : p 0y ;

following assumption on U(t,s) : formly in X € K wh.ere K<c IL (.Q’ La) 1sa bou.nded set.
g p 9] Moreover the function g satisfies the Lipschitz condi-

. _ . tion, that is, there exists constant L(g) > 0 such that
(H1): A(t) generates an exponentially w-periodic

stable evolutionnary process (U(t,s));»s in LP(Q),H), IE||g(t, X) —g(t,Y)ll’Zo <L(QE|X-Y|P Vt>0,
that is, a two-parameter family of bounded linear op- :
erators with the following additional conditions : VX,Y e LP(QQ,H).

Lemma 3 We assume that hypothesis (H.1) and (H.2)
1. Ut + w,s + w) = U(t,s) for all t > s (w- aresatisfied. We define the nonlinear operator Ay by: for

periodicity). each ¢ € SAP,(ILP(Q),H))
2. There exists M > 0 and a > 0 such that ||U(¢,s)|| < t
Me =9 for t >s. (A)(t) = J; U(t,5)f (s, ¢(s))ds

Then the operator Ay maps SAP,,(ILP(Q),H)) into itself.
Now, note that if A(t) generates an evolutionary ) )
family (U(t,5));ss on LP(Q,H)) then the function g P’roof2 We deﬁn'e h(s)‘: f(s,¢(s)). Since the hypothe-
defined by g(s) = U(t,s)X(s) where X is a solution of 5% (H.Z) zs.satzsﬁed, using Lemma we ded.uce. that the
equation (), satisfies the following relation function h is p-mean S asymptotzcally w-periodic.

Define F(t Io s)ds. It is easy to check that F is
dg(s) =—-A(s)U(t,s)X(s)+ U(t,s)dX(s) bounded and contznuous Now we have :
= —A(s)U(t,5)X(s) + A(s)U (t,5) X (s)ds F(t+w) - F(t)
+ U(t,s)f (s, X(s))ds+ U(t,s)g(s, X(s))d W (s). ® t
= J U(t+ w,s)h(s)ds + J- U(t,s)(h(s + w) = h(s))ds
Thus 0 0

dg(s) = U(t,s)f (s, X(s))ds + U(t,5)g(s, X (s))dW(s). (6) = U(”‘”"”)L Ulw, s)h(s)ds

t
Integrating (6) on [0, t] we obtain that +f U(t,s)(h(s +w) - h(s))ds
0
t
X(0)-Ult,0c0 = [ U9 (s, X(s)ds EIE(t+ o)~ F(O)P
0
t
@ p
+ J:) U(t;s)g(SxX(S))dW(S)- < 2p—1M2pe—uptIE(J e—u(a)—s)”h(s)Hds)
0
Therefore, we define . t p
0P M”lE( j 95 + ) = h(s)| ds)
Definition 7 An  (F;)-adapted  stochastic  process 0

(X(#)e>0 is called a mild solution of if it satisfies Let p and q be conjugate exponents. Using Holder in-

the following stochastic integral equation : equality, we obtain that E||F(t + w) — F(t)||P
t
X(t)=U(t,0)cq +L Ul(t,s)f (s, X(s))ds < 2p*1M2pefapt( Jw efaq(w*S)ds)p/q me||h(5)||Pd5
t 0 0
t p
" Jo Uit s)gls X(sAW(s) + 2”‘1M1’IE(f0 e ) ||h(s + w) — h(s)|| ds)
3.1 The existence of p-th mean S- ~ I +7()
asymptotically w-periodic solution where

We require the following additional assumptions:

I(t):2p_1M2pe_“pt(J- e‘“q(‘”—s)ds) f E|[h(s)||P ds
0 0
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T(t) = 2P—1MP1E( J-t 9 [(s + ) = h(s)| ds)p
0

_a(4_ P
— P~ 1MP]E(J =) el S)llh(5+w)—h(5)“d5)
0
It is obvious that

lim I(t) = 0.

t—+o0

Using Holder inequality, we obtain that J(t)

t /
< ZP_IM”(J. e_“(t_s)ds)p !
0

. (7)
J e IE||h(s + w) — h(s)||P ds
0

t
<2 (L) [ I o) - oP s (8)
0

(9)

Let € > 0. Since lim E||h(u + w)—h(u)|P =0
u—>+oco
IT. >0, u > T, = Ellh(u+w)—h(u)lP < —%—. (10)
e>0,u>T, U+w T ETYTA
We have
J(t)
1 p/q L a(t-s)
<27 M ) j E|h(s + w) — h(s)|]P ds
0
t
+ 2P P ( )”/qf e E| (s + w) — h(s)||P ds
T,
=J1(t)+2(b),
where
-1 1\p/q e —a(t-s)
Ji(t) = 2P MP(E) e ME||h(s + ) — h(s)||P ds
0

t
Jo(t) = 2P’1Mp(%)p/q J e YSE||h(s + w) — h(s)||P ds
T,

Estimation of J1(t)
Ja(t)
T,
(2 [
a 0

1.\p/ Te
2”*1Mp(—)p 1op suplEIIh(t)IIpe“tJ e ds.
a >0 0

IA

~E=S)E k(s + w) — h(s)||P ds

IA

It is clear that tlim Ji(t)=0
—+00
Estimation of J,(t)

Unsing the Inequality in we have

Jo(t)
t
2P—1Mp(l )p/q f P!
a T,

o))

E||h(s + w) — h(s)||P ds

eaP
2p-1pMp

IN

— op-lpqpgp

i 1MP

IA

€.
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Lemma 4 We assume that hypothesis (H.1) and (H.3)
are satisfied. We define the nonlinear operator A, by: for
each ¢ € SAP,(ILP(Q, LY))

t
(na)(6)= | Ute gt plonaws
0
Then the operator A, maps SAPw(ILp(Q,Lg)) into itself.

Proof 3 We define h(s) = g(s, ¢(s)). Since the hypothesis
(H.3) is satisfied, using Lemma (1} we deduce that the
function h is p- mean S asymptotically w periodic.
Define F(t) = jot U(t,s)h(s)dW (s)ds. It is easy to check
that F is bounded and continuous. We have :

F(t+w)—E(t)

= ! U(t+ w,s)h(s)dW(s) + f
0 0

= U(t+w,w)J;)

tU(t s)(h(s+ @) = h(s) )W (s)

w

U(w,s)h(s)dW(s)+

= U(t+w,w)F(w) + J U(t,s)( (s + @) = h(s))ds

0

E||F(t+ w) - F($)]IP

p
< 2P—1Mpe-“P’1E'

fw U(w,s)h(s)dW (s)

h(s))dW(s)

p

+2P 'R ( 5+ w)

= 1(t) +](t)

where

p
I(t) = 2p’1M”e”’“tlE‘

jw U(w,s)h(s)dW(s)
0

P

J(t)=2P'E J-t U(t,s)((s + @) — h(s))d W s)
0

It is clear that

lim EI(t) = 0.

t—+o00

Let € > 0. Since tlim E|lA(t + w) = h(t)|IP =0
—+0o
(2a)p/2
AT, >0,t> T, = ElJh(s + ) - h(s )|| m
(11)
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where the constant C, will be precised in the next lines.
We have

EJ(t)
t p
=2 'E f U (t,5)((s + @) = h(s))d W (s)
0
T. p
<4P'E f U(t,s)(h(s+a))—h(s))dW(s)
0
t p
+4P 1B j U(t,s)((s + @) = h(s))d W (s)
T.
= EJ;(t) + EJa(t),
where
T. p
Ji(t) = 4P71 J U(t,s)( (s + @) - h(s))d W (s)
0
t P
J,(t) = 471 f U(t,s)(h(s + @) h(s))d W s)
T.

Note that for all t > 0,
h(t+w) - h(t) € LP(Q, L) CLX(Q, 1Y)

and

flEuU(t,s)(h(Hw)—h<s>>||2ds
0

2
ods

t
< sz 2B (s + )~ h(s)|1
0 2

t
< 4M?sup 1E||h(t)||§g f e 20t=s) g
0

t>0

< 4M?*a"?sup E[Ih(t)I17,
t>0 2

< 0o.

Estimation of IEJ ().

Assume that p = 2. By Lemma 2} part (i) we get :
EJy (1)

T. 2
<4M?E [J e_”(t_5)||h(s+w)—h(s)||LgdB(s)]
0

Te
< 4AMZE [J. e—2a(t—5)||h(5+w)—h(s)||iod5}
0 2

T.
<16M?%e 2" sup IEIIh(s)lIioj e**ds
2Jo

520

T
< 16M%e™** sup E||h(s)|?, J e**ds
>0 2.Jo
Thus
lim EJ; (t) = 0.

t—+oo

Estimation of IE],(t).

Assume that p > 2. Using again Lemma (2} part (ii),
Holder inequality between conjugate exponents p%Z and

E and the inequality in we have
EJ>(t)

t p
=4 'E f U(t,s)( (s + @) — h(s))d W (s)

Te

t p/2
s4p‘1M”Cp]EU e—2a(t—S)||h(5+w)—h(s)||iod5]
2

€

b a(t—s)222 2a(t-s)2 r2
= 4P1MPCPIEU T e ‘”p||h<s+w>—h(s>||§ods}
T, 2
t L2t
< cp4P1MP(J e*2a<f*5>ds) f e IBh(s + w) — h(s)IIY s
T, T, 2

€

[Nlast

p=1agqp p/2 t

< CpdP™ MPe(2a) (J e—Za(t—s)ds)
Cp4r~IMP T.

<e.

We conclude that
lim EJ,(¢t) = 0.

t—+oo

Assume that p = 2. By Lemmal2} part (i) and Cauchy-

Assume that p > 2. Using Holder inequality between Schwarz inequality we have
conjugate exponents l% and % together with Lemma IEJ,(t)

part (ii), there exists constant Cp such that :
EJ;(t)

T, p/2
< C,4""'MPE U e 2 k(s + w) - h(S)IliodS]
0 2

Te _ 2ap(t-s) #
scp4p—1MP(f e ds)
0

T,
f E|lh(s + w) = h(s)|IF yds
0 L2

T, P2
1 € 2aps \"7
< Cp4P” Mpe“‘”(j ep2 ds)

T. 2" sup E[lh(s)II7,
0 2

s>0
Therefore
lim EJ,(t) = 0.

t—+00

www.astesj.com

2

=4E f U (t,5)(h(s + @) - h(s))d W (s)

Te

t
< 4M2]E [J e_za(t_5)||h(s+w)_h(S)HiOdS:l
T. 2

t
= 4M? U e =5) 5 e 9| |h(s + w) — h(s)lliods}
T. 2

t 1/2
< 4M2(J e—2a(t—s)ds)
Te

S ) 172
(L eI Bl + ) - ho)IE) ds)

€

Note also that for t > T, :
€a

E|lh(s + w) — h(s)u;g <o
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B < Ml (1 iy <2P1lﬁ(f||U<t,s>||||f<s,c1><s)>—f(s»If(s»uds)p
Jo(t) < Ve (Lge s) = .
t P
<e. + zplm(fo 1U(t,s)lllg(s, D (s)) —g(s,‘P(s))IIdW(s))

This implies that t p
< 2P1MPIE(f &9 |1£(5,0(s)) - f(s,‘lf(s))llds)
0

lim EJ,(t) = 0

t—+oo t p
+2P1MPIE(J e~ 9 |1 g(s, D (s)) — ¢(s, W (s))||dW (s )
Finally, we conclude that 0 lgte, Dls) = (s, Fls)llaWs)
lim E||E(t+w)— F(H)|P = 0 Cqse p > 2 : By Lemma |2} part (ii) and Holder in-
t—+o0 equality we have
E|T®(¢) - TW ()P
Theorem 2 We assume that hypothesis (H.1), (H.2) and

i t t

(H.3) are satisfied and < 2p1MpL(f)(J e“(ts)ds)p_lj B[ (s) — W(s)|Pds
0 0

(i)

t p/2
, 2P CE( [ e gts,006) - gt5, WOy ds)
© =2 I MP(L(f)aP+CyL(g)a? ) <1  if p>2 0 2

(12) S2p1M"L(f)SUP]EIICD(S)—\I’(s)llp(Jte“(”)ds)p
0

5>0
(i) t p/2
o 2 MG [ e gts, 0061 - (s, WO s)
2=2M*(L(f)=+L(g)=)<1 if p=2(1 0 ’
(BN <t i P22 03 oy (0w

b apt-s) a(t-s) p/2
Then the stochastic evolution equation (1)) has a unique ZP_IM”CP]E(J- e 72 e 7 |lg(s,P(s)) —g(s,‘P(S))IliodS)
p-mean S-asymptoticaly w-periodic solution. 0

<27 IMPaPL(f )@ - Wik

Proof 4 We define the nonlinear operator I by the ex- t p=2

pression + 2p_1MpCp(J e_“(t_s)ds)Tx
0
t
(TD)(t) = U(t,0)co+ J eS| |g (s, D(s)) _g(slqj(s))“igds
0
‘ ‘ <27 MP(L(f)a P +CyL(g)a 2 )@ — WPk,
f U(t,s)f(s,@(s))ds+j U(t,s)g(s, P(s))dW(s)
0 0 This implies that
Note that I — P[P, < 2" MP(L(f)a™ + C,L(g)a* Ib — Wi,
(TD)(t) = U(t,0)co + (A DP)(t) + (A D)(2) Consequently, if © < 1, then I is a contraction mapping.
One completes the proof by the Banach fixed-point prin-
According to the hypothesis (H1) we have : ciple.

E|U(t+w,0)-U(t,0)||P
Case p = 2 : using Cauchy-Schwarz inequality and
< 2p_1(1E||U(t +w,0|P +E|U(t, 0)||P) Lemma part (i), we obtain

2
< P=1pfP p=ap(t+@) 4 pqP p=apt E[F®(#) - T (2]

= 2p—1Mp€—apt(e—apw+1) t t
< zMz(j e-““-s)ds)naj e (5, D(s)) - f (5, W(s))IPds
0

Therefore 0

t
+2MZIEJ e72419) | o(s5,D(s)) — ¢(s, W (s))||?, ds
lim E[U(t + ,0)— U(t, 0P = 0 . llg(s, @ (s)) — g(s, W( ))||L(Z)

t—+o0o

t
2 B 2 —a(t-s) 7.\?
According to Lemma [3| and Lemma [4) the operators Ay <2M L(f)s;lzlglEH(D(s) P (J; € ds)

and A, maps the space of p-mean S-asymptotically w- t
periodic solutions into itself. Thus T maps the space of + 2M2L(g)sup]E||(D(s)—\Il(s)||2J. e~ 2at=9) g g
0

p-mean S-asymptotically w periodic solutions into itself. 520

We have 2 1 1 )
< 2M*(L(f)= + L(g)~ )sup E||d(s) - ¥

E[[TD(£) = T (£)]P < 2M2(L(f)— + (g)a)s;g 1D (s) - W (s)l

www.astesj.com 130


http://www.astesj.com

S. M. Manou-Abi et al. / Advances in Science, Technology and Engineering Systems Journal Vol. 2, No. 5, 124-133
(2017)

This implies that

1 1
T - T, < 202(L(f) 5 + Lig) - )I0 - I

Consequently, if 2 < 1, then I is a contraction map-
ping. One completes the proof by the Banach fixed-point
principle.

3.2 Stability of p-mean S asymptotically
w periodic solution

In the previous section, for the non linear SDE, we ob-
tain that it has a unique p-mean S-asymptotically w-
periodic solution under some conditions. In this sec-
tion, we will show that the unique p mean S asymp-
totically w periodic solution is asymptotically stable
in the p mean sense.

Recall that

Definition 8 The unique p-mean S asymptotically w pe-
riodic solution X*(t) of (1) is said to be stable in p-mean
sense if for any € > 0, there exists 6 > 0 such that

E|IX(t) - X"(t)IIF <€, t>0,

whenever E||X(0) — X*(0)||P < 6, where X(t) stands for a
solution of (1) with initial value X(0).

Definition 9 The unique p-mean S asymptotically w pe-
riodic solution X*(t) is said to be asymptotically stable in
p-mean sense if it is stable in p-mean sense and

lim EJ[X () - X ()]I" = 0

The following Gronwall inequality is proved to be
useful in our asymptotical stability analysis.

Lemma 5 Let u(t) be a non negative continuous func-
tions for t > 0, and a, y be some positive constants. If

t
u(t) < ae P+ )/J. e P9y (s)ds, t>0,
0

then
u(t) < aexp{(-p+y)t}

Theorem 3 Suppose that hypothesis (H.1), (H.2) and
(H.3) are satisfied and assume that

1
v P IMP(L(f)a' P +L(g)Cpa 7 ) <a  (14)
whenever p > 2.
(i)
3M2(L(f)a + L(g)) <a (15)
whenever p = 2.

Then the p-mean S-asymptotically solution X; of (1)) is
asymptotically stable in the p-mean sense.

Remark 2 Note that the above conditions respec-

tively implies conditions respectively of
Theorem 2]

www.astesj.com

Proof 5 IE||X(t)— X*(t)||P

- 1E||U(t, 0)(X(0) = X*(0))

+ Lt U(t,5)(f(s,X(s) = f (s, X(5)))ds

t
- | vl xen-gs xenawe|

Assume that p > 2. Using Holder inequality we have

E[|IX(£) = X*(£)lIP

< 3P~ MP e~ PHE||X(0) — X*(0)|P

t
=3 ([ MUteaMif(s X -5 3 ol

t
=3[ IUte Mgt X6 -gts, X MW )

< 3P~ MPe PHE||X(0) — X*(0)||P

+ 3p_1M”IE( fot eI (s, X(s)) —f(S,X*(S))IIdS)p

t

+ 3p—1Mp1E(L e g(s, X(5)) - (s, X (AW (s

— 3P~ MPePHE||X (0) — X7 (O)||P + 3P~ MP x (

K fo 6 X ) - flo. X s

+ 37 IMPC, x

t 2a(p-2)(t-s) _ da(t-s) . ) p
([ ™7 Blgts X000 - s X 6 s
0

< 3P~ MPPHE||X (0) — X*(0)|P
t p_l
+3P1M”L(f)(j e’“(t’s)ds) x(
0
t
f e-a<f—5>1E||X(s)—x*(s)npds)
0

t P2
+ 3p—1M‘DCP(J‘ e—zﬂ(t—s)) 2 % (
0

t
| e gt X6 - gt5. X )

so that
E|IX () — X*(£)IIP

<3P~ lMpe‘“ptIEHX (0)— X* 0)|IP

+ 3P I MPL(f e SE|IX (s) — X*(s)|[Pds

+3P7IMPC,L(g)(

N

Using Lemma [5] we obtain :
E[[X(t) - X*(1)IIP

< 3P MP x E||X(0) — X*(0)]|Px

exp {( —a+ 3P’1MP(L(f)a1”’ +L(g)C, a7 ))t}

)

)”zjo AIE[|X () — X*(5)[Pds
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Straightforwardly, we obtain that X (t) converges to 0

exponentially fast if

—a+ 3P MP(L(f )(%)”*1 +LUgCya ) <0,

which is equivalent to our condition (14). Therefore X*

is asymptotically stable in the p-mean sense.

Assume that p = 2. We have
E||X (1) - X*(1)II?

< 3M%e " E||X(0) - X*(0)||?

t 2
< 3E( [ UM X 66X 0)ds)

t 2
<3E( [ 10l X6 g X @awE) 8

< 3MZe " E||1X(0) - X*(0)|?

+3M7E( jo e*““*s)IIf(s,X(s))—f(s,X*(s))IIds)z

t
< SME( [ e gls X(5) (s X )WL)
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We prove the existence of at least one non-decreasing sequence of positive
eigenvalues for the problem

Az(x)u = Dp(oth = MulP®=2y,  inQ

u e W2PH(Q)nw, "),

Our analysis mainly relies on wvariational arguments involving
Ljusternik-Schnirelmann theory.

1 Introduction

Consider the following nonlinear eigenvalue problem
A;?;(x)” —Appu = AulP®)=2y,
ue Woz,p(x)(Q) N W(}’P(X)(Q),

in Q
(1.1)

where Q is a bounded domain in RN (N > 4).
The real ) is a parameter which plays the role of eigen-
value. For a function p(.) € C(Q), we assume the fol-
lowing hypothesis

1 <p” =minp(x) <p" = maxp(x) < +oo.
xeQ) xeQ)

(1.2)

A;(x)u := A(JAulP™®)=2Au), is the p(x)-biharmonic op-
erator which is a natural generalization of the p-
biharmonic (where the exponent p is constant) and
Apytt = div(|Vu[P®=2Vu) is the p(x)-harmonic oper-
ator.

It is well known that elliptic equations involv-
ing the non-standard growth are not trivial general-
izations of similar problems studied in the constant
case since the non-standard growth operator is not
homogeneous and, thus, some techniques which can
be applied in the case of the constant growth oper-
ators will fail in this new situation, such as the La-
grange multiplier theorem, see, e.g [1, 2]. Problerms

with p(x)-growth conditions are an interesting topic,
which arises from nonlinear electrorheological fluids
and elastic mechanics.

Recently for the case p(x) = p constant Giri,

Choudhuri and Pradhan [3] proved the existence
and concentration phenomena of solutions on the set
V=1{0} for the following p-biharmonic elliptic equa-
tion:
ASu—=Apu+AV(x)ulP~?u = f(x,u) xeRN, as A - o0
unther some assumptions on the nonlinear function
f. By variational methods, Lihua Liu and Caisheng
Chen [4] establish the existence of infinitely many
high-energy solutions to the equation

A;u —Apu + V(x)ulP~u = f(x,u), xeRN,

with a concave-convex nonlinearity,i.e.,
Fx,u) = Ahy (x)|ul™2u + hy(x)|ul9?u, 1 <m<p<g<

«_ PN
P =N72

In our case by using the Ljusternik-Schnirelmann the-
ory we obtain the existence of infinitely many solu-
tions for the problem (1.1).

The outline of the rest of the paper is as follows. In
Section[2]we present some definitions and basic resuls
that are necessary. In Section [3| we give the proof of
our main result about existence of solutions for prob-

lem (1.1).
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2 Preliminaries and Useful re-
sults

We state some basic properties of the variable expo-
nent Lebesgue-Sobolev spaces LP)(QQ) and W™PL)(Q).
We refer the reader to the monograph by [5] and to the
references therein. Define the generalized Lebesgue
space by

Lp(‘)(Q) = {u : Q — R measurable and

f Ju(x)P¥ dx < oo},
Q

endowed with the Luxemburg norm

. U p(x)
|| .:mf{ >0:j — dxsl}
p() K Q|#‘

To manipulate this spaces better, we use the modular
mapping
p:LPYQ) >R

defined by
plu = | Pt ax
Q

Proposition 2.1 (6) Under the hypothesis (1.2), the
space (LPX)(Q), |- |p(x)) is separable, uniformly convex, re-
flexive and its conjugate dual space is LP'0)(Q)) where p’(.)
is the conjugate function of p(.), related by

p(x) , YxeQ.

For u € LPY(Q) and v € LP'O(Q) we have

1 1
u(x)v(x)dx S(—_+ ,_)lul Molyroy < 2lul,o vl -
|J‘Q | P~ p p()IVp’() pOIIp()

Sobolev space with variable exponent W™PL(Q) are
defined as

WmPO(Q) = {u e IPV(Q): D%u € PY(Q),|a] < m}
olel

—u

a] 5 _ap an Y4,
) i Jx, a.xz 00Xy ' o
tributions sense) with @ = (ay,..., ay) is a multi-index

where D%u = (the derivation in dis-

N
and |a| = ) @;. The space W")(Q), equipped with

i=1
the norm

ltllpig = ) 1D ulp(a),

lajl<m
is a Banach, separable and reflexive space. For more
details, we refer the reader to [6, 7, 8] and [ 9].
We denote by W(;n’p(x)(Q) the closure of C°(Q) in
WmPE)(Q).
Note that the weak solutions of the problem are

www.astesj.com

considered in the Sobolev space
W2PH(Q)n Wol’p(x)(Q) is equiped with the norm

lullpx) = 128y + [Vid] )
In the sequel, we Set
x = WP Q) nwy P Q)
Then, endowed with the norm |[ul,(x), X is a separa-
ble and reflexive Banach space. Moreover, |.||,(x) and

|Aul,(x) are two equivalent norms of X by [10, Theo-
rem4.4].

Let
|WH=mﬂu>mJﬂ(éE
o\l B

Then, [|u]| is equivalent to the norms ||.|| ;) and |Aulpyy)
in X.

p(x) |Vu
+ —_—

)
P )del},
2

Lemma 2.2 (6) For all p,r € C,(Q) such that r(x) <

pi(x) for all x € Q, then there is a continuous and com-
pact embedding W™PX)(Q) < L'™)(Q), where

Np(x)
piul) = 4 Nl

if mp(x) <N;
+00, if mp(x) > N.

Proposition 2.3 Let I(u) = fQ(I%lp(") + I%Ip(x))dx, for

u € LPY), we have
(1) lull <(=>1) e I(u) <(=>1)
(2) llull< 1= NullP” < I(u) <l
(3) llull > 1= [lullP” < I(u) < lullP”
(4) |lu]l = O(resp — +o0) & I(u) — 0, (resp — +o0)

The proof of this proposition is similar to the proof of
[6, Theorem 1.3].

Recall that our main result of this work is to show
that problem has at least one non-decreasing
sequence of nonnegative eigenvalues (Ag);>1. To at-
tain this objective we will use a variational tech-
nique based on Ljusternick-Schnirelmann theory on
C!-manifolds [11]. In fact, we give a direct characteri-
zation of A; involving a mini-max argument over sets
of genus greater than k.

We set

1
p(x)

A= inf{fo p(x)
(2.1)

The value defined in (2.1) can be written as the
Rayleigh quotient

(IAuP™) + |VuPX) dx, u € X,—[
Q

J~EéaﬂAuW“LHVuW“UdL
Ay =inf 22

J L|u|p(X)dx ’
o P

where the infimum is taken over X \ {0}.

(2.2)
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Definition 2.4 Let X be a real reflexive Banach space
and let X* stand for its dual with respect to the pairing
(.,.). We shall deal with mappings T acting from X into
X*. The strong convergence in X (and in X*) is denoted
by — and the weak convergence by —. T is said to belong
to the class (S™), if for any sequence u, in X converging
weakly to u € X and limsup(T,u, —u) < 0, it follows

n—+00

that u,, converges strongly to u in X. We write T € (S7).

Consider the following two functionals defined on X:

O (u) = L }ﬁ(muv’m +|VulP™))dx and ¢(u)

1
= | —=luPWdx,
J;zp()
and set M ={u e X;p(u)=1}.

Lemma 2.5 We have the following statements
(i) © and ¢ are even, and of class C! on X.
(ii) M is a closed Cl—manifold.

Proof. It is clear that ¢ and @ are even and of class
C!' on X and M = ¢~!{1}. Therefore M is closed. The
derivative operator ¢’ satisfies @’(u) = 0 Yu € M (i.e.,
@’(u) is onto for all u € M). Hence ¢ is a submersion,
which proves that M is a C!-manifold. Let as split @

on two functionals.
O(u) =Dy (u) + Dy(u),

where

O, :j L|Au|P(X
o p(x)

Now we consider the operator
T, =] : WoPY(Q) > W2P'0(Q) is defined as

) dx; ®, :J L|Vu|P(X)
o p(x)

(Ty(u),v) = J;) |AulP¥"2AuAvdx, forany u,v e Woz'p(')(Q),
and the p(x)-laplace operator
~Ap( = T2:= ) Wy P (Q) » WP 0(Q) as
(=8p(x) (), v) =(Ta(u),v)
= J-Q IVulPO-2vuVvdx, foru,ve Wol’p(')(Q),

Lemma 2.6 The following statements hold
(i) Ty is continuous, bounded and strictly monotone.
(ii) Ty is of (S,) type.
(iii) T, is a homeomorphism.
Proof.

(i) Werecall the following well-known inequalities,
which hold for any three real a, b and p

(alalP~2 = b2 (@~ )
la—0bpP, ifp>2 (2.3)
> c(p) |a—b|227 , <p<2,
(al+161) 7

www.astesj.com

where ¢(p) = 2P when p > 2 and ¢(p)
when 1 <p<2.

:p—l

Let (u,), C W()Z,p(.)(Q) and u,, — u (weakly) in
Woz’p(‘)(Q). Therefore we have for p(-) > 2.

22p+j |Au, — AulP¥) dx
{xeQ:p(x)=2}

< (|Aun|p(")_2Aun - |Au|p(x)_2Au)
{xeQ:p(x)>2}

(Aun - Au)dx

< J- (|Aun|p(")_2Aun - |Au|p(x)_2Au)(Aun - Au)dx
Q

= ().
(2.4)

On the set where 1 < p(-) < 2, we employ (2.3) as
follows:

f |Au, = AufP™)
{xeQ:1<p(x)<2}
|Au,, — AulP™)

<
- (x)(2-p(x))
{xeQ:1<p(x)<2} (|Au |+|Au|)px 2”
p(x))
(1A, |+ [Aul)” dx
|Au,—AulP®
P(X)(ZZ—P(X))

-

2/p(x)
(1At +Aw]) LEPEQ)
p(x)(2-p(x)) |

|| 1w+ 140a) =

2
L2-px) Q)
p_
2

_ 2
< 2max (J A Au2| dx)
Q (|Auy| +|Aul)*P)

(J |Au, — Aul? dx)”z
O (|Auy] +|Aul)> P
2-p

xmax{(j (1A, + | Aul)P™) dx)T;
Q

|

(] 0+ 2yt &) | |
soval e ()
Xmax{(fﬁumnhmun“ i)

(L (1A + 18P ) F }
(2.5)

Since u,, is bounded in X, implies that e(%) -0
as n — oo. Hence, sending n to oo in (2.4) and
(2.5), we obtain

lim
n—00 Q

P
2

|Au, — AulP™ dx = 0.

Since T; is the Fréchet derivative of @y, it fol-
lows that Tj is continuous and bounded so that
we deduce that for all u,v € Woz’p(')(Q) such that
u+v,

(Ty(u) =Ty (v),u —v) > 0.

This means that T is strictly monotone.
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(ii) Let (u,), be a sequence of X such that Hence.
u, — u weakly in W()Z'p(‘)(Q) and J A AuP¥d
: _ u, — Au X
E;r\l}:upn_)Jroo(Tl(un), u, —u)y < 0. From (2.3), we (reQ:1<p()<2] n
(Ty(up) = Ty (u), 1y —u) 2 0, (2.6)

and since u, — u weakly in Woz'p(')(()), it follows
that

limsup(T (u,,) — Ty (1), u,, —u) = 0.

n—+oo

Thus again from (2.3), we have

f |Au, — AulP™) dx
{xeQ:p(x)=>2}

<2072 | A(uy,u)dx,

—AulPWdyx
)

(2.7)

I{er:l<p(x)<2} |Au”
p(

<(p* - 1)] (At 1) (Bt 1)) P00 i,
Q
where
A(un! ”) =

(1A, PD=2 Aut,, — |Au P2 Au)(Au,, — Au),

By, 1) = (|Au,| +|Aul)? X,

On the other hand, by (2.6) and since

f Aty ) dx = (Ty (10) = Ty (), sy — 1),
Q

we can consider 0 < J. Ay, u)dx <1.

Q

We distinguish two cases:

First, If f A(u,,u)dx =0, then A(u,u) = 0,
Q

since A(u,, 1) >0 a.e. in Q.

Second, If 0 < f A(uy,u)dx <1. Thus
Q

-1
P = (_f A(un,u)dx) is positive
{xeQ:1<p(x)<2}

and by applying Young’s inequality we deduce
that

px) p(x)

J [#(A (1) 7 [(Blaty, ) 2PN dxc
{xeQ:1<p(x)<2}

2
<| (Att 0 + (Bl 1))
{xeQ:1<p(x)<2}

The fact that —2-
p(x)

< 2, we have
2
. (Atat 10001757 + (BLu 1)) dx
{xeQ:1<p(x)<2}

< J (A, u)t? + (B, u))P™)) dx
{xeQ:1<p(x)<2}

<1+ j (B(tty, 10))P™ dx.
{xeQ:1<p(x)<2}

www.astesj.com

(iii)

(iii)

1
2
< U A(un,u)dx) (1 +_[ (B(1tyy, 1))P¥) dx).
{xeQ:1<p(x)<2} Q

Since J (B(u,, u))*™) dx is bounded, then
Q
f |Au, — AulP¥dx — 0 as n — oo
{xeQ:1<p(x)<2}

Note that the strict monotonicity of T} implies
that T; is into operator.

Moreover, T; is a coercive operator. Indeed,
from Proposition and since p~ -1 > 0, for

eachu € Woz’p(x)(Q) such that ||u|| > 1, we have

(Ty(w)u) _ ©'(u)
ladl ~ Tul

Finally, thanks to Minty-Browder Theorem [12],
the operator T; is an surjection and admits an
inverse mapping.

To complete the proof of (iii), it suffices then
to show the continuity of Tl_l. Indeed, let (f,),
be a sequence of W~2P'/(Q) such that f, — f

in W’ZP’(')(Q). Let u, and u in Woz'p(')(()) such
that Since J (B(u,,,u))p(x) dx is bounded, then
Q

> [ullP 7! = oo, as [lull = co.

f |Au, — AulP¥dx — 0 as n — oo
{xeQ:1<p(x)<2}

Note that the strict monotonicity of T; implies

that T; is into operator.

Moreover, T; is a coercive operator. Indeed,

from Proposition and since p~ —1 > 0, for
2,

each u e W, p(x)(Q) such that ||Ju|| > 1, we have

(Ty(w)u) _ ©'(w)
Tl Tl

T (f,) = u, and T H(f) = u.

By the coercivity of T}, we deduce that the se-
quence (u,), is bounded in the reflexive space

>ullP" ! > 00, as||ul| = .

W()Z'p(‘)(Q). For a subsequence if necessary, we
have u, — win Woz’p(')(Q), for a some u. Then

lim (T (uy,)-Ty(u), u,—u) = ngTQQ(fn_f’ uy—u)y=0.

n—+o0
It follows by the second assertion and the conti-
nuity of T that

u, > uin Woz’p(x)(Q) strongly and

Ty (u,) = Ty () = Ty (u) in W—Z,p’(x)(Q)

Further , since T; is an into operator, we con-
clude that u = u.

This completes the proof.
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Lemma 2.7 [13] The following statements hold

(i) —Dp) := Ty is continuous, bounded and strictly
monotone.

(i) —bp(x) = Ty is of (Sy) type.
(iii) —Ap(x) = T, is a homeomorphism.

The following lemma plays a central key to prove our
main result related to the existence.

Lemma 2.8 We have the following statements
(i) @’ is completely continuous.

(ii) The functional ® satisfies the Palais-Smale condi-
tion on M, i.e., for
{u,} C M, if {O(uy,)}, is bounded and

D’ (u,) >0 asn— co. (2.8)

{u,} has a convergent subsequence in X.

Proof (i) First let us prove that ¢’ is well defined. Let
u,v € X. We have

('), v) = f P d.
Q

By applying Holder’s inequality, we obtain

x)—

(@ (), v) < b Wl
Then
K’ (u),0)] < CllulP ]l
where C is the constant given by the embedding of
WePY(Q) in LPO(Q). Hence
llp’ ()l < ClulP™,

where ||.||, is the dual norm associated with ||.||.

For the complete continuity of ¢’, we argue as fol-
low. Let (u,), € X be a bounded sequence and
u, — u (weakly) in X. Due the fact that the embed-

ding Woz’p(')(Q) — LPU(Q) is compact u, converges
strongly to u in LPO(Q), and there exists a positive
function g € LP)(Q) such that

|u|<gae. in Q.

Since g € LPO-1(Q)), it follows from the Dominated
Convergence Theorem that

|ty P72 0y =] P72 in L70(Q)

That is, )
@ (u,) = @’(u) in L7 (Q).

Recall that the embedding
LP’(-)(Q) s W—ZP'(-)(Q)

is compact. Thus

*

@' (un) > @'(u) in X

www.astesj.com

This proves the assertion (i).
(ii) by the definition of ® we have

1 _
O(u) > Fllull” ,

then u,, is bounded in X. So we deduce that there ex-
ists a subsequence, again denoted {u,}, and u € X such
that {u,} converges weakly to u in X. On the other

hend, by (2.8) we get
lim (D@’ (u,), (4, —u)) = 0.

n—-oo
Then, by (ii) of lemma and (i1) of lemma we
conclude that {u,} converges strongly to u € X. This
achieves the proof the lemma.

(2.9)

3 Existence results

Set
I‘]- ={K ¢ M: K symmetric, compact and y(K) > j},

where y(K) = j being the Krasnoselskii’s genus of set
K, i.e., the smallest integer j, such that there exists an
odd continuous map from K to R/ \ {0}.

Now, let us establish some useful properties of
Krasnoselskii genus proved by Szulkin [12].

Lemma 3.1 Let X be a real Banach space and A, B be
symmetric subsets of E \ {0} which are closed in X. Then

(a) If there exists an odd continuous mapping
f:A— B, then y(A) < y(B)
(b) If AC B then y(A) < y(B).
(c) Y(AUB) <y(A)+y(B).
(d) If y(B) < +oco then y(A—B > y(A) - y(B).
(e) If A is compact then y(A) < +oo and there exists a

neighborhood N of A, N is a symmetric subset of
X\ {0}, closed in X such that y(N) = y(A).

() If N is a symmetric and bounded neighborhood of
the origin in R and if A is homeomorphic to the
boundary of N' by an odd homeomorphism then
y(A)=k.

(g) If Xy is a subspace of X of codimension k and if
Y(A) >k then AN X = ¢.

Let us now state the first our main result of this
paper using Ljusternick-Schnirelmann theory:

Theorem 3.2 For any integer j € IN%,

Aj = inf max®(u),
Kel; uek

is a critical value of ® restricted on M. More precisely,
there exist uj € K, such that

Aj = O(uj) =supP(u),

uek

and u; is a solution of (1.1)) associated to positive eigen-
value /\]-. Moreover,

/\j—>oo, asj — oo
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Proof We only need to prove that for any j € IN*, I = 0
and the last assertion. Indeed, since Woz’p(')(Q) is sep-

arable, there exists (e;);>; linearly dense in Woz’p(')(())
such that
suppe; Nsuppe, = 0 if i # n. We may assume that
e; € M (if not, we take ¢/ = ——%——).
[p(x)p(e;)] P
Let now j € IN* and denote
Fj =spanfey, ey,..., €}

Clearly, F; is a vector subspace with dim F; = j. If
vVE F]-, then there exist ay,...q; in R, such that

j j
o)=Y lailPVple) =) lailt.
i=1 i=1

It follows that the map

v ()70 = ]|

defines a norm on F;. Consequently, there is a con-
stant ¢ > 0 such that

1
clvll < liivlil < vl
This implies that the set
2,p(.

Vi :Fjﬂ{vewo p()(Q):(p(v)g 1},
is bounded because V; C B(0, %), where

1 1

B(0,2)= {u e W2P(Q), such that|ju] < E}'

Thus, V; is a symmetric bounded neighborhood of
0 € F;. Moreover, F; N M is a compact set. By (f) of
Lemma we conclude that y(F; N M) = j and then
we obtain finally that I # 0. This completes the proof
of first part of the theorem.

Now, we claim that

Aj > 00, a8 j —> 00

Let (ex, €;,)r,n be a bi-orthogonal system such that e €
WoP(Q) and €, € W=2#'0(Q), the (e) are linearly
dense in Woz'p(')(Q) and the (e},), are total for the dual
W=2P'()(QQ)). For k € N¥, set

F, = span{el,...,ek} and FkL = span{ek+1,ek+2,...}.

By (g) of Lemma we have for any K € Iy, KNF;- | #
0. Thus

fr=inf sup D(u) > o0, ask - o0
Kelk uekNFy- |

Indeed, if not, for k is large, there exists uy € FkL_1 with
[uk|p() = 1 such that

te <DP(ux) <M,

www.astesj.com

for some M > 0 independent of k. Thus [lull,) < M.
This implies that (uy); is bounded in X. For a sub-
sequence of {uy} if necessary, we can assume that {uy}
converges weakly in X and strongly in LP*)(Q). By our
choice of Fkl—l' we have up — 0 weakly in X, because
(e}, exy =0, for any k > n. This contradicts the fact that
luklp) =1 for all k. Since A > t; the claim is proved.

Corrolary 3.3 we have the following statements:
(i) A=
inf{fQ lﬁ(lAulp(") +|VulP®)dx,u € X, fQ ﬁlulp(") dx = 1}.,
(ii)) 0< A <Ay <o <A, > Hoo,

(iii) Ay = InfA (ie., Ay is the smallest eigenvalue in

the spectrum of (1.1)).
Proof

(i) For u € M, set Ky = {u,—u}.
y(Ky) =1, @ is even and that

It is clear that

O (1) = max D > inf maxD(u).
K Kely uek

Thus

inf @(u) > inf max®(u) = Ay.
ueM Kely uek

On the other hand, VK €I, Yu € K, we have
sup® > D(u) > inf O(u).
uek ueM

It follows that

inf max® = A; > inf O(u).
Kel K ueM

Then
Ay =inf{],, S (AUl 4+ Vulpt)

dx,u € X,JQ !%x)lulp(x)dx = 1}.

(ii) For alli > j, we have I; C I and in view of defi-
nition of A;,i € N, we get A; > A;. As regards to

Ay — oo, it is proved before in Theorem [3.2]

(iii) Let A € A. Thus there exists 1, an eigenfunction
of A such that
1
—|u |p(x) dx = 1.
JQ p(x)
Therefore
Af;(x)u)\ = Dpytia = Aluy P20 in Q.

Then
f L(|Au/\|l’(x) + IVM,\V)(X))dx — AJ Llu/\lp(x) dx.

o p(x) o p(x)

In view of the characterization of A; in (2.1), we
conclude that

1
L A P

1
—— |y P9 dx
J-Q px)

= J }%(Muﬂp(’“) + Vi, P¥)dx > Ay,
Q

This implies that A; =infA.

A=
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~A (1) + ol 2w = d(x)

[Vu[P)
ulP® +1

1,
ue WP,

+ f—divg(x) inQ,

where Q) is an open set of RN, possibly of infinite measure, also we will
give some regularity results for these solutions.

1 Introduction

In recent years, there has been an increasing interest in
the study of various mathematical problems with vari-
able exponents. These problems are interesting in ap-
plications (see [[1]], [2]]]). For the usual problems when
p is constant, there are many results for existence of
solutions when the domain is bounded or unbounded.
For p variable, when the domain is bounded, on the re-
sults of existence of solutions, we refer to [[3]], [4], [5]],
when the domain is unbounded, results of existence of
solutions are rare we can cite for example [[6], [7]].

In the case where Q) is a bounded, and for
1< p <N, In [8]] authors studied the problem:

—diva(x,u,Vu) = H(x,u,Vu) + f —divg
uew,?(Q),

in D'(Q),

where the right hand side is assumed to satisfy:
felNP(Q)ge@NTH@Q)N.

Under suitable smallness assumptions on f and g they
prove the existence of a solution u which satisfies a
further regularity.

* Corresponding Author: E. Azroul & azroul_elhoussine@yahoo.fr

www.astesj.com
https://dx.doi.org/10.25046/aj020521

In [9] in the case of unbounded domains Guowei
Dai By variational approach and the theory of the vari-
able exponent Sobolev spaces establish the existence of
infinitely many distinct homoclinic radially symmetric
solutions whose WP®)(RN)-norms tend to zero (to
infinity, respectively) under weaker hypotheses about
nonlinearity at zero (at infinity, respectively).

The principal objective of this paper is to prove
the existence and some regularity of solutions of the
following p(x)-Laplacian equation in open set Q of RN
(possibly of infinite measure):

|Vu|p(x>
|u|P(x) +

uewyPYQ),

-A (X)(u)+a0|u|p(x)_2u =d(x)

P

(1)
where p is log-Holder continuous function such that
1< p_ <pe <N, Apy(u) = div([VulP¥2Vu) is the
p(x)-Laplace operator, ay is a positive constant, d is a
function in L*(Q)). We assume the following hypothe-
ses on the source terms f and g :
f:Q->R g:Q—> RN are a measurable function
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satisfying:
felMP(xeQ:1<|f))),
feLP ((xeQ:|f(x)<1}) (2)
ge LN/l )(Q RN) N LP O RY)

We will proceed by solving the problem on a se-
quence ), of bounded sets after that we pass to the
limit in the approximating problems by using the a pri-
ori estimate (this a priori estimates provide the neces-
sary compactness properties for solutions) from which
the desired results are easily inferred. To this aim,
we can neither use any embedding theorem between
LP)(Q) nor any argument involving the measure of Q,,,
and under suitable assumptions on f and g we prove
some regularity of a solutions u of (I). A similar result
has been proved in [7] where p is constant such that
1 < p < N but in the present setting such an approach
cannot be used directly, because of the variability of p.

The plan of the paper is the following: In Section
2 we recall some important defnitions and results of
variable exponent Lebesgue and Sobolev spaces. In
Section 3 we will give the precise assumptions and
state the main results. In Section 4 we will define the
approximate problems, state the a priori estimates that
we want to obtain. In the Sections which follow we
will prove strong convergence of u,, and their gradients
Vu,,. Section 5 is devoted to conclude the proof of the
main existence results. Finally, in Section 6, we prove
that, if f and g have higher integrability, then every
solution u of (1)) is bounded. More precisely, we will
assume that (2 are replaced by:

feLq(X>({er-1<|f x)|}) for some g(x) > N/p(x),
feLP (fxeQ:|f(x)<1})
g e 'O RY) N 1P W(Q;RY)

for some r(x) > N/(p(x)-1)

2 Preliminaries

In order to discuss the problem (1), we need to recall
some definitions and basic properties of Lebesgue and
Sobolev spaces with variable exponents.

Let Q) an open bounded set of RN with N > 2. We
say that a real-valued continuous function p(.) is log-
Holder continuous in Q) if:

X <——— VYxpeQ
Ip(x)—p(@)l |log|x —yl| Y
such that |x —y| < %,
We denote:

C, (5) = {log-Holder continuous function

p:Q > Rwith1<p_<p, <N},

www.astesj.com

where:

p_ = essminp(x)

py = esssupp(x).
xeQ) o)

xeQ

We define the variable exponent Lebesgue space for
p € C,(Q) by:

LPY(Q) = {u : Q > R measurable : j lu(x)P¥dx < oo},
Q
the space LP*)(Q) under the norm:

_ ) (%) p(x)
1l g0y = inf{A >0 L | PWdx < 1}
is a uniformly convex Banach space, and therefore re-
flexive.

We denote by LP'®¥)(Q ) the conjugate space of
LPO(Q)) where i 1 p,}x =1 (see [0, I1]).
Proposition 1 (Generalized Holder inequality [10,11]])
(i) For any functions u € LPX(Q) and v € LP'¥)(Q), we

have
]
R ey L
p .

(ii) For all pl,pz € C+(5) such that: py(x) < pa(x) a.e. in
Q, we have: LP2X)(Q)) < LP1X)(Q)) and the embedding is
continuous.

)”VHLP’(X)(Q)-

Proposition 2 ([10,1]]) If we denote
u)= j [ulP@dx  Yu e LPY(Q),
Q

then, the following assertions hold

(i) ||u||Lp(x)(Q) <1 (resp,=1,>1)ifand only if p(u) < 1
(resp, =1,>1);

(ii) ooy > 1 implies ull'yy ) < p(u) <
03y @ Nty < 1 implies [l ) <

1= .
o) < [l

(iii) ||u||Lp(x)(Q) — 0 if and only if p(u) — 0, and
llull o)) = o0 if and only if p(u) — oo

Now, we define the variable exponent Sobolev space
by:

WLPM(Q) = {u € LPY(Q) and [Vu| € LPY(Q)},

with the norm:

”u”WLP(X)(Q) = ””||Lp(x)(Q)+||Vu||Lp(x)(Q) Yue Wl'p(x)(Q)-

We denote by Wol'p(x)(Q) the closure of Ci°(Q)) in
Wl’p(x)(Q), and we define the Sobolev exponent by
* N

pix) = NJJ;ZCX)) for p(x) <N

Proposition 3 ([10,12]) (i) If1<p_<p, <oo, then

the spaces W'PX)(Q)) and Wol’p(x)(Q) are separable
and reflexive Banach spaces.

142


http://www.astesj.com

E. Azroul et al. / Advances in Science, Technology and Engineering Systems Journal Vol. 2, No. 5, 141-151 (2017)

(i) If g € C.(Q) and q(x) < p*(x) for any x € Q, then hold, and let (uy,), be a sequence in Wol'p(x)(Q) such that
the embedding Wol’p(x)(Q) s LI0)N(Q) is contin- U, — U in Wol,p(x)(Q) and
uous and compact.

(iii) Poincaré inequality: There exists a constant C > 0, J. [a(x, 11, Vit,) — a(x, 11, V1)V (1, — 11)dx — 0,  (9)
such that: Q

1p(x)
ull; pix < C|IVull; pex YueWw Q).
el Q) Vil @) 0 () then u, -> u in Wol’p(x)(Q)for a subsequence.
(vi) Sobolev-Poincaré inequality : there exists an other
constant C > 0, such that: We define the operator:

. bp(x) -1,p’(x) .
lllypoy < CVullpoqy Vue WPy, Rt Wo () = WRETEL,), by:

The symbol — will denote the weak convergence, _ _ 1p(x)
and the constants C;, i = 1,2,... used in each step of Ry, v) _J el u)v=Hy(x,u, Vujvdx - Yv e W™ (Qy).

proof are independent.
by the Holder inequality we have that:

3  Approximate problems and A forallu,vewy”"(Q,),

priori estimates
| j c(x,u)v—H,(x,u, Vu)vdx|
In this section we will prove the existence result to the Q,
approximate problems. Also we will give a uniform < 1 1 )
estimate for this solutions u,,. = (p_ * P’ )[”C(X’M)HLP @@, lire,)

+{[Hy(x, 10, Viu)ll o ) 2o
Approximate problems () ( ")]

11 : Pl
For k > 0 and s € R, the truncation function Tj(.) is = (_ + _/)[(f (|c(x,u)|1’ ®dx + l)p
. p- p- Q,
defined by: .
(%) =
T ( )_ S lf |S| S k, (4) +(J;) (|Hn(x: M,VM)IP x dx+ 1) ]”v”Wl P(x (Q )
kg iflsl> k.
Then:
Let Q,, = QN B,(0) where B,,(0) is the Ball with
center 0 and radius n, we consider the approximate
problem: |f c(x,u)v+ H,(x, u,Vu)vdx)

A, \(u,)+c(x,u,)=H,(x,u,,Vu,)+ f, —di in Q,,, #
P(~)( n) +c(x, uy) 111(() n n)t+fn—divg, inQ, (i _/)[(J |u|p )dx+1) 7
€ Wy PH(0,) L), e

(5) o
with c(x,u) = aplulP™2u, H,(x,5,&) = T,(H(x,s,£)), (J dx+1 ]”U”wlp (Q,) (10)
H(xs,6) = d(x>|s',§!+m, fu¥) = T.(f(x)) and ) 3
(x)—ﬂ Let us remark that |H,| < |H| (_ [ |u|p dx+1)
8= Tl nl = 15 p-
|Hyl <n|ful <|fland |g,[ <gl. na
. ful <1f Snl =18 ( P meas(Q),, +1) Ivllwiewq,)

+
Lemma 1 ([13])) Let p be a measurable function and <Gyl
> 1 1,p(x) »
s > 0 such that sp_ > 1 then |||fFllpeo ) = ||f||SLp(X)(Q) WIP(Q,)

for every f in LPY)(Q).

Lemma2 ([3]) Let a : Q x Rx RV — RN be a
Carathéodory function (measurable with respect to x in
Q for every (s,&) in Rx RN, and continuous with respect

to (s,&) in R x RN for almost every x in Q) and let us
Assume that:

la(x,5,€)] < BK (x) + s~ + 1P, (6)
a(x,s,€)E 2 al& P, (7)

la(x,s,&) —a(x,s,E)|(E-&)>0 forall & =& inRY,
(8)  where Au = —Ap(x) (1)

Lemma 3 The operator B,, = A+ R,, is pseudo-monotone
from Wol’p(x)(Qn) into WP (X)(Q,)). Moreover, B,, is co-

ercive in the following sense
(Buv,v)

“vaLp(X)(Q”)

for ve Wol’p(x)(Qn).

— +00 as ||Vllwl.p(x)(Q”) Tt
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Proof: Using Holder’s inequality we can show that the Using and (14), we obtain:

operator A is bounded, and by using we conclude

that B,, is bounded. For the coercivity, we have for any hlkn sup(B,,(ug), ux)

ue Wy"(Q,),

=limsup {j Vi PPdx + J- (c(x, ug) — Hy(x, ug, Vuk))ukdx}
Q

k—oo n Q,

(Byu,u)y ={(Au,u)+(R,u,u)

< J (qudx+J Puudx,
:J |Vu|p(")dx+J. c(x, u)u —H,(x,u, Vu)udx Q Q
Q, Q, (15)
Thanks to (13), we have:

> J\ |Vu|p(x)dx - Cl.“””wl,p(x)(Q”) (u81ng)
Q J (c(x, ug)— Hy(x, ug, Vug)) updx — j Y,udx; (16)
Qn Q”

FY
2 ||Vu||Lp(x)(Qn) - Cl'”u“WLP(X)(Qn)
£
2 a’”””wl,p(x)(gn) - Cl-”””wl,p(x)(Qn) Therefore,

(using Poincaré’s inequality) lim Supf Vi PO dx < f @Vudx. (17)
Q

With k—o0 n Q,
o _ JP- if [IVullppwq,) > 1 On the other hand, we have:
p+ i IVullppeo,) <L 5 5
Then, we obtain: f (V2 PO 2V g = [VuP2Vu) (Vg = Vuydx 20,
(Bu,u) (18)
_— > 400 as ”M”WLP(")(Q ) — 400. Then
””“wl,p(x)(Qn) "

It remains now to show that B, is pseudo- J IVukIP(X)dxz—J |Vu|p(x)dx+j |Vuk|p(")*2VukVudx
Q,

monotone. Let (uy)r a sequence in Wol’p(x)(Qn) such Qn Qn
that: J’ (x)-2
+ [VulPY~*VuVudx,
we—u in W,PY(Q,), Q,
Buup — x in WP M(Q,), (11) and by (12), we get:
limsup(B, uy, ug) < {(x, u).
k—eo lim infj Vi P¥ dx > J oVudx,

We will prove that: k=0 Ja, Q,

x=B,u and (B,ug,ur)— {(x,u) ask— +oo. this implies, thanks to (17), that:

Firstly, since W "(Q,) oo LP(@Qy), then lim | [VigPWdx = J QVudx.  (19)
u — uin LPX(Q,,) for a subsequence still denoted k= Jq, Q,
by (ug - .
We have (uy)g is a bounded sequence in Wol'p(x)(Qn), By combining (14), and ([9), we deduce that:
then ([Vur[P®2Vu;), is bounded in (LP'™(Q,))N, (Buup, ur) = {x,u) ask— +oo.
therefore, there exists a function
@ € (LP'®(Q,))N such that: Now, by we can obtain:

IVuk|P(x)—2Vuk — ¢ in (Lp'(x)(Qn))N as k — co. (12) klim (W”k|p(x)72VMk—|Vu|p(")*2Vu))(Vuk_vu)dx L
Similarly, since (c(x, i)~ H, (x, g, Vi) is bounded in -~ >

LP'¥)(Q),,), then there exists a function P, € LP'™)(Q),) In view of the Lemma[2] we obtain:

such that:

c(x, ug) — Hy(x, ug, Vi) = 1, in LP'9(Q,,) as k — oo,
(13)  then

U — u, Wol’p(x)(()n), Vuy - Vu ae.inQ,,

Lp(x)
Forallve W Q,), we have: ,
0" () Vi [PH=2Vy — [Vu P92y in (LP"™(Q,)N,

(x,v) = lim (B, v)

and

- 1i p(x)-2 ’
= kh_{go 0 Vgl Viy Vvdx c(x, ug)—H, (x, g, Virg) = c(x, u)—H, (x, 4, Vu) in LP 9(Q,,),
+ lim (c(x, uy) — Hy, (x, g, Vit ) Jvdx (14) we deduce that y = B,,u, which completes the proof.

k—oo Joy, ! By Lemma |3} we deduce that there exists at least

: Lp(x)
_ J PVvdx +j ,vdx. one weak solution u,, € W, '(Q),) of the problem (5),
Q, Q, (cf. [14]).
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A priori estimates

Proposition 4 Assuming that p(.) € C.(Q) holds, and let
u,, be any solution of (5. Then for every A > 0 there exists
a positive constant C = C(N, p, ag,d, f, g, A) such that:

<C

Vl

Aluy| _
e 10, (20)

Remark 1 The previous estimate yields an estimate for

the functions el in L;(()i)(Q)for every r € [1,+c0), every

A >0 and every set )y CC Q, one has
lle" 0 ay) < Clrz, A, Qg)

Proof:
For simplicity of notation we will always omit the

index n of the sequence. We take ¢(Gy (1)) as test func-
tion in (5), where

s—k ifs>k,
Gr(s)=s—Ti(s) =10 if |s| <k,

s+k ifs<-k. (21)
and ¢(s)= ( Alsl _ )sign(s).

we have:
J‘wauuWWWﬂGAu»+agf|mﬂﬂ*mxcumn
Q Q
sgLW@wwww@wm{vamuw
{fMWQWMﬂ@w»
Q

=I+]+K,
(22)
For every s in R and if A satisfies:
A>8d (23)
we have:
L,
dlp(s)l < g9'(s) (24)
then
1
t<g [ WaPYeGon e
Q

Before estimating ], we remark that:

~fwck et

where

\f|vqlck WP (26)

Is| 1 Als!
\M@=L(¢awmw=p@Ww%—n (27)

Moreover, we observe that there exists a positive con-
stant ¢, = c;(p, A) such that

lp(s)] < 2 (W(s))PWfor every s such that|s| > 1 (28)
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Now let us observe that p is a continuous variable
exponent on (2 then there exists a constant 0 > 0 such
that:

p(¥))
Np(y)

N-p@) _ PN —

veBmonQ NP(®) ~ yeBrona

(29)

while Q is compact then we can cover it with a finite

number of balls B; for i = 1,...,m from we can
deduce the pointwise estimate:

PiiN

—2 <N.
N-p_i+p”;

1 <p-i=p+i = (30)

is satisfy foralli =1,...,m
p-i P+ denote the local minimum and the local maxi-
mum of p on B; N Q) respectively

Estimation of the integral J:

Let H > 1 be a constant that we will chose later. We
can estimate J by splitting it as follows:
|mwaww

_Z[f Bin(fI-HIG (0l21)

Ifllp(Gr ()] Ifllo(Gi ()]
+J{|f|>H,|Gk(u)l<1} fllp(Gr(u)) +J;|f|sm fllo(Gy(u)

=l +]+]3

By J1, can be estimated as follows

neafl],

mwwmqu
BiN{If1>H,|Gy(u)>1}

Let € a positive constant to be chosen later. Using
Young, Sobolev’s embedding and Lemma|I|we have:

P
hscj“ FIEHTN 4 2 IVW(Grl)l
(If1>H) Z Bi)

eN 1 ﬁ
sc| ey [ v ]
{If1>H) 8 ;[ B; ]

Np(x) + _ Npyi .
where p*(x) = 1~ ) and p ; = N-p; since (30) we can
choose € such that:
N_ _ )
Poi e < P (31)
Np_i P,

Then using and we obtain that :

hscj 1£]7
{IfI>H)

Remark 2 The cases where ||‘I/(Gk(u))||Lp*<x)(Q) <1or
IV (G ())llpt ) < 1 are easy to see that J; < C (C
depend on the data of the problem)

J“WGA>WW¢%GAM (32)
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On the other hand
1 N
peo | Lol )
{IfI>H) H o+ Zf>H)

Finally, if we choose k sufficiently large such that:

agkP-~1 > 4H (34)
We obtain:
Ja < —°f (G ()
(35)
<5 [Pt ig(Giu)
Estimation of the integral K:
Thanks to Young’s inequality, we have:
1
K<g | WGP/ (Gyw)
8 Jo
(36)

+Cy L 1glP" e’ (G (u)),

:K1+K2

The integral K, can be estimated as follows:

Kas C“L Igl”" X " (Gi(w)),

< C4/\e"j g
{IGx(u)I<1}
+ C4 f
Z’ N{Igl>1L,|Gx (u)|>1}

+ c4j '(Ge(w))
{1g1<L,|Gg (u)|>1}

=K1 +Ky0+Ky3

Since ¢’(s) < Cs(W(s))P¥)

we have:

K2’2 < C6 i[j
i=0 “Bi

Let € be a positive constant such that (31). Using
Young, Sobolev’s embedding and Lemma I|we have:

g7 W (G ()]
N{Igl> LGk (u)>1}

6NP(>

ePii
Ky, SC7J |g|N+pC-N +—Z||V‘I’ Gl B,)
{lg>1}
eNp’(x

scyf{lgl>l}|glfN+p g Z[J [V (Gr(w)P ] P

Then using (31) and (26) we obtain that:

p+z

N1
k<G | |g|p<xH+—f IVGi()P g (G )
flgl>1) 8 Ja
(38)
The same as before in the cases where
W (G ()l o) < 1 or IVR(Gr(u))ll o) < 1 it
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for every s such that |s| > 1,

is easy to check that K, , < C
Finally, using inequality

@’(s) < Cslo(s)l

and choosing k = k(p_, ag, A) sufficiently large such
that:

for every s such that|s|>1 (39)

agkP-~1 > 4C, (40)

we obtain:
a _
ks < [ KO Np(Gutn)
s (41)
<% [ 1P (Gl
0
Putting all the inequalities 22), (29), (32), (33), (35).

7) and (36) together, we get an estimate in
W, p (Q) for Gy (u),when k is large enough:

3 | VG Gyt + 5 [ gt

N N
e - L
{IfI>H} H . lf>H}

, _N__
ccuet [ g [ gl
Q Q

=Cyo(N,p_,py a0 f,8A)

For every A,k satisfying (23), (34), (40) and for ev-
ery H > 1. We fix now A and k such that (42) holds.

As before, If we take @(Ty(u)) as a test function in
we obtain:

f |VTk<u>|P<"><p'<Tk<u>>+aof P (T (1)),
Q Q

(42)

sdj |VTk<u)|P<x>|<p<Tk<u>)|+d<p<k>f VG ()P
Q Q

+ J_Q fllo(Tie(u))] + JQ 18IV Tk (10)lep”(Tic(u))

:L1+L2+L3+L4,

(43)
Using (24), we have:
1
Ly [ WGP )
Q
By (42),
Ly < Co(N,p_,psr @0, f,84) (45)
Remark 3 if meas(Q) is finite or if f € L1(Q) it is easy

to estimate the integral L3

In general case, let € be a positive constant to be
chosen later, we write

L k T,
3 <ol )Lﬂﬂ}|f|+J“f|§}|f||qo< ()

k p(x)
< o )f“f|>l}lf|+e£)l<p(Tk(u))l

+c(e,p’_)f £P)
{Ifl<1}
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Since

Tie ()P < Cyy (A, pas pos Kl (T (1)) P

choosing € such that eCy; <

oo (

%,we have:

a —
Lo < 5 [ WP Tyl + Cratan £, )

(46)
Finally, one has

1 ] ]
Ly< 1 J.Q IV T (u) PP’ (Ti(u) + Cr3(@0, A, pl g, p_ k)

(47)
In conclusion, putting all the estimations ((43) - (47))
together, we get:

1

3 J VBP0 00+ 5 [ (i)

< C14(sz—;l7+; Ofo;f;g; /\)
(48)
In view of and (48), we have:

J- VuPOeAll < J- VulPRI N0 <
(lul<k) (lul>k]

For every A, k large enough (see (23), and (40)),
where C;5 depends on A, k and the data. Since

J (VP Al f (VP Al
Q {lul<k}

+ etk j |Vu|P) AJul=k)
{lul>k}

<Cis

If we fix the value of k (dependmg on 1), we obtain
an estimate of |[V(e** - 1)| in LP®)(Q) (depending on
A). This implies, by Sobolev’s embedding, that:

fo(e/\lul _ 1)P*(x) <Cyy

For every A such that (23) , where C;; depends on A
and on the data of the problem Note that (49 . 9) does not
imply an estimate in LP()(Q)) for el 1, since meas(Q)
may be infinite. To obtain such an estimate, we have to
combine and , since, for every k > 0, one has
the inequalities

f (M1 < g J PO (T (),
(lul<k) Q

J' (Ml 1) < Czoj (el _ 1 ypete)
(lul>k) Q

Therefore, if k = k(A) is such that holds, we can
write

f (Ml _ 1y
Q

= f (el — )P 4 J (M —1)P) < ¢y
{lu|<k} {lul>k}
(50)

where C,; depends on A and the data of the problem.

(49)
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4 Main results

In this section we will prove the main result of this pa-
per. Let {u,,} be any sequence of solutions of problem
(5), we extend them to zero in QO \ QO,,. By (20), there
exist a subsequence (still denoted by u,,) and a function

ue WS'P(X)(Q) such that 1, — u weakly in Wol,p(x)(Q)‘

Theorem 1 There exists at least one solution u of ;
which is such that

J [V ulp™) 2VuV1pdx+J. c(x,u t,bdx+f H(x,u,Vu)ipdx

J-fxpdx Lngpdx.
(51)

for every function i € Wol'p(x)(Q) N L*®(Q). Moreover u
satisfies

M1 e wy M) (52)

for every A > 0.

The proof will be made in three steps.
Step 1: An estimate for fQ IVGp ()P
In view of we have:
J |VGk Uy |p

Q

2 N 2¢(1 N 2C4Ae?
<IE{ e 2L [ e 2

A |f|>H} AH e JUfeH) A

(53)
If 1 is an arbitrary positive number, let us choose H
such that the right-hand side of is smaller than 7.
It follows that, for every k satisfying (34), , every
A satisfying (23), and every n € N

f IV G P
Q

which proves:

supj IVGi(u,)P®) >0 as k—oo  (54)
n Q

Step 2: Strong convergence of VT (u,)

In this step, we will fix k > 0 and prove that VT;(u,,) —
VTi(u) strongly in LP®)(Q ;RN as n — oo; for k fixed.
In order to prove this result we define:

zu(x) =

Tk(un) - Tk(”)

and we choose ¢ a cut-off function such that
PpeCy(Q), 0<yp<l,

II)ZO in QO
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Let us take: 7
v = qo(zn)ealunlll)

as a test function in , where A and 0 are a positive
constant to be chosen later, we obtain:

(55)

An + Bn = J IVunlp(x)_2Vuann<p’(zn)e5|un|¢
Q

+J c(1ty)p(z )l

Q
< dJ- |V”n|p(x)|qo(zn)|e6|””|l,b + J-Q Ifllqo(zn)|e5|”"|1,b
- 5J Vi, PX (z,,)eMolsign(u, )
+ j |Vu,,|1” 0)-1 |V¢||(p(zn)|eélunl

Q
+ L £IVzlg (2,)e Ml

v L gVl + L SV lip(zle!

=C,+D,+E,+F,+G,+H,+L,
(56)
Splitting Q) into Q = {|u,| <k} U
A= f IV Ty (10 P2V T (1) V2,0 (2T
{lunl<k}

+f VP29, V200 ()
{lu,,|>k}

- fl VTGP 2Ty IV TP 29T )

" Vz,,(p’(zn)eélTk(”")ll,b

+J. |VT’<(”)|p(")_2VTk(u)Vzn<p’(zn)e‘5|Tk(”")|1,b
{luyl<k}

o R e T R
{lu, >k}

= Al,n +A2,n +A3,n

since

VT ()P 2V T (1)@ (2,) e My, 1<y
— VT (u) P2V T (1)’ (0)e TN xe ke

almost everywhere in Q (on the set where |u(x)| = k we
have [V Ty (u)[P¥)-2V T (u) = 0)and

IV T ()P =2V T (1) (2,) e T ) x4 1<

< |VulP®1 e’ (2k)e*

which is a fixed function in LP"®)(Q). Therefore by
Lebesgue’s theorem we have

VT ()P 72V T (1)@ (2,) e T x 1 1<y
= (VTP 2V T ()" (00 T <ty
strongly in LP’™(Q). Indeed, Vz, — 0 weakly

in LPM(Q;RN) then Ay, — 0. Similarly, since
VzuXijuy sk} = ~VTe(#)X{u,>¢p — 0 strongly in

www.astesj.com

{lu,| > k} we can write:

(Q;RN),  while |V, PX2Vu,p’(z,)e"ly s
bounded in LP'®)(Q;RN), by (6), and Remark
we obtain Aj, — 0. Therefore, we have proved that:

An :Al,n+0(1) (57)

For the integral B, while ¢(z,) has the same sign
as c(u,,) on the set {|u,| > k} we have

Bn=f C(Ti (1)) 2 )2 T
{lun|<k}

+J‘ C(un)(p(zn)eélunllp

{|u, >k}

= j C(Tk(”n))(P(Zn)eélTk(u“)llp
[unl<k

the last integrand converges pointwise and it is
bounded then f <kl (T (uy))p(zy,)e Ol Tkt |1,b goes to

zero. Therefore, we obtain that:
B, >o(1) (58)

Let us examine C, and D,, together. We first fix 0
such that

o0>d

Since ¢(z,)sign(u,) =
have

|@(z,)| on the set {|u,|>k} we

Co+ By < df Vit P9 oz el

—6J. |V, |P) oz, bl”"lszgn(un)lp

<(d+ 6>f IV T ()P g 2 Tt
{lu, <k}

+(d—6>f V10, P (2, )l
{lu,,|>k}

s<d+a>f IV Ti ()P p 2T
[unl<k

=<d+6)f [V Ty (4P 2V Ti (1)

{lu, <k}

VT ()P

+(d+6)f IV i (0, P 2V T (1) V T (1)
{lu,|<k}

(P(zn)|65|Tk(ltn)|¢

+<d+6>j IV T (1) P2V T 1)V (2T
u,|<k}

2V T3 ()] V2, (2, e Ty

The last two integrals converge to zero.If we choose A
such that:
A>2(d+9)

we have:

@’(s)
2

(d+9)p(s) < for every s in R
then we can obtain:

1
C,+E, < EAI'" +0(1)
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Using Remark [I|we can observe that:
D,—0 (60)

For the term F,, we can see that |Vi||@z,| converge
strongly to zero in L'¥)(Q) for every r(x) > 1. by

the term |V, |P®)=2Vu,e?l is bounded in LZ;EX)(Q)
then we have that:

F,—0 (61)

For the term G,, like before we have:

Gy = j 18122l (z)e?
{lu|<k}

w1Vl ety
{lul>k}
=GintGon

since

1819 ()™ 2 121y = 1810 (0)e T 4 x <y
almost everywhere in (Q and

181" (zu)e™ M x <1 < g’ (2K)e™

Therefore by Lebesgue’s theorem we have:

119" (zn)e™ P x 1, 1<k — 181" (00N x <y

strongly in LP'®¥)(Q). Indeed, Vz, — 0 weakly
in LPO(Q;RN) then Gi1, — 0. Similarly, since
Vzul x>k = V(W)X {u, 5k — 0 strongly in
LP'O(Q;RN), while |glg’(z,)e "l is bounded in
LP’(X)(Q;IRN), by and remark we obtain G, ,, — 0.
Therefore, we have proved that:

G,—0 (62)
Moreover
gl (za)lp — 0
almost everywhere in (Q and
gl (znle < Igllp(2Kk)lp
Therefore by Lebesgue’s theorem we have:

Igllp(zy)lp — 0

strongly in LP'®)(Q)). Indeed, Vu,e’ |l — viyeolt!
weakly in LP(")(Q; RN), then:
H, —0 (63)

Finally, [Vi|lpz,| converge strongly to zero in
L'¥)(Q) for every r(x) > 1. by the term [gedll

is bounded in Lﬁ;ﬁx)(()) then we have that:
L,—0 (64)

Putting all inequalities (56), (57), (58), (59), (60), (61),
(62), and we can conclude:

A, —0 (65)
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On the other hand we have

f“ VTP 2T ) = T )2V Ty 092,
1, >

@’ (z,) e Tl = f VT ()PP’ (k - Tie(u))e* p — 0
{lu,[>k}

(66)
From and we can conclude that:

, [IV T (14,) P2V Ty (1) = [V T () P2V T ()]
0

(VT(uy) = VTi(u)) > 0
(67)
Finally, using the Lemma[2]we have:

VTi(u,) — VTi(u)  strongly in LP®(Qo; RN)  (68)

Step 3: End of the proof

Observing that:
Vu, —Vu =VTiu, - VTiu+VGru, - VGru

Let (3 be an open set compactly contained in (2, using

and we have:

Vu, — Vu  strongly in LPX)(Qg; RN) (69)

To obtain we have to pass to the limit in the
distributional formulation of problem (5) using (69).
Finally, statement follows easily from Proposition
[4and (69), using Fatou’s Lemma.

5 Boundedness of solutions

In this section we will gave some regularity on the
solution of the problem (1) using an adaptation of a
classical technique due to Stampacchia. To do this we
need the following lemma (see [15]]):

Lemma 4 Let ¢ be a non-negative, non-increasing func-
tion defined on the halfline [kg,c0). Suppose that there
exist positive constants A, u,f, with p > 1, such that

¢(h) <

p
for every h >k > ky. Then ¢(k) = 0 for every k > ki, where

ki =k +Al/ﬂzﬁ/(ﬁfl)(i)(ko)(ﬁfl)/}d

The result that we are going to prove is the follow-
ing:

Theorem 2 Suppose that (3) holds. Then every solution
u of (1); which is specified in is essentially bounded,
and

llunllzo) < C (70)

The proof relies on the combined use of the well-
known technique by Stampacchia (see [15]) and suit-
able exponential test functions, as in [16].
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Proof:  Since we can obtain an estimate for equalities we can deduce that:
Jo 1P (G (u)) then for some constant kg = k(1)
sufficiently large we have j Ifllo(Gr(u))|
Ak+1m{|f|>1}
1
< SIVBGLN

p-g-
where

23||f||p q_{|f|>1} ”(P(Gk( ))”Ll(Ak)

Vip(Gr(u) P + 1dx

meas(Ag,) <1 (71)

Ar={xeQ:|u|>k}

Ak
as before we can take the test function ¢(Gy(u)) then Pt
we have: + C23”f”prE“fbl})||§0(Gk(”))||L1(Ak)
1 1
Z P’ Z
[ e G cao | WP tipGi, =, VOIPEE G gmetag
Ak Ag ‘ Pt
P-9q
IVGi()P Pl (Gifa)) +f FlgGetun  * 2l s IP(GEEir
Ak Ax{IfI>1}

Therfore, choosing kq such that:

e | IgIVGL g’ Gyt L ,
Apn{lfIs1) Ay PN aoky
(72) C23||f”L (If1>1}) T

the second integral in the right-hand side of can
be absorbed by the left-hand side.

In view of Holder’s inequality and and (3)) we have:

(75)
As in the proof of Proposition 4 one has:

L gV G ()l (Ge(w)

) ’ (%)
VG ()PY g (Grlu) + Coa | 18P D (Gi(w)) Ca2¢p'(1) L 8"
Ay Ay K \Ake1 ,
< p'(¥)\1 1’12
and if A > 4d and k > ko(1)(large enough) where < Casl AL 1gl” ) (meas(A))
A
okt > 4 (73) < Coalllgllyreoa)” (meas(Ap)' ™~
where
then , ,
=f [, gl <1
1 , 3a i =9, ,
> | IVGPe (Ge(u) + == | [P Y ep(Gr(u)), i [, 1P >1
2 Ja, 4 Ja, ) k
= if”g”U )(Ax) >1,
< Ifllp(Gr(u))l 0" =1 g
f(Ak\Akmm{lfl»} i ligllprag < 1-
+ J |fllp(Gy(u)) + sz(p'(l)J- |g|P'(x) Finally, with similar calculations, using we have:
A N{If1>1} A\Ag
e C j P’ o’ (Gy(u
“Co [ 1P Gt 2 ],,,, 8o
k+1
(74) <Cau [ 5 (Gl
using Holder inequality we have: H A1 N{lgl>1) g P
+Cu [ p(Gi(w)
| Fllp(Gelw) Aol
(Ak\AkHim“flT} N If we choose kg such that:
< — X meas(Ay)) o+ _
e(1 )(q_ qi)“f”m( )({|f|>1})( (Ax)) aokg, Ly 4Cy, (76)
by Holder’s inequality and interpolation we obtain: then
Cox [ Ig (Gt
i Pl Gitw) Ao
A N{IfI>1} P
N <Cy g7 (G ()]
< fllza- A, niipisplle (G (u ))llzpf'/,, (g 1P (Gr(u ))||L1 ’174:_1) A1 Nllgh>1)
0 | P (Gl
while (28), and using Young’s and sobolev’s in- 4 Ja
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by Holder’s inequality and interpolation we obtain:

czzf 187 ¥’ (Ge(w))
Ags1

’

piN 1 P-’i—N

< Coallgll oz 0GR (G

+ 2| PGl

Ak

as before while (28), and using Young’s and
sobolev’s inequalities we can deduce that:

czzf g7 ¥’ (Gu(w))
Ak+l

1 ) 1

< | WGP et + gmeasiay
Ag

php-r-

- LQPYRN lo(Gr ()1 (a,)

|u|P)=

Np(Gr(w))l
Ak

Therefore, by taking kg satistying (71), (73), (75),

and the further condition:

+ Cosligll;

agp
i

_Php-r— gk’
C25||g||p LE;;RN) TO (77)
one obtains, for every k > kg:
1
L[ G Gt
Ak
< 1 A i, 1 A
P(1 (q7 ||f||m {|f|>1})(meas( k)T +4mea5( )

+ Coaligllrioa,))” (meas(Ap)' ™=
< Co(meas(Ag))™

where m = min( T =, 1- ) in view of (26) and Sobolev’s

inequality we can obtam.

(Lk (GNP < (Gl

< Cyy(meas(Ay)) =

Where:
a= p. if ”Vlzb(Gk(u))”LP(X)(Ak) <1,
P A IVP(Glponay > 1
g [ I IPGHpini <1,
N A I(Gr)lprna, > 1.

We now take h—k > 1 and recall that there exists
Crg(A, py,p_)such that |i(s)| > Cpgls| for every s € R
so that

[Cas(h—k)|P*-meas(Ay) < f

n

(G (u)) P

G p*(x)
st (G (1))

m

< Cyg(meas(Ay))“F
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Then it follows for every h and k (such that h > k > k)
that

C3o
= [h—kJp-

Since by (3), % >1 Lemmaapplied to the function
o(h) =

meas(Ay) < (meas(Ak))%

meas(Ay) gives:

lunllio@) < C

References

1. Y. Chen, S. Levine, M. Rao,, Variable exponent, linear growth
functionals in image restoration., SIAM J. Appl. Math., 66,
1383-1406 (2006).

2. V. V. Zhikov, Averaging of functionals of the calculus of varia-
tions and elasticity theory., Math. USSR Izvestiya, 29(1), 33-66
(1987).

3. E. Azroul, H. Hjiaj, A. Touzani, Existence and regularity of
entropy solutions for strongly nonlinear p(x)— elliptic equations,
Electronic Journal of Differential Equations, Vol. (2013), No.
68, pp. 1-27.

4. M. B. Benboubker,H. Chrayteh, M. El Moumni, H. Hjiaj; En-
tropy and Renormalized Solutions for Nonlinear Elliptic Problem
Involving Variable Exponent and Measure Data, Acta Mathe-
matica Sinica, English Series Jan., 2015, Vol. 31, No. 1, pp.
151-169.

5. C. Yazough, E. Azroul, H. Redwane; Existence of solutions
for some nonlinear elliptic unilateral problems with measure
data, Electronic Journal of Qualitative Theory of Diferential
Equations 2013, No. 43, 1-21;

6. Q. Zhang; Existence of radial solutions for p(x)-Laplacian equa-
tions in RN, J. Math. Anal. Appl. 315 (2006) 506-516.

7. A.Dall’Aglio D. Giachetti ]J.-P. Puel, Nonlinear elliptic equa-
tions with natural growth in general domains, Annali di Matem-
atica 181, 407-426 (2002).

8. V. Ferone, F. Murat; Nonlinear problems having natural growth
in the gradient: an existence result when the source terms are
small, Nonlinear Analysis 42 (2000) 1309-1326.

9. Guowei Dai; Infinitely many solutions for a p(x)-Laplacian equa-
tion in IRN, Nonlinear Analysis 71 (2009) 1133-1139;

10. X. L. Fan, D. Zhao; On the generalised Orlicz-Sobolev Space

wkP®)(Q), ]. Gansu Educ. College 12(1) (1998), 1-6.

11. D. Zhao, W.]. Qiang, X. L. Fan; On generalized Orlicz spaces

LP¥)(Q)), J. Gansu Sci. 9(2), 1997, 1-7.

12. P. Harjulehto, P. Hasto; Sobolev Inequalities for Variable Expo-
nents Attaining the Values 1 and n, Publ. Mat. 52 (2008), no.

2, 347-363.

13. L. Diening, P. Harjulehto, P. Hist6, M. Rzi¢ka; Lebesgue and
Sobolev Spaces with Variable Exponents, vol. 2017 of Lecture

Notes in Mathematics, Springer, Heidelberg, Germany, 2011.

14. J. L. Lions; Quelques methodes de résolution des problemes aux

limites non linéaires, Dunod et Gauthiers-Villars, Paris 1969.

. G. Stampacchia; Equations elliptiques du second ordre a coeffi-
cients discontinus, Séminaire de Mathématiques Suprieures.
No. 16, Montréal, Que.: Les Presses de 1’Université de
Montréal (1966)

16. L. Boccardo, F. Murat, J.-P. Puel,; L™ estimate for some non-
linear elliptic partial differential equations and application to an

existence result,SIAM ]. Math. Anal. (2) 23, 326-333 (1992)

151


http://www.astesj.com

@ASTES

Advances in Science, Technology and Engineering Systems Journal
Vol. 2, No. 5, 152-159 (2017)
www.astesj.com

ASTES Journal
ISSN: 2415-6698

Proceedings of International Conference on Applied Mathematics
(ICAM2017), Taza, Morocco

Nonresonance between the first two Eigencurves of Laplacian
for a Nonautonomous Neumann Problem

Ahmed Sanhajilj Ahmed Dakkak

Sidi Mohamed Ben Abdellah University, Mathematics Physics and Computer Science, LSI, FP, Taza, Morocco

ARTICLEINEFO

ABSTRACT

Article history:
Received: 25 May, 2017
Accepted: 13 July, 2017

Online: 29 December, 2017 2
Keywords: v
Laplacian

Nonresonance
Neumann problem

—Au =amy(x)u+my(x)g(u)+h(x)

=0

We consider the following Neumann elliptic problem

inQ),

on dQ).

By means of Leray-Schauder degree and under some assumptions on
the asymptotic behavior of the potential of the nonlinearity g, we prove
an existence result for our equation for every given h € L*(Q).

1 Introduction

Let Q) be a bounded domain of IRN (N > 1), with C!'!
boundary and let v be the outward unit normal vector
on dQ).

D. Del Santo and P. Omari, have studied in [1] the
Dirichlet problem

—Au = g(u)+ h(x) in Q

u=0 on JdQ,

They have proved the existence of nontrivial weak so-
lutions for this problem for every given h € LP(Q)) un-
der some assumptions on the function g. In the case of
Neumann elliptic problem J.-P. Gossez and P. Omari,
have considered in [2] the following problem

—Au = g(u)+ h(x) in Q
z—z =0 on 0Q,

They have shown the existence of weak solutions for
this problem for every given h € L*(Q)) under some
conditions on function g. A.Dakkak and A. Anane
studied in [3] the existence of weak solutions for the
problem

—Au = Aym(x)u + g(u) + h(x) in Q

‘3—” =0 on JdQ,
v
where A, = A,(m) is the second eigenvalue

of —A with weight m, with m € M*(Q) =

{m e L*(Q) : meas({x € Q : m(x) > 0}) = 0}.

We investigate in the present work the following
Neumann elliptic problem

—Au = amy(x)u +my(x)g(u)+ h(x) in Q,
(P)
g—z =0 on JdQ.

where —A is the Laplacian operator. The functions
my,my € M*(Q), h € L*(Q), g : R — IR is a con-
tinuous function and « is a real parameter such that
a > Ay(my)or a < A_2(my), with A_2(my) = —A,(—my).
By a solution of (P) we mean a function u € H'(Q) N
L*®(Q), such that

f VuVw = f (amyu+myg(u)+hw
Q Q

for every w e HY(Q).

This paper is organized as follows. In section 2, we
recall some results that we will use later. Section 3 is
concerned with the existence of principal eigencurve
of the Laplacian operator with Neumann boundary
conditions. In section 4, we show a theorem of nonres-
onance between the first and second eigenvalue (see
theorem . In section 5, we prove the nonresonance
between the first two eigencurves for problem (P).
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2 Preliminary

Let us briefly recall some properties of the spectrum
of —A with weight and with Neumann boundary con-
dition to be used later. Let be () a smooth bounded
domain in RN (N > 1) and let m € M*(Q). the eigen-
value problem is

—Au = Am(x)u in Q
(1)
3—” =0 on 0Q,
v

this spectrum contains a sequence of nonnegative
eigenvalues (1,),0 given by

1 1 Jo i

— = = sup min )
An o Au(m) Ker, #€K J-Q [Vul|?

(2)

lowing Neumann problem

—Au = amy(x)u+ fmy(x)u in Q
g—” =0 on dQ,
v

has a nontrivial solution u € H'(Q) (i.e. C, =
{(a,/ﬂ) € R% Ay(amy + fmy) = 1}), where m; and m,
satisfies the condition (A). For more details see [5, 6].
The purpose in this section is to study the following
problem: For f < 0, we prove the existence and the
uniqueness of reel aj (B) such that (a](B), B) € C,).
Given m € M%(Q), we denote by QF =
{x e Q;m(x) >0} and Q;, = {x € Q;m(x) < 0}.

Remark 1 Let (o, 8) € Cs.

where T, = {K C S : K is symetric, compact and y(K) > n}1- If @ > A2(my), then we have g < 0.

S is the unit sphere of H'(Q) and y is the genus func-
tion. This formulation can be found in [4], the se-
quence (A,),sq verify:

i) A, = 40 as 1 — +o0

ii) If m change its sign in QO and IQ mdx < 0, then the
first eigenvalue defined by

A(m) = inf{J‘O IVul?,u e HI(Q)/JQ mu’dx = 1} (3)

it is known that A, (m)is > 0, simple and the associated
eigenfunction ¢; can be chosen such that ¢; > 0in Q
and ||@1]lg1 = 1 hold. Moreover A, (m) is isolated in the
spectrum, which allows to define the second positive
eigenvalue A,(m) as

Ay(m) =min{) € IR: dis eigenvalue and A > A;(m)}
(4)

it is also known that any eigenfunction associated to a

positive eigenvalue different from A; () changes sign

in Q.

iii) A;(m) is strictly monotone decreasing with respect

to m (i.e. m < m’ implies Ay (m) > Ay (m’)).

Throughout this work, the functions m; and m, satis-

fies the following assumptions:

(A) my, my € MT(Q) and essigfm2>0.
Proposition 1 ([3]). Let m,m € M*(Q).
1.Ifm< m’, then Ay(m) > Ay (m).

2. Ay i m — Ay(m) is continuous in (M (Q),||.||e)-

Proposition 2 ([3]). Let (my )y be a sequence in M*(Q)
such that my — m in L*(Q). then klim Ay (my) = +oo if

and only if m < 0 almost everywhere in ().

3 Existence of the second eigen-
curve of the —A with weighs in
the Neumann case

The second eigencurve of the —A with weighs is de-
fined as a set C, of those (a, f) € IR? such that the fol-

www.astesj.com

2. If meas(Q);,,) > 0 and a < A_2(my), we have  <O0.

m)

Indeed, assume by contradiction if a > A,(my) and
B =0, then

am; <amy+ pmy,
using the monotony property of A,, we obtain

Aa(my)

Aylamy +Bmy) < Ay(amy) = "

<1,

since, (a, B) € Cp, we have Ay(amy + fm,) =1, thus nec-
essarily p < 0. The proof of the second assertion is similar.

Theorem 1 Let my, m, satisfy (A), then we have:

i) For all B <0, there exists a3 (B) > Ay(my) such that
(a3 (B).B) € Ca.

ii) If meas(Q,, ) > 0, then for all B <0, there exists
a5 (B) < A_2(my) such that (a5 (B), B) € C,.

Proof To prove i), we consider f < 0 and we define
a3 (p) as follows

2
1 myu
= sup inf IQ !

KeT, 4€K IQ [Vl — ﬁfQ my u?

(5)

by definition of aj(f) and, using the fact that for any
eigenfunction associated to A,(m;) changes sign in
(), we obtain that there exists eigenfunction u which
change sign in Q) such that

J.QVM.Vv—ﬁLmzuv:Lag(ﬁ)mlv, (6)

for all v € H(Q), we deduce also that, if w e H'(Q) is
eigenfunction of operator —A(.) - m,(.) which change
singe in () with the corresponding eigenvalue A > 0,
then 1 > a;(ﬁ). In view of the @, we have

J Vu.Vv :J (af(B)ymy +pmyu)v forallve H'(Q)
Q o)
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it follows that the real 1 is eigenvalue of —A with

weight (@ (B) + pm;), since the corresponding eigen-

function u change singe in QQ, we conclude that
Aax(az(B)my + Bmy) < 1. (7)

On the other hand, using for all K € T, there exists
ug € K such that

. Jomiv?
min 5 2
uek IQ |Vu| —ﬁJQ mzlu
oM UE 1

= < ’
Jo Vuxl? = B Jo myug ~ a3 (B)
it follows that

Jo (@3 (Bymy + Bmy)u}

<1.
[Q IVMK|2
So that
. IQ(a;(ﬁ)m1+ﬂm2)u2
min
uek IQ [Vu|?
at(B)my + Bmo)uz
IQ( 2 () + fmo) KSlforallKeI‘z,
Jo IVukl?

this implies

Jo(ad(B)ymy +pmy)u?

sup min <L

KeT, 4€K Jo IVul?
Since

1 — supmin IQ(Oé;(ﬁ)m1+ﬂm2)u2
Ay(az (B)my + pmy) Keg uek IQ [Vul?

we deduce that
Aa(az (B)my +pmy) > 1.
By combining (7) and (8), we obtain
Aa(az (B)my +pmy) = 1.
Let ¥ > 0 such that A,(ymy + fm,) = 1, there exists

eigenfunction w change singe in () and

J Vu.Vw:J (ymy +Bmyu)w VweHY Q)
Q Q

hence

j Vu.Va)—J ﬁmzuw:yj mo YoweH Q)
Q Q Q
(9)
from (9), we obtain that y is eigenvalue of the operator
—A(.)— B my(.) with weight m, since the eigenfunction
w change singe, we conclude that
yz a3 (B).

Assume by contradiction that y > a3 (), then

IQ mq u2
= sup min > >
KeT, 4eK [0 [Vul2 =B [ mayu

www.astesj.com

by the inequality above we deduce that there exists
Ky €T, such that

1 Jo rmw?

< min > >
Y uekp JQ |Vu| —ﬁfQ My U

since K, is compact, we conclude that, there exists
Uy € KO

1 JQ my ug
— < 5
v o Vuol? = B [y mau

hence

Jo (v my+ pma)ug

1 < min 5
JQ |VMO|

MEKO

it follows that

2
my + fmy)u 1
1<supminIQ(V 1+pm) L =1,
KeT, “€Ko IQ e Ay (y my + pmy)

which gives a contradiction, thus we have y = aJ (B).

4 Nonresonance between the first
and second eigenvalue

In this section we are interesting to the study of the
existence results for the following Neumann problem

—Au = Ay my(x)u + my(x)g(u) + h(x) in Q
(P2)
‘3—3 =0 on 0Q),

where A, = A,(m;) is the second eigenvalue of —A with
weight m; under the Neumann boundary condition.

Lemma 1 Let my, my € MT(Q). Assume that (A) is ver-
ified, then there exists a unique real ¢ > 0 such that

/\1(/\271’11—(!7}’12):1 (10)

essinfg Aymy esssupg Aty

Proof Put a = and b =

essinfq m, essinfq m,
since m is a nonconstant function, then we have a < b.
So for t € [a,b[ we consider the weight m; = A,m; —
t m, and the corresponding increasing and continuous
function:

f:lab[> R
tr—>/\1(12m1—tm2) (11)

which satisfy f(a) = 0 and lin;f(t) = +o00. According
t—

to be strict monotony property of A; with weights we
observe that f is strictly increasing on [4’,b] where
a’ =max{t: f(t) = 0}.

Therefore, f(a’) = 0 < f(0) = Ay (Aymy) < Ay(Aymy) =
1, so the conclusion follows from the intermediate val-
ues theorem.
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Theorem 2 Let my, my € M*(Q). Assume that the
weights my and m; satisfy (A) and the function g satisfy
the following hypotheses

—cSliminf&Slimsup&S)SO (12)
o0 S s—xo0 S
2 2
—c<limsup Gz(s); liminf Gz(s) <0 (13)
S $—>+000r—00 §

|s]—00

where c is given in , then problem (P,) admits at least
one solution for any h € L*(Q)).

For the proof of theorem [2) we observe that the main
trick introduce in [7] can be adapted in our situation.
Furthermore the proof needs some technical lemmas,
the two next lemmas concern an a-priori estimates
on the possible solutions of the following homotopic
problem.

—Au=((1-p)0 + puly)myu + umyog(u)+ph inQ
% =0 on 0Q),
v
(14)

where y € [0,1] and 6 €]A;, A;[ to be variable and
Ay = Ay (my).

Lemma 2 Suppose that (A) and hold and assume
that for some 6 €]y, Ay[ there exists p, ¢ € [0,1] and
Un,g be a solution of (T4), for all n. Then we have

1) (up,p)y is a sequence of L®(Q) and if |lu,ellce —
+00 when n — +oo, then

Uy

Vo = — vg stongly in CH(Q),  (15)

4,601l

for some subsequence.
2) Assume that the following hypothesis holds

(H) 36 €], A[/limsupp,g =1

n—oo

then one of the following assertions i) or ii) holds, where

i) vg = ¢, ¢ is a normed (||[P|lo =
associated to A,(my) and

1) eigenfunction

u
( ”’6)|dx—>0whenn—>+oo. (16)
a l(uell
Furthermore, there exists 11 > 0, 11, > 0 such that
< max{it,o) < I h (17)
m “min(i, ) 1, for nlarge enough.

ii) vg = ¢, @ is a normed (||pll = 1) eigenfunction
associated to Ay(A,my —cmy) =1 and

f |8 (14n,0) + iy 6l

=7 7 dx — Qwhenn — +oo.
(w0l

(18)

Furthermore, u, g not changes sign for n large enough.

www.astesj.com

3) If (H) is false, then there exists a sequence (Oy); C
|A1, Ao and a strictly increasing sequence (ny)y C IN
such that

a) lim O = Ay, lim p,, g =1 and lim [Jwi|| = +oo
k—+oc0 k—o0 ’ k—oo

where wi = uy, g, .
b) % — +¢ strongly in C1(Q) and

W)+ cw
J 18(we) kld — OQwhenn — +oo.
[lwell

Proof: 1) From the Anane’s L™-estimation [8] and
the Tolksdorf’s -regularity [9] we can see that (u,,¢), C
Ccl(Q)), since the embedding C*(Q) — L®(Q) is
continuous for some « €]0,1[ independent on n, fur-

thermore v, g = ﬁ remains a bounded sequence
in C12(QQ).
By wusing the following compact embedding

Cl2(Q)) << C1(Q), then there exists a subsequence
still denoted (v,,0), such that

v,,0 — Vg stongly in ¢ (Q)and |lvglle, = 1. (19)

2) According to the function g satisfy the hypothesis
, we deduce that for all s € IR, we can write

8(s)=q(s)s+r(s) (20)

where —c < ¢(s) < 0 and )9 uniformly, when
|s| — +oo. Since u,, g is a solution of (P, g, ), we get

JQ Vun,Qdex = IQ[(I _l‘n)e + ﬂn/\Z)mlun,G
(21)

+l’lnm2g(un,6) + l"nh]w‘ix
for all w e H(Q).

On the other hand, since (u, ), C L*°(Q)) and q is a
continuous function, it follows that g(u,,) is bonded in

L*®(Q2), then for a subsequence we get
q(it,9) = qo in L¥(Q) weak —+,
and
:(:E:Zﬁ: — Ostrongly in L®(Q))

where —c < gg(x) < 0a.e. in Q.
Dividing by |4, ¢ll., and passing to the limit as # — oo

in (20), we get

J VvgVwdx = J- (Apmy + gomy)vgwdx Yw € HY(Q).
o) Q

(22)
Since vy # 0, then 1 is an eigenvalue of Laplacain with
weight mg, = Aymy +ggm,.
By using the monotony property of A, with respect to
the weight, we obtain

Aa(mg,) > Aa(Agmy) =1

hence Ay(mg,) =1 or Ay(mg,) > 1.
First case: Ay(m,,) = 1.
So, we have

qQZO and ‘VQZII).
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Moreover, let us denotes by F), be the eigenspace as-
sociated to Ay = Ay(my), since F,, is a vector space of
finite dimension then, we can take

< min max(v) max(v)

and > max
veF),NS —min(v) 2

veF),NS —min(v)

where S = {v €F), /vl = 1}-

It is clear to see that rﬁ:ﬁg") max(¥) -\ hen
- n,Q) _mln(lp)
n — +o00.
It follows that for n large enough
- max(v,,g)
1< ———— <.
1 —min(v, g) T
According to (20), we get
Jo "zl <llmollu, fo, ~q(tn0)vnol
Himallss fo 1 i

Q Munolloo

by passage to the limit in the above inequality, we find

(L6).

Second case: Ay(m,,) > 1.

So, we get Ay(my,) = 1 and by using the strict
monotony property of 1;, we can see that

go=—c and vy =¢.

The rest of the proof follows directly as in first case.
3) We take (6y)r C]Aq, Ay[ such that klim Or = Ay. Let
—+00
us denotes by i, = lir{l Hk,0,, as in 2) it is clear to see
n—-+oo
that

—Au = [((1 = pp)Ok + P A2)my + prqe, malvg, in Q
0
;9" =0 on dQ),
v

*

we recall that 0 <7 <1, -c < gg, <0and g(u,g,) —
ge, in L=(Q) when n — 400, where g(s) = q(s)s + r(s),

—cSq()<0and —>0When|s|—>+oo
Let us consider the following weight

Mi(x) = (1= Fi)Ox + i A2)m (%) + iy o, 2 (x)

we have

Mi(x) < (1= 7Ok + A2 )y (x)

because gg, < 0.
Then

Aa(Mi(x)) = Aa(((1 = pip) O + g A2)my (x))

> "2 5

Thus it is clear to see that
Ax(M(x)) = 1. (23)

Let 31, — 7 and q(u,0,) —" g, in L*(Q) when k —
+00, where —c < g, < 0. Then by letting k tends to
infinity in (23), it follows that

A (Agmy +pgomy) = 1. (24)

www.astesj.com

In view of lemmal |l we get

7i=1,qy=-c andug — +¢pstrongly in C'(Q)

when k — +co.

On the other hand, using , we have

f 1g(wy) + cwy| +ka|
il

f gt + cwy + rlwy)l
el
fm( o+ d g
0 el
|7 (wy)|
o Twrlle

Since @ — 0 when |s| — oo, then for all ¢ > 0 there
exists 71, ; such that for all n > n,

Ig wy) +ka|

e

x < J g0, +cllvg,ldx + €.
Q

If we take € = %,n = ny = n.; and we replace in the
last formula, then we can see that the second member
of this last inequality goes to 0 when m goes to +oo. Fi-
nally, we conclude by the fact that n; will be adjusted

such that [lu,, g,llc >k and ||v,, g, —Vek”cl@) < %

Lemma 3 Let us consider the assumptions and nota-
tions of lemma [2} We take a € Q and 1 > 0 such that
B(a,n) c Q.

1) Assume that the hypothesis (H) holds, so, if
lt1,6]lc0 = +00 when n — +oo then limsup p,, 9 = 1 and

n—+oo
i) If vg = ¢ then

J\ |g un@ ox(t

a.e. x € dB(a,n)

IV, 0(0x(t))llx - al

dt=0
llt,0l0

lim
n—o00

(25)
where o,(t) = a+t(x—a).
ii) If vg = ¢ then

J |g ”n@ oy (t

a.e. x € dB(a,n).

lim

n—oo

llunollco

(26)
2) Assume that (H) is false then we have

J |g wy (0 (¢

a.e. x € dB(a,n).

lim
n—o00

llwilleo
(27)

Proof: We only show the relation since the proof
of the and one proceeds in the same way.

Firstly we have
< [ lgtnol,
a llunelle

J;?(tw)

According to (16), we obtain

u
i [ st
= JB(a,n) “un,9”oo

|8 (s,
ll4n,601lc0

=0.
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Which gives by passing in spherical coordinates
N-1 |g un@ a+tw))

271
lim J J J
e 071 ” un@ ||oo

st N-1-j40. idOn_1dt =0
(28)
where, w = £2 € dB(0, 1).

The above equality imply

|8 (10,0 (0(7)))]

—0 whenn— o
lt4,0lc0

a.e. x€dB(a,n)and a.e. T €[0,1].

By using we can see that g satisfy the following
growth condition:

|g(s)| < als| + b, for some positive realsa,band Vs € IR

ol [
in L*=([0,1]).
By using the Lebesgue dominated convergence theo-
rem, we conclude this proof.

hence (w) and (M) are bounded
n

G()

Lemma 4 1) If G satisfy —c < limsup < 0. then

s—+00
for all r €]0,1], there exists p, > —c(1 -
of positive real numbers (S,,) such that

r?) and a sequence

lim S, =+ocoand lim 2G(Sy) —22G(rSn) =p;.
n—+oo n—+00 S;
G( )
2) If G satisfy —c <limsup <0and

S—+00

—c < liminf
S—+00
Pr

> —c(1 —r2) and a sequence of positive real numbers
(S,) such that

< 0, then for all r €]0, 1], there exists

2G(s)
52

’

2G(Sy)

. ’ .
hmn—>+oo Sn = too, hmn—>+°° T2 =p
n

and lim,,_, ,

The same conclusion is obtained when we replace +00
par—oo, in this case we should note p and p, in place
of p and p, respectively.

2
Proof: We pose L; = 1im+inf GZ(S) and L, =
$—+00 S
2
limsup Gz(s)‘
s—+00 S

We distinguish the following two cases:
Casel: If Ly = L,, it is enough to take p = L, and
or=(1-7r2)L,.
Case2: If L; < L,, then we choose p €]Ly, L,[ neighbor
of L, in such a way that:

p —12Ly > —c(1-1?).

According to the definition of L; and L,, we con-
clude that, there existence a sequence (S,,) such that

lirP S, =400 and w =p. We put
n—+oo n
2 -2 2
liminf G(Sw) 5 G(rSy) _ p - r*limsup —G(Tzs”)
n—-+0o Sii n—+oo ISy

www.astesj.com

2
Since limsup G(rSy) < L,, then we have:

n—>+00 (rSn)z

pr=p— r’Ly > —c(1-12).

5 Proof of Theorem

Our purpose now, consists in building in C(Q) an

open bounded set O such that, there exist 8 €], A,[

such that, no solution of with p € [0, 1[ occurs on

the boundary dO. Homotopy invariance of the degree

then yields the conclusion. The set O will have the

following form
O=0sr={ueC(Q); T<u<S}

where, S and T satisfy T <0 < S.

Firstly, according to, we will assume the follow-

ing hypothesis holds

G) 2 nd limint 286

s2 s—+oc0  §

2
—c <limsup <0 (13;).

|S|—>oo

An analogous proof will be adapted to the hypothesis
(13_) where represents (13,) or (13_). Assume
by contradiction, that for all 8 €]y, A,[ and for all
S,T (T <0 <S), there exists y = pg s € [0,1[ and
u =ugg 1 € dO such that u is a solution of which
gives

Sor min(u)=T.

max(u) = (29)

According to (13,), then owing to lemma (4} there ex-
ists two sequence (T;) and (S,,) such that

2G(T,,) - 2G(rT,
lim T, = —oo, lim 20U =260T) _
n—+oo n—+oo Tn2

2G(Sy) 2G(Sy) - 2G(rS,)

lim S, =+oco, lim , lim =p

n—+o0 n—+oo

Si Sit
(31)
min ¢

ax @

where r = and p, p, and p;, provides from

lemmal4
So, we remark that, without loss of generality we can
assume that

<. (32)

We use the following notations:
T=T, S=Su pno = po,1,s and uy 9 = ig,T,5.

According to and (31)), we obtain

llt,0llco = +00 when n — +o0.

We will distinguish two cases.

First case: We assume that the hypothesis (H) is sat-
isfied (c.f. lemma|2).

According to lemma 2] we get

U0

Vo = — vg where vg = P or vg = 2.

4,0/l
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i) If vg = ¢, we assert that for every n large enough we
have

max(uy,g) = Sy,

Indeed, if not we have
max(u, g) < S, and min(u,g) =T,

thus,
max(u S
M < n < 17

—min(u,9) =S, t

which gives a contradiction from the definition of 7,

given in lemma On the other hand, we have u, ¢

changes sign on Q, so there exists x,, € Q, v, € Q such
that

”n,@(xn) =S, and ”n,@(yn) =0,
we write

2G(Sn) _ 2G(un,6(xn))_ZG(un,G(xn))

sz [l 0113 max(vy,¢)*
2

_ J\ d(Goun'Q)
max(v,0)> Je, lunoll%

where
d(G o 1,,0)(Cyy) = g(1t,0(Cp))Vity,0(Cy).Cpy ace.
and C, is a C! with morsels line which connects ex-

tremity x,, and v,,.
According to lemma (3} we have

lim j
n—teo Jo

Since max(v, g) — max(i) when n — +oco0, we deduce
that

d(GO Mnl@)

”un,Q”go .

p= lim &fn) =0,
n—+00 Sn
which is a contradiction since p €] —¢,0[.
ii) If v9 = +¢: then, for n large enough u,» not
changes sign on Q.
so,

max(u, g) =S, or min(u,g)=T,,.

Assume that max(u,g) = S, (the same gait will be
used for the case min(u, ) = T,), so it is clear to see
that v, 9 = +¢ and min(u, ¢) > 0 for n large enough.
We put

3(s) = g(5) + s, G(s) = L 2(5)ds.

Let x,, v, € Q such that u, g(x,) = S, and u,6(v,) =
min(u,g).
We write
E(Sn) _E(rnsn) _ za(un,e(xn)) - za(un,e(xn))
S% _“”n,@“go

_J A(Goyg)
¢, ltnolls

www.astesj.com

_ min(u,g) _ min(gp)
where 7 = faxtung) ~ 7= maxp)’
Using the Lemma (3| we deduce that

. d(éounB)
lim .

——=0.
n—teo Je, ””n,@”czx:

(33)

On the other hand, it is easy to verify that

0= lim E(Sn)_a(rnsn) — pr+C(1 _72)

n—+oo S% 2

>0

which gives a contradiction.

Second case: Assume that the hypothesis (H) is not
verified, so for all 6 €], A,[ such that

limsupp, g <1.

n—-+oo
We take a sequence () such that
lim 6, = A,,
k—+0c0

and we consider the subsequences

(Tnk )k: (Snk )k and Wk = Upy,0;-

Similarly, as in the second point of the previous case
we obtain a contradiction. This completes the proof
of theorem [2

6 Nonresonance between the first
two Eigencurves
In this section we will prove an existence result for

problem (P). We need more restrictive hypotheses on
the nonlinearities g and G.

(Ag) p1 < liminf@ <limsup @ <pB2
§—t00 s—*o0
+ ) 2G(s) . . 2G(s)
(Ag) Ay <limsup—=—; liminf —5—=<p,

|s]—o0

where (1, ,) € IR* with 8, — f; = c and c is given in
(10).

Theorem 3 Let my, my € M*(Q). Assume that (A), (A,)
and (AJE';) holds. Moreover, if (a, f1) € Cy and (a, B3) € Cy,
where a > Ay(my) or a < A_2(my). Then the problem (P)
has at least one nontrivial weak solution u € H'(Q) for
any given h e L*(Q)).

Proof: The problem (P) can be written in the follow-
ing equivalent form

—Au = mlulP~?u + m,g(u) + h in Q
(Pe)
g_u =0 on 0dQ,
v
where
g(s) =g(s)— Bz,
and

rﬁ:am1+ﬂ2m2.

Since (a,f;) € C,, then 1 is the second eigenvalue
of laplacian operator with weight 7 relating to Neu-
mann boundary conditions. In view of theorem
there exists at least one weak solution u € H'(Q) of
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the problem (P,) for all h € L*(Q) if the function §

and his potential G satisfy the two conditions (12) and
. Indeed, in view of (A,)

B1—Po <lim inf (g(s) —ﬁz)s 0

|s|]—00 T
thus _
—c <lim inf (&) <0.

|s]—00 S

Consequently, g satisfy (12).
On the other hand, using (A¢), we have

B1—P2 < limsup(ZG(S) —ﬁz); liminf (232(5) - ﬁz) <0

2 —
Is|—c0 S §—+0007 —00

hence

—c< limsup(zcz(s) ); liminf (ZG(S)) <0

S §—+0007 —00

|s|]—00

which means that G satisfy .
Finally, since the problem (7,) is a equivalent to the
problem (P). Then the problem (P) has at least one

nontrivial weak solution u € H'(Q) for any given
heL*(Q).
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k; belongs to 1P (Q)
The critical growth condition on g; is the respect to Vu and no growth
condition with respect to u, while the function H; grows as|Vu|Pi~!

In this work, we shall be concerned with the existence ofweak solutions
ofamsotropzc elliptic operators Au + Zl 18i(x,u, Vu)+ ZI 1 H (x,Vu) =

f- ):l 1 9% 2k, where the right hand side f belongs to LPW(Q) and

for i =1,..,N and A is a Leray-Lions operator.

1 Introduction

In this paper we study the existence of weak solutions
to anisotropic elliptic equations with homogeneous
Dirichlet boundary conditions of the type

Au+ YN gie,u, Vu)+ YN i Vu)
_f ZZ 1 axl in Q,

u=20 on&Q,

where Q is a bounded open subset of RN (N > 2) with
Lipschitz continuous boundary. The operator Au =
—Zfil %ai(x,u,Vu) is a Leray-Lions operator such
that the functions a;, g; and H; are the Carathodory
functions satisfying the following conditions for all
selR, & eIRN,E’ eRN andae.in Q:

N
Zﬂz x,8,&)E; = /\Z|g Pi,
i=1
P¥o,o
la;(x,s, &) < plls| Pi + |£i|Pi—1],

(ai(x,5,&) —a;(x,5,& )& &) >0 for & =&,
gi(x,5,&)s>0,

lgi(x,s, )l < L(IsDI&; P Vi=1,....,N,

|H; (x, &)] < bl& Pt

where A,y,b; are some positive constants, for i =
1,..,N and L : R* - R"is a continuous and non de-
creasing function. The right hand side f and k; for i =
1,...,N are functions belonging to LP~(Q)) and LP;(Q)
where p! = I%,péo = % with p,, = max{p*p,}
— = 1 = Np

where p, = max{p1,...pn}, P = TN T N5

N &i=1 p;

Since the growth and the coercivity conditions of
each a; forall i =1,..., N depend on p;, we have need to
use the anisotropic Sobolev space. We mention some
papers on anisotropic Sobolev spaces (see e.g.[1]]-[5]]).

If p=pforalli=1,.,N, we refer some works
such as by Guibé in [[6], by Monetti and Randazzo in
[7] and by Y. Akdim, A. Benkirane and M. El Moumni
in [8].

In [3], L.Boccardo, T. Gallouet and P. Marcellini
have studied the problem when a;(x,u,Vu) =

pi—
% g;',g,—O,Hi=0,k,-=Oandf:yisRadon’s

measure. In [5], F. Li has proved the existence and
regularity of weak solutions of the problem (1) with
g =0,H;=0,kj=0foralli=1,..,N and f belongs to
L™(Q)) with m > 1. In [9], R. Di Nardo and F. Feo have
proved the existence of weak solution of the problem
(1) when g; = 0 for all i = 1,..,N. In [10], we have
proved the existence and uniqueness of weak solution

of the problem (1) but when Au = —val e a;(x,Vu)

(a; depending only on x and Vu).
In this work, we prove the existence of weak solu-

*Corresponding Author: Youssef Akdim, FP , Taza, Morocco & youssef.akdim@usmba.ac.ma
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tions of the problem (IJ), based on techniques related
to that of Di castro in [11] and to the recent work’s Di
Nardo and F. Feo in [9]].

2 Preliminaries

Let Q be a bounded open subset of RN (N > 2) with
Lipschitz continuous boundary and let 1 < py,...,py <
oo be N real numbers, p* = max{py,...pn},p~ =
min{py,..,py} and ? = (p1,.--pn)- The anisotropic
Sobolev space (see [12]))

du

WLT (Q) = {uew“(o) o

e LPi(Q),i = 1,2,...,N}

is a Banach space with respect to norm

X ou
+ = llri
;n 5 i)

The space Wol’p (Q) is the closure of C;°(Q)) with re-
spect to this norm. We recall a Poincarr-type inequality.

LetuecW,”
that (see[13])

llygs:7,0y = Nl

(Q) then there exists a constant C, such

lullzei (@) < Cp || ||Lp, yfori=1,..,N. (1)
Moreover a Sobolev-type inequality holds. Let us de-

note by p the harmonic mean of these numbers, i.e.

:NZI 1p LetueW (
2])) a constant C, such that

% ), then there exists (see
[

N

<c] [ig;

Whereq:ﬁ*:NN—_ﬁﬁif P <Norgqgell+oof if

llullLa () ||LpZ (2)

p > N. We recall the arithmetic mean: Let ay,...
be positive numbers, it holds

N o

]_[a.ﬁ < iiw
i =N e
i=1

i=1

Which implies by

e < S 3 1 2% )
L) S 3 L 7% LPi(Q

When p < N hold, inequality . 1mphes the continu-

ous embedding of the space W P(Q) into L1(Q) for
every g € [1,p"]. On the other hand the continuity of
the embedding W,'? (Q) < LP"(Q) relies on inequal-
ity (1). Let us put p,, := max{px p*}

Prop051t10n 1 For q € [1,p.] there is a continuous em-

bedding W Q)= L19Q
compact.

). If g < poo the embedding is

www.astesj.com

3 Assumptions and Definition

We consider the following class of nonlinear
anisotropic elliptic homogenous Dirichlet problems

N N

_;a—xz.ai(x,u,Vu)+;gi(x,u,VuH

N N 7(9

ZHi(x,Vu) :f—ngi in Q,

i=1 i=1
u

=0 on 0Q),

where Q is a bounded open subset of RN (N > 2) with
Lipschitz continuous boundary dQ), 1 < py,...,py < 0.
We assume that a;: OxRxRN S R, gt OxRxRN - R
and H;: Q x RN — R are Carathodory functions such
thatforallse R, & € IRN,E’ €RN anda.e. in Q:

N N
) aitxs & =AY |&h,
i=1

i=1

(5)

Poo.

lai(,5, ) < ylIsl 7+ 1P,

(ai(x,5,&) —ai(x,5,E NE —&)>0 for & =&,

gi(x,5,&)s >0,

lgi(x,s,&) < L(Is])|&;Pi Vi=1,...,N, (9)

|H; (x, &)] < bl&; Pt (10)

where A,y,b; are some positive constants, for i =
1,..,N and L : R* — IR*is a continuous and non de-
creasing function. Moreover, we suppose that

felP~(Q), (1)

k € 1P(Q) for i=1,..,N. (12)

5
Definition 1 A function u € Wol'p

N
tion of the problem if Zgi(x, u,Vu) e LY(Q) and u
i=1

satisfies

(Q) is a weak solu-

0
ZJ [ai(x, u,Vu)—(P +gi(x,u,Vu)o + Hi(x,Vu)p
L Q 8x1'

ZL[ﬂPJrgkig—z]

Vpew, P (Q)nLe(Q).
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4 Main results
In this section we prove the existence of at least a weak

solution of the problem (1. We consider the approxi-
mate problems.

4.1 Approximate problems and a priori

estimates
Let
g (x,u, Vu) = gli(x,u,vu)
L+ 3lgi(xu, Vu)l
and
H'(x,Vu) = Hi(x,Vu)

1+ 1|H (x,Vu)|

By Leray-Lions (see e. g [14]), there exists at least a

weak solution u,, € W
mate problem

N
Z o, (%, u,,, Vuy,) + Zg"(x, Uy, Vit,)

+ZH” x,Vu,)=f - Z& in Q

on 8()

P (Q) of the following approxi-

Up =

Lemma 1 See ([9)], lemma 4.2) Let A € Rtand u €

Wol’p (Q), then there exists t measurable subsets ()1, ...,(;
of Qand t functions uy,...,u; such that Q;NQ; =0 for
i#j, Q<A and|Q4=A for s efl,..,t-1}, {x€Q:
|9”5|¢0 fori:l,...,N}CQs, ax % a. e in Q,
8(u1+ L) l
Ix;

sign(u) =
{1,..,N}.

U; = (gx Yus, Uy + .. +u; = uinQ and

sign(ug) ifus = 0 fors € {1,..,t} andi €

12) hold and let

3) then, we have

Proposntlon 2 Assume that p <N, (5)-(12]

U, € W0 (Q) be a solution to problem (1

N
ZJ- D <
= Q axi

for some positive constant C depending on N, QQ, A, y, p;,
b AN, o IIgiIILp;(Q)for i=1,.,N.

(14)

Proof: Let A be a positive real number, that will be cho-
sen later, Referring to lemmal|l} Let us fix s € {1,..., t}
and let us use Ty (u,) as test function in problem
using (5), (8), Young’s and Hélder’s inequalities and
proposition [T we obtain

aus

Z’J‘us<k axl

(15)

1 N N ’
<Gl ot | e Vi)l )
i=1 i=1

www.astesj.com

The dominated convergence theorem implies that

al du L
S |pi , N

I S (e

i=1

N N ,
| |Hi<x,w>||us|+anin”u )

i=1 VO s ()
j|‘9”5|1’ )
ox;

here and in what follows the constants depend on the
data but not on the function u.

Using condition (10), Holder’s and Young’s inequali-
ties, lemma|[I]and proposition [T|we get

ZJ |H;(x, V) |u5|<ZJ. b; |—|p’ Yug|

S
du
C 2o pi-1
) [ZL 12t
i=1 o=1 o P
u ,._
= ]
Q\u* Xi

o= 1

c N s aua it
<c) [) ] 15 |us|]

for some constant C; > 0, where d, =

IN

. du
since  (llul ) < C. ]_[n 21 0 2nd 1001 24)

hence

N

ZJ H e, Vi) (16)

—Jo
<C2 ZAPZ Poo Z[ J aug

pl axl
CC 8145
||Lp, |

1

for some constant C3 > 0. Putting in (15) we
obtain

N
g
C3ZAP: pwU

If A is such that

1

N .

1_1 u Ju Pi

<C E APi P —_S|pi E O |pi dN]
-7 i=1 [J;)s | 9X| +a:1 J;)<r| 9xi | T

N 7
| ,
< Il 8 + Z“"f”i’p;@ﬁ

ZJ pﬁ]} (17)

N
11
1_C1C3ZAP1' P >0, (18)

i=1
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inequality (17) becomes

N o . N )
152 < CafIlf 0 + Y Wl

;L 8xi LPe (Q)) s ; ! IPi Q)

s—-1 N 1 N aus , N 1 %

APi pm( J')+ APi Po } 19

Y AT (L[ Gep)e Yar il o
= j= i=

for some constant C, > 0 and for s = 1, we get

o=11

duy - [y,
j |a_1|pz SZJ |a_1|p1
Q 9% T Ja 9%

<cafifl,.,

Let us choose A such that (18) and

N E(L_L)
1-Cyq) ;o  APi'Pi P>’ >0 hold, (see [9]).
For example, we can take
I W I B
A< min{l,(%)mi"le--'f\’[z%‘p%o‘;(L)mi"i:L..Nl%(}i—p%wn }
3

By this choice, we obtain
N du I

(1 zry

=11 | e

N L
sc[( ’, g )d”+ ki ]Then
|71, Lo Zu i,
there exists a constant Cé > 0 such that d1 < C6 and by

(20), we obtain

ZJ- |8U1 P < Cy,

for some constant C; > 0. Moreover using (21)) in (19)
and iterating on s, we have

ZJ laus
axl
+ N p{ N 1_1 P
Sl o 8+ DI 1) AR
1=

then arguing as before, we obtain Y’ | IQ | Qs |Pz < Cy,

(21)

for some constant Cg > 0, then

u —
Il g <

positive k > 0.

( lfQ |au° |p’) ; < Cy, for some

Since u,, is bounded in Wol'p (QQ) and the embed-
ding Wol’p (Q) — LP-(Q) is compact, we obtain the
following results.

Corollaire 1 If u,, is a weak solution of problem (13),

then there exists a subsequence (u,),, such that u, — u
(Q), strongly in LP-(Q)

weakly in Wol'p )and a. e. in Q.

4.2 Strong convergence of Ti(u,)
Lemma 2 Assume that u, — u weakly in Wol'p (Q) and
a. e.in Q and

fil fQ[a,-(x, uy, Vuy,)—a

i (%, 14, V) |( ‘;”” — 9Ly — 0 then,

Xi

u, — u strongly in Wol’p Q).

www.astesj.com

. N v
N . P T Poo ﬁ
Q)dl +i§_1 ||k1|| + > AP e } (20)

Proof: The proof follows as in Lemma 5 of [15] taking
into account the anisotropy of operator. O

Proposition 3 Let u, be a solution to the approximate
problem (13), then

Ti(uy,) — Ty (u) strongly in Wol’p (Q)

Proof: Let us fix k and let 6 be a real number such
that 6 > (L(k)) Let us define z, = Ty(u,,) — T(u) and

@(s) = se°", it is easy to check that for all s € R one has
) L(k) 1

-— - 22

P (s)=—lpB) = 5 (22)

Using ¢(z,) as test function in (13), we get

iJ a;(x, u,, Vu,) 99(zn)

9xi

ZJ gl (%, up, Vu,)p(z,) +

J H'(x,Vu,)p(z,) =

(23)

Since @(z,) — 0 weakly in W,'” (Q) < LP=~(Q) and

f e LPLO(Q) then fe(z,) >0 as n — +oo. Since

Ti(u,;) = Ti(u) weakly in Wol’p( Q), k; € LPE(Q) and

((p (z4)), is bounded then ZJ ax — 0 as
1

n — +o00. On the other hand, we have

N
| in”x,Vu,, z,)|
Zl H( Vin)p(z,)
N du
< Zf P btz
du i'
pl p’ ”P1 P;
fuwznl (] 15ew)
<C Jlbi znlp" g
Z o ¢(2n)

Since b;p(z,) — 0 ae. in Q and |bjp(z,) <
|b;| x 2ke*k*d ¢ LPi(Q)), then by dominated conver-
gence theorem b;¢p(z,) — 0 strongly in LPi(Q)), then

N
| ZJ Hi”(x,Vun)(p(zn)dx| — 0 as n — +oo. Denote by
— Jo

iz
e1(n), e2(n), various sequences of real numbers
which converge to zero when # tends to +co. Using
(8), we obtain that g (x, u,, Vi, )¢@(z,) > 0 on the set
{lu,| > k}. Then we have

N
ZJ ai(x,un,Vu,,)a(P(z )+
=170

LSt

i=1

(%, Uy, Vi, )p(2z,)dx < €1(n) (24)

|un|<k
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On the other hand, we have

[t v 2

- TZIL a(x, u,,,Vun)(aTSJ(;") - ag,;(iu) )<p'(zn)

- ijo ai(x, Tk(un),VTk(ua)(m;;Z‘”) - 92;(1,“) Jo'(z)
_gf{u,,>k} ai(x, un,Vun)agkx(iu)(p’(zn).

is bounded in
n

The sequence (a,-(x,u,,,Vun)(p’(zn))
LP/(Q aT(

one has

ZJ a;j(x,u,,V
i-17Q

), then since

X{ju,|>k} — O strongly in LPI(QY),

dp(z,)
) ax; dx

Y ITylu) _ ITe(w)) -
=;foaxx,n(un),vn(un»( w2 z,)
+é2(n)

which we can write

ZJ\ a;(x, uy, Vuy,)
i=1 /0

N
= ZJQ (ﬂi(x, T (1), Vi (1)) = ai(x, Tk(un),VTk(u)))

dp(z,)
ax; dx

i=1

OTi(u,)  ITi(u)\ -

(Fhe = e Jo i

v OT(uy,)  ITi(u)\
+;Lai(x,n<un),vn<u)>( b Sz,
+52(1”l).

Since u,, — u a.e. in Q, we have

a;(x, Tk(un),VTk(u))qo’(zn) converges to

a;(x, Tr(u), VT (u)) a. e. in Q. Let E be measurable sub-
set of (), by the growth condition (6], we get

JW' %, Ty (1), VT ()@ (2,)Pi dx
< 2Pi7L(1 4 85Kk2)Pi 40K ”z(k” |E| + f|aTk |P)

Then the sequence (ai(x,Tk(u,,),VTk( u))e (zn))
n

is equi-integrable and by Vitali’'s theorem
one has ai(x,Tk(un),VTk(u))(p’(zn) converges to
a;(x, T(u), VT (u)) strongly in LPi(Q). Since
% M weakly in LPi(QQ), then
nglmef (6, Ti(,), VTi(u))
ITy(u ) ITy(u)
- =0. It foll h
( ox; ox; )(p (z,,) = 0. It follows that
N
dp(z
. Jul(x Uy, Vu,) (giin)
i=1
N

D, et Tt T o ot V700

1=
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(aTk(un) _ aTk(”) (25)

8xi 8x,-
On the other hand, by virtue of (5) and (9)

L

< L(k
( );fnunkk}'a X
BTkun

Jo'(z0) + 3

X, Mn; vun)(P(zn)dx|

uu|<k}

Pl (z)ldx

N

0y |

O
TZJ (5 Ti(1tn), VT ().
G i

f 6 T (1), VT (1))~

Ty (un)
ox;

I”ll(P(Zn)Idx

=
=

aTk(”n)
(9X,'

| (zn)ldx

—~

d
D Yt +

ITy(u)
8x,-

Ti(w)))

X, Tk un VTk(

=
=

n))-

| (2 )ldx+

a;(x, Ty (uy), VTi(u))

Ty (uy)  ITp(u)
(T - T otz
Similarly as above, it’s easy to see that by @, corollary
[[and Vitali’s theorem one has
a;(x, Tp(u,), VI(u)) — a;(x, Ty(u), VT (1)) strongly in

LPi(Q). Writing

,_;

N

' Ty (uy)  ITy(u)
|;La,<x,n<un),wk(u>>.( b - 2 Yoz, x|

N

. Ty (uy) 9T (u)

s<p<2k>ZJ o, T, VT 7o) — 26
and taking into account that aT"( N ag"( )weakly in
LPi(Q)), we obtain
N T, (u,) ITi(1)
D | ot Tt VTG (T - T iz s
i=1 ! !

tends to zero as n — +oo. Thanks to (6) and (T4),

the sequence (ai(x, Tk(un),VTk(un))) is bounded in

Lp;(Q), so that there exists l;; € LPE(Q) such that
a;(x, Te(uy,), Vi (u,)) — l;; weakly in LPi (). We have

N
XJ {0 T), VT ) )

iJ ( x, Ty (1), VT (1)) — lk)agk_x(i”)(p

ZJ l,aTk

Slnce @(z,) — 0 weak* in L*(Q)), we conclude that

N
ZJ ai(x’Tk(un);VTk(un))aTk(u)
i=1 2 Q

8xi
+00. Hence, we get

P(zy)dx

(2,)dx

z,)dx.

@(z,)dx > 0asn—
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?1 L (74 n n d
L(k) &
S0 Xf (%’(x: Ti (1), VT (1)) (26)

~ai, i), VTx(a0) ) 23— 2 Yz,
+e5(n).
Combining , and , we obtain
N
D (o ot VTG0 3, T, V30

‘97;5,(3") 8?‘,5.” N - %k)lw(znn)dx < eg(n).

Which gives by using (22)
0= [ (b Tl VG -, Tk(u,»,wk(u)))
— Jo

i=1
ITy(uy) 9Ty (u)
( ox;  Ox; )sté(m)’
then lemma 2| gives

Ti(u,) — Ty (u) strongly in Wol’p (Q). (27)

4.3 Existence results

Theorem 1 Assume that p <N and (5)-(12) hold. Then
there exists at least a weak solution of the problem ().

Uy

Proof: By (4.2) the sequence (%_x)l is bounded in
LPi(Q)), so we have that ) for

Bu,, N au

o weakly in Lpl(

i=1,.,Nand u, - u strongly in LP-(Q)). By
there exists a subsequence, which we still denote by
u, such that % — g—;‘z a.e.inQ fori=1,..,N,then
fori=1,..,N, we have

a;(x,u,, Vu,) — a;(x,u,Vu) a. e. in Q,
8 (%, 1y, Vuy,) — gi(x,u,Vu) a. e. in Q,
H}'(x,Vu,) — H;(x,Vu) a. e. in Q.

Moreover by @ and , we have

’ d
f a5, s, Vit P ch |un|Pw+j 2]
0 Q Q 9%

iy |Pi

\H (x, Vs |P§scf |
J- Z( n) Q axz

o)
by , (a,-(x, un,Vun)) and (Hi(x,Vun)) are bounded
n n

in LPi(Q) then a;(x,u,, Vu,) — a;(x,u,Vu) weakly in

LPi(Q)) and H;(x,Vu,) — H;(x,Vu) weakly in LPi(Q).
Now we prove that g/(x,u,,Vu,) is uniformly equi-
integrable for i = 1,...,N. For any measurable E of Q
and for any k € R*, we have

f 187 (%, 4, Vi)

J Igi" (x, 1, V)| +J lg;" (x, 1, Viay )|
EN{lu,|<k} EN{luy|>k}

T,
< L(k)|M|pl +J- |gi”(xl MH,VMH)L
ENnflu,|>k}

EN{lu,|<k) Jx;
for fixed k and for i = 1,...,N. For the first term we

and
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14n)

recall 2 strongly converges to 2 o ITiu) 51 Lpi (Q) for
i=1,. N Taking Ty (u,) as test function in (4.1), then

- ( OTi() N~ (o

Z a;(x,u,,V + Z gi (2, 1y, Vi) Ty (1) +

JQ

8Tk un
S ox;

io (5, Vit T fkaun Zj

which implies that

a +
g, V) Tyl f 7P e f =)

i
) f|a“"|P ’”’
ou, . _
ZJ b P T )

<(for=)=( ] ) =
y (] ) f |3”"|P

i=1

N e
f rl rz f |(9Mn|p1 p; J |1/l |pw
i=1

1_
pi poo
subset of () and for any m € R*, we have

L 187 (3, 6, Vit dx

i
<(Cy,

where 7; is such that rl = Let E a measurable
1

- J g7 (2, 1y, Vi, ) d x+
EN{lu,|<k}
lg;" (x, 1y, Viay, )| dx
JEN{|u,[>k}
< J- L) 222 P e
En{luy|<k) Ix;
f‘
187(% 1y, Vit Jdx
JEN{|u,|>k}
SJ‘ L(k)|aTk(u”) Pi
E{luyl<k) ox;
% {| |>k}Tk(un)gl?'(x,un,Vun)dx
u?l
we have aTg}(f”) a?‘;‘”) strongly in LPi(Q) and

J T (14,) 80 (%, 1y, Vit )dx < C
{lu|>k}

then g is uniformly equi-integrable for any i,
since g/'(x,u,,Vu,) — gi(x,u,Vu)a.e. in Q, we get
g (x, 1, V) — gi(x,u, Vu) in L'(QQ). That allow us to
pass to the limit in the approximate problem.

Remark 1 The condition (6) can be substituted by
pﬁ

la;(x,s, &) < p|ji +1sl b + |Ei|pf‘1], where j; is a positive
Q) fori=1,..,N, and the condition (EI)
can be substituted by |g;(x,s, )| < L(|s|)(Cl~ +|&;[Pi ) where
N.

function in LPi(

C; is a positive function in LY(Q) fori = 1,...,
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The aim of this paper is to study the boundary enlarged gradient control-
lability problem governed by parabolic evolution equations. The purpose
is to find and compute the control u which steers the gradient state from
an initial gradient one Vy, to a gradient vector supposed to be unknown
between two defined bounds by and b, only on a subregion I of the
boundary JQ) of the system evolution domain Q). The obtained results
have been proved via two approaches, The subdifferential and Lagrangian
multiplier approach.

1 Introduction

The concept of controllability has been widely devel-
oped since the sixties [1,2]. Later, the notion of regional
controllability was introduced by El Jai [3,4], and in-
teresting results have been obtained, in particular, the
possibility to control a state only on a subregion w of Q.
These results have been extended to the case where w
is a part of the boundary JQ of the evolution domain
Q [5,6]. Then the concept of regional gradient con-
trollability and regional enlarged controllability were
introduced and developed for linear and semilinear
systems [7-11]. Here instead of steering the system
to a desired gradient, we are interested in steering its
gradient between two prescribed functions given only
on a boundary subregion I' € Q) of system evolution
domain .

Many reasons are motivating this problem: first,
the mathematical models are obtained from measure-
ments or from approximation techniques and they are
very often affected by perturbations. And the solution
of such system is approximately known. Second, in
many real problems the target required to be between
two bounds. Moreover, there are many applications
of gradient modeling. For example, controlling the
concentration regulation of a substrate at the upper

bottom of a bioreactor between two levels (see Figure

).

Control: input delivery of

Control: input delivery of
substratum o ¥

substratum

J— —

— Zo

Bio-reactor

| - Z

| —

—

Figure 1: Regulation of the concentration flux of the
substratum at the upper bottom of the bio-reactor

Motivated by the arguments above, in this paper,
our goal is to study the regional boundary enlarged
controllability of the gradient. For that we consider
a semilinear system of parabolic equations where the
control is exerted in an intern subregion w of the sys-
tem evolution domain Q.
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Thus, let QQ be an open bounded set of R"(n > 1)
with regular boundary JQ. We consider the Banach
spaces L%(Q) and HJ(Q) with their corresponding
norms. For a given T > 0, we denote Q= Qx]0,T|,
¥ =dQx]0, T[ and we consider the following problem

1
Minimize J(u)= §||u||i,

(1)

ngi, 2 - Ay(x,t) = Ny(x,t) = Bu(t) inQ,

subject to:{ ¥(x,0) =y, (x) inQ
WED _ on T

v, T

(2)

where:

* X, the restriction operator defined by:

X1 (HY2(00))" — (HYA([D))'
v —xy=yl

while T € JdQ is of Lebesgue positive measure
and x; denotes its adjoint.

* Vis nabla operator given by the formula:

VIHHQ)NHAQ) — (L2(Q)

9y ﬂ)

ox;” " ox, )

. y: (Lz(Q))11 - (Hl/z(é’Q))n is the extension of
trace operator of order zero which is linear, con-
tinuous and surjective,

y '—>Vy=(

* v (T) is the mild solution of (2) at the time T
(v (T)e H& (Q) [12]), and u is a the control func-
tion in the control space U = L?(0, T;R"™) (where
m is the number of actuators),

» Ais linear, second order operator with dense do-
main such that the coefficients do not depend
on t and generates a Cy-semigroup (S(t))._, on

t>0
L?(Q)) which we consider compact,

o« N : L*(0,T;L*(Q)) — L*(Q) is a non linear k-
Lipschitz operator [13],

* Be K(]R’”,LZ(Q)) and y, is the initial datum in
L*(Q).

The problem is well-posed and has a unique solu-
tion.

The remainder contents of this paper are structured
as follows. Some preliminary results are introduced in
the next section. In section 3 we give the definitions of
the gradient enlarged controllability on the boundary.
Two approaches steering the system (2) from the initial
gradient vector to a target gradient function between
two bounds with minimum energy control is presented
in section 4.

www.astesj.com

2 Preliminary results

In this section, we introduce some preliminary results
to be used there after.

Let D be an open subset of L?(Q)), we consider the
system in (2), where y € D and y: [0,T] — D.
A continuous function u : [0, T] — D is said to be a clas-
sical solution of (2) if u(0) =y, (x), u is differentiable
on [0,T]. and u(t) € D for t € [0, T] and yp satisfies
on [0, T].
It is well known that if y is a classical solution of (2),
then it satisfies the following:

t t
Yu(t) = S(t)y, +f S(t—s)Ny(s)ds +J S(t—s)Bu(s)ds-
0 0
(3
Definition 1 (14) A continuous function y from [0, T
into D is called a mild solution of if v satisfies the
integral equation (3) on [0, T].

Let T C dQ) a part of the boundary with y(x, t) satisfies
(3), then the regional enlarged controllability on the
boundary problem is concerned whether there exists
a control u to steer the system from the initial
gradient vector Vy, to a gradient vector between two

functions in (H1/2(r))".

By [15], the adjoint of the gradient operator on a
connected, open bounded subset () with a Lipschitz
continuous boundary JQ is the minus of the diver-
gence operator. Then V*: (L*(Q))" — H~}(Q) is given
by

E—->VE=v, (4)
and v solves the following Dirichlet problem
v=—div(§) inQ
~ g
v=0 on JQ)-

We recall the following definitions

Definition 2 (16) The system is exactly (resp.
weakly) gradient controllable on T if for every desired
gradient g; € (Hl/z(l"))n (resp. for every € > 0), there
exists a control u € U such that x . yVy,(T) = g4 (resp.
1y Vyu(T) - gall < €)

We recall that an actuator is conventionally defined by
a couple (D, f), where D is a nonempty closed part of
), and it represents the geometric support of the ac-
tuator. And f € L?(D) defines the spatial distribution
of the action on the support D. For more details about
the notion of actuators we refer the readers to [3,17].

We need also to recall this important result:

Theorem 1 Let (X, (), Il ly), (Y, (), - 1l,) be two
Hilbert spaces and let A C X, B C Y be non-empty,
closed, convex subsets. Assume that a real functional
L: Ax B — R satisfies the following conditions

Yue B, v— L(v, ) is convex and lower semicontinuous;

YveA, u— L(v,p), is concave and upper semicontinuous.
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Moreover,
A is bounded or lim L(v,p,) = +oo ¥V, €B
lell, — oo
veEA
B is bounded or lim inf L(v, p) = —c0
llull, — 00 ¥4
HEDB

Then, the functional L has at least one saddle point.

Demonstration: For the proof of this theorem see [18].

3 Gradient enlarged controllabil-
ity on the boundary

In this section, we give the definition of the concept of

the gradient enlarged controllability on the boundary.

To do so, we need to introduce the closed sub-vectorial

space G of Hé(Q). Hence, we have the following defi-
nition:

Definition 3 Given T > 0. We say that there is gradient
enlarged controllability on T, if, for every y, (in a suitable
functional space), we can find a control u such that

)(ryV;uu(T) eG

Remark 1 * This notion depends of course on the
choice of the functional space G.

* If G = {0}, we retrieve the classical notion of the
exact controllability.

* if G is the space skimmed by y (T), the notion is
empty.

For the particular case, we will study the bound-
ary gradient enlarged controllability in [a;(-), b;(-)] Vi €
{1,...,n}. For that let’s consider (a(-)); and (b(-)); be two
given functions in (Hl/z(F))n such that (a(-)); < (b());
fori=1,...,na.eonT, and we set:

S Zr[lﬂi('), bi(")] =
{19 € (HY2(D)" lai() <pi() <bi(-) aeonT)
forallie{l,...,n}

So the definition of the boundary gradient enlarged
controllability in © is the following:

Definition 4 We say that (2) is ©-gradient controllable
on T at time T if there exist a command u € U such that:

X 7Vy,(T)eO:

Let us define the following operators:

e The Duhamel operator H from U to H& (Q)NH?*(Q)
such that for u € U:

T
Hu = J S(T —s)Bu(s)ds,
0

www.astesj.com

e and the operator G, given by:
G, :L*(0,T;Hy(Q)) — HgT(Q) NH?(Q)
b [ ST oy
0

(6)
Finally, the solution of the system at the time T
could be written as follow:
v (T)=S(T)y,+ G,y +Hu-

And we have the following proposition:

Proposition 1 We say that system (2)) is ©-gradient con-
trollable on T at time T if and only if:

(Im)(r)/VG9 +Im)(r7/VH)ﬂ® =0

Demonstration: We suppose that the system ({2 is ©-
gradient controllable on I' at time T which is equiva-
lent to write: x,.yVy (T) € ©.

Hence we can write:

x.yVy (T) = )(ryV(S(T)yO + G@y+Hu)

=x;.¥VS(T)y, + x, yVGey + x, yVHu.
And we have VS(T);)0 = 0, furthermore, let’s de-
note by: z; = x,¥VGey, zo = x,yVHu and z =
X, ¥Vy, (T). Which leads to: z; € Im()(ryVG@)
and z; € Im()(ryVH). Thus, z € Im()(ryVG@)+
Im()(ryVH) and z € © which gives:

(Im)(ryVG@+Im)(r7/VH)m® # (-

Conversely, we suppose that the following expression
is verified:

(ImxryVG@ +Im)(r7/VH)m® =0,

then, there exists z € © such that z €
(Im)(ryVG@ +Im)(r7/VH). So z = z; + z, where z; =
X, ¥VGey with y € L2(0,T; Hy(Q2)) and Ju € U such
that z, = x.»VHu. Then z = x, yVGegy + x, ¥ VHu.
While x,.¥VS(T)y, = 0, one can write:

z =x.yVS(T)y, + x,¥yVGey + x.¥VHu
= )(ryV(S(T)yO +Goy + Hu)
=X 7Vy, (T).
Hence, z = x,yVy (T) € ©, and we prove the equiva-
lence.

Remark 2 1. The above definition means that we are
interested in the transfer of the system to an
unknown state just in ©.

2. If©® ={0} or a;(-) = b;(-) Vi € {0, 1} we retrieve the
regional exact controllability. So, for a;(-) # b;(-)

the ©-gradient controllability on I constitutes an
extension of the regional controllability.

We can also characterize the enlarged controllability
by using the notion of strategic actuators. And we can
say:

Definition 5 The actuator (D, f) is said to be ©-strategic
on I if the excited system is ©-gradient controllable on T
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4 Computation of the control

In order to compute the control subject to our problem
(1H2), we will use two approaches. The first one relies
on the subdifferential techniques and convex analy-
sis and the second one on the Lagrangian multiplier
approach.

4.1 Subdifferential approach

In this sub-section we are using the subdifferential
techniques to compute the control steering the system
from an initial gradient state to a final one between
two functions on the boundary [19,20]. For that, we
consider the optimization problem in (IJ.

el

{inf](u) - ; -

ue Uud’
where U,; = {u €Ulx, ¥Vyu(T) € @}.

* Let f be a nontrivial, lower semi-continuous,
proper and convex function from a Hilbert space
W to R =] — 0o, +c0[. We denote F (W) the set of
the functions f and ||- || is the Hilbert norm of W.

* For f e F(W
by

), the polar function f* of f is given

) = Yv'e W

sup
vedom(f)

{(v',v)-f ()}

where dom(f) ={ve W| f(v) < +o0}.

e For v, € dom(f), the set:

Theorem 2 u* is a solution of (7) if and only of if the
system (|2)) is ©-gradient controllable on I' and:

u'eU,y and \I’;ad (-u¥)= —||u*||2- (9)
Demonstration: The system is ©-gradient con-
trollable on T, then U,; # 0. Using Fermat’s rule,
we have u* is a minimum of (7) if and only if 0 €
9o+ v, ) ().

We prove that U, is convex, for that we consider u
and v two elements of Uyy. So x,.¥Vy, (T) € © and
XYV, (T) € © for t €[0,1] which prove the con-
vexity.

And we have o € F(U
and non empty, then W,

) and since U,y is closed, convex
e F(U)

Moreover, domo N dom\I/ s (0 because the system '
is ©-gradient controllable on I'.

Furthermore, 8(0 + ‘I’Uad ) (u*) = do(u*) + B\I’Uad (u*) (o
is continuous). It follows that u* is a solution of (7)) if

and only if

0€do(u (u™).

Besides we have o is Frechet-Differentiable, hence

do(u*) = {u*}. Furthermore, u* is the solution of
if and only if —u* € J¥, d(u*) which is equivalent

* * *\ (|2
to \I’Uad(u )+\I/Uad(—u ) = —llu*]|".

U € Uygand W' (—u*) = —||u|[".
ad

)+ a\yuad

And which gives

4.2 Lagrangian approach

We consider the problem when the system is
excited by one actuator (D, f). The following result
gives a useful characterization of the solution of the
problem.

Theorem 3 If the system is ©-gradient controllable

denotes the subdifferential of f at v, then we
have v, € df (v*) if and only if
f@)+f(v) =)

With all these notations, the problem (7) is equivalent
to:

inf(o+W, )(u)
ad (8)
ue Uad )
where:
0 ifueU,
W, (u)= HHESad Genotes the indica-
ad +o00 otherwise
tor functional of U,; (U,; a non empty subset of
U).
1 2
o) = 5 lull".

Hence the solution of (8) is characterized by the follow-
ing result.
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~(x,yVH) A", (10)
where \* € (Hl/z(F))n satisfies:
z"* =Py (pA*+2") (11)
R A +2" = x, yV[S(T)y, + Gyy),

while Py : (Hl/z(l‘))n — O denotes the projection opera-
= (x,7VH)(x,yVH)".

Demonstration: If the system (2 is ©-gradient control-
lable on T then U,; # 0 and the problem has a
unique solution.

The minimization problem (1) is equivalent to the fol-
lowing saddle point problem:

inf = lull
2
(u,z)e Z,
= {(u,z) €Uwx0O | x,yVy (T)-2z= 0}.
To study this constraints, we will use a Lagrangian

functional and steer the problem to a saddle point
problem.

tor, p >0 and R,

(12)

where Z
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We associate to the problem the Lagrangian func-
tional defined by:

V(u,2,A) € Upg x© x (HV(I))"

, 13
L(u,z,/\)=%||”|| +</\,XFVV}1”(T)—2>. (13)

> We prove that L admits a saddle point:

The set U,y x © is non empty, closed and convex.
The functional L satisfies these conditions:

e (u,z) — L(u,z,A) is convex and lower semi-
continuous for all A € (HI/Z(F))H.

e Al — L(u,z, 1) is concave and upper semi-continuous
for all (u,z) € U,y x ©.

Moreover, there exists A € (Hl/z(F))n such that:

lim  L(u,z,A)) = +oo, (14)
ll(,2)l|>+00
and there exists (u,z,) € Ug x © such that
lim  L(u,,z,A)=—oco (15)

[[A]l—>+o00

Then, the functional L admits a saddle point. For more
details we refer to [21].

> We prove then that u* is a solution of and it
is the minimum one:

Let (u*,z%, A*) be a saddle point of L. Hence, we have:

L(u*,z*, A) < L(u*,z*, A*) < L(u,z, A)

V(”’Z’/\)EUadX@X(Hl/Z(I‘))n (16)

From the first inequality of we have:

(4 7 99,.(T)2) < (X%, 2,7 V9, (T) - 2°)
Vae(H'21),

*

which implies and hence
X 7Vy .(T)€®.
The second inequality of (16) means that for all u € U,

and z € ©, we have:

x.yVy (T) = z

ST+ (A2 ¥, (1) =) < Sl
+</\*,)(r7/Vy”(T) —z> V(u,z)e Uy xO-
Since xryVyu* (T) = z7, it follows that:
1 2 1 2
Sl < Sl ™+ (0%, 2,y ¥y, (T) =2) ¥ (1,2) € Upgx©.
Taking z = x,yVy, (T) € ©, we obtain:
StF < Sl

which implies that " is of minimum energy.
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> (u*,z") is an optimal solution of , then there
exists a Lagrange multiplier A" € (Hl/z(l"))n such that
the following optimality conditions hold:

(u,u—u*) +<A*,)(r7/VH(u - u*)> =0 YueU,,
(17)
—(Az-2Y>0 Vze0O, (18)

(A=A x ¥y, (T)-2)=0 VA€ (H*(1))"-
(19)
For more details about the saddle point and its theory,

we refer to [22-24].

From we deduce (10).
The equation is equivalent to:

X rVy,.(T)=2"
And since y .(T) = S(T)y, + Gey(-) + Hu*, we have:

%7V [S(T)y, + Gey() + Hu'| -2 = 0.

Then )(ryV[S(T)yO +G@y(-)] + X, yVHu* = z*. And

with (10, we have:
X vV [S(T)yo + G@y(.)] _ (XrVVH)(XFVVH)* Vs

with R, = XryVH)()(FyVH)*, we obtain the first
equation of (11

And from inequality (18), we obtain:
((p/\*+z*)—z*,z—z")( <0

Hl/Z(r))n -

Vze®,p>0,

which is equivalent to the second equation of (L1).

5 Conclusion

This paper is concerned with the regional gradient
controllability, which is motivated by many real appli-
cations where the objective is to explore the minimum
energy control to steer the system under considera-
tion from the initial gradient vector Vy  to any gra-
dient vector in an interested subregion of the whole
domain. The presented results here can provide some
insight into the control theory analysis of such systems.
They can also be extended to complex fractional or-
der distributed parameter systems and various open
questions are still under consideration.
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Weighted Sobolev spaces

In this work, we will prove the existence of bounded solutions for the
nonlinear elliptic equations

—div(a(x,u,Vu)) = g(x,u, Vu) — divf,

in the setting of the weighted Sobolev space W''P(Q,w) where a, g are
Carathéodory functions which satisfy some conditions and f satisfies
suitable summability assumption.

1 Introduction

Let Q) be a regular bounded domain of RN, N >1and
let us consider the problem:

- div(a(x, u,Vu)) =g(x,u,Vu)- div f in D'(Q),
ue Wy (Qw)NL®(Q),

where —div(a(x,u,Vu)) is a Leray-Lions operator act-
ing from Wol'p(Q,w) into its dual W17 (Q, w!") with
p>1and llJ + }% =1, g is a nonlinearity which satis-
fies the growth condition, but it does not satisfy any
sign condition. And f satisfies suitable summability
assumption.

In , the authors proved the existence results in
the setting of weighted Sobolev spaces for quasilin-
ear degenerated elliptic problems associated with the
following equation — div(a(x,u,Vu)) +g(x,u,Vu) = f,
where g satisfies the sign condition.

In , Benkirane and Bennouna studied L™ esti-

mates of the solutions in Wol’p(Q,w) of the problem
—div a(x,u,Vu) — div ¢(u) + g(x,u) = f with a non-
uniform elliptic condition, and g satisfies the sign
condition.

In , the authors proved the existence of bounded
solutions of the problem — div a(x,u,Vu) = g— div f,

(1)

whose principal part has a degenerate coercivity, in

the setting of weighted Sobolev spaces Wol’p(Q,w).

The equations like (1) have been studied by many
authors in the non-degenerate case (i.e. with w(x) = 1)
(see, e.g., and the references therein).

The aim of this article is to establish a bounded
solution for the problem (1) based on rearrangement
properties. The results of this work can be considered
as an extension of the results in to the weighted
case.

In order to perform L*-Estimates, the paper is or-
ganized in the following way. In section [I} we pre-
sented the introduction of the current work. In Sec-
tion [2] we will state some basic knowledge of Sobolev
spaces with weight and properties of the relative re-
arrangement. Finally in Section |3} we will introduce
the essential assumptions, and we will prove our main
result.

2 Preliminary results

2.1 Sobolev spaces with weight

In order to discuss the problem , we need some
theories on WI’P(Q,w) which is called Sobolev spaces
with weight.

*Corresponding Author: Youssef Akdim, Laboratory of Engineering Sciences (L.S.I), Department of Mathematics, Physics and Infor-
matics, Polydisciplinary Faculty of Taza, University Sidi Mohamed Ben Abdellah, P.O. Box 1223 Taza Gare, Morocco.
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Firstly we state some basic properties of spaces
Wl’P(Q,w) which will be used later (for details, see
[5]). Let Q be an open subset of RN with N > 2, and
1 < p < oo areal number.

Let w = w(x) be a weighted function which is
measurable and positive function a.e. in (). Define

LP(Q,w) = {u measurable : uw% € LP(Q))}. We shall de-
note by W'P(Q, w) the function space which consists
of all real functions u € LP(Q) such that their weak
derivatives 3_;’ forall i =1,...,N (in the sense of dis-

tributions) satisfy 57” € LP(Q,w), for all i = 1,...,N.

Endowed with the norm

il = (L P dx+ JQ |Vu|pw(x)dx)p, 2)

Wl'p(Q,w) is a Banach space. Further more, we sup-
pose that

1
weLlOC

(Q), (3)

w T e LY(Q), (4)

Due to condition (3), C{°(Q) is a subset of WLP(Q,w).

Since we are dealing with compactness methods to
get solutions of nonlinear elliptic equations, a com-
pact imbedding is necessary. This leads us to suppose
that the weight function w also satisfies

(5)

1 N
w e L1(Q), where 1+ 7 <pandg> o
Condition (5) ensures that the imbedding

Wy P (Q,w) & LP(Q) (6)

is compact.

Therefore, we denote by Wol’p(Q,w) the closure of
Cy’(Q) with respect to the norm

lll 0 = ( L |w|pw<x)dx)” .

We remark that condition (4) implies that WI'P(Q,w)
as well as Wol'p(Q,w) are reflexive Banach spaces if
1<p<oeo.

Let us give the following lemmas which will be
needed later.

Lemma 2.1 (See [[1]]) Assume that (6] holds. Let F : R —
R be a uniformly Lipschitz function such that F(0) = 0.
Then, F maps Wol’p(Q,w) into itself. Moreover, if the set
D of discontinuity points of F’ is finite, then

d(Fou) { F’(u)a—;‘i a.e.in{xeQ:u(x)e D},

0 a.e. in {x € Q:u(x)e D}.

ax,- -

Lemma 2.2 (See [I]) Let u € L"(Q,w) and let u, €
L"(Q,w), with |lu,llprw) < ¢ 1 <r<oo. Ifu, - u
ae. in Q, then u, — u in L"(Q,w), where — denotes
weak convergence.

www.astesj.com

2.2 Properties of the relative rearrange-
ment

In this paragraph, we recall some standard nota-
tions and properties about decreasing rearrangements
which will be used throughout this paper.

Let Q c RN be a bounded domain, and let v: Q —
R be a measurable function. If one denotes by |E| the
Lebesgue measure of a set E, one can define the distri-
bution function y,(t) of v as:

po(t) =lfx € Q:|v(x)| > t}|, t > 0.

The decreasing rearrangement v* of v is defined as the
generalized inverse function of p,:

v*(s) = inf {t > 0: u,(t) <s}, s €[0,|Q]].
We recall that v and v* are equimeasurable, i.e.,

”‘v(t) = ,Mv*(t), teR".

This implies that for any Borel function i, it holds

that
f Plv()dx =
Q 0

In particular,

1]

PV (s))ds.

V" llze (0,10 = Wllr(), 1 < p < co.

and, if v € L*(Q),

v*(0) = esssup|v].
Q

The theory of rearrangements is well known, and
its exhaustive treatments can be found for example in
[6} [7)[8]. Now we recall two notions which allow us to
define a “generalized” concept of rearrangement of a
function f with respect to a given function v.

Definition 2.1 (See [9)). Let f € L'(Q) and v € L'(Q).
We will say that a function f, € L'(0,]Q|) is a pseudo-
rearrangement of f with respect to v if there exists a fam-
ily {D(s)}se(o0,jq)) of subsets of Q) satisfying the properties:

(i) ID(s)|=s,
(i) s1 <sy; = D(sy) C D(sy),
(iii) D(s) ={x € Q :v(x) >t} if s=p,(t),

such that
_ d ‘ ,
fols)=— J.D(S)f(x), in D (Q).

Definition 2.2 (See [[10])). Let f € L'(Q) and v € L'(Q).
The following limit exists:

lim (v+Af) —v

N0 A =fo

where the convergence is in LP(Q))-weak, if f € LP(Q)),1 <
p < oo, and in L®(Q)—weak’, if f € L*(Q). The function
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f, is called the relative rearrangement of f with respect
to v. Moreover, one has

fi6)= 22, in D),

s—{v>v*(s)}]
Gls) = f f(x)dx +f (Fliomoe(sy)(0)do.
{v>v*(s)} 0

The two notions are equivalent in some precise
sense (see [EI]). For this reason we will denote both ]_‘v
and f, by F,. We only recall a few results which hold
for both the pseudo- and the relative rearrangements.

If f and v are non-negative and v € Wol’l(Q), it is
possible to prove the following properties:

(x)dx = Fy (1o (1) (=i, (1)), for ace. t > 0; (8)

IEullr o0 < fllp)y, 1< p<eco.

(9)

The proofs of (8) and (9) can be found in [9] (for
pseudo-rearrangements) and in (for relative
rearrangements). We finally recall the following chain
of inequalities which holds for any non-negative v €

1,
W, (Q):

d
NCYN ()N < - L . |Voldx
v

1/p
< (it >>”P( ol |Vv|ﬂdx) ,
dt Jiyst)

where Cy denotes the measure of the unit ball in
RN. Tt is a consequence of the Fleming-Rishel for-
mula [[13]], the isoperimetric inequality and the
Holder’s inequality.

(10)

3 Assumptions and main results

Let us now give the precise hypotheses on the prob-
lem (1)), we assume that the following assumptions:
is a bounded open set of RN (N > 1), 1 < p < +co,
Let w be a non-negative real Valued measurable func-
tion defined on Q) which satisfies (3), (4) and (5). Let
a:OxRxRNY — RN bea Caratheodory functlon such
that

a(x,s,&)& > aw(x)|EP,
[a(x,s,&) —a(x,s,n)](& =n) >0,

where « is a strictly positive constant and for all
(&) € RN xRN, with & #1.

la(x,5,€)| < fuw(x)? (d(x) + 5P~ +w(x)? (€Y, (13)

for a.e. x € Q, all (5,&£) € R xRN, some positive func-
tiond(x) e LP (), 1 <p <N, and > 0.

www.astesj.com

Furthermore, let g(x,5,&) : O xR x RN > Risa
Carathéodory function which satisfies, for almost ev-
ery x € Q and for all s e R, & € RN, the following
condition

18(x,5, &)l < by (x) + ba (x)w(x)IEJP,

where by (x) € L™(Q),
a.e. |by(x)] < Aa.e. in
constant.

Finally, the right hand side we assume that

(14)

%<I%—%,m>l and by(x) >0
Q where A is a strictly positive

fwr e L (@)Y, (15)

Now, we give the definition of weak solutions of
problem (1).

Definition 3.1 We say that a function u € Wol'p
L*®(Q)) is a weak solution of problem (1)) if

(Q,w)N

j a(x,u,Vu)-Vvdx:j g(x,u,Vu)vdx+j f-Vvdx,
Q Q Q
(16)

for all v e Wy P (Q, w) N L™(Q)).

Our main results are collected in the following ex-
istence result:

Theorem 3.1 Suppose that the assumptions (3)—(5) and
(L1)—(15) hold true. Then there exists at least one weak

solution u € Wol'p(Q,u/) N L2(Q) of problem (T).

And in the following theorem

Theorem 3.2 Let u be a solution of (1)) and let us assume

that (3)—(5) and (11)-(15) hold true. If by and f satisfy

the inequality

p
_p 7 L F
NCYN p (p—”b o IHE -1 ) y
(New™) o 101l + p+1f -
i (2 A=D1\
q p)/ N
¢ 1
p - 1
+ —  llw y
2P TNCIN | II UL
N
1-L N
X(w) pylﬂl%
py—-N
a(p-1)
<=
(17)

where 1/y =1/m+1/q.
Then there exists a constant M > 0, which depends only

on N,p,p' g QL Wfl o o Wl and
161l (2, such that
llullp o) < M. (18)

Lemma 3.1 Let u be a solution of (1) and let us assume

that (3)—(5) and (11)-(15) hold true. Define

el A
Y= k ’
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Then the decreasing rearrangement of ¢ satisfies the fol-
lowing differential inequality:

[(w(x)‘;il);]vpf(s)[ ()] P
NC}V/Nslfl/N
X(f P(n) (ke (1) + 1)”‘1dr)1/p
0
ko*(s)+1

1 1/p 1/
+aP//PNC11\I/N51—1/N[(w(x) r )(p] (5)(F<p(5)) ?

(20)

X

Proof. Let us define two real functions ¢¢(z), ¢,(2),
z € R, as follows:

z) = kPl sign (2
$1(2) = e 1) gn(z), (21)
$a(z) = ,
where k = #”_’1), we observe that ¢,(0) = 0 and for
z#0,¢1(2) >0, p5(z) >0
P1(2)5(I2l) sign(z) = 5 (I2])IP, (22)
, Ap’
91 ()= L1 (2)] = (23)
Furthermore, for t > 0, h > 0, let us put
sign(z) if |z| >t+h,
Sen(z) =< ((lz2l - t)/h) sign(z) ift<|zl<t+h, (24)
0 if |z| <t

We use in (1)) the test function v € Wol’p(Q,w) NL®(Q)
defined by

v =¢1(u)Sn(@) = Pr()Su(Pa(ul)),  (25)

where ¢ = % Using we have

[t Vg g lubsign () d
{t<p<t+h}

el

—f ¢ 1, V)b ()5 (00) dx
{p>t}

+ a(x, u, Vu)Vupi(u
{o>t)

= Zﬁa B 0S0(p) dx

-[{t<(p<t+h Zf’ ax (Pl 4)2 |M|)Slgn( )d

)Sen(@)dx

(26)

lows that

1

—j a(x, u, Vu)Vupy (u)p5(|ul)sign(u)dx
h Jis<p<ien

—J g, u, Vu)py(u
{p>t}

+ a(x,u, Vu)Vudi(u)S; (@) dx

)Stn(g)dx

,pf fPwF ()5 (@)dx
{p>t}

@ P (1)S dx
+pf{¢>t} W)Vl (10)S, () dx

a PP =
o | P g ax
p {t<p<t+h)

2 w(x)VulP|¢)(|ul)P dx,

ph Jit<p<tin)

%f w(x)VulP|p) ()P dx

{t<p<t+h}

< (o v oo

—aw(x)|VulP¢1(u )Sth(q))d

'/

"‘”j P w ™ ¢ (0)Syalg)dx
{p>t)

@ P (u)S dx

+pf{ IVl 9] ) ’th(qa)

f P w P |5 (uhlP dx

{t<p<t+h}

w(x)[VulP |y (|ul)l” dx,

+

ph Jit<p<tsn)

By, it follows that

1 7
[ wtmuPlg P ax
{t<p<t+h}

<[ (Ap |¢1<u>|—¢1<u>)w(x>|w|"st,h<fp>dx
lp>t)

+ bi(x)
v[{\q)>t}( a !

1 -’
+— P w g | H([ulP dx.
aP'h {t<p<t+h} f P2

p+1

1
- J w(x)|VplPdx
h Jir<p<trn)

< (ke +1)PLS, 1 ()dx
{p>t}

1 , P
+—,j FIPw ™ (kp+1)dx
af'h t<@<t+h}

’

4 ’ , P
Taking into account and Young’s inequality, it fol- where = 2b; (x) + a/)fﬂ lfIPwe .
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using , and the ellipticity condition , we ob-
tain

Iflp v )|¢1< W)[Sen()dx

Using and the definition of ¢y, ¢, in (21), the

above inequality gives:

(27)
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Letting h go to 0 in a standard way we get: and then, using the definition of ¢*(s), we have:
. (~(s))
- w(x)|VelP dx < (ke +1)PLdx L 11/p
Jiooi o> (™) |7 ey
+(kt+1)p _ij‘ F(x)dx < @
Otp, dt {(p>t) ’ B NCII\I/Nslfl/N
s § 4 1/p
” <( | v ke )+ 17 dr)
with F(x) =|f (x |p w P (x). 0 )
Using Hardy Littlewood’s inequality and the inequal- ko*(s)+1 [( (x 7p%1)* ]1/” (s)(F (s))l/P
ity (8). It follows that ap’/chll\l/Nsl—l/N @ ¢
d that is (20).
VT w(x)[Vel? dx Proof of Theorem By using Young’s inequality
to>t) " and of Lemma [3.1|implies:
Ko
< H(s)(kt(s)+1)Prds  (28) BTN
‘[0 b 1 [(w(x) " )(,,](S)
(kt+ 1P (—¢*(s)) < —(—(P*(S))' +
+ ap/ (_ﬂgp(t))F(p(,uqJ(t))' p (NCl/N 1= I/N)

-1 p'/p
where F,, is a pseudo-rearrangement (or the relative f (e )+ 1) dT)
rearrangement) of |f|P with respect to ¢. )+1 BRIV 1

s 4/ [( @) |7 (F6)
/PNC / s1-1/N @
On the other hand, thanks to Hélder’s inequality, N
we can easily check that We deduce that
1 *
1 w(x _Pj) ] s
d J [Vu|dx < (—ij w(x)|VulP dx); X (—*(s)) < [( (x) p ( )X
~dt Jipon L dt Jipsy T (NCNsUN
1 (29) s o
([ ) <( [ v kg -]
at Jips1) 0

"(kp*(s)+1 IR 1V 1

e [ ad N R ETHE)
__1 aP/PNC sI-1/N @

Since w(x) 7T € L1(Q)), we write N

Integrating between 0 and |Q|, since @(|Q]) = 0, we

have

d 1 " /
- w(x) P dx:(w(x) = )(p (pp (1)) X (=pigy(1)), o
30 @)= | -grloas

1 *
for almost every t > 0, where (w(x)_!’j) is the rela- Q| 1 Lo o
¢ < _ 71 d’c dsx
: - - NCYN1-1/N\p’ l‘b
tive rearrangement of w(x) P~ with respect to ¢. o (NCy's )
Using the Fleming-Rishel formula (see []), we can (kg™(0) + 1)(P-1p7p
write
;s SRt
+ w(x) P71 (S)(Fe(s))? dsx
1 ’/ /N (1- [( ) ] ¢
4 uldx s NCY (o) h 1) 0 aPPNCyTsN ¢
dt Jipst) x (kg*(0)+1).
for almost every t > 0. Since ¢* attains its maximum at 0, we can write
Combining , , and , we obtain ||(P||L°°(Q) < kA||(P||L°°(Q) +A, (32)
NC}\J/N;A(P(t)l_VN where k = (’:]p’l and
IR 17 T
<[ (w7 ) | G ten-ppenx . lel | (= ,% : f o] 5
¢ = —_—
Helt) 1/p 0 (NCI{I/NSI_I/N)p
x(f w*(s)(kqo*(s)+1)p_1ds) (] o’ Ll 1
0 T P
ot o | " +L a? TP N CIN G-I [(w(x) p )«)] (s)(F(p(s)) ds
o () ] e (P 1) .
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In order to estimate I, we use the Holder’s inequality
and (7), obtaining

S
[ e < iplmys=
0

< (Blbilln) ,Mlllpr Pl (33)
< 24 billrm P1 B Sl—l/m’
(ZMorllLmo ,,+1||f|| (Q,u;?l))N)
which we use to get
’ ’ %’
/NP [P P
< —_— m
e N LT p+1||f|| wpl))N)
Q] * / ,
XJ (w(x)_P]j) (s)s%(l_%)_p(l_ﬁ)ds.
0 ¢

By (5) one has g(p — 1) > 1, we use again Hoélder’s in-
equality to obtain

Lmp’ (Quw

1
Qo 1y g1y _ate-1) =D
[J t(;“*m)*l’“*ﬁ))m dt] )
0

The assumptions on exponents (5) and allow us
to get

P
-p’ 4 p
r<(NCYY) (%ublnm) s IIfIIP & ;))N)

wl

X ”'U/ q”LI Q

==

_pl 7
r<(NCYY) (%ublnm AT

(L (Quw P )N

x|lw _qll“’ o (NV x M) mpwpf@ﬁ),
q py—-N
(34)
We now turn to estimate J. Since py > N > 1, we can

consider the Holder conjugate exponent 1 = pf/ZI . The

conjugate exponent # satisfies the identity

so that by Holder’s inequality we obtain

P - "
o qn f|f|mpwwdx) y

~ar’PNCYN

1
1e] i
X [J s'l(gl_l)ds] I.
0

Then we have

7

p - p
<—— ||w q _ X
1 . (35)
X(—N(p)/— 1)) 7 |Q|p1\);pr
py-N

Using and we can estimate the quantity A
in (32), Obtaining that under assumption the fol-
lowing inequality holds:

/\—pA<1.
a(p-1)
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Then implies (18).
Proof of Theorem

Let us define for € > 0 the approximation

g(x,5,&)

8005 &) = T las, B

On note that |g.(x,s,&)| < |g(x,s,&)|, and |g.(x,s,&)| < %
we consider the approximate problem

- div(a(x, ug,VuE)) = g (x,u., Vu,)— div f in D’(Q),
ue € Wy P (Q,w) N L2(Q).

Since the A - g Wol’p(Q,w) —
W’l’p/(Q,wl’p') is bounded, coercive, and pseudo-
monotone operator, where A(u) = — div(a(x,u,Vu)),

there exists at least one solution U, € Wl' (Q,w) of
the problems (see [15], [16] and in the weighted
case [[T])).

Using Stampacchia’s method [[I7], one can prove that
any solution u, of belongs to L*(Q)) for fixed e.
Finally using the L™ estimate obtained in Theorem

and working as in and , but with obvious
modifications, we obtain Theorem

operator
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In this paper, we discuss the solvability of the nonlinear parabolic

db;(x, u;)

systems associated to the nonlinear parabolic equation:T -
div(a(x, t,u;, Vu;)) — ¢;(x, t,u;)) + f;(x,uy,up) = 0, where the function
bi(x, u;) verifies some regularity conditions, the term (a(x, t, ui,Vui)) is

a generalized Leray-Lions operator and ¢; is a Carathéodory function
assumed to be continuous on u; and satisfy only a growth condition.
The source term f;(t,uy,u,) belongs to L'(Q x (0, T)).

1 Introduction

Given a bounded-connected open set Qof RN (N =2),
with Lipschitz boundary dQ, Qr = Q x(0,T) is the
generic cylinder of an arbitrary finite hight, T < +c0.
We prove the existence of a renormalized solutions for
the nonlinear parabolic systems:

BiCots) _ div(a(x, t, 15, Vi) - div(D;(x, £, u;))

+ﬁ‘(x,141,1/l2):0 in QT! (1].)

u; =0 on(0,T)xdQ, (1.2)

bi(x,u;)(t =0)=b;(x,u;9) inQ, (1.3)

where i=1,2. Here the vector field a4 : Q x R x

RN — RN is a Carathéodory function such that
—div(a(x, t,u;,Vu;)) is a Leray-lions operator defined
from the Inhomogeneous Musielak-Orlicz-Sobolev
Spcaes Wol’xL(p(QT)into its dual W‘l'xL¢(QT). Let b; :
QxR — R a Carathéodory function such that for every
x € Q, bj(x,.) is a strictly increasing C!-function, the
divegential term ®;(x, t, u;) is a Carathéodory function
satisfy only a polynomial growth with respect to the
anisotropic N-function ¢ (see (4.6)), the data u ; is in
LY(Q) such that b;(., ug;) in L'(Q) and the source f; is a
Carathéodory function satisfy the assumptions ((4.7)-
(4.10)). When problem ((1.1)) is investigated, there
is a difficulty due to the fact that the data by (x, ué(x))

“Corresponding Author: A. Abergi, abergi_ahmed@yahoo.fr
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and by(x, ug(x)) only belong to L! and the functions

a(x, t,u;, Vu;), ®;(x,t,u;) and f;(x,uy,u;) do not belong
to (L}DC(QT))N in general, so that proving existence
of weak solution seems to be an arduous task, and
we cannot use the Stocks formula in the a priori esti-
mates of the nonlinearity , ®;(x, t, ;). In order to over-
come this difficulty, we work with the framework of
renormalized solutions (see Definition 3.1). One of
the models of applications of these operators is the

system of Boussinesq:

ou

= + (u.V))u = 2div(u(0)e(u)) + Vp = F(O)

in QT

ab(0)

ot
u(t=0) = up, b(6)(t = 0) = b(6)

u=0 0=0 on JQx(0,T)

u.Vb(0) - A0 = 2u(0)le(u)* in Qr

on Q

Equation first equation is the motion conservation
equation, the unknowns are the fields of displacement
u: Qr — RY and temperature 0 : Qr — R, The field
e(u) = %(Vu +(Vu)?) is the strain rate tensor.

It is our purpose, in this paper to generalize the
result of ([1], [2], [3]) and we prove the existence of a
renormalized solution of system (1.1).

The plan of the paper is as follows: In Section 2
we give the framework space, in Section 3 and 4 we
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give some useful Lemmas and basics assumptions. In
Section 5 we give the definition of a renormalized so-
lution of (1.1, and we establish (Theorem 5.1) the ex-
istence of such a solution.

2 Preliminaries

2.1 Musielak-Orlicz function

Let Q be an open subset of RN (N > 2), and let ¢ be a
real-valued function defined in Q xR, and satisfying
conditions:

®:¢(x,.) is an N-function for all x € Q (ie.

convex, non-decreasing, continuous, ¢@(x,0) = 0
,0(x,0) > 0 for t > 0, limtﬁosuperw = 0 and
lim;_, ., inf,cq (P(f’t) = 00).

D,:¢(.,t) is a measurable function for all ¢ > 0.

A function ¢ which satisfies the conditions ®; and
@, is called a Musielak-Orlicz function.

For a Musielak-Orlicz function ¢ we put @, (t) =
@(x,t) and we associate its non-negative reciprocal
function ¢!, with respect to ¢, that is

P (@(x 1) = (x5 (1) =t

Let ¢ and y be two Musielak-Orlicz functions, we
say that ¢ dominate y, and we write y < ¢, near infin-
ity (resp.globally) if there exist two positive constants
¢ and t; such that for a.e. x € Q
y(x,t) < @(x,ct) for all t > ty (resp. for all t > 0 ).
We say that y grows essentially less rapidly than ¢ at
O(resp. near infinity) and we write ¥ << ¢, for every
positive constant c, we have

. ct
lim;_, ( SUPxe 7:/)(();,2))) =0

. ,Ct
(resp-llmt—n;x) (SupXGQ 7:;:;3; ) = 0)

Remark 2.1 [4]. If y << @ near infinity,then Ye > 0
there exist k(e) > 0 such that for almost all x € Q), we
have

y(x,t) < k(e)p(x,et) Yt=0

2.2 Musielak-Orlicz space

For a Musielak-Orlicz function ¢ and a measurable
function u : Q — R, we define the functionnal

0p(u) = L @(x, |u(x)|)dx.

The set K,(Q) = {u : Q — R mesurable :
0¢,a(u) < oo} is called the Musielak-Orlicz class . The
Musielak-Orlicz space L, (Q2) is the vector space gen-
erated by K, (Q); that is, L,(Q) is the smallest linear
space containing the set K, ((2). Equivalently

Ly(Q)={u:QQ >R mesurable: p(prg(%) <oo, forsome A >56}S Plxs)+p(x,t)

For any Musielak-Orlicz function ¢, we put
P(x,5) = sup,so(st — @(x,s)).

Y is called the Musielak-Orlicz function comple-
mentary to ¢ (or conjugate of ¢) in the sense of

www.astesj.com

Young with respect to s. We say that a sequence
of function u, € Ly(Q2) is modular convergent to
u € L,(Q) if there exists a constant A > 0 such that
lim,, o 0,0 ( un/\—u )=0
This implies convergence for o(I1Ly, 1Ly )[see [5]].
In the space L,(Q2), we define the following two
norms

lully, =inf{A>0: [, o(x, Mh)ax <1}

which is called the Luxemburg norm, and the so-
called Orlicz norm by

llulllg,00 = supyyy, <1 Jo () (x)ldx

where 1 is the Musielak-Orlicz function comple-
mentary to ¢. These two norms are equivalent [8].
K,(Q) is a convex subset of L,(€2). The closure in
Ly (€Q2) of the set of bounded measurable functions
with compact support in Q is by denoted Ey(Q).
It is a separable space and (E,(Q))" = L,(Q2). We
have E,(Q)) = K,(Q), if and only if ¢ satisfies the
A,—condition for large values of t or for all values of
t, according to whether () has finite measure or not.

We define

Wlqu)(Q):{ueL(p(Q):D“ueL(P(Q), Ya <1}
WIE,(Q)={u € E,(Q): D*u € E,(Q), Ya<l}
where a = (ay,...,ay)la| = |a]| + ... + |ay| and : D%u
denote the distributional derivatives. The space

wi L,(Q) is called the Musielak-Orlicz-Sobolev space.
Let
Op,0(1) = Lja<1 0p,0(D%u) and [lull, o = inf(A > 0 :
Op,0(1) <1} foru e WL, (Q).

These functionals are convex modular and
a norm on Wqu,(Q), respectively.  Then pair
(Wqu)(Q), ”uH(lPQ) is a Banach space if ¢ satisfies the
following condition [6].

There exists a constant ¢ >0 such that iné p(x,1)>c¢
X€

The space WlL(P(Q) is identified to a subspace of
the product [[,<; Ly(Q2) = [[L, We denote by D(Q)
the Schwartz space of infinitely smooth functions

with compact support in QO and by D(Q)) the restric-
tion of D(R) on Q. The space WO1 L,(QY) is defined as

the o(IILy, I1Ey) closure of D(() in WlL(p(Q) and the
space WO1 E,(Q)) as the(norm) closure of the Schwartz

space D(Q)) in WlL(P(Q). For two complementary
Musielak-Orlicz functions ¢ and ¢, we have (See [7]).

* The Young inequality:

foralls,t>0,xeQ.

e The Hoélder inequality

| o )0 < llull 0 vl for all
ueLy(Q)vely(Q)
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We say that a sequence of functions u, converges to
u for the modular convergence in WlL(p(Q) (respec-

tively in WO1 L,(€2)) if, for some A > 0.

=0

lim 3,0 ””A_ " )

n—o0

The following spaces of distributions will also be
used

WLy Q) ={f eD(Q): f= ) (-1)*D*f,

a<l
where f, € LII)(Q)}

and

WTEy(Q)={feD(Q): f=) (-1)*D"f,

a<l

where f, € EMQ)}

2.3 Inhomogeneous Musielak-Orlicz-

Sobolev spcaes:

Let Q be a bounded Lipschitz domain in RY and let
Q = QOx]0,T[ with some given T > 0. let ¢ be a
Musielak-Orlicz function.For each o €

NV, denote by D¢ the distributional derivative on Qr
of order a with respect to the variable x €

RN.  The inhomogeneous Musielak-Orlicz-Sovolev
spaces of order 1 are defined as follows

WL, (Q) = {u €L,(Q):Vlal<1, Dfue L(p(Q)}

W E,(Q) = {u € E,(Q): Vlal <1, DfueEy(Q)

The last is a subspace of the first one, and both are
Banach spaces under the norm

lull=") " IDgully,0

lal<m

We can easily show that they form a complemen-
tary system when () is a Lipschitz domain. These
spaces are considered as subspaces of the product
space I1L,(Q) which has (N + 1) copies. We shall
also consider the weak topologies o(I1L,,,I1E,) and
0(IILy,TILy). If u € WY L,(Q) then the function

t — u(t) = u(t,.) is defined on (0,T) with val-
ues in WlL(p(Q). If, further, u € Wl”‘E(p(Q) then
this function is a W]E(p(Q)—Valued and is strongly
measurable.  Furthermore the following imbed-
ding holds: W'*E,(Q) c L'(0,T; W'E,(Q)). The
space Wl"‘Lq)(Q) is not in general separable, if u €
WI’XL(p(Q), we can not conclude that the function
u(t) is measurable on (0,T). However, the scalar
function t — u(t) = |lu(t)llyo is in L'(0,T). The
space Wol‘xE(p(Q) is defined as the (norm) closure in
WE,(Q) of D(Q). We can easily show that when
Q) is a Lipschitz domain then each element u of the
closure of D(Q)) with respect of the weak" topology
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G(HL(P,HE¢) is limit, in WLXL((,(Q), of some subse-
quence (u;) € D(Q) for the modular convergence, i.e.
there exists A > 0 such that for all |¢| < 1,

D%u; - D?
J‘(p(x,(#)dxdteo as i — oo
Q

, this implies that (#;) converge to u in Wl"‘L(p(Q) for
the weak topology o(I1L, IILy). Consequently

D(Q)o(ﬂLq,,HEq,) - D(Q)U(HL‘/"HLIP)

, this space will be denoted by Wol’xL(P(Q). Further-
more Wol’XE(P(Q) = Wol’qu)(Q)ﬂl_IE(p. We have the fol-
lowing complementary system F being the dual space
of Wol'xqu(Q). It is also, except for an isomorphism,
the quotient of IILy, by the polar set Wg’XE(p(Q)l, and
will be denoted by F = Wl'XL¢(Q) and it is shown that

this space will be equipped with the usual quotient
norm

where the inf is taken on all possible decomposi-
tions

The space F is then given by Fy = W‘l’XE¢(Q).

Lemma 2.1 [4]. Let Q be a bounded Lipschitz domain
in RN and let ¢ and  be two complementary Musielak-
Orlicz functions which satisfy the following conditions:

e There exists a constant ¢ > 0 such that

inf p(x,1)>c¢

inf (2.1)

* JA > 0 such that for all x,y € Q with |x—y| < 3,

we have

@(x,1) (10 (AL>

‘<t R forall t>1. (2.2)
¢(®1)
J P,1)dx < oo (2.3)
Q
AC >0 suchthat ¢(y,t)<C ae in Q

(2.4)

Under this assumptions D(Q) is dense in L, (€2) with
respect to the modular topology, D(Q)) is dense in
WO1 L,(Q) for the modular convergence and D(Q) is
dense in WO1 L,(Q) for the modular convergence.

Consequently, the action of a distribution S in
W-IL(Q) on an element u of WolL(P(Q) is well de-
fined. It will be denoted by < S, u >.

182


http://www.astesj.com

A. Aberqi et al. / Advances in Science, Technology and Engineering Systems Journal Vol. 2, No. 5, 180-192 (2017)

2.4 Truncation Operator

Tk, k > 0, denotes the truncation function at level k de-
fined on R by Ty (r) = max(—k, min(k, r)). The following
abstract lemmas will be applied to the truncation op-
erators.

Lemma 2.2 [4]. Let F : R — R be uniformly Lips-
chitzian,with F(0) = 0. Let ¢ be an Musielak-Orlicz func-
tion and let u € WLy (Q)(resp.u € W'E(Q)). Then
F(u) € WlL(p(Q)(resp.u € WolE(p(Q)).Moreover, if the
set of discontinuity points D of F’ is finite,then

d 3 F’(x)%
8—XZF(M)—{ 0 1

Lemma 2.3 Suppose that Q) satisfies the segment prop-
erty and let u € WO1 L, (€2). Then, there exists a sequence
u,, € D(Q) such that

a.e. in {x € Q; u(x) ¢ D}
a.e. in {x € Q; u(x) € D}

u, — u for modular convergence in WO1 L,(Q).

Furthermore, if u € WolL(p(Q) N L®(Q) then |luy,lle <
(N + 1)lllco-

Let QO be an open subset of RY and let ¢ be a
Musielak-Orlicz function satisfying :

1 -1
)
fo "M dt =

t°N

ae. xeQ (2.5)

and the conditions of Lemma We may assume
without loss of generality that

1 -1
0

N+1
t N

Define a function ¢* : Q x [0,00) by @*(x,5) =
-1
IOS ¢§V+(1t)dt x €Q and s € [0, 00).

N
@*its called the Sobolev conjugate function of ¢ (see

[1] for the case of Orlicz function).

xe Q)

a.e. (2.6)

Theorem 2.1 Let Q) be a bounded Lipschitz domain and
let @ be a Musielak-Orlicz function satisfying and
the conditions of Lemma Then

Wy Ly(Q) = Ly (Q)

where @* is the Sobolev conjugate function of ¢. More-
over, if ¢ is any Musielak-Orlicz function increasing es-
sentially more slowly than @ near infinity, then the
imbedding

Wi Ly(Q) = Ly(Q)

is compact

Corollary 2.1 Under the same assumptions of theorem

we have
Wy Lp(Q) > Ly (Q)

Lemma 2.4 If a sequence un u, € L,(Q) converges a.e.
to u and if u,, remains bounded in L, (Q), then u € L,(€2)
and u, — u for 0(L,(Q), Ey(Q)).

www.astesj.com

Lemma 2.5 Let uy,u € Ly(Q). If uy, — u with re-
spect to the modular convergence, then u, — u for
0(Ly(Q), Ly(Q)).

See ([8]).

3 Technical lemma

Lemma 3.1 Under the assumptions of lemma and
by assuming that @(x,t) decreases with respect to one of
coordinate of x, there exists a constant ¢y > 0 which de-
pends only on () such that

J Q(x, |ul)dx SJ- @(x,c1|Vul)dx
Q Q

Theorem 3.1 Let Q be a bounded Lipschitz domain and
let @ be a Musielak-Orlicz function satisfying the same
conditions of Theorem Then there exists a constant
A > 0 such that

(3.1)

lullp < AlVully, ¥ € WyLy(Q)

4 Essential assumptions

Let Q be an open subset of RN (N > 2) satisfying the
segment property,and let ¢ and y be two Musielak-
Orlicz functions such that ¢ and its complementary
i satisfies conditions of Lemma|[2.T]and y << ¢.

by :OxR—->R

is a Carathéodory function such that for every x € Q,

(4.1)
b;(x,.) is a strictly increasing C!(IR)-function and b; €
L*(Q x R) with b;(x,0) = 0. Next for any k > 0, there

exists a constant A, >0 and functions A;‘( € L*(Q) and
B;'C € L,(Q) such that:
db;(x,s)

A;c S—5— < A;;(x) and

ahi , 1
vx( gjs))|SB;(x)

ae.xeQandVls| <k (4.2)

A : D(A) € WyLy(Qr) » WLy (Qr) defined by
A(u) = —diva(x,t,u,Vu),where a: Q x R x RN - RN is
Carathéodory function such that for a.e. x € (Q and for
all se R, & e RN, & = &

(A1) : la(xts,E) < Ble(x) + Py (y(xwls) +
P (@(x, volE)))),
B>0, c(x)€EyQ) (4.3)
(Az):(a(x,t,5,&) —alx,s,E)E-E) >0, (4.4)
(A3):a(xt,5,&).8 > ap(x,[E]). (4.5)

D(x,s,&): Q xIRXIRN - IRN isa Carathéodory func-
tion such that

[©;(x, 1, 5) < i (),
fi : QO xRxR — Ris a Carathéodory function with

fl(er;S) :fz(X,S,O) =0

(4.6)

ae.xeQ,VseR. (4.7)
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and for almost every x € (), for every 51,5, € R,

Sign(si)ﬂ(xrslrSZ) > 0. (48)
The growth assumptions on f; are as follows: For each
K > 0, there exists o > 0 and a function Fg in L'(Q)
such that
If1(x,51,82)] < Fi(x) + 0k |ba(x,52)] (4.9)

a.e. in Q, for all s; such that |s;| £ K, for all s, € R. For
each K > 0, there exists Ag > 0 and a function Gk in
L'(Q) such that

|f2(x,51,82)] < G (x) + Ak by (x,51)], (4.10)
for almost every x € Q, for every s, such that |s;| < K,
and for every s; € R.
Finally, we assume the following condition on the ini-
tial data u; (: for i=1,2.

u; o is a measurable function such that b;(.,u; o) € LY(Q),

(4.11)
In this paper, for K > 0, we denote by Ty : r —
min(K, max(r,—K)) the truncation function at height
K. For any measurable subset E of Qp, we denote by
meas(E) the Lebesgue measure of E. For any measur-
able function v defined on Q and for any real number
S, X{v<s) (respectively, x(y—s), X{v>s)) denote the charac-
teristic function of the set {(x,t) € Qr ; v(x,t) < s} (re-
Sfectively; {(x,t) € Qrsv(x,t) = sh{(x,t) € Qr;v(x, t) >
s}).

Definition 4.1 A couple of functions (u,u,) defined on
Q is called a renormalized solution of (4.1)-(4.11)if for

i =1,2 the function u; satisfies

T (u;) € Wy *L(Qr) and  b;(x,u;) € L°(0, T;L1(Q)),

(4.12)
J a(x,t,u;, Vu;)Vu; dxdt - 0  as m — +oo,
{ m<|u;|<m+1}

(4.13)
For every function S in W>*(IR) which is piecewise C!
and such that S’ has a compact support,we have

IB; s(x,u;)
ot
+S”(u;)a(x,t,u;, Vu;)Vu;

—div(S’(u;)a(x, t, u;, Vu;))

+div(S"(u;)i(x, t,u;)) = S”(u;)pi(x, t, u;)Vu;

+ fi(x, uy, u2)S (u;) = 0, (4.14)
Bi,S(x:“')(t=0):Bis(x;”io) inQ, (4.15)
where B; 5(r jo I(x,s

Due to (4.12), each term in (4.14) has a meaning in
WLy (Qr) + LY (Qr).

Indeed, if K such that suppS c [-K, K], the following
identifications are made in (4.14))

www.astesj.com

* Bis(xu;)) € L*(Qr), since |Bjs(xu;)l <
KA lzeo)lIS Lo ()
e S’(uj)a(x,t,u;,Vu;) can be identified with

S’(u;)a(x, t, Tx (u;), VIg(u;)) a.e. in Q. Since
indeed |Tk(u;)| < K a.e. in QT, . As a conse-

quence of (4.3] . , (4.12) and S’(u;) € L®(Qr7) , it

follows that

S"(u)a(x, T (u;), VTic(117)) € (Ly(Qr)™.
e S’(uj)a(x,t,u;, Vu;)Vu; can be identified with
S’ (u;)a(x, t, TK(”l) VTK(uz»VTK( i) ae. in

Qr.with (4.2) and (4.12) it has

S’ (ui)a(x, t, T (u;), VT (;))V T (1) € L' (Qr)

S”(u;)®;(u;)Vu;  respec-
tively identify with S’(u;)®;(Tg(#;)) and
S”(u;)®(Tx (4;))VTk(u;). In view of the prop-
erties of S and (4.6), the functions S’,S” and
® o Ty are bounded on R so that im-
plies that S’(u;)®;(Tx(u;)) € (L®°(Qr))N and
7 (ui) DTy (7)) V T (147) € (Lyp (Qr))N.

o S’(u;)fi(x, uy,uy) identifies with S
a.e. in Qp

(or S'(u;)fa(x,uy, Tx(up)) a.e. in Q). In-
deed, since | Tx (u )| K ae. in QT, assump—

tions and ( and using | and of

S’ (u ,)GL (Q), onehas
S’ (u) fi(x, Tg (u1), u) € L' (Qr)

and  S'(uz) fo(x, uy, Tx (u)) € L' (Qr).
As consequence, takes place in D’(Qr)

* S'(u;)®i(u;) and

and that
Pistti) ¢ rxpy o)+ LQn). (116)
Due to the properties of S and
B; s(x, 11;) € Wy Loy (Qr). (4.17)

Moreover (4.16) and (4.17) implies that
B; s(x,u;) € C%([0,T],L}(Q)) so that the initial
condition (4.15) makes sense.

5 Existence result

We shall prove the following existence theorem

Theorem 5.1 Assume that (4.1)-(4.11) hold true. There
at least a renormalized solution (uy,u,) of Problem (1.1).

We divide the prof in 5 steps.

Step 1: Approximate problem.

Let us introduce the following regularization of the
data: forn>0andi=1,2

1
b; n(x,5) = bi(x, T,(s)) + - s VseR, (5.1)

a,(x,t,5,&) =a(x,t,T,(s),&) a.e. in Q, Vs e R,VE € IRN,
(5.2)
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D, ,(x,1,5) =D, ,(x,t, T,(s) ae. (xt)eQr, VselR = f i (Xt i)V Ti (1, )dx dt
(53) | <k
1
] < X, t,u; ,))dxdt
fin(x51,52) = fi(x, T,y(51),52) ae in(Q,Vsy,s; €R, Luz n|<k}l’b( al ar Pt i)
(5.4)
fon(x,51,52) = fa(x,51, T,,(s2)) a.e.in ), Vsy,s5 €RR, +J. o (x, agVTi(u; ,))dxdt
(5.5) {li ul <k}
Ujon € CSO(Q): bi,n(xf ui,On) - b,-(x, ui,O) inL! (Q)
<[ gl ke
as n tends to +oo (5.6) {lui,nl<k} ag
Iéft (Xlilf )now consider the regelarized problem +j @(x, aéVTk(ui,n)dxdt
% - diV(an(x, Ui ns V”i,n)) - d“}(q)i,n(xx t ui,n)) i n|<K}

+fi,n(x’u1,nr MZ,n) =0 inQr, (
;=0 on(0,T)xdQ, (5.8)
bi,n(xt ui,n)(t = 0) = bi,n(xr ui,On) in Q. (
In view of (5.1), for i = 1,2, we have

<] pn gt Kxds
{lui,nl<k} 0(0

+J @(x, aéVTk(ui,n)dxdt
{lui <k}

then

db; ,(x, 1 . . .
9bin%:5) > =, |bi.(x,5) <max|bj(x,s)|+1 VseR, J Gin(xt, Te(u; )V Tk (1, )dx dt

0s n ! |s|<n Q
In view of (4.9)-(4.10), f , and f, , satisfy: There ex- <Cip+ aéJ. @(x, VTi(u; ,))dxdt (5.13)
ists F, € L'(Q),G,, € L'(Q) and 0, > 0,1, > 0, such Q
that We conclude that

|f1,n(x’51’52)| < Fn(x) + 0, MaXs| <y |bi(x15)| 1

ae. inxeQ,Vsy,s, €R,

3 J el | ot VT dxar
|f2,n(x151:52)| < Gu(x)+ Ay, maxXs\<n |b; (x, 5)]

ae.inx € Q,¥sy,s, € R. As a consequence, proving - aéJ. Q(x, VTi(ui ) dt dx + Ci . + Kllbi(x, 145 0,11 )
the ex1stence of a weak solution u; , € W *L »(Qr) of ;

(5.7)-(5.9) is an easy task (see e.g. [9]). Then
Step2: A priori estimates.

pl 5 o f
- Ty (u; dx+(a'—al x,VTi(u; ,))dtdx < C;.k
Let t € (0,T) and using Ty (u; )X (o) as a test func- 2 ,[Ql il ( ) o 9l (i) :

tion in problem (5.7), we get: _
Joy Bl (6,00 [, (1,101, Vit ) VT, )dxdt - Choosing aj such that

0< af) <min(1,a’)

(Pi,n(x: [ ”i,n)VTk(ui,n)dxdt (5.10)
Q we get
Ty (u; ) dxdt < f X, U dx,
f finTitt.) o Dk tion) f Q00 VT(u ) dxdt <Cik  (5.14)
n abi,ﬂ(x’ ) '
where B} (x,7) = . TTk(S)dS- Then, by (5.14), we conclude that Ty (u; ,) is bounded

in Wh*L ¢(Qr) independently of n and for any k > 0,
so there ex1sts a subsequence still denoted by u,, such
A that
n . on )2
J;) Bi,k(x’ ul,n(t))dx > 2 _L) ITk(uz,n)| dx: Yk > O: Tk(ui,n) N lzbi,k (515)

(5.11)

Due to definition of B?k we have:

weakly in W()I’XL(p(QT) for o(ITLy,TTEy) strongly
in E,(Qr) and a.e in Q.

0< f BY (.t 0)dx < kj Iby (17 0)ldx (5.12) Since Lemma(Z-T)and (513), we get also,
Q Q

and

<klb; (x, uio)llpiqy Yk > 0. P(x, k) meas{{lui,nl >k} N Bg x [0, T]}
In view of (4.8), we have th finTi(uin)dxdt > 0 Also,
we obtain with Young inequality: J J o(x, Ty (u; ,))dxdt
|Li, n|>k}mBR
it 10, )V Tyt < [t Tetunaxds
Qs Qr
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sdiamQTJ @(x, VT (u; ,))dxdt
Q
Then !
diamQr.C;.k
i k}nB 0, T } <—F—
meas{ (1> K} 1 By x[0,T]} < 020
Which implies that:
klim meas{{|u1-,n| > k} N Bg x [O,T]} = 0. uniformly
—+00
with respect to n.
Now we turn to prove the almost every con-

vergence of u;,, b;,(xu;,) and convergence of
@i (X, 1, T (1,), VT (14,1))-

Proposition 5.1 Let u;, be a solution of the approxi-
mate problem, then:

Ui, —u; aein Qr. (5.16)
bin(x, ujy) = bi(x,u;) aein Qr
b;(x,u;) € L*(0,T,L1(Q)). (5.17)
an(x, 1, T (i ), Vi (4,)) = Xk
in (Ly(Qr)) for o(ITLy, T1E,) (5.18)

for some X; i € (Ly(Qr))N

lim lim
m—+00 n—+00

ai(x, £ U, Vuiln)Vu,',ndxdt =0
m<|u; ,|[<m+1

(5.19)

Proof of (5.16) and (5.17):

Consider now a function non decreasing g, € C?(IR)
such that gi(s) = s for [s| < 5 k and gi(s) = k for |s| > k.
Multiplying the approximate equation by g/ (u; ,), we
get
aB;(’,';(x, Uin) )
T - d“](an(xf £ Ui s Vui,n)gk(ui,n))

+ﬂn(X, t, Ui ny V”i,n)g];’(ui,n)vui,n (520)

+ div(CPi,n(x, t, ui,n)g,é(ui’n)) — g (Ui )i (b, 15 )Vt
+fingi(1y)=0  inD'(Qr)
z abl n(x,-s)

here B (x,2) = | —2""g!(s)ds.
where k’g(x z) J:) s g (s)ds

Using (5.20),we can deduce that g(u;,) is bounded

. 1,x aBl n (o,uj, n) . 1
in Wy Ly,(Qr) and — is bounded in L' (Qt)+

W’l'xLlP(QT) 1ndependently of n.
thanks to (4.6) and properties of g, it follows that

|j i 1y 1) gl 1) x|
Qr

< ||g,:||o<,fQ ¢, 0™ (x, Ty o)) dxd
T
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<lgille(9 0l ) [ cilrmnidxdt) < Cy

Qr
By (5.13), we get

|J‘ gk ul n qbl n x't ul n)vul ndxdt|

<llgtllo( o + cz;f PO, VT (s, ))dxdt) < C2,

where Clk and C? i constants independently of n.

we conclude that agk;# is bounded in L'(Qr) +
W’l’xLl/,(QT) for k < n. which implies that gi(u; ,) is
compact in L'(Qr).Due to the choice of g, we con-
clude that for each k,the sequence Tj(u;,) converges
almost everywhere in Qp, which implies that the se-
quence u; , converge almost everywhere to some mea-
surable function u; in Q.

Then by the same argument in [9], we have

u; y, — u; a.e. Qr, (5.21)

where u; is a measurable function defined on Q7. and

Qr

bi n(x,u; y) = bi(x,u;) a.e.in

by (5.15) and (5.21) we have

Tie(14i,n) = Tie(u;) (5.22)
weakly in WOI’XL(p(QT) for o(I1L,,ITEy) strongly in
Ey(Qr)and a.ein Qr.

We now show that b;(x,u;) € L®(0, T;L}(Q)). Indeed
using %Tg(um) as a test function in (5.7),

1

‘ 1
—j bfn(x,u,-,n)(t)d“—j (X, , Vit; )V T (15 ,) dx dt
€ Ja 7 & Qr

1 1
- J q)i,n(x’ t, ui,n)VTe(”i,n) dxdt+— j fi,n(x’ Ul,ns u2,n)Ts(ui,n)
€Jor € Jor

1 .
= —J bfn(x,ul-’()n)dx,
cJa
(5.23)
for almost any t in (0,T). Where, b (r) =

JO s)ds. Since a,, satisfies (4.5) and f;, satis-
fies 1.} we get
Q b, n(x, U, n) ) t)dx < IQT q)i,n(x: £ ui,n)VTe(ui,n) dxdt

+J by (%, 1 o) dx, (5.24)
o b

By Young inequality and (4.6), we get

J‘ D; (%, t,u; ) VT (1 ,)dxdt < J Y(x, D; ,(x,t,u; ,))dxdt
Qr

|Mz',n|§‘E
+J- @(x, VT (u;,))dxdt
[uj nl<e

< gl v gt measQr) | (@l VTl

|ui,n|5£

(5.25)
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Using the Lebesgue’s Theorem and ¢(x,VT.(u;,)) €
W, “L(Qr) in second term of the left hand side of the

(5.25) and Letting ¢ — 0in (5.24)we obtain
L|bi,n<x,ui,n><t>|dxs||bi,n<x,uz-,oﬂ>||p<m (5.26)

for almost t € (0,T). thanks to ) , and
passing to the limit-inf in (5.26), we obtain b;(x, ;) €
L*®(0, T;LY(Q)). Proof of :

Following the same way in([10]),we deduce that
ay(x,t, Ty(u; 4), VT (u; ,)) is a bounded sequence in

(Llp(QT))N,and we obtain .

Proof of (5.19) :
Multiplying the approximating equation (5.7)) by the
test function 0,,(u; ) = Tpp1 (i ) — T (Ui 1)

f By (%, 4 (T))dlx +
Q

ay(x, t, 15, Vi )VO,, (u; y)dx dt
Qr

+ 0 ¢i,n(xr t ui,n)vam(ui,n)dxdt
T

(5.27)

+ f,-,nemwi,n)dxdtsf By (%, 1500k,
Qr Q

' Ibj u(x,s)

f 0,,(5)

ds.
0 ds ’

where B; ,,(x,7) =

By (4.6),we have

o (Z)i,l’l(xx £ ui,n)vem(ui,n)dx dt
T

: _f w(x’E¢;l¢(x7|ui,rz|))dxdt
m<|u; ,|<m+1 €

+<—:j @(x,VO,,(u; ,))dxdt
mslui,n|5m+1

Also fQT finOm(u;)dxdt > 0in view of (4.8).Then,
The same argument in step 2 , we obtain,

J @(x,Vu; ,)dxdt
Qr

< [ o Ly ot s s
m<|u; ,|<m+1 €

+ J- Bi,m(x: ui,On)dx)
Q

Where C; = ﬁ where 0 < € < a’.

passing to limit as n — +o0 ,since the pointwise con-
vergence of u;, and strongly convergence in L!(Qr)
of B; ,(x,u;0,) we get

lim
n—+oo QT

@(x,Vu; ,)dxdt

A By .
se(f . weLuoteluiaas
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o [ Bt uoris)
Q

By using Lebesgue’s theorem and passing to limit as
m — 400, in the all term of the right-hand side, we get

lim lim
M—+00 n—+00

@(x,Vu; ,)dxdt =0

m<|u;|<m+1

(5.28)

and the other hand, we have

lim lim

m—+00 n—>+00

f il 11 VO (1)
Qr

< lim lim
mM—+00 —>+00

(P(xr Vam(”i,n))dx‘it

m<|u;|<m+1

Y%, Pin(X, 1 1 ))d xdt

m<|u; ,|[<m+1

+ lim lim
m—+00 n—>+00
Using the pointwise convergence of u;, and by
Lebesgue’s theorem,in the second term of the right
side ,we get

lim
n—+00

Y(x, P n(x,t,u; ,))dxdt

m<|u; ,|<m+1

= j P(x, di(x,t,u;))dxdt,
m<|u;|<m+1

and also ,by Lebesgue’s theorem

lim

m—+o0

P(x, pi(x, t,u;))dxdt =0

m<|u;|<m+1
we obtain with (5.28) and (5.29),

0 qbi,n(xf t, ui,n)vem(ui,n>dth =0
T

(5.29)

lim lim

m—+00 n—+00

then passing to the limit in (5.27), we get the (5.19).

Step 3: Let v; ; € D(Qr) be a sequence such thatv; ; —

u; in Wol’xL(p(QT) for the modular convergence.

This specific time regularization of Ty(v; ;) (for fixed
k > 0) is defined as follows.

Let (affo)ﬂ be a sequence of functions defined on Q)
such that

aly e LY(Q)NWyLy(Q) forallp>0  (5.30)

llaf olleo(ca) < k for allp > 0.

M .
and a; ; converges to  T(u;o) a.e. in ()
1 I
and’—lllai’ollw,g convergesto 0 p— +oo.
For k > 0 and p > 0, let us consider the unique solu-

tion (Ti(v; ), € L¥(Q)N WOI’XL(p(QT) of the monotone
problem:

MTlvig)y #(Tk(vi )y = Ti(vij) = 0 in D'(Q),

ot
(5.31)
(Te(v;,)u(t = 0)=alyin Q. (5.32)
Remark that due to
Ty (vi ) N
— g WLy (333
187
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We just recall that,

for fixed K > 0:

o . db;s, (i) ;
rem ’ 7 . n >
liminf lim lim, | (g S W) 20,
(Tx(vij)y = Tk(u;) ae.in Qr, weakly* in L®(Qr), (5.41)
(5.34) _ _ . , .
i, i J, St T =0
. (5.42)
(Te(i )y = (Te(w)y in Wy™Ly(Qr)  (5.35)
lim 111’1’1 lim S,’,;(ul-,n)Wi” CDl-,n(x,t,ui,,,)Vuiyn:O,
},{—)+DO]—)+00 n—+oo QT M
5.43
for the modular convergence as j — +oo0. ( )
mlg}rloo Mlirfmjglﬁl-loo nLiIPOO 0 S;;(ui’n)witlj’ﬂa”(x’ Z ui'”’vui'”)vui'”| =0
T
(Telw)y = Telw) in Wg*Lo(Qr)  (5.36) 3.44)

for the modular convergence as p — +co.

(T (i) llo (@) < max((Ti(ui)llzo(op) lag =) < k

(5.37)
VY u>0,Y k>0. Now, we introduce a sequence

of increasing C*(IR)-functions S,, such that, for any

m>1

Su(r)=rfor|r|<m, supp(S,,) C[-(m+1),(m+1)]
(5.38)

ISmllLeo(r) < 1.

Through setting, for fixed K > 0,

W = T (uin)=Tg (vij),  and = W, = Tic(ui,n)=Tic (1),
(5.39)
we obtain upon integration,
ob; s (u;
J- < 1,55( l’n),ng’”>dxdt
Qr t
+ J Sy y)an(x, u;’,Vuiyn)VWi’fj’” dxdt
Qr
+ J. S,;;(ui,n)Wi’fj’ﬂan(x, Ui o Vi ) Vu; , dx dt
Qr (5.40)

+J CDiyn(x,t,ui,n)S,;l(ui,n)VWi’jj’ﬂdxdt

Qr

+J. S,;;(ui,n)Wi’fj’FGJi,n(x,t,ui’n)Vui'ndxdt
Qr

+ fi,n(xr Ml,n:u2,n)Sr’n(ui,n)Witl]‘”4 dxdt=0
Qr

Next we pass to the limit as n tends to +co , j tends
to +co, p tends to +oo and then m tends to +oo, the
real number K > 0 being kept fixed. In order to per-
form this task we prove below the following results

www.astesj.com

lim lim lim

. 4 . noo—
P—>+00 j—too H—>+00 Qr fz’n(x, s uzm)s”’(ul’n)w’rﬁll 0.

(5.45)
limsupf a(x, t, 4y, VI (U; )V TIg (0 ,)dxdt
n—+oo Qr

(5.46)

SJ- X kVTk(u;)dxdt. (5.47)
Qr

IQT [a(x, t, Tk(ui,n)f VTk(ui,n)) - a(x, t, Tk(ui,n)r VTk(”i))]

(VT (1 ) — VTi(u;)]dxdt — 0. (5.48)

Proof of (5.41):

Lemma 5.1

ab U
JQ (L) g1 Wi Naxdt = e, m),
T
(5.49)
See [23]. Proof of (5.42):

If we take n>m+ 1, we get
Pin (%t 150) Sy (i ) = i (%8, T (147,0)) S (1)
Using (4.6), we have:
D(Pin (6t Tpp1 (15,0) S (147 ) < (mA1)(pi(x, £, Ty (47,)))

< (m+ D)p(lle(x, )llpo(op ™ M(m+1))

Then ¢; ,(x,t,u,)S;(u;,,) is bounded in Ly (Qr), thus,
by using the pointwise convergence of u;, and
Lebesgue’s theorem we obtain ¢; ,(x, t,u; ,)S,(u; ) —
¢i(x,t,u;)Sy,(u;)  with the modular convergence as
n — +oo, then (Pi,n(x’ t, ui,n)sm(ui,n) - ¢(x’ t, ui)sm(ui)
for o([ Ly, [TLy)-

In the other hand VWi’jj,y = VTi(uin) = V(Ti(vi j)y
for converge to VTi(u;) — V(Tx(v;)), weakly in

(Lp(Qr))N then

¢i,n(xr £ ui,n)sm(ui,n)vwinj dxdt
Qr r

- Bi(x, 1, ;) S
Qr

u;)VW; i dxdt

oM
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as n — +oo.
By using the modular convergence of W; ; , as j — +oo
and letting p tends to infinity, we get .
Proof of (5.43):
For n>m+1 >k, we have Vu; , S, (1; ) = V01 (45 )
a.e. in Qp. By the almost every where conver-
gence of u; , we have Wl”] P Wi ju in L%(Qr) weak-
* and since the sequence (¢; ,(x,t, Ty11 (¢ )y con-
verge strongly in E;,(Qr) then

(Pi,n(x’ £ Tm+1 (ui,n)) Wiijj,# - (i)i(x’ £ Tm+1 (ui)) W;

i,j,p

converge strongly in E,(Qr)as n — +oc0.By virtue of
VT (it) = VT (1) weakly in (L, (Qr))N
+00 we have

as n —

J ¢1n(x't Tm+1(”1 n))vulns (ul ,,)Wl”]ydxdt
m<|u; ,|<m+1

¢(x, t,u;))Vu; Wi i dxdt

Ljp
m<|u;|<m+1

as n— +oo

with the modular convergence of W;;

and letting y — +co we get (5.43).
Proof of (5.44):

For any m > 1 fixed, we have

as j — +oo

| J Soi(i )y (x, 8,15, Vg )Vt Wi’f]-’” dx dt|
Qr

< MISplle=w) IV

xVu; ,dxdt,

for any m > 1, and any p > 0. In view (5.37) and (5.38),

we can obtain

limsup|f St ) (x, 8,14, Vi )V Imdxdtl
Qr

n—+oo

< 2KlimsupJ- ay(x, t,u; ,, Vi ,)Vu; ,dxdt,
{m<|u; z|<m+1}

n—+oo

(5.50)
for any m > 1. Using (5.19) we pass to the limit as

m — +oo in (5.50) and we obtain (5.44).
Proof of ([5.45):

For fixed n>1 and n>m+ 1, we have
fl,n(xlul,nr u2,n)s;n(u1,n)
= fl (x, Tm+1 (ul,n)r Tn(”Z,n))Sr,n(ul,n)r

f2 n(xl U s ”Z,n)sfn(uln)

- f2 x, ul n Tm+1(”2,1l))51;1(u2,n)1

In view (4.9),(4.10),(5.22) and Lebesgue’s the theorem

allow us to get, for

lim
n—+o0

f fi,n(xl U, uz,n)S%(ui,n)Wirfj,# dxdt
Qr

= ﬂ(x;ul)uz)s;n(ul) Ijﬂdxdt
Qr

www.astesj.com

Using (5.35), we follow a similar way we get as j —

400,

lim fi(x, uq,u3)S,,(u;) Wi judxdt
]4>+oo QT

= o iy, 42) Sy (1) (Tie (u) — T (7)) dx dt
T

we fixed m > 1, and using (5.36), we have

tim [t 0153
p—+00 Or
Then we conclude the proof of (5.45).

Proof of (5.46):

If we pass to the lim-sup when 7 ,j and u tends to +oo
and then to the limit as m tends to +oo in (5.40). We

obtain using (5.41)-(5.45), for any K >0,

ui)(Tk (u;) = T (7)) dxdt = 0

lim hmsuphmsuphmsupf St )y (x, 8,145, Vid; )
Qr

Mm=+00 4 stc0 jo+oo  n—teo

(VT (i) = VTk (v, ), ) dxdt 0.

Since
S;n(”i,n)an(xf £y, Vui,n)VTK(ui,n)

= an(xi £ U, Vui,n)VTK (ui,n)

for n> K and K < m. Then, for K <m,

ij, ’AHLOO(QT) J;m<|u. <m1) an(X, t, Ui ns vui,n) lim sup J‘Q gn(_x, t, Ui vui,n)VTK(ui,n) dxdt
S pls r

n—+oo

< lim hmsuphmsuphmsupf St ) (5.51)
Qr

m—+00 ]/l—>+oo ]—>+oo n—+oo

ay,(x, Ui n Vui,n)VTK (Ui,j)y dxdt.

Thanks to , we have in The right hand side of

(5.51), forn>m+1

Siga(ui,n)an(xr t Ui ns vui,n)

= S:n(”i,n)a(xf t, Tonr1 (i), VT4 (”i,n)) a.e. in Qr.
Using (5.18)), and fixing m > 1, we get
S;n(ui,n)an(ui,nrvui,n) - Sr’n(ui)Xi,m+1 Weakly in (Lw(QT))N~

when n — +oo .
We pass to limit as j — +co and g — +0co, and using

633)-639)

limsuplimsuplimsup J. Spi(ui p))an(x, t,u; ,
Qr

H—>+00 j~>+c>o n—+oo

’Vui,n))vTK(vi,j)y dxdt

= J Sp(i)Xi 1 VTx (u;) dx dt
Qr

= J Xime1 VT (u;)dxdt
Qr
(5.52)
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where K < m, since S,,(r) = 1 for |r| < m. Since (1.1)), (4.4) and (5.22), imply that the function
On the other hand, for K < m, we have ag(x,s,&) is continuous and bounded with respect to
s. Then we conclude that (5.57).
a(x’ t, Tt (ui,n)' VT (ui,n))X{lu,-’,,|<K} Proof of 1’
Using (4.5) and (5.48), for any K > 0 and any T’ < T,
= a(x, t, TK(”i,n)l VTK(”i,n))X{lui,nKK}: we have
a.e. in Qr. Passing to the limit as # — +o0, we obtain [a(x, t, T (14, VT (1)) — alx, 1, TK(”i,n)fVTK(”))]

Xima1 X{lus1<k) = Xi k X{lu;1<k) ~ a-e. in Qr—{lu;| = K} for K <n.
(5.53) x [VTK(u,-,n) —VTK(ui)] =0 (5.60)
Then

T 3 T . 4 strongly in L'(Q7/) as 1 — +c0 .
Xmar VIxc (i) = Xk VTic(w;) - a.e.in Qr. (5:54) O the other hand with (5.22), (5.18), (5.56) and

Then we obtain ((5.46). (5-57), we get
Proof of (5.48):
Let K > 0 be fixed. Using (4.5) we have ﬂ(x, t, TK(Mi,n),VTK(Mi,n))VTK(Mi)

I it T, 9T, = s, T, VT
Qr - a(x, t, TK(”i)'VTK(ui))VTK(ui)

[VTK(Mi,n) - VTK(ui)]dxdt >0,
(5.55) weakly in L'(Qr),
In view and (5.22), we get

alx,t, T (1), VT (1)) = a(x, £, T (1), Vg () ace. in Qr, o5t Tt,), VT 1) |V Tz,

as 1 — +oo0, and by lb and Lebesgue’s theorem, we
obtain = a3, e, VT () [V T ()
weakly in L'(Q7),

ﬂ(x, t, TK(”i,n)’VTK(ui)) - ﬂ(X; t, TK(ui)'VTK(Mi))

(5.36) (%8 Tic000, VT ) [0 T
strongly in (LIP(QT))N. Using (5.46), (5.22), (5.18) o\t Tic (i), VT (1) |V Tic ()

and (5.56), we can pass to the lim-sup as n — +oo0 in
(5.55) to obtain (|5.48).
To finish this step, we prove this Lemma:

— a(x, t, TK(ui),VTK(ui))VTK(Mi),

Lemma 5.2 Fori=1,2 and fixed K > 0, we have strongly in L'(Q), as n — +oo.
It’s results from (5.60), forany K >0 and any T’ < T,
Xix = a(xt, Te(u;), VTx(w;)) ae inQ.  (5.57)

AZSO, as n — +oo, a(x' f, TK(ui,n)rVTK(ui,n))VTK(ui,n)
a2, t, T (ti ), VT (u3,) )V Tic (t4,0) = a3, , Tic (i), DT (1) )V T (),
(5.58) = a(x,t, Tic (), VTic(wg) |V T o) (5.61)
weakly in L1(Qr).
weakly in L' (Q7/) as  — +oco.then for T’ = T, we have

Pfo‘)f of (5.57): (5.58). Finally we should prove that u; satisfies (4.13)).
It’s easy to see that Step 4:Pass to the limit.

we first show that u satisfies (4.13|)
an(x,t, T (1), €) = al(x, t, T (u;,), §) = ag (x, £, T (1), €) E13

a.e. in Qp J a(x,t, 4, Vi )V, pdxdt
for any K > 0, any n > K and any & € RV, ms|uj | <m+1}

In view of (5.18)), (5.48) and (5.56) we obtain

= L an(x’ £ Ui ns V’/‘i,n)livrl—‘rwrl (ui,n) - VTm(ui,n)] dxdt
T

n—+oo0

lim aK(x,t,TK(u», ), VT (s ))VTK(uZ-, Vdxdt
Qr v v ! :L an(xftrTm+1(”i,n)IVTm+1(”i,n))VTm+1(”i,n)dth
T

= J Xi’KVTK(Lli)dxdt.
Qr _J an(xi t, Tm(ui,n)rVTm(ui,n))VTm(ui,n) dxdt
(5.59) Qr
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for n>m+ 1. According to (5.58), one can pass to the
limit as n — +o0 ; for fixed m > 0 to obtain

lim

n—+oo

ay(x, t,u;,, Vi )Vu; pdxdt

m<|u; ,|<m+1}

- L {58, T () VT 6 |V Ty 1)
—f a(x,t, Tm(ui),VTm(ui))VTm(ui)dxdt
0

= f a(x, t,u;, Vu;)Vu; dxdt
m<|u;|<m+1}
(5.62)
Pass to limit as m tends to +oco in (5.62) and using

(5.19) show that u; satisfies (4.13).
Now we shown that u; to satisfy (4.14)and (4.15).

Let S be a function in W>*(IR) such that S’ has a com-
pact support. Let K be a positive real number such
that supp S’ € [-K, K]. the Pointwise multiplication of
the approximate equation by S’(u; ,) leads to

ast (Uin)
ot
+ S”(ui,n)an(xl Ui ny VMi,n)vui,n
= div (003,11,
+ S”(”i,n)q)i,n(xf £, ”i,n)vui,n
= fi,n(xf Ut,ns ul,n)S’(ui,n)
in D’(Q7), fori=1,2.
Now we pass to the limit in each term of (5.63).

JB} in .
Limit of ”sa(tu . ): Since B} (u; ;) converges to B; s (u;)
a.e. in Qr and in L*(Qr) weak % and S is bounded

dBY o (u; ob: o (u:) .
’Z(t i) converges to % in

—div (S/(ui,n)an(x’ Ui ns vui,n))

(5.63)

and continuous. Then
D’(Qr) as n tends to +oo.

Limit of div(S’(ui,n)un(x, t, ui’n,Vuiln)):
supp S’ € [-K, K], for n > K, we have

Since

S/(ui,n)an(xl t, Uiy, VMi,n)

= S’(ui,n)an(xr t, TK(ui,n)’ VTK(ui,n))

a.e. in Qr. Using the pointwise convergence of u; ,

, (5.38),(5.18) and (5.57)), imply that

S ) (X, Ti (11, Y Ti )

N S'(ui)(l(x, t, TK(ui),VTK(ui))

weakly in (L,’,,(QT))N, for o(TILy,I1E,) as n — +oo,
since S’(u;) = 0 for |u;| > K a.e. in Q7. And

Sl(ui)ﬂ(x, t, TK(”i)’VTK(ui)) = S'(uj)a(x, t,u;, Vu;)

Qr.

Limit of S”(u;,)a,(x,t,u;,, Vi, )V ,.
suppS” c [-K,K], for n > K, we have

a.e. in

Since

S”(ui,n)an(xr t Ui ns Vui,n)vui,n

www.astesj.com

= 8t )a 3,1, i) Vi)V Tl ace. in Qr.

The pointwise convergence of S”(u;,) to S”(u;) as

n — +oo, (5.38) and (5.58) we have

S”(ui,n)an(xr LUy, Vui,n)vui,n

— 7 (ug)a{x,t, Te(ug), VTi() |V Tio)

weakly in L'(Qr), as n — +00, and
S (u)al ., T ), VT ) | T (o)

=S"(u;)a(x, t,u;, Vu;)Vu; a.e.in Q.

Limit of S"(u; ,)®; ,,(x,t,u; ,): We have
S,(ui,n)q)i,n(xr t ui,n)
= S,(ui,n)q)i,n(xf t, TK(ui,n))

a.e.in Qr, Since supp S’ C [-K,K].Using (4.5),
and (5.16), it’s easy to see that

S/ (i )P (X, 8,15 ) = S (u;)P;(x, t, T (u;)) weakly for
o(ITLy,T1L,) as n — +oco. And S”(u;)Di(x, t, Tg (u;)) =

S’ (u;)®;(x,t,u;) a.e. in Q.

Limit of S”(u;,)®;,(x,t,u;,)Vu;,: Since S’ €
WLe(R) with suppS’ < [-K,K], we have
S”(ui,n)q)i,n(x’ b1t )Vt = @; (%, 1, TK(ui,n»VS/(TK(ui,n))
a.e. in Q. The weakly convergence of truncation al-
lows us to prove that

8" (14 )Py (X, 8, ) Vit — Dj(x, 8, 1;)VS (1),

strongly in LY Q).

Limit of f; ,(x,uy,, 12,)S (u;,): Using (4.9), (4.10),
(5.4) and (5.5)), we have
fin(x,uy ytin0)S (U ) = fi(x,u1,u2)S’(14;) strongly in
LY(Qr), as n — +co.
It remains to show that for i=1,2 Bg(x, u;) satisfies the
initial condition (4.15).
To this end, firstly remark that, in view of the defini-
tion of Sg’o, we have B, (x, u;,) is bounded in L*(Qr).
Secondly, by (5.41 —an,(;c;u,,n) is
bounded in LY(Qr) + W‘I’XLIP(QT)). As a conse-
quence, an Aubin’s type Lemma (see e.g., [11], Corol-
lary 4) implies that B, (x,u; ) lies in a compact set of
CO([0, TLLH(Q)) -
It follows that, on one hand,B(P(x, u;,n)(t = 0) con-
verges to By (x,u;)(t = 0) strongly in L'(Q). On
the order hand, the smoothness of B, imply that
By (x,u;,,)(t = 0) converges to By, (x,u;)(t = 0) strongly
in L'(Q), we conclude that By(x,uiy)(t = 0) =
By (x,u;0,) converges to By(x,u;)(t = 0) strongly in
L'(Q), we obtain By (x,u;)(t = 0) = By(x,1,0) a.e. in (
and for all M > 0, now letting M to +oo, we conclude
that b(x, u;)(t = 0) = b(x, u;¢) a.e. in Q.

As a conclusion, the proof of Theorem is com-
plete.

we show that
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