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Abstract preceding and succeeding, i.e. 2/} andzi

@j+1°
This paper presents a framework for finding point corre- TI?eApCﬂnt ;or;espon%ence pr(r)]blﬁm '; to Td ghset of
spondences in monocular image sequences over multiplérac Sf h_f {" L2200 "f}’ such thatvT; € 4, either
frames. The general problem of multi-frame point corre- one of the following s true:

spondence is NP Hard for three or more frames. A poly- ® If 32§ € T;, such that} is a 2D projection ofonly

nomial time algorithm for a restriction of this problem is point Z; in the real world, then every point ifi; is a
presented, and is used as the basis of proposed greedy al- 2D projection ofZ; (or more points in occlusion with
gorithm for the general problem. The greedy nature of the Z;), and no other tracll;. contains a 2D projection of

proposed algorithm allows it to be used in real time systems only Z;.
for tracking and surveillance etc. In addition, the proposed o vx’; eT;, :c]; is not a 2D projection of any real world
algorithm deals with the problems of occlusion, missed de- pointZ;.

tections, and false positives, by using a single non-iterative  The first condition requires each real world point to have
greedy optimization scheme, and hence, reduces the comgxactly one track associated with it, and vice versa. The
plexity of the overall algorithm as compared to most ex- second condition disallows any overlap between tracks cor-
isting approaches, where multiple heuristics are used for responding to a real world point and tracks composed of
the same purpose. While most greedy algorithms for pointpgise, The distinction between these two types of tracks
tracking do not allow for entry and exit of points from the s ysually done by higher level processes and is not in the
scene, this is not a limitation for the proposed algorithm. scope of this paper.
Experiments with real and synthetic data show that the pro-  The major contribution of this paper is formulation of
posed algorithm outperforms the existing techniques and isa framework for efficient and robust solution to the multi-
applicable in more general settings. frame correspondence problem as defined above. We pro-
1 Introduction pose a Iook—ahead teghnique_ to solve the cqrrespondence
problem by using a sliding window over multiple frames.
In motion correspondence, given an image sequence, theur framework deals with the problems of occlusion han-
problem is to find the correspondences between the featurgjling, missed detections and false positives, by using a sin-
points in the images that occur due to the same object in thegle greedy optimization scheme as compared to most exist-
real world at different time instances. We assume that theing approaches, where different heuristics are used for the
only information available about the feature points, is their same purpose.
position in the image, and there is no other distinguishing  The organization of the paper is as follows. In the next
feature among these points. This assumption is particularlysection, we present a survey of the related work. In Sec-
useful in applications like particle tracking, or tracking of tion 3, we define the terminology and notation for this paper,
dense field of similar objects. and provide a graph theoretical formulation of the corre-
We formulate the problem as follows. The same notation spondence problem and its solution in Section 4. We refine
will be used throughout the rest of the paper. Let a sequencehe solution of Section 4 and present details of our algo-
of n framesF; (each of dimensions, x 5,), 1 < i < rithm in Section 5. In Section 6, we demonstrate the results
n, and letX; = {z},5,...,2;} be the set of- points  of the proposed approach on a variety of synthesized and

detected in framé’; (The number of points detected in each real sequences, and compare our results to the previous ap-
frame need not be the same). We definmeak T' of length proaches. Section 7 concludes the paper.

m, to be a sequence of points (2%}, z2 ..., zi" ), such

thatl < i; < iy < ... <nandl < a; < |X;|. The 2 Related Work

backward correspondenandforward correspondencef A large number of correspondence methods have been pro-

a pointmfjj in trackT" are respectively defined by the points posed in recent years. Ullman [15] proposed a minimal



mapping approach, where the probabilistic cost function is defined by the sum of weights of all the edges in the cover
was based on the distance between the points in consecutivé’. A maximum weight path covef D is a path covet’’,
frames. A linear programming approach was used to min-such thatC’ = arg max W(C;), for all path coverg”; of
imize the cost function. The cost function was further im- @i

proved by Jenkin [7], who introduced the smoothness con- .A Split of an edge weighted digraph, is an edge
straint along with the nearest neighbor relationship and useqNeighted bipartite grapty, whose partite Se’tB,Jr V- are

a greedy approach for optimization. Barnard and ThompsonCopies ofV’(D). For eacr’1 vertex: € V(D) thére is one
[1] used relaxation based approach to solve this prOblem'vertexﬁ c v+ and one vertex— ¢ V- F,or each edge

Sethi and Jain [13] proposed an iterative greedy exchange, ¢.o.\ .+ in D, there is a corresponding edgewith
algorithm using both nearest neighbor and smoothness Conéndpoint&ﬁ v~ in G, such thatw(e’) = w(e)

straLntfr.] Th?. sglf t|r1|t|aI|tZ|ng \;ersmndof tgeb alglg(orlthdmd_re— A matchingin a graphG is a set of edges with no shared
peats the optimization step In forward and backward direC- o,y e rices. Amaximum matchingh a weighted graph is

tions until an equilibrium state is achieved. The algorithm, a matching with the maximum weight among all matchings
however, assumes that the points do not enter or leave thef

. . . th h.

scene and that there is no occlusion and detection errors.n egrap
The latter cqndition was relaxed by Salari and Sethiin [12]. 4 Graph Theoretical Formulation

Our work is closely related to the GOA Tracker of Veen- ) _ ) )
man et al [16], who proposed the Hungarian search as anihere is an obvious graph theoretical formulation of 2-
optimization tool for their GOA Tracker, along with the rame correspondence problem [15, 16]. The problem can
different motion models defined in [3, 10, 13]. However, P€ viewed as finding a maximum matching of a bipartite
we present a solution to the "Multi-frame” correspondence 9raphG. Where the partite sef§;, V> correspond to the
problem, as opposed to the 2-frame correspondence probSets of pointsX; and X», detected in frame# and
lem in [16]. The latter is a special case of the former and reSPectively. An edge between two points correspond to a
is inherently an easy problem, for which a polynomial time Match hypothesis between those points, and the weight of
optimal solution exists. In addition, GOA assumes that the e €dge is the gain associated with this match. The to-
number of points in the scene remains constant, which is nottal gain among all pomt_s is maximized by_ the maximum
a restriction for the proposed algorithm. Further, selfinitial- Matching of grapltz, which can be found in polynomial
izing version of GOA is a two-pass algorithm compared to time [8]. Unfortunately, the extension of this approach to
the proposed algorithm, which is a single pass algorithm multiple frames §—Dimensional matching problem) is NP-
and hence, is applicable in real time systems. Hard fork > 3. The other drawback of using—D match-

Apart from these methods, quite a few algorithms have ing is that, it requires the point to be visible in &lframes
been proposed in the statistical domain [4], of which the and hence, does not allow for occlusions, missed detections

most well known is Multiple Hypothesis Tracking (MHT) and_ tracks of length less than Research_ers have wqued
[11], which though being optimal, suffers from very high thelr.way. around these problems by_ using Lagranglan_ap—
computational complexity. More efficient approximations Proximations to reduce the complexity and by introducing
of MHT have been presented. Some of these techniques{n“u'ple heuristics to incorporate occlusions and missed de-
use Murti’'s Algorithm to find thet best hypotheses to re-  t€ctions, e.g., [6, 9]. _

duce the search space [5], while others reduce the search N our approach, instead of usingka-D hypergraph
space by using a limited temporal scope and a sliding win- {0 model thek—frame problem, we construct a weighted
dow technique. However, the problem remains intractabledigraph D = (V. E), such that{Vy,V3,..., Vi} par-
and further approximations are used for efficient implemen- fitions V; and each vertexo(z) € V; corresponds to

tation [6, 9]. a point 2 € X;, detected in frameF;. Further,
- . E = {o()e(le(h) € Vi nv(ed) € Vy, Vi < j},
3 Definitions and Notations i.e., there is a directed edge from every vertex inlgetio

LetD = (V, E) be an edge weighted directed graph without €Very vertex in sev;, such that < j. Once again, each
self loops and multiple edges, whereand E are respec-  €dgee = v(z;)v(z;) corresponds to a match hypothesis
tively, the set of vertices and edges of digraphA vertex of pointz?, in frame F; to pointz; in frame F;, where the
disjoint path coveiC of D is a set{ P1, P», ..., P} of di- edge weightu(e) is the gaing(z’, ] ) associated with this
rected paths’; (of length> 0), if V = Ule V(P;) and match. A sample digraph formed this way is shown in Fig-
V(P;) NV (P;) = @ wheneveri # j, whereV (P;) is the ure la.

set of vertices of directed path;. For simplicity of nota- By the definition of correspondence problem in sec-
tion, we will refer to vertex disjoint path cover as path cover. tion 1, the task is to find a set of vertex disjoint directed
Let W (C') denote the weight of path covét, wherelV (C) paths (Tracks) of length 0 or more, such that the total gain



(b)

Figure 1: (a) An instance of digrapt® as defined in Section 4
and (b) a candidate solution

is maximum among all such paths, i.e., we want to find a
maximum weight path cover of the directed graph A
sample solution to the problem is shown in Fig 1b.

Once again, the problem of finding maximum path cover
is NP-Hard, even in the case of unweighted graphs [2].
However, by the following theorem, a polynomial solution
exists if the directed graph is acyclic:

Theorem 1 The edges of maximum matching of the split
graphG of an acyclic edge-weighted digraghcorrespond
to the edges of a maximum path coverdf

The proof of the above theorem is straight forward and
is omitted for the sake of brevity. By the construction of di-
graphD, all the edges iD are in the direction of increasing
time, thusD is acyclic. Hence, given the weighted directed
graphD, an optimal set of tracks that maximizes the overall
gain can be obtained in polynomial time.

LetT = (zf,2%2,... 2 ) be a track corresponding
to some real world poinZ;, we require that/p,q, 1 <
p+1 < g < m, the gain functiory(z.?,, z! ) satisfies the
following inequality:

g(x ) <g(x )+ 9( ) @)

This condition guarantees that the total gain is maxi-
mized only if all the edges dtf’ are in the path cover and

penalizes the choice of a shorter track when a longer valid
track is present.

5 Greedy Algorithm

%, % %, tp+1 tg—1 A
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The construction of digraph, as mentioned in section 4, as-

sumes the gai@(xg,xg) to be independent of backward
correspondences af,. For simpler cases, such as gain
function based on the nearest neighborhood criteria [15] or
correlation, this condition is satisfiable. However, this con-
dition is not satisfied if the gain function(x?,, z7 ), requires
velocity or acceleration of point!, (which is computable
only if the backward correspondencedf is known). We
present a solution to this problem by proposing a greedy
algorithm based on the framework of section 4.

Assume first, that the correspondences of points
X1, Xo,..., Xp_1,ink—1frames,F1, s, ..., Fp_1, k>

2, have been established, and (&t_; be the set of these
correspondences. These correspondencés-ofl frames
were made by the information available till time instant
tx—1, and may be changed once more information is avail-
able. Also, letF}, be the current frame and construct a di-
graphD = (V,E) as follows: V = V; UV, U ... UV
such thafl’}, V5, ...,V are pairwise disjoint and each ver-
texv(x) € V; corresponds to a point€ X;. For every ver-
tex pairv(z) € V;, v(y) € Vj, there is an edge from(z)
tov(y), if © < j = k or there is a correspondence from
x to y in Ci_1. Hence, apart from the edges defining the
correspondences ifi; 1, sayold edgesall the other edges
have some vertex il as their end-vertex . For a point, say
x, which has a forward correspondence(ip_;, the new
edges fromw(x) to the vertices inl/, represent the possi-
bility of forward correspondence i6,_, to be false and
that the point: was mis-detected or occluded till frani.

We refer to such edges asrrection edges For the other
points, these edges represent the extension of correspon-
dence inC)_; to frameF;, and are referred to axtension
edges The digraph obtained this way is callextension di-
graph (Figure 2). Since, all the backward correspondences
except for the points in; have been established, all the
edge weights i can now be computed, regardless of the
type of gain function used.
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Figure 2: (a) An initial correspondence. (b)The extension di-
graphD. (c) A maximum path cover of extension digraph. The
correction edges are shown as dotted lines, while the old edges are
shown by bold lines. (Not all edges and vertices are shown)

Once the digraphp, is constructed, we again seek a set
of vertex disjoint paths (tracks) ifv that maximizes the
total gain. A candidate solutio@, may contain all three
types of edges, i.e., old edges, correction edges and exten-
sion edges. While an extension edge does not change any
correspondence i1, a correction edge’ = v(x)v(w)
always replace some old edge= v(z)v(y). Suppose now,



that the pointy has a forward correspondencin Cy. Since tion g(xf{j ,z?) to be the convex combination of two terms,
this correspondence was obtained by assuming the correreferred to aglirectional coherencandspeed consistency
spondencey in C_1, and since the correspondenggis as follows: v _

voided inCy, the correspondenagz and all such forward i by 1 el 2 ad b

correspondences must be removed frOmand if possible (wa;, z) @ { ' ]

a 2
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be replaced with new edges. We define an edge t0falsea 1 1 e, 2 —ad 22 I, 0.1
hypothesisif it has a directed path from an edge that is re- (I—a)jl- \/52+52 »a€(01]
placed by a correction edge, e.g., the eglgén Figure 2(c) To satisfy the constraint of equation 1, we add a small

is a false hypothesis. The replacement of false hypothesegonstant penalty to the gain functiong(z,, 2%) when-

cursive scheme: used constant acceleration motion model= 0.1, ¢ =
Procedure FalseHypothesisReplacement() —1073, and a sliding window of size 5. The procedure
fori=1tok —2 GreedyFalseHypothesisReplacenfent= 2) is used in-
begin stead of its recursive counterpart. The results are com-
While there is a false hypothesis originating from some Pared with the self initializing version of GOA tracker with
vertex inVj . the smooth motion model, as defined in [16]. Since Veen-
begin man et al have shown experimentally [16] that, in most sit-
Delete all the false hypotheses in graph uations, the GOA Track_er outperforms the algorithms_ in
Solve thek —i+1)— frame correspondence problem [3, 10, 11, 13], a comparison against GOA Tracker implies
for all the uncorresponded vertices in séts Vi, 1, ..., Vi a comparison against all these algorithms.
end The synthetic sequences in this section are generated
end by a data set generator call®dint Set Motion Generator

) ~ (PSMG)[17]. The generator provides control over the size
We have found through experiments that the following of image space, number of points, number of frames, mean
efficient greedy step also performs reasonably well in most 3ng variance of initial velocity, mean and variance of the

cases, even fan = 2: change in velocity, probability of occlusion etc. For ev-
Procedure GreedyFalseHypothesisReplacement(m) ery experiment, we consider the following three scenarios
fori=1tok—m4+1 separately; i) Points are not allowed to enter or leave the
begin scene, though they may be occluded or miss-detected. ii)
Delete all the false hypotheses in graph Points are allowed to leave the scene but new points may
Solve then— frame correspondence problem for all the NOt enter. iii) Points are allowed to leave the scene and
uncorresponded vertices in S&ts Vi1, ..., Viym—_1 for every point that leaves the scene, a hew point enters the
end scene. To analyze the performance of tracking and to com-

pare the results, we useck-based errar Er [17], defined

Once the greedy step is completed, we obtain a new COlrgsFp — 1 — % whereT; is the total number of true tracks,
respondence sefj;, of all points up to frame}.. Similarly andT}, is the number of completely correct tracks generated
a correspondence can be extended for any number of framegy the tracker. The error is calculated by averaging the error
by adding one frame at a time. of 100 sequences generated by using the same parameters.

The initialization is done by first using the 2-frames al- Since GOA-tracker does not allow the points to enter
gorithm to obtain the correspondence of first two frafies oy |eave the scene, the output of GOA is only shown for
andF5. This correspondence is then extended for each newe first scenario. To analyze the noise handling capability
frame by using the algorithm described above till 1€ of the algorithms, we consider the scenario when the new
frame. At this stage, a backtracking is performed by ap- points are generated in the middle of the sequence and use

plying the same algorithm in the reverse direction, i.e., on g3 modified track based errdis., for both GOA and the pro-
framesFy, Fi_1, ..., F1, using the established correspon- TS \whereT¢ is
' t

. osed trackerE’ is defined asv. = 1 — 7%
dences. This takes care of any wrong correspondence th . ¢ S
S ; . the total number of true tracks of points that were visible in
was made when no or less motion information was avail- ' )
. . . both first and last frame, arid’ is the number of completely
able, and is done just once for the fikstrames. i
correct such tracks generated by the tracker. The points that
6 Results enter or leave the image in these sequences are then consid-
ered as noise, while only the points that are visible in both
In this section, we present the results of our algorithm on first and last frames are considered as valid tracks.
both synthetic and real sequences. Given a poﬁm and Our first experiment demonstrates the effectiveness of
its predicted position in framig z°, we define the gain func-  the proposed initialization scheme (i.e., backtracking after
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first k frames). The experiments were performed for vary- 6), where the probability of occlusion was varied in former
ing number of points with three different modes, i) Manual and the mean velocity was increased in the latter.

Initialization, ii) Self Initialization by backtracking and iii)

No Initialization. The Track errors are shown in Figure 2
The results show that the proposed initialization scheme ...
almost as good as the manual initialization and improves t
results significantly as compared to no initialization. 5

12
3 o
&

008

o

"~ GOA (No Entry and Exil)
—— MF (No Entry and Exit)
—— MF (No Ei

—=— MF (Entry and Exi

= W
— GOA

8)

Track Based Error for Full Tracks Only (i

Track Based Error (E,)

20 %0 40 50 60 70 8 9% 100

01 0z 03 06 o. 06

04 05 3 04 05
Probabily of Occlusion Probabilty of Ocelusion

(@) (b)
Figure 5:Occlusion Handling: (afFr, (b) E5.

Number of Points 0.

03

Figure 3:Track errors with different modes of initialization. The
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In the next experiment, we analyze the performance
the proposed multiframe algorithm (MF) with respect t
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point density. The experiments were performed by increas-
ing the number of point tracks in a fixed image space. In
Figure 4(a), the track based errdig, are shown for apply-
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Figure 6:Variable Velocity Performance: (&, (b) ES.

ing MF on three different types of sequences, as described

above. In addition, the track based errors of GOA tracker

The results show that the proposed algorithm performs

are also shown on the sequences, where points are not alequally well as GOA tracker when the points are not al-
lowed to leave or enter the scene. In Figure 4(b), we show|owed to enter or leave the scene. However, the performance

the effect of noise on both trackers by using the modified
track based erroE{., and allowing the points to enter and
exit the scene.
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—— MF (No Entry and Exit)
—— MF (No

&= MF (Entry and Exit

= WF
— GoA
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Figure 4:Variable point density performance: (&) of the pro-
posed Multiframe algorithm (MF) and GOA algorithm. The lower
three curves are the errors of GOA (with no entry and exit) and
MF (with no entry and exit, and no exit), while the upper curve is
the error of MF (with both entry and exit). (b) Effect of noigé,,
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of the proposed tracker is unaltered when the points are al-
lowed to leave the scene, or when additional noise is intro-
duced. The proposed tracker also performs reasonably well
on sequences where points are allowed to leave and enter
the scene simultaneously, given the higher degree of am-
biguity in such sequences. In addition, the results clearly
show that the proposed algorithm outperforms GOA tracker
in the presence of noise.

Next, we show the results of our algorithm on real data.
Our first set of experiments is based on the standard se-
guences in dense point correspondence literature. In the first
experiment, we use a sequence from [16], where 80 black
seeds are placed on a rotating dish. Figure 7 (a) shows that
all 80 seeds were correctly tracked over the sequence (This
claim is also verified by the ground truth).

In the next two standard real sequences, we used KLT
method [14] to only detect the feature points, then used our
algorithm to establish correspondences. The visual analysis

when points are allowed to leave and enter the scene. The uppeof both outputs (Figure 7 (b) and (c)) show that most of the

curve is the error of GOA, and lower curve is the error of MF.

Similar experiments were performed on occlusion han-
dling (Figure 5) and variable velocity performance (Figure

tracks were perfectly tracked through out the sequence.
Our second set of experiments is based on natural se-

guences with very dense feature points and high occlusion

scenarios. The moving objects are detected by background



functions that satisfy the constraints as posed by it. The
presented algorithm is applicable in more general settings
and is shown to perform well by extensive experimentation

using synthetic data. Results on real data also support the
experimental evaluation.
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