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Abstract

Hybrid HMM/MLP models are useful to model piecewise stationary non-linear
time series. A popular way to estimate the parameters of such models is to use the
E.M. algorithm thanks to the Baum and Welch, forward-backward, algorithm. In
this paper, we study a convenient way to estimate the parameters thanks to differen-
tial optimization. This new method can dramatically improve the time of calculus
for long time series.

1 Introduction

Hidden Markov models have been introduced by Baum and Petrie [1] to deal with
speech recognition. Decades later, Hamilton [3] applies generalization of this model to
the American’s GNP series. He uses indeed linear autoregressive models with Markov
switching. In a previous paper [8], we show that the generalization of the Hamilton’s
model with MLP as regression function gives a model with good segmentation proper-
ties on the laser time series. The main way to estimate the parameters of these models
is to use the Expectation-Maximization (E.M.) algorithm to find the maximum likeli-
hood estimator. However, E.M. algorithm is an iterative algorithm and each M-step
involves differential optimization of each MLP. These iterations inside other iterations
are very expensive in CPU time. In this paper we show that careful parameterization of
the model yields us a direct calculus of the derivative of the log-likelihood function (the
score function). We can then estimate the model with classical differential optimization
algorithms.

2 The modd

Consider the procegs\y, Y3), ., such that

1. (Xi),cz is a Markov chain in a finite state spaEe= {e, ...,ex }, which can be
identified without loss of generality with the simplex &f¥, wheree; are unit
vectors inR™ , with unity as theth element and zeros elsewhere.

2. Given(Xy), 4, the procesgY;), ., is a sequence of non-linear autoregressive
model inR? and the distribution of,, depends only oiX,, andY,,_;, - - - , Yo_p,
p e N,
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Hence, for a fixed , the dynamic of the modelis :

Yipr = FXt+1 (}/'ttp+1) + MXt+18t+1

with Fx,,, € {F.,,..., F., } non-linear functions represented by a ML®,x,,, €
{Me,, ..., M., } invertible matrices an€e;), . a i.i.d sequence of Gaussian random
variables ofR?, N (0, I).

Write

aij = P (X1 = ;| X; = ej) andA = (a;;) € RV*N
and define :
Vt+1 = Xt+1 -FE [Xt+1 |Xt] = Xt+1 - AX;.
With the previous notations, we obtain the general equations of the modek: fdir:

{ X1 = AXe + Vi Q)

Yipn = FXt+1 (Y;ﬁtprrl) + MXt+1Et+1

This notation is similar to the notation used in Elliott [2].

3 Parametersof the model

3.1 Parametersof thetransition matrix A

We suppose in the sequel that each element & strictly positive. The matrix4 is
stochastic, so the sum of a columnlis There areN — 1 free parameters for each
column. Letv;; = In L, note thawy; = 0, and(vij, -+ ,un—1,;) € RN "

Let A; be thej-th column ofA :

A e
T \14evii 4. £ evN—1j L<i<N

It is easy to verify that the derivative of with respect to parametév ;) is :

8(11','
BU; = aij(1 - ai) )
and forl # i
aai 1
8ul; = —ajja; 3

Moreover, ifk # j the derivative is null.
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3.2 Parametersof the covariance matrix X, := M, M

The covariance matriX ., is supposed to be positive definite, so we estimate his inverse
¥.'. Note that this matrix is symmetric and we consider only the terms under the
diagonal (diagonal included).

3.3 Parametersof MLP

We denotgw,;), ., 5 the parameters of MLP associated with s{@tg, ., -

3.4 Notation of parameter vector of the model

The parametef is

0= (wg:w"' ,WZN,Ull,"' 7U(N71)N7(Ee_11)117"' 7(26_11)dd7"' 7(2;\})dd)T

where(E;l)”c is the coefficient of-th row andk-th (¢ < ) column of matrix® ;_1.
wZ is the weights vector of ML, written in row.

4 Estimation of the parameters

We use the maximum likelihood estimator (MLE). There are two way of writing the
likelihood, one has exponential complexity with respect to the observations (see Ra-
biner [7]), but we will use the second one which have only linear complexity with
respect to the observations (see Hamilton [3]).

4.1 Calculusof thelog-likelihood

Let Lg(y—pt1,- -+ ,yn) be the log-likelihood of observationy _p+1,- - ,y,) , We
have

n—1

Lo(y—pt1ss¥n) = LoWn ly—pr1s - yn1) X [ Lot [y—pt1,-- 9e-1)
t=1

N

= ZLG(yn |X’n =€, Y—p+1," " 3 Yn—1 )Pg(Xn =€ |y—p+17 e ;yn—l)
i=1

n—1

< I1 Zotwely—pr1s- -+ vi-1)
t=1

Write in the sequel
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e p? the vector withi-th component p (i) = Py(Xp = €; [Yy—pi1,- " »Yn—1),
p? is known as the predictive filter of ,.
n
e v? the vector withi-th componentd? (i) = Lg(yn | X0 = €i, Y pt1s " > Yn—1),
the conditional density af,, knowing X,, = e; and(y_p+1,- - ,Yn—1)-

e B = diag (bY) the matrix withb!, for diagonal and zeros elsewhere.

The log-likelihood is then

In(Lo(yr, - 1yn) = 3 (s pf) @)
t=1

It is sufficient to calculatep! for ¢ = 1,---,n, in order to calculate the log-
likelihood since :

b{ (i) = Lo(ye |Xe = €iryimr, -+ y—pr1) 1= P, (4 — Fo, (41 p41))
where
(I)ei (yt - Fei (Z/t—l))

is the conditional Gaussian densityigfknowing X; = e;.
By Holst et al. [4], the predictive filtep! verifies the recurrence :

0 _ ABtopf
P = 1 5
by~ py

(®)

We will suppose that the initial probability vectpf is the uniform distribution or
and we can recursively calculaig, t = 1, - n.

4.2 Derivative of the log-likelihood

Letd; be thej-th component of, we have :

n 05 pf

Oln(Lg(y1, -+ ,yn)) _ Z 89jp
. - T

09 t=1 btg Ptg

with
oy ph _oby" , TP}
=% pp+b, =% (6)

90; ; “h Tk e,

After calculating the partial derivatives we obtain (see Rynkiewicz [9]):
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( ggk = 0if ¢; is a parameter afl

(‘)(%kg)” = bg( ) 1 ((Eei)ll - ((yk - Fei (yz:;))(yk Cz yk p T ll)
6(2?%)31# = bz(l) X ((Eei)lm - ((yk - F, (yllg:;)))(yk F., yk p T lm)

ab? _ _ OF., (yf= ;)<m>
D = 000) % 5 CcmucaCe i ( (Ferlwhh) — ) (2t

k—1
+ (Fei (i) — yk) (m)%&*")(l) if 6; is a element of,

\

31’2 e . f o ..
andaTj verifies the recurrence, Wlt%’;—j =0forallj.:

Ophy _AbL pint” | apl y(2Ay0 L A2
00; szpz szpz 08 00; "k 08 szpZ

__Ablpl avs o
CREAEANL

Moreover, iff; is an element ob., or E;_l

oB! (i)
8— diag(0,--- , 20, oo, 0).
Finally
o4 C(up,) if 0 is a parameter o, 6; = vy,
g% = Onxn else

whereC'(v;,,) is defined by

Cm(z) = —Qim Ay if i ?é l
Cm(l) = alm(l — alm) if i =1

5 Application : recursive estimation and performance
on simulations

5.1 Recursive estimation

Since we can write the log-likelihood and it’s derivative in a additive way, we can use

classical method of recursive (or on-line) estimation of our model.

A recursive estimatof,, of the parameter based on the finsbbservations ofy)
can be written

6n+1 =0, + Vanhn—H
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wherevy,, is a gain sequence verifying
o0 o0
7n§0727n2m7275<00 (7)
n=1 n=1

and withh,, the score vector such that tligh component is

_ au;, ! 0 o T 0P},
Y]

Note that the matrix{,, is an approximation of the inverse of the Fisher information
matrix obtained by the Riccati lemma (see Rynkiewicz [9]).

The recursive estimation of such models is treated thanks an on-line E.M. algo-
rithm in Holst et al. [4], but their numerical study is made on a very simple models
(two regimes and two AR(1) for autoregressive models). Moreover, studies on classical
HMM models show than recursive E.M. does not seem to be aa efficient way to esti-
mate the parameters of HMM based models (see Krishnamurthy and Moore [5]). In the
sequel, E.M. algorithm refers always to the off-line algorithm.

hn ()

5.2 Performance on simulation

We simulate a series with two MLP with 2 entries, one hidden layer Svithits (with
hyperbolic tangents as activation function) &wutput.

e The parameters for the two MLP are randomly chosen betwdeand1.

0.95 0.1
4= ( 0.05 0.9 )
e The covariance matrices are

w, = ( 0.29 0.34 ) oLy, — ( 1.09 0.33 )

e The transition matrix is

0.34 148 033 0.1

First we simulate a series witl)00 values. The CPU time for the estimation of param-
eter is obtained on a PC (400 MHz).
We randomly initialize 10 times each algorithm :

e E.M algorithm : The parameters are estimates Williterations of E.M. algo-
rithm and 10 iterations of BFGS optimization algorithm (see Press [6]) to opti-
mize the weights of each MLP in the M-step.

¢ Differential optimization : The parameters are estimates with 100 iterations of
BFGS.

e Recursive optimization : Since there are not enough data to ensure the conver-
gence of the algorithm, we ma@6€ pass on the time series. The initial gain is
0.08 and the rule of decreasingis = —7zr—.
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The log-likelihood for the true parameter is -1.20, the final log-likelihood obtained for
each algorithm and each initialization is :

| E.M algorithm | Differential optimization | Recursive optimization

—1.36805 —2.13761 —1.30815
—1.40708 —1.69924 —1.25308
—2.4903 —1.40469 —1.33211
—1.72062 —1.53105 —1.34769
—1.35515 —1.69533 —1.33211
—1.76341 —1.67276 —1.35613
—1.48806 —1.56657 —1.2944
—1.56468 —1.75466 —1.24691
—1.5589 —1.53692 —1.3545
—1.53337 —1.56613 —1.37256
CPU :1365s. CPU :664.91s. CPU :222s.

The estimated covariance matrices for the best model are

< 0.27 0.32 - 110 0.33
1= ( 0.32 149 ) andx; = ( 0.33 0.10 )

and the estimated transition matrix is

~ 0.96 0.1

A= ( 0.04 0.9 >
Note that both E.M. algorithm and differential optimization converge to a local maxi-
mum of the log-likelihood. There is no theoretical advantage to use one or another for
reaching some better maxima. However the recursive estimation is, according a lot of
empirical studies, more robust to achieve a good maximum.

We simulate now a long serie30000 values), we test only the recursive algorithm,

because the other are too slow and will need many hours to converge.
The log-likelihood for the true parameteris : -1.18

| Final log-likelihood |

—1.20364
—1.19179
—1.20097
—1.22429
—1.20561
—1.18873
—1.22802
—1.29867
—1.2385
—1.18573
CPU : 248s.
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The estimated covariance matrix for best model are

- 0.29 0.35 - 110 0.33
1= ( 0.35 1.51 ) andx; = ( 0.33 0.10 )

and the estimated covariance matrix is
~ 0.95 0.1
A= ( 0.05 0.9 >
6 Conclusion

If we use the prediction filter of the state, the calculus of the log-likelihood of the
Hybrid model has a linear complexity with respect to the observations. Moreover, if the
model is parameterized with care, the calculus of the derivative of the log-likelihood is
easy and we can use direct differential optimization to find the MLE. Finally, recursive
algorithm deduced from this calculus yields us a very efficient method to estimate such
models on long times series.
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