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A second order primal-dual method for
nonsmooth convex composite optimization

Neil K. Dhingra, Sei Zhen Khong, and Mihailo R. Jovanovi¢

Abstract

We develop a second order primal-dual method for optimization problems in which the objective function is
given by the sum of a strongly convex twice differentiable term and a possibly nondifferentiable convex regularizer.
After introducing an auxiliary variable, we utilize the proximal operator of the nonsmooth regularizer to transform the
associated augmented Lagrangian into a function that is once, but not twice, continuously differentiable. The saddle
point of this function corresponds to the solution of the original optimization problem. We employ a generalization of
the Hessian to define second order updates on this function and prove global exponential stability of the corresponding
differential inclusion. Furthermore, we develop a globally convergent customized algorithm that utilizes the primal-
dual augmented Lagrangian as a merit function. We show that the search direction can be computed efficiently and
prove quadratic/superlinear asymptotic convergence. We use the ¢;-regularized model predictive control problem and
the problem of designing a distributed controller for a spatially-invariant system to demonstrate the merits and the

effectiveness of our method.

I. INTRODUCTION

We study a class of composite optimization problems in which the objective function is given by the sum
of a differentiable strongly convex component and a nondifferentiable convex component. Problems of this form
are encountered in diverse fields including compressive sensing, machine learning, statistics, image processing,
and control [[1]-[9]. They often arise in structured feedback synthesis where it is desired to balance controller
performance (e.g., the closed-loop Ho or H., norm) with structural complexity [5], [6].

The lack of differentiability in the regularization term precludes the use of standard descent methods for smooth
objective functions. Proximal gradient methods [[10]-[12] and their accelerated variants [13]] generalize gradient
descent, but typically require the nonsmooth term to be separable.

An alternative approach introduces an auxiliary variable to split the smooth and nonsmooth components of
the objective function. The reformulated problem facilitates the use of splitting methods such as the alternating
direction method of multipliers (ADMM) [14]. This augmented-Lagrangian-based method divides the optimization
problem into simpler subproblems, allows for a broader class of regularizers than proximal gradient, and it is
convenient for distributed implementation. In [[15]], we exploited the structure of proximal operators associated
with nonsmooth regularizers and introduced the proximal augmented Lagrangian. This continuously differentiable
function enables the use of the standard method of multipliers (MM) for nonsmooth optimization and it is convenient

for distributed implementation via the Arrow-Hurwicz-Uzawa gradient flow dynamics. Recent work has extended
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MM to incorporate second order updates of the primal and dual variables [16]—[18] for nonconvex problems with
twice continuously differentiable objective functions.

Since first order approaches tend to converge slowly to high-accuracy solutions, much work has focused on
developing second order methods for nonsmooth composite optimization. A generalization of Newton’s method
was developed in [19]-[22] and it requires solving a regularized quadratic subproblem to determine a search
direction. Related ideas have been utilized for sparse inverse covariance estimation in graphical models [23]], [24]
and topology design in consensus networks [25]].

Generalized Newton updates for identifying stationary points of (strongly) semismooth gradient mappings were
first considered in [26]-[28|]. In [29]-[31f], the authors introduce the once-continuously differentiable Forward-
Backward Envelope (FBE) and solve composite problems by minimizing the FBE using line search, quasi-Newton
methods, or second order updates based on an approximation of the generalized Hessian.

We develop a second order primal-dual algorithm for nonsmooth composite optimization by leveraging these
advances. Second order updates for the once continuously differentiable proximal augmented Lagrangian are formed
using a generalized Hessian. We employ the merit function introduced in [16] to assess progress towards the optimal
solution and develop a globally convergent customized algorithm with fast asymptotic convergence rate. When the
proximal operator associated with a nonsmooth regularizer is (strongly) semismooth, our algorithm exhibits local
(quadratic) superlinear convergence.

Our presentation is organized as follows. In Section [I[I, we formulate the problem and provide necessary back-
ground material. In Section we define second order updates to find the saddle points of the proximal augmented
Lagrangian. In Section we prove global exponential stability of a continuous-time differential inclusion. In
Section [V] we develop a customized algorithm that converges globally to the saddle point and exhibits superlinear
or quadratic asymptotic convergence rates. In Section VI we provide examples to illustrate the utility of our method.
We discuss interpretations of our approach and connections to the alternative algorithms in Section [VII|and conclude

the paper in Section
II. PROBLEM FORMULATION AND BACKGROUND

We consider the problem of minimizing the sum of two convex functions over an optimization variable z € R",
minimize f(z) + ¢(Tx) (1)
xT

where T' € R™*", Problem is widely used in compressive sensing to incorporate structural considerations
into traditional sensing or regression [1]-[3]]. It has also gained traction in many fields including control-theoretic
applications [5]-[9].

Assumption 1: The function f is twice continuously differentiable, has an L Lipschitz continuous gradient V f,
and is strictly convex with V2f > 0; the function g is proper, closed, and convex; and the matrix 7" has full row
rank.

As specified in Assumption |1} the differentiable part of the objective function f, which quantifies performance
loss, is strictly convex with a Lipschitz continuous gradient. In contrast, the regularization function g may be
nondifferentiable and is used to incorporate structural requirements on the optimization variable. In structured

feedback synthesis [5]], [6]], f typically quantifies the closed-loop performance, e.g., the s norm, and g imposes
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structural requirements on the controller, e.g., by penalizing the amount of network traffic [32[]-[35]]. Although our
strongest results require strong convexity of f, our theory and techniques are applicable as long as the Hessian of f
is positive definite. The extension to weakly convex functions using the pseudoinverse of the Hessian or assuming
“restricted strong convexity” is currently under study.

The matrix 7" is important when the desired structure has a simple representation in the co-domain of 7', but it
makes the problem more challenging. One approach is to reformulate (I)) by introducing an auxiliary optimization

variable z € R™,

minimize f(x) + g(z)
T,z (2)
subject to Tx — z = 0.

Problem is convenient for constrained optimization algorithms based on the augmented Lagrangian,
Lyu(w,23y) = f(2) + g(2) +y" (Tw — 2) + 5 | T — 2|,

where y € R is the Lagrange multiplier and p is a positive parameter. Relative to the standard Lagrangian, £,
contains an additional quadratic penalty on the linear constraint in (2)).

In the remainder of this section, we provide background on proximal operators and describe generalizations of
the gradient for nondifferentiable functions. We also briefly overview existing approaches for solving (T).

A. Background

1) Proximal operators: The proximal operator of the function g is the minimizer of the sum of ¢ and a proximal

term,

prox,,(v) = argmin (g() + g |1z — v|) G

where p is a positive parameter and v is a given vector. When g is convex, its proximal operator is Lipschitz
continuous with parameter 1, differentiable almost everywhere, and firmly non-expansive [[12f]. The value function

associated with (Ba) specifies the Moreau envelope of g,

Myg(v) = g(prox,,(v)) + 5 [[prox,,(v) —v|*. (3b)
The Moreau envelope is continuously differentiable, even when g is not, and its gradient

VM,4v) = 1 (v — prox#g(v)) (3¢)

14

is Lipschitz continuous with parameter 1/ .

For example, the proximal operator associated with the ¢ norm, g(z) = >_ |z;|, is determined by soft-thresholding,
S,.(v;) == sign(v;) max{|v;|—p, 0}, the associated Moreau envelope is the Huber function, M,,4(v;) = {v?/(2u), |v;| <
Wi |vil — /2, |v;| > p}, and its gradient is the saturation function, VM,,4(v;) = sign(v;) min{|v;|/p, 1}. Other
regularizers with efficiently computable proximal operators include indicator functions of simple convex sets as
well as the nuclear and Frobenius norms of matricial variables. Such regularizers can enforce bounds on x, promote
low rank solutions, and enhance group sparsity, respectively.

2) Generalization of the gradient and Jacobian: Although prox,,, is typically not differentiable, it is Lipschitz

continuous and therefore differentiable almost everywhere [36]]. One generalization of the gradient for such functions
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is given by the B-subdifferential set [37], which applies to locally Lipschitz continuous functions h: R™ — R.
Let Cp, be a set at which h is differentiable. Each element in the set dph(Z) is the limit point of a sequence of

gradients {Vh(zy)} evaluated at a sequence of points {2z} C C}, whose limit is Z,
0h(z) = {J| Hz} CCh, 2t = Z, Vh(zx) = J}. 4)

If h is continuously differentiable in the neighborhood of a point z, the B-subdifferential set becomes single valued
and it is given by the gradient, dph(z) = Vh(z). In general, dgh(Z) is not a convex set; e.g., if h(z) = |z
oph(0) = {-1,1}.

The Clarke subdifferential set of h: R™ — R at z is the convex hull of the B-subdifferential set [38]], Och(Z) :=

s

conv (Ogh(z)). When h is a convex function, the Clarke subdifferential set is equal to the subdifferential set
Oh(z) which defines the supporting hyperplanes of h at z [39, Chapter VI]. For a function G: R™ — R", the
B-generalization of the Jacobian at a point z is given by
T
OG(z) = | JT . JT
where each J; € 0pG;(Z) is a member of the B-subdifferential set of the ith component of G evaluated at z. The
Clarke generalization of the Jacobian at a point z, dcG(Z), has the same structure where each J; € 0cG;(Z) is a
member of the Clarke subdifferential of G;(Z).
3) Semismoothness: The mapping G: R™ — R”™ is semismooth at Z if for any sequence z; — Z, the sequence

of Clarke generalized Jacobians Jg, € cG(zy) provides a first order approximation of G,
1G(zk) — G(2) + Ja, (2 — 2zl = olllz — Z]) (5)

where ¢(k) = o(i(k)) denotes that ¢(k)/1(k) — 0 as k tends to infinity [40]. The function G is strongly

semismooth if this approximation satisfies the stronger condition,
IG(zk) — G(2) + Je, (2 — z)| = Ollz — ZII),

where ¢(k) = O(¢(k)) signifies that |¢(k)| < Li(k) for some positive constant L and positive (k) [40].

Remark 1: (Strong) semismoothness of the proximal operator leads to fast asymptotic convergence of the
differential inclusion (see Section and the efficient algorithm (see Section [V). Proximal operators associated
with many typical regularization functions (e.g., the ¢; and nuclear norms [41]], piecewise quadratic functions [42],
and indicator functions of affine convex sets [42]) are strongly semismooth. In general, semismoothness of prox,,,
follows from semismoothness of the projection onto the epigraph of g [42]. However, there are convex sets onto
which projection is not directionally differentiable [43]]. The indicator functions associated with such sets or functions

whose epigraph is described by such sets may induce proximal operators which are not semismooth.
B. Existing methods

Problem (T)) is encountered in a host of applications and it has been the subject of extensive study. Herein, we

provide a brief overview of existing approaches to solving it.
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1) First order methods: When T is identity or a diagonal matrix, the proximal gradient method, which generalizes

gradient descent to certain classes of nonsmooth composite optimization problems [12]], [13]], can be used to solve (TJ),

gl = proxakg(xk — "V f ("))

where 2" is the current iterate and o is the step size. When g = 0, we recover gradient descent, when g is
the indicator function I¢(z) of the convex set C, it simplifies to projected gradient descent, and when ¢ is the ¢;
norm, it corresponds to the Iterative Soft-Thresholding Algorithm (ISTA). Nesterov-style techniques can also be
employed for acceleration [[13]. When 7" is not a diagonal matrix, proximal methods are harder to use because
efficient computation of the proximal operator associated with g o 7' may not follow from efficient computation
of prox,,,. However, if the conjugate function of f*(y) := max,{(y,z) — f(z)}, its gradient, and the proximal
operator associated with the conjugate function of g are known or easily computed, proximal methods on the dual
problem can be employed to solve (I)) [44]|-[46]]; these approaches are particularly useful when the function f is
separable.

The alternating direction method of multipliers (ADMM) can be used to solve (I) via (Z) even when the matrix T
is not diagonal. ADMM entails alternating between minimization of £, (x, z; y) over « (a continuously differentiable

problem), minimization of £, (z, z;y) over z (amounts to evaluating prox,, ), and a gradient ascent step in y [14],

"1 = argmin £, (, 2% y")

xr
ZF1 = prox,, (Tz*T! + uy") (6)
N i(Tka ok,

A similar method is the alternating minimization algorithm (AMA), whose form is identical to the ADMM
iteration (6) except that the first step requires minimization of the standard Lagrangian over z [45]]. We note
that although second order methods may be used to solve inner x-minimization problem, the overall outer iteration

in (6) corresponds to a sequence of first-order updates of the dual variable y.

2) Second order methods: The slow convergence of first order methods to high-accuracy solutions motivates
the development of second order methods for solving (I). A generalization of Newton’s method for nonsmooth
problems (I) with T = I was developed in [19]-[22]]. A sequential quadratic approximation of the smooth part
of the objective function is utilized and a search direction Z is obtained as the solution of a regularized quadratic
subproblem,

minimize 13" Hi + Vf(")"i + g(a"+ @) (7

where 2" is the current iterate and H is the Hessian of f. This method generalizes the projected Newton method [47]
to a broader class of regularizers. For example, when ¢ is the ¢; norm, this amounts to solving a LASSO
problem [48]], which can be a challenging task. Coordinate descent is often used to solve this subproblem [22]
and it has been observed to perform well in practice [23[|-[25].

The Forward-Backward Envelope (FBE) was introduced in [29]—[31]. The FBE is a once-continuously differen-
tiable nonconvex function of x and its minimum corresponds to the solution of (1)) with 7" = I. As demonstrated

in Section FBE can be obtained from the proximal augmented Lagrangian (that we introduce in Section [[I).
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Since the generalized Hessian of FBE involves third-order derivatives of f (which may be expensive to compute),
references [29]-[31]] employ either truncated- or quasi-Newton methods to obtain a second order update to .

Generalizations of the FBE to the problems with 7" 7 I have also been developed [49].
ITI. THE PROXIMAL AUGMENTED LAGRANGIAN AND SECOND ORDER UPDATES

In this section, we transform L, (x,z;y) into a form that is once but not twice continuously differentiable.
Under Assumption (1] the resulting function, which we call the proximal augmented Lagrangian, is convex in x and
concave in y and its saddle points correspond to the solution of (I). Even though methods of this paper can be also
employed for nonconvex problems, in this case, a saddle point of the proximal augmented Lagrangian identifies a
local minimum of and convergence is not guaranteed. We define second order updates to find its saddle points,
show that they are always well defined, and prove that they are locally (quadratically) superlinearly convergent
when prox,,, is (strongly) semismooth.

A. Proximal augmented Lagrangian

The continuously differentiable proximal augmented Lagrangian was recently introduced in [[15]. This was done

by rewriting £,,(z, z;y) via completion of squares,

Lu(w,zy) = fla) + 9(z) + 55 Iz = Tz +py)lI* = &yl
and restricting it to the manifold that corresponds to explicit minimization over the auxiliary variable z,
L(zy) = Lu(z, z;(2,9);y)
where the minimizer of £, (x, z;y) over z is determined by the proximal operator of the function g,
zn(z,y) = arg?lin L,(x,2y) = prox, (Tz + py)

and it defines the aforementioned manifold.

Theorem 1 (Theorem 1 in [15]]): Let Assumption |l| hold. Then, minimization of the augmented Lagrangian
L, (x,z;y) associated with problem (2) over (xz,z) is equivalent to minimization of the proximal augmented
Lagrangian

Lu(wy) = f@) + Mug(Tx + py) — & |yl ®)
over z. Moreover, £, (z;y) is continuously differentiable over  and y and its gradient,

VoL, (x;y Vf(x) + T'VM,,(Tx + py
vyﬁﬂ(x§ Y) N’VMILQ(T"E + puy) — py
is Lipschitz continuous.

The proximal augmented Lagrangian £,,(x;y) contains the Moreau envelope of g and its introduction allows the

use of the method of multipliers (MM) to solve problem (2). MM requires joint minimization of £, (x, z; y) over x
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and z which is, in general, challenging because the (z, z)-minimization subproblem is nondifferentiable. However,

Theorem [I] enables an equivalent implementation of MM

Tl = argmin £, (z;y")
x

(10)
Yt =yt L (T M )
which improves performance relative to ADMM [15]].
Continuous differentiability of £, (x;y) also enables joint gradient updates of = and y via the primal-dual Arrow-

Hurwicz-Uzawa iteration,
gl = b — VL, (2 y)

(1)

y" = yF + aVyLu(xsy)

where V, L, and VL, are given by (9) and «y, is stepsize. When V f and T are sparse mappings, this method is
convenient for distributed implementation and it is guaranteed to converge at a linear rate for strongly convex f and
sufficiently large p [15]]. The methods of this paper represent a second order extension of (II). A comprehensive
discussion of the connections between the proximal augmented Lagrangian, algorithms and (TI), and other
commonly used techniques for solving problems (I)) and () is provided in Section [VII}

In what follows, we consider the continuous-time implementation of the primal-dual iteration and extend it to
incorporate second order information of £,,(x;y) and thereby achieve fast convergence to high-accuracy solutions.

B. Second order updates

Even though Newton’s method is primarily used for solving minimization problems in modern optimization,
it was originally formulated as a root-finding technique and it has long been employed for finding stationary
points [50]. In [26], a generalized Jacobian was used to extend Newton’s method to semismooth problems. We
apply this generalization of Newton’s method to V£, (x;y) in order to compute the saddle point of the proximal
augmented Lagrangian. The unique saddle point of £, (x;y) is given by the optimal primal-dual pair (z*,y*) and

it thus provides the solution to (T).

1) Generalized Newton updates: Let H := V? f(z). We use the B-generalized Jacobian of the proximal operator
prox,,, Pp := Opprox, (T + uy), to define the set of B-generalized Hessians of the proximal augmented
Lagrangian,

H+,T"(I - P)T T™(I - P)

0%L, =
v (I - P)T _uP

,PePy (12a)

and the Clarke generalized Jacobian Pc := ¢ prox,, (Tx + py) to define the set of Clarke generalized Hessians
of the proximal augmented Lagrangian,

H+,T"(1 - P)T TT(I - P)

AL, =
o (I — P)T _uP

,PePcy. (12b)

Note that 9%L,,(x;y) C OAL,,(x;y) because Pg C Pe; 02.L,,(z;y) is the convex hull of 0% L, (z;y).

In the rest of the paper, we introduce the composite variable,

w = {xT YT ]T (13)
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use £, (w) interchangeably with £,,(z;y), and suppress the dependance of H and P on w to reduce notational clutter.
We also abuse notation and use 92 L, (x; y) to denote any member of that set. For simplicity of exposition, we assume
that prox,,, is semismooth and state the results for the Clarke generalized Hessian (12B), i.e., 9°L,,(w) = 92 L, (w).
As described in Remarkin Section analogous convergence results for non-semismooth prox,,, can be obtained
for the B-generalized Hessian (12a), i.e., %L, (w) = 9%L,(w).

We use the Clarke generalized Hessian (I2Db) to obtain a second order update @ by linearizing the stationarity

condition VL£,,(w) = 0 around the current iterate w”,
OFL, (W) o* = —VL,(w"). (14)

Since prox

19 is firmly nonexpansive, 0 < P =< I. In Lemma [g] we use this fact to prove that the second order

update w is well-defined for any generalized Hessian (I2)) of the proximal augmented Lagrangian £, (z;y) as long

as f is strictly convex with V2 f(z) = 0 for all z € R".

Lemma 2: Let H € R™*™ be symmetric positive definite, H > 0, let P € R™*" be symmetric positive
semidefinite with eigenvalues less than one, 0 < P < I, let T' € R™*" be full row rank, and let x > 0. Then, the

matrix
H+ T ~-P)T T'(I-P)

(I-P)T —uP
is invertible and it has n positive and m negative eigenvalues.

Proof: The Haynsworth inertia additivity formula [51]] implies that the inertia of matrix is determined by
the sum of the inertias of matrices,

H + iTT(I - P)T (15a)

and

—uP - (I-P)T (H +177(1 - P)T>_1TT(I —P). (15b)

Matrix (I5a) is positive definite because H > 0 and both P and I — P are positive semidefinite. Matrix (I5Db) is

negative definite because the kernels of P and I — P have no nontrivial intersection and 7" has full row rank. M

2) Fast local convergence: The use of generalized Newton updates for solving the nonlinear equation G(x) = 0
for nondifferentiable G' was studied in [26]. We apply this framework to the stationarity condition V£, (w) = 0 when
prox,,, is (strongly) semismooth and show that second order updates (T4) converge (quadratically) superlinearly
within a neighborhood of the optimal primal-dual pair.

Proposition 3: Let prox,, be (strongly) semismooth, and let w"* be defined by (T4). Then, there is a neigh-

kL — ok 4 @k converge (quadratically)

borhood of the optimal solution w* in which the second order iterates w
superlinearly to w*.

Proof: Lemma [2| establishes that 92 £, (w) is nonsingular for any P € Pc. Since the gradient VL, (w) of the
proximal augmented Lagrangian is Lipschitz continuous by Theorem |1} nonsingularity of 92.£,,(w) and (strong)
semismoothness of the proximal operator guarantee (quadratic) superlinear convergence of the iterates by [26,

Theorem 3.2]. u
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IV. A GLOBALLY CONVERGENT DIFFERENTIAL INCLUSION

Since we apply a generalization of Newton’s method to a saddle point problem and the second order updates are
set valued, convergence to the optimal point is not immediate. Although we establish local convergence rates in
Proposition |3| by leveraging the results of [[26], proof of the global convergence is more subtle and it is presented
next. The analysis of a discrete-time algorithm is provided in Section [V}

To justify the development of a discrete-time algorithm based on the search direction resulting from (14), we

first examine the corresponding differential inclusion,
W € (0 Lyu(w) " VLu(w) (16)

where 9% L,, is the Clarke generalized Hessian (I2B) of £,,. We assume existence of a solution and prove asymptotic
stability of (T6) under Assumption|[I]and global exponential stability under an additional assumption that f is strongly

convex.

Assumption 2: Differential inclusion has a solution.

A. Asymptotic stability
We first establish asymptotic stability of differential inclusion (I6).
Theorem 4: Let Assumptions [I] and [2] hold and let prox,,, be semismooth. Then, differential inclusion (6) is

asymptotically stable. Moreover,

V(w) = 5 [VLu(w)] (17)

provides a Lyapunov function and

V() = —2V (). (18)

Proof: Lyapunov function candidate (17 is a positive function of w everywhere apart from the optimal primal-
dual pair w* where it is zero. It remains to show that V' is decreasing along the solutions w(t) of (16), i.e., that 1%

is strictly negative for all w(t) # w*,
V(t) = dV(w(t) = —2V(w(t)).

For Lyapunov function candidates V(w) which are differentiable with respect to w, V =uwTVV. Although
is nor differentiable with respect to w, we show that V (w(t)) is differentiable along the solutions of (16). Instead
of employing the chain rule, we use the limit that defines the derivative,

V() = LV (w(t) = lim L0 F s00) = V(wd)

s—0 S

to show that V' exists and is negative along the solutions of (I6). Here, @ € —(92.L,,(w))~' VL, (w) is determined
by the dynamics (I6). We first introduce
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which gives V' in the limit s — 0. We then rewrite h,(t) as the limit point of a sequence of functions {1 (t)} so
that
V(t) = lim hy(t) = lim lim h(t) (19)
5 —

s—=0 k— o

and use the Moore-Osgood theorem [52, Theorem 7.11] to exchange the order of the limits and establish that
vV =-2V.

Let Cy; denote a subset of R" ™™ over which prox " o(T'x+py) is differentiable (and therefore V' is differentiable
with respect to w) and let {wy} be a sequence of points in C, that converges to w. We define the sequence of

functions {hs (%)},
tions {hs x(t)} V(wg(t) + sig(t) — V(wg(t))

hs,k(t) = S

where Wy (t) € —(0EL,(w(t))) VL, (wk(t)), as we establish below, converges to w. To employ the Moore-
Osgood theorem, it remains to show that h, (t) converges pointwise (for any k) as s — 0 and that hg x(¢)
converges uniformly on some interval s € [0, §] as k — oc.
Since {wy} C C,, V(wy) is differentiable for every k € Z and VV (wy,) = V2L, (wi) = OAL,(wy). It thus
follows that
T ho (1) = by (8) OF Ly (wi () V Ly (wi (1) (20)

pointwise (for any k).

We now show that the sequence {h 1 (¢)} converges uniformly to hs(t) as & — oo implying that we can exchange
the order of the limits in (T9). Since prox,,, is semismooth, VL, is semismooth. By (), VL,,(wy,) can be written
as,

VLu(wi) = VL, (w) — FLy(wi)(w — wi) + Ry

for sufficiently large k, where ||Ry|| = o(||wy, — w||). Lemma [2| and [26] Proposition 3.1] imply that 8% L, (wy,)
is bounded within some neighborhood of w and thus that @), can be written as Wy = W + Ry where ||Ry| =
O(J|wg, — wl|). This implies convergence of Wy, to w and, combined with local Lipschitz continuity of V' with
respect to wy, uniform convergence of h, x(t) to hy(t) on s € (0,5] where § > 0.

Therefore, the Moore-Osgood theorem on exchanging limits [52, Theorem 7.11] in conjunction with (20) imply

V(t) = lim hy(t)

s—0

= lim lim hsx(t) = lim lm h,k(t)

5—0 k— oo k—oo 50
= lim @] (1) 2L, (w (1) VL, (wi (1)
= —|VL(w®)I? = —2V (1)
which establishes (T8)) and thereby completes the proof. [ ]
B. Global exponential stability

To establish global asymptotic stability, we show that the Lyapunov function is radially unbounded, and to

prove exponential stability we bound it with quadratic functions. We first provide two lemmas that characterize the
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maps prox,, and Vf in terms of the spectral properties of matrices that describe the corresponding input-output

relations at given points.

Lemma 5 (Lemma 2 in [15]): Let prox,,,: R™ — R™ be the proximal operator of a proper, closed, and convex

function g. Then, for any a,b € R™, there exists a symmetric matrix D, satisfying 0 = D, = I such that

prox, (a) — prox,,(b) = D, (a — b).

uy(

Lemma 6: Let f be strongly convex with parameter m; and let its gradient V f be Lipschitz continuous with
parameter L. Then, for any a,b € R™ there exists a symmetric matrix G, p satisfying msl < Gqp = Lyl such
that

Vfa) = Vf(b) = Gap(a —b).

Proof: Let c:=a —b, d:=Vf(a) — Vf(b), e:=d—myc, and

Gap = {eeT/(eT¢c), e # 0; 0, otherwise} (21a)

Gop + myl. (21b)

2
IS}
I

Clearly, by construction, G‘a’b = G‘Zb = 0. It is also readily verified that G, ; ¢ = d when e”'c # 0. It thus remains
to show that (i) G ¢ = d when eTc = 0; and (i) Gop =< (L — my)I.

(i) Since f is my strongly convex and Vf is Ly Lipschitz continuous, h(z) := f(x) — | «[|* is convex and
Vh(z) = Vf(z) — mypx is Ly — my Lipschitz continuous. Furthermore, we have e = Vh(a) — Vh(b), and [53,

Proposition 5] implies

efe > Lf_lmf lel|?, forall c € R™. (22)

This shows that e”'c = 0 only if e := d — my¢c = 0 and, thus, d = msc = G, c when eTc = 0. Therefore, there
always exist a symmetric matrix G such that G, c = d.

(i) When e”c # 0, G, is a rank one matrix and its only nonzero eigenvalue is |le[|?/(e”c); this follows
from Gope = (|le]|?/(eTc)) e. In this case, inequality (Z2) implies ¢”¢ > 0 and (22) is equivalent to 1/(eT¢) <
(Ly —my)/|e]| Thus, |le||?/(eTc) < Ly —mys and Gayp < (Ly —my)I when ec # 0. Since G = 0 when
eTe=0, Gop = (Ly —my)I for all a and b. Finally, G, = 0 and imply m;I < Gap < LsI. [}

Remark 2: Although matrices D, and G in Lemmas E] and @ depend on the operating point, their spectral
properties, 0 = Dy, =< I and msI = Gap = LyI, hold for all @ and b. These lemmas can be interpreted as a
combination between a generalization of the mean value theorem [52, Theorem 5.9] to vector-valued functions and
spectral bounds on the operators prox,,,: R™ — R™ and V f: R" — R" arising from firm nonexpansiveness of

prox,,, strong convexity of f, and Lipschitz continuity of V f.

ng?
We now combine Lemmas [5] and [6] to establish quadratic upper and lower bounds for Lyapunov function (17)

and thereby prove global exponential stability of differential inclusion (T6) for strongly convex f.

Theorem 7: Let Assumptions |1} and [2] hold, let prox,, be semismooth, and let f be strongly convex with
parameter my > 0. Then, differential inclusion (I6) is globally exponentially stable, i.e., there exists £ > 0 such

that ||w(t) — w*|| < ket |Jw(0) — w*||.
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Proof: Given the assumptions, Theorem (4| establishes asymptotic stability of with the dissipation rate
V(w) = —2V(w). It remains to show the existence of positive constants ; and ks such that Lyapunov

function satisfies
ol < Viw) < % ol (23)

where @ = w — w* and w* := (x*,y*) is the optimal primal-dual pair. The upper bound in follows from
Lipschitz continuity of VL, (w) (see Theorem , with ko determined by the Lipschitz constant of VL, (w).

To show the lower bound in @]), and thus establish radial unboundedness of V (w), we construct matrices that
relate V' (w) to w. Lemmas [5| and E] imply the existence of symmetric matrices Dy and G such that 0 < Dy < I,
msl X Gy <X Lfl, and

prox,, (T'r + py) — prox, (Tz* + py*) = Dy (T'7 + pg)
fl@) = f@*) = Gai.

As noted in Remark [2] although Dy and G depend on the operating point, their spectral properties hold for all
w.

Since VL, (w*) = 0, we can write VL, (w) = VL, (w)—VL,(w*) = Q4w and express Lyapunov function (17)
as

V(w) = 30" Qf Q@
where
Gy + iTT(I —Dg)T TT(I - Dy)
(I - Dg)T —uDg

for some (Dy,Gg) € Qg
Qﬂ'] = {(Duj,Guj) ‘ 0 = Dﬁ, = I, mfI = Gﬁ) = Lf[}.

The set €2 is closed and bounded and the minimum eigenvalue of Qqu Q4 is a continuous function of Gz and D.
Thus, the extreme value theorem [52, Theorem 4.14] implies that its infimum over Qg, k1 = D, énf) co. Amin (QF Q)
is achieved. By Lemma Qq is a full rank matrix, which implies that Q% Q = 0 for all @ and therefore that

is positive. Thus, V(w) > % [|w||2, establishing condition (23).

Condition (T8) and [54, Lemma 3.4] imply V (w(t)) = e~ 2V (w(0)). It then follows from (23] that
lw(t) — w** < (k2/1) e [w(0) — w|.

Taking the square root completes the proof and provides an upper bound for the constant x, K < \/Ka/K1. [ ]

Remark 3: The rate of exponential convergence established by Theorem [/] is independent of my, Ly, and pu.
This is a consequence of insensitivity of Newton-like methods to poor conditioning. In contrast, the first order
primal-dual method considered in [[15] requires a sufficiently large p for exponential convergence. In our second

order primal-dual method, problem conditioning and parameter selection affect the multiplicative constant s but
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not the rate of convergence.

Remark 4: When differential inclusion is defined with the B-generalized Hessian (I2a), Theorems [4]
and [7| hold even for proximal operators which are not semismooth. This follows from defining w, = w €
—(0%L,,(w)) VL, (w) and choosing {wy} C C, such that %L, (w) = limy_oo V2L, (wg) in the proof of
Theorem {4} Such a choice of {wy} is possible by the definition of the B-subdifferential (@); since the Clarke
subgradient is the convex hull of the B-subdifferential, it contains points outside of 9% L, (w) and thus such a
sequence {wy} C C, is not guaranteed to exist for any 2L, (w). When defined in this manner, Wy, is constant
with respect to wy, and thus uniform convergence of hg(t,s) to h(t,s) is immediate.

V. A SECOND ORDER PRIMAL-DUAL ALGORITHM

An algorithm based on the second order updates (T4) requires step size selection to ensure global convergence.
This is challenging for saddle point problems because standard notions, such as sufficient descent, cannot be applied
to assess the progress of the iterates. Instead, it is necessary to identify a merit function whose minimum lies at
the stationary point and whose sufficient descent can be used to evaluate progress towards the saddle point.

An approach based on discretization of differential inclusion and Lyapunov function as a merit function
leads to Algorithm [2]in Appendix [A] However, such a merit function is nonconvex and nondifferentiable in general
which makes the utility of backtracking (e.g., the Armijo rule) unclear. Moreover, Algorithm [2] employs a fixed
penalty parameter p. A priori selection of this parameter is difficult and it has a large effect on the convergence speed.

Instead, we employ the primal-dual augmented Lagrangian introduced in [16] as a merit function and incorporate
an adaptive p update. This merit function is convex in both = and y and it facilitates an implementation with
outstanding practical performance. Drawing upon recent advancements for constrained optimization of twice dif-
ferentiable functions [[17]], [[T8]], we show that our algorithm converges to the solution of (2). Finally, our algorithm
exhibits local (quadratic) superlinear convergence for (strongly) semismooth prox,,,.

A. Merit function

The primal-dual augmented Lagrangian,
V@, 29, A) 1= Lu(w,20) + 55 [Tz =2+ p (A —y)|?

was introduced in [16], where A is an estimate of the optimal Lagrange multiplier y*. Following [16, Theorem 3.1],
it can be shown that the optimal primal-dual pair (z*, 2*;y*) of optimization problem is a stationary point of
Vu(z, z;y,y*). Furthermore, for any fixed A, V, is a convex function of z, z, and y and it has a unique global
minimizer.

In contrast to [16], we study problems in which a component of the objective function is not differentiable. As
in Theorem [I] the Moreau envelope associated with the nondifferentiable component g allows us to eliminate the

dependence of the primal-dual augmented Lagrangian V), on z,
@iy, ) = argmin V, (2,59, 0) = proxy,(Ta + 42 - y)
and to express V,, as a continuously differentiable function,

Vu(z;y, ) = Vulz, 25 (29, A);9,0) = flz) + M

i o(Tz + 52x — ) + Flyll* — 5%

=
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For notational compactness, we suppress the dependence on A and write V,,(w) when X is fixed.

Remark 5: The primal-dual augmented Lagrangian is not a Lyapunov function unless A = y*. We establish
convergence by minimizing V,(x;y, A) over (x;y) — a convex problem — while adaptively updating the Lagrange
multiplier estimate .

In [16], [18]], the authors obtain a search direction using the Hessian of the merit function, VQV,,,. Instead of
implementing an analogous update using generalized Hessian 9*)),,, we take advantage of the efficient inversion of

9L, (see Section [V-B3) to define the update
0L, (w*) b = — blkdiag(I, —I) VVa,(w") (24)

where the identity matrices are sized conformably with the dimensions of x and y, and

YV (w) = Vf(z) +TTV Mg (Tx + p(2X — y)) ' (25)
1wy = VMyug(Tx + p(2X = y)))

Multiplication by blkdiag(l, —I) is used to ensure descent in the dual direction and Vs, is employed because
25 (w;y, A) is determined by the proximal operator associated with (11/2)g. When A =y, Vi, Vo, = VL), V Vs, =
—Vy4L,, and (24) becomes equivalent to the second order update (14).

Lemma 8: Let w solve (24). Then, for the fixed value of the Lagrange multiplier estimate A and any o € (0, 1],
d:=(1—-0)w — cdVVy(w,\) (26)
is a descent direction of the merit function Vs, (w, A).
Proof: By multiplying with the nonsingular matrix

I —L7T
I = . H] 27)

W€ can express it as

H T | —(Vf(z) +TTy) 28)
(I = P)T —uP 7 VyVou(z;y, )
where H := V2f(z) - 0. Using and (28), V1V, (w) can be expressed as,
—(H+1TT(I - P)T)i — TT(I — P)jy
Py | U ETTU =PI = T Py
(I — P)T: — pPy
Thus,
@'V (w) = =& (H + ST"(I — P)T)Z — pj" Py
is negative semidefinite, and the inner product
ATV (w) = (1= 0) BTV, (w) — o] TV (w)]2
is negative definite when V1, is nonzero. [ |
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B. Second order primal-dual algorithm

We now develop a customized algorithm that alternates between minimizing the merit function V,,(z;y, A) over
(z;y) and updating A. Near the optimal solution, the algorithm approaches second order updates (I4) with unit
step size, leading to local (quadratic) superlinear convergence for (strongly) semismooth prox,,,.

Our approach builds on the sequential quadratic programming method described in [16]-[18] and it uses the
primal-dual augmented Lagrangian as a merit function to assess progress of iterates to the optimal solution. Inspired

by [55]], we ensure sufficient progress with damped second order updates.

The following two quantities

r = Tx — prox, (Tz + uy)

s == Tx — prox, (Tz + p(2A — y))
appear in the proof of global convergence. Note that 7 is the primal residual of optimization problem () and that
VYV, can be equivalently expressed as

TV () Vi) + T s+ ur—y) | 29)

—(s + 2p(A —y))
1) Global convergence: We now establish global convergence of Algorithm [I] under either an assumption on g
being finite valued or an assumption that the sequence of gradients generated by the algorithm, V f(z*), is bounded.
The latter assumption is standard for augmented Lagrangian based methods [18]], [56]] and it does not lead to a loss

of generality when f is strongly convex. We first show a small Lemma to facilitate the proof.
Lemma 9: Let g be finite everywhere. Then, as p — 0, proxﬂg(v) — .
Proof: The optimality condition of (3a) yields the relation prox, (v) = v — pdg(prox, (v)). Since g is
finite everywhere, Jg is finite everywhere. Thus, as p — 0, pdg(prox,,,(v)) — 0 and prox,,(v) — v. [ |
Theorem 10: Let Assumption [1| hold and let either g be finite everywhere or the sequence {V f(x*)} resulting
from Algorithm |1| be bounded. Then, the sequence of iterates { wk} converges to the optimal primal-dual point of

problem (2) and the Lagrange multiplier estimates {\*} converge to the optimal Lagrange multiplier.

Proof: Since Vo, (w, A) is convex in w for any fixed A, condition (32)) in Algorithm 1| will be satisfied after
finite number of iterations. Combining (32) and (29) shows that s* + 2, (A\F —y*) — 0 and V f(2*) + Ml—k TT (sk +
u(2AE — y*)) — 0. Together, these statements imply that the dual residual V f(x*) + T7y* of (@) converges to
Zero.

To show that the primal residual 7* converges to zero, we first show that s* — 0. If Step 2a in Algorithm E]
is executed infinitely often, s* — 0 since it satisfies (31)) at every iteration and i € (0,1). If Step 2a is executed
finitely often, there is kg after which A = ko,

The second row of and imply that s* — 2u*y* since u* — 0 and A* = A\*o. However, if g is finite
everywhere, Lemma [9] and the definition of s imply that s* — u*y*. Therefore, it must be that s* — 0.

k

If g is not finite everywhere, s* — 0 is implied by boundedness of Vf(z*). In particular, by adding and
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subtracting 2uFV f (z%) + TTs* 4 4p*TT (A\Fo — y*) and rearranging terms, we can write
TTs® = 25 (Vf(a") + FTT(" +uP 2% —yF))) — 2PV f (") — TH(s" + 26" (W —yh)) — 2p5 TN,
Taking the norm of each side and applying the triangle inequality, and yields

IT7s ) < bk 4 20 [V ()] + |77 ek + 2 [T N . 30)

This inequality implies that T7s* — 0 because V f(z*) is bounded, ¢* — 0, and ¥ — 0. Since T' has full row
rank, 77 has full column rank and it follows that s* — 0.

Substituting s* — 0 and V f(z*) + TTy* — 0 into the first row of and applying implies \¥ — /.
Thus, s — r*, implying that the iterates asymptotically drive the primal residual r* to zero, thereby completing

the proof. [ ]

Remark 6: Despite the assumption that {V f(z*)} is bounded, Theorem can be used to ensure global
convergence whenever f is strongly convex. We show in Lemma in Appendix E]that a bounded set Cy containing
the optimal point can be identified a priori. One can thus artificially bound V f(z) for all = ¢ C; to satisfy the

conditions of Theorem [I0] and guarantee global convergence to the solution of (IJ).

Algorithm 1 Second order primal-dual algorithm for nonsmooth composite optimization.

input: Initial point w°® = (2°,4°), tolerance n € (0, 1), initial stepsize « € (0, 1), Armijo parameter 3 € (0, 1),
v update parameters 7,, 7, € (0, 1), and decreasing intermediate tolerances {e}* > 0 such that ¢ — 0.
initialize: Set \Y = ¢/°.

Step 1: If
Is*] < mlls*l (31)
go to Step 2a. If not, go to Step 20b.
Step 2a: Set
pEHL = ok AL — gk
Step 2b: Set
Nk+1 — Tb/-lky )\k+1 — /\k
Step 3: Perform a sequence of inner iterations w*~ until some iterate .J such that w*+! = w* 7 satisfies
[V Vgnn (wFHE AR < R (32)

Setting w*! = w*

, ensuing inner iterations are of the form
wEITT = i 4 oldhd

where [ is the smallest integer that satisfies the Armijo rule [57] and the search direction d*7 is obtained
from (26)-(28) with (w*7 A*) and choosing o in (26) as

~k\T k
W) Vs, kt1 (w
(@) 2““;( 2) < -8, (33a)

[V V41 ()]
o € (0,1], otherwise. (33b)

2) Asymptotic convergence rate: The invertibility of the generalized Hessian 9L, (w) allows us to establish

local convergence rates for the second order updates (I4) when prox,,, is (strongly) semismooth.
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We now show that the updates in Algorithm [I] are equivalent to the second order updates (14) as k — oo. Thus,
if prox,,, is (strongly) semismooth, the sequence of iterates generated by Algorithm E] converges (quadratically)
superlinearly to the optimal point in some neighborhood of it.

Theorem 11: Let the conditions of Theoremhold, let prox 19 be (strongly) semismooth, and let € be such that

||w* —w*|| = O(€*). Then, in a neighborhood of the optimal point w*, w*

converges (quadratically) superlinearly
to w*.

Proof: From Theorem |10} A\* — y* and thus Vs, (w*) — VL, (w"*). Descent of the Lyapunov function
in Theorem [4] therefore implies that the update in Step 3 of Algorithm [I] is given by (33a)), which is equivalent
to (T4) because A\ = y. The assumption on {€*} in conjunction with Proposition [3| and [58, Theorem 3.2] imply
that this update asymptotically satisfies in one iteration with a unit step size. Therefore, Step 3 reduces to (14)

in some neighborhood of the optimal solution and Proposition [3| implies that w® converges to w* (quadratically)

superlinearly. [ ]

3) Efficient computation of the Newton direction: When g is (block) separable, the matrix P in (I2) is (block)
diagonal. We next demonstrate that the solution to (28) can be efficiently computed when 7" = I and P is a sparse
diagonal matrix whose entries are either 0 or 1. The extensions to a low rank P, to a P with entries between 0
and 1, or to a general diagonal 7" follow from similar arguments.

These conditions occur, for example, when g(2) = 7||z||1. The matrix P is sparse when prox,, (= + uy) =
S, (% + py) is sparse. Larger values of v are more likely to produce a sequence of iterates w® for which P is
sparse and thus the second order search directions (28) are cheaper to compute.

We can write as
H 1

I-P —uP

9
= (34a)
0

S

A4

permute it according to the entries of P which are 1 and 0, respectively, and partition the matrices H, P, and [ — P

conformably such that
Hy, H 1
I o— 11 12 P
HI, Ho 0
Let v denote either the primal variable = or the dual variable y. We use v; to denote the subvector of v corresponding
to the entries of P which are equal to 1 and v to denote the subvector corresponding to the zero diagonal entries
of P.

Note that (I — P)v = 0 when v = 0 and Pv = 0 when v; = 0. As a result, Z5 and ¢, are explicitly determined

by the bottom row of the system of equations (34a)),

0 —ul z 0
" . (34b)
I 0 U1 02
Substitution of the subvectors Zo and g, into (34a) yields,
Hyzy = 91 + HiaZz + 44 (340)
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which must be solved for Z;. Finally, the computation of ¥, requires only matrix-vector products,
Jo = — (U2 + Ha®y + Hopls). (344d)

Thus, the major computational burden in solving lies in performing a Cholesky factorization to solve (34c),

where H7; is a matrix of a much smaller size than H.

VI. COMPUTATIONAL EXPERIMENTS

In this section, we illustrate the merits and the effectiveness of our approach. We use an ¢;-regularized model
predictive control (MPC) problem with g = 7||z||; to demonstrate a speedup for larger values of the regularization
parameter . We then consider a controller synthesis problem for a spatially-invariant system with 7" # I. In both ex-

amples, we choose ¥ = [[VVy,0 (w?, A°)||/k and set (1, o, B, 74, T, u°, o) t0 (0.8,0.5,0.001, 0.6, 0.6, 100,0.001).

A. ly-regularized model predictive control problem

In the MPC framework, control inputs are determined by solving a finite horizon optimization problem. In order
to minimize the number of actuators, typical quadratic penalties on state and control signals were augmented with
an ¢; penalty on the control input in [9]. This approach is of interest for over-actuated systems and it has been
applied to naval guidance [9] as well as spacecraft rendezvous and capture control [[59]]. Our algorithm is well-suited
to these MPC problems because they must be solved quickly and to high-accuracy to support run-time constraints
and ensure the validity of the solution.

For a discrete time linear system, MPC is determined by the solution to an /¢;-regularized quadratic objective

function over a finite time interval ¢t € {0,..., Ty},
Ty
minimize Z (VT Qebr + ul Reuy + 7 [Jul1)
¥ t=0 (35

subject to Y141 = Ay + Buy, g = 12)0-

Here, 1, is the state, u; is the control input, @); = 0 and R; > 0 are the state and control weights, and @EO is the

initial condition. Problem (35)) can be written as an ¢;-regularized quadratic problem,

rninizmize (o + Az)TQA(vpo + Az) + 2" Ra + ~||z1)

where z := [ul - - U%]T, and

Qo Ry

Q = , R =
L QTf RTf i
0 0 0 0 o
) B 0 0 0 ) Ay
A = ) 77[]0 =
0 0
ATs='B ... B 0 ATr 4,
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Fig. 1: Distance from optimal solution as a function of the iteration number and solve time when solving LASSO
for two values of v using ISTA, FISTA, and our algorithm (2ndMM).

Furthermore, completion of squares can be used to obtain a special form of the canonical LASSO problem,
minimize 3 ||Fz — b|* + 7 ||z (36)

Since R = 0, the instances of (36) that arise from an MPC problem (33)) are strongly convex. This is in contrast
to compressive sensing applications, where it is desired to find a sparse solution to an underdetermined system of
equations.

We note that MPC formalism allows for inclusion of additional penalty functions, time varying dynamics, as well
as constraints on states and control inputs. Our algorithm can be useful for many such problems; its suitability for
a particular instance depends on whether it can be cast in the form (2) where g has an easily computable proximal
operator.

As described in Section [[I-AT] the proximal operator associated with the ¢; norm is given by soft-thresholding
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Fig. 2: Solve times for LASSO with n = 1000 obtained using ISTA, FISTA, and our algorithm (2ndMM) as a
function of the sparsity-promoting parameter .
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Fig. 3: Comparison of our algorithm (2ndMM) with state-of-the-art methods for LASSO with problem dimension
varying from n = 100 to 2000.

S,,, the Moreau envelope is the Huber function, and its gradient is the saturation function. Thus, P € [P is diagonal
and P;; is 0 when |z; + py;| < yw, 1 outside this interval, and between 0 and 1 on the boundary. Larger values
of the regularization parameter v induce sparser solutions for which one can expect a sparser sequence of iterates.
Note that we require strong convexity of the least squares penalty; i.e., that F7 F is positive definite.

In Fig. [T} we show the distance of the iterates from the optimal for the standard proximal gradient algorithm
ISTA, its accelerated version FISTA, and our customized second order primal-dual algorithm for a problem where
FT'F has condition number 3.26 x 10*. We motivate problem (36) with MPC problem (33)) because its control effort
penalty results in a positive definite F'7 F'; this is contrast to many sparse inverse problems which are overdetermined,

meaning that F' is a fat matrix and F7F is rank deficient. However, despite drawing inspiration from (33), we
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consider a generic random matrix F' and random vector b in our computational experiments in the interest of
simplicity so that the computational trends we observe can be confidently ascribed to our algorithm instead of to
the problem structure. We plot distance from the optimal point as a function of both iteration number and solve
time. Although our method always requires much fewer iterations, it is most effective when ~ is large. In this
case the most computationally demanding step required to determine the second order search direction (28))
involves a smaller matrix inversion; see Section for details. In Fig. 2] we show the solve times for n = 1000
as the sparsity-promoting parameter y ranges from 0 t0 Ymax = || F7b||s0, Where Ymax yields a zero solution. All
numerical experiments consist of 20 averaged trials.

In Fig.[3] we compare the performance of our algorithm with the LASSO function in Matlab (a coordinate descent
method [60]), SpaRSA [61]], an interior point method [[62f], and YALL1 [63]]. Problem instances were randomly
generated with F' € R™*" n ranging from 100 to 2000, m = 3n, and v = 0.159,ax 0Or 0.8591,ax. The solve times
and scaling of our algorithm is competitive with these state-of-the-art methods. For larger values of , the second

order search direction (28) is cheaper to compute and our algorithm is the fastest.

B. Distributed control of a spatially-invariant system

We now apply our algorithm to a structured control design problem aimed at balancing closed-loop Hy per-
formance with spatial support of a state-feedback controller. Following the problem formulation of [5], ADMM
was used in [35] to design sparse feedback gains for spatially-invariant systems. Herein, we demonstrate that our
algorithm provides significant computational advantage over both the ADMM algorithm and a proximal Newton
scheme.

1) Spatially-invariant systems: Let us consider

Y = AY +u +d
Q1/2¢ 37
RY/2y

where ¢, u, d, and ( are the system state, control input, white stochastic disturbance, and performance output and
A, @Q =0, and R > 0 are n x n circulant matrices. Such systems evolve over a discrete spatially-periodic domain;
they can be used to model spatially-invariant vehicular platoons [[64] and can result from a spatial discretization of
fluid flows [|65]].

Any circulant matrix can be diagonalized via the discrete Fourier transform (DFT). Thus, the coordinate trans-

formation ¢ := T, u := T, d := Td, where T~! is the DFT matrix, brings the state equation in (37) into,

U =AY + 4 + d (38)

Here, A := T-'AT is a diagonal matrix whose main diagonal a is determined by the DFT of the first row a

of the matrix A,
. 2mik

n—1
ay :zg:aie_J n, ked{0,...,n—1}.
i=0

We are interested in designing a structured state-feedback controller, u = —Z1), that minimizes the closed-

loop Ho norm, i.e., the variance amplification from the disturbance d to the regulated output (. Since the optimal
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unstructured Z for spatially-invariant system (37) is a circulant matrix [66]], we restrict our attention to circulant
feedback gains Z. Thus, Z can also be diagonalized via a DFT and we equivalently take x := Z as our optimization
variable where T-1ZT = diag (3).
For simplicity, we assume that A and Z are symmetric. In this case, @ and Z are real vectors and the closed-loop
Ho norm of system (37) takes separable form f(z) = ZZ;IO fr(zr),
Qr + TR
fulwy) = ¢ 2o — @)

o0, otherwise

T > ap

where z;, > aj, guarantees closed-loop stability. To promote sparsity of Z, we consider a regularized problem (2),

minimize f(x) + v|2|1
©,z (39)
subject to Tx — z = 0
where 7 is a positive regularization parameter, T is the inverse DFT matrix, and z € R"™ denotes the first row of
the symmetric circulant matrix Z. Formulation (39) signifies that while it is convenient to quantify the Hs norm
in the spatial frequency domain, sparsity has to be promoted in the physical space.

By solving (39) over a range of ~, we identify distributed controller structures which are specified by the sparsity
pattern of the solutions 27 to (39) at different values of ~. After selecting a controller structure associated with a
particular value of v, we solve a ‘polishing’ or ‘debiasing’ problem,

minimize f(z) + Ipex(2)
T,z v 40)
subject to Tax — z = 0
where [Sp(z;)(z) is the indicator function associated with the sparsity pattern of 2. The solution to this problem
is the optimal controller for system (37) with the desired structure, i.e., the same sparsity pattern as z7. This
step is necessary because the ¢; norm in (39) imposes an additional penalty on z that compromises closed-loop
performance.

2) Implementation: The elements of the gradient of f are

dfe(zr)  Fexi — 20pPRer — Ge

dxk Z(xk — dk)Q

the Hessian is a diagonal matrix with non-zero entries,

d? fi.(zx) _ Gk Pra;
dm% (l’k — &k)g

and the proximal operator associated with the nonsmooth regularizer in (39) is given by soft-thresholding S,
While the optimal unstructured controller can be obtained by solving n uncoupled scalar quadratic equations for
Xk, sparsity-promoting problem (39) is not in a separable form (because of the linear constraint) and computing

the second order update (14) requires solving a system of equations

H T
(I—-P)T —uP

IS}
53

= (41)

<
>
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Pre-multiplying by the nonsingular matrix blkdiag(7, I) and changing variables to solve for Z := T'% brings (14)

into
THT! (1/n)I Ty

I-P  —uP i 0

I3

which is of the same form as (34a). This equation can be solved efficiently when P is sparse (i.e., yu is large;
cf. Section and Z can be recovered from Z via FFT.

Since the Hessian H of a separable function f is a diagonal matrix, the search direction can also be efficiently
computed when I — P is sparse (i.e., yu is small). As in Section the component of ¢ in the support of P
is determined from the bottom row of (#T). The top row of ({@T)) implies # = H (¥ — T*%) and substitution into
the bottom row yields

(I—-P)YTH'T*(I-P)j = 0
where 0 := (I — P)(TH~ (9 — T*Pj) — 0) is a known vector. Thus, the component of  in the support of I — P
can be determined by inverting a matrix whose size is determined by the support of / — P and z is readily obtained
from g and ). The operations involving 7" and T* can be performed via FFT; since H is diagonal, multiplication by
these matrices is cheap and the computational burden in solving (T4) again arises from a limited matrix inversion.
In contrast to Section the computation of the search direction using this approach is efficient when I — P is

sparse, i.e., yu is small.

3) Swift-Hohenberg equation: We consider the linearized Swift-Hohenberg equation [[67]],

Op(t,€) = (cI — (I + 9ee)®) ¥(t,€) + u(t, &) + d(t,€)

with periodic boundary conditions on a spatial domain ¢ € [—, 7]. Finite-dimensional approximation and diag-
onalization via the DFT (with an even number of Fourier modes n) yields (38) with ax = ¢ — (1 — k%)% where
k={-n/2+1,...,n/2} is a spatial wavenumber.

Figure shows the optimal centralized controller and solutions to forc = —-0.0l,n =64, Q =R =1,
and v = 4 X 1074, 4 x 1073, and 4. As further illustrated in Fig. the optimal solutions to @I) become
sparser as 7y is increased.

In Fig. 5] we demonstrate the utility of using regularized problems to navigate the tradeoff between controller
performance and structure, an approach pioneered by [5]]. The polished optimal structured controllers (—o—) were
designed by first solving (39) to identify an optimal structure and then solving {0) to further improve the closed-
loop performance. To illustrate the importance of polishing step (@0), we also show the closed-loop performance of
unpolished optimal structured controllers (- -x- -) resulting from (39). Finally, to evaluate the controller structures
identified by (39), we show the closed-loop performance of polished ‘reference’ structured controllers ( ).
Instead of solving (39), the reference structures are a priori specified as nearest neighbor symmetric controllers of
the same cardinality as controllers resulting from (39). Among controllers with the same number of nonzero entries,
the polished optimal structured controller consistently achieves the best closed-loop performance.

We compare the computational efficiency of our approach with the proximal Newton method [22]] and ADMM [35].

The proximal Newton method requires solving a LASSO subproblem (7)), for which we employ SpaRSA [61].
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Fig. 4: (a) The middle row of the circulant feedback gain matrix Z; and (b) the sparsity level of 27 (relative to
the sparsity level of the optimal centralized controller z}) resulting from the solutions to (39) for the linearized
Swift-Hohenberg equation with n = 64 Fourier modes and ¢ = —0.01.

ADMM was implemented using the adaptive stepsize selection discussed in [[14, Section 3.4.1] from [68], [69].
Since A is circulant, the z-minimization step in ADMM (6) requires solving n uncoupled cubic scalar equations.
In general, when A is block circulant, the DFT only block diagonalizes the dynamics and thus the xz-minimization
step has to be solved via an iterative procedure [35]].

Figure [6] shows the time to solve (39) with v = 0.004 using our method, proximal Newton, and ADMM. Our
algorithm and ADMM were stopped when the primal and dual residuals were below 1 x 10~8. The proximal Newton
method was stopped when the norm of the difference between two consecutive iterates was smaller than 1 x 1078,
In Fig. [/} we show the per iteration cost and the total number of iterations required to find the optimal solution
using each method. Our algorithm clearly outperforms proximal Newton and ADMM.

Although proximal Newton requires a similar number of iterations, the LASSO subproblem (7) that determines its
search direction is much more expensive; this increases the computation cost of each iteration and slows the overall
algorithm. Moreover, for larger problem sizes, the proximal Newton method struggles with finding a stabilizing
search direction because V2 f seems to bring it away from the set of stabilizing feedback gains. It appears that our
method circumvents this issue because its iterates lie in a larger lifted space in which stability is easier to enforce
via backtracking.

On the other hand, while the z- and z- minimization steps in ADMM are quite efficient, as a first order method
ADMM requires a large number of iterations to reach high-accuracy solutions. Our algorithm achieves better
performance because its use of second order information leads to relatively few iterations and the structured matrix

inversion leads to efficient computation of the search direction.
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Fig. 5: Performance degradation (in percents) of structured controllers relative to the optimal centralized controller:
polished optimal structured controller obtained by solving (39) and @0) (—o—); unpolished optimal structured
controller obtained by solving only (39) (- -x- -); and optimal structured controller obtained by solving [@0) for

an a priori specified nearest neighbor reference structure ( ).
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Fig. 6: Total time to compute a solution to (39) with v = 0.004 using our algorithm (2ndMM), proximal Newton,
and ADMM.

VII. CONNECTIONS AND DISCUSSION

The proximal augmented Lagrangian £, (z;y) is obtained by constraining £, (z, z;y) to the manifold
Z = {(z,25y) | z; = argmin Lo, (2, 239)} = {(,25;9) | Te + py € 2z + pdog(z)}

which results from the explicit minimization over the auxiliary variable z. Herein, we interpret the second or-
der search direction as a linearized update to the KKT conditions for problem (2) and discuss connections to

the alternative algorithms.
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Fig. 7: Comparison of (a) times to compute an iteration (averaged over all iterations); and (b) numbers of iterations
required to solve (39) with v = 0.004.

A. Second order updates as linearized KKT corrections

The second order update (T4) can be viewed as a first order correction to the KKT conditions for optimization

problem (2),
0 = Vf(x)+ Ty

0= Tz -z (42)
0 € Jeg(z) — y.
Substitution of z}; into (@2) makes the last two conditions redundant; when combined with the definition of the
manifold Z, Tz = z implies y € dcg(z) and y € Ocg(z) implies Tx = z.
Multiplying equation (T4) for the second order update with the nonsingular matrix (27) recovers the equivalent

expression

H 77 | Vf(ak) + TTy* )
(I — P)T —uP " rk

where r¥ := TzkF — 2% (2%, y*) = Ta* — prox,,,(Tz* + uy*) is the primal residual of (2). Thus, @3) describes a

first order correction to the first and second KKT conditions in (@2).

B. Connections with other methods

We now discuss broader implications of our framework and draw connections to the existing methods for solving
versions of (I)). Many techniques for solving composite minimization problems of the form (I)) can be expressed
in terms of functions embedded in the augmented Lagrangian; see Table [l Trivially, the objective function in (T)
corresponds to £,,(z, z;y) over the manifold z = T'z. The Lagrange dual of a problem equivalent to (2),

minimize f(z) + g(z) + ﬁ Tz — z|?

T,z (44)
subject to Tz — z = 0
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EXERRE function \ methods

z=Tx | - objective function of (I)) subgradient iteration [70]

- - - augmented Lagrangian ADMM [5], [14]

X | Z2| - Lagrange dual of (@4) Dual ascent (if explicit expression available)

- | Z2 | - | proximal augmented Lagrangian MM |[15]], Arrow-Hurwicz-Uzawa [[15], Second order primal-dual

- Z Yy Forward-Backward Envelope Forward-Backward Truncated Newton [29], related to prox. gradient [29?

TABLE I: Summary of different functions embedded in the augmented Lagrangian of (Z)) and methods for solving (T))
based on these functions. Each function corresponds to the augmented Lagrangian on a different manifold. The
columns labeled z, y, and z contain the manifolds to which the corresponding variables in the augmented Lagrangian
must be constrained in order to obtain the function in that row.

is recovered by collapsing £,,(z, z; y) onto the intersection of the z-minimization manifold Z and the z-minimization

manifold,
X = {(z*,zy) | % = argmin L,(z,2;9)} = {(@%, 2;9) | p(Vf(a*) + TTy) = T" (2 — Tx*)}.

The Lagrange dual of (Z) is recovered from the Lagrange dual of (@4) in the limit y — occ.

1) MM and ADMM: MM implements gradient ascent on the dual of #4) by collapsing £, (z, z;y) computa-
tionally onto X N Z. The joint (z, z)-minimization step in (T0) evaluates the Lagrange dual at discrete iterates y*
by finding the corresponding (z, z)-pair on X N Z; i.e., the iterate (z¥+1, 25+1;4*) generated by lies on the
manifold X N Z. Note that, in this form, joint (z, z)-minimization is a challenging nondifferentiable optimization
problem.

ADMM avoids this challenge by collapsing £, (z, z;y) onto X’ and Z separately. While the underlying z- and
z-minimization subproblems in ADMM are relatively simple, the iterate (x**1, zk*1;y*) generated by (6) does
not typically lie on the X N Z manifold. Thus ADMM does not represent gradient ascent on the dual of [@4),
causing looser theoretical guarantees and often worse practical performance. Although second order methods may
be employed within ADMM (e.g., in (6) to solve the inner z-minimization problem), ADMM is still a first order
algorithm as the outer iteration consists of gradient updates to the dual variable.

By collapsing the augmented Lagrangian onto Z, the proximal augmented Lagrangian allows us to express
the (z, z)-minimization step in MM as a tractable continuously differentiable problem (cf. Theorem . This avoids
challenges associated with ADMM and it does not increase computational complexity in the x-minimization step
in (T0) relative to ADMM when using first order methods. We finally note that unlike the Rockafellar’s proximal
method of multipliers [[71]] which applies the proximal point algorithm to the primal-dual optimality conditions, our
framework reformulates the standard method of multipliers and develops second order algorithm to solve nonsmooth
composite optimization problems.

2) Second order methods: We identify the saddle point of £, (z,z;y) by forming second order updates to x
and y along the Z manifold. Just as Newton’s method approximates an objective function with a convex quadratic
function, we approximate £, (x;y) with a quadratic saddle function.

Constraining the dual variable itself yields connections with other methods. When T = I, {@2) implies that the

optimal dual variable is given by y* = —V f(x*), so it is natural to collapse the augmented Lagrangian onto the
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manifold Y := {(z, z;y*) | y* = =V f(x)}. The augmented Lagrangian over the manifold Z N Y corresponds to
the Forward-Backward Envelope (FBE) introduced in [29]. The proximal gradient algorithm with step size p can
be recovered from a variable metric gradient iteration on the FBE [29]. In [29]-[31]], [49], the approximate line
search and quasi-Newton methods based on the FBE were developed to solve (I). Since the Hessian of the FBE
involves third order derivatives of f, these techniques employ either truncated- or quasi-Newton methods.

The approach advanced in the current paper applies a second order method to the augmented Lagrangian that
is constrained over the larger manifold Z. Relative to alternatives, our framework offers several advantages. First,
while the FBE is in general nonconvex function of x, £, (z; y) is always convex in x and concave in y. Furthermore,
we can compute the Hessian exactly using only second order derivatives of f and its structure allows for efficient
computation of the search direction. Finally, our formulation allows us to leverage recent advances in second order

methods for augmented Lagrangian methods, e.g., [[16]—[18].
VIII. CONCLUDING REMARKS

We have developed a second order primal-dual method for nonsmooth convex composite optimization. We
establish global exponential convergence of the corresponding differential inclusion in continuous-time and use the
primal-dual augmented Lagrangian as a merit function in a discrete-time implementation. Our globally convergent
customized algorithm exhibits asymptotic (quadratic) superlinear convergence rate when the proximal operator
associated with nonsmooth regularizer is (strongly) semismooth. We use the ¢;-regularized least squares and
spatially-invariant control problems to demonstrate competitive performance of our algorithm relative to the available
state-of-the-art alternatives.

Future research will focus on weakly convex problems, nonconvex problems, the development of inexact second
order methods, and application of our framework to problems in which the codomain of the regularizer has a larger
dimensions than the domain of the optimization variable. In particular, inexact but structured approximations of the

Hessian can lead to efficient methods that may even be convenient for distributed implementation.
APPENDIX
A. Algorithm based on V(w) as a merit function

Since Theorem [/| establishes global convergence of the differential inclusion, one algorithmic approach is to
implement a Forward Euler discretization of differential inclusion (T6). A natural choice of merit function is the
Lyapunov function V' defined in (I7). A simple corollary of Theorem [] shows that the second order update is

a descent direction for V.
Corollary 12: The second order update (T4) is a descent direction for the merit function V' defined in (T7).
Proof: Follows from (I8) in Theorem [4] u
Corollary [2] enables the use of a backtracking Armijo rule for step size selection. A natural choice of stopping
criterion for such an algorithm is a condition on the size of the primal and dual residuals. Moreover, Proposition [3]

suggests fast asymptotic convergence when prox,,, is semismooth. The example in Fig. || verifies this intuition

g
when solving LASSO to a threshold of 1 x 10~® for the primal and dual residuals.
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Algorithm 2 Second order primal-dual algorithm for nonsmooth composite optimization based on discretizing (T6).

input: Initial point xg, yo, backtracking constant « € (0, 1), Armijo parameter o € (0, 1), and stopping tolerances

€1, E2.
While: |Tz* — prox,,,(Tz* 4+ py*)|| > €1 or
IVf(a*) = TTy*| > e
Step 1: Compute " as defined in (T4)
Step 2: Choose the smallest j € Z, such that

V(wk + o) < V(wb) — oad VL, (wh)|?

Step 3: Update the primal and dual variables

k+1 k

Wl = Wb + oW

llz =2

10 20 30 40 50 60
Iteration

Fig. 8: Distance from the optimal solution as a function of iteration number when solving LASSO using Algorithm
for different values of u.

However, such an implementation would require a fixed penalty parameter p, which typically has a large effect
on the convergence speed of augmented Lagrangian algorithms and is difficult to select a priori. Moreover, stability
of the solution to a differential equation does not always imply stability of its discretization.

An example: We implement Algorithm [2] to solve the LASSO problem (36) studied in Section [VI} The problem
instance was randomly generated with n = 500, m = 1000, and v = 0.85Vmax. Figure [§] illustrates the quadratic

asymptotic convergence of Algorithm [2] and a strong influence of .

B. Bounding V f(x) for Algorithm

A bounded set Cy containing the solution to (I)) can always be identified from any point Z, V f(Z), any element
of the subgradient dg(Z), and a lower bound on the parameter of strong convexity.

Lemma 13: Let Assumption |I| hold and let f be m ¢-strongly convex. Then, for any Z, the optimal solution to (TJ
lies within the ball of radius W%HV f(@) + TT0g(Tz)| centered at z.

Proof: Given any point Z, strong convexity of f and convexity of g imply that,

fa) + 9(Tz) — f(z) — 9(Tz) > (Vf(2) + TT09(TT),x — &) + "lz — z|? (45)
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for all z where dg(T'Z) is any member of the subgradient of g(7'z). For any x with ||z — Z| > mlfHVf(fc) +
TTdg(Tz)||, the right-hand side of (@3] must be nonnegative which implies that f(x) + g(Tz) > f(z) + g(TZ)
and thus that x cannot solve (T). ]

For any strongly convex function f and convex function g, a function f can be selected such that
argmin f(z) + g(Tx) = argmin f(z) + g(Tz).

Here, f is identical to f in some closed set Cy containing 2™, fx):={f(x), z € Cs; f(x), z ¢ Cr}, and f(x) is
chosen such that f(z) is convex and twice differentiable, V f(z) is uniformly bounded, and V2 f(z) > 0. Lemma
implies that a set C; that contains the optimal solution z* of (I)) can be identified a priori from any given point Z.
Since f (x) satisfies all the conditions of Theorem Algorithm [1| can be used to solve (T) and, since Cy contains
x*, its optimal solution also solves (]I[)

An example: When z € R, f(z) = 322, and C; = [—1,1], a potential choice of f(x) is given by, f(z) =
{2z +e"™ —25, 2 < —1; 2z +e " —25, x> 1}. For this choice of f, the gradient of f is continuous
and bounded, Vf(z) = {—2+e*t! 2 < —1;2, # € [-1,1];2—e "1, 2 > 1} and the Hessian of f is determined
by V2f(z) = {e"t!, o < —1;1, z € [-1,1);e ", 2 > 1}.
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