Optimization of the Directed Information

Haim Permuter

Ben-Gurion University, Israel
1st Munich Workshop on Bidirectional Communication and

Directed Information
May 2012

H. Permuter Optimization of the Directed Information



Causal Conditioning pmf
Py (la") & T[Pwile’,y"™)

Py"|z")

I
3
S
®
. 3
@NA
L

Causal Conditioning entropy
HY™|X") £ E[-log P(Y"||X™)]
H(Y"|X") £ E[-log P(Y"|X")
Directed Information
I(X"—=Y"™)
I(xmym)

H. Permuter Optimization of the Directed Information

HY™) - HY™||X")
HY™) = HY"[X")

> >



Causal Conditioning pmf
Py (la") & T]Pwile’,y"™")
P(y"la") & J[Pwile"y"")

Causal Conditioning entropy

HY™||X™)
HY"|IX"

£ E[-log P(Y"|X™)]
£ El-log P(Y"[| X" )]
Directed Information
I(X"—=Y"™)
I(anl N Yn)

H. Permuter Optimization of the Directed Information

HY™) - HY™||X")
H(Y™) - H(Y"[| X"

> >



Directed information and causal conditioning

characterizes

© rate reduction in losless compression due to causal side
information at the decoder,

@ the gain in growth rate in horse-race gambling due to
causal side information

© channel capacity with feedback,

@ rate distortion with feedforward,

© causal MMSE for additive Gaussian noise,

© stock investment with causal side information,

@ measure of causal relevance between processes,

© actions with causal constraint such as “to feed or not to
feed back”,
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Directed information optimization

How to find

max I(X" —Y").
GV

Recall

(X" —Y") = Zn:I(Xi;in—l)
=1
= HY")-H{Y"||X")

_ 2 ) 1oe P 12")
= > pla"y Jlog = oy

yr,an
P(z™,y™) can be expressed by the chain-rule
pla™,y") = p(a"lly" " p(y"|l2")
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Property of the optimization problem

max [(X" —-Y")
p(™|ly=1)

Good news
@ I(X™ — Y™)is convex in p(z"||y"~!) for a fixed p(y™||z™).
@ p(z"||y" 1) is a convex set.

H. Permuter Optimization of the Directed Information



Property of the optimization problem

max [(X" —-Y")
pla™|ly™—1)
Good news
@ I(X™ — Y™)is convex in p(z"||y"~!) for a fixed p(y™||z™).
@ p(z"||y" 1) is a convex set.
Bad news

@ Not easy to describe p(z"||y"~!) using linear equations.
Contrary to p(z™) where

p(z™) > 0 V2"

> op@") = 1.

H. Permuter Optimization of the Directed Information



Property of the optimization problem

max [(X" —-Y")
pla™|ly™—1)
Good news
@ I(X™ — Y™)is convex in p(z"||y"~!) for a fixed p(y™||z™).
@ p(z"||y" 1) is a convex set.
Bad news

@ Not easy to describe p(z"||y"~!) using linear equations.
Contrary to p(z™) where

p(z™) > 0 V2"

> op@") = 1.

xn

@ I(X™ — Y™) non-convex in p(z1), ..., p(zn|z" 1, y" 1)
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Property of the optimization problem

max [(X" —-Y")
pla™|ly™—1)
Good news
@ I(X™ — Y™)is convex in p(z"||y"~!) for a fixed p(y™||z™).
@ p(z"||y" 1) is a convex set.
Bad news

@ Not easy to describe p(z"||y"~!) using linear equations.
Contrary to p(z™) where

p(z™) > 0 V2"
> op@") = 1.

@ I(X™ — Y™) non-convex in p(z1), ..., p(zn|z" 1, y" 1)
@ Cannot optimize each term in Y, I(X*%; Y;|Y*"1) orin
S I(Xa; Y| X YTl separately.
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The Alternating maximization procedure

Lemma (double maximization)

max I(X" —-Y")= max I(X" —=Y").

p(zn|lyn—1) p(™[lyn=1),q(=z"|y™)
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The Alternating maximization procedure

Lemma (double maximization)

max I(X" —-Y")= max I(X" —=Y").

p(™[lym—1) ple™|ly™=1),q(z™y™)
Let f(u1,u2), be a convex fun and we want to find
max UL, Ug).
u1 €A1, u2€A2 f( ! 2)
The procedure is

u§k+1) k) (k)), (k+1) (k+1) (k))‘

(
— arg max u U u = arg max u u
gu1€A1 f( L2 2 gu2€A2 f( ! 2

f(k) _ f(u(k) u(k)).

1 %2

Theorem (The Alternating maximization procedure)

lim f®) = max UL, U9).
k—>oof uleAl,ugeAzf( b 2)
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BA for directed information

Compute by the alternating maximization procedure

max max [(X"—Y").
p(a™lly™=1) q(z"|y™)
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BA for directed information

Compute by the alternating maximization procedure

max max [(X"—Y").
p(a™lly™=1) q(z"|y™)

1st Step

Lemma (max(zn|yn) I(X™ — Y™))

For fixed p(z"||y"~1), ¢*(z"|y") that achieves
maxXg(zn|yn) I(Xn — Y"), is

pa™ [y Dpy"[lz"™)
> gn D( [y )p(yn|lam)”

¢ («"y") =

H. Permuter Optimization of the Directed Information



2nd Step

Lemma (maXp(Tn”yn,l) I(X™ — V™)

For fixed g(2™|y") , p*(z"|ly"~"') that achieves
MaXpy(gn|jyn—1) I(Xn — Yn), is:
Starting from i = n, compute p(z;|2* !,y 1)

Il ,0—1
e il iy Py
pPi=D (372‘37 'Y ) Zzz p’(xi,yi_l)’

where
" p(ysl2? ) TI7 e 2
rod o d—1y q(z™y") ITi=i (w5127~ ) 1541 s
Pty = 1] T ’
oy L=+

and do so backwards until 7 = 1.
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Main ideas of 2nd Step

@ Exchange p(z"|jy"!) by the set {p;}_, where
pi = plailz~ 1yt

max I(X" —Y") = maxmax... max [ (X" — Y")
p(z™|lyn—1) p1 P2 Pn
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Main ideas of 2nd Step

@ Exchange p(z"|jy"!) by the set {p;}_, where
pi = plailz~ 1yt

max I(X" —Y") = maxmax... max [ (X" — Y")
p(z™|lyn—1) p1 P2 Pn

@ /(X™ — Y™)is concave in each p;.
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Main ideas of 2nd Step

@ Exchange p(z"|jy"!) by the set {p;}_, where
pi = plailz~ 1yt

max I(X" —Y") = maxmax... max [ (X" — Y")
p(z™|lyn—1) p1 P2 Pn

@ /(X™ — Y™)is concave in each p;.
@ For fixed ¢(z"|y"™) , p; that achieves max,,, I(X™ — Y™),
depends only on

q(@™Y"), Pit1, Dit2, s Pn
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Main ideas of 2nd Step

@ Exchange p(z"|jy"!) by the set {p;}_, where
pi = plailz~ 1yt

max I(X" —Y") = maxmax... max [ (X" — Y")
p(z™|lyn—1) p1 P2 Pn

@ /(X™ — Y™)is concave in each p;.
@ For fixed ¢(z"|y"™) , p; that achieves max,,, I(X™ — Y™),
depends only on

q(@™Y"), Pit1, Dit2, s Pn

@ Hence we can find

ma .. <max <maX (X" — y”)))

p1 Pn—1 Pn

despite being nonconvex.
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BA for directed information

@ Using Step 1 and 2 we can compute

q(z"|y")

I, = p(y™|z™)r(x™|y" 1) log ———T——.
L=y p(y ")y ) @ =)

yran

which converges from below to max,,,n yn-1) [(X™ — Y™)
@ We also have an upper bound

Iy = max E max - - - E max§ :p(yonn) log p(y"™||z™)
1 2 Tn Z
Y1

Y1 on i p(yon/n)p(xlnHyn—l)

@ The algorithm terminate when

[y —Ir| <e
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maximizing the directed information for BSC(0.3)
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Bounds on capacity of any FSC

— 1 1
C, =max max —I(X" —Y"|so)+ —,
o pn|lyn=t) 1 n

1 " " 1

C,= max min—I(X" —Y"[sy) — —.
p(™fyn=1t) so N n

1 \Qf

Truecap. ———
gos Cn
S, c
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Directed information rate
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Infinite-letter case

For two cases we have analytical solution using dynamic
programming for unifilar channels.
First case: Trapdoor channel.

Robert B. Ash

Nty

INFORMATION
THEORY
Fig. 7.1 lﬁzi:;fle
(a) Ash book (b) D. Blackwell

Cjp = log ¢ Golden Ratio: ¢ = ¥3+L
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Ising Channel

@ Introduced by Berger and Bonomi [1990].
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Ising Channel

@ Introduced by Berger and Bonomi [1990].
9 ifz, = Ti—1, then Yt = Tt
@ ifz; #£x41,thenY; ~ Bernouli(%).
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Ising Channel

@ Introduced by Berger and Bonomi [1990].
@ ifx; = a4, then y, = 4.

@ ifz; #£x41,thenY; ~ Bernouli(%).

@ The Ising channel graphical model:

xp-1=1 x-1=0
Tt ’ Yt Tt 05 Yt
1 1 1 1
0.5 0.5
0 0 0 0
05 1
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Ising Channel

@ Introduced by Berger and Bonomi [1990].
@ ifx; = a4, then y, = 4.

@ ifz; #£x41,thenY; ~ Bernouli(%).

@ The Ising channel graphical model:

xp-1=1 x-1=0

Tt Yt Tt 05 Yt

1

0.5 0.5

0.5 1

Q: How can one achieve R = 3?
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Ising channel

@ Simple model for inference inter-symbol.
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Ising channel

@ Simple model for inference inter-symbol.

@ The zero-error capacity of the Ising channel is 0.5 bit per
channel use.

H. Permuter Optimization of the Directed Information



Ising channel

@ Simple model for inference inter-symbol.

@ The zero-error capacity of the Ising channel is 0.5 bit per
channel use.

@ The capacity without feedback found to be bounded
approximately by 0.5031 < C < 0.6723.
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Ising channel

@ Simple model for inference inter-symbol.

@ The zero-error capacity of the Ising channel is 0.5 bit per
channel use.
@ The capacity without feedback found to be bounded
approximately by 0.5031 < C < 0.6723.
H(a)

@ The feedback capacity is C' = maxg<a<1 ot ~ 0.575522,
where z ~ 0.4503.
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Ising channel

@ Simple model for inference inter-symbol.

@ The zero-error capacity of the Ising channel is 0.5 bit per
channel use.

@ The capacity without feedback found to be bounded
approximately by 0.5031 < C < 0.6723.
(a)

@ The feedback capacity is C' = maxo<,<1 222 ~ 0.575522,
where z ~ 0.4503.

@ We formulate an equivalent problem using dynamic
programming (DP).

H. Permuter Optimization of the Directed Information



Ising channel

Simple model for inference inter-symbol.

The zero-error capacity of the Ising channel is 0.5 bit per
channel use.

The capacity without feedback found to be bounded
approximately by 0.5031 < C < 0.6723.

The feedback capacity is C' = maxo<q<1 28 ~ 0.575522,
where z ~ 0.4503.

We formulate an equivalent problem using dynamic
programming (DP).

The DP leads to a simple capacity achieving coding
scheme.
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Channel notation and DP formulation

| Notation | Meaning |
t Time (e N)
Xy Channel Input at time ¢ (€ X)
st(=z¢—1) | Channel State attime ¢ (€ S)
Yt Channel Output at time ¢ (€ )
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Channel notation and DP formulation

| Notation | Meaning |
t Time (e N)
Xy Channel Input at time ¢ (€ X)
st(=z¢—1) | Channel State attime ¢ (€ S)
Yt Channel Output at time ¢ (€ )

| Ising channel \ DP |
p(st = 0|y"), prob. of the channel zt, the DP state
state to be 0 given the output
yt, the channel output wy, the DP disturbance

p(z¢|si—1), channel input prob. ut, the DP action
given the channel state attime ¢t — 1

p(s¢ = 0|y') as a function 2= F(z_1,u-1,wi_1),
of p(s;_1 = 0]y'~!) and input dist. states evolving

I(Xe, Se—1;: Y |yt™h) g(z¢_1,u4), reward function
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DP numerical evaluation
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DP and its relation to the coding scheme

H H Zt = Po ‘ zt = p1 ‘ 2y = pa ‘ 2 = P3 H
yr =0 Zt+1 = D3 | Zt41 = D3 | Zt+1 = D3 | Zt+1 = D2
yr =1 Zt41 =P1 | Zt41 =DP0 | Zt+1 = Do | Zt+1 = Do

p(ze =1z = 1) a 1 1 irrelevant
p(zy = Olz;_1 = 0) || irrelevant 1 1 a
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DP and its relation to the coding scheme

| [ ze=po | m=p1 | m=p2 | z=p3 |
ye =10 2441 =P3 | 2441 =DP3 | 2441 = D3 | Zt41 = D2
yr =1 Zt41 =P1 | 241 =P0 | Zt41 = DPo | Zt+1 = Do
p(xy = 1|z—g = 1) a 1 1 irrelevant
p(zy = Olxi—1 = 0) || irrelevant 1 1 a
DP state pg ) Yir1 =1 DP state p3
D: p(ay =0ly") =0 »D: p(a; = 0ly") =1
E: p(zi41 =) = Yir1 =0 E: p(2i41 = 2¢) = q

A A

yir1 = 1| DP states py, ps [yt+1 =0

<

Bl =
Y1 =1 D: Waits Yir1 =0
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DP and its relation to the coding scheme

@ Alternate between 0 and 1 with prob. 1 — a.

DP state pg Yer1 =1 DP state ps

A

D: p(z; = Olyt) = 1
Y1 =0 E: p(zi41 =) =

h 4

D: p(ay =0fy") =0
E:p(zt11 =2¢) = q

A A

y.11 = 1| DP states py, ps Y41 =0

<

E:zip1 =
Y1 =1 D: Waits Y1 =0

H. Permuter Optimization of the Directed Information




DP and its relation to the coding scheme

@ Alternate between 0 and 1 with prob. 1 — a.
@ If the output 4.1 # s¢, then decode x4 1 = y111

DP state pg Yer1 =1 DP state ps

A

D: p(z; = Olyt) = 1
Y1 =0 E: p(zi41 =) =

h 4

D: p(ay =0fy") =0
E:p(zt11 =2¢) = q

A A

y.11 = 1| DP states py, ps Y41 =0

<

E:zip1 =
Y1 =1 D: Waits Y1 =0
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DP and its relation to the coding scheme

@ Alternate between 0 and 1 with prob. 1 — a.
@ If the output 4.1 # s¢, then decode x4 1 = y111
@ If the output v, = s, repeat the last input

DP state pg Yer1 =1 DP state ps

A

D: p(z; = Olyt) = 1
Y41 =0 E:p(zi41 = 21) =

h 4

D: p(ay =0fy") =0
E:p(zt11 =2¢) = q

A A

y.11 = 1| DP states py, ps Y41 =0

<

E:zip1 =
Y1 =1 D: Waits Y1 =0
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DP and its relation to the coding scheme

@ Alternate between 0 and 1 with prob. 1 — a.

@ If the output 4.1 # s¢, then decode x4 1 = y111

@ If the output v, = s, repeat the last input
H(l—a) H(a)

Ta2+(l-a)-(2-3+1-1) 3ys

][9]

DP state pg Yer1 =1 DP state ps

A

D: p(z; = Olyt) = 1
Y1 =0 E: p(zi41 =) =

h 4

D: p(ay =0fy") =0
E:p(zt11 =2¢) = q

A A

y.11 = 1| DP states py, ps Y41 =0

<

Bl xppr =2
Y1 =1 D: Waits Y1 =0
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@ Convexity can be exploited to calculate

max [(X" —Y")
p(z"|ly"1)
using alternating maximization procedure.

@ DP can be formulated for Unifilar channel and numerically
calculated.

@ For some cases, such as Trapdoor-Channel and
Ising-Channel the DP can be solved analytically.

@ DP solution can lead to an optimal and concrete coding
scheme.
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@ Convexity can be exploited to calculate

max [(X" —Y")
p(z"|ly"1)
using alternating maximization procedure.

@ DP can be formulated for Unifilar channel and numerically
calculated.

@ For some cases, such as Trapdoor-Channel and
Ising-Channel the DP can be solved analytically.

@ DP solution can lead to an optimal and concrete coding
scheme.

Thank you very much!
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