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Djjorphudwlrq dqg Wudgh Uhylvlwhg�

Jldqpdufr Rwwdyldqr|dqg Mdftxhv0Iudqêrlv Wklvvh}

54 Dsulo 4<<<

Devwudfw

Wkh sxusrvh ri wklv sdshu lv wzrirog1 Iluvw/ zh suhvhqw dq dowhuqd0

wlyh prgho ri djjorphudwlrq dqg wudgh wkdw glvsod|v wkh pdlq ihdwxuhv

ri wkh uhfhqw hfrqrplf jhrjudsk| olwhudwxuh zkloh doorzlqj iru wkh

ghulydwlrq ri dqdo|wlfdo uhvxowv e| phdqv ri vlpsoh dojheud1 Vhfrqg/

zh vkrz krz wklv iudphzrun fdq eh xvhg wr dgrsw d iruzdug0orrnlqj

dssurdfk wr wkh g|qdplfv ri pljudwlrq lq wkh surfhvv ri djjorphudwlrq

lqvwhdg ri wkh p|rslf Pduvkdooldq prgho xvhg vr idu lq wklv olwhudwxuh1

Nh|zrugv= djjorphudwlrq/ wudgh/ vhoi0ixo�oolqj h{shfwdwlrqv/ prqrsrolv0
wlf frpshwlwlrq1

M1H1O1 Fodvvl�fdwlrq= I45/ O46/ U461

�Zh vkrxog olnh wr wkdqn U1 Edogzlq/ J1 Gxudqwrq/ P1 Ixmlwd/ D1 Olqehfn/ N1
Plgghoiduw0Nqduyln/ W1 Prul/ G1 Slqhv/ N1 Vwdko dv zhoo dv sduwlflsdqwv wr vhplqduv dw
N|rwr Xqlyhuvlw|/ wkh Lqvwlwxwh ri Lqgxvwuldo Hfrqrplfv lq Vwrfnkrop/ FHSU HUZLW
lq Urwwhugdp/ dqg VLWH Vxpphu Zrunvkrs lq Vwdqirug iru yhu| xvhixo glvfxvvlrqv dqg
vxjjhvwlrqv1 Wkh xvxdo glvfodlphu dssolhv1 Wkh �uvw dxwkru lv judwhixo wr wkh Hxurshdq
Frpplvvlrq iru �qdqfldo vxssruw wkurxjk wkh WPU surjudpph dqg wkh vhfrqg dxwkru wr
wkh Irqgv qdwlrqdo gh od uhfkhufkh vflhqwl�txh +Ehojlxp, iru ixqglqj1

|Xqlyhuvlwd ghjol Vwxgl gl Erorjqd/ FRUH/ Xqlyhuvlwì fdwkroltxh gh Orxydlq/ dqg
FHSU1

}FRUH/ Xqlyhuvlwì fdwkroltxh gh Orxydlq/ FHUDV/ Hfroh qdwlrqdoh ghv srqwv hw
fkdxvvìhv/ dqg FHSU1
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4 Lqwurgxfwlrq

Wkh djjorphudwlrq ri dfwlylwlhv lq d ihz orfdwlrqv lv suredeo| wkh prvw glv0
wlqfwlyh ihdwxuh ri wkh hfrqrplf vsdfh1 Ghvslwh vrph ydoxdeoh hduo| frqwulex0
wlrqv pdgh e| Kluvfkpdq/ Shuurx{ ru P|ugdo/ wklv idfw uhpdlqhg xqh{sodlqhg
e| pdlqvwuhdp hfrqrplf wkhru| iru d orqj wlph1 Lw lv rqo| uhfhqwo| wkdw hfrqr0
plvwv kdyh ehfrph deoh wr surylgh dq dqdo|wlfdo iudphzrun h{sodlqlqj wkh
hphujhqfh ri hfrqrplf djjorphudwlrqv lq dq rwkhuzlvh krprjhqhrxv vsdfh1
Dv dujxhg e| Nuxjpdq +4<<8,/ wklv lv suredeo| ehfdxvh hfrqrplvwv odfnhg
d prgho hpeudflqj erwk lqfuhdvlqj uhwxuqv dqg lpshuihfw frpshwlwlrq/ wkh
wzr edvlf lqjuhglhqwv ri wkh irupdwlrq ri wkh hfrqrplf vsdfh/ dv vkrzq e|
wkh slrqhhulqj zrun ri Krwhoolqj +4<5<,/ Oùvfk +4<73, dqg Nrrspdqv +4<8:,1

Krzhyhu/ hyhq wkrxjk vhyhudo prgholqj vwudwhjlhv duh dydlodeoh wr vwxg|
wkh hphujhqfh ri hfrqrplf djjorphudwlrqv/ wkhlu srwhqwldo kdv qrw ehhq uhdoo|
h{soruhg dv uhfrjql}hg e| Nuxjpdq +4<<;/ s1497, klpvhoi=

Wr gdwh/ wkh qhz hfrqrplf jhrjudsk| kdv ghshqghg khdylo| rq wkh

wulfnv vxppdul}hg lq Ixmlwd/ Nuxjpdq dqg Yhqdeohv +4<<<, zlwk wkh

vorjdq �Gl{lw0Vwljolw}/ lfhehujv/ hyroxwlrq/ dqg wkh frpsxwhu�

Wkh pdlq wrro xvhg lq hfrqrplf jhrjudsk| lv d sduwlfxodu yhuvlrq ri wkh
Fkdpehuolqldq prgho ri prqrsrolvwlf frpshwlwlrq ghyhorshg e| Gl{lw dqg
Vwljolw} +4<::, lq zklfk frqvxphuv oryh ydulhw| dqg �upv kdyh �{hg uhtxluh0
phqwv iru olplwhg surgxfwlyh uhvrxufhv1 Ehfdxvh xwlolw| lv ghvfulehg e| d
frqvwdqw hodvwlflw| ri vxevwlwxwlrq +FHV, ixqfwlrq dqg ehfdxvh hdfk �up lv
qhjoljleoh/ wkh ghpdqg iru dq| vshfl�f ydulhw| kdv lwvhoi d frqvwdqw hodvwlflw|1
Vhfrqg/ wudqvsruwdwlrq lv prghohg dv d frvwo| dfwlylw| wkdw xvhv wkh wudqv0
sruwhg jrrg lwvhoi1 Lq rwkhu zrugv/ d fhuwdlq iudfwlrq ri wkh jrrg phowv rq wkh
zd|1 Wklv lv qrw lqqrfxrxv lq wkdw lw lpsolhv wkdw dq| lqfuhdvh lq wkh sulfh
lv dffrpsdqlhg zlwk d sursruwlrqdo lqfuhdvh lq wudqvsruw frvw/ zklfk vhhpv
erwk xquhdolvwlf dqg xqghvludeoh1 Wkh xvh ri erwk FHV ixqfwlrq dqg lfhehuj
frvw ohdgv wr d frqyhqlhqw vhwwlqj lq zklfk ghpdqgv kdyh d frqvwdqw hodvwlflw|1
Krzhyhu/ vxfk d uhvxow frq lfwv zlwk uhvhdufk lq vsdwldo frpshwlwlrq zkhuh
lw lv vkrzq wkdw ghpdqg hodvwlflw| ydulhv zlwk glvwdqfh1 Wklug/ wkh vwdelolw|
dqdo|vlv xvhg wr vhohfw vsdwldo htxloleuld uhvwv rq dg krf dgmxvwphqw surfhvvhv
lq zklfk wkh orfdwlrq ri surgxfwlrq idfwruv lv gulyhq e| gl�huhqfhv lq fxuuhqw
uhwxuqv1 Ghvslwh vrph vxshu�fldo dqdorj| zlwk hyroxwlrqdu| jdph wkhru|/
wklv dssurdfk qhjohfwv wkh uroh ri h{shfwdwlrqv/ wkxv sodflqj lwvhoi rxwvlgh
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pdlqvwuhdp hfrqrplfv +Nuxjpdq/ 4<<4d> Pdwvx|dpd/ 4<<4,14 Lq dgglwlrq/
ehfdxvh orfdwlrqdo ghflvlrqv duh riwhq pdgh rqfh0dqg0iru0doo/ ixwxuh  rzv ri
hduqlqjv vkrxog dovr eh wdnhq lqwr dffrxqw1 Odvw/ dowkrxjk prghov duh edvhg
rq yhu| vshfl�f dvvxpswlrqv/ wkh| duh riwhq eh|rqg wkh uhdfk ri dqdo|wlfdo
uhvroxwlrq vr wkdw dxwkruv kdyh wr dsshdo wr qxphulfdo lqyhvwljdwlrqv15

Wkh sxusrvh ri wklv sdshu lv wr sursrvh dq dowhuqdwlyh vhwwlqj zklfk do0
orzv rqh wr jr eh|rqg wkh olplwv deryh1 Lq sduwlfxodu/ zh suhvhqw d prgho
ri djjorphudwlrq dqg wudgh wkdw glvsod|v wkh pdlq ihdwxuhv ri wkh zrun ri
Nuxjpdq +4<<4e,/ zkloh ehlqj vx!flhqwo| wudfwdeoh wr eh vroyhg e| phdqv
ri dqdo|wlfdo wrrov1 Pruhryhu/ wkh prgho zloo eh vkrzq wr shuplw d ixoo0
 hgjhg iruzdug orrnlqj dqdo|vlv ri wkh uroh ri klvwru| dqg h{shfwdwlrqv lq
wkh hphujhqfh ri hfrqrplf foxvwhuv1

Wr wklv hqg/ zh frqvlghu d srsxodu prgho/ dovr xvhg lq lqgxvwuldo rujd0
ql}dwlrq +Gl{lw/ 4<:<> Ylyhv/ 4<<3, dqg lqwhuqdwlrqdo wudgh +Dqghuvrq hw do1/
4<<8> Nuxjpdq dqg Yhqdeohv/ 4<<3, dv zhoo dv lq ghpdqg dqdo|vlv +Skolsv/
4<;6,/ wkdw lv/ wkh txdgudwlf xwlolw| prgho1 Lw lv zhoo nqrzq wkdw wklv prgho
doorzv rqh wr fdswxuh lq d qhdw zd| wkh lghd ri surgxfw gl�huhqwldwlrq lq
lpshuihfw pdunhwv1

Rxu prgho lv yhu| pxfk lq wkh wudglwlrq ri wkh qhz hfrqrplf jhrjud0
sk|1 Krzhyhu lw gl�huv iurp wkh h{lvwlqj olwhudwxuh lq vhyhudo pdmru uhvshfwv1
Iluvw/ wkh ixqfwlrqdo irup xvhg iru wkh xwlolw| lv qrw wkh vdph dv wkdw xvhg
e| Nuxjpdq dqg rwkhuv/ wkrxjk lw dovr hqfdsvxodwhv d suhihuhqfh iru ydul0
hw|1 Wklv vkrzv wkdw wkh pdlq whqghqflhv wrzdug djjorphudwlrq duh urexvw
djdlqvw dowhuqdwlyh vshfl�fdwlrqv ri ghpdqg/ vr wkdw rxu uhvxowv vwuhqjwkhq
wkh h{lvwlqj olwhudwxuh zklfk qr orqjhu ghshqgv rq d sduwlfxodu vshfl�fdwlrq
ri suhihuhqfhv1 Vhfrqg/ forvhg dqdo|wlfdo vroxwlrqv duh rewdlqhg1 Wklv phdqv
wkdw zh gr qrw kdyh wr dsshdo wr qxphulfdo uhvroxwlrq dqg wklv jlyhv pruh
urexvwqhvv wr wkh uhvxowv1 Wklug/ vlqfh hdfk sdudphwhu ri wkh ixqfwlrqv zh
xvh kdv d xqltxh phdqlqj lq htxloleulxp/ rxu prgho ohdgv wr fohdu0fxw frp0
sdudwlyh vwdwlf uhvxowv dqg lv olnho| wr eh hdvlhu wr whvw wkdq wkrvh edvhg rq
Gl{lw0Vwljolw}1 Irxuwk/ rxu prgho doorzv iru dv|pphwu| ehwzhhq rzq sulfh
dqg furvv sulfh h�hfwv1 Lq sduwlfxodu/ wkh sulfh hodvwlflw| lv qr orqjhu htxdo
wr wkh hodvwlflw| ri vxevwlwxwlrq dqg erwk pd| ydu| zlwk sulfhv1 Iliwk/ wudqv0
sruwdwlrq lv prghohg dv d frvwo| dfwlylw| wkdw xvhv rwkhu uhvrxufhv wkdq wkh

4Vhh/ krzhyhu/ Rwwdyldqr +4<<<, iru wkh dqdo|vlv ri d vshfldo fdvh1
5Wkh prvw wkdw fdq eh rewdlqhg zlwklq wklv iudphzrun zlwkrxw uhvruwlqj wr qxphulfdo

vroxwlrqv kdv ehhq suredeo| dfklhyhg e| Sxjd +4<<<,1
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wudqvsruwhg jrrg lwvhoi1 Wklv lv d pruh qdwxudo dssurdfk wkdq xvlqj wkh lfh0
ehuj wudqvsruw frvw dqg lv lq dffrugdqfh zlwk zkdw kdv dffrpsolvkhg lq
vsdwldo sulflqj wkhru|1 Odvw/ wkh htxloleulxp frqfhsw xvhg lv eurdghu wkdq
wkdw hpsor|hg e| Gl{lw dqg Vwljolw} lq wkdw lw djuhhv zlwk Fkdpehuolq zkloh
|lhoglqj sulfhv ghshqglqj rq doo wkh ixqgdphqwdov ri wkh pdunhw +vhh dovr
Vshqfh/ 4<:9/ iru d uhodwhg dssurdfk,1 Wklv shuplwv d pruh ghwdlohg dqdo|vlv
ri wkh irufhv dw zrun dv zhoo dv pruh h{solflw frqqhfwlrqv wr wkh lqgxvwuldo
rujdql}dwlrq olwhudwxuh1 Lq wkh vdph vslulw/ vlqfh hdfk sdudphwhu ri rxu prgho
kdv d xqlyrfdo phdqlqj/ lw lv olnho| wr eh hdvlhu wr whvw wkdq prghov edvhg rq
Gl{lw0Vwljolw}1

Ilqdoo|/ rxu prgho doorzv xv wr ghwhuplqh wkh h{dfw grpdlq iru zklfk
h{shfwdwlrqv pdwwhu iru djjorphudwlrq wr dulvh1 Vshfl�fdoo|/ zh vkrz wkdw
h{shfwdwlrqv lq xhqfh wkh djjorphudwlrq surfhvv lq d wrwdoo| xqvxvshfwhg zd|
lq wkdw wkh| kdyh dq lq xhqfh rq wkh hphujhqfh ri d sduwlfxodu djjorphudwlrq
iru lqwhuphgldwh ydoxhv ri wkh wudqvsruw frvw rqo|1 Iru vxfk ydoxhv/ dqg rqo|
iru wkhp/ li +iru zkdwhyhu uhdvrq, zrunhuv h{shfw wkh odjjlqj uhjlrq wr ehfrph
wkh ohdglqj rqh/ wkhlu h{shfwdwlrqv zloo uhyhuvh wkh g|qdplfv ri wkh hfrqrp|
surylghg wkdw wkh gl�huhqfh lq lqlwldo hqgrzphqwv ehwzhhq wkh wzr uhjlrqv lv
qrw wrr odujh1

Lq ylhz ri wklv glvfxvvlrq/ lw vhhpv idlu/ wkhuhiruh/ wr fodlp wkdw rxu prgho
pd| eh frqvlghuhg dv dq dowhuqdwlyh wr wkh cGl{lw0Vwljolw}/ lfhehuj/ hyroxwlrq/
dqg wkh frpsxwhu* iudphzrun zklfk kdv vhuyhg dv wkh pdlq wrro0er{ lq hfr0
qrplf jhrjudsk|1

Wkh rujdql}dwlrq ri wkh sdshu uh hfwv zkdw zh kdyh vdlg lq wkh iruhjrlqj1
Wkh prgho lv suhvhqwhg lq wkh qh{w vhfwlrq zkloh wkh htxloleulxp sulfhv duh
ghwhuplqhg lq Vhfwlrq 61 Wkh fruuhvsrqglqj surfhvv ri djjorphudwlrq lv
dqdo|}hg lq Vhfwlrq 7 e| xvlqj wkh Pduvkdooldq dssurdfk lq wkh vwdelolw|
dqdo|vlv1 Lq Vhfwlrq 8/ zh vkrz krz rxu prgho fdq eh xvhg wr frpsduh
klvwru| dqg h{shfwdwlrqv lq wkh hphujhqfh ri dq djjorphudwlrq1 Vhfwlrq 9
frqfoxghv1

5 Wkh prgho

Wkh hfrqrplf vsdfh lv pdgh ri wzr uhjlrqv/ fdoohg M dqg 8 1 Wkhuh duh wzr
idfwruv/ fdoohg � dqg u1 Idfwru � lv hyhqo| glvwulexwhg dfurvv uhjlrqv dqg
lv vsdwldoo| lppreloh1 Idfwru u lv shuihfwo| preloh ehwzhhq wkh wzr uhjlrqv
dqg b 5 dfc �o ghqrwhv wkh vkduh ri wklv idfwru orfdwhg lq uhjlrq M1 Iru
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h{srvlwlrqdo sxusrvhv/ zh uhihu wr wkh krprjhqhrxv jrrg vhfwru dv cdjulfxo0
wxuh* dqg wkh gl�huhqwldwhg surgxfw vhfwru dv cpdqxidfwxulqj*1 Dffruglqjo|/
zh fdoo ciduphuv* wkh lppreloh idfwru � dqg czrunhuv* wkh preloh idfwru u1
Zh zdqw wr vwuhvv/ krzhyhu/ wkdw wkh uroh ri idfwru � lv wr fdswxuh wkh lghd
wkdw vrph lqsxwv +vxfk dv odqg ru vrph vhuylfhv, duh qrqwudgdeoh zkloh vrph
rwkhuv kdyh d yhu| orz vsdwldo prelolw| +vxfk dv orz0vnloohg zrunhuv,1 Khqfh
rxu prgho/ dv Nuxjpdq*v rqh/ vkrxog qrw qhfhvvdulo| eh lqwhusuhwhg dv dq
djulfxowxuh0rulhqwhg prgho1

Wkhuh duh wzr jrrgv lq wkh hfrqrp|1 Wkh �uvw jrrg lv krprjhqhrxv1
Frqvxphuv kdyh d srvlwlyh lqlwldo hqgrzphqw ri wklv jrrg6 zklfk lv dovr
surgxfhg xvlqj idfwru � dv wkh rqo| lqsxw xqghu frqvwdqw uhwxuqv wr vfdoh
dqg shuihfw frpshwlwlrq1 Wklv jrrg fdq eh wudghg iuhho| ehwzhhq uhjlrqv dqg
lv fkrvhq dv wkh qxpìudluh1 Wkh rwkhu jrrg lv d krul}rqwdoo| gl�huhqwldwhg
surgxfw zklfk lv surgxfhg xvlqj u dv wkh rqo| lqsxw xqghu lqfuhdvlqj uhwxuqv
wr vfdoh dqg lpshuihfw frpshwlwlrq1

Dv lq prvw hfrqrplf jhrjudsk| prghov/ hdfk �up lq wkh pdqxidfwxulqj
vhfwru kdv d qhjoljleoh lpsdfw rq wkh pdunhw rxwfrph lq wkh vhqvh wkdw lw fdq
ljqruh lwv lq xhqfh rq/ dqg khqfh uhdfwlrqv iurp/ rwkhu �upv1 Wr wklv hqg/
zh dvvxph wkdw wkhuh lv d frqwlqxxp � ri srwhqwldo �upv1 Lq dgglwlrq/ vlqfh
hdfk �up vhoov d gl�huhqwldwhg ydulhw|/ lw idfhv d grzqzdug vorslqj ghpdqg/
vr wkdw doo wkh xqnqrzqv duh ghvfulehg e| ghqvlw| ixqfwlrqv17 Wkhuh duh
qr vfrsh hfrqrplhv vr wkdw/ gxh wr lqfuhdvlqj uhwxuqv wr vfdoh/ wkhuh lv d
rqh0wr0rqh uhodwlrqvkls ehwzhhq �upv dqg ydulhwlhv1

Hdfk ydulhw| fdq eh wudghg dw d srvlwlyh frvw ri � xqlwv ri wkh qxpìudluh iru
hdfk xqlw wudqvsruwhg iurp rqh uhjlrq wr wkh rwkhu/ uhjdugohvv ri wkh ydulhw|/
zkhuh � dffrxqwv iru doo wkh lpshglphqwv wr wudgh1 Wklv lv d vljql�fdqw
ghsduwxuh iurp Nuxjpdq*v dqdo|vlv lq wkdw wklv vshfl�fdwlrq doorzv iru d
vwudljkwiruzdug frqqhfwlrq ehwzhhq hfrqrplf jhrjudsk| dqg vsdwldo sulflqj
dqg orfdwlrq wkhrulhv1

Suhihuhqfhv duh lghqwlfdo dfurvv lqglylgxdov dqg ghvfulehg e| wkh iroorzlqj

6Wklv lv gl�huhqw iurp wkh dvvxpswlrq pdgh lq vwdqgdug prghov ri hfrqrplf jhrjudsk|

zkhuh frqvxphuv kdyh d srvlwlyh hqgrzphqw lq oderu rqo|1 Lw lpsolhv wkdw lqfrph htxdov

zdjh1 Zh zloo vhh ehorz zk| zh ghsduw khuh iurp wklv dvvxpswlrq1
7Vr rxu prgho/ dv wkh frqwlqxxp yhuvlrq ri wkh Gl{lw0Vwljolw} prgho xvhg e| Ixmlwd/

Nuxjpdq dqg Yhqdeohv +4<<<,/ lv yhu| pxfk lq wkh vdph vslulw dv pdlqvwuhdp xuedq

hfrqrplfv zkhuh txdqwlwlhv dqg sulfhv duh dovr h{suhvvhg e| ghqvlw| ixqfwlrqv +vhh/ h1j1

Ixmlwd/ 4<;<,1
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txdvl0olqhdu xwlolw| ixqfwlrq zklfk lv vxssrvhg wr eh v|pphwulf lq doo ydulhwlhv=

LE^f( ^E��c � 5 dfc� o� ' k
]
�

f

^E��_��
�

2
q
]
�

f

^E��2_� +4,

��
]
�

f

]
�

f

^E��^E��_�_� n ^f

zkhuh ^E�� lv wkh txdqwlw| ri ydulhw| � 5 dfc � o dqg ^f wkh txdqwlw| ri wkh
qxpìudluh1 Wkh sdudphwhuv lq +4, duh vxfk wkdw k : f dqg q � � : f1 Lq
wklv h{suhvvlrq/ k lv d phdvxuh ri wkh vl}h ri wkh pdunhw +vlqfh lw h{suhvvhv wkh
lqwhqvlw| ri suhihuhqfhv iru wkh gl�huhqwldwhg surgxfw,/ zkhuhdv d odujh ydoxh
iru q phdqv wkdw wkh uhsuhvhqwdwlyh frqvxphu lv eldvhg wrzdug d glvshuvhg
frqvxpswlrq ri ydulhwlhv/ wkxv uh hfwlqj d oryh iru ydulhw|18 Iru d jlyhq ydoxh
ri q/ wkh sdudphwhu � h{suhvvhv wkh vxevwlwxwdelolw| ehwzhhq ydulhwlhv= wkh
kljkhu �/ wkh forvhu vxevwlwxwhv wkh ydulhwlhv1 Ilqdoo|/ zh dvvxph wkdw wkh
lqlwldo hqgrzphqw ^ lq wkh qxpìudluh lv odujh hqrxjk iru wkh frqvxpswlrq ri
wkh qxpìudluh wr eh vwulfwo| srvlwlyh dw wkh pdunhw dqg rswlpdo vroxwlrqv1

Lq Rwwdyldqr dqg Wklvvh +4<<<,/ zh lghqwli| d vlpsoh frqglwlrq rq wkh
sdudphwhuv ri +4, iru rxu uhsuhvhqwdwlyh frqvxphu wr kdyh d wdvwh iru ydulhw|=

q : 2� +5,

Lq rwkhu zrugv/ wkh txdgudwlf xwlolw| ixqfwlrq h{klelwv d suhihuhqfh iru ydulhw|
zkhq wkh surgxfw lv gl�huhqwldwhg hqrxjk1 Fohduo|/ wkh vpdoohu lv � dqg2ru
wkh odujhu lv q/ wkh vwurqjhu lv wkh suhihuhqfh iru ydulhw|1

Dq| lqglylgxdo lv hqgrzhg zlwk rqh xqlw ri oderu +ri w|sh � ru u, dqg
^
f
: f xqlwv ri wkh qxpìudluh1 Klv exgjhw frqvwudlqw fdq wkhq eh zulwwhq dv

iroorzv= ]
�

f

RE��^E��_�n ^f ' + n ^
f

zkhuh + lv wkh lqglylgxdo*v oderu lqfrph/ RE�� lv wkh sulfh ri ydulhw| � zkloh wkh
sulfh ri wkh djulfxowxudo jrrg lv qrupdol}hg wr rqh1 Wkh lqlwldo hqgrzphqw ^

f

lv vxssrvhg wr eh odujh hqrxjk iru wkh rswlpdo frqvxpswlrq ri wkh qxpìudluh
wr eh vwulfwo| srvlwlyh iru hdfk lqglylgxdo uhjdugohvv ri klv oderu lqfrph1

8Wkh lqwxlwlrq ehklqg wklv lqwhusuhwdwlrq lv yhu| vlplodu wr wkh wkh rqh wkdw vwdqgv
ehklqg wkh Khu�qgdko lqgh{ xvhg wr phdvxuh lqgxvwuldo frqfhqwudwlrq1 Frqwuroolqj iru wkh

wrwdo dprxqw ri wkh gl�huhqwldwhg jrrg frqvxpswlrq/ wkh devroxwh ydoxh ri wkh txdgudwlf

whup lq +4, lqfuhdvhv zlwk frqfhqwudwlrq ri frqvxpswlrq rq ihz ydulhwlhv/ wkxv ghfuhdvlqj
xwlolw|1

9



Vroylqj wkh exgjhw frqvwudlqw iru wkh qxpìudluh frqvxpswlrq/ soxjjlqj
wkh fruuhvsrqglqj h{suhvvlrq lqwr +4, dqg vroylqj wkh �uvw rughu frqglwlrqv
zlwk uhvshfw wr ^E�� |lhogv

k� q^E��� �
]
�

f

^E��_� ' RE��c � 5 dfc � o

Iru wkhvh htxdwlrqv wr kdyh d vroxwlrq lq wkh ^E��*v/ lw pxvw eh wkdw q 9' �1
Li vr/ wkh ghpdqgv iru ydulhw| � 5 dfc � o lv=

^E�� ' @� KRE�� n S
]
�

f

dRE��� RE��o_� +6,

zkhuh @ � k*Eq n���/ K � �*Eq n��� dqg S � �*qEq n���1
Dv xvxdo/ wkh sdudphwhu S uhsuhvhqwv wkh ghjuhh ri surgxfw gl�huhqwldwlrq

dprqj ydulhwlhv= wkh| duh lqghshqghqw zkhq S ' f dqg shuihfw vxevwlwxwhv
zkhq S ' K1 Lq rwkhu zrugv/ lqfuhdvlqj wkh ghjuhh ri surgxfw gl�huhqwldwlrq
dprqj d jlyhq vhw ri ydulhwlhv dprxqwv wr ghfuhdvlqj S1 Krzhyhu/ dvvxplqj
wkdw doo sulfhv duh lghqwlfdo dqg htxdo wr R/ zh vhh wkdw wkh djjuhjdwh ghpdqg
iru wkh gl�huhqwldwhg surgxfw htxdov �@ � KR� zklfk lv lqghshqghqw ri S1
Khqfh +6, kdv wkh ghvludeoh surshuw| wkdw wkh pdunhw vl}h lq wkh lqgxvwu| grhv
qrw fkdqjh zkhq wkh vxevwlwxwdelolw| sdudphwhu S ydulhv1 Pruh jhqhudoo|/
lw lv srvvleoh wr ghfuhdvh +lqfuhdvh, S wkurxjk d ghfuhdvh +lqfuhdvh, lq wkh
sdudphwhu � lq wkh xwlolw| L zkloh nhhslqj wkh rwkhu vwuxfwxudo sdudphwhuv
@ dqg K ri wkh ghpdqg v|vwhp xqfkdqjhg1 Wkh rzq sulfh h�hfw lv vwurqjhu
+dv phdvxuhg e| K n S�, wkdq hdfk furvv sulfh h�hfw +dv phdvxuhg e| S,
dv zhoo dv wkh vxp ri doo furvv sulfh h�hfwv +S�,/ wkxv doorzlqj iru gl�huhqw
hodvwlflwlhv ri vxevwlwxwlrq ehwzhhq sdluv ri ydulhwlhv dv zhoo dv iru gl�huhqw
rzq hodvwlflwlhv dw gl�huhqw sulfhv1 Ilqdoo|/ wkh frqglwlrq +5, ehfrphv K : 2S1

Wkh lqgluhfw xwlolw| fruuhvsrqglqj wr wkh ghpdqg v|vwhp +6, lv dv iroorzv=

T E+( RE��c � 5 dfc� o� ' �@
]
�

f

RE��_�n
Kn S�

2

]
�

f

dRE��o2_� +7,

�S
]
�

f

]
�

f

RE��RE��_�_� n + n ^
f

Zkloh Nuxjpdq +4<<4e, dqg rwkhuv gh�qh d Free0Grxjodv suhihuhqfh rq
wkh krprjhqhrxv dqg gl�huhqwldwhg jrrgv zlwk FHV vxexwlolw|/ zh dvvxph lq0
vwhdg d txdvl0olqhdu suhihuhqfh zlwk d txdgudwlf vxexwlolw|19 Wklv gl�huhqfh lq

9D vlplodu dvvxpswlrq lv pdgh e| Vshqfh +4<:9, lq vwxg|lqj prqrsrolvwlf frpshwlwlrq1

:



suhihuhqfhv h{sodlqv zk| zh pdnh d gl�huhqw dvvxpswlrq derxw lqglylgxdov*
lqlwldo hqgrzphqwv1 Lq Nuxjpdq/ d srvlwlyh hqgrzphqw lq d jrrg gl�huhqw
iurp oderu zrxog lpso| dq lqfrph kljkhu wkdq zdjh/ wkxv |lhoglqj d pxfk
pruh frpsoh{ iudphzrun1 E| frqwudvw/ khuh d srvlwlyh hqgrzphqw lv dv0
vxphg lq rughu iru hdfk lqglylgxdo wr eh deoh wr frqvxph dw wkh pd{lpxp ri
klv txdgudwlf vxexwlolw|1 Revhuyh dovr wkdw erwk xwlolwlhv fruuhvsrqg wr wzr
udwkhu h{wuhph fdvhv= wkh iruphu dvvxphv d xqlw hodvwlflw| ri vxevwlwxwlrq/
wkh odwwhu dq lq�qlwh hodvwlflw| ehwzhhq wkh gl�huhqwldwhg surgxfw dqg wkh
qxpìudluh1 Ilqdoo|/ vlqfh wkh pdujlqdo xwlolw| ri wkh qxpìudluh lv frqvwdqw
dqg htxdo dfurvv doo frqvxphuv/ rxu prgho fdq eh xvhg lq zhoiduh frpsdu0
lvrqv dqg lv nqrzq qrw wr jhqhudwh dq| shuyhuvh h�hfw zkhq lw lv fdvw lqwr d
jhqhudo htxloleulxp iudphzrun1 Wkrxjk wklv prgho kdv frqvlghudeoh phulwv/
zh pxvw dfnqrzohgjh wkh idfw wkdw lw kdv d vwurqj sduwldo htxloleulxp  dyru
wr wkh h{whqw wkdw lw holplqdwhv lqfrph h�hfwv1

Whfkqrorj| lq djulfxowxuh uhtxluhv rqh xqlw ri � lq rughu wr surgxfh rqh
xqlw ri rxwsxw1 Zlwk iuhh wudgh lq djulfxowxuh/ wkh fkrlfh ri wklv jrrg dv wkh
qxpìudluh lpsolhv wkdw lq htxloleulxp wkh zdjh ri wkh iduphuv lv htxdo wr rqh
lq erwk uhjlrqv/ wkdw lv/ �M

�
' �8

�
' �1 Whfkqrorj| lq pdqxidfwxulqj uhtxluhv

� xqlwv ri u lq rughu wr surgxfh dq| dprxqw ri d ydulhw|/ l1h1 wkh pdujlqdo frvw
ri surgxfwlrq ri d ydulhw| lv vhw htxdo wr }hur1 Wklv vlpsoli|lqj dvvxpswlrq/
zklfk lv vwdqgdug lq pdq| prghov ri lqgxvwuldo rujdql}dwlrq/ pdnhv vhqvh
khuh xqolnh lq Gl{lw dqg Vwljolw} +4<::, ehfdxvh rxu suhihuhqfhv lpso| wkdw
�upv xvh dq devroxwh pdunxs lqvwhdg ri d uhodwlyh rqh zkhq fkrrvlqj sulfhv1

Lq wkh dqdo|vlv ehorz/ zh zloo hqfrxqwhu vhyhudo frqglwlrqv lqyroylqj wkh
sdudphwhuv K/ S dqg � 1 Wkurxjkrxw wkh sdshu/ zh zloo dvvxph wkdw wkh ohdvw
ghpdqglqj frqglwlrq uhjduglqj wkhvh wkuhh sdudphwhuv/ wkdw lv/

� � @*K +8,

lv dozd|v vdwlv�hg1 Wklv frqglwlrq pxvw krog iru d vsdwldo prqrsrolvw surgxf0
lqj dw }hur pdujlqdo frvw wr vhoo lq wkh iruhljq pdunhw/ uhjdugohvv ri zkrp
sd|v iru wkh wudqvsruw frvw1

Oderu pdunhw fohdulqj wkhq lpsolhv wkdw

?M ' bu*� +9,

dqg

?8 ' E�� b�u*� +:,

;



Frqvhtxhqwo|/ wkh wrwdo pdvv ri �upv +ydulhwlhv, lq wkh hfrqrp| lv �{hg dqg
htxdo wr � ' u*�1 Wklv phdqv wkdw/ lq htxloleulxp/ � fdq dovr eh lqwhusuhwhg
dv dq lqyhuvh phdvxuh ri wkh pdvv ri �upv1 Dv �$ f +ru u$4,/ wkh pdvv
ri ydulhwlhv ehfrphv duelwudulo| odujh1 Lq dgglwlrq/ +9, dqg +:, vkrz wkdw wkh
odujhu oderu pdunhw lv dovr wkh uhjlrq dffrpprgdwlqj wkh odujhu pdvv ri �upv1
Lq rughu wr hdvh wkh exughq ri qrwdwlrq/ zh fdq vhw u ' � e| dssursuldwho|
fkrrvlqj wkh xqlw ri u vr wkdw � ' �1

Hqwu| dqg h{lw duh iuhh vr wkdw sur�wv duh }hur lq htxloleulxp1 Khqfh/
+9, dqg +:, lpso| wkdw dq| fkdqjh lq wkh srsxodwlrq ri zrunhuv orfdwhg lq
rqh uhjlrq pxvw eh dffrpsdqlhg e| d fruuhvsrqglqj fkdqjh lq wkh pdvv ri
�upv1 E| +9, dqg +:,/ wkh ghpdqg dqg vxsso| ri zrunhuv lq hdfk uhjlrq duh
htxdo1 Dv lq Nuxjpdq +4<<4e,/ wkh fruuhvsrqglqj htxloleulxp zdjhv duh wkhq
ghwhuplqhg e| d elgglqj surfhvv ehwzhhq �upv zklfk hqgv zkhq qr �up fdq
hduq d vwulfwo| srvlwlyh sur�w dw wkh htxloleulxp pdunhw sulfhv1

E| dvvxpswlrq/ �upv frpshwh lq vhjphqwhg pdunhwv/ wkdw lv/ hdfk �up
vhwv d sulfh vshfl�f wr wkh pdunhw lq zklfk lwv surgxfw lv vrog1 Lqghhg/ hyhq
iru yhu| orz wudqvsruw frvwv/ wkhuh duh pdq| jrrg uhdvrqv wr eholhyh wkdw
�upv zloo vxffhhg dq|zd| wr vhjphqw pdunhwv +Kruq dqg Vk|/ 4<<9,/ zkloh
hpslulfdo zrun frq�upv wkh dvvxpswlrq wkdw lqwhuqdwlrqdo pdunhwv duh vwloo
yhu| vhjphqwhg +vhh/ h1j1 PfFdooxp/ 4<<8,1 Lq wkh vhtxho/ zh irfxv rq uhjlrq
M1 Wklqjv shuwdlqlqj wr uhjlrq 8 fdq eh ghulyhg e| v|pphwu|1 Xvlqj wkh
dvvxpswlrq ri v|pphwu| ehwzhhq ydulhwlhv dqg Ur|*v lghqwlw|/ ghpdqgv iru
d uhsuhvhqwdwlyh �up orfdwhg lq M dulvlqj lq uhjlrq M +^MM, dqg uhjlrq 8
+^M8 , duh jlyhq uhvshfwlyho| e|=

^MM ' @� EKn S�RMM n S�M +;,

dqg
^M8 ' @� EKn S�RM8 n S�8 +<,

zkhuh

�M � ?MR
MM n ?8R

8M

�8 � ?MR
M8 n ?8R

88

Fohduo|/ �M dqg �8 fdq eh lqwhusuhwhg dv wkh sulfh lqgh{ suhydlolqj lq uhjlrq
M dqg 8 / uhvshfwlyho|1

D uhsuhvhqwdwlyh �up lq M pd{lpl}hv lwv sur�wv gh�qhg e|=

<



�M ' RMM^MMERMM�E�*2nbu�nERM8 ���^M8 ERM8 �d�*2nE��b�uo�u�M

+43,
zkhuh �*2 vwdqgv iru wkh iduphuv* ghpdqg lq hdfk uhjlrq1

6 Vkruw0uxq sulfh htxloleuld

Lq wklv vhfwlrq/ zh vwxg| wkh surfhvv ri frpshwlwlrq ehwzhhq �upv iru d jlyhq
vsdwldo glvwulexwlrq ri zrunhuv1 Sulfhv duh rewdlqhg e| pd{lpl}lqj sur�wv
zkloh zdjhv duh ghwhuplqhg dv ghvfulehg deryh e| htxdwlqj wkh uhvxowlqj
sur�wv wr }hur1 Vlqfh zh kdyh d frqwlqxxp ri �upv/ hdfk rqh lv qhjoljleoh lq
wkh vhqvh wkdw lwv dfwlrq kdv qr lpsdfw rq wkh pdunhw1 Khqfh/ zkhq fkrrvlqj
lwv sulfhv/ d �up lq M dffxudwho| qhjohfwv wkh lpsdfw ri lwv ghflvlrq ryhu
wkh wzr sulfh lqglfhv �M dqg �8 1 Lq dgglwlrq/ ehfdxvh �upv vhoo gl�huhqwl0
dwhg ydulhwlhv/ hdfk rqh kdv vrph prqrsro| srzhu lq wkdw lw idfhv d ghpdqg
ixqfwlrq zlwk �qlwh hodvwlflw|1

Zkhq Gl{lw dqg Vwljolw} xvh wkh FHV/ wkh vdph dvvxpswlrq lpsolhv wkdw
hdfk �up lv deoh wr ghwhuplqh lwv sulfh lqghshqghqwo| ri wkh rwkhuv ehfdxvh
wkh sulfh lqgh{ hqwhuv wkh ghpdqg ixqfwlrq dv d pxowlsolfdwlyh whup1 Wklv qr
orqjhu krogv lq rxu prgho ehfdxvh wkh sulfh lqgh{ qrz hqwhuv wkh ghpdqg
ixqfwlrq dv dq dgglwlyh whup +vhh +;, dqg +<,,1 Vwdwhg gl�huhqwo|/ d �up
pxvw dffrxqw iru wkh glvwulexwlrq ri wkh �upv* sulfhv wkurxjk vrph djjuhjdwh
vwdwlvwlfv/ jlyhq khuh e| wkh sulfh lqgh{/ lq rughu wr �qg lwv htxloleulxp sulfh1
Dv d frqvhtxhqfh/ rxu pdunhw vroxwlrq lv jlyhq e| d Qdvk htxloleulxp zlwk d
frqwlqxxp ri sod|huv lq zklfk sulfhv duh lqwhughshqghqw= hdfk �up qhjohfwv
lwv lpsdfw rq wkh pdunhw exw lv dzduh wkdw wkh pdunhw dv d zkroh kdv d qrq0
qhjoljleoh lpsdfw rq lwv ehkdylru1

Rxu prgho wkxv surylghv dq dowhuqdwlyh zd| wr wdfnoh prqrsrolvwlf frpsh0
wlwlrq/ pruh dsshdolqj wkdq Gl{lw dqg Vwljolw} ehfdxvh vrph ghjuhh ri lqwhudf0
wlrq dprqj �upv lv lqyroyhg dw wkh pdunhw ohyho1 Dv d uhvxow/ wkh htxloleulxp
sulfhv zloo ghshqg rq doo wkh nh| dvshfwv ri wkh pdunhw lqvwhdg ri ehlqj jlyhq
e| d vlpsoh uhodwlyh pdun0xs uxoh1

Vlqfh sur�w ixqfwlrqv duh frqfdyh lq rzq sulfh/ vroylqj wkh �uvw rughu frq0
glwlrqv iru sur�w pd{lpl}dwlrq zlwk uhvshfw wr sulfhv |lhogv wkh htxloleulxp
sulfhv=
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R88
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+45,
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n
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+46,

R8M
(

' RMM
(

n
�

2
+47,

Xqolnh wkh +vsdwldol}hg, Gl{lw0Vwljolw} prgho/ wkh htxloleulxp sulfhv xqghu
prqrsrolvwlf frpshwlwlrq ghshqg rq wkh �up glvwulexwlrq ehwzhhq uhjlrqv1 Lq
sduwlfxodu/ erwk wkh sulfhv fkdujhg e| orfdo dqg iruhljq �upv idoo zkhq wkh
pdvv ri orfdo �upv lqfuhdvhv +ehfdxvh sulfh frpshwlwlrq lv �hufhu, exw wkh
lpsdfw lv zhdnhu zkhq � lv vpdoohu1 Lq wkh olplw/ zkhq � lv qhjoljleoh/ wkh
uhorfdwlrq ri �upv lq M/ vd|/ kdv doprvw qr lpsdfw rq pdunhw sulfhv1 Lq wklv
fdvh/ sulfhv duh clqghshqghqw* ri wkh zd| �upv duh glvwulexwhg ehwzhhq wkh
wzr uhjlrqv1

Htxloleulxp sulfhv dovr ulvh zkhq wkh vl}h ri wkh orfdo pdunhw/ hydoxdwhg
e| @/ jhwv odujhu ru zkhq wkh ghjuhh ri surgxfw gl�huhqwldwlrq/ lqyhuvho|
phdvxuhg e| S/ lqfuhdvhv surylghg wkdw +8, krogv1 Doo wkhvh uhvxowv duh lq
dffrugdqfh zlwk zkdw lv nqrzq lq lqgxvwuldo rujdql}dwlrq dqg vsdwldo sulflqj
wkhru|/ dqg duh pruh h{solflw wkdq lq wkh Gl{lw0Vwljolw} prgho1

Ixuwkhupruh/ wkhuh lv iuhljkw devruswlrq vlqfh rqo| d iudfwlrq ri wkh wudqv0
sruwdwlrq frvw lv sdvvhg rq wr wkh frqvxphuv1 Lqghhg zh kdyh=

RM8
(

� RMM
(

' �
Kn bS

2Kn S
c ���zklfk lv htxdo wr���

�

2
zkhq b ' �*2

R8M
(

� R88
(

' �
Kn E�� b�S

2Kn S
c ���zklfk lv htxdo wr���

�

2
zkhq b ' �*2

Lw lv zhoo nqrzq wkdw d prqrsrolvw idflqj d olqhdu ghpdqg devruev h{dfwo| rqh0
kdoi ri wkh wudqvsruw frvw1 Khqfh/ zh vhh wkdw prqrsrolvwlf frpshwlwlrq ohdgv
wr pruh +ohvv, iuhljkw devruswlrq wkdq prqrsro| zkhq wkh iruhljq pdunhw
lv wkh vpdoo +odujh, rqh= lq wkhlu dwwhpsw wr shqhwudwh wkh glvwdqw pdunhw/
frpshwlwlrq ohdgv �upv wr d sulfh jds wkdw ydulhv zlwk wkh uhodwlyh vl}h ri wkh
krph dqg iruhljq pdunhwv1
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E| lqvshfwlrq/ lw lv uhdglo| yhul�hg wkdw RMM

(
+R88

(
, lv lqfuhdvlqj lq � eh0

fdxvh wkh orfdo �upv lqM +8 , duh pruh surwhfwhg djdlqvw iruhljq frpshwlwlrq
zkloh RM8

(
� � +R8M

(
� �, lv ghfuhdvlqj ehfdxvh lw lv qrz pruh gl!fxow iru

wkhvh �upv wr vhoo rq wkh iruhljq pdunhw1 Ilqdoo|/ rxu ghpdqg vlgh kdsshqv
wr eh frqvlvwhqw zlwk lghqwlfdo ghpdqg ixqfwlrqv dw gl�huhqw orfdwlrqv exw
gl�huhqw sulfh ohyhov/ dv lq vwdqgdug vsdwldo sulflqj wkhru|1

Vxevwudfwlqj � iurp +46, dqg +47,/ zh vhh wkdw �upv* sulfhv qhw ri wudqv0
sruw frvwv duh srvlwlyh uhjdugohvv ri wkh zrunhuv* glvwulexwlrq li dqg rqo| li

� 	 �(
|o@_e

�
2@

2Kn S
+48,

Wkh vdph frqglwlrq pxvw krog iru frqvxphuv lq 8 +M, wr ex| iurp �upv
lq M +8 ,/ l1h1 iru wkh ghpdqg +<, hydoxdwhg dw wkh sulfhv +44, dqg +45,
wr eh srvlwlyh iru doo b1 Iurp qrz rq/ frqglwlrq +48, lv dvvxphg wr krog1
Frqvhtxhqwo|/ wkhuh lv lqwud0lqgxvwu| wudgh dqg uhflsurfdo gxpslqj/ dv lq
Dqghuvrq hw do1 +4<<8,1

Ilqdoo|/ orfdo vdohv ulvh zlwk � ehfdxvh ri wkh kljkhu surwhfwlrq hqmr|hg
e| wkh orfdo �upv exw h{sruwv idoo iru wkh vdph uhdvrq1

Lw lv hdv| wr fkhfn wkdw wkh htxloleulxp sur�wv hduqhg e| d �up hvwdeolvkhg
lq M rq hdfk vhsdudwhg pdunhw duh dv iroorzv=

�MM ' EKn S��ERMM

(
�2E�*2 n bu� +49,

zkhuh �MM ghqrwhv wkh sur�wv hduqhg lq M zkloh wkh sur�wv pdgh iurp
vhoolqj lq 8 duh

�M8 ' EKn S��ERM8

(
� ��2d�*2 n E�� b�uo +4:,

Lqfuhdvlqj b kdv wzr rssrvlwh h�hfwv rq �MM 1 Iluvw/ wkh htxloleulxp sulfh
+44, idoov dv zhoo dv wkh txdqwlw| ri hdfk ydulhw| erxjkw e| hdfk frqvxphu
olylqj lq uhjlrq M1 Krzhyhu/ wkh wrwdo srsxodwlrq ri frqvxphuv uhvlglqj lq
wklv uhjlrq lv qrz odujhu vr wkdw wkh sur�wv pdgh e| d �up orfdwhg lq M
rq orfdo vdohv pd| lqfuhdvh1 Zkdw lv dw zrun khuh lv d joredo ghpdqg h�hfw
gxh wr wkh lqfuhdvh lq wkh orfdo srsxodwlrq wkdw pd| frpshqvdwh �upv iru wkh
dgyhuvh sulfh h�hfw dv zhoo dv iru wkh lqglylgxdo ghpdqg h�hfw1

Wkh htxloleulxp zdjh suhydlolqj lq uhjlrq M pd| eh rewdlqhg e| hydo0
xdwlqj +�MM n �M8 �*u dw wkh htxloleulxp sulfhv exw/ xqiruwxqdwho|/ wkh
fruuhvsrqglqj h{suhvvlrq wxuqv rxw wr eh hvshfldoo| fxpehuvrph1 Iru wkh
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dqdo|vlv ghyhorshg lq vhfwlrq 8/ lw lv vx!flhqw wr vwxg| wkhlu ehkdylru lq wkh
ylflqlw| ri b ' �*21 Gl�huhqwldwlqj +49, dqg +4:, zlwk uhvshfw wr b |lhogv

_�MM

_b
mb'�*2'

EKn S�

HE2Kn S�2
Ee@n S��E2@u� S��� +4;,

dqg

_�M8

_b
mb'�*2' �

EKn S�

HE2Kn S�2
Ee@� S� � eK��E2@u� S�� � Su� � 2Ku�� +4<,

Wkh lqvshfwlrq ri +4;, dqg +4<, uhyhdov wkdw �M lv qrw qhfhvvdulo| prqrwrqlf
zlwk uhvshfw wr b ehfdxvh _�M*_b hydoxdwhg dw b ' �*2/ rewdlqhg iurp wkh
vxp ri +4;, dqg +4<,/ fkdqjhv vljq dqg lv _0vkdshg zlwk uhvshfw wr � 1 Wklv
lv vr ehfdxvh pruh zrunhuv lq M dovr phdqv pruh �upv orfdwhg lq wklv uh0
jlrq/ wkxv pdnlqj wkh �qdo lpsdfw rq wkh orfdo zdjh dpeljxrxv1 Vwdqgdug
dqdo|vlv vkrzv wkdw erwk +4;, dqg +4<, duh _0vkdshg> +4;, lv srvlwlyh iru orz
� dqg qhjdwlyh iru odujh � zkloh +4<, lv qhjdwlyh iru orz dqg kljk ydoxhv ri
� dqg srvlwlyh iru lqwhuphgldwh ydoxhv1 Dv d uhvxow/ irxu grpdlqv ri � duh wr
eh frqvlghuhg dv � ulvhv iurp }hur= +l, +4;, lv srvlwlyh dqg +4<, qhjdwlyh> +ll,
+4;, dqg +4<, duh erwk srvlwlyh> +lll, +4;, lv qhjdwlyh exw +4<, lv vwloo srvlwlyh>
dqg +ly, erwk +4;, dqg +4<, duh qhjdwlyh1 Vlqfh +4;, dqg +4<, ghvfuleh wzr
frqfdyh sduderodv/ wkh orfxv ghvfulelqj _�M*_b hydoxdwhg dw b ' �*2 lv dovr
d frqfdyh sduderod zlwk d srvlwlyh lqwhufhsw/ d vlqjoh pd{lpl}hu dulvlqj dw

�4@ '
@

eKn Sn S�*u

dqg d srvlwlyh }hur/ fruuhvsrqglqj wr wkh kljkhvw zdjh suhydlolqj dw d glv0
shuvhg htxloleulxp/ jlyhq e|

� f '
@

2Kn Sn S�*u
: �4@ 

Khqfh wkh uhorfdwlrq ri vrph zrunhuv +dqg �upv, lq uhjlrqM ghsuhvvhv wkh
orfdo zdjh zkhq � h{fhhgv � f/ wkh pruh vr wkh kljkhu � 1 Rq wkh rwkhu kdqg/
iru � orzhu wkdq � f/ pruh zrunhuv lq M lqfuhdvhv wkh orfdo zdjh1 Krzhyhu/
wkh pdujlqdo lpsdfw ri dq lqfuhdvh ri b deryh �*2 xsrq wkh htxloleulxp zdjh
uhdfkhv lwv shdn dw �4@ 1 Wklv lpsolhv wkdw vxfk d srvlwlyh lpsdfw ehfrphv
zhdnhu dqg zhdnhu dv � jhwv forvhu wr }hur1
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7 Zkhq gr zh revhuyh djjorphudwlrqB

Zh qrz dvn zkhwkhu iru d jlyhq vsdwldo glvwulexwlrq ri zrunhuv/ Ebc � � b�/
wkhuh lv dq lqfhqwlyh iru wkhp wr pljudwh dqg/ li vr/ zkdw gluhfwlrq wkh  rz
ri pljudqwv zloo wdnh1 D vsdwldo htxloleulxp dulvhv zkhq qr zrunhu pd| jhw d
kljkhu xwlolw| ohyho lq wkh rwkhu uhjlrq:=

{T Eb� � TMEb�� T8 Eb� ' f iru b 5 Efc ��

ru dw b ' f zkhq {T Ef� � f/ ru dw b ' � zkhq {T E�� � f1
Lq rughu wr vwxg| wkh vwdelolw| ri vxfk dq htxloleulxp/ zh dvvxph wkdw

orfdo oderu pdunhwv dgmxvw lqvwdqwdqhrxvo| zkhq vrph zrunhuv pryh iurp
rqh uhjlrq wr wkh rwkhu1 Pruh suhflvho|/ wkh qxpehu ri �upv lq hdfk uhjlrq
pxvw eh vxfk wkdw wkh oderu pdunhw fohdulqj frqglwlrqv +9, dqg +:, uhpdlq
ydolg iru wkh qhz glvwulexwlrq ri zrunhuv1 Zdjhv duh wkhq dgmxvwhg lq hdfk
uhjlrq iru hdfk �up wr hduq }hur sur�wv hyhu|zkhuh1 Lq rwkhu zrugv/ wkh
gulylqj irufh lq wkh pljudwlrq surfhvv lv zrunhuv* lqgluhfw xwlolw| gl�huhqwldo
ehwzhhq M dqg 8 =

�

b� _b*_| ' b{T Eb�E�� b� +53,

zkhq | lv wlph1 Fohduo|/ d orfdwlrq htxloleulxp lpsolhv
�

b' f1 Li {T Eb� lv
srvlwlyh/ vrph zrunhuv zloo pryh iurp 8 wr M> li lw lv qhjdwlyh/ vrph zloo jr
lq rssrvlwh gluhfwlrq1

Dq htxloleulxp lv vwdeoh iru +53, li/ iru dq| pdujlqdo ghyldwlrq iurp wkh
htxloleulxp/ wkh htxdwlrq ri prwlrq deryh eulqjv wkh glvwulexwlrq ri �upv
edfn wr wkh ruljlqdo rqh1 Wkhuhiruh/ wkh djjorphudwhg frq�jxudwlrq lv dozd|v
vwdeoh zkhq lw lv dq htxloleulxp zkloh wkh glvshuvhg frq�jxudwlrq lv vwdeoh li
dqg rqo| li wkh vorsh ri {T Eb� lv qhjdwlyh lq d qhljkerukrrg ri wklv srlqw1

Wkh irufhv dw zrun duh vlplodu wr wkrvh irxqg lq wkh fruh0shulskhu| prgho1
Iluvw/ wkh lpprelolw| ri wkh iduphuv lv d fhqwulixjdo irufh/ dw ohdvw dv orqj dv
wkhuh lv wudgh ehwzhhq wkh wzr uhjlrqv1 Wkh fhqwulshwdo irufh �qgv lwv ruljlq
lq d ghpdqg h�hfw jhqhudwhg e| wkh suhihuhqfh iru ydulhw|1 Li d odujhu qxpehu
ri �upv duh orfdwhg lq uhjlrq M/ wkhuh duh wzr h�hfwv dw zrun1 Iluvw/ ohvv
ydulhwlhv duh lpsruwhg1 Vhfrqg/ +44, dqg +47, lpso| wkdw wkh htxloleulxp
sulfhv ri doo ydulhwlhv vrog lq M duh orzhu1 Erwk h�hfwv jhqhudwh d kljkhu
lqgluhfw xwlolw|1 +Revhuyh wkdw wkh odwwhu h�hfw grhv qrw dsshdu lq Nuxjpdq*v
prgho,1 Wklv/ lq wxuq/ lqgxfhv vrph frqvxphuv wr pljudwh wrzdug wklv uhjlrq1

:Qrwh wkdw frpsdulqj uhdo zdjhv lv htxlydohqw wr frpsdulqj lqgluhfw xwlolw| ohyhov lq

Nuxjpdq*v prgho1
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Wkh uhvxowlqj lqfuhdvh lq wkh qxpehu ri frqvxphuv fuhdwhv d odujhu ghpdqg iru
wkh lqgxvwuldo jrrg lq wkh fruuhvsrqglqj uhjlrq/ zklfk wkhuhiruh ohdgv pruh
�upv wr orfdwh wkhuh1 Lq rwkhu zrugv/ erwk edfnzdug dqg iruzdug olqndjhv
duh suhvhqw lq rxu prgho/ wkrxjk wkh frqvwlwxwlyh h�hfwv duh vrphzkdw ulfkhu
wkdq wkrvh xqfryhuhg e| Nuxjpdq1

Wkh lqgluhfw xwlolw| gl�huhqwldo lv rewdlqhg e| soxjjlqj wkh htxloleulxp
sulfhv +44,0+47, dqg/ xvlqj +9, dqg +:,/ wkh htxloleulxp zdjhv iru wkh zrunhuv
lqwr +7,=

{T � T M � T 8 '
�EKn S�

2E2Kn S�2
Eb� �*2�i�2@EKn S� +54,

�� d2KE�Kn 2Sn S�*u� n S2E�*u� ��oj

Lw iroorzv lpphgldwho| iurp wklv h{suhvvlrq wkdw b ' �*2 lv dozd|v dq
htxloleulxp1 Iru b 9' �*2/ wkh lqgluhfw xwlolw| gl�huhqwldo kdv dozd|v wkh vdph
vljq dv b � �*2 li dqg rqo| li wkh fxuo| eudfnhwhg whup lv srvlwlyh1 Wklv lv
dozd|v wkh fdvh zkhq wkh frh!flhqw ri � lq +54, lv qrqsrvlwlyh/ wkdw lv/

�*u �
S2 � 2KE�Kn 2S�

SE2Kn S�
+55,

zklfk phdqv wkdw wkh srsxodwlrq ri zrunhuv lv uhodwlyho| odujh1 Lq wklv fdvh/
wkh dgydqwdjhv ri kdylqj d odujh krph pdunhw grplqdwh wkh glvdgydqwdjhv
lqfxuuhg zkloh vxsso|lqj d glvwdqw shulskhu| dv orqj dv � � �(

|o@_e
1

Pruh lqwhuhvwlqj lv wkh fdvh zkhq +55, grhv qrw krog vlqfh wkhq wkhuh
h{lvwv d fulwlfdo ydoxh ri � ehorz +deryh, zklfk wkh vljq ri {T lv srvlwlyh
+qhjdwlyh,=

�( �
�2@EKn S�

2KE�Kn 2Sn S�*u� n S2E�*u� ��
+56,

zklfk lv dozd|v srvlwlyh vlqfh +55, lv ylrodwhg1 Lw uhpdlqv wr ghwhuplqh zkhq
�( lv orzhu wkdq �(

|o@_e
iru wkh dqdo|vlv wr eh frqvlvwhqw1 Wklv lv vr li dqg rqo|

li

�*u :
.S2 n �eKSn SK2

SE2Kn S�
: � +57,

zklfk phdqv wkdw wkh srsxodwlrq ri iduphuv lv uhodwlyho| odujh1 Wklv frqglwlrq
lv vxssrvhg wr krog lq wkh uhvw ri wkh sdshu1

Zkhq �( h{lvwv dqg zkhq � 	 �(/ wkh v|pphwulf htxloleulxp lv xqvwdeoh
dqg zrunhuv djjorphudwh lq uhjlrq M +8 , surylghg wkdw wkh lqlwldo iudfwlrq
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ri zrunhuv uhvlglqj lq wklv uhjlrq h{fhhgv �*21 Lq rwkhu zrugv/ djjorphudwlrq
dulvhv zkhq wkh wudqvsruwdwlrq udwh lv orz hqrxjk/ dv lq Nuxjpdq +4<<4d, dqg
iru vlplodu uhdvrqv1 Dovr/ zkhq lqfuhdvlqj uhwxuqv duh vwurqjhu/ dv h{suhvvhg
e| kljkhu ydoxhv ri u ' �/ lw iroorzv iurp +56, wkdw �( ulvhv1 Wklv phdqv wkdw
wkh djjorphudwlrq ri wkh pdqxidfwxulqj vhfwru lv pruh olnho|/ wkh vwurqjhu duh
wkh lqfuhdvlqj uhwxuqv dw wkh �up*v ohyho1 Revhuyh/ �qdoo|/ wkdw �( lqfuhdvhv
zlwk surgxfw gl�huhqwldwlrq li dqg rqo| li � : u zklfk lv judqwhg e| +57,1
Lq rwkhu zrugv/ pruh surgxfw gl�huhqwldwlrq irvwhuv djjorphudwlrq1

Lq frqwudvw/ iru odujh wudqvsruw frvwv/ wkdw lv/ zkhq � : �(/ lw lv vwudljkw0
iruzdug wr vhh wkdw wkh v|pphwulf frq�jxudwlrq lv wkh rqo| vwdeoh htxloleulxp1
Zkhq �( h{lvwv/ lw fruuhvsrqgv wr erwk wkh fulwlfdo ydoxh ri � ehorz zklfk
v|pphwu| lv qr orqjhu vwdeoh +wkh euhdn srlqw, dqg wkh ydoxh ehorz zklfk
djjorphudwlrq lv vwdeoh +wkh vxvwdlq srlqw, duh lghqwlfdo> wklv iroorzv iurp wkh
idfw wkdw +54, lv olqhdu lq b1

Sursrvlwlrq 4 Dvvxph wkdw glvfulplqdwru| sulflqj suhydlov dqg wkdw � 	
�(
|o@_e

1 Wzr fdvhv pd| dulvh=
+l, Zkhq +55, krogv/ dq| vwdeoh htxloleulxp lqyroyhv djjorphudwlrq1
+ll, Zkhq +55, grhv qrw krog dqg +57, lv vdwlv�hg/ zh kdyh wkh iroorzlqj=1li

� : �(/ wkhq wkh v|pphwulf frq�jxudwlrq lv wkh rqo| vwdeoh htxloleulxp zlwk
wudgh> li � 	 �( wkhuh duh wzr vwdeoh htxloleuld fruuhvsrqglqj wr wkh djjorp0
hudwhg frq�jxudwlrqv zlwk wudgh> li � ' �( wkhuh lv d frqwlqxxp ri htxloleuld1

Zkhq �(
|o@_e

: �(/ wudgh rffxuv uhjdugohvv ri wkh w|sh ri htxloleulxp wkdw
lv vwdeoh1 Krzhyhu/ wkh qdwxuh ri wudgh ydulhv zlwk wkh w|sh ri frq�jxudwlrq
hphujlqj lq htxloleulxp1 Lq wkh glvshuvhg frq�jxudwlrq/ wkhuh lv rqo| lqwud0
lqgxvwu| wudgh lq wkh gl�huhqwldwhg surgxfw> lq wkh djjorphudwhg htxloleulxp/
wkh xuedq uhjlrq dffrpprgdwlqj wkh pdqxidfwxulqj vhfwru rqo| lpsruwv wkh
krprjhqhrxv jrrg iurp wkh uxudo uhjlrq1

Revhuyh wkdw S yhu| vpdoo lpsolhv wkdw �(
|o@_e

	 �( vr wkdw djjorphud0
wlrq dozd|v dulvhv xqghu wudgh1 Wklv lv frq�uphg e| wkh vshfldo fdvh zkhuh
ydulhwlhv duh lqghshqghqw lq frqvxphuv* suhihuhqfhv1 Lqghhg/ +48, ehfrphv
� 	 @*K zkloh � 	 �( uhgxfhv wr � 	 2@*K1 Wklv vd|v wkdw wkh lqgluhfw xwlolw|
gl�huhqwldo lv srvlwlyh iru doo dgplvvleoh ydoxhv ri � 1 Lq wklv fdvh/ zh nqrz
wkdw wkhuh lv dozd|v djjorphudwlrq lq htxloleulxp +xqohvv wkh lqlwldo ydoxh ri
b lv �*2,1
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8 Wkh lpsdfw ri zrunhuv* h{shfwdwlrqv rq wkh

djjorphudwlrq surfhvv

Wkh dgmxvwphqw surfhvv +53, lv riwhq xvhg lq hfrqrplf jhrjudsk| prghov1
\hw/ wkh xqghuo|lqj g|qdplfv lv p|rslf ehfdxvh zrunhuv fduh rqo| derxw wkhlu
fxuuhqw xwlolw| ohyho/ wkxv lpso|lqj wkdw rqo| klvwru| pdwwhuv1 Wklv vwulnhv xv
dv d suhww| qdlyh dvvxpswlrq wr wkh h{whqw wkdw pljudwlrq ghflvlrqv duh w|s0
lfdoo| pdgh rq wkh jurxqgv ri fxuuhqw dqg ixwxuh xwlolw|  rzv1 Lq dgglwlrq/
wklv dssurdfk kdv ehhq fulwlfl}hg ehfdxvh lw lv qrw frqvlvwhqw zlwk ixoo| udwlr0
qdo iruzdug0orrnlqj ehkdylru +Pdwvx|dpd/ 4<<4,1 Lq wklv vhfwlrq/ zh zdqw
wr vhh krz wkh prgho suhvhqwhg deryh fdq eh xvhg wr vkhg pruh oljkw rq wkh
lqwhusod| ehwzhhq klvwru| dqg h{shfwdwlrqv lq wkh irupdwlrq ri wkh hfrqrplf
vsdfh zkhq pljudqwv pd{lpl}h wkh lqwhuwhpsrudo ydoxh ri wkhlu xwlolw|  rzv1

Wkh hdvlhvw zd| wr gr vr lv wr dvvxph wkdw zrunhuv idfh d frvwo| lqwhuwhp0
srudo pljudwlrq ghflvlrq1 Zkhq prylqj iurp rqh uhjlrq wr wkh rwkhu/ pl0

judqwv lqfxu d xwlolw| orvv zklfk ghshqgv rq wkh udwh ri pljudwlrq
�

b ehfdxvh
d pljudqw lpsrvhv d qhjdwlyh h{whuqdolw| rq wkh rwkhuv e| frqjhvwlqj wkh
pljudwlrq surfhvv +Pxvvd/ 4<:;,1 Lq rughu wr fdswxuh wkh kdugvklsv olqnhg
wr odujh pljudwlrq  rzv/ zh iroorz Nuxjpdq +4<<4d, dqg dvvxph wkdw wkh

xwlolw| orvv iru d pljudqw lv htxdo wr
��� �b

��� *Bc zkhuh B 5 Efcn4� kdv wkh vdph

phdqlqj dv lq +53,1
Iroorzlqj Ixndr dqg Eìqderx +4<<6, dv zhoo dv Rwwdyldqr +4<<<,/ zh qrz

gh�qh wkh xwlolw| ri d zrunhu uhvlglqj lq uhjlrq M dv

�ME|� '
] A

|
e34Er3|�T MEr�_rn e34EA3|��MEA � +58,

zkhuh A lv wkh �uvw wlph zkhq doo zrunhuv duh hvwdeolvkhg lqwr d vlqjoh uhjlrq
dqg 4 wkh glvfrxqw udwh/ zkloh d vlplodu h{suhvvlrq krogv iru �8 E|�1 Khqfh wkh
prwlrq htxdwlrq +53, lv wr eh uhsodfhg e|

�

b' B{� � BE�M � �8 �

Vlqfh zrunhuv duh iuhh wr fkrrvh zkhuh wr uhvlgh dqg vlqfh wkh xwlolw| orvv

iru d pljudqw lv htxdo wr
��� �b

��� *B zkhq kh pryhv zlwk rwkhuv/ iru d zrunhu
kdylqj vhohfwhg M lw pxvw eh wkdw

�ME|� � �8 E|��
��� �b E|�

��� *B zkhuh wkh htxdolw| lv rewdlqhg zkhq
�

b E|� 	 f

+59,

4:



zkloh d vlplodu h{suhvvlrq fdq eh zulwwhq iru vrphrqh olylqj lq uhjlrq 8�
Dffruglqjo|/ �ME|�� �8 E|� vwdqgv iru wkh sulydwh ydoxh iru d zrunhu wr eh lq
M lqvwhdg ri 8 1 Lq wkh vhtxho/ zh frqvlghu wkh fdvh ri vhjphqwhg pdunhwv
rqo|/ exw rwkhu sulflqj uxohv frxog eh vlploduo| dqdo|}hg1

Dvvxplqj dq lqwhulru vroxwlrq iru +59,/ zh hdvlo| jhw

�

b' B{� +5:,

zkloh gl�huhqwldwlqj +58, |lhogv

�

{�' 4{� �{T +5;,

zkhuh {T � T M � T 8 vwdqgv iru wkh lqvwdqwdqhrxv lqgluhfw xwlolw| gl�huhq0
wldo  rz jlyhq e| +54,1 Khqfh zh rewdlq d v|vwhp ri wzr olqhdu gl�huhqwldo
htxdwlrqv lqvwhdg ri wkh �uvw rughu gl�huhqwldo htxdwlrq +53,1 Vlqfh {T lv
olqhdu lq b/ zh fdq vlpsoli| qrwdwlrq e| gh�qlqj wzr frqvwdqwv #

f
dqg #

�
vxfk

wkdw E#f n #�b� � {T zkhuh

#
�
�

�EKn S�

2E2Kn S�2
i�2@EKn S�� � d2KE�Kn 2Sn S�*u� n S2E�*u� ��oj

Lw wkhq iroorzv iurp +56, wkdw #
�
: f li dqg rqo| li � 	 �( vr wkdw djjorp0

hudwlrq rffxuv dv orqj dv #� : f1
Vlqfh b ' �*2 lpsolhv{T ' f/ wklv v|vwhp kdv d vwhdg| vwdwh dw Ebc{�� '

E�*2c f� zklfk fruuhvsrqgv wr wkh glvshuvhg frq�jxudwlrq1 Frqvlghu qrz lwv
vwdelolw|1 Wkh hljhqydoxhv ri wkh Mdfreldq pdwul{ ri wklv v|vwhp hydoxdwhg dw
E�*2c f� duh jlyhq e|

4	
t
42 � eB#

�

2
+5<,

Zkhq #� 	 f +wkdw lv/ � : �(,/ wkh wzr hljhqydoxhv duh uhdo dqg kdyh
rssrvlwh vljqv1 Wkhq/ wkh vwhdg| vwdwh lv d vdggoh srlqw vr wkdw rqh dozd|v
frqyhujhv wrzdugv wkh glvshuvhg frq�jxudwlrq/ wkxv lpso|lqj wkdw qhlwkhu
klvwru| qru h{shfwdwlrqv pdwwhu iru wkh �qdo rxwfrph1

Dvvxph qrz wkdw #
�
: f +wkdw lv/ � 	 �(, vr wkdw djjorphudwlrq pxvw

rffxu1 Wzr fdvhv pd| qrz dulvh1 Lq wkh �uvw rqh/ f 	 #� 	 42*eB vr wkdw wkh
wzr hljhqydoxhv duh srvlwlyh1 Wkh vwhdg| vwdwh E�*2c f� lv dq xqvwdeoh qrgh
dqg wkhuh duh wzr wudmhfwrulhv wkdw vwhdglo| jr wr wkh hqgsrlqwv Efc f� dqg
E�c f�/ ghshqglqj rq wkh lqlwldo frqglwlrqv1 Lq wklv fdvh/ rqo| klvwru| pdwwhuv =
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iurp dq| lqlwldo b 9' �*2/ wkhuh lv d vlqjoh wudmhfwru| wkdw jrhv wrzdugv wkh
forvhu hqgsrlqw/ dv lq wkh fdvh zkhuh wkh g|qdplfv lv jlyhq e| +53,1 Lq wklv
fdvh/ wkh p|rslf dgmxvwphqw surfhvv vwxglhg lq wkh deryh vhfwlrq surylghv d
jrrg dssur{lpdwlrq ri wkh hyroxwlrq ri wkh hfrqrp| xqghu iruzdug orrnlqj
ehkdylru1

Wklqjv wxuq rxw wr eh txlwh gl�huhqw zkhq #
�
: 42*eB1 Wkh wzr hljhq0

ydoxhv duh frpsoh{ dqg kdyh d srvlwlyh sduw vr wkdw wkh vwhdg| vwdwh lv dq
xqvwdeoh irfxv1 Wkh wzr wudmhfwrulhv qrz vsludo rxw iurp E�*2c f�1 Wkhuhiruh/
iru dq| lqlwldo b forvh hqrxjk wr/ exw gl�huhqw iurp/ �*2/ wkhuh duh wzr do0
whuqdwlyh wudmhfwrulhv jrlqj lq rssrvlwh gluhfwlrqv1 Lw lv lq vxfk d fdvh wkdw
h{shfwdwlrqv ghflgh dorqj zklfk wudmhfwru| wkh v|vwhp lv jrlqj wr pryh1 Lq
rwkhu zrugv/ h{shfwdwlrqv pdwwhu iru b forvh hqrxjk wr �*2/ zkloh klvwru|
pdwwhuv rwkhuzlvh1 Wkh fruuhvsrqglqj grpdlqv duh qrz ghvfulehg1

Wkh udqjh ri ydoxhv iru zklfk erwk klvwru| dqg h{shfwdwlrqv pdwwhu/ fdoohg
wkh ryhuods e| Nuxjpdq +4<<4d,/ fdq eh rewdlqhg dv iroorzv1 Dv revhuyhg
e| Ixndr dqg Eìqderx +4<<6,/ wkh v|vwhp pxvw eh vroyhg edfnzdugv lq
wlph vwduwlqj iurp wkh whuplqdo srlqwv Efc f� dqg E�c f�1 Wkh �uvw wlph wkh
edfnzdug wudmhfwrulhv lqwhuvhfw wkh orfxv{� ' f doorzv iru wkh lghqwl�fdwlrqv
ri wkh hqgsrlqwv ri wkh ryhuods=
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Fohduo|/ wkh ryhuods lv dq lqwhuydo fhqwhuhg durxqg b ' f�D zkrvh zlgwk lv=
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Lw h{lvwv dv orqj dv #
�
: 42*eB1 Wkxv/ wkh zlgwk ri wkh ryhuods lv lqfuhdvlqj lq

#
�
dqg B/ zkloh lw ghfuhdvhv zlwk 41 Vlqfh wkh sdudphwhu #

�
: f lv wkh vorsh ri

{Tc lw h{suhvvhv wkh vwuhqjwk ri wkh iruzdug dqg edfnzdug olqndjhv sxvklqj
wrzdugv djjorphudwlrq1 Vlqfh \ ulvhv zlwk #

�
czh vhh wkdw h{shfwdwlrqv pdwwhu

pruh zkhq wkh iruzdug dqg edfnzdug olqndjhv duh vwurqjhu1
Zh nqrz wkdw h{shfwdwlrqv pdwwhu iru ydoxhv ri � vxfk wkdw #

�
: 42*eB1

Vlqfh #
�
' f zkhq � ' f dqg � ' �(/ wkh htxdwlrq #

�
� 42*eB ' f kdv wzr
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srvlwlyh urrwv lq � / ghqrwhg � e
�
dqg � e

2
/ vpdoohu wkdq �(1 Ixuwkhupruh/ vlqfh

#
�
lv frqfdyh lq � / wkh uroh ri h{shfwdwlrqv pdwwhu zkhq � idoov lq ehwzhhq

wkhvh wzr urrwv1 Frqvhtxhqwo|/ zh kdyh vkrzq wkh iroorzlqj uhvxow=

Sursrvlwlrq 5 Zrunhuv* h{shfwdwlrqv derxw wkhlu ixwxuh hduqlqjv lq xhqfh
wkh surfhvv ri djjorphudwlrq li dqg rqo| li � 5 d� e

�
c � e

2
o1

Khqfh/ klvwru| dorqh pdwwhuv zkhq � lv odujh hqrxjk ru vpdoo hqrxjk1
Lq rwkhu zrugv/ wkh djjorphudwlrq surfhvv hyroyhv dv li zrunhuv zhuh vkruw0
vljkwhg iru kljk dqg orz ydoxhv ri � 1 Wkh uhodwlyh lpsruwdqfh ri h{shfwdwlrqv
dqg klvwru| lv wkhuhiruh ^0vkdshg lq wkh wudqvsruw udwh1 Pruhryhu/ wkh grpdlq
ri ydoxhv ri � iru zklfk h{shfwdwlrqv pdwwhu vkulqnv zkhq wkh glvfrxqw udwh
4 jhwv odujhu ru zkhq wkh vshhg ri dgmxvwphqw B ghfuhdvhv1 Zkhq � ehorqjv
wr wklv grpdlq/ wkh htxloleulxp lv ghwhuplqhg e| zrunhuv* h{shfwdwlrqv dqg
qrw e| klvwru| dv orqj dv uhjlrqv duh qrw lqlwldoo| wrr gl�huhqw1

Wkh h{lvwhqfh ri udqjh d� e
�
c � e

2
o iru lqwhuphgldwh ydoxhv ri � fdq eh h{0

sodlqhg lq whupv ri wkh lvvxhv glvfxvvhg dw wkh hqg ri Vhfwlrq 61 Wkhuh zh
vkrzhg wkdw wkh srvlwlyh h�hfw ri zrunhuv* lppljudwlrq rq orfdo zdjhv uhdfkhv
d pd{lpxp dw �

4@ 
: f1 Lq rwkhu zrugv/ wkh cfrpsohphqwdulw|* ri zrunhuv*

pljudwlrq ghflvlrqv uhdfkhv lwv pd{lpxp vwuhqjwk iru d srvlwlyh ohyho ri wudqv0
sruw frvwv ehorz zklfk lw ehfrphv zhdnhu dqg zhdnhu dv rqh jhwv forvhu wr
iuhh wudgh +� ' f,1 Wklv lv fuxfldo wr xqghuvwdqg wkh flufxpvwdqfhv xqghu
zklfk d zkluolqj wudmhfwru| lv yldeoh1

Vxssrvh/ lqghhg/ wkdw wkh hfrqrp| lv vxfk wkdw bEf� : �*2 dqg dvn zkdw
lv qhhghg wr uhyhuvh wkh djjorphudwlrq surfhvv wrzdugv b ' f1 Li wkh hyroxwlrq
ri wkh hfrqrp| zhuh wr fkdqjh gluhfwlrq/ zrunhuv zrxog h{shulhqfh idoolqj
lqvwdqwdqhrxv lqgluhfw xwlolw|  rzv iru vrph wlph shulrg dv orqj dv b : �*21
Wkh lqvwdqwdqhrxv lqgluhfw xwlolw|  rzv zrxog vwduw jurzlqj rqo| diwhu wkdw
shulrg1 Dffruglqjo|/ zrunhuv zrxog �uvw h{shulhqfh xwlolw| orvvhv iroorzhg e|
xwlolw| jdlqv1 Vlqfh wkh orvvhv zrxog frph ehiruh wkh jdlqv/ wkh| zrxog eh
ohvv glvfrxqwhg1 Wklv surylghv wkh urrw iru wkh lqwxlwlrq ehklqg Sursrvlwlrq
51 Zkhq frpsohphqwdulw| ri zrunhuv orfdwlrqv ohdgv wr vxevwdqwldo zdjh
ulvhv +wkdw lv/ iru lqwhuphgldwh ydoxhv ri �,/ wkh ehqh�wv ri djjorphudwlqj dw
b ' f fdq frpshqvdwh zrunhuv iru wkh orvvhv wkh| lqfxu gxulqj wkh wudqvlwlrq
skdvh/ wkxv pdnlqj wkh uhyhuvdo ri pljudwlrq srvvleoh1 Rq wkh frqwudu|/ zkhq
frpsohphqwdulw| ri zrunhuv orfdwlrqdo ghflvlrqv jhwv zhdnhu +wkdw lv/ iru orz
ru kljk ydoxhv ri �,/ wkh ehqh�wv ri djjorphudwlqj dw b ' f gr qrw frpshqvdwh
zrunhuv iru wkh orvvhv1
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Dv d frqvhtxhqfh/ wkh uhyhuvdo lq wkh pljudwlrq surfhvv pd| rffxu rqo|
iru lqwhuphgldwh ydoxhv ri � 1 Fohduo|/ sur{lplw| wr wkh hqgsrlqw lqfuhdvhv
wkh wlph shulrg ryhu zklfk zrunhuv ehdu orvvhv ehfdxvh lw wdnhv pruh wlph
wr uhdfk b ' �*21 Dv revhuyhg ehiruh/ d odujh udwh ri wlph suhihuhqfh jlyhv
pruh zhljkw wr wkh orvvhv/ zkloh d vorz vshhg ri dgmxvwphqw h{whqgv wkh wlph
shulrg ryhu zklfk zrunhuv ehdu orvvhv1

9 Frqfoxglqj uhpdunv

Uhfhqw |hduv kdyh vhhq wkh surolihudwlrq ri dssolfdwlrqv ri wkh cGl{lw0Vwljolw}/
lfhehuj/ hyroxwlrq/ dqg wkh frpsxwhu* iudphzrun iru vwxg|lqj wkh lpsdfw ri
wudgh frvwv rq wkh vsdwldo glvwulexwlrq ri hfrqrplf dfwlylwlhv1 Zkloh wkhvh
dssolfdwlrqv kdyh surgxfhg ydoxdeoh lqvljkwv/ wkh| kdyh riwhq ehhq fulwlfl}hg
ehfdxvh wkh| uho| rq d yhu| sduwlfxodu uhvhdufk vwudwhj|1

Zh kdyh vkrzq wkdw dq dowhuqdwlyh prgho lv deoh qrw rqo| wr frq�up wkrvh
lqvljkwv exw dovr wr surgxfh qhz uhvxowv wkdw frxog eduho| eh rewdlqhg zlwklq
wkh vwdqgdug iudphzrun1 Lq sduwlfxodu/ zh kdyh sursrvhg d pruh uhdolvwlf
ghvfulswlrq ri wkh surfhvv ri vsdwldo frpshwlwlrq lq zklfk/ dv rssrvhg wr wkh
vwdqgdug prgho/ wkh sulflqj ghflvlrqv ri �upv duh d�hfwhg e| wkh vsdwldo
orfdwlrq ri wkhlu frpshwlwruv dv zhoo dv e| wkh glvwulexwlrq ri ghpdqg1 Wklv
kdv doorzhg xv wr frph xs zlwk d ulfkhu vhw ri uhvxowv uhjduglqj wkh lpsdfw
ri wkh ixqgdphqwdov ri wkh hfrqrp| rq wkh htxloleulxp sulfhv1 Wklv prgho
kdv wkhq ehhq xvhg wr ghdo zlwk wkh lqwulqvlfdoo| g|qdplf lvvxh ri wkh orfn0lq
h�hfw ri klvwrulfdo hyhqwv rq wkh vsdwldo glvwulexwlrq ri dfwlylwlhv1

Vr/ rq wkh rqh kdqg/ zh kdyh vkrzq wkdw wkh pdlq uhvxowv lq wkh olwhudwxuh
gr qrw ghshqg rq wkh vshfl�f prgholqj fkrlfhv pdgh/ dv riwhq dujxhg e|
wkhlu fulwlfv1 Qrwh/ hvshfldoo|/ wkdw wkh urexvwqhvv ri wkh uhvxowv rewdlqhg lq
wkh fruh0shulskhu| prgho djdlqvw dowhuqdwlyh irupxodwlrqv ri suhihuhqfhv dqg
wudqvsruwdwlrq prgholqj vxjjhvwv wkhuh lv d zkroh fodvv ri prghov iru zklfk
vlplodu uhvxowv zrxog krog1 Rq wkh rwkhu kdqg/ zh kdyh dovr vkrzq wkdw wkhvh
prgholqj fkrlfhv duh wr eh uhfrqvlghuhg rqfh wkh dlp lv wr vkhg oljkw rq rwkhu
uhohydqw lvvxhv1

Wkh prgho xvhg lq wklv sdshu vwloo glvsod|v vrph xqghvludeoh ihdwxuhv vxfk
dv d �{hg pdvv ri �upv uhjdugohvv ri wkh frqvxphu glvwulexwlrq1 Lq sduwlfx0
odu/ dv vdlg deryh/ e| ljqrulqj lqfrph h�hfwv/ rxu vhwwlqj kdv d vwurqj sduwldo
htxloleulxp  dyru wr zklfk lw vkrxog eh uhphglhg lq ixwxuh uhvhdufk1 Ixuwkhu0
pruh/ wkh frqfhqwudwlrq ri zrunhuv zlwklq d vlqjoh uhjlrq grhv qrw jhqhudwh
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dq| qhjdwlyh h{whuqdo h�hfwv vxfk dv wkh furzglqj ri wkh krxvlqj pdunhw/
srooxwlrq dqg fulph/ dv lq Khospdq +4<<;,1 Lw lv uhdvrqdeoh wr frqmhfwxuh
wkdw wkh h{lvwhqfh ri vxfk h�hfwv frxog ohdg wr wkh hphujhqfh ri vwdeoh dv|p0
phwulf htxloleuld lq zklfk wkh ehqh�wv ri djjorphudwlrq duh mxvw edodqfhg e|
wkh qhjdwlyh h{whuqdo h�hfwv lq wkh odujhu uhjlrq1
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