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Abstract. We introduce an ensemble of hybrid neural networks. The
hybrid networks are composed of radial and projection units. They are
trained using a deterministic algorithm that completely defines the pa-
rameters of the network for a given data set. Thus, there is no random
selection of the initial (and final) parameters as in other training algo-
rithms. Network independent is achieved by using an input sub-space
random sampling as well as random selection of patterns from the train-
ing set. Few methods for ensemble fusion are explored and evaluated on
several classification benchmark data-sets.

1 Introduction

Hybrid neural networks that are composed of radial basis functions and per-
ceptrons have been recently introduced [5, 4]. Such networks employ a deter-
ministic algorithm that computes the initial parameters from the training data.
Thus, two networks that have been trained on the same data-set produce the
same solution and therefore, a combination of such classifiers can not enhance
the performance over a single one.

Fusion of experts has been studied extensively in recent years; One of the
main results is that experts have to be partially independent for the fusion
to be effective. The bagging algorithm can be used to de-correlate between
classifiers as well as to obtain some performance measure on the accuracy of
the classifiers using the “out of bag” sub-set of the data [1]. Another technique
Arcing — adaptive re-weighting and combining — refers to reusing or selecting
data in order to improve classification [2]. One popular arcing procedure is Ad-
aBoost [9], in which the errors on the training data-sets are used to train more
specific classifiers. Subsampling of the input space and the training patterns
is extensively used in the random forest algorithm [3]. A different flavor of
combination of classifiers use dynamic class combination (DCS) [10] and Clas-
sifiers Local Accuracy (CLA) in order to select the best classifier when making
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a predication. This is done at the cost of saving the whole training set and
then selecting the predication of the best classifier at the vicinity of a given
pattern.

The hybrid Perceptron Radial Basis Function Network (PRBFN) is con-
structed in a very conservative manner and with strong regularization. It thus
has a relatively small architecture and therefore a low variance [5, 4]. In this
paper, we investigate the use of these methods on a combination of strong clas-
sifiers that has a deterministic training algorithm. Several ways to make the
classifiers independent are considered as well as several combination strategies.

2 Training an ensemble

Since a PRBFN classifier is determined by the given training data set uniquely
[4], independence in an ensemble can not come from random parameter ini-
tialization as in other algorithms [12]. This also implies that combination of
such experts is obvisouly not optimal by a simple uniform averaging. The ran-
dom forest algorithm uses sub-space resampling for each node in the tree [3].
AdaBoost uses a fraction of the data to train a classifier, thus different classi-
fiers see different data-sets [9]. We use both techniques to make the classifiers
more independent. We use subsample of the input space features, “boost” the
classifiers and then combine the classifiers into an ensemble. We rely on the
accuracy of the classifiers on the training set for experts fusion as explained
below.

2.1 Ensemble generation

Given a data set D = {x;,y;}Y, where z; € R? and y; is the class label. The
input to the algorithm includes the maximum number of classifiers k42, the
size of the resampled subset of D is n < N and v € [0,1] is the fraction of
features for the random subspace selection.

e Initilialize: empty ensemble, k =0

e while k < kpaz

test the ensemble on the full training-set.

add to the current dataset Dy the misclassified patterns
— select randomly N — |Dy| from D — Dy, and add them to Dy,

— resample Dy, on the features by using round(vy * d) features.
e end-loop

The above algorithm differs from the AdaBoost algorithm [9], as all the mis-
classified patterns are added to the next subset (with probability 1). Since
the PRBFN classifier is not a weak classifier, there are few such patterns, and
thus, we include all the misclassified patterns in the data-set. Each classifier
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receives a different part of the training data and a different subsample of the
input variables as in Random Forests. Thus, dependency between experts is
greatly reduced.

2.2 Experts fusion methodology

We have used three classifier combination rules. The first is the familiar major-
ity vote; Here, the final decision is made by selection of the class with maximum
number of votes in the ensemble.

The second strategy relies on a convex combination using the error values
from the first stage of training. The output of the ensemble is given by:

M M
f@)=>"apfelx)  ar >0, ap=1 (1)
k=1 k=1

Let e; be the classification error of the i'th classifier. We set the weight of this
classifier as follows:

exp(—ey) 9
Zﬁ\il exp(_ei), ( )

where M is the number of classifiers in the ensemble. Motivated by the Gibbs
distribution, which maximizes the information contribution from each classifier,
the above equation simply gives stronger weight to classifiers with smaller error.

The third strategy involves dynamic selection of the best classifier for pre-
diction of the output value when a novel pattern is given. When the confidence
of the best classifier (to be explained below) is too low (below a given threshold)
we use a dynamic combination of the classifiers to produce the output of the
ensemble. We define a local accuracy for each classifier as follows. Let & > 0
and r € R? be a novel pattern. Let Di(x) be the k — nearest patterns in the
training set to z. Set the local accuracy of the current classifier on z the to be:

ap =

> s, €Dy (z) Olarg max; p(y;|z;) — arg max;(t;))

I(x) = ) , (3)

where 0(z) is one for z = 0 and zero otherwise, and ¢; is the target for pattern
xj. Thus, the local accuracy is the number of correct classified patterns in the
k — neighborhood of . Let I (z) be the maximum local accuracy and let l2(x)
be the next highest accuracy. Define the confidence level as follows:

_ h(z) — (2

We further define the weights for each classifier as follows:

o ea(@) -
HO = S explla(e)) )

Now the combination rule in this case is given by:
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e Compute the local accuracy for each classifier as in 3.

e Compute the confidence level cl(z) from Eq. 4.

e If maxcl(x) > threshold, select the output of the best classifier, otherwise
use Eq. 1 where qy, is given by (5).

3 Results

We have considered several data-sets to evaluate the performance of the en-
semble vs. PRBFN. The following methods of combination were used:

e ENSI-PRBFN The ensemble using the first selection (majority vote)

strategy.

e ENS2-PRBFN The ensemble using a convex combination of classifiers
where the errors affect the weight of the different classifiers in the ensem-

ble.

e ENS3-PRBFN The ensemble using k-neighbors to select the best classi-

fier.

e PRBFN the single classifier as described in [4].

Data sets description

The Breast-cancer dataset from the UCI repository was obtained from the Uni-
versity of Wisconsin Hospitals, Madison from Dr. William H. Wolberg. This
dataset has 9 attributes and two classes and the number of training patterns

is 699. The task is to classify the patterns to Benign or Malignant.

The Glass dataset from the UCI repository has 10 attributes and 7 types
of glasses. The study of classification of types of glass was motivated by crim-
inological investigation. At the scene of the crime, the glass left can be used
as evidence if it is correctly identified! Ripley’s best result on this data-set is

80% accuracy [11].

| Method | Breast-cancer | Glass | Iris | Vowel | Pima
ENS1-PRBFN | 96.5+1.4 96.2+3.5 | 95.3+4.5 | 85.2+5.3 | 77.4+3.2
ENS2-PRBFN | 96.7+1.4 94.844.7 | 96.0£5.3 | 86.7+£3.9 | 77.5+3.2
ENS3-PRBFN | 96.84+1.9 94.2+5.2 | 96.0+4.6 | 87.3+4.0 | 77.4+t4.4
PRBFN 96.0+2.03 93.3+5.7 | 95.3£4.6 | 81.8+£5.9 | 76.6 £6.0

Table 1: Comparison of percent correct classification rate of ensemble methods
on several data-sets using 10 folds cross validation.

The Iris data-set [7] contains three classes, each with 50 instances. The
classes refer to a type of iris plant. Each pattern is composed of four attributes.
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We used ten folds of cross validation in order to estimate the accuracy of the
different classifiers.

The Deterding vowel recognition data [6, 8] is a widely studied benchmark.
This problem may be more indicative of a real-world modeling problem. The
data consists of auditory features of steady state vowels spoken by British
English speakers. There are 528 training patterns and 462 test patterns. Each
pattern consists of 10 features and belongs to one of 11 classes that correspond
to the spoken vowel. The speakers are of both genders. This data, unlike the
other data-sets that have been studied, has a fixed training and test set. Thus,
we provide results with cross validation in Table 1, where we compare experts
on cross validated test set and, for completeness, we provide an additional table
with results on the fixed test set as is described in [6, 8]. Previous best score
on the fixed test set was reported by Flake using SMLP units. His average best
score was 60.6% [8] and was achieved with 44 hidden units. As can be seen in
Table 2, the single PRBFN network surpasses this result and achieves 68.4%
correct classification with only 22 hidden units. This result was achieved with
a low variance architecture on a small training set, thus ensemble methods did
not improve the result. When it is possible to decorrelate experts using a larger
training set (Table 1), the ensemble improvement is more significant.

| | ENS1-PRBFN [ ENS2-PRBFN | ENS3-PRBFN [ PRBFN |
| Vowel [ 66.1+1.3 | 67.8£1.4 | 67.5£0.9 | 68.1£0.0 |

Table 2: Classification rate on the Vowel data [6, 8] using the fixed test set
with no cross validation.

4 Discussion

The performance of ensemble methods on a tight architecture which has been
shown to have a low variance portion of the error was evaluated on several
benchmark data-sets. Partial independence of the experts was achieved via
boosting, and expert fusion was performed via majority (plurality), convex
combination (as described above), and via dynamic fusion based on the local
accuracy of each expert in the region close to the test pattern. We note that
the improvement of ensemble of such architectures is smaller than improve-
ment that can be achieved on other architectures which posses higher variance,
nevertheless, improvement still exists, and is sometimes quite significant. The
fusion methods we have studied do not appear to be significantly different in
their improvement over a single expert. The key factor affecting the improve-
ment is the degree of decorrelation of experts, which in this case, due to the
deterministic nature of the architecture, depends on data resampling methods.
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