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In designing a routing scheme for a communication network it is desirable to
use as short as possible paths for routing messages, while keeping the routing
information stored in the processors’ local memory as succinct as possible. The
efficiency of a routing scheme is measured in terms of its stretch factor—the
maximum ratio between the cost of a route computed by the scheme and that of a
cheapest path connecting the same pair of vertices. This paper presents several
simple families of routing schemes for general networks, featuring some desirable
properties. Our two main families are the hierarchical covering pivots schemes
HCP,, and the hierarchical balanced schemes HB, (for k > 1). The scheme HCP,
guarantees a stretch factor of 2* — 1 and requires storing a total of O(k -
nl+1/% 10g2 n) bits of routing information in the network. The new important
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features of these schemes are applicability to networks with arbitrary edge costs
and attractive stretch factors for small values of k. The purpose of the second
method is to provide balanced bounds on the memory requirements of the
individual vertices. The scheme HB, guarantees a stretch factor of 2 - 3* — 1 and
requires storing at most O(k log n(d + n'/¥)) bits of routing information in a
vertex of degree d and O(kn'*1/* log n) bits overall. We also describe an efficient
distributed preprocessing algorithm for this scheme, which requires same amount
of space. © 1990 Academic Press, Inc.

1. INTRODUCTION

1.1. Background

A central activity of any computer network is the passing of messages
among the processors. This activity is performed by a routing subsystem,
consisting of a collection of message forwarding mechanisms and informa-
tion tables, whose quality is pivotal to the overall performance of the
network. It is therefore natural that the design of efficient routing schemes
was the subject of much study over the last two decades.

In this paper we study the question of designing efficient schemes with
respect to two central parameters, namely, route efficiency and memory
requirements. When designing a routing strategy for a network it is clearly
desirable to be able to route messages with small communication cost. At
the same time, the space used for the routing tables is also a significant
consideration. There are a number of reasons to minimize the memory
requirements of a routing scheme. The task of routing is usually per-
formed by a special-purpose processor (an “IMP” in the ISO terminology
[T, Z]) which may have limited resources. Furthermore, it is usually
desirable that the routing tables be kept in fast memory (e.g., a “cache”),
in order to expedite message traffic. Also, we do not want memory
requirements to grow fast with the size of the network, since it means that
the incorporation of new vertices to the network requires adding hardware
to all the vertices in the network. It is therefore interesting to search for
routing schemes that involve small communication cost and have low space
requirements at the individual vertices.

Technically, the two parameters are measured as follows. We assume
that there is a cost function associated with the network links. The cost of
routing a message is simply the sum of the costs of the transmissions
performed during the routing. The route efficiency of a routing scheme is
formulated in terms of its stretch factor—the maximum ratio (over all
possible processor pairs) between the communication cost of a route
produced by the scheme and the cheapest possible cost for passing a
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message between the same pair of processors. The space requirement of a
scheme is the maximum number of memory bits used by any single
processor to store the routing information.

Let us demonstrate the combined behavior of these two parameters by
looking at two extreme examples. The direct routing scheme in an n-
processor network is constructed by specifying, at each vertex v, a set of
n — 1 pointers, one pointer for each possible destination vertex x # v.
Each such pointer points to some neighbor w of v, to which v will
forward a message destined to x. The message is forwarded along those
pointers until it eventually arrives at its destination. Clearly, it is advanta-
geous to set up the pointers with respect to a fixed destination x in such a
way that they form a tree of shortest paths towards x, based on the edge
costs. Then the communication cost of such a routing is optimal, i.e., the
stretch factor is 1. The disadvantage of the direct routing scheme is that
each vertex has to maintain a very large (Q(n) bit) routing table.

At the other extreme lies the flooding routing scheme, in which instead
of forwarding a message along a shortest path, the sender simply floods
(broadcasts) it through the whole network. Clearly, this scheme requires
no memory overhead. On the other hand, the communication cost of such
a scheme may be significantly higher than optimal, since instead of using
just one link, we may be using a lot of (possibly expensive) links. Thus, the
stretch factor is unbounded.

The natural question which arises here is whether one can design a
routing scheme which combines low memory requirements and small
communication cost.

1.2. Existing Work

The problem was first raised in [KK1]. However, in order to apply the
methods of [KK1] and several consequent works [KK2, P, S] one needs to
make some fairly strong assumptions regarding the existence of a certain
partition of the network. Such a partition does not always exist, and
furthermore, no algorithm is provided for constructing it when it does
exist. Also, somewhat stronger technical assumptions are required in order
to guarantee good performance bounds.

Most consequent work on the problem has focused on solutions for
special classes of network topologies. Optimal or near-optimal routing
strategies were designed for various topologies like trees [SKI], rings,
complete networks and grids [VLT1, vLT2], series-parallel networks, outer-
planar, k-outerplanar, and planar networks [FJ1, FJ2]. (By “optimal” we
mean here stretch factor 1 and a total memory requirement of O(n log n)
bits in an n-processor network.)



310 AWERBUCH ET AL.

In [PU] the problem is dealt with for general networks. Rather than
designing a scheme only for some fixed stretch factor, the method pre-
sented in [PU] is parameterized and applies to the entire range of possible
stretch factors. The construction yields an almost optimal behavior, as
implied from a lower bound given in [PU] on the space requirement of any
scheme with a given stretch factor. Specifically, the hierarchical routing
schemes of [PU] guarantee a stretch factor of 12k + 3 while requiring a
total of O(n'*!/*) bits of routing information in the network (for every
fixed k£ > 1).

Unfortunately, the routing strategy of [PU] suffers from several deficien-
cies which make it impractical. One weakness of the solution of [PU] is
that it deals only with unit-cost edges, while the construction of [KK1] and
the separator-based strategies of [FJ2], for instance, apply also to the case
of networks with costs on the edges. This property may be important for
practical applications, where edge costs are sometimes used to reflect
physical distances, estimated link delays and congestion conditions in the
network.

A second problem is that in [PU] the initial design has to determine not
only the routes but also the labels used for addressing the vertices. This is
inappropriate, since it would require changing the addresses of vertices
each time the routes are recomputed. In fact, it is preferable to allow each
vertex to choose its own address.

A third problem is that the method bounds the total space requirements
of the scheme, but not the individual memory requirements of each vertex.
(This problem exists also in [FJ1, FJ2].) In particular, some vertices are
designated as centers and are required to store more information than
others. Other vertices may just happen to be the crossing point of many
routes which are maintained by the scheme. It is true that such a situation
frequently occurs in real networks, and in fact, some vertices are intention-
ally designated to play the role of communication centers. However, these
centers are selected according to the presence of appropriate resources at
specific vertices or edges. The method of [PU] assigns the centers based on
some graph-theoretic considerations which need not necessarily coincide
with the practical ones. Moreover, a good bound on the amount of
memory used in routing tables is important even in major vertices where
memory is not a problem, since as mentioned earlier, the special-purpose
routing processor (the “IMP”’) may have limited resources and small fast
memory.

Finally, the preprocessing algorithm proposed in [PU] is a centralized
(polynomial time) algorithm. One would prefer a preprocessing algorithm
which is distributed and space efficient. (Again, this issue was not consid-
ered in previous work as well.) In particular, it is preferable that the
preprocessing algorithm obey the same space constraints imposed on the
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size of routing tables in the individual vertices. (This is of secondary
mmportance when the update phase is allowed access to auxiliary, slower
memory.)

1.3. Contributions of This Paper

In this paper we propose several new routing methods which attempt to
overcome the problems mentioned above. In particular, all of the schemes
presented below solve the problem for arbitrary networks with arbitrary
(non-negative) edge costs and have efficient distributed preprocessing
algorithms.

The main two methods have the following characteristics. The first
method yields the family of hierarchical covering pivots schemes, HCP,.
For every k > 1, the scheme HCP, uses O(kn'*1/* log? n) bits of memory
throughout the network and guarantees a stretch of at most 2¥ — 1. While
this method is less efficient asymptotically than that of [PU], it is much
simpler and yields attractive performance for small values of k. For
example, for k = 2, i.e., using O(n3/? log? n) bits of memory, the stretch is
at most 3, rather than 27 in the scheme of [PU]. Further, unlike [PU], the
schemes have the advantage of not having to specify special addressing
labels, i.e., the original vertex names may be used for addressing purposes.

The main problem left unsolved by the first method is that the memory
requirements of vertices are not balanced, and some vertices may require
much more memory than the average. The second method we present
overcomes this problem and yields a family of hierarchical balanced
schemes, HB,. For every k > 1, the scheme HB, uses O(k log n(d + n'/*))
bits of memory in a vertex with degree d and O(kn'*'/*log n) bits of
memory overall, and guarantees a stretch of at most 2 - 3* — 1. However,
in these schemes we have to choose new names to be used by vertices for
addressing purposes. For these schemes we also present an efficient
distributed preprocessing algorithm for setting up the tables, that uses
space which is bounded by the same bounds per vertex.

Our approach is based on the use of communication centers, or “pivots,”
spread throughout the network. A regular vertex can send messages
directly only to a small subset of vertices in its nearby vicinity. Messages to
other vertices have to be forwarded through the pivots. Our two hierarchi-
cal schemes are based on hierarchies of pivots, where pivots on higher
levels control larger “zones” in the network.

This indirect forwarding design enables us to reduce the memory
requirements needed for routing, since most vertices need to store routing
information only for a small section of the network. On the other hand, it
increases communication cost, since messages need not, in general, be
moving along shortest paths towards their destination. An appropriate
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partition of the network into clusters and appropriate selection and
assignment of pivots, can guarantee that both overheads are low.

Intuitively, in the hierarchical covering pivots schemes, the pivots played
the role of “mail boxes”; that is, the hierarchical organization of the pivots
centered on the process of collecting messages from their senders. In
contrast, in the hierarchical balanced schemes, the pivots act as “post
offices”; that is, the hierarchical organization is based on the process of
distributing messages to their destinations.

The particular construction methods described here differ from that of
[PU] in several important ways. To begin with, the new methods make use
of inherently different hierarchical designs. In [PU], the scheme is com-
posed of a collection of independent schemes. Each scheme #&°¢, i > 1,
is based on a partition of the network into clusters of radius 2'. Transmit-
ting a message from a sender to a destination is based on a “trial and
error” process involving repeated trials, each attempting to route the
message using one of the individual schemes. In case of failure, the
message is returned to the sender, who then tries the next scheme in
the hierarchy. The route of each individual scheme is itself a complex
path, composed of three segments: from the sender to its cluster leader in
that partition, from this leader to the leader of the destination and finally
to the destination. In contrast, the routing process described here is
conceptually much simpler. A message is passed from the sender to the
destination in a single try, and no retries are needed. In our first method,
the path consists of two segments: from the sender to its pivot on the
appropriate level (through a chain of lower-level pivots), and then to the
destination itself. In our second method the path again consists of two
segments: from the sender to the pivot of the destination on the appropri-
ate level, and then to the destination itself (through a chain of lower-level
pivots). Thus the hierarchical organization is utilized internally within the
(single) routine scheme.

A second important difference is in the clustering method. The clusters
described in [PU] are based on radius constraints, whereas the clustering
structure proposed here is based on size constraints. This difference is
responsible for the fact that the new methods are capable of handling
arbitrary edge costs and that individual memory requirements can be
bounded.

The rest of the paper is organized as follows. Section 2 contains
necessary definitions. In Section 3 we introduce some preliminaries. In
Section 4 we present three routing methods of increasing complexity, the
last of which is the HCP, family. Section 5 presents the second method
giving the balanced routing schemes HB,. Finally Section 6 handles the
issue of efficient preprocessing algorithms for the balanced schemes.
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2. DEFINITION OF THE PROBLEM

2.1. Network Model

We consider the standard model of a point-to-point communication
network, described by a connected undirected interconnection graph G =
(V,E), V={1,...,n). The vertices represent the processors of the net-
work and the edges represent bidirectional communication channels be-
tween the vertices. The degree (number of neighbors) of each vertex
v € V is denoted by deg(v). A vertex may communicate directly only with
its neighbors, and messages between nonneighboring vertices are sent
along some path connecting them in the network. We also assume that
messages sent and variables maintained at vertices contain O(log n) bits.

A cost value cost(e) > 0 is associated with each edge e € E. For two
vertices u, w let dist(ux, w) denote the cost of the cheapest path connecting
them, where the cost of a path (e,,...,e,) is L, _, . ,cost(e;). For two sets
of vertices U, W, let dist(U, W) = min{dist(u,w)|lu € U, w € W}). The
diameter of the network G is defined as

diam(G) = max{dist(u,w)lu,w € V}.
A local radius of a graph G at a vertex x is

r(G) = rr;ag{dist(x, v)}.

A center of a graph G is any vertex ¢ such that for every v € V,
r(G) <r,(G).

The radius of the graph is the local radius r (G) of some center c.

2.2. On-line and Off-line Routing Schemes

A routing scheme RS for the network G consists of two procedures, a
preprocessing procedure Pre(RS) and a delivery protocol Delivery(RS).
The preprocessing procedure Pre(RS) performs the necessary preprocess-
ing in the network, e.g., constructs certain distributed data structures. The
delivery protocol Delivery(RS) can be invoked at any vertex u with a
destination parameter v, and a message parameter M. The protocol then
delivers the message M from the sender u to the destination v via a
sequence of message transmissions. This sequence of message transmis-
sions depends on the particular data structures constructed by the prepro-
cessing protocol. Thus the protocol specifies for each pair of vertices
u,v €V a route p(RS,u,v) in the network connecting u to v. (We
sometimes omit the parameter RS when it is clear from the context.)



314 AWERBUCH ET AL.

We consider two versions of the problem. In the off-line version we
apply a centralized sequential algorithm that uses full information about
the network and computes the appropriate routes and distributed data
structures. In this version we do not limit the space used by the prepro-
cessing protocol Pre(RS). The on-line version requires computing the
routes and the necessary data structures in a distributed way. Further,
the space used by the preprocessing protocol Pre(RS) must not exceed the
space used by the delivery protocol Delivery(RS).

2.3. Complexity Measures for Routine Schemes—Stretch and Memory

The communication cost of the delivery protocol when invoked at a
vertex u with a destination v and an O(log n)-bit message is

|p(RS,u,v)| = Y, cost(e)
e€p(RS,u,v)

(i.e., the cost of the path p(RS,u,v) through which the message is
transmitted). Given a routine scheme RS for an n-processor network
G = (V, E), we say that RS stretches the path from u to v (for every
u,v € V) by |p(RS,u,v)l/dist(u,v). We define the stretch factor
STRETCH(RS) of the scheme RS to be

STRETCH(RS) = max

u,velV

{lp(RS,u,v)l}

dist(u,v)

Comment. STRETCH(RS) can be viewed as measuring essentially the
“normalized” communication complexity of the routing scheme, i.e., the
ratio of the actual communication cost to the optimal communication cost.

The vertex memory Memory,.,..,(m, v) of a protocol m at a vertex v is
the number of bits maintained by the vertex. The total memory
Memory,,,, () of the protocol is the total number of memory bits main-
tained by all network vertices. The vertex memory Memory,...(RS, v) of a
routing scheme RS (at a vertex v) is the vertex memory requirement of the
delivery protocol of RS for the off-line problem, and is the maximum
between the memory requirements of the delivery protocol and the pre-
processing protocol of RS for the on-line problem. Define Memory,,,(RS)
similarly.

3. TECHNICAL PRELIMINARIES

3.1. Neighborhoods

Our schemes are based on a notion of rneighborhood which is defined by
volume rather than radius (as in [PU]). The neighborhood of a vertex
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v € V with respect to a specific set of destinations S C ¥ and a parameter
1 <j < n, is a collection of j of the nearest vertices to v from the set S.
More precisely, order the vertices of S by increasing distance from v,
breaking ties by increasing vertex names. Hence x <, y if either dist(x, v)
< dist(y, v) or dist(x, v) = dist(y,v) and x <y. Then N(v, j, S) contains
the first j vertices in S according to the order <,. (In some of our
schemes, e.g., the ones described in Section 4, we can do with neighbor-
hoods defined in a more relaxed manner, in which ties are resolved
arbitrarily.)
The radius of the neighborhood N(v, j, §) is defined as

r(v,j,$) = max dist(v,x).
xEN,},8)

When § = V' we sometimes omit the third parameter and write simply
N(u, j) or r(v, j). The basic useful fact regarding the radius is

Facr 3.1. For every vertex w:
1. If w € N(v, j, S) then dist(v,w) < r(v, j, S).

2. If we S —~ N(uv,j,S) then dist(v,w) > r(v, J, §).
One more fact we need about the sets N(v, j, §) is the following:
Lemma 3.1. Foreveryset S C V, verticesu,w € V and integer 1 < j < n,
r(u,j,S) <r(w,j,S) + dist(u,w).

Proof. By contradiction, relying on the fact that |N(u,j, S)| =
IN(w,j,$)| =j. D

3.2. Covers

For the construction of our routing schemes we need some basic facts
concerning the concept of covers. Consider a collection # of subsets of
size s of a set B. A set of elements M C B is said to cover those sets of #
that contain at least one element of M. A cover of # is an M C B
covering all sets in #. A fractional cover for & is a system of nonnega-
tive real weights {¢t,|v € B} such that £, _t, > 1 for every set § € #.
Let 7 = minL,_ z¢, where the minimum is taken over all fractional
covers. Since the weight system assigning 7, = 1/s to every vertex v is a
fractional cover, we get

Facr 3.2. 7* < |Bl/s.

Consider the following two simple procedures for creating a cover
for #.
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GreeDY COVER ALGORITHM. Start with M = & and iteratively add an
element that increases the number of sets covered by M as much as
possible. Stop when M becomes a cover. This M is called a greedy cover
for #.

We rely on the following lemma of Lovasz.
Lemma 3.2 (L). Let M be a greedy cover for 7. Then

(Inj#1 + 1)|B|

M| < (In|#| + 1)7* < p

For the random algorithm we assume that |B| > 2s and that In %=

ols).

RanpoMm Cover ArcoriTHM. Randomly select each element v € B
into the set M with probability p = ¢ In| ] /s, where ¢ > 1 is a constant.

In the proof of the next lemma we use the following propositions. The
first states the Chernoff estimate [C] for the tails of the binomial distribu-
tion and the second is an easy fact.

Prorosition 3.1 (Chernoff). Let X be a random variable with a bino-
mial distribution and expectation E = E(X). Then for a > 0,

Pr(X > (1 +a)E) <e £/
ProrosiTion 3.2. For 0 <a < }and B >0,
(1 -a)f <e B

Lemma 33. Let M be a set constructed by the randomized algorithm
under the1 above assumptions. Then, with probability at least p =1 —
1/1#1°7,

1. M s a cover for ¥, and
2. M} < 2¢c|BlIn|H#| /s.

Proof. Denote by g the probability that there exists a set § € ¥ that
is not covered by M. For a fixed S € # the probability that no v € § has
been selected is bounded by (1 — p)°. It follows that g < |#](1 — p)*.
Using Proposition 3.2 we get that g < |##]e*. Plugging in the value of
p, cInl# /s, we get that g < 1/|¥|°™", thus proving the first part of the
lemma.
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The expected size of M is E = E(|IM|) = p|B| = c|B|In|2¥]/s. Using
Chernoff bound (Proposition 3.1) for & = 1 we get that

Pr(]M| > M < e —C1Bln|l¥ /25 _ Iyl—qm/zs‘
s

The second part of the lemma is implied as we assumed that |B| > 2s. O

4. Pivor-Basep RoOUTING SCHEMES

In this section we propose several pivot-based strategies for designing
routing schemes. The first subsection describes one of our basic tools,
called interval tree routing. The following three subsections present and
analyze three families of routing schemes of increasing complexity, namely,
the single pivot schemes SP,, the covering pivots schemes CP and the
hierarchical covering pivots schemes HCP,.

4.1. Interval Tree Routing

In this section we describe a routing component introduced in [PU],
which is based on the routing scheme of [SK]. We call this component an
interval tree routing. It is defined for a subgraph G’ = (V’, E):and a
designated vertex r € V”, and is denoted ITR*(G’,r) or ITR*(V", r).

Preprocessing. The scheme is constructed as follows:

1. Construct a BFS (shortest path) spanning tree T for G', rooted
atr.

2. Assign the vertices of V' a DFS (pre-order) numbering according
toT.

3. Associate with each vertex v an interval label in the form of a pair
of integers int(v) = (Lowest, Highest) such that the interval [Lowest,
Highest] contains precisely the pre-order numbers of the vertices of V' in
the subtree rooted at v. (Note that Lowest is simply the DFS number of v
itself.) In particular, the interval attached to v is contained in that of u iff
v is a descendant of u.

4. The root r of an ITR*(V", r) component stores a translation table
TT,, specifying for every vertex v € V' its interval label int(v) in the
component.

Delivery. Routing a message from a vertex u to a vertex w for
u,w € V" involves sending the message upwards in the tree until it reaches
the root, and then downwards to w. More specifically, this routing is done
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as follows:

1. The sender attaches a header to the message, containing an
identifier for the routing component used (in order to enable us to use this
component in a network when other routing components are present as
well), the name of the final destination, w, and the name of the intermedi-
ate destination r, the root of the component.

2. The message is then sent to r (note that it is always possible to
send a message upwards to the root in an ITR* component).

3. The root r modifies the header by eliminating its own name and
attaching the interval label int(w) of w.

4. Finally, the root sends the message down the tree to w.

It should be clear that this is not necessarily an optimal route in G'.
However, the length of the route is at most twice the height of the tree.

Complexity. Maintaining such a component involves the following
memory requirements. Each vertex v must store its own interval label
int(v) as well as the interval label int(w) of each of its children w in the
tree. In addition it has to store the name of the edge leading to its parent
and to each of its children. Finally, the root has to store the translation
table (containing [V’| items). Thus the overall memory requirement for
maintaining ITR*(V", r) is Memory,,.,(J/TR*(V", r)) = O(|V'|log n).

4.2, The “Single Pivot” Scheme

Let us now describe our simplest routing strategy, called the single pivot
scheme, or SP, for some k > 1.

Preprocessing.
1. Fix m = nl/.
2. Select some center ¢ of the graph (as defined in Section 2.1), called
the pivot.

3. Construct a single routing component R_= ITR*(V,c) on the
entire graph.

4. For every other vertex v € V select a neighborhood N(v, m) and
construct a component R, = ITR*(N(v, m),v).

Delivery. The delivery protocol operates as follows. Suppose a vertex u
wishes to send a message to a vertex w. The sender u first consults its
translation table 77, to see if w € N(u,m). If w does belong to u’s
neighborhood then the message is sent directly using R,. Otherwise, the
routing is done using the R, component of the scheme, i.e., u sends the
message to ¢ which forwards it to w.
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Complexity. We now analyze the memory and stretch complex1t1es of
the scheme SP,.

Lemma 4.1, For every k > 1, the total memory requirement of the routing
scheme SP, satisfies Memory,,.,(SP,) = O(n'*1/% log n).

Proof. The component R, rooted at the pivot ¢ € P requires
O(n log n) bits. Each other component requires O(n!/* log n) bits, sum-
ming up to O(n!*'/¥log n) bits. O

Let r,;,(G) denote the minimum radius of a neighborhood N(v, m) in
G, and denote the maximal degree in the graph by A.

Facr4.1. r,,(G) =1+ log,_m/A) > log, m = log m/log A.

LemMA 4.2, For every k > 1, the stretch factor of the routing scheme SP,
satisfies

2r(G)
rmin(G) '

Proof. 1f the destination w is in the neighborhood of u, then an
optimal path is used. Otherwise, dist(u, w) = r;,(G), and the message is
sent using the main ITR* component R_, and hence along a path of cost
at most 2r(G). O

STRETCH(SP,) <

CoROLLARY 4.1. - For every k > 1, the stretch factor of the routing scheme
SP, satisfies

2r(G)log A

STRETCH(SP,) < log m

Consider now random graphs G in the space G,, .- for 0 < a < 1, and
apply the routing scheme with the parameter m = n'/* to them. (Recall
that G, , is the probability space of all n-vertex graphs, where each edge
is chosen independently with probability p.) For such a graph, with
high probability the maximal degree and the radius satisfy A < 2n® and
r(G) < 1/a, hence we get:

CoroLLary 4.2. For fixed k and a and for a random graph G in

G, ,=-\, the routing scheme SP, has stretch factor

n.n

STRETCH(SP,) < 2k + 1

asymptotically almost surely.
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4.3. The “Covering Pivots” Scheme

The next step is designing a routing scheme in which there are several
global ITR* components in use, each rooted in a different pivot in the
graph. By carefully choosing the locations for the pivots it is possible to
considerably reduce the stretch. We refer to this scheme as the covering
pivots scheme, or CP.

Preprocessing.
1. Fix m = Vn.

2. For every vertex v € V select a neighborhood N(v, m).

3. Using one of the covering algorithms of Section 3.2, select a set
P c V of pivots covering these neighborhoods, i.e., with the property that
for every v € V there is some u € P such that u € N(v, m).

4. For every vertex v, compute the pivot that is closest to v according
to our definition of distance and denote it by p(v).

5. Construct a component R, = ITR*(V, ¢) around each chosen pivot
¢ € P and a component R, = ITR*(N(v, m),v) for every other vertex
veV-P

Delivery. The delivery protocol operates as in the single-pivot scheme,
except that now, whenever a sender u does not find the destination w in
its translation table 77, it sends the message through its designated pivot

p(u), i.e., using the component R, .

3

Complexity. By Lemmas! 3.2 and 3.3, the algorithms of Section 3.2
selects a covering set P of pivots whose size is at most 2¢nlnn/m for
some constant ¢ > 1. Since m = Vn we get a total of O(Yn log n) pivots.
This implies

Lemma 4.3. The total memory requirement of the routing scheme CP
satisfies

Memory,,,(CP) = 0(n%? log? n).

Proof. The component R_ rooted at a pivot ¢ € P requires O(n log n)

bits, so all of these components together require O(n>/2 log? n) bits. Each

other component requires O(Vn log n), summing up to O(n/2 log n) bits.
0

As for the stretch factor of the scheme CP, we have the following
lemma.

Lemma 4.4. The stretch factor of the routing scheme CP satisfies
STRETCH(CP) < 3.
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Proof. 1If the destination w is in the neighborhood of u, then an
optimal path is used. Otherwise, dist(u, w) > r(u, m), and the message is
sent using the component R, where p(u) is a pivot belonging to
N(u, m). The first segment of the route, from u to p(u), is of cost at most
r(u, m). The second segment of the route is along some shortest path from
p(u) to w. Thus by the triangle inequality it is of cost at most r(u, m) +
dist(x, w). Hence the total cost of the route satisfies

|p(u,w)| < r(u,m) + (r(u,m) + dist(u,w)) < 3dist(x,w). O
Combining Lemma 4.3 and Lemma 4.4 yields

THeOREM 4.1. For every n-vertex network G it is possible to construct a
covering pivots scheme CP with memory requirement

Memory,,(CP) = O(n*/* log” n)
and stretch factor
STRETCH(CP) < 3.

4.4, The “Hierarchical Covering Pivots” Scheme

The CP strategy of Section 4.3 leads to a small stretch factor at the cost
of using a total of O(n*?log?n) bits of memory. In this section we
present a family of hierarchical covering-pivots schemes, HCP,, which for
every k> 1, use O(kn'*'/*log?n) bits of memory and guarantee a
stretch of at most 2 — 1.

Overview. Let us start with an overview of the structures and informa-
tion items required in the vertices of the network. We base our schemes
on a hierarchy of sets of pivots,

Pk—ICPk—ZC A CPICP0=V-

For every 0 <i <k — 1, |P| is of size about n'~“/*¥. On each level

0 <i <k — 1 we maintain a routing component ITR*(N(v, n¢*+1/%) p)
for every pivot v € P, enabling routing from v to vertices in its
N(v, n* /%) neighborhood. This means that for each level i, every pivot
v knows how to get to the n*V/* nearest vertices in the network.
Specifically, the pivots of level 1 < i < k — 1 are selected 5o as to have the
covering property with respect to the neighborhoods N(v, n'/*) of pivots
veP,_, Forevery 1 <i <k — 1, we associate with every pivot v € P,_,
a unique pivot p,(v) such that p(v) € N(v, n’/*). Each vertex v has to
know an outgoing edge toward its pivot p(v).

With the information structure described above maintained in the
network, routing is carried out according to the following schematic plan.
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z= ps(u)
gs=j-14 >

Ps—1 (u) :

Pi+a(u) g
2d >
pi+1(u)

d>

u = p;{u) ¢ -
d = dist(u,w)

Fic. 1. The schematic description of routing from u to w and the bounds on distance
relationships in HCP,.

Suppose u wants to send a message to w. Then the message is transferred
through the chain of pivots associated with u from successively higher
levels, until it reaches a pivot z € P, knowing the destination w (i.e., such
that w € N(z, n®** /%)), This pivot sends the message to w directly using
its component R, (see Fig. 1).

Preprocessing. The scheme HCP, is constructed as follows:

1. Let Py =V and py(v) = v for every v € V.
2.Fori=1to k—1do:

(a) For every v € P,_, select a neighborhood N(v,n'/¥) and con-
struct a routing component R, = ITR*(N(v, n'/¥), v). (If a routing
component has already been constructed for v in one of the
previous iterations then the new component replaces it.)

(b) Using one of the covering algorithms of Section 3.2, select a set P,
of pivots covering these neighborhoods, i.e., with the property that
for every v € P,_, there is some u € P, such that u € N(v, n'/*).

(c) For every vertex v € P,_,, compute the pivot of P; that is closest
to v according to our definition of distance and denote it by p,(v).

End for
3. For every v € P,_, construct a routing component R, = ITR*(V,v)
(again, discarding previously constructed components).

Delivery. The delivery protocol proceeds as follows (Fig. 1). Suppose u
wants to send a message to w, and suppose u € P, forsome 0 <j < k — 1.
If w € N(u,nY*Y/%) then u sends the message to w directly using the
component R,. Otherwise, u sends the message to its pivot in the next
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level, p;, (u). This pivot is now responsible for the message, and deals
with it just as if it was originated by itself. Thus, a message originated at u
is transferred through the chain of pivots associated with u from succes-
sively higher levels, until reaching a pivot z € P, knowing the destination
w (ie., such that w € N(z, n**1/¥)). This pivot sends the message to w
directly using its component R, (see Fig. 1). Since the pivots in the highest
level, P,_,, know the entire graph, it is clear that every message eventually
arrives at its destination.

Complexity. The memory requirements of the hierarchical schemes are
summarized as follows.

Lemma 4.5.  The total memory requirement of the routing scheme HCP,
satisfies

Memory,,,( HCP,) = O(kn'*'/* log? n).

Proof. Let us first estimate the size of the sets P, constructed in Step
2(b) of the preprocessing algorithm. Note that the assumptions needed for
the randomized algorithm hold here. Thus by the properties of the
covering algorithms of Section 3.2 (Lemmas 3.2 or 3.3 as appropriate),
there is a constant ¢ > 1 such that

2¢|P,_,lIn|P;_,| 2cnlnn
1P| < ik = ni/k

= O(n'~"/* log n).

Each component R, constructed in iteration i for v € P,_; requires
O(n'/* log n) bits, hence the total amount of memory for components of
pivots in P;_, is

O(IP,_,In'/* log n) = O(n'*/*log? n).

The overall result follows from summing these memory requirements over
all k levels of the hierarchy. O

In order to analyze the stretch factor of these schemes we need to
establish the following facts.
LEMMA 4.6. Letu € P,_,. If z & N(u, n'/*) then

1. dist(u, p(u)) < dist(u, z) and
2. dist(p(u), z) < 2 dist(u, 2).
Proof. The first claim is immediate from Fact 3.1 and the covering

algorithms of Section 3.2. The second claim follows since by the triangle
inequality, dist(p,(u), z) < dist( p(w), u) + dist(u, z). O
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LemMA 4.7.  Suppose the route p{u,w) defined by the scheme for u and w
goes through the chain of pivotsu = u;, u;, \,...,u;where 0 <j <s <k -1
andu;, € P, forj <i <s. Then

|p(u,w)| < (25771 — 1)dist(u,w).

Proof. First use the previous lemma to prove by induction on i,
j <i<s, that
1. dist(u;_,, u;) < 2"/~ dist(u, w) and
2. dist(u;, w) < 2777 dist(u, w).

As a result, we get the global distance relationships described in Fig. 1.
The lemma now follows, since

|p(u,w)| < ¥ 207 Vdist(u,w) + 257 dist(u, w)
j+isiss
= (257/+1 — 1)dist{u,w) O

CoroLLARY 4.3. The stretch factor of the routing scheme HCP, satisfies

STRETCH( HCP,) < 2* - 1.
Combining Lemma 4.5 and Corollary 4.3 yields

Tueorem 4.2.  For every n-vertex network G and for every k > 1 it is
possible to construct a hierarchical covering-pivots scheme HCP, with mem-
ory requirement

Memory,,,( HCP,) = O(kn'*'/* log? n)
and stretch factor

STRETCH( HCP,) < 2* - 1.

5. MEMmORY-BALANCED ROUTING SCHEMES

There are two basic reasons why the hierarchical schemes described in
the last section are not memory-balanced. The first is the use of large
“communication centers” in the scheme. The root of each /TR* compo-
nent has to know of every vertex in its tree, and some trees are very large
(in particular, trees on the highest level span the entire network). A
second situation in which a vertex may need much space is when it
happens to be the “crossroad” of many routes. This happens whenever a
vertex occurs in many different /TR* components (i.e., whenever it resides
in the neighborhoods of many pivots).
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Thus in order to get rid of these problems we need to devise a way of
limiting the use of “communication centers” and bounding the number of
occurrences of a vertex in different routing components.

The rest of this section is organized as follows. The first two subsections
describe two basic routing components to be used in our schemes. The
following subsection describes and analyzes the hierarchical balanced
scheme.

5.1. Decentralized Interval Tree Routing

The ITR* scheme as described in Section 4.1 requires the root of the
tree to store a translation table specifying the interval label of every vertex
in the tree. In a memory-balanced scheme this cannot be permitted. We
therefore have to use a modified version of the ITR* scheme that does not
use such tables. Instead, the interval label int(v) of a vertex v has to be
part of v’s addressing label.

Preprocessing. The modified scheme ITR(G’, r) (for a subgraph G' =
(V', E") and a vertex r € V") is constructed just as the scheme ITR*(G', r),
except we do not need the translation table TT, at the root.

Delivery. Routing a message from a vertex u to a vertex v for u,v € V'
involves sending the message upwards (i.e., towards the root) in the tree
until it reaches the lowest common ancestor of u and v, and then
downwards on the path leading to v. (Again, this is not necessarily an
optimal route in G’.) The header of the message has to contain an
identifier for the routing component used (in order to enable us to use this
component in a network when other routing components are present as
well) and the interval label of the destination. This clearly enables each
vertex along the way to decide (using its own label and those of its children
in the tree) which way to forward the message.

Complexity. Maintaining the modified component involves the same
memory requirements as before, except now the root does not maintain
the translation table. Consequently it is possible to bound the individual
memory requirements for maintaining ITR(V’, r} in a vertex v € V' by

Memory,eqe,( ITR(V', 7),v) = O(deg(v)log n).
The overall memory requirement is still

Memory,, ( ITR(V", 1)) = O([V'llog n).
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5.2. The “Forwarding Routing” Scheme

We now introduce a second type of basic routing component, which we
call forwarding routing (FR). In this scheme, in order for a vertex v to be
able to send a message to a vertex w, v has to store in its memory the
name of a forwarding edge FE(w), which is the first edge along some
shortest path from v to w. Clearly, in order for such an approach to make
sense it is necessary to ensure the consistency (and sufficiency) of the
information stored along shortest paths.

Preprocessing. The partial routing component FR(S, j), for a specific
set of destinations $ C V and an integer j, is constructed as follows:

1. For every vertex v € V select a neighborhood N(v, j, S).

2. For every vertex v construct a table {FE(w)lw € N(v, j, $)} of
forwarding edges for the vertices in its neighborhood, such that FE(w) is
the first edge along some shortest path from v to w.

Delivery. Suppose that a vertex v wants to send a message to a
destination w such that w € N(v, j, S). Then v consults its FE table,
retrieves the edge FE(w) = (v, z) and sends the message through this
edge to z. The crucial consistency property maintained in this structure is
that whenever this happens, w appears also in the FE table of z, so the
message does arrive along a shortest path. This is guaranteed by the
following lemma.

Lemma 5.1, If we N(v,j,S8) and x occurs on some shortest path
connecting v and w then also w € N(x, j, S).

Proof. By contradiction. Assume that w & N(x, j, §). We claim that for
every z € N(x, j, §), also z € N(v, j, ). In order to prove this it suffices
to show that every z € N(x, j, S) satisfies z <, w, since w is included in
N(v, j, §). Consider some z € N(x, j, §). By the triangle inequality

dist(v, z) < dist(v, x) + dist(x, z).

By Fact 3.1 dist(x, z) < dist(x, w). Since x is on a shortest path from v to
w, dist(v, w) = dist(v, x) + dist(x, w). Put together,

dist(v, z) < dist(v,w).

There are two cases to consider. If dist(v, z) < dist(v, w) then the claim
is immediate. Now suppose dist(v, z) = dist(v, w), then necessarily
dist(x, z) = dist(x,w) too. Since w & N(x,j,5) and z € N(x, j, ), by
definition z <, w, so z < w. Therefore also z <, w. It follows from our
claim that N(x, j, S) € N(v, j, $), and since both are of size j, N(x, j, S)
= N(v,j,8). But w € N(v, j, S) — N(x, j, S), a contradiction. O
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Complexity. The memory cost of the component FR(S, j) per vertex v
is

Memory,e..( FR(S, j),v) = O(jlog n),
and the overall memory requirement is
Memory,,,,( FR(S,j)) = O(jnlogn).
5.3. The “Hierarchical Balanced” Scheme

In this section we present the family of hierarchical balanced schemes,
HB,, which for every k > 1, use O(kn!/* log n) bits of memory per vertex
and guarantee a stretch of at most 2 - 3% — 1.

Overview. Let us again start with an overview of the method. These
schemes are also based on a hierarchy of sets of pivots, P, CP,_; C -+
C P, C Py =V, such that for every 0 < i <k, |P] is of size about n!~*/*,
A vertex v is a j-pivot if it belongs to P, (hence also to P, for 0 <i <j)
but not to P, (hence also not to P; for j + 1 <i < k). For each level
0 < i < k we maintain a forwarding routing component FR(P,, m,) based
on the set P,, where m;, is about n'/* for every i. This means that for each
level i, every vertex v knows how to get to the m; nearest pivots from P..
Specifically, the pivots of level 1 <i < k are selected so as to have the
covering property with respect to the neighborhoods N(v,m;, P,_,) of
pivots v € P,_,.

With every vertex v we associate a unique pivot p,(v), referred to as the
i-post of v, in every level 0 <i < k. This i-post is selected as follows.
Suppose that v is a j-pivot. For 0 <i <j + 1, p,(v) is taken to be the
smallest pivot in P; according to <. In particular,

*for 0 <i <j, p{v) = v, and
.pj+1(u) EN(U’mj+1, P])‘

For j+2<i<k we define p(v) recursively by setting p,(v) =
pp;_(v)). Each j-pivot v € V is given a label consisting of its original
name v, its highest level, j, and all its i-posts for i = j + 1. Thus v’s label
becomes the tuple (j, v, p;, (v), ..., p(v)). Finally, a j-pivot v, j > 0, has
a zone Z(v) for every 1 < i < j, consisting of all (i — 1)-pivots u for whom
pu) = v. It also has an ITR component R,(v) covering its zone Z,(v).
With the information structure described above maintained in the
network, routing is carried out as follows. Suppose u wants to send a
message to w. Let i be the minimal index such that the i-post p,(w) of w
is in the neighborhood N(u,m;, P,) of u. The originator u sends the
message to p,(w) using the forwarding component FR(P;, m;). The mes-
sage is then forwarded to w through the chain of j-posts p(w), j =1,
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z = pi(w)
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y = Pi-1(w)
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<6d
Pav1(w)
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$w = pa(w)

d = dist{w, u)

Fic. 2. The schematic description of routing from u to w and the bounds on distance
relationships in HB,.

i—1,...,s, where w = p(w) is an s-pivot. Each post p(w) along the way
forwards the message to the next post p;_(w) on the tree component
R(p)). See Fig. 2.

Preprocessing. The scheme HB, is constructed as follows:

1. Let Py=V and p(v) =v forevery v € V. .
2. Fix m = n'/*,
3. If i <k then let m; = m else let m, = |P,|.
4 Fori=0to k — 1 de:
(a) Construct a forwarding scheme FR(P;, m,).
(b) Let #= {N(v, m;, P)lv € P}.
(c) Using one of the covering algorithms of Section 3.2, select a set
P, ., € P, of pivots covering the sets of ¥, i.e., with the property
that for every v € P, there is some u € P,,; such that u €
N(v, m;, P,). The vertices of P, — P, are called i-pivots.
(d) For every v € P;:
i. Associate with v an (i + 1)-post p,, (v), chosen as the small-
est such pivot u € P, ; according to <, (in particular, if
v € P, then p,,,(v) =v).
ii. Construct a shortest path connecting v with p,, ,(v).
(e) For every v € P,
i. Let the zone of v, Z;, (v), be the collection of pivots u € P,
which chose v as their (i + 1)-post (i.e., such that p; (u) =
v).
ii. Denote by T;,,(v) the tree composed of the union of the
shortest paths connecting v to the pivots in Z;, ,(v).
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iii. Construct a component R, (v) = ITR(T,, (v),v).
(f) Associate with each vertex v € V— P, an i + 1-post p,, (v) =
PirpL0)).
End for

5. Construct a forwarding scheme FR(P;, m,).
6. In the end of the process, label each j-pivot v by (j, v,
pj+1(U); cees pk(U))~

Delivery. The delivery protocol proceeds as follows: Suppose u wants
to send a message to w. Denote the j-posts of w by w; = p,(w) for every
0 <j < k. Let i be the minimal index such that w; € N(u, m;, P,) and let
s be the maximal index such that w = w,. The originator u starts by
sending the message to w; using the forwarding component FR(P,m,).
The message is now forwarded to w through the chain of j-posts w
j=i,i—1,...,s. Consider the first step along this chain. Recall that
p:(w) was chosen to be p{w) = p{w,_,). Therefore p{w;_,) = w;, too, so
by the definition of zones, w;_; belongs to the zone Z(w,). The message
can therefore be forwarded from w; on the tree component R,(w;) to
w;_,. The same process repeats itself on R;_,(w;_,) and the message gets
forwarded to w;_,, and so on, until it arrives w, = w.

Since on the last level the forwarding scheme enables every vertex u to
send messages to any pivot in P,, a message destined to w must eventually
reach some i-post of w, p{w). Since every pivot w € P, has an ITR
component covering a shortest path to every P,_, pivot in its zone, and
p;_{w) € Z(pw)), it is possible to get from p(w) to p,_(w). By the
same argument it is possible to proceed along the chain of j-posts to w.
Hence the scheme works correctly for every origin and destination.

Complexity. In order to analyze the memory requirements of the scheme
HB, we need to prove that the trees of the various pivots in a given level
P, are all disjoint. This is done in the following technical lemma.

LEMMA 5.2. For every 1 <i < k and for every u,,u, € P,T{u,) and
T(u,) are vertex-disjoint.

Proof. By contradiction. Assume that T;(u,) and T,(u,) intersect in
some vertex x for some u;, u, € P,. Then for j = 1,2 there is a vertex
w; € Z(u;) such that x occurs on the shortest path connecting w; to ;.
Wxthout loss of generality, x is the first intersection of the paths, tracmg
the paths from the endpoints u, and u, (see Fig. 3).

By the rules of the algorithm, since p,(w;) was set to u,, necessarily
Uy <, U,. (Recall that a < b if either dist(a,c) < dist(b, ¢) or dist(a, c)
= dlst(b c)and a <b.) Since dist(u,, w,) = dist(u,, x) + dist(x,w,) and
dist(u,, w,) < dist(u,, x) + dist(x,w,), it follows that u, < u,. Since
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Fic. 3. Node x belonging to both 7,(u,) and T;(u,).

dist(u,, w,) = dist(u,, x) + dist(x,w,) and dist(u,, w,) < dist(u, x) +
dist(x, w,), it follows that u, <, u,. Hence u, should have been chosen as
p{w,), a contradiction. O

LemMA 5.3.  The memory requirements of the routing scheme HB, satisfy

1. Memory, e ex( HBy, V) = O(k log n(deg(v) + n'/*)), and
2. Memory,,.,( HB,) = O(kn'*'/* log n).

Proof. By Lemma 5.2 each vertex v participates in at most one ITR
component in each level, so the memory it uses for the trees in all levels is
at most O(k - deg(v)log n). The total memory used for the ITR schemes is
O(kn log n). In addition, v participates in the forwarding scheme of each
level. For all levels but the last, this involves O(m log n) bits of memory.
For the last level the cost is O(|P,|log n). Noting again that the assump-
tions of the randomized algorithm hold, by Lemmas 3.2 or 3.3 there is a
constant ¢ > 1 such that

1P| 2¢c|P;_y|In|P,_,|
| < i X

Since |Py| = |V], we get that
P < (2cInn)’ - nt=i/k,

Particularly, |P,| = O(In* n), and since log n = o(n!/**) for sufficiently
large n, |P,| = O(n'/%). 1t follows that O(km log n) bits are used by each
vertex for the forwarding schemes FR on all & + 1 levels of the hierarchy.
The required results follow from adding the memory requirements of the
ITR and FR components. O
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It remains to analyze the resulting stretch factor.

LemMma 54. Forl1<i<k-—1,ifp,_(w) & N(u,m;, P,_,) then
1. dist( p,(w), p, _, (W) < 2 dist(u, p;_(w)), and
2. dist(u, p(w)) < 3 dist(u, p,_(w)).

Proof. Llet y =p;,_(w) and z = p,(w) (see Fig. 2), and let P=P,_,.
Since y & N(u, m;, P), by Fact 3.1 r(u,m,, P) < dist(u, y). Since z €
N(y, m;,, P), by Fact 3.1 r(y, m;, P) > dist(y, z). By Lemma 3.1,
r(y,m;, P) < r(u, m;, P) + dist(u, y). Put together, we get that dist(y, z)
< 2 dist(u, y), which proves the first claim. The second claim follows since
by the triangle inequality, dist(u, z) < dist(u, y) + dist(y, z). O

As a result, we get the global distance relationships depicted in Fig. 2
and summarized in the following corollary:

CoroLLary 5.1.  If pi(w) & P(u, m) for every 0 <j < then

1. dist(p,_(w), p(w)) < 2 - 3*"1 - dist(u, w), and
2. dist(u, p,(w)) < 3° - dist(u, w).

Lemma 5.5. If p(w) € N(u, m;, P,) and p(w) & N(u, m;, P,) for every
0 < j < i then the cost of the route satisfies |p(u,w)| < (2 - 3* — Ddist(u, w).

Proof.

lo(u,w)| < dist(u, p(w)) + L dist(p;(w), p;_{(w))

1<j<i

< (3i +2 Y 3j‘1)dist(u,w) < (2-3 - 1)dist(u,w). O

1<j=<i

CoroLLARY 5.2.  The stretch factor of the routing scheme HB, satisfies

STRETCH(HB,) <2-3* - 1.

THEOREM 5.1. For every n-vertex neiwork G and for every k > 1 it is
possible to construct a hierarchical balanced scheme HB, with memory
requirement

Memory, o ( HB; , v) = O(k log n(deg(v) + n'/*))
for each vertex v, and
Memory,,,( HB,) = O(kn'*1/* log n)
overall, and stretch factor

STRETCH(HB,) <2-3*-1.
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6. DISTRIBUTED PREPROCESSING WITH BOUNDED SPACE

6.1. Overview

In this section we describe a distributed preprocessing algorithm that
initializes the schemes HB,. Its space overhead, at a single vertex with
degree d, is O(k log n(d + n'/¥)) bits, the same as that of the delivery
protocol. The preprocessing stage includes computing all the pivots, con-
structing the zones and establishing the forwarding schemes FR and the
ITR schemes. The latter requires also assigning appropriate names to the
vertices.

We assume a synchronous network model in the sense that ali vertices
have access to a global clock. A message sent upon time 7 from v to u
arrives at u strictly after time [r] + cost(v,u) — 1, but no later than
[1 + cost(v, u). Intuitively, this means that messages can be sent only at
integer times. This is why arrival times depend on [7], rather than 7, and
edge delays 8(e) may fluctuate as cost(e) — ¢ < 8(e) < cost(e), for all
g < 1, ie., the delay of e is at most cost(e).

Since we allow message transmissions at times which are not integers,
the algorithm is driven by messages and by the global clock. Messages can
be sent either in response to arriving messages, or in response to clock
pulses, which occur at integer times.

Our algorithm employs the following four procedures.

(1) Initialization procedure. Appoints all the pivots and triggers all
other procedures.

(2) Forwarding-construction procedure. Constructs the forwarding
routing schemes FR and computes the parent and children pointers of the
ITR schemes in the zones.

(3) DFS-numbering procedure. Simultaneously operates on the span-
ning trees of all the zones, assigning DFS numbering to the vertices of the
trees for the /TR schemes and computing the interval labels.

(4) Post-update procedure. Specifies for each vertex its posts.

Each of those procedures has local variables and output variables. The
local variables are recognized only inside the procedure, while the output
of the procedure is written in the output variables. All the variables are
appropriately initialized to nil, @, or 0. The values of k, m = n'/%,
m =my= ‘- =m_; =m,and ¢ > 1 are global and known to all the
vertices.

Observe that we can construct a spanning tree by invoking the algorithm
of [GHS] and then use this tree for computing 7, the size of the network,
in case it is not globally known. This tree can later be used for other tasks,
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like counting the number of pivots, detecting termination of a process
running in the network, etc. Each of these tasks requires only O(log n)
space per vertex.

6.2. Initialization Procedure

The initialization procedure first randomly selects the pivots for each
level and then invokes the other procedures. At each vertex, the proce-
dure outputs variables p;, for 0 < i < k, so that p, = self if the vertex is
chosen as a pivot of level i and p, = nil otherwise.

The pivot selection process is based on the randomized covering algo-
rithm described in Section 3.2. Note that the algorithm is given in a
“Monte-Carlo” version, i.e., there is a small probability that the algorithm
might err and produce a pivot set that is not a cover. It is easy to modify
our algorithm into a “Las-Vegas” algorithm, by detecting the fact that
there is no pivot in a certain neighborhood; in this case the algorithm is
restarted.

Every vertex is a pivot at level 0. Each pivot at level i — 1 becomes a
pivot at level i with probability ¢ In|P,_,| /m. This selection rule guaran-
tees that, with high probability, |P,| < 2¢|P,_,|ln n/m. Moreover, with
probability 1 — O(n'~°) there exists a pivot at level i in every neighbor-
hood N(v,m, P,_,). To calculate |P;| we use the function Count(S) that
counts the size of an arbitrary subset § C V. This function is easily
implemented with O(log n) space per vertex, given a spanning tree of the
network.

After the ith level in the selection process, each vertex triggers Proce-
dure Forwarding-Construction ;. This procedure consists of a collection of
|P,| interacting diffusing computations [DS], each propagating messages
from a pivot w € P, to other vertices. It is shown in [SF] that assuming the
presence of a spanning tree, termination detection of a collection of
diffusing computations can be performed without any space overhead.
This procedure is named Detect-Termination,. After Procedure Forward-
ing-Construction; is completed for all the vertices, every vertex triggers the
DFS-Numbering; procedure. In the last step of the Initialization procedure
the vertices in P, trigger the Post-Update procedure.

Output variables:
* p;: pivot of the vertex on level i, for 0 < i < k.
* m,: the size of P,.

Local variables:

* Coin: the value of the coin flip; receives the values head and tail.
* size;: the size of |Py, for 0 <i < k.
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ProceDURE Initialization /* for a vertex self* /.
i == 0; Coin = head,
while i < k and Coin = head de;
p; = self, /* you are a pivot of level i */
size; == Count(P));
if | = k then m, = size,;
trigger Procedure Forwarding-Construction ;;
trigger Procedure Detect-Termination ;
/* wait until all forwarding schemes FR; of level i are completed * /
trigger Procedure DFS-Numbering ;;
if i <k then flip Coin so that it comes head with probability
¢ Insize,;/m;
i=1i+1
end while /* you are an (i — 1)-pivot */
if i — 1 = k then trigger Procedure Post-Update;
end procedure

6.3. Forwarding-Construction Procedure

Procedure Forwarding-Construction; has two main tasks. The first is to
construct a forwarding routing scheme FR(P;, m;) for each level 0 < i < k.
The goal of this construction is specifying, for every vertex v, a set of
pointers pointing towards the m; pivots of level i that are closest to v
according to the =<, ordering. That is, for each vertex w € N(v, m;, P,),
the vertex v stores a pointer FE(w) pointing to a neighbor of v that
resides along a shortest path to w. The second task of the procedure is to
construct parent and children pointers, Parent; and Children , respectively,
for the zones of level i.

The algorithm below takes advantage of the fact that network is syn-
chronous and that message delays are very closely related to edge costs.
Thus, the delay of a message sent over a communication path p is
“essentially” the cost of that path, cost(p); to be more precise, it varies
between cost(p) and cost(p) — 1.

Each vertex v keeps a list List; containing pairs (u,w) such that
u € N(v,m;, P) and w = FE(u). It also keeps a variable Parent; initial-
ized to nil.

Each vertex u that is a pivot of level i initiates a process, propagating
FORWARD,(u) messages throughout the entire network. Once a vertex v
receives a message FORWARD,(«) from w, it checks whether Parent; =
nil; if so it sets Parent; := w. Also, it checks whether List; already contains
a pair (4, w). If no such pair exists then v concludes that this is the first
message received from u. Consequently, v adds the pair (u,w) to List,,
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and propagates the message to all neighbors. In fact, v propagates only
FORWARD(u) messages for vertices u € N(v, m;, P;), and discards mes-
sages of vertices outside N(v, m;, P,).

Formally, for vertices u € N(v, m;, P,), define t,(v, u) to be the time at
which vertex v receives a FORWARD,(u) message for the first time. This
time is defined as « if such a message never arrives. Under the strategy
described above, for all vertices u € N(v, m;, P.), [t;,(v,u)] = dist(v, u).
This fact is proved by induction on the length of a shortest path from v to
u, using Lemma 5.1 as an induction step (the base of the induction is
trivial).

The strategy described above makes the assumption that upon receipt of
a FORWARD/(u) message, the vertex v can determine whether u €
N(v, m;, P,). This is not the case. Below, we describe the modification in
the algorithm needed to get around this difficulty.

Denote the radius of N(v, m;, P,) by r = r(N(v, m;, P,)). Let us parti-
tion the set P; into the following four subclasses:

Class A containing all vertices u € P, such that dist(u, v) < r.

Class B containing the m; — |A| vertices with the smallest names
among the vertices u € P; such that dist(x, v) = r.

Class C containing the vertices u € P; such that dist(u,v) = r but
uéB.

Class D containing vertices u € P; such that dist(u, v) > r.

Clearly, N(v, m,, P.) is the union of the classes A4 and B.

The algorithm maintains the invariant that by pulse g, List; contains all
pairs (4, w), where u € N(v, m;, P,) and dist(u, v) < g. Under this invari-
ant, observe that:

* At clock pulse r — 1, List; contains exactly the vertices of class A.
Thus, |List;| = 14| < m; at this pulse.

* Let S be the set of vertices u such that v receives a FORWARD,(u)
message for the first time between clock pulse » — 1 and clock pulse r.
Then S is the union of the classes B and C. Also, the m; — |4| vertices of
class B are those with the smallest names among the vertices of the set .

* At clock pulse r, List; contains exactly the vertices of classes A and
B. Thus, |List;| = |Al + |B| = m; at this pulse.

This enables v to recognize FORWARD,(«) messages of vertices u in
class D, as upon their first arrival |List;| = m;. Also, v can recognize
FORWARD,(x) messages of vertices u in class A4, as upon their first
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arrival |{List;| < m;. The only problem is to distinguish between vertices in
classes B and C. All the FORWARD messages of these vertices arrive
(for the first time) between pulses r — 1 and r. However, messages
of vertices in class B do not necessarily arrive before those of vertices in
class C.

In order not to exceed the given size of space during this time interval,
we need to dynamically delete vertices from class C as we insert vertices
from class B. Towards this goal, each vertex maintains a list New,,
containing “candidates” to be inserted into List;. Upon each clock pulse,
the contents of New, are added to List;, and then New, is emptied.

In general, whenever a vertex receives a FORWARD, (1) message from
a neighbor w, it checks whether either List, or New; contains a pair (u, w),
or {List,l = m,. If either one of these conditions is true, the message is
discarded. Else, the vertex inserts the pair (u, w) into New, list. Next, the
vertex checks whether |New,| + |List;| > m,. If this is indeed the case,
then necessarily |New,| + |List;] = m, + 1 as a result of the last insertion
into New,. In this case, the vertex deduces that it is now between pulses r
and r — 1, and that one of the entries in New, corresponds to a vertex in
class C and hence should be purged. Clearly, this entry is the pair (&, w)
corresponding to maximal name % among all entries in New,. This entry is
deleted from New;, thus reducing the total size of New, U List; back to
m;.

Note that even though the number r is not known to v, it can easily
identify clock pulse r at the first clock pulse by which |New,| + |List;| =
m;.

For a vertex v, let (4, w) be the pair with the smallest « among all pairs
in NEW, after the first clock pulse when NEW, is not empty. Then w is the
parent of v in the zone of level i. At that point, v notifies w of this fact by
sending it the message CHILD,.

Data Structure. We assume the existence of a data structure that
supports the following operations on dynamic sets § whose members are
ordered pairs (a, b). These pairs are stored according to their first item
and it is assumed that a, # a, for any two different pairs (a,, b,), (a,, b,)
in S.

* Member(S, a): returns frue iff there exists b such that (a,b) € S.
* Insert(S, (a, b)): adds (a, b) to §.
* Delete(S, a): deletes the pair (a, b) from S, if such a pair exists.

* ExtractMax(S): returns the pair (a, b) € S with the largest a among
all pairs of S.

* DeleteMax(S): abbreviation for Delete(S, ExtractMax(S$)).
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* ExtractMin(S): returns the pair (a,c¢) € § with the smallest a
among all pairs of §.

* size(S): returns the number of pairs in S.

Output variables:

* FE(w): the forwarding edge to w, kept for each w in List;, for
0<i<k.

® Parent;: the parent of v in the zone of level i, for 0 <i < k.

* Children;: the set of children of v in the zone of level i, for
0<i<k

Local variables:

* List;: A dynamic set containing the list of edges (w, FE(w)) for each
w &€ N(v,m;, P),for0 <i <k.

* New;: A dynamic set containing a list of pairs that are candidates to
enter List;, for 0 <i < k.

Procepure Forwarding-Construction; /* for a vertex v */.
upon triggering the procedure (for v € P,):
send message FORWARD,(v) to all neighbors w;
insert( New;, (v, v));
upon receiving FORWARD,(u) message from neighbor w:
if Member(List;, u) = Member(New,, u) = false and size(List;) <
m; then do:
insert(New,, (u,w)); /* tentative insertion */
if size(List;) + size(New,) > m, then DeleteMax( New,);
/* handle overflow */
end if
upon Clock pulse:
if size(List;) = 0 and size(New,) > O then do:
(u, w) = ExtractMin(New,);
Parent, == w; /* choosing the parent in the zone of v */
send message CHILD, to neighbor w;

end if
for all (u,w) € New; do:
FE(u) = w;

send message FORWARD,(«) to all neighbors;
Insert( List;, (u, w));
Delete( New;, u);
end for
upon receiving CHILD; message from neighbor w: add w to Children,;
end procedure
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6.4. DFS-Numbering and Zone-Construction

The procedure DFS-Numbering; described in this section sets up the
zones of level i (for each 0 < i < k) and the ITR; schemes in each zone.
Recall that the zones have been determined by the Parent; and the
Children, pointers computed by Procedure Forward-Construction; of the
previous subsection.

For each pivot g of level i, we now consider the tree T/(g), which
defines the zone Z(q) of level i around g. Recall that by Lemma 5.2 in
every level all the zones are disjoint.

We assign a DFS (pre-order) number to each vertex v € T(q), and
maintain counters Lowest; and Highest; as the lowest and highest pre-order
DFS numbers in the sub-tree rooted at v. The interval int(v) =
(Lowest,, Highest;) contains the preorder numbers of all vertices in v’s
sub-tree of level i. (Recall that Lowest, is the DFS number of v itself.)
Also, for each child u of v, v maintains the parameters (Lowest(u),
Highest (u)), where Highest(u) equals Highest, of the vertex u, and
Lowest (u) equals Lowest; of u.

The DFS procedure proceeds by forwarding a token that represents the
“center of activity” along network edges. Transmission of a token is
performed by sending a VISIT(p) message, where p is the highest DFS
number in the sub-tree rooted at the vertex which sends the token.
Returning a token is performed by sending a RETREAT(q) message,
where g is the highest DFS number in the sub-tree rooted at the vertex
which returns the token.

QOutput variables:
* Lowest;: DFS (pre-order) number of v in the DFS of level i, for
O0<i<k.
* Lowest {w): the Lowest; of a neighbor w, for 0 <i < k.

* Highest;: the maximal DFS number assigned to a vertex in the
sub-tree rooted at v, for 0 < i < k.

® Highest(w): the Highest, of a neighbor w, for 0 <i < k.

Local variables:

* Unuisited;: the set of unvisited children in level i, for 0 <i < k.
Initially, Unvisited; = Children,.

Procepure DFS,; /* subprocedure of procedure DFS-Numbering; * /.
if Unvisited; # < then do:
pick u € Unuisited ; delete u from Unvisited ;
Lowest (u) == Highest, + 1,
send VISIT,( Highest,) to u;
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else if Parent; # nil then send RETREAT/(Highest,) to Parent,;
end if
end procedure

ProcepURE DFS-Numbering; (for a vertex self ).
upon triggering the procedure (at the root):
Lowest; == 1;
Highest, == 1,
trigger Procedure DFS;;
upon receiving VISIT,(p) from u:
Lowest; =p + 1,
Highest, = p + 1;
trigger Procedure DFS;;
upon receiving RETREAT( p) from u:
Highest (u) = p;
Highest, := p;
trigger Procedure DFS;;
end procedure

6.5. Post-Update Procedure

The goal of Procedure Post-Update is to compute the posts of every
vertex. At the outset, all the vertices in P, know their post; it is simply
their original name. Now, whenever an i-pivot (i.e., a vertex which is a
pivot of level i but not of level [ + 1) learns about its posts for levels
j > i, it has to pass this information on to all the /-level pivots in its zone
Z,, for all 1 </ < i. For that purpose, it broadcasts its posts over its ITR
tree of level /. Then the /-level pivots in that zone broadcast their new post
over their zones, etc., until all the vertices in the network know their posts.

In the code below, the message POST(/,q;,...,q,) is interpreted as
saying that g, is a j-pivot, and its i-post at level i is g;, for j </ < k.

Output variables:

* posts: the new posts of a vertex v; it is a sequence (j, 1, g, 1, - .., i)
where v is a j-pivot.

PROCEDURE Post-Update (for a vertex self ).
upon triggering the procedure: (for v € P)
posts = (k, self);
for each vertex z in Children,
send message POST(k, self) to z;
upon receiving POST(j, g, ..., q;) from w = Parent;:
for each vertex z in Children,
send message POST(j, g;,...,q,) to z;
if p;_, = self then
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set posts = (j — 1, self,q;,...,q,);
ifj — 1 > 0 then
for/[-=1to j — 1 do:
for each vertex z in Children,
send message POST(/, self,..., self, q;,...,q;) to z,
where self appears j — [ times;
end for
end if

end procedure

6.6. Complexity of the Algorithm

It takes dk log n bits at a vertex with degree d to maintain p,, Parent,,
Children,, and posts. It takes km log n = kn'/* log n bits to maintain each
of the lists List; and New;. The memory requirements at a single vertex
are thus upper-bounded by O(k log n(d + n'/*)) bits, summing up to
O(kn'*Y* log n) bits over the entire network.
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