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1. INTRODUCTION

In [2], Kimberling posed the question of which recurrent sequences {t, : n =0,1,2,...}
have the property
ged(tm, tn) = tged(mm) Vm,n € N. (1)

A sequence with this property is called a strong divisibility sequence (SDS). For example, the
Fibonacci polynomials, defined by the second-order linear recurrence F,(x) = zF,_1(x) +
F,_o(z); Fo(x) =0, Fi(x) =1, is a SDS of polynomials (see [3]). This paper will present a
characterization of all the second-order SDS of polynomials. The proofs are all elementary;
the most advanced technique used is mathematical induction. I will not discuss the sequences
that consist only of integers. For the characterization of second-order SDS of integers see [1].

2. THE SET S AND THE SUBSETS D, F, G, AND H

Let S be the set of second-order linear recurrent sequences of polynomials defined by
52(2) = p(2)sn1(x) + q(@)sno(x); 50(x) =0, s1(z) =1

where p(z),q(x) € Z[X]. The subset of all of the SDS of S will be denoted by D.

Note we let so(z) = 0 because all terms of a strong divisibility sequence divide sq(x).
We may also take s1(xz) = 1 without loss of generality because all the second-order strong
divisibility sequences are obviously all the multiples of the sequences from D.

In pursuit of a description of D, consider the following subsets of S: F, Fi, G, and H;
defined with the initial conditions 0 and 1.

F={(fn): fn(z) = p(2) fr-1(z) + q() fn—2(2); fo(x) =0, fi(z) =1}

Fy = F where ged(p(z),q(x)) =1

G ={(g9n) : gn(x) = p(z)gn—1(x); go(x) =0, g1(x) = 1} (degenerate sequence)
H = {(hn) : hn(2) = q(2)hn—2(2); ho(z) =0, hi(z) = 1}.

There are some results which follow from defining G and H: DNG =0 and DN H = ().
For the set G we can clearly see that go(z) = p(x) and g3(z) = (p(z))?. So
ged(g2(z), g93(z)) = p(z) #1 = ggcd(2,3)(l‘)

which contradicts (1). Similarly, consider hz(x) and hs(z) which equals ¢(z) and (q(z))?,

respectively, to obtain a contradiction to (1).
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3. THE SUBSETS F AND F

Clearly Fy C F. We will see that F; = DN F by showing F1ND = F; and DNF\ F; = 0.
Theorem 1: Let f, € F' then

fow (@) = frpr (@) ful@) + (@) fi(2) fa (%)

Proof: We use strong induction on k. By definition of F,

fr1(@) = p(2) fu(2) + q(2) fo-1(2)

We see that fo(x) = p(x) and f1(z) = 1 showing that the initial case is true. We assume
frsk(@) = fer1(x) frn(x) + q(x) f () fn_1(z) by the induction hypothesis. So it follows

Jnti)+1(x) = 0(2) frgr () + ¢(2) frngr)—1(2)
= p(@)[frt1(2) fr(2) + (@) fo () fri—1(2)]
+ q(2) [k () fu(z) + () fro—1(2) fr—1(2)]
= fet2(z) fu(2) + q(2) fr1(2) from1(z). O

Corollary 1: Let f,, € F then
m | n implies fin(z) | fo(2).

Proof: Assume m | n which implies n = km. To show f,,(z) | fim(z) we will use
induction on k. f,(x) | fi.m(z) clearly. Suppose fi.(x) | fim(x) by the induction hypothesis.
So

fm (@) | afim(x) + Bfm(x) Va,p.

With Theorem 1, choose the appropriate a and 3, fi,+1(2) and q(x) fgm—1(x) respectively, to
yield fin () | fm+m(z); moreover,

fn(@) | flegrym(z). O
Theorem 2: Let f,, € Iy then
ged(fn(2), frta(z)) = 1.
Proof: We will use induction on n. ged(fi(x), f2(x)) = 1 since fi(z) = 1. We know

for2(2) = p(2) fap1(2) + (@) fuz) (mod fny1(x)), so
fora(x) = q(2) fu(x) (mod fri1(2)).

Therefore ged(fri2(), fnt1(x)) = ged(fra1(x), q(x) frn(z)). Notice that ged(frni1(x),q(x)) =
1 by the fact f, € Fy giving us the property ged(p(z),q(x)) = 1. So with the induc-

tion hypothesis of ged(frni1(z), fu(z)) = 1 and ged(fn1(x),q(x)) = 1, it follows that
ged(fr41(2), q(2) fn(2)) = 1 which yields ged(fn42(2), frt1(2)) =1. O
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Corollary 2: Let f,, € Fy then m = gn + r implies
ged(fm(2), fn(2)) = ged(fn(2), fr(z)).
Proof: Assume m = gn + r,

fm(@) = fontr(2) = fri1(2) fon(2) + 4(2) [ (2) fgn—1 (2),

by Theorem 1. Consider

fm(z) fH—l(x)fqn(x) + Q(m)fr(x)fqn—l(l“) (mod fr(z))
fm(2) = q(2) (%) fgn—1(z) (mod fr(z)).

Thus ged(fm (), fn(z)) = ged(fn(x), ¢(x) fr(x) fgn—1(x)). From Theorem 2 and Corollary

1 we see that ged(fgn(x), fgn—1(z)) = 1 and ged(fyn(z), fu(z)) = fn(x), respectively.
So it follows ged(fyn(z), fgn—1(x)) = 1 and since the ged(fn(z),q(z)) = 1 we arrive at

ged(fn (), ¢(x) fgn—1(x)) = 1. Therefore,

ged(fm(z), fn(2)) = ged(fn (@), 4(2) o (%) fgn-1(2)) = ged(fu(2), f(2)). O

Theorem 3: All sequences in Iy are in D.

Proof: Let f,, € F; and consider the use of the Euclidean algorithm in conjunction with
Corollary 2. We can see

mZQon+7“1 n > ™ 2 0 = ng(fm(m)7fn<$)) :ng(fn(x)afm(x))
n=qri + ] ™ > T9 2 0 = ng(fn(x)v fm (:1?)) = ng(fm (ZE), frz ($))
Feo1 = qkT + 0 = ged(fr (@), fr (1) = g0d(fry (2), fol@)) = fry-

With ged(m, n) = ri and ged(fin (), fu(x)) = fr,.(2), it follows

ng(fn(x)a fm(x)) = fT’k (.’L‘) = fgcd(n,m) (x)

for all sequences f,, € F1. 0O
Theorem 4: FFND = F.

Proof: Let f,, € DN F \ Fy then ged(p(x),q(x)) = d(x) # 1, which implies p(xz) =
d(z)P(z) and q(z) = d(z)Q(x). Therefore,

fo(x) = d(@) P(2) fo-1(2) + d(2)Q(2) frn—2()-

Consider fa(x) and f3(x): d(x)P(z) and d(z)(P(x)d(z)P(x) + Q(z)) respectively. This gives
a contradiction to (1) since

ged(fo(2), f3(x)) = d(z) # 1 = fi(x).
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Thus DNF\ F; =0, and since F; C F and F; N D = F;, wecansee FND =F,. 0O
4. CONCLUSION

DNG=0,DNH =0, and FN D = Fy, show that D, all SDS of polynomials with
the initial conditions so(x) = 0 and s1(z) = 1, is the set of sequences F;. Thus the set of
multiples of F} is all the second-order strong divisibility sequences of polynomials, completing
the characterization.
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