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Abstract

Recovering images corrupted by multiplicative noise is a well known challenging task. Mo-
tivated by the success of multiscale hierarchical decomposition methods (MHDM) in image
processing, we adapt a variety of both classical and new multiplicative noise removing models
to the MHDM form. On the basis of previous work, we further present a tight and a refined
version of the corresponding multiplicative MHDM. We discuss existence and uniqueness of
solutions for the proposed models, and additionally, provide convergence properties. More-
over, we present a discrepancy principle stopping criterion which prevents recovering excess
noise in the multiscale reconstruction. Through comprehensive numerical experiments and
comparisons, we qualitatively and quantitatively evaluate the validity of all proposed mod-
els for denoising and deblurring images degraded by multiplicative noise. By construction,
these multiplicative multiscale hierarchical decomposition methods have the added benefit
of recovering many scales of an image, which can provide features of interest beyond image
denoising.

AMS Subject classification: 26B30, 46N10, 68U10
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1 Introduction

While the literature on denoising and deblurring images affected by additive noise is quite rich,
the study of images corrupted by multiplicative noise still requires attention. This type of noise
is inherent in radar, synthetic-aperture radar (SAR) and ultrasound images, cf. . Our
aim is to contribute to the topic not only by removing such noise from images, but also by
proposing multiscale decomposition strategies for those images, similar to the contributions of
in case of additive corruption. More precisely, this work expands multiscale methods
to the multiplicative-noise domain. While we apply such techniques to foundational methods
from , the resulting procedures could translate to other approaches aimed at multiplicative
corruption. The importance of providing decompositions of medical images that separate the
coarse and fine scales has been clearly highlighted in the case of image registration when significant
levels of noise are involved (see also ) The reader is referred also to that address
astronomical imaging and the need of recovering objects of very different sizes.

In a multiplicative noise problem, a clean image z :  C IR? — R is degraded by multiplicative
noise 1 : € — R of mean 1 and (possibly) blurred by an ill-posed, linear, bounded operator
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T : L*(Q2) — L?(Q), where  is a domain in R?. These together form the degraded data
f6 = (TZ) -1, (1)

where § is a parameter relating to the size of the noise, referred to hereafter as the noise level.
Throughout this work, we denote by f € L?(Q) the ezact data satisfying Tz = f.

A natural way to approach multiplicative noise is to manipulate the problem into a familiar
form and apply existing techniques. At least in the pure denoising case, the logarithm transforms
the problem f° = z-7 to an additive noise system log(f?) = log(z) +1log(n) for which a plethora of
denoising methods exist. Indeed, this idea has been tried—the reader can find in [2] a discussion
of a log-additive model. However, as pointed out in 2|, blindly applying the log transform and
employing algorithms for additive noise removal do not necessarily provide reasonable reconstruc-
tions, because the reconstruction means are often much smaller than those of the original images.
This is due to the primary assumption of additive-noise methods, namely, zero-mean noise. To be
more precise, by Jensen’s inequality one has log(E[n]) > E[log(n)]. If a restoration u of the system
log(f?) = log(u) + log(n) is found under the assumption that E[log(n)] = 0, then log(E[n]) > 0.
Consequently, one has [E[n] > 1 with strict inequality as soon as there is any noise, which is a
contradiction to n having mean 1. One can estimate this change in expectation by expanding
log(n) about E[n],

_ Vin]
2E[n]*’

whenever the distribution of n allows such quantities to be defined. Such restorations u will satisfy
f° ~ u-n, implying E[u]E[n] ~ E[f°], and necessarily E[u] < E[f°] = E[z], indicating a shift in
the reconstruction mean E[u] from the image mean E[z]. Therefore, designing novel algorithms
which address directly the multiplicative noise is highly desirable.

Let us review below several variational models for restoring images corrupted by multiplicative
noise. Rudin and Osher [25] introduced in 1994 the following model for image denoising by
imposing constraints on the mean and the variance of the noise,

ngn{TV(u)+AA(J:—1)2}, (2)

where TV is the total variation and the minimization is performed in the space of bounded variation
functions BV (). Note that problem is well-defined when f° € L>() and infq f° > 0
(see [6[8]), and the unique minimizer u verifies infq f¢ < u < supg, f? a.e.

In 2008, Aubert and Aujol |2] proposed minimizing the energy

(1ogt+ L) )

over the set {u € BV (Q) : u > 0} for denoising images degraded by a gamma-law speckle noise,
with f0 > 0 as well. We will call this the AA model. The authors demonstrated that minimizers of

(B) exist, however, the data fidelity term |, <log(u) + %5) is only strictly convex for u € (0,2f?)

a.e., and not globally convex, so the minimization problem may not have a unique solution. They
also noted that can be extended to deblurring by involving an appropriate operator T,

<log(Tu) + f;) .

E[log(n)] ~ log(E[n])

E(w) = TV () + A /

Q

E(u) =TV (u) + )\/

Q

Concurrently, Shi and Osher [27] introduced two multiplicative noise removal models. The first
one, which looks for

arg min {TV(u) + /\/Q (a{j + g({j)Q + clog(u)) } ) (4)



is a more general AA formulation which can be reduced to by setting b = 0 and a = c¢. Again,
the fidelity term is not globally convex. To address this, Shi and Osher let w = log(w) within the
fidelity term of and replaced TV (u) with TV (w), thus producing the second model which is
convex (in w),

arg min {TV(w) + )\/ (af‘se_“’ + g(f‘s)Qe_z“’ + cw) } . (5)
w Q

Having solved the now convex minimization problem for w, the true image estimate can be re-
covered by u = e“. It is worth emphasizing that this partial transformation, which replaces
TV (u) = TV (e™) with TV (w), shifts the regularization to the logarithm of the image intensity.
Consequently, the majority of smoothing is performed on image intensities near 0, while larger
intensities are much less smoothed.

There have been several extensions of the works [2,{27] which enforce convexity of the objective
functional or tackle the efficient computation of the minimizers. For instance, the authors in [15]
studied with @ = ¢ =1 and b = 0, splitting the regularizing and fidelity terms, and adding a
quadratic fitting term. A primary reason for the formulation in [15] is the numerical efficiency in
solving the minimization with an iterative alternating scheme.

Rather than transform w = log(u) to gain convexity, Dong and Zeng [13] introduced an addi-
tional quadratic penalty term to the AA model

Er(u) := ATV (u) +/Q <log(Tu) + i’:i) + a/ﬂ (ﬁ - 1)2 , (6)

thus ensuring convexity of the fidelity term for o > %, as well as coercivity of the objective

functional for the more general problem of deblurring. Hereafter, we refer to (@ as the DZ model.
We mention also the interesting approach for multiplicative noise removal in [28], that uses a
data fidelity which is typical for eliminating Poisson noise, and incorporates total variation or
nonlocal means as regularizers. Additionally, in recent years there have been new approaches
for removing multiplicative noise from images with or without blur. In [33] and [16], the authors
made use of a fractional-order total variation and a total generalized variation penalty, respectively.
The paper [37] considered a convex scheme for structured multiplicative noise, [21] proposed an
improved algorithm for the DZ model [13], and [39] adapted Euler’s elastica to the multiplicative
noise problem. The reader is referred further to the introduction and the included references on
the multiplicative noise topic in [11]. There are also methods addressing denoising of color images
degraded by speckle noise, which employ a total variation function adapted to red-green-blue
(RGB) and hue-saturation-value (HSV) images (see |33] and [36], respectively). Studies on using
convolutional neural networks for speckle noise removal can be found in [10}22].

As mentioned above, our aim goes beyond the need of reconstructing images corrupted by mul-
tiplicative noise. That is, we focus also on obtaining decompositions of such images along several
scales in a variational manner. To this aim, we start by recalling the approach by Tadmor, Nezzar
and Vese (TNV) [30,31], that introduced a hierarchical decomposition based on the Rudin and
Osher’s (RO) model . Let us emphasize the role of such a decomposition in image restoration.
For simplicity, we consider here the case of additive noise removal (see again [30,31]), starting
from the Rudin, Osher, Fatemi (ROF) model

min{o||Tu — f°* + TV (u)}. (7)

It is not easy to determine an appropriate parameter Ao to ensure that the cartoon (the main
features of the image) is well extracted and also the image texture is well preserved while remov-
ing the noise. The advantage of the hierarchical process is that it enables separation of noise
and image texture in increasingly refined scales by updating parameters, since the texture can be
seen as cartoon at finer scales. As a result, the method provides an approximation of the original
image f by a sum of image components, that is f ~ Y u;. As explained in [30] (see also the more
recent work [19]), the approximation ) u; obtained at the k-th hierarchical step involving the



regularization parameter \; does not necessarily coincide with the one-step ROF minimization
corresponding to the parameter \;. This shows the versatile role of the hierarchical decompo-
sitions versus single-step variational models. Motivated by stronger theoretical properties and
better restoration effects, tight and refined versions of the multiscale hierarchical decomposition
for denoising and deblurring images with additive noise were proposed in [20] (see also [1§] for a
more general tight version). Moreover, [20] proposed for the first time the discrepancy principle
for early stopping in the original, tight and refined MHDM.

In this study, we introduce, test, and provide convergence properties for several hierarchical
decomposition procedures designed to recover structured and textured images with multiple scales,
when affected by multiplicative noise. Specifically, we propose four multiscale hierarchical decom-
position methods for multiplicative noise removal, called SO MHDM, AA MHDM, AA-log MHDM
and TNV-log MHDM. Thus, we first formulate a direct MHDM extension of the Shi-Osher model
(), which we abbreviate as SO MHDM, allowing us to adapt the summed-MHDM denoising
techniques from [20] to the new data fidelity setting, which is no longer quadratic (see Remark
. Secondly, we proceed similarly with the AA model (AA MHDM, for short), and additionally
introduce a penalty-modified adaptation of the AA model (abbreviated as AA-log MHDM)
which handles multiplicative gamma noise and blurring. Finally, we introduce a new variational
model, that is a modified RO model, in which the TV penalty is replaced by TV (log). Then we
derive its multiscale adaptation, thus yielding the so-called TNV-log MHDM. In order to promote
more details in the reconstruction of the images perturbed by multiplicative noise, we introduce
also tight and refined MHDM versions, and emphasize their effect on images with more texture.

We expect that the proposed multiplicative multiscale hierarchical decomposition methods
can be extended to applications beyond image restoration, such as image fusion [3,/9], image
representation [29], image registration and inverse problems [18}38].

The current work is organized as follows. In Section [2| we lay out the general strategy of
hierarchical decomposition for multiplicative noise degraded images. We justify well-definedness,
convergence properties and stopping rules of such schemes in Sections [3]and [d] Tight and refined
modifications of the recovery schemes are analyzed in Section [5] We propose several numerical
discretizations of the methods in Section [6] present detailed numerical results in Section [7} and
point out the robustness of the proposed procedures, as well as the advantages of using one method
or another, depending on the structure of the given image.

2 Preliminaries

In the multiplicative denoising problem, recovering the true image z in BV (€2) amounts to solving
the equation

=Tz n

in a stable way, where z is assumed to contain features at different scales, as happens for example,
in natural images. Our aim is to derive multiscale hierarchical decomposition methods for images
affected by multiplicative noise, inspired by the idea developed in [30}31].

We first briefly recall the setup from [30] for images perturbed by additive noise. Let Ag be a
positive number and ug be a solution of the ROF problem (7). Define the sequence (u) C BV ()
such that

ug € arg muin{)\kHTu — 1P+ TV ()}, (8)

with A = 2¥X\g and v,_; = f° — Z?;& Tuj, and thus f° = Tug + Tuy + -+ + Tug_1 + v_1.
Equivalently, procedure can be expressed as

muin{)\kHT(u +zp-1) = 2P+ TV (w)},

k—1
for k > 0, where xp_1 = Zuj and x_1 = 0 (see also [18]). Convergence rates of (Txy) to f
3=0



have been analyzed in [18,20,[30,31], while improved versions have been introduced and studied
in [18,204[32].

For images degraded by multiplicative noise, the only multiscale hierarchical decomposition we
know about is the one from [30] and [31], which uses an increasing weighting parameter Ay in the
iteration-adapted Rudin-Osher model . Namely, one starts with

S 2
up € arg min {/\0/ (J; - 1) + TV(u)} )
u Q

where Ao is a positive parameter, and proceeds further with a similar minimization problem by
doubling )¢ the—parameter and considering the new residual f°/uy which might contain more
features of the original image, and so on. The minimizers uy obtained iteratively as

f i
uy € argmin )\k/ ( — 1) + TV (u)
u Q \ Ul - Ug—1

for k> 0 (with u_q = 1) are well-defined [8] and can be characterized as shown in [31].

We will work with a general data fidelity term in order to provide analysis in a unifying setting.
Assume that J : L2(2) — [0, 0] is a proper function and H is a non-negative data fitting term to
be specified later. Let u; be defined as follows:

uy, € argmin By (u), with  Ej(u) = MoH (f°, T(uzp_1)) + J(u), 9)
k—1
where x_1 = H uj, v—1 = 1 and Apy1 = 2Xg, if £ > 1. For example, choosing the data fidelity
j=0
5 f° ’
H Tu)=|=— —1 10
.10 = |5 (10)
yields the Rudin-Osher variational method for deblurring images, while
) _ f 5
H(f°,Tu) = ~— + log(Tu) — log(f°) — 1 (11)
Q Tu

is the Itakura-Saito divergence that leads to the Aubert-Aujol model. Note that this divergence is
the Bregman distance associated with the —log(u) Burg entropy, thus being nonnegative due to
the convexity of the entropy. We will mention later more properties of H that will be helpful in the
analysis regarding convergence of (T'zy) to the exact data f. More properties of the multiplicative
MHDM schemes introduced in this work, e.g. error estimates, will be shown when using penalty
functionals J satisfying

Tuw) < Jw) + J(@),  Ju)=J <1> . J() =0, (12)

u

for any u,v € domJ = {u € L*(Q) : J(u) < oo}. An example of such a function is J(u) =
o(log(u)), where @ is a seminorm (e.g., the total variation or the x-norm).

For the moment, we assume that minimizers uy in @D exist, and instead focus on the analysis
of the multiscale decomposition method. Note that existence results will be pointed out for the
particular denoising models we deal with in Section while the deblurring models (that is 7" # I)
will be considered in more detail in our future research.

Remark 2.1. Let us discuss the choice of the data-fidelity term in @D The first iterate ug is just
a minimizer of \oH (0, Tu)+J(u). When searching for uy, we can consider two possibilities. The
first one consists of looking for uy such that the misfit between T (ujug) and f° becomes smaller



than the one between Tug and f°, and corresponds to the choice \yH (f°, T (uug)) + J(u) used in
@D. Thus, the clean data f will be approzimated by T (uguy . .. ug). The second possibility addresses
the “new” data f°/Tug and amounts to finding u1 as a minimizer of \y H(f?/Tug, Tu)+ J(u). In
this case, it is desired that the product TugTuy ... Tu, converges in some sense to f. Our work
focuses on the first version, since it is hoped that the product uguy ...ux might approximate the
true image z in both the denoising and deblurring case.

Remark 2.2. The Itakura-Saito divergence occuring in the AA-model has the interesting property
of being scale invariant in the following sense: H(Au, A) = H(u,v) for any A > 0. Therefore, in
the denoising case, it holds that H(f°,uug) = H(f° /ug,u), showing that the two approaches from
Remark[2.1) coincide. The same holds for H used in the Rudin-Osher model.

Remark 2.3. For clarity, we will at times refer to hierarchical decompositions which break an
image down into a sum )_;u; as summed-MHDM (like the those studied in 20, 30]). We intro-
duce this vocabulary to distinguish from the decomposition techniques which use a multiplicative
hierarchical representation Hj u; of an image.

3 Well-definedness of several models for multiplicative noise
removal

Recall we are focusing on multiscale hierarchical decompositions applied to variational denoising
models that address multiplicative noise. Before listing those models, we verify the following
equivalence that will ensure well-definedness for some schemes of type @D involving particular
penalties J = TV (log).

Proposition 3.1. The following minimization problems in BV ()

u* € arg muin {E(u) = NH (f%,u) + TV (log(u)) } (13)

and

w*Gmgg?{E@w::AHUﬁxwy+TV@Q} (14)

are equivalent (that is, they have the same minimum values). Moreover, the following holds: If u*
is a minimizer of , then log(u*) minimizes , and if w* is a minimizer of , then e
minimizes .

Proof: Note that, whenever E and E are defined, one has F(u) = E(log(u)) and E(w) =
E(e™), and furthermore, the minimum values of and are finite. Indeed, one can easily
substitute the constant functions u =1 or w = 0 to get a finite energy. To show that minimizers
of E lead to minimizers of E, let w* € BV (Q) minimize (Td). Since e®” € BV(Q) holds by a
chain rule property (see |35]), we propose this as a candidate minimizer of . Indeed, suppose
by contradiction that there exists u € BV (£2) so that

E(u) < E(e¥") = E(w").

Since E(e”") < 00, we have E(u) < oo and so log(u) € BV (). Consequently, log(u) is feasible
for £ and ~ ~
E(log(u)) = E(u) < E(w"),

a contradiction to the minimality of E(w*). We conclude u* = e*" is feasible and minimizes .
For the reverse implication, consider u* € BV () minimizing and suppose there is a
w € BV(Q) with .
E(w) < E(u").

But then, e € BV(2) and consequently E(e") = E(w) < E(u*), a contradiction. Furthermore,
w* = log(u*) is in BV () by the finiteness of E(u*), so w* minimizes E. O



We focus on the following variational models, among which the TNV-log is based on a new
energy functional. This is the first work that considers and analyzes these multiscale hierarchical
adaptations.

1. A particular Shi-Osher (SO) MHDM model: One can replace the total variation penalty
in by J(u) = TV (log(u)) and substitute w = log(u), thus obtaining the conver optimization
problem

min {TV(w) + Xo /Q (foe™ + w)} : (15)

This is for a = ¢ =1 and b = 0. The paper [17] showed existence and uniqueness of the
minimizer wy when the data f° € L>(Q) satisfy infq f© > 0. Moreover, the minimizer wy verifies
infq (log(f?)) < wo < supg (log(f?)). We can now apply summed-MHDM, that is solving

Wy, = arg min {)\k/ (f5e_(y’“*1+w) + yr_1 +w — log(f°) — 1) + TV(w)} , (16)
w Q

where yr_1 = Zf;é w; for k € N, with y_1 = w_; = 0. Note that our data fidelity also
incorporates the term — log(f?) — 1 in order to build the Itakura-Saito divergence, which is non-
negative.

As in the case of wy, existence and uniqueness can be shown for w; (and for further iterations),
since the updated data f9/e®° are also away from zero, and so on.

2. AA MHDM model: Tt was shown in [2] that minimizers uy of the AA model exist
in BV(Q) for data f0 € L>®(Q) which satisfy infq f¢ > 0. Moreover, any minimizer ug obeys
infq f° < up < supg, f0. In order to obtain existence of u; and of further MHDM iterates, one
takes into account that f°/ug belongs also to L>(£) and verifies info f°/ug > 0. The generated
AA MHDM scheme given by

s
uy, € arg min {/\k/ ( / + log(uzg_1) — log(f°) — 1> + TV(u)} (17)
w Q \UTk—1
will briefly be discussed theoretically and numerically in the upcoming sections.
3. The AA-log MHDM model: One can employ directly the penalty J(u) = TV (log(u)) in the
AA model,

u u

s
min A ( + log(u) — log(f°) — 1) + TV (log(u)). (18)
Q

Clearly, the substitution w = log(u) yields the SO model. By taking into account the latter
and by applying Proposition problem has a unique minimizer. The MHDM problem

UT—1

g € argmgn{xk /Q ( P og(urs_y) — log(f%) — 1) +TV(log(u))} (19)

is also well-defined in this case. Despite transforming into the convex SO model under the appro-
priate substitution, we include the AA-log method because it extends to deblurring, and in the
presence of blur the log-transformation no longer produces a convex problem.

4. The TNV-log model: We propose a version of the Rudin-Osher minimization problem, where
the penalty J(u) = TV (log(u)) is used instead of just TV. It reads as

muin {)\O/Q (J: - 1)2 + TV(log(u))} . (20)

Since the TNV method is the RO model based multiscale method, correspondingly, we call RO-log
model’s multiscale form the TNV-log model, given by

up € arglrgn {)\k/ﬂ (uscf:l - 1>2 JrTV(log;(u))} . (21)

The existence of minimizers uy can be shown via Proposition [3.1] and the following result.




Proposition 3.2. Let f° € L>°(Q) such that infq f° > 0. Then, there exists at least one solution

w € BV(Q) of the problem
2
min {/\0/ (féew - 1) + TV(w)} , (22)
w Q

such that infg log f‘s < w < supg log f‘S a.e.

Proof: Let h(z) = (ae™® —1)?, where a > 0 and # € R. One can prove the result by following
the techniques from |2, Theorem 4.1], taking into account that the function h is nonincreasing on
(—o0,log(a)) and nondecreasing on (log(a),c0). O

As opposed to the situation of the AA model where the w = log(u) transformation produces a
convex problem , we do not focus on the form since it does not exhibit special properties,
and in practice the recoveries are the same or slightly worse than those from the TNV-log model

(20)-

4 Convergence properties of the multiplicative MHDM

We will consider a general data fidelity H and a penalty, J, which for the moment does not nec-
essarily satisfy . Moreover, supposing that the general multiscale hierarchical decomposition
schemes @ are well-defined (minimizers exist, but might not be unique), we focus on convergence
properties of the corresponding iterates. We assume in what follows that the given noisy data f?
verify

H(f*, f) <8, §>0, (23)

where f denotes the exact—that is, non-noisy but potentially blurred—data. Moreover, existence
of a clean image z satisfying Tz = f and J(z) < oo is also assumed.

The lemma below shows a couple of basic properties for procedure @ (including the SO model,
after the logarithm substitution), whenever the iterates are well-defined.

Lemma 4.1. Assume that J(1) = 0 and that the iterates xy, = H?:o uj given by () are well-
defined. Then the following inequality holds for any k > 0,

MeH(f0, Tay) + J(u) < MeH(f°, Txp_v),

and the residual H(f‘s,Txk) decreases for increasing k. If is additionally satisfied and
z/xk—1 € dom J for any k > 0, then

M H(f°, Tay) + J(ug) < M\pd? + J (x: 1) (24)

holds.
Proof: According to (9)), one has

MeH (0, T(x)) + J(ug) < MeH(f2, T(uzp_1)) + J(u),

for any feasible u. Using u = 1 and then u = z/x;_1 in (]E[)7 one obtains the two inequalities for
any k > 0. Clearly, the first one implies that H( fo.r xy) decreases. 0O

Remark 4.2. Note that the condition z/x;_1 € BV () holds when xy_; is bounded away from
zero, since the product of the two bounded variation functions z and 1/xy_1 has bounded variation,
according to [1]. Indeed, 1/xi—1 belongs to BV (Q) based on the chain rule for poxi_1 = 1/xk_1,
since ¢(s) = 1/s is Lipschitz when s is bounded away from zero (see [35]). Therefore, Lemma
works for the corresponding AA and RO models. Moreover, it is also applicable to the log
models approached in Section [5 due to for J =TV(log), as J(z/xx) < J(2) + J(1/zy) =
J(z) + J(xx) < oo. Last but not least, recall that well-definedness of xy, is ensured in all these
models when T = I and the data fo € L™ satisfy infq f° > 0.



Actually, one can show additional convergence properties for the multiplicative MHDM if the
penalty J has the properties .

Proposition 4.3. If and are satisfied, and the iterates xy, given by @D are well-defined,
then the following estimate holds for any k > 0,

2J(z)
H(f°,Txy) <62+ ——2—. 2
(f° Tay) < +(k+m0 (25)
Proof: Since J satisfies and u = g /xk_1, one has for any k > 0,
J(z/xg) — J(z/xp—1) < J(ug).
This inequality combined with yields
5 1 2, 2 2 1
H(f°,Txy)+ —J(z/xp) <+ —J(z/zp-1) = 0"+ J(z/xp_1). (26)
Ak Ak Ak-1

By writing for indices 0,1, ..., k and summing up, one has for any k > 0,
1 b 1 2
(k+V)H(f°,Tar) + —J(z/zx) < > H(fO,Taj) + —J(z/zx) < (k+1)0% + —J(2),
= A Ao

where the left inequality follows from the monotonicity of the data fidelity term cf. Lemma
and the right one follows from x_; = 1. This yields (25). O

Clearly, inequality holds for the log approaches in Section [3] as explained in Remark
but not necessarily for the AA and RO models.

Summed-MHDM for non-quadratic data fidelity The work [20] provided error estimates
for MHDM in case of quadratic data-fidelity. Fortunately, the proof techniques can be similarly
employed in the case of non-quadratic data-fidelities H(f?,e") as long as the existence of min-
imizers wy, is guaranteed. Hence, the following result holds for the SO MHDM defined by
(compare to |20, Proposition 3.1]).

Proposition 4.4. Let fo € L>(Q) be such that infq f° > 0. Then the data-fidelity H is mono-
tonically decreasing for increasing k and

H(f%e™) < 6%+ 2§V(S()+g(1z))) keN.
0

4.1 Discrepancy principle stopping rule

Computing too many multiscale hierarchical iterations can result in getting back more and more
noise in the reconstructed image. Therefore, stopping the procedure early enough is necessary. In
view of this, we propose a stopping rule for (@ and show convergence properties. Let us define
the following stopping index,

k*(6) := max{k € N: H(f°,Txy) > 16}, for somer > 1. (27)
As shown below, this index exists and convergence of the data fidelity to zero is guaranteed.

Proposition 4.5. Assume that (12)) and (23)) are satisfied, and the iterates x, given by @[) are
well-defined. Then the stopping index (27)) is finite. If (k*(9)) is unbounded as § — 0, then
lim H(f°, Twy-(5)) = 0 holds.

—



Proof: By writing for k = k*(6) and using (27), it follows that

2

2oty — =
TSN E ) 1 D)

J(2)
and thus, the stopping index is finite:

K (6) < — 21 @)

—— — 1.
- )\0(7'— 1)52

If (k*(9)) is unbounded, then written for k& = k*(d) implies (}ir% H(f‘;,Txk*((;)) =0. O
—

4.2 Convergence of multiplicative MHDM for particular models

This subsection deals with convergence of the MHDM iterates for the particular models considered
in the current study. Note that the residual H converges to zero when the procedure is stopped
earlier at k*(9) cf. 7 as seen in the previous subsection. We now analyze the implications
of this convergence in case of the two data fidelities employed in the proposed MHDM, namely
the quadratic term of the RO model and the Itakura-Saito distance. As opposed to the MHDM
concerning additive noise in images, where convergence is shown with respect to the L? norm,
we can prove only pointwise convergence on subsequences a.e. for the MHDM corresponding to
multiplicative noise.

Proposition 4.6. Assume that and are satisfied, and the iterates xj given by @ are
well-defined, whenever the data fidelity H is defined by or (LI). If (k*(6)) is unbounded as
6 = 0, then (T'xy-(5)) converges a.e. to f on a subsequence. In particular for the denoising case,
one has a.e. convergence of (ry-(s5)) on a subsequence to the true image.

Proof: According to Proposition one has %ir% H(f‘S,Txk*((;)) = 0. If the data fidelity is
—

)

given by 7 then (Tm{ *(5)) converges strongly to 1 in L?(Q2). This yields a.e. convergence of

( #@) to 1 on a subsequence, thus a.e. convergence of (T'r)-(s5)) to f on a subsequence. Now

consider H given by . Then the convergence of the residual (cf. Proposition implies that
the positive sequence (d(f°, Ty« (s5))) converges to zero in the L' (€2) norm, where d(f°, Txj-(5)) =

I
Tz« (5)

follows that the sequence (ka*((;)) is (a.e.) pointwise bounded in [0, 00), otherwise a subsequence
would diverge to 400, which would contradict d(f5, Txk*((;)) — 0. Therefore, (T'zy+(5)) converges
on a subsequence to some nonnegative function g a.e., implying a.e. convergence of (d(f?, Ty~ (5)))
to d(f,g). Uniqueness of the limit yields d(f,g) = 0 a.e., that is ¢ = f a.e., due to the strict
convexity of the Burg entropy which defines the (pointwise) Itakura Saito distance d. O

+ log(Twp+(5)) — log(f°) — 1. Consequently, it converges a.e. to zero on a subsequence. It

5 Extensions of the multiplicative MHDM
5.1 A tight multiplicative MHDM

In this section, we adapt to the multiplicative noise case the tight hierarchical decomposition

method [18] proposed in the additive noise context. That tight version incorporated an additional

penalization, namely on the entire approximation (zy), in order to obtain better convergence

properties of (x). Since this section follows the structure of the tight MHDM in the case of

additive noise [20|, we introduce the tight method in the new setting by omitting proof details.
Let (ay) be a sequence of nonnegative numbers such that for any k > 1,

lim ap, =0 and ap <ap_1. (28)
k—o0
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Set \p to be a positive number and let (Ag) C (0, 00) verify the following relaxed inequality
20k < Ap1, k>0, (29)
rather than the equality 2\ = Agy1. Finally, determine u, € BV (Q) as a solution of
m&an(u), with  Fj(u) = MeH(f°, T(uzp_1)) + Apard (uzp_1) + J(u),

k—1

with, as before, zp_; = H uj, z—1 = 1. The tight formulation, then, is augmented by a new
j=0

penalization term AgagJ(uzk—1).

Remark 5.1. The tight versions of the denoising models presented in Section [3 are also well-
defined (similar arguments).

Under the assumptions of Lemma [£.I] one can derive similarly the following inequalities,
/\kff(f‘s7 Tl‘k) + /\kakJ(xk) + J(uk) < )\kH(f‘S, Tﬂ?k—l) + /\kakJ(xk_l), (30)

MNeH (£, Tay) + Meard (z1) + J(ug) < MpapJ(2) + J(2/xp_1) + 6%, k> 0.

Note that yields the decreasing monotonicity of H(f°, Txy) + axJ(xy), which is a type of
residual in the tight method. If we further require

Zak < 0o (31)
k=0

and define the stopping index also by a discrepancy rule
E*(6) := max{k € N : H(f°,Txy) + apJ (1) > 762}, for someT > 1, (32)

then the results below can be established in a similar manner to the ones for the multiplicative
MHDM when J verifies (12).

Proposition 5.2. Let conditions , , and be satisfied. Then the following esti-
mate holds for any k > 0,

k
H(f*, Toy) +ap (o) < 0%+ | Do I;]f)l + (kz—i(f))Ao.

§=0
Moreover, if is verified, then the stopping index defined by s finite. Additionally,
1. If (k*(8)) is unbounded, then lim H(f‘s,Txk*((;)) =0 and lim ag+(5)J (Tp=(5)) = 0.
6—0 §—0

2. If the stopping index is chosen as k*(0) then

~ 6—2,
H(f°, Tape5)) + an(6) (Tp(s)) = O(5%).

By adapting the techniques from [20} Section 4] to the multiplicative noise case with the help
of the condition limsup,_, ., % = 0, one can show J(zy-(5)) — J(2), demonstrating that the

recoveries have the same level regularity as the clean image. Compare also to |18, Theorem
2.5] which addresses the tight summed-MHDM. Additionally, the convergence in the sense of
Subsection [£.2] holds.

11



5.2 A refined multiplicative MHDM

In order to promote specific properties of the u; components, we propose a multiplicative counter-
part of the refined method introduced in [20]. Thus, we allow the penalization on the hierarchical
component to be a functional different from J, that is different from TV or TV (log). Although it
can vary in every iteration as stated in [20], we consider it fixed (for fixed .J) hereafter and denote
it by R.

In particular, we require R : L?(2) — R U {oo} to be a seminorm which is weakly lower
semicontinuous and verifies the following inequality for some ¢ > 0:

R(u) < c¢J(u),Yu € dom R.
Construct a sequence (uy) C BV(§2) with uy as a solution of

min Fj,(u), with Fj(u) = \eH(f°, T(uzp_1)) + AparJ (uzg_1) + R(u),

where A\ and aj, are defined as in the tight formulation. One can similarly derive the estimate

k
H(f0, Txy) + apJ () < 02 + Zaj
=0

J(z) 2R(z)
E+1  (k+1)Xo’

as well as the same convergence results under the same assumptions, in addition to the ones above
for R. An improved behavior (as compared to the tight and the regular MHDM versions) will be
shown numerically by considering R = || - ||« or R = ||log(+)||« when J = TV or J = TV (log),
respectively.

6 Numerical schemes for multiplicative MHDM minimiza-
tion

Here we introduce numerical discretizations for the three classes of MHDM problems we consider:
Shi-Osher adaptations, AA-like models, and TNV inspired methods.

6.1 Shi-Osher model adaptations
6.1.1 Shi-Osher MHDM

Discretization of Euler-Lagrange equations:
We develop a numerical scheme for the Shi-Osher (SO) model adapted to multiscale hierarchical

decomposition (MHDM). Our goal is to recover wy, which satisfies .

L . . k-1 .
That is, given a partial reconstruction yi_1 := > j—o Wj, We seek a sufficiently regular wi—as

imposed by TV (-)—so that the sum wy, 4y, fits f° according to the data fidelity term. Using a
gradient descent scheme to solve the associated Euler-Lagrange equation for with Neumann
boundary conditions, we can numerically determine wy, by running

{%‘; = div (%) — (1 — fle(wruen)y in Q, )
v — 0 in 99,
to equilibrium, followed by updating yr = wi +yx—_1. Having recovered y;, we subsequently obtain
the reconstruction xj via an exponential transform. We omit the discretization for SO MHDM,
SO MHDM tight (Sec. and SO MHDM refined (Sec.[6.1.3), as the transformed problems are
now summed-MHDM procedures for which discretizations can be found in [20]. See Subsection
[6.4] for initializations of each scheme.

Let ShiOsher(f, yx—1,At, Ak, €,maxIter) be the numerical solution to after running n =
maxIter times. Then the image restoration algorithm proceeds as follows:

12



Algorithm: ShiOsher

INPUT: noisy image f® = z -7, where 7 is some multiplicative noise and z is the original
image.

OUTPUT: Zpuscales, an approximation to z.

e Set y_1 =0, A\p = 0.01 and ¢ = 0.01 (or some small constant).

e Choose maxIter.
For £k =0,1,2,...,numScales do

— Set: wy, = ShiOsher(f?, yr_1, At, \g, ¢, maxIter)
— Update: yr = wg + yr—1
— Update: A\gy1 = 2)g

e Return: xpupgcales = eYrumscales

ADMM for Shi-Osher MHDM: In addition to the Euler-Lagrange approach, we consider the
popular alternating direction method of multipliers (ADMM) for the convex optimization problem
obtained by the Shi-Osher formulation. Recall, given y;r_; and A\, we solve to form the
multiscale reconstruction x; = e¥* with y = Z?:o wj. We split the problem into subproblems,
minimizing the data fidelity term A [ foe~(wHvk—1) 4 (w4y,_1) and the regularizing term TV (w)
separately, subject to the condition these minimizers match. This gives the ADMM formulation

67+ = argmin Ay / (f%*”*yk—” +(0+ yk_l)) + §||0 — 7 + 9|3, (34)
VI = argmin TV (4) + G107 — v+ 073 (33)
19j+1 — 19] + 0j+1 _ ¢j+17 (36)

which proceeds iteratively in j, forming solution wy = 6°°. Here, p is a constant parameter of the
scheme. The stopping condition for ADMM is determined by some tolerance € > 0 and is satisfied
whenever

max {[|07F1 — 0712, 07T — 7|2, [l — 72107 — TP} < e

To perform the minimizations in (34)), we use Newton’s iteration. For (35]), we use an exact total
variation minimization routine |7] provided at http://www.cmap.polytechnique.fr/~antonin/
software/.

6.1.2 Shi-Osher Tight MHDM

Discretization of Euler-Lagrange equations:
For the tight SO scheme, we consider the modified objective function

wy = arg mui)n {TV(w) + Xear TV (w + yr—1) + )\k/ (fﬁe*(eryk,_l) + (w+ yk—l))} . (37)

Notice that the only alteration from the standard Shi-Osher model is the additional TV (w+yx—1)
term, so the resulting Euler-Lagrange equations will be modified solely by this term. Additionally,
the boundary condition will require 7 - V(w + yx—1) = 0. However, since yi_1 = Zf;é w; where
7 - Vw; = 0 on the boundary, we need only to impose 7 - Vw = 0 on 0f2.

Consequently, the Euler-Lagrange equation for after considering artificial time is

dw _ 7; Vw : V(wtyr—1) —W—Yk— ;
Bt — div <W) + )\ka/kdlv (W(Tzi—i)l) - )\k(l — fe Yk 1) in Q7 (38)
9w =0 in 0.
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Compared with the Shi-Osher MHDM, the Shi-Osher Tight MHDM has the same initialization
and parameters except A\py+1 = 3k, with ag =1, ay = (k:%
ADMM for Shi-Osher tight MHDM: Given yi_1, Ak, ax, the ADMM proceeds as follows:

U]+

¢’ = arg mein )\k/ (f‘se_(e*'y’“*l) +(0+ yk71)> + gH@ — 5 + 973, (39)
, ) , + ol ,
Pt = arg min MearTV (Y + yp—1) + gHQJH - % + 3, (40)
1
. ] _ + .
Ui = argmin TV () + S0+ - B g (41)

w{+1 +w%+1

2 )
iteratively forming the solution wy = 6°°. We set the stopping criterion as before and approach
and as above. For we use g = ¥ + yi—1 and rescale the problem. This gives

dag g

P =97 I (42)

Jj+1

1 _ .
=argmin TV (g) + §||2t9”1 + 207 + yp1 — Y — g|?,

g9

g
and finally w{H = ¢9t! — yr_1 can be recovered.

6.1.3 Shi-Osher Refined MHDM

For the refined version, we consider
wy, = arg ngn{”w* + Aear TV (w + yp—1) + )\k/ (f567(w+yk—1) + (w + Z/k-—l))} , (43)

where [|wl. = suppy, (420 %, and TVc(¢) = [, /€2 + |V|?, with € > 0. Thus, the main
modification is the x-norm term. Assuming w is given, we can determine ¢ by studying the Euler-
Lagrange equation associated with maximizing (w, ¢)/TV.(¢) over ¢, as done in [20]. Likewise,
given ¢, the Euler-Lagrange equation for the refined problem is modified from ([38) only by
the #-norm term. Thus, we can find wy through the Euler-Lagrange equation for More
details of this procedure are provided in [20]. We solve for ¢ and w by alternatingly time-stepping
in each variable, using the same semi-implicit discretizations as done in the regular and tight
formulations. Parameters are chosen as in the tight formulation, while initializations can be found
in Subsection [6.4l

6.2 AA based models
6.2.1 AA MHDM

We extended the original AA model to an MHDM method, as given in . We use a
semi-implicit method to solve the Euler-Lagrange equation for as formulated in [2]. The
discretization details are omitted here due to similarity with the subsequent AA-log schemes.

6.2.2 AA-log MHDM with TV (log(u)) penalty term

The AA-log model directly addresses images corrupted by blur and multiplicative noise, since
now with blur, the substitution w = logu no lon%er produces a convex problem as in the SO
formulation. We seek a multiscale solution x; = szo uj, where each wuy, satisfies .

Using the Euler-Lagrange equation associated with , we obtain a time dependent PDE to
determine uy,

du _ (gj Vu JAATI * 1 _ £
ar — div (|u||Vu|) + oy — AT (T(uﬂck_l) [T(uxk_l)P) Tp—1, onf (44)
Vu-11=0, on 0f).
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A numerical scheme for proceeds in much the same manner as for the SO models, which com-
prises of composing forward and backward finite difference operators for computing the divergence-
of-gradient terms, and uses centered differences for first derivative terms. Then, we isolate the
terms linear in u7; and exchange them for u"Jr1 to make a semi-implicit scheme:

1 1 1o
uptt = ..-{uﬂ.—AtAT*[ - ] Th1ii
Yo Ay, Y T T a2 ),
\/Dg(ufj)? + DY (u,)? i
+ At — + Atxld, 1, j]un }, (45)
uij‘uij
where
X[d7 27]]17: = d(uﬂ_) z+1 J + d( ) Uj—q N + d( ) zj+1 + d( Us, J— l)u?,jfl? (46)
dyh = 2d(u; i) d(uiy ) +d(ui;_q), (47)
1

d(ui;) = (48)

Juig |y €2 + (DF uig)? + (Difuiy)?

Here D} and D} are the standard forward differences, and DY and Dg the centered differences
in the first and second coordinates, respectively.

To initialize, we set z_;1;; = 1 and choose u’ according to Subsection Denoting the
solution of (45) after n = maxIter iterations by AAlog blur(f%, xzp_1, At, \k,ax,T,¢, maxIter),
we present the basic workflow for using the AA-log model.

Algorithm: AAlog blur

INPUT: noisy image f® = Tz - 1), where 7 is multiplicative noise and T is a blurring kernel.
OUTPUT: Zpunscates, @ multiscale approximation to z.

e Set: z_1 =1, Ay = 0.01, and € = 0.01 (or some small constant).

o Choose: maxIter.
For £k =0,1,2,... ,numScales do

— Set uy, = AAlog blur(f?,xy_1, At, A\, ax, T, €, maxIter)
— Update: zx = ug - 1
— Update: Agy1 = 2.

e Return: Zumscales

6.2.3 AA-log Tight MHDM

The tight version modifies the objective function by adding an additional regularizing term

uy, € argmin TV (log(u)) + Agpar TV (log(uzk—1)) + )\k/
u Q

<10g(T(u:ck1)) + T(fé> . (49)

UTp—1)

The Euler-Lagrange equation for gives the time dependent PDE for uy, which we can
run to equilibrium:

ou . 1 3 1o .
3 = (T~ ) ™ 0)

+div< Vu ) I A [div( Viuzi-1) )  Vluzi-)] } :

ul[Vul ulul luzk—1||V(uzp-1)] ) war—1|uwe—1]|
Vu-7=0, on df.
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To discretize (50), we introduce the notation Z™ = u™xp_; and follow the same semi-implicit

strategy from before (recalling [43)), giving

1 1 1o
n+1 n *
Y 1+ Atdun + AtAkakxifl’ijdzZ’jf\f { J b |:T(Un$k-_1) [T(u"xk_l)]z ij k=14
L /DY) + DY ()2
+ At | x[d, 4, jlun +

. \/Dg(zgg.)? +DY(Z1)?
+ AtAgarxr—1,i; | xld,i,7]5n + .
Z71 72

The AA-log Tight MHDM has the same initialization and parameters as the AA-log MHDM,

except ag =1, ax = (kfﬁ, and A\py1 = 3)g.

6.2.4 AA-log Refined MHDM

The refined version reads as follows,

uy, € argmin || log(w)||« + AxarTV (log(uzk_1)) + )\k/
u Q

1)
(1og<T<uxk1>> + T(u’;k)) G

Thus, the Euler-Lagrange equation for is modified from the tight formulation only by the
|- ||« term. Moreover, the discretization is determined by the same process as for the AA-log tight
method combined with alternating time-stepping with a test-function ¢, as done in the SO refined
MHDM (compare also to the refined version of the summed-MHDM in [20]). We omit further
details, due to the similarity to the previous schemes.

6.3 TNV-log Models
6.3.1 TNV-log

The TNV-log model is the TNV method modified with a TV (log(u)) penalty. The resulting
dynamical PDE from the Euler-Lagrange equations for is

Ou _ div( Vu ) AL {fﬁ <1 - T(fd)ﬂ vee1 i Q, (52)

ot |ul|[Vul u|ul [T(uzy—1)]? UT—1
Vu-i1=0 in 99).

This, differing from the AA-log MHDM by only its fidelity term, takes on a similar discretiza-
tion and algorithm, with updates for «"*! given by

.- = (Y — . — *Tk—1,ij5
Yo A LY o) U T ),

J
/DR )? + DY ()2
At

+ ol )

6.3.2 TNV-log Tight

Likewise, with the TNV-log tight formulation the Euler-Lagrange equation is the same as that
for the AA-log tight MHDM scheme , except with the appropriate fidelity term swapped for
TNV, as was done in . The discretization is akin to that of the AA-log tight MHDM, and we
omit further details.
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6.4 Initializations

We take a moment to discuss initializing our MHDM schemes. Each of the proposed iterative
schemes minimizes an energy as shown in @[), starting with some initialization u° which, hopefully,
is close to the minimizer. In this work, we propose two types of choices with the following
motivation.

Fidelity minimizing initializations:

One approach is to choose u® to minimize the fidelity H(f°, Tuzy_;) without regard to the
penalty term, which leads to non-constant initializations. For the SO MHDM schemes, if we aim

to minimize | (f‘se_(woﬂ’“*l) + (w + yk71)>, then the optimal initialization is w® = log(f%) —

ys—1. For the AA MHDM, AA-log MHDM and TNV-log schemes, the optimal initialization «°
minimizing H(f°, Tuxy_1) is u such that Tux,_; = f°, which amounts to solving a deblurring
problem. For simplicity, we will just use u® = 0 /x)_1.

Penalty minimizing initializations:

On the other hand, we can choose u° to minimize the penalty J(-). For J(-) = TV (log(-)) or
TV (), these would be constant functions whose values we can optimally choose to minimize the
remaining data fidelity H(f?, Tuxy_1). For the tight and refined schemes, the additional terms
ar TV (log(u’ri_1)) and | log(u®)|« do not necessarily vanish as was the case before. In the
tight schemes, however, this does not affect the choice of a constant u° since TV (log(u’z_1)) =
TV (log(u®) + log(zx—1)) = TV (log(xk—1)). However, |[log(u)|, is finite only if [, log(u®) = 0
(see Sec. 3.1.4, Lemma 1 in ), which would force u® = 1 for a constant initialization, with no
choice on optimizing the fidelity further.

We let w° = log (ﬁ Ik f‘se_yk*) for the SO MHDM regular and tight schemes, and w® = 0

for the refined one. In the AA MHDM and AA-log MHDM regular and tight schemes, we take

u’ = ﬁ J f°/Txy—1, while for the refined scheme we need u® = 1. Finally, we choose u’ =

1£°/Ter-1132 g
TP T for the TNV-log schemes.

In practice, we use the penalty minimizing initializations for the regular and tight SO MHDM,
AA MHDM, AA-log MHDM and TNV-log schemes, while the fidelity minimizing initialization
are considered for the refined SO MHDM and AA-log schemes. In the case of images with blur,
we find that the penalty minimizing initialization u° = 1 works marginally better for the refined
AA-log MHDM recovery.

7 Numerical Results

In this section we examine the numerical results of multiscale image restoration in the case of
multiplicative noise, using the regular, tight and refined schemes for the SO MHDM, AA MHDM,
AA-log MHDM and TNV-log models. We also compare these against the TNV multiscale method
and the DZ model . We chose three natural grayscale images with edges and textures

(d)

Figure 1: Original images: (a) “Cameraman”, (b) “Barbara”, (c) “Mandril”, (d) “Geometry”.
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RMSE=27.00, SNR=13.98 RMSE=26.05, SNR=13.99 RMSE=27.12, SNR=13.97 RMSE=28.34, SNR=12.96

Figure 2: Images with multiplicative gamma noise.

ranging from smooth to detailed, and one synthetic test image as shown in Fig.[] The models
proposed in this work are aimed at removing multiplicative gamma noise and (possibly) blurring.
Accordingly, we degrade the test images with gamma noise

a
a -1 -
xa 16 az

I‘(a) x>0

g(w;a) =

with shape parameter a = 25 (mean 1 and standard deviation 1/y/a = 0.2), as shown in Fig.
Our choice of a serves to compare with the original Aubert and Aujol paper . While the
standard deviation for the Gamma noise used in [2] is not given, this noise profile produces signal-
to-noise ratios near the sample images used therein. Similar or lower noise levels are also used
in . Comprehensive comparisons are made at this noise level, but we also include some high
and severe noise cases in Figures and which demonstrate the MHDM'’s ability to handle
more aggressive corruption. Restorations are evaluated on the root-mean-squared-error (RMSE)
and signal-to-noise ratio (SNR) between recovered zj and original images z:

e — 2] ( & >
RMSE ="——=—, SNR=10x1lo —_— ],
VN #10 ek = =[2
where || - || is the Euclidean norm and N is the total number of pixels in the image. We also

examine how many multiscales are required for reconstruction, as well as the effectiveness of the
stopping criteria.

The MHDM recoveries in the following sections are all performed with the same parameter
values (as much as the models allow). We choose \g = 0.01, then \;, = A\og* with ¢ = 2 for
the regular and ¢ = 3 for the tight/refined schemes, as they satisfy the convergence prerequisites
given in Section [dland [f] For the tight and refined formulations, there is the additional parameter
ap = (1#2% with ag = 1. If blurring is considered, we use a 5 x 5 Gaussian kernel T with
variance 2. The parameter )\ serves as the weight of the fidelity term, and larger A; leads to more
textural details in ug. In general, to avoid restoring noises in the image during the first few ranks
of the hierarchy, a relatively small Ag should be chosen. As A\, gradually increases, the texture
within the image is restored at finer and finer scales. The multiscale hierarchical nature of the
methods also increases the robustness of the recoveries; that is to say, it dilutes the influence of
parameter changes on the image restoration. For example, if we choose a smaller )y, an acceptable
restoration can be obtained with more hierarchy ranks (larger k). The time step size At = 0.01,
gradient regularization € = 0.01, and the maximum number of iterations maxIters=1000. Using
SO MHDM (EL) as an example, we give Fig. to briefly mention the numerical convergence of
gradient descent across multiscale indices k for maxIters=1000, where Ej(w") is given by the
energy to be minimized in evaluated at the n-th iteration w™. Lower k values may take
more than 1000 steps to fully converge (c.f. k = 6 in Fig., however, in aggregate across all
k, convergence is achieved. Increasing maxIters or implementing a relative-energy-change exit
condition has little impact on RMSE or SNR values at k;,;n, as shown in Table We also observe
similar behavior for the AA-log MHDM methods. Overall, the schemes exhibit robust nature due
to the hierarchical construction of multiscale methods.
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Figure 3: SO MHDM (cameraman image) energy versus iteration number during gradient descent, with
multiscale numbers k = 3,6,9, 12.

Table 1: kpnin, RMSE and SNR values of SO MHDM (cameraman image) with different stopping criteria
for gradient descent.

Stopping criteria kmin RMSE at k,.;,,  SNR at k,.in
maxIters=100 9 12.0223 21.0058
maxIters=1000 9 10.8598 21.8892
maxIters=10000 9 10.9102 21.8489
n+1 n
[Bi(w™™) = Be(w™)] -8 | g 10.9159 91.8444
Ek(wn+1)

7.1 Shi-Osher models

Here and in the subsequent sections, to differentiate between the Euler-Lagrange PDE discretiza-
tion and the ADMM recoveries, we will append (EL) or (ADMM) to the appropriate schemes,
such as tight SO MHDM (ADMM) and refined SO MHDM (EL).

The purpose of the MHDM recovery is to retain textures of the original images at different
scales while eliminating noise. As an example of a typical recovery, we show the progression of
the multiscales for the “Cameraman” image in Fig.l The importance of correctly selecting a
stopping point is clear, since too many multiscales will recover the majority of the noise as finer
and finer levels of texture are added back into the image, while too few leave the image without
textural details. This can be seen visually in Fig. and numerically in Fig. The individual
multiplicative scales are given in Fig.[fland demonstrate how the images are built up. Recall each
Tp in Fig.is the product H?:o u;, with each u; contributing features at different scales. Based on
the multiplicative construction, light regions within u; (higher pixel values) are promoted, while
darker ones (lower pixel values) are suppressed relative to middle-toned regions in the image. As
one can see in Fig.[f] the multiplicative process segments the large scale “cartoon” features at
early scales before separating the texture and eventually noise within the image. Moreover, the
proposed stopping index k*(§) = 9 aligns with a sensible contribution from ug which adds back
sufficient detail within the cameraman’s clothing and tripod before increasing the fine details—and
noise—in the grass and background with u;, j > 9. For a user with definite sense of the scale of
features in the true data, the u; pieces could provide a visual method of choosing £*, whereby one
increases k until uy is emphasizing details at the preferred size.

Throughout the following discussion, we will look at both the multiscale index k,,;, which
minimizes RMSE and the proposed stopping index k* = k*(6) defined in (27)), (32).

Recall that the noise parameter § satisfies H(f?,Tz) < §2. In practice, we take 62 = H(f?,Tz)
for our numerical experiments.
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In the case of SO MHDM, we transform the summed-MHDM reconstruction y; back to the
image approximation z = e¥%, and then we compute k* accordingly. The stopping criterion
is determined by choosing k* to be the penultimate multiscale to H(f°,zy)/H(f°,z) dropping
below the value 1, as shown in Fig. for the SO MHDM regular, tight and refined recoveries.

In the “Cameraman” restoration, one has k* = ky,;, for regular and tight SO MHDM, while

Figure 4: Multiscales xj, for k = 4,5,...,12 in the SO MHDM recovery of the cameraman image. In this
example, our proposed stopping index k*(§) = 9 = kmin is optimal (Refer to the diamond-labeled curves

in Fig.@.

kE*(8) = Emin + 1 for the refined version. We emphasize that the tight and refined schemes require
fewer multiscales to recover the images, and that Fig. demonstrates the importance of the
stopping criteria at preventing excess noise from being recovered. The SO MHDM (EL) recoveries
are shown in Fig.[7] where we observe slight improvements transitioning from the regular to tight
and finally to refined methods. Fig. exhibits a more textured image at the k., and k*(§) scales.
Again, the number of multiscales required in the SO MHDM (EL) reconstructions decreases going
from regular to tight and then to refined SO MHDM in a uniform manner, consistent with Fig.[6]
We also see increasingly improved restorations when moving from regular to refined schemes.
Notably, with this more textured image the stopping index k*(§)—which is generally within one
step of k,,;n—produces restorations which are visually very close to the optimal ones.

However, the difference between k,;, and k*(9) can significantly affect the restoration in some
cases—see “Geometry” in second column of Fig.[9] which compares recoveries obtained from the
SO MHDM ADMM and EL approaches. For this low texture image, the SO MHDM (ADMM)
restorations are significantly better than the EL derived counterparts. We also take a moment to
mention that the SO MHDM recoveries in Fig.[J] preserve the mean image intensity. For models
that make use of the logarithm to transform multiplicative noise into additive noise, there is a
downward shift in the mean intensity of the recoveries, as explained in . Our multiscale method
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16

04

Figure 5: Multiplicative scales u; = €%/ from the SO MHDM recovery of the cameraman image. The
product H?:O uj =: x} constructs the multiscales shown in Fig.El These are displayed on the interval
[0.4,1.6] for increased contrast—true range [0.22,1.63]—and shown with a common legend.

- RMSE and SNR vs Multiscales 0

——RMSE MHDM N .
-~ RMSE Tight Stopping Criteria

—+—RMSE Refined |-{ 22 ——MHDM

-&- SNR MHDM —7—Tight MHDM
-7 SNR Tight ——Refined MHDM
-+ SNR Refined

20

6 8
Multiscales: k Multiscales: k

(a) (b)

Figure 6: (a) RMSE and SNR versus multiscales index across methods when restoring the “cameraman”
image. The optimal multiscale index ky,:n for each method is shown as the blue square and the stopping
criteria k* are given by red asterisks. (b) The stopping criteria k* (shown as red asterisks) are the maximal
k before H(f°,xx)/H(f°,2z) > 7 > 1 (for SO MHDM) or (H(f°,z1) + axdiJ(xx))/H(f°,2) > 7 > 1 (for
tight and refined SO MHDM) is no longer satisfied, as indicated by crossing under the horizontal dotted
line in (b).

effectively eliminates this mean intensity shift.

For the remaining higher-texture images, detailed recovery comparisons across all the SO
MHDM models will be discussed in Section In summary, the best restorations (lowest RMSE
and highest SNR) among the SO MHDM models are tight SO MHDM (ADMM) for ‘Cameraman’
and ‘Geometry’, and refined SO MHDM (EL) for ‘Barbara’ and ‘Mandril’. This confirms that the
refined version is suitable for recovering images with more texture.
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k=9, RMSE=10.8598, SNR=21.8892 k=6, RMSE=10.7952, SNR=21.9409 k=3, RMSE=10.4191, SNR=22.249
P TR 7 R [AMSES104191, SNRS

- & E

Figure 7: SO MHDM (EL) image recoveries. From left to right: regular, tight, and refined restorations
at kmin, and finally, the refined restoration at k™. Recall that k™ = ki, for regular and tight recoveries.

k=10, MSE=13.4914, SNR=19.7031 k=7, RMSE=13.4822, SNR=19.709 =4, RMSE=13.22, SNR=19.8795

% |

Figure 8: From left to right: the regular, tight and refined SO MHDM (EL) recoveries. Row one is the
kmin restoration while row two is the k™ recovery (if k™ # kmin).

7.2 AA-log models
7.2.1 Denoising

In contrast to the SO models, the AA MHDM and AA-log MHDM models address the noise di-
rectly, building a multiscale restoration through multiplicative decompositions. They are also well
equipped to handle blurring, and perform comparably to SO in the regular and tight formulations.
The AA MHDM method behaves similarly to the AA-log schemes (see Table, so the majority of
discussion is dedicated to the latter. We note that with the same timestep as the AA-log scheme,
a threshholding step to ensure that the iterates continue to satisfy infq f° < x5, < supg f? helps
with numerical stability.

In Fig.[I0] we give the AA-log MHDM restorations, and note the reduced performance of the
refined method, specifically on the smooth “Geometry” image, is likely due to the weaker || log(u)||«
penalty. As a result, it may provide insufficient regularization to remove adequate noise, especially
in smoother images. For the regular and tight formulations, the AA-log MHDM scheme produces
better recoveries than its SO MHDM (EL) counterparts for the “Geometry” image. We also
include the tight k* recovery in Fig.[I0} which visually is a better restoration despite not obtaining
the lowest RMSE.

Worth remarking is the ability of the AA-log MHDM methods to recover corners and edges in
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k=9, RMSE=5.5307, SNR=28.2078 Kk'=7, RMSE=8.1674, SNR=24.8216 k=8, RMSE=2.6109, SNR=34.6686 k'=7, RMSE=3.7462, SNR=31.5328

0o0joo

k=6, RMSE=4.7896, SNR=29.4573 k'=5, RMSE=6.0015, SNR=27.4981 k=2, RMSE=2.6322, SNR=34.5983
k=2, RMSE=4.4124, SNR=30.111 K’ =1, RMSE=4.6501, SNR=29.6552

0.0

Figure 9: SO MHDM EL (left) and ADMM (right) restored images. Rows 1, 2 and 3 are the regular,
tight and refined model recoveries, respectively. Columns 1 and 3 are the ku,.n restorations while columns
2 and 4 are the recoveries at the stopping criterion index k* (if k™ # kmin).
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the “Geometry”, even with very high noise levels. This is shown in Fig.[IT] which compares the
original AA recovery to the AA-log MHDM tight restoration of a severely noise-degraded images
(gamma noise g(z;1), standard deviation 1), as tested in Figures 2 and 3 from .

Remark 7.1. As noted in , the presence of log(Tu) and f°/Tu terms in the AA-log MHDM
models require the images to take strictly positive pizel values. Accordingly, images should be
shifted away from zero, processed, and then shifted back appropriately when near-black pizels are
expected.

k=6, RMSE=4.385, SNR=30.2239 k=5, RMSE=7.0376, SNR=26.1148

k=9, RMSE=5.4912, SNR=28.2112 k=2, RMSE=6.2661, SNR=27.1233

k=10, RMSE=13.5805, SNR=19.6459
o 3 ~

k=7, RMSE=13.5407, SNR=19.6714
o . . 3w -
\5). j

Kk'=6, RMSE=14.746, SNR=18.9307
\?»

Figure 10: AA-log MHDM denoised images. Columns 1, 2, and 4 are the ki, regular, tight and refined
restorations, respectively. Columns 3 is the tight recovery at the stopping criterion k*.

Figure 11: Recoveries from severe noise (standard deviation 1). From left to right: noisy image (SNR =
—0.079), original AA model (SNR = 13.42), and the AA-log MHDM tight recovery (kmin = 4,
SNR =20.22).

7.2.2 Denoising-deblurring

One of the primary advantages of the AA-log MHDM models is handling deblurring in addition
to denoising. Figure [I2] gives the blurry, noisy counterparts of the test images, and Fig.[T3] shows
the AA-log MHDM recoveries. All images are blurred with a 5 x 5 Gaussian filter with standard
deviation v/2. The method effectively sharpens edges (see “Cameraman’s” jacket and “Geometry”)
while maintaining texture (the tablecloth in “Barbara” and whiskers in “Mandril”). The refined
version with its weaker x-norm suffers from greater numerical instability, exhibiting a slight drop
from the tight version in SNR.
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RMSE= 30.58, SNR=12.90 RMSE=30.06, SNR=12.74 RMSE=29.50, SNR=13.24 RMSE=28.84, SNR=13.86

Figure 12: Images degraded with multiplicative gamma noise and Gaussian blur. Blurring from a 5 x 5
filter with standard deviation v/2. Noise as before with previous images.

7.3 TNV-log models

7.3.1 Denoising

The TNV-log model is an adaptation of the TNV model by using the TV (log(u)) penalty. Recall
that TNV is a multiscale procedure based on [24], which aimed to recover a degraded image
f = u-n by minimizing TV (u) subject to the constraints | f/u =1 (mean) and [(f/u—1)? = o*
(variance). Notice that no assumptions are required on the noise distribution (besides its mean and
variance), so this method is suitable for more general multiplicative noise restorations. TNV
dropped the mean constraint and converted the result to a multiscale method. We follow this
lead while adding the contribution of a modified penalty. We omit a refined scheme because of
the reduced performance from the weaker regularization || log(-)||«, but here is hope, though, that
other types of discretizations might provide better results in the refined case. Figure shows
the TNV-log recoveries. While the method does not outperform the multiscale methods designed
for gamma distributed noise, TNV-log performs well against the DZ model on highly textured
images.

The paper [2| pointed out that empirically the RO model did not preserve the average image
intensity, with the recoveries shifting to lighter—higher mean—values. We check the mean inten-
sity of the TNV-log “Geometry” restorations and observe a similar, yet reduced trend, with only
minor upward shifts in the average intensity of both the regular (4+3.3) and tight (+5.8) methods
compared with the original image (an 8-bit grayscale image).

7.3.2 Denoising-deblurring

The TNV-log model can also tackle denoising-deblurring, as shown in Fig. We see that the
performance is not as good as with the AA-log methods. For example, the edges are not that well
preserved and the “Cameraman” image has more noise than the AA-log in Fig.[[3] Yet, this is
expected for a technique not tailored for gamma noise.

7.4 Comparisons

Having seen the individual recoveries across the proposed methods, we now compare them against
one another, and also with the existing TNV [31] and DZ models for both denoising and
deblurring tasks. For DZ, we choose o = 16 in (6)) for all images and select the best weight A by
means of a grid search (see Fig..

7.4.1 Sensitivity to Initialization

To aid the reader in using the MHDM procedure, we briefly discuss a heuristic for initializing
each method and provide some intuition for these choices. The AA-log MHDM methods are not
convex, and consequently initialization can affect recoveries. We find that the penalty minimizing

25



k=11, RMSE=15.4846, SNR=18.8076 k=11, RMSE=17.0121, SNR=17.6891 k=11, RMSE=15.846, SNR=18.6401 k=9, RMSE=6.6125, SNR=26.656
- : R T N - G
N

T

k=7, RMSE=5.1915, SNR=28.7575

k=6, RMSE=5.5796, SNR=28.1313

Figure 13: AA-log denoised-deblurred images. Rows one, two and three are the regular, tight and refined
AA-log MHDM models.

initializations, which generally are smoother (see Subsection , work well for the regular and
tight AA-log MHDM schemes, while the fidelity minimizing initialization f°/xj_; produces poor
restorations and appears to be near a suboptimal local minimum. The refined AA-log MHDM
method, however, does well with the less smooth fidelity minimizing initializations, likely because
the *-norm is finite only for zero-mean functions (see Subsection [6.4).

The SO MHDM methods are convex, and as a result exhibit much less dependence on initial-
ization. All SO methods perform well with both the penalty and fidelity minimizing initializations.
We do see a slight improvement following the convention employed for the AA-log MHDM and
use this pattern for the results in this work.

Like the AA-log MHDM methods, the TNV-log schemes are not convex. We observe a sim-
ilar trend to the AA-log method’s dependence on initialization, preferring the smoother penalty
minimizing initialization for the TNV-log regular and tight schemes.

7.4.2 Denoising

We present the TNV and the DZ recoveries in Fig.[I6] The DZ model recovers the smoother, more
cartoon image features well, but fails to capture the textural details in the way a multiscale method
like the TNV model does. However, the latter suffers from restoring perhaps too much noise within
smoother images. We examine our proposed MHDM schemes against the TNV and DZ models.
To easily compare across all models, we list the SNR values of the denoising restorations at k.,
and k* in Table 2l We note that the refined SO MHDM recovery performs best on images with
more detail and texture (“Barbara” and “Mandril”), while the ADMM schemes recover best those
with larger smooth regions (“Cameraman” and “Geometry”).
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k=9, RMSE=13.7562, SNR=19.534: , RMSE=12.9916, SNR=20. k=8, RMSE=7.3825, SNR=25.6993
N e R + 3

k=5, RMSE=6.8191, SNR=26.3887

Figure 14: TNV-log denoised images. Row one is the regular and row two is the tight recoveries.

Figure [18| gives a detailed crop of each method’s recovery for the test images. The multiscale
reconstruction’s ability to recover greater texture is clear in the “Barbara” recovery, where one can
see that the DZ recovery flattens and mutes the details. The SO MHDM (ADMM) schemes are
very effective at removing noise in smooth regions (“Geometry”). In a more textured image such
as the “Mandril”, we remark the importance of the tight adjustment preventing over-smoothing,
as for example, is seen with the “Mandril” image’s nose for SO MHDM (ADMM).

For greater comparison, we also note that the MHDM schemes handle higher noise levels quite
well (g(x; 10), standard deviation 0.32), as shown for a few methods in Fig.[[7, in comparison with
the DZ recovery. Importantly, SINR and RM SE are improved, and texture is retained throughout
the image when compared with the DZ method.

Table 2: SNR values from various denoising recoveries at the minimizing indices ky,:» and the stopping
criteria k*(d). Bold entries are the maximum of their respective columns.

Cameraman Barbara Mandril Geometry

SNR at kmin k* kmin k* kmin k* kmin k*
SO MHDM (EL) 21.89 21.89 19.70 19.08 20.38 20.06 28.21 24.82
SO Tight (EL) 21.94 2194 19.71 1898 20.37 19.89 29.46 27.50

SO Refined (EL) 22.25 2205 19.88 19.33 20.73 20.32 30.11 29.66
SO MHDM (ADMM) | 22.16 22.16 19.31 19.12 1993 19.93 34.67 31.53
SO Tight (ADMM) | 22.31 2197 19.74 19.36 2046 20.19 34.60 34.60

AA MHDM 21.76  19.45 19.53 19.14 20.21  20.05 2821  24.77
AA-log MHDM 2174 2174 19.65 19.04 20.35 20.02 2821 24.83
AA-log Tight 21.48 2148 19.67 1893 20.37 19.79 30.22 26.11
AA-log Refined 21.68 21.19 19.64 19.21 20.55 20.41 27.12 13.81
TNV-log 21.03  20.13 19.53 1797 2037 19.02 25.70  23.17
TNV-log Tight 21.12  12.61 19.54 1735 2042 17.89 26.39 21.02

TNV 21.12 19.73 20.40 25.94

DZ 21.87 19.13 20.22 31.32

27



k=10, RMSE=16.7955, SNR=18.1346 k=9, RMSE=8.8055, SNR=24.1682
e -

k=6, RMSE=7.846, SNR=25.1704

RMSE=7.183, SNR=25.94

2

RMSE=10.87, SNR=21.87 RMSE=14.37, SNR=19.13 RMSE=13.16, SNR=20.22 RMSE=3.87, SNR=31.32

Figure 16: Row one: TNV recoveries at kpin = 9 for all images except “Geometry”, for which ky,in = 8.
Row two: DZ model denoised images. Parameters for the DZ model recoveries (refer to (€)): (Cameraman)
A = 0.06, (Barbara) A = 0.05, (Mandril) A = 0.05, and (Geometry) A = 0.13. For all images, a = 16.

7.5 Deblurring-Denoising

Table [3] lists comparisons for denoising-deblurring. The AA-log MHDM models perform better
overall. The DZ model greatly over-smooths details compared to the multiscale schemes, especially
in the detailed crops of Fig.[I9} and naturally, it performs well on “Geometry”. We emphasize the
improvement of the TNV and the TNV-log methods over the DZ model on textured images in
either SNR or the visual metric, demonstrating the effectiveness of multiscale recoveries.
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Figure 17: Recoveries from high noise (standard deviation 0.32). From left to right: noisy image
(RMSE = 41.25, SNR = 10.00), DZ model (RMSE = 17.5233, SNR = 17.44, A = 0.08), the SO
MHDM tight (kmin = 6, RMSE = 16.37, SNR = 18.03) and AA-log MHDM tight recoveries (kmin =
6,RMSE = 16.38, SNR = 18.02).

Table 3: SNR values for restoring noisy-blurred images at the ky,in. Bold entries are the maximums of
their respective columns.

SNR at k,in Cameraman Barbara Mandril Geometry
AA MHDM 18.81 17.69 18.65 26.45
AA-log MHDM 18.81 17.69 18.64 26.66
AA-log Tight 19.07 17.74 18.66 28.76
AA-log Refined 18.81 17.54 18.47 27.12
TNV-log 18.22 17.30 18.13 24.17
TNV-log Tight 18.39 17.35 18.16 25.17
TNV 18.26 17.32 18.17 24.23
DZ 17.14 17.36 17.24 28.32

8 Conclusion

We introduce several multiscale hierarchical decomposition methods for images degraded by multi-
plicative noise which are able to retain texture and image features at different scales while reducing
noise. We demonstrate that the fidelity terms decrease monotonically with increasing hierarchical
depth, and propose an effective stopping criterion which limits restoring excess noise. Addition-
ally, we consider extensions of the multiplicative MHDM (the so-called tight and refined versions),
which are shown theoretically to push the regularity of recoveries to match that of the original
image and empirically demonstrate better convergence properties of the iterates. The AA MHDM
and AA-log MHDM methods are aimed specifically at gamma noise, and additionally handle de-
blurring tasks quite well, outperforming the existing DZ and TNV models in our tests. The convex
SO MHDM models are quite robust with respect to initialization. They behave exceptionally well
for images with smooth regions and still prevent over-smoothing on regions with oscillating pat-
terns when implemented with ADMM, while the Euler-Lagrange method retains slightly more
details in very textured images. Finally, we consider the TNV-log method which handles blurring
and noise without assuming a specific distribution for the noise (e.g. gamma). Accordingly, it is
suitable for images corrupted by more general multiplicative noises. While TNV-log does not top
the other MHDM methods when tested on gamma noise corrupted samples, it still outperforms
the DZ model when deblurring and denoising more textured images, while continuing to maintain
fine-scaled features. Collectively, these MHDM schemes provide a means to address multiplicative
noise-degraded images by constructing decompositions across several scales. It is hoped that the
schemes and the included analysis might be helpful for the reader to identify applications beyond
the denoising and deblurring tasks investigated here, and to extend to additional schemes outside
those studied within. In the future, we aim to extend the proposed models to image segmentation
and to vector-valued data, for instance, to restore colored images perturbed by multiplicative noise
and blurring.
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Figure 18: Detailed MHDM denoising. From left to right, top to bottom: noisy images; SO MHDM
(EL) regular, tight, and refined versions; SO MHDM (ADMM) regular and tight versions; AA-log MHDM
regular, tight, and refined versions; TNV-log regular and tight versions; TNV, DZ and original images.
Black borders indicate the best recoveries (highest SNR) for each image.
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Figure 19: Detailed MHDM denoising-deblurring. From left to right, top to bottom: noisy images;
AA-log MHDM regular, tight, and refined versions; TNV-log regular and tight versions; TNV, DZ, and
original images. Black borders indicate the best recoveries (highest SNR) for each image.
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