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1. INTRODUCTION

Ifi > 0andn > 1, let g (n) denote the number of partitions of n into an even number of parts, where eagh part
occurs at most / times and let g?(n) denote the number of partitions of 7 into an odd number of parts where each
part occurs at most/ times. |f/ >0, letg%(0) = 7 and g?(0) = 0. Fori =0 andn > 0, let A j{n) = gé(n) — qf(n).

Fori=17, itis well known [1] that

Afn) = (1)) it n=%(3j2%j) forsome j=0,1,2, -,

0 otherwise.
For/=3, Dean R. Hickerson [2] has proved that
(—1)" if n=%(G%+j) forsome j=0,1,2,-
Asfn) =3 g otherwise.
For/ an even number, Hickerson [2] has proved that

Ajfn) = (-1)"pf(n),

where pjf 9 (1) is the number of partitions of n into distinct odd parts which are not divisible by / + 7 and Ik dip)=1.

In this paper, we obtain formulae for A;(n) fori =5 and 7 in terms of the number of partitions into distinct parts
taken from certain sets. These formulae, Iike those above, will allow rapid calculation of A;(n) even for large values
of n without the need to determine either g¢ (n) or gf (n). They will also allow verification of aconjecture by Hick—
erson [3] that, for/=5and 7, A;(n) is nonnegative if n is even and nonpaositive if n is odd.

2. THEOREMS

Theorem 1. Agln) = (=1)" D a3 6ln - (3% £2j)),
Jj=0
where g3 6-(n} denotes the number of partitions of n into distinct parts each of which is congruent to 3 (modulo 6),
ng-(ﬂ) = 1, and where the sum extends over all integers j for which the arguments of the partition function are non-
negative.

Proof. The generating function for A/ is given by
Z A" = (1= x+x% = ot (=1) X )1 = xZ 4 x% = ot (~1)x 7)1 X3 xSt (1)x)
(1)
o (i+1)j
= H (1=xl#+x% — v (=1)xT) = TI 14 (1)1
j=1 i=1 1+x1

Therefore,
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s o 6 e 6i i o0 . )
2) 2 ; Aglnx" = 11 7"X.j = 1 ”_—)_(_l_)(L:_X_j_) =TI (1-x%)(1-xZ1)
=1 1+x! j=1 7_X2j j=1

n=0

= T (1-xST )7 = X615 )11 — xO1*6) T1 (1 xO1*3).

j=0 j=0
Applying Jacobi’s identity
3) 1 (1 = x2KithQyy _ ( 2kitk+8 )y 2Ki+2k | Z (1) x ki
j=0 -
/——OO
with k =3, =2, to the triple product in (2), we obtain
@) D Aslnk” E (~1) 5% n (1-x53) .
_ o

Since
M (71-x5%3) = Z (~1)% 8 glhix*
=0 k=0

we can write (3) as

D Astaik" = D0 ~1)xTR ) A Y (—nkqg{s(k)xk)
n=0

j=0 k=0

[\’]z

2o (=1 =1y 03220 o8 o — (37 £2)) z X"

ZiE
ZiE

3
]
[}

Mg

Z ( 7}/7—(3/ ‘/+2/)q36(”— (3] +2/)}}
j=0

n=0
But3j2 —j+2/=0 (mod 2). Hence

0

> Aslnx™ = ) g 2 (~1)"q3 6ln - (3 1‘2/))EX”
j=0

n=0 n=0

Equating coefficients on both sides, we obtain the theorem.

[APR.

To illustrate that Theorem 1 allows very rapid calculation of Ag(n), we consider the case n = 20, for which we have

A520) = 3 a§6(20 (3% +2)) | = a5 4(15)+q5g(12) = 2
/=0
all other terms in the sum being 0. This checks with
gg(20) — q2(20) = 236 -234 = 2,
obtained by computer.
Theorem 2.

Apln) = (=1)" D q3ln—(2%2j) ,
Jj=0

where q4(n} denotes the number of partitions of » into distinct parts, each of which is divisible by 4, g4 (0) =17, and

where the sum extends over all integers / for which the arguments of the partition function are nonnegative.

Proof. Using (1), we have
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2 o g o 4 .
S Aptai™ = T L= o LX)
‘ =1 1+x i1 74X

(5)

= TL (1 =X )1 xR0 k) T (1454
j=0 /=0
Applying Jacobi’s identity (3) with k =2, @ = 7, to the triple product in (5), we obtain
ST Aplaix™ = S0 =1V T (14 = [ 30 1 FH WS gtk
-0 jmmoo =0 =0 =0
(6)

= 2D =1V qGin— (27 £)) L.
n=0 { j=0

Equating coefficients on both sides, we obtain
Azln) =3, (~1)qdin~ (2% ).
v /___.0
Now forn =a (mod 4), 0 < a <3, and observing that qg(n) = 0 unless n is divisible by 4, we have
Azln) S (~1aSin— (2% 4)))

j<0
2*sj=almod 4)

]

17 2 -2 = -1 S S - (5P ).
=0 /=0
2j*+j=a(mod 4)
The formulae of Theorems 1 and 2 show that A;(n/) for /= 5 and 7 is nonnegative if n is even and nonpaositive if n is

odd.
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