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Observation of extensive collections of numerical data shows that the dis-
tribution of first digits is not equally likely. Frank Benford, a General 
Electric Company physicist hypothesized in 1938 that for any extensive collec-
tion of real numbers expressed in decimal form Pv(j = p) = log10(l + 1/p) or, 
equivalently, Pr(j < p) = log10p, where j is the first significant digit and p 
is an integer 1 < p < 9. Benford presented extensive data to back up his 
claim. Sequences that have this property are said to obey Benford?s law or to 
have the first digit property. 

One can certainly create data which does not obey Benford?s law. However, 
many "natural" collections do behave in this manner. It has been shown that 
the geometric sequence avn is a Benford sequence as long as v is not a rational 
power of 10, as is any sequence which is asymptotically geometric (see, e.g., 
[7]). The Fibonacci numbers Fk are asymptotic to (v/5/5)[(l + v/5)/2]fc , so they 
have the first digit phenomenon. 

R. A. Raimi [7] gives an extensive bibliography of work done in the field 
until 1976. More recently, others have considered the distribution of first 
digits in specific sequences of mathematical interest using both the natural 
density 

,̂ N ... (the number of elements in S < m) 
n(S) = lim 

777 ->- oo TH 

and other density functions (see, e.g., [1], [2], [6]). In this paper, I show 
that Nl obeys Benfordfs law using the natural density. 

Let Dp be the set of all members of i?+ written with standard expansion in 
terms of some positive integer base b whose most significant digit is an inte-
ger < p. Then, 

Dp = U U>n, (p + l)bn). 
Yl = -oo 

This set maps into Ep = [0, logfc(p + 1)) if we take logbDp (mod 1). Using the 
notation of [4] let (xn); n = 1, 2, ,.., be a sequence of positive integers in 
R+ written in base b and let ((log^xn)) be the sequence of fractional parts of 
(log, x ) . Note that b (logb:cn) has the same first digit as xn. Let 

A[S; N; (xn)] 

be the number of terms of (xn) , 1 < n < N9 for which xn G 5. Then 

A[Dp; N; (xn)] = A[Ep; N; ((log^)) ] . 

A sequence (xn) is said to be uniformly distributed modulo 1 (written u.d. mod 
1) if, for every pair of real numbers with 0 < a < Z ? < l , w e have 

A[[a9 b); N; ((xn))] 
lim = b - a» 
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Recall that Ep is simply [0, (p+1)) so that if ((logbxn)) is u.d. mod 1, then 
(xn) is Benford under the natural density. Hence, the problem is reduced to 
considering the sequence ((log,#n)) for any sequence (xn) 9 where b is the base 
in which the sequence is expanded. 

For convenience I will consider sequences written in decimal form and will 
write log x for log1Qx. 

Theorem: Let F = {Nl\N = 1, 2, 3, ...} and let 

Fk = {n\n G F and the first digit of n is K]. 

Then Nl is Benford; that is, 

(the number of elements in Fv < m) 
lim = log k + 1 
^oo (the number of elements in F < m) k 

This can be proven utilizing the following theorems from [4]: 

(a) If the sequence (xn) , n = 1, 2S . . ., is u.d. mod 1, and if (yn) is a 
sequence with the property 

lim(^ - yn) = a, 

a real constant, then (yn) is u.d. mod 1. 

(b) The Weyl Criterion: A sequence (xn) 9 n = 1. 
and only if 

2, i s u . d . mod 1 i f 

T . 1 T ^ 2i\ihxn 0 f o r a l l i n t e g e r s h i- 0 . 

(c) Le t a and b be i n t e g e r s w i t h a < b, and l e t / be t w i c e d i f f e r e n t i a b l e 
[ a , Z?) w i t h f" > p > 0 o r / " < - p f o r XG [ a , &) . Then, 

y e2i\if{n) 
n = a 

< (\f"(b) - f'(a)\ + 2) 
vn 

+ 3 

We observe that 

limI log [ (n/e)nV2Tm log n!I : 

2im(n/e) e with 1 l/(12n + 1) < r(n) < 1, 

so that 
lim log[(V2im(n/e)n]/nl)] = 0. 

Thus, if v2im(n/e)n is Benford, so is nl.. This is convenient for a statistical 
analysis because it is much simpler and faster to obtain the first digit of 
v2im(n/e)n than that of nl despite the fact that, today, programs are available 
to compute nl for very large n (see, e.g., [3]). Moreover, using (b) and (c), 
we can show that log(y/2jin(n/e)n) is u.d. mod 1 so that (log nl) is also, which 
means nl is Benford. Define f(x) = h(log [V2/nx(x/e)x ] ) . Then 

f"(x) = /2(loge10)_1[(2x - l)/x2] > h(N log^lO)"1 > h/3N for 1 < x < N. 

Substituting into Theorem (c) with p = h/3N yields: 

N 

n= 1 

2-nifW h(l - N) 
6N + log N + 2 4 J f + 3 
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Thus, 
I 1 N 

l±m\N 2 > 
2-nifin) 

' n = l 
= 0 

and fin) is u.d. mod 1, which implies V2wn(n/e)n is Benford and9 therefore, as 
indicated previouslys so is nl. 

Another interesting sequence to consider is apk where p, is the kth prime. 
It has been shown that the primes themselves do have the first digit phenomenon 
under some non-standard densities (see, e.g., [1]). In a chi-squared analysis 
at the 95% level for 8 degrees of freedom we would reject the Benford hypothe-
sis if chi-squared is greater than 15.5. Tallying the first digit of the se-
quence l^k for the first 65 primes gives a value of chi-squared of 9.8, while 
in an analysis of a random sequence of 56 primes less than 10000 a chi-squared 
value of 12.74 was obtained. Using a Kolmogorov-Smirnov analysis at the 95% 
level, in the first case, K = .072 compared to the table value of .16, and for 
the random sample, a K value of .14 was obtained, compared to .18 (for table 
values see, e.g., [5]). These results seem to indicate that 2pk or, more gen-
erally, a^k may be Benford under other than the natural density. However, this 
remains an open question. 
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