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Lattice field theory (LFT) is the standard non-perturbative method to perform numerical calcu-
lations of quantum field theory. However, the typical bottleneck of fermionic lattice calculations is
the inversion of the Dirac matrix. This inversion is solved by iterative methods, like the conjugate
gradient algorithm, where matrix-vector multiplications (MVMs) are the main operation. Photonic
integrated circuits excel in performing quick and energy-efficient MVMs, but at the same time, they
are known to have low accuracy. This can be overcome by using mixed precision methods. In this
paper, we explore the idea of using photonic technology to fulfil the demand for computational power
of fermionic lattice calculations. These methods have the potential to reduce computation costs by
one order of magnitude. Because of the hybrid nature of these methods, we call these ’photonic
accelerated inverters (PAIs)’.

I. INTRODUCTION

Lattice field theory (LFT) is one of the standard non-
perturbative approaches used to perform numerical cal-
culations in quantum field theories. LFT enables the
calculation of physical observables for various theories,
allowing for the study of complex phenomena in strongly
correlated systems such as phase transitions.

Fermionic degrees of freedom make up the building
blocks of many of the most intensely studied systems,
including superconductors in condensed matter mod-
els, ultracold fermionic gases and quantum chromody-
namics (QCD). Unfortunately, fermionic lattice calcu-
lations tend to be numerically expensive, as introduc-
ing fermions to calculations necessitates the use of al-
gorithms which require many costly matrix operations,
such as inversions. These inversions are usually facili-
tated via iterative approaches, like the Conjugate Gradi-
ent algorithm, by performing many matrix-vector mul-
tiplications (MVMs). They form the primary bottle-
neck for fermionic lattice calculations. As a result, large
scale computational resources have become indispensable
for such computations, in particular in lattice QCD, see
e.g. [1].

Photonic integrated circuits (PICs) are an emerging
technology, offering a potential solution to meet the in-
creasing need for computational power. This technol-
ogy enables performing linear arithmetic operations using
light instead of electrical currents with high throughput
and low latency [2, 3]. PIC based hardware accelerators
have the potential to deliver ultra-fast results [4] and po-
tentially ultra-low energy consumption [5, 6].

PIC hardware is particularly suited to perform analog
matrix-vector multiplications [7]. This observation moti-
vates this paper. The lattice community has always had
an interest in building special purpose hardware, espe-
cially for LQCD calculations [8–14] and PIC technology
could be a good candidate for accelerating computational
tasks. Furthermore, the application field of fermionic
lattice calculations would provide an interesting alterna-

tive application beyond machine learning to the photonic
computing community.
However, one key limitation of photonic calculations is

the low accuracy due to the limited dynamical range.
Therefore, this paper explores using mixed precision
methods which are known to work well on GPUs [15], in
order to benefit from the speed and energy-efficiency pro-
vided by photonic accelerators. For this reason, the pho-
tonic calculations would not replace their digital coun-
terparts, instead, they would complement them, hence,
we call these photonic accelerated inverters (PAIs).
The idea of using analog processors for iterative linear

inverse solvers using mixed precision methods has been
already proposed for general purposes [16]. The goal of
this paper is to use this idea to connect the lattice and
photonic computing communities. For this reason, in
Section II we briefly review lattice field theory, and in
Section III we explain why fermionic lattice calculations
are especially costly due to expensive matrix inversions.
Then, in Section IV we review the potential and limi-
tations of using photons for numerical calculations, and
in Section V we show how we simulate one of the main
limitations of the PIC technology, which is the limited
dynamical range. After the understanding gap between
the communities is closed, we can introduce the CG al-
gorithm in Section VI, which is used to solve the matrix
inversions, and mixed precision methods in Section VII
to benefit from the fast but inaccurate photonic calcula-
tions. Finally, in Section VIII we show that these mixed
precision algorithms can work well with the limited dy-
namical range of the photonic hardware for a φ4-theory
with a Yukawa interaction, and we estimate the effec-
tive speedup compared to digital computations without
photonic acceleration.

II. LATTICE FIELD THEORY

In this section, we briefly summarise the basics of lat-
tice field theory. The idea of lattice field theory is to
take advantage of the similarities between the path inte-
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gral formulation of quantum field theory and statistical
mechanics. This allows us to apply analytical and nu-
merical methods, developed in statistical mechanics, to
lattice field theory [17].

For simplicity, we start with a scalar theory, namely, a
φ4-theory, where the Euclidean action is

SS [φ] =

∫
ddx

[
1

2
φ(x)(−∆+m2)φ(x) +

g0
4!
φ(x)4

]
.

(1)
This is the continuum action. However, digital computers
can not handle continuous fields. Therefore, we need to
use the discrete version of the action, which we call the
lattice action. This is usually done over a hypercubic
lattice in d dimensions and spacing a between the sites.
The lattice action needs to yield the correct continuum
limit (a → 0) and conserve as many symmetries of the
theory as possible. We can cast the lattice action of this
theory into the following dimensionless form

SS =
∑
n∈Λ

[
−2κ

d∑
µ=0

φnφn+µ̂ + (1− 2λ)φ2
n + λφ4

n

]
, (2)

where φn = φ(x = na), d is the number of dimensions, Λ
is the set of lattice points V = Ld and µ̂ is a vector point-
ing to the next neighbour on the respective space-time di-
rection. Using the path integral formulation, observables
are given by

⟨O⟩ = 1

Z

∫
D[φ]e−SS [φ] O[φ] , (3)

where

Z =

∫
D[φ]e−SS [φ] , (4)

is the partition function and

D[φ] =
∏
n∈Λ

dφ(n) , (5)

is the measure. The connection with statistical physics
can be seen in (3), which takes the form of an expectation
value with respect to a Boltzmann weight. Therefore,
Markov chain Monte Carlo algorithms, like the Hybrid
Monte Carlo algorithm in Figure 1, can be used to gen-
erate N field configurations φ(i), which follow the prob-
ability distribution

p[φ(i)] ∝ e−SS [φ(i)] . (6)

Then, observables (3) can be estimated as

⟨O⟩ ≈ 1

N

N∑
i=1

O[φ(i)] . (7)

Initial scalar
field ϕ Hybrid Monte Carlo

New Scalar
Field ϕ

100 - 50000 
update steps

Need to
calculate:
D[ϕ]-1 * ψ

Conjugate Gradient

Matrix vector multiplications are the bottleneck

Where D is the
Dirac matrix
which can have
dimensions of, 
for example, 
order 107

Save Scalar
Field

Run loop 1000−10000 
times for good statistical
calculations

Calculate
Observables

Mass spectrum of
the theory

Need to calculate:
D[ϕ]-1 * ψ

D[ϕ]-1 * ψ = Polynomial(D) * ψ

ψ is the
pseudo-
fermion field
(a vector)

FIG. 1. Schematic depiction of a typical lattice QFT simu-
lation in fermionic theories. The main computational bottle-
neck lies in matrix-vector multiplications required to invert
the Dirac matrix.

III. FERMIONIC LATTICE FIELD THEORY

The purpose of this section is to summarise why we
usually need to calculate the inversion of the Dirac ma-
trix many times for fermionic lattice calculations. For
simplicity, we use fermions coupled to the scalar field
in (2) through a Yukawa coupling in 2 dimensions (1
space dimension and 1 time dimension) and with 2 mass-
degenerate flavours. The Euclidean fermionic action with
the Yukawa coupling reads

SF =

2∑
f=1

∫
dxµ

(
ψ
(f)

(x)(γµ∂µ +m)ψ(f)(x)

+ gψ
(f)

(x)φ(x)ψ(f)(x)
)
, (8)

where µ ∈ {0, 1}, γ are the Euclidean Dirac gamma ma-
trices, f is the index of the flavours, g is the Yukawa
coupling and m is the degenerate fermion mass. The dis-
cretization of the fermionic action requires some care in
order to avoid the doubling problem [17, 18], which causes
the lattice action to have the wrong continuum limit.
One way of doing this is the Wilson formulation [19] with
the action

SF =

2∑
f=1

∑
n,m

ψ̄(f)
m Dmnψ

(f)
n , (9)

where ψn = ψ(x = na) and the Dirac matrix is

Dxy =(m+ 2 + gφy)δxy

− 1

2

∑
µ

(Γµδx+µ̂,y + Γ−µδx−µ̂,y) , (10)

and Γ±µ = (1∓ γµ). The complications arise because
the fermions ψ obey Fermi statistics, which implies anti-
symmetry under the interchange of quantum numbers.
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Thus all fermionic degrees anti-commute with each other.

These anti-commuting numbers, like ψ
(f)
n and ψ̄

(f)
m in (9),

are the so-called Grassmann numbers. Numerically deal-
ing with these anti-commuting numbers is challenging.
To address the issue, observe that the fermionic part of
the partition function

ZF [φ] =

∫
D[ψ, ψ̄] exp

− 2∑
f=1

∑
n,m

ψ̄(f)
m Dmn[φ]ψ

(f)
n

 ,

(11)
takes the form of the Gaussian integral over Grassmann
numbers, which can be computed analytically. This leads
to

ZF [φ] = detD[φ] detD†[φ] , (12)

where we have also used the property that γ5Dγ5 = D†,
known as γ5-hermiticity. This way, we integrated out
the fermions ψ, and are left with the fermionic determi-
nants. However, calculating these determinants directly
is generally numerically expensive. Therefore, we can in-
troduce an auxiliary bosonic field ϕ to write the fermionic
determinants as a Gaussian integral with regular complex
numbers

ZF [φ] =

∫
D[ϕ†, ϕ] exp

(
−
∑
n,m

ϕ†m(D[φ]D†[φ])−1
mnϕn

)
.

(13)
This auxiliary field ϕ is called the pseudo-fermion field.
Adding the scalar contribution in (2) to the action, the
effective path integral is

Z =

∫
D[φ, ϕ†, ϕ]e−Seff[φ,ϕ†,ϕ] , (14)

where

Seff[φ, ϕ
†, ϕ] = SS [φ] +

∑
n,m

ϕ†m(D[φ]D†[φ])−1
mnϕn , (15)

is the effective lattice action. We can use the effective
action to run a Markov Chain Monte Carlo algorithm,
like Hybrid Monte Carlo [17], to generate fields config-
urations, which follow a probability distribution like in
(6). This leads to algorithms like in Figure 1, where we
need to compute

(D[φ]D†[φ])−1
mnϕn (16)

for each field configuration to be generated by the algo-
rithm. Note that one generally needs large numbers of
field configurations to achieve good statistics. The in-
version is usually computed using the conjugate gradient
algorithm explained in Section VI. This is why perform-
ing many matrix inversions is typically the bottleneck of
fermionic lattice calculations.

IV. PHOTONIC ACCELERATORS

In contrast to charged particles, photons can propa-
gate through waveguides with barely any loss and have
several exploitable degrees of freedom, such as wave-
length and polarisation. This motivates using photons
for numerical calculations. Photonic integrated circuits
(PICs) based hardware accelerators particularly excel
at linear arithmetic operations and many different ar-
chitectures for photonic integrated matrix-vector multi-
plication processors have been proposed [2, 7, 20, 21].
Therefore, there are different methods, which could ben-
efit different fermionic lattice calculations. For exam-
ple, meshed Mach–Zehnder interferometer (MZI) meth-
ods can be used to apply any unitary matrix to a vec-
tor [22, 23], which could be interesting for lattice QCD,
because the Dirac operator is constructed with unitary
matrices.
However, as a fundamental difference compared to

their digital counterparts, the photonic accelerator chips
represent numbers using analog signals, e.g. phases
or light intensities, instead of bit patterns. Not only
does this reduce the accuracy of the calculations, it also
means that the calculations must use fixed point arith-
metic where the full number range is divided into equally
spaced steps. Furthermore, to interface with the exist-
ing digital computing infrastructure, the proposed ana-
log photonic circuits typically employ digital-to-analog
converters (DACs) at their inputs and analog-to-digital
converters (ADCs) at their outputs. For this reason, the
upper limit of the accuracy of the calculations is set by
the limited range of values, which the DACs and ADCs
can reach.
Such photonic integrated chips can then be treated as

hardware accelerators for a general purpose processor,
similar to a GPU that is used to offload graphics compu-
tations from the CPU. Many sources claim this technol-
ogy could potentially outperform hardware accelerators
based on digital electronics by potentially several orders
of magnitude [6, 24]. In this paper, we want to estimate
the effective speedup which could potentially be reached
using photonic processors and the required adaptions to
the algorithms to cope with the limited accuracy.

V. SIMULATION OF THE LIMITED
DYNAMICAL RANGE

In the last section, we saw that the upper limit of the
accuracy can be set by the limited dynamical range of
the ADCs and the DACs. Therefore, simulating the be-
haviour of these components is a way to study ideal al-
gorithms, which could overcome this limitation.
The DACs can only reach discrete analog values. We

assume that the DACs can reach integer values in the
limited range [−2n−1, 2n−1 − 1], where n is the number
of bits of the DACs. To simulate this, we need to map
the real numbers to integers. However, the extra steps
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required to perform this mapping can be numerically ex-
pensive. In particular, scalar-vector multiplications can
be costly. To facilitate quicker computations, we make
use of bit shifting, which is equivalent to multiplying the
vector by scalar factors of 2k, where k is a positive in-
teger number. In our simulation, the scaling is done in
three steps. They can be summarised as

1. Find the maximum M of the absolute values of the
vector.

2. Find the shift k = n− 1+ceil(log2 M) and perform
a bit shift, where n is the number of bits of the
DACs. This is equivalent to multiplying the factor
2k to the vector.

3. Round the numbers to integer numbers.

This can be understood better through an exam-
ple. If we have DACs with 6 bits and a vector
v = (-0.4168, -0.1563, -2.1362, 1.6403). The range of this
DAC is [−25, 25 − 1] = [−32, 31] and the maximum ab-
solute value of v is 2.1362. Then, the scaling factor is 8,
leading to v = (−3, −1, −17, 13), which are the mapped
integer numbers in the range of the DACs. This is equally
done for the matrix.

Additionally, ADCs can only read discrete values in a
limited range [−2h−1, 2h−1−1], where h is the number of
bits of the ADCs. If the result of the operation is out of
this range, then the maximum (minimum) value of the
ADCs is read instead. This is called the saturation of
the result. Therefore, after the matrix-vector multiplica-
tion is performed, the saturation is applied to the result
by setting all values exceeding the maximum (minimum)
value to the maximum (minimum) value. After the sat-
uration is applied, the result has to be rescaled accord-
ingly, to get the correct result with inaccuracies due to
the limited dynamical range.

VI. CONJUGATE GRADIENT

In Section III, we discussed why matrix inversions are
the bottleneck of fermionic lattice calculations. In this
section, we explain one of the most used algorithms for
these inversions, namely, the conjugate gradient (CG)
algorithm.

The CG algorithm is an iterative algorithm for solving
Ax = b, where A is a Hermitian and positive-definite
matrix [25]. In a nutshell, what the algorithm does can be
summarised as finding the coefficients of the polynomial

x = A−1b =

n−1∑
i=0

ciA
ib . (17)

One can show that with infinite precision, there is always
a finite polynomial, which exactly solves (17) and the
upper limit of n is the dimension of A. However, because
we can not get an exact result with finite precision, we
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FIG. 2. Visualisation of the residual in (19) at different posi-
tions x for a 2 by 2 matrix A. We can see that moving along
these directions of steepest descent, we can move closer to the
global minimum.

usually have a stopping criteria, which depends on the
chosen error tolerance.
The inspiration for the derivation of this algorithm

comes from the fact that the solution of Ax = b is also
the minimum of the quadratic function

f(x) =
1

2
xTAx− bTx , (18)

which only has one minimum for Hermitian positive-
definite matrices. In deep learning, one algorithm used
to minimise the loss function is the stochastic gradient
descent algorithm, which is ideal for neural networks be-
cause it works for all differentiable functions. However,
having a specific function like in (18), it is more effi-
cient to find an algorithm made specifically for finding
its global minimum. One of these specific algorithms is
the CG algorithm.
The main idea of any gradient descent algorithm is the

fact that −f ′(x) points to the direction in which f(x)
decreases the most quickly, as can be seen in Figure 2.
In other words, −f ′(x) is the direction of the steepest
descent. For the quadratic function, this is equal to

r(k) := r(x(k)) := −f ′(x(k)) = b−Ax(k) , (19)

which is also called the residual r. This residual indicates
how far we are from the correct solution. Because r is
the direction of the steepest descent, we can move closer
to the solution with

x(k+1) = x(k) + αr(k) . (20)

In stochastic gradient descent, α is the learning rate, and
this is a hyperparameter of the algorithm. In the steep-
est gradient descent algorithm, the algorithm chooses α
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FIG. 3. Comparison between the steepest gradient descent
algorithm and the conjugate gradient algorithm. x0 is the
initial guess. We can see that the steepest gradient descent
algorithm moves in this zigzag path and CG avoids this zigzag
motion.

according to

α = argmin
α

f(x(k) + αr(k)) . (21)

One interesting property of choosing such α is

⟨r(k+1), r(k)⟩ = rT(k+1)r(k) = 0, ∀k ∈ N. (22)

This means that r(k+1) is orthogonal to the previous
residual r(k). By iterating this, we will eventually con-
verge to the solution, which can be seen in Figure 3 for a 2
by 2 positive-definite symmetric real matrix A. However,
we can notice here a zigzag path. This is not efficient,
because we move along the same direction multiple times
and it would be ideal if we would move only once along
each direction.

The conjugate gradient algorithm avoids this issue by
introducing search directions p, which are not orthogonal
like r in (22), but instead they are conjugate with respect
to A

⟨p(i), p(j)⟩A = pT(i)Ap(j) = 0, ∀i, j ∈ N . (23)

With such a set of search directions p, and if α is again
calculated such that

α = argmin
α

f(x(k) + αp(k)), (24)

we avoid moving along the same direction more than
once, like can be seen in Figure 3. We find these con-
jugate search directions p using the conjugate Gram-
Schmidt method

p(k+1) = r(k+1) +

k∑
l=0

βklp(l) . (25)

Algorithm 1 The Conjugate Gradient algorithm

r = b−Ax ▷ x is the initial guess, usually set to 0
p = r
k = 0
R0 = rT r ▷ Initial residue square
R = R0

while (R > ϵR0) and (k < iterMax) do ▷ ϵ and iterMax
α = R/pTAp need to be chosen empirically
x← x+ αp
r ← r - αAp
R′ = R
R = rT r
β = R/R′

p← r + βp
k ← k + 1

end while
return x

We can simplify the calculation of r and β in such a way
that it becomes an efficient iterative algorithm and we
get Algorithm 1. In summary, we find a set of search
directions p, which are conjugate. We make sure this
property is fulfilled by using the residuals r and the con-
jugate Gram-Schmidt algorithm. α is calculated to min-
imise (24), and the values of α fulfil

x = x0 +

n−1∑
j=0

αjpj , (26)

where the upper limit of n is the number of dimensions
of the matrix A. This way, the zigzag path in the steep-
est gradient descent method is avoided and we get an
algorithm, which can converge in fewer iterations.

VII. MIXED PRECISION CONJUGATE
GRADIENT

The conjugate gradient algorithm is guaranteed to con-
verge with infinite precision [25]. However, this is not
the case for finite precision, especially, for the limited
dynamical range of an analog hardware, as one can see
in Figure 4. In this section, we introduce mixed precision
methods to achieve the desired accuracy.

The idea of the mixed precision conjugate gradient
(MPCG) algorithm is to benefit from quick but inaccu-
rate matrix-vector multiplications and ensure high accu-
racy in the inversion by performing high-precision correc-
tions from time to time. How to perform this correction
step is not trivial and hence, there are different mixed
precision methods [15]. We use in this paper the itera-
tive refinement method, also called the defect-correction
method, which works not only for CG but for any low-
precision linear solver.
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FIG. 4. Visualisation of CG runs with different fixed point bit
precision n: Because the initial guess is x = 0, all runs have
the same first search direction p. The algorithm deviates due
to the low accuracy. However, all the runs moved closer to
the solution.

A. Iterative refinement

In Figure 4, we can see that CG does not converge to
the correct solution with low-precision calculations, but
it does move closer to the result. The idea of the iterative
refinement method is to benefit from this fact and move
again closer to the result by resetting the calculation with
a high-precision step [26]. The algorithm does this as
follows

1. Choose initial guess x. Usually set to 0⃗

2. Calculate r = b−Ax with high precision

3. Solve Ay = r with low precision CG with the ac-
curacy defined by ϵlow, where the search direction
p needs to be scaled efficiently at each iteration.

4. Update x ← x+ y

5. Iterate 2 to 4 until Ax = b is solved with the accu-
racy defined by ϵfinal

Therefore, we reset the calculation by calculating
the residual r with high precision and then solving
Ay = r(x). This can be seen as using low-precision CG
to find a new guess x closer to the solution, resetting the
calculation, and iterating this until the desired accuracy
is reached. Note that if the inner loop is solved perfectly,
the algorithm would converge in one update step because

Ay = r(x) = b−Ax
⇒ A(x+ y) = b. (27)

4.2 4.4 4.6 4.8 5.0 5.2
x1

8.2

8.4

8.6

8.8

9.0

9.2

x 2

Number of restart: 1, Iteration # [3, 4]
Solution
n = 4
n = 5
n = 6
x0

8.25

8.22

8.19

8.16

8.13

8.10

8.07

8.04

8.01

f(x
) =

 x
T A

x 
 b

T x

FIG. 5. Continuing from the guesses x in Figure 4, we reset
the algorithm. After two low-precision iterations, again, the
algorithm comes closer to the solution. This is repeated until
convergence.

B. Condition number

The convergence rate depends on the eigenvalues of the
matrices. For example, one function of the eigenvalues,
which is known to affect the numerical stability of CG,
is the condition number [25]

C(A) =
EVmax(A)

EVmin(A)
, (28)

where EVmax(A) and EVmin(A) are the maximal and
minimal eigenvalues of A, and they are positive because
A is positive-definite. This will explain the trend in the
number of iterations needed for convergence in the results
in Section VIII.
We can optimise the behaviour of the eigenvalues by

using preconditioners [27], which is essential for itera-
tive linear solvers, and improve the convergence speed.
Choosing optimal preconditioners will be crucial for op-
timising the photonic accelerated inverters and this needs
to be investigated in the future.
Furthermore, variations of the iterative refinement

method have been proposed, which are guaranteed to
not diverge and could further improve the stability of
the mixed precision methods against bad condition num-
bers [28].

C. Calculation time

To estimate the calculation time of the methods in-
troduced here, we assume that only the matrix-vector
multiplications (MVMs) have a significant contribution
to the calculation time. Then, the calculation time for
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CG is

t(s) = N
(s)
d Td, (29)

where N is the number of iterations needed to converge
to the desired accuracy, T is the duration of one MVM in
units [time/#iterations], s is the superscript for standard
CG and d is the subscript for double precision calcula-
tions. Analogously, the computation time of MPCG is

t(mp) = N
(mp)
d Td +N

(mp)
l Tl, (30)

where mp is the superscript of MPCG and l is the
subscript for lower precision calculations. We can see
that the limit of infinite hardware speed is equivalent to
Tl → 0. Therefore, the lower limit of the calculation time
of MPCG is

t
(mp)
limit = N

(mp)
d Td < t(mp). (31)

This means that no matter how much quicker the pho-
tonic calculations are, the calculation time has a clear
lower limit. It is important to note that this is the same
for digital accelerators, like GPUs.

D. Multilayered MPCG

We can see that we can improve the lower limit of the
calculation time by reducing the number of double preci-
sion correction steps Nd. The multilayered mixed preci-
sion conjugate gradient does this by using multiple layers
of mixed precision calculations [29]. For example, us-
ing the photonic hardware as the lowest precision, single
precision as the intermediate precision, and double preci-
sion as the highest precision. The idea is to solve Ay = r
in Step 3 by calculating a new residual l(y) := r−Ay with
intermediate-precision, solving Az = l with low-precision
with an accuracy defined by ϵlow, updating y ← y + z,
and iterating this until the accuracy set by ϵin is reached.
Using this multilayered algorithm, the calculation time

is determined by

t(ml) = N
(ml)
d Td +N

(ml)
i Ti +N

(ml)
l Tl, (32)

where ml is the superscript for multilayered and i is the
subscript for intermediate precision. With this, the lower
limit of the calculation time is

t
(ml)
limit = N

(ml)
d Td +N

(ml)
i Ti < t(ml). (33)

where the N
(ml)
d here is expected to be smaller than N

(m)
d

in (30).

E. Effective speedup factor

We want to calculate the effective speedup factor
gained by using the multilayered MPCG with photonic
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FIG. 6. The simulation in Figure 1 was performed for a 64x64
lattice, λ = 0.02, m = 1, g = 1 and different κ values. This
was done with standard CG and with MPCG with DACs with
6 bit precision. The magnetisation in (36) was calculated for
each value of κ.

acceleration compared to running MPCG without pho-
tonic acceleration. For the runs with MPCG, we use half
precision as the lower precision, and for the run with the
multilayered MPCG, we use single precision as the inter-
mediate precision and the simulated photonic hardware
as the lowest precision. To simplify the analysis, we de-
fine

Si =
Td
Ti

and Sl =
Td
Tl

and I =
Nl

N
(s)
d

, (34)

where S is the hardware speedup factor respective to the
calculation done in double precision and I is the increase
factor of the number of iterations relative to standard
CG. Then, the effective speedup factor is

feff =
t(mp)

t(ml)
=

N
(mp)
d +N

(s)
d I(mp)Sh

N
(ml)
d +N

(ml)
i Ss +N

(s)
d I(ml)Sp

, (35)

where h is the subscript for half precision, s is the sub-
script for single precision and p is the subscript for the
photonic accelerator.

VIII. RESULTS

In Section III we derived the effective action (15), with
SS in (2) and D in (10). Using this effective action for
performing HMC, we get an algorithm which is described
in Figure 1, where we need to solve (16) many times. In
this section, we show that the algorithms introduced here
can work for the limited dynamical range of the hardware
but at the cost of higher number of iterations. Then, we
show the potential of using these photonic accelerated
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FIG. 7. The average number of iterations needed in each
inversion in Figure 6 is plotted as a function of κ. n is the
number of bits of the DACs.

inverters to alleviate the typical bottleneck of fermionic
lattice calculations.

To check that the mixed precision methods are working
correctly, we can use the magnetisation

M [φ] =
1

V

∑
n∈Λ

φn . (36)

Running the simulation with the exact same conditions
with MPCG and with standard CG yields coinciding
magnetisation values, which indicates that all inversions
were performed correctly. An example can be seen in
Figure 6.

A. Number of iterations

In Figure 7, we plot the average number of iterations
(sum of the number of low precision iterations and the
high precision correction steps) needed for the MPCG
algorithm to converge with DACs with different n fixed-
point bit precision and with the stopping criteria set by
ϵlow = 2−2(n−1) and ϵfinal = 10−12, and this is compared
to standard CG with the same final stopping criteria. We
performed in total 12126 inversions for each value of κ.
The bit precision of the ADCs is set to 14, except for
the run with the DACs with 8-bit precision, where the
bit precision of the ADCs is set to 16. The errors have
been omitted for visualisation purposes, and these are
not relevant to our analysis and conclusion.

As expected, the mixed precision algorithm needs more
iterations to converge to the desired accuracy than stan-
dard CG. The number of iterations increases for smaller
κ values because κ affects the condition number (28) of
the Dirac matrix, which affects the numerical stability of

κ ⟨Nd⟩ ⟨Ni⟩ σ(Ni) ⟨Nl⟩ σ(Nl) ⟨I⟩ feff
0.03 2.00 6.41 1.07 116.45 50.26 2.32 3.24
0.06 2.00 6.32 0.81 109.39 43.74 2.25 3.22
0.09 2.00 6.24 0.70 102.18 38.79 2.18 3.20
0.12 2.00 6.21 0.62 96.81 36.44 2.17 3.15
0.15 2.00 6.11 0.41 86.40 27.96 2.06 3.11
0.18 2.00 6.04 0.28 74.36 20.72 1.94 3.04
0.21 2.00 6.01 0.11 63.66 12.40 1.87 2.95
0.24 2.00 6.00 0.01 53.01 6.23 1.80 2.84
0.27 2.00 6.00 0.00 43.93 3.22 1.75 2.75
0.30 2.00 6.00 0.00 38.22 2.22 1.75 2.67

TABLE I. The number of iterations needed by the multilay-
ered MPCG with 8-bit precision. The superscriptml has been
omitted in this table.

CG in general. We can see that this effect is stronger for
the runs with lower accuracy.
This shows that mixed precision methods could po-

tentially overcome the limited dynamical range of the
photonic calculations and enable future collaboration be-
tween the photonic and the lattice communities.

B. Effective Speedup of Multilayered MPCG

Now we want to estimate the possible effective speedup
gained using the proposed photonic accelerated invert-
ers. To show the potential of these photonic acceler-
ated inverters, we use the NVIDIA A100 as an example.
The NVIDIA A100 can perform calculations with sin-
gle precision 8 times faster than with double precision
and with half-precision 16 times faster [30]. Further-
more, many sources claim that the photonic computa-
tions will outperform their digital counterparts by many
orders of magnitude [6, 24]. For the sake of demonstra-
tion, we assume that this means that in the future, the
photonic computation will be 1000 times faster than the
half-precision calculations, hence, 16000 faster than the
double precision calculations of the NVIDIA A100. This
leads to Ss = 8, Sh = 16, Sp = 16000.
Using this, we want to estimate the effective speedup

factor in (35). For the MPCG calculation time, we as-

sume for simplicity I(mp) = 1 and N
(mp)
d = 6, and

we take the values of N
(s)
d from Figure 7. We use

the multilayered MPCG to run the same simulation like
in Figure 7 with 8 fixed-point bit precision and with
single precision as the intermediate precision. The re-
sults with ϵlow = 6 · 10−5 for the low precision calcu-
lation, ϵin = 10−7 for the intermediate precision, and
ϵfinal = 10−12 are shown in Table I and this leads to the
estimated effective speedup factors shown there. We can
see that the estimated effective speedup factors for our
Yukawa theory in two dimensions range from 2 to 4 and
we notice that the effective speedup factor improves as
the matrix is harder to invert.
Therefore, we expect the effective speedup factor to in-

crease as the matrix becomes harder to invert, which de-
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FIG. 8. The effective speedup factor in (35) is plotted as a
function of the photonic speedup respective to the half preci-
sion calculations. If the photonic speedup is three orders of
magnitude, then we expect an effective speedup factor of one
order of magnitude.

pends on the size and eigenvalues of the Dirac matrix. We
use conservative hypothetical values based on Table I to
show the potential of these photonic accelerated invert-
ers. For lattice QCD in four dimensions and with the
even and odd preconditioner, standard CG can require
more than 6700 iterations to converge [15]. Hence, we

use the value N
(s)
d = 6700. For the calculation time with

MPCG, we assume I(mp) = 1 and N
(mp)
d = 12 and for the

calculation time of the multilayered MPCG I(ml) = 32,

N
(ml)
d = 12 and N

(ml)
i = 120. With these values we plot

the effective speedup factor in (35) as a function of the
photonic speedup respective to the half precision calcula-
tions Sp/Sh in Figure 8. We can see that if the photonic
accelerator are 1000 times quicker than the half precision
calculations of the NVIDIA A100, then we get an order
of magnitude of speed using photonic accelerators.

This is only an estimation, and many technical de-
tails and optimisation need to be solved to claim a more
accurate estimation. The important task is to develop
methods that keep Nd and Ni low to extract speed from
the photonic accelerated inverters. For this, we need to
choose the right combination of linear solver, mixed pre-
cision method, preconditioners, and photonic accelerator.

C. Intuitive interpretation of the photonic
accelerated inverters

Before we close this section, we want to give an intu-
itive interpretation of these methods, which could open
the path to photonic accelerated inverters. This only has
the purpose of helping develop an intuition, and is not

exactly what happens.∣∣x(0)∣∣ = [00].00000000

→∣∣x(9)∣∣ = 29.[16]005376

→∣∣x(41)∣∣ = 29.444[06]173

→∣∣x(117)∣∣ = 29.44458438[. . .]

(37)

We can look at the evolution of the norm of the guess
x(i) at one of the inversions in (37) after certain num-
bers of iterations i. We can see that the algorithm moves
quickly from the initial guess of 0 to a value around 29-
30. And then the algorithm starts to take smaller and
smaller steps towards the solution. Therefore, we can
interpret the algorithm as sliding through the digits of
the solution, where the scaling step is essential to deal
with these smaller steps. The limited dynamical range
limits the space that the algorithm can explore at each
run of low-precision CG. When the high-precision cor-
rection step is performed, and thanks to the scaling step,
we then explore a new limited space of smaller values.
The box (square brackets) represents the limited explo-
ration range of the low-precision iterations and the slid-
ing represents the high-precision correction step. This is
iterated until the algorithm converges to the desired ac-
curacy. The size of the box depends on the accuracy of
the calculations and the eigenvalues of the Dirac matrix
and the sliding speed depends on the calculation speed.
The combination of a bad condition number in (28) and

low accuracy can make the box too small, making the al-
gorithm fail. However, this can be alleviated with better
mixed precision methods and by using preconditioners,
as explained in Section VIIB. This would represent an
increase in the size of the box.
Furthermore, the multilayered MPCG would be repre-

sented by a small box and a bigger box. The small box
slides inside the bigger box thanks to the intermediate-
precision correction steps, and once the small box reaches
the edge of the bigger box, the bigger box slides thanks
to the high-precision correction steps to move closer to
the desired accuracy. The advantage compared to the
standard MPCG is that the small box moves quicker in-
side the bigger box than by itself. The bigger box can be
seen as the GPUs accelerating the calculations, and the
small box as the photonic accelerator complementing the
GPUs to achieve even quicker calculations.

IX. CONCLUSION AND OUTLOOK

The photonic accelerated inverters (PAIs) presented
here could help alleviate the typical bottleneck of
fermionic lattice calculations, which are matrix inver-
sions. These PAIs could overcome the limitation in the
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accuracy of the photonic calculations using mixed preci-
sion methods, which was shown in Figure 7. There, we
can see that the number of iterations needed by the algo-
rithms increases due to the inaccuracy. Nevertheless, if
the photonic technology fulfils its potential and reaches
several orders of magnitude of speed compared to its dig-
ital counterpart, this could reduce the computation time
by one order of magnitude. Furthermore, the potential
improvement in energy-efficiency provided by photonic
accelerators is an aspect, which needs to be investigated
in the future.

This is only a proof of concept, and there are many fac-
tors and technical details, which will in the end determine
the power of these methods. To construct optimal PAIs,
we need to find the right combination of linear solver,

mixed precision method, preconditioners, and photonic
accelerator. For example, we could use the Richardson’s
method instead of the CG method as the low-precision
linear solver [16]. There is research on using this method
for implementing photonic iterative processors to directly
solve the matrix inversion in the optical domain [31, 32],
which could further unlock the potential of the photonic
technology by reducing the communication between op-
tical and electronic components.
Additionally, there is research on finding optimal pre-

conditioners for GPUs [33], and it may be interesting to
explore preconditioners, which are well-suited to exploit
the strengths of the photonic technology.
Hopefully, this will ignite the interest of both, the lat-

tice and the photonic computing communities, and lead
to research from which both communities benefit.
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