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Abstract

By a symmetry of the Julia set of a polynomial, also referred as polynomial
Julia set, we mean an Euclidean isometry preserving the Julia set. Each
such symmetry is in fact a rotation about the centroid of the polynomial.
In this article, a survey of the symmetries of polynomial Julia sets is made.
Then the Euclidean isometries preserving the Julia set of rational maps are
considered. A rotation preserving the Julia set of a rational map is called a
rotational symmetry of its Julia set. A sufficient condition is provided for a
rational map to have rotational symmetries whenever the rational map has
an exceptional point. Two classes of rational maps are provided whose Julia
sets have rotational symmetries of finite orders. Using this, it is proved that
z + pz where p™™ = 1 is a rotational symmetry of the McMullen map
2™+ 2 for all m,n with m > 2 and A € C\ {0}. Assuming that a normalized
polynomial has a simple root at the origin, it is shown that the groups of
the rotational symmetries of the polynmial coincide with that of its Newton’s
method and Chebyshev’s method.
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1 Introduction

Complex Dynamics deals with the iteration of analytic functions on C = C U {oo}.
For a non-constant rational function R, the extended complex plane Cis partitioned
into two disjoint sets namely, the Fatou set and the Julia set. The Fatou set of R,
denoted by F(R), is defined as the maximal open subset of C where {R"}n>0 is
equicontinuous. The complement of F(R) in C is called the Julia set of R and is
denoted by J(R). By definition the Fatou set is open, whereas the Julia set is
closed. Also note that F(R) = F(RF) for all k > 1. Further details can be found in
[3, [15].

A point zy € C is said to be a fixed point of R if its image under R is itself.
A fixed point can be classified according to its multiplier A\. If z5 € C, then A is

defined as A = R'(zp) and whenever oo is a fixed point of R, its multiplier is defined
1
R(3)’
in the unit disk (i.e., |A|] < 1). In a particular case, zy is superattracting whenever
A = 0. If X lies in the exterior of the closed unit disk then z; is repelling and

as ¢'(0) where g(z) = Now, z is said to be an attracting fixed point if A lies

whenever A is on the unit circle, zy is said to be indifferent. An indifferent fixed
point is said to be rationally indifferent or parabolic if and only if A is a root of
unity (i.e., for some n € N, A" = 1), else it is called irrationally indifferent. A point
z* is called a periodic point of R with period p, in short a p-periodic point if it is
a fixed point of RP but R(z*) # z* for any ¢ < p. The classification of z* can be
done in same way considering it to be a fixed point of the rational map RP. The set
{z*, R(z*),..., RP~1(z*)} is called a p-periodic cycle. The Fatou set is open but not
always connected. A maximal open connected subset of the Fatou set is called a
Fatou component. A Fatou component U of of a rational map R is called p-periodic
if RP(U) C U. A Fatou component U is called pre-periodic if it is not periodic
but there exist a natural number k such that R*(U) is periodic. D. Sullivan proved
that every Fatou component of a rational map is either periodic or pre-periodic. In
fact, there are four types of Fatou components for a rational map R. Let U be a
p-periodic Fatou component. Then

e U is said to be an attracting component if zy € U, where z, is an attracting
p-periodic point.

e U is a parabolic component whenever QU contains a parabolic p-periodic point.

e U is a Herman ring or a Siegel disk if R? : U +— U is conformally conjugate
to an irrational rotation of some annulus or to the unit disk respectively onto
itself.

We say U is a rotation domain if it is either a Herman ring or a Siegel disk. The Julia
set is completely invariant under the function and is usually fractal with complicated



topology. Though the iterative behavior of the function on its Julia set is chaotic,
it often possesses some pattern. More precisely, there may exist a Mobius map o
such that o(J(R)) = J(R). The collection of all such maps, denoted by M(R),
is closed under composition of functions and forms a group. This, or sometimes an
appropriate subgroup of it, gives an idea, at least approximately about the structure
of the Julia set without in fact finding it.

Let X; be a metric space with the metric d; for i = 1,2. A map h : X; = X5
is called an isometry if dy(h(2), h(w)) = di(z,w) for all z,w € X;. An isometry is
necessarily one-one. Every analytic Euclidean isometry of C is of the form z — az+b
with |a| = 1. Such an isometry is either a translation (if a« = 1) or a rotation about
the point %} (if @ # 1). Similarly, a chordal isometry of C is a Mobius map of the

G,Z*B

form z — where |a]? + |b]> = 1. Here the chordal distance p(z,w) between two

bz+a
. . . . . 2|z—w| — 2
points in z,w in C is given by T s and p(z, 00) el Though no

translation is a chordal isometry, all rotations about the origin are isometries with
respect to the chordal metric.
Let M(R) be the set of all M6bius maps preserving the Julia set of R. We
consider two subgroups of M(R), namely
az —

T(R) = {s(2) = 5o < |af* + B = L and s(T(R)) = T (R))

and

YR={o(z)=az+b:|a|=1,a# 1 and o(J(R)) = T(R)}.

A (non-trivial) translation, i.e., map of the form z — z + a for some a # 0 cannot
be in Z(R). If ¥R contains rotations with respect to two distinct points then their
composition is a translation (see the proof of Theorem and is in X R. In other
words, if X R does not contain any translation then each of its elements is a rotation
with respect to a point, that depends on R but not on X R. Further, if the point is
the origin in this case then ¥R C Z(R). We call ¥R is non-trivial if it contains at
least one non-identity element.

The study of X R, referred as the symmetry group of R, when R is a polynomial
is done by Julia, Baker, Eremenko and later by Beardon [I, 2, 4, @]. Tt is known
that, for every polynomial p, there is a point £(p) such that each element of p is
a rotation about £(p) (see Lemma [2.4). The study of symmetry in rational maps
remains relatively underexplored. While some literature exists, such as references
[T0, 111, 23], discussing rational maps having identical Julia sets, the subject still lacks
extensive study. Recently, Ferreira made a systematic study of Z(R) for all rational
maps R (see [§]). Each element of Z(R) is a rotation of the sphere with respect to
some axis passing through the origin. But a rotation in the plane with respect to a
non-zero point is not in Z(R). Also, this set Z(R) does not contain any translation.
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Thus, Ferreira’s work does not accommodate Julia sets that are preserved under two
geometrically simple classes of maps, namely translations and rotations of the plane
with respect to a non-zero point. The later maps are called rotational symmetries.
This article presents a survey of results on rotational symmetries of polynomial Julia
sets and the related issue of identical Julia sets for two different polynomials.

Let R be a rational map analytic at zy € C. If its Taylor series about zj is given
by ap(z — 20)* + apy1(z — 29)*L + - -+ for some k > 0 where a;, # 0 then we say the
local degree of R at zy, denoted by deg(R, z9) is k. The map R is like z — 2* near
29- The local degree of R at co or at a pole is defined by a change of coordinate
using z % More precisely, if R(oco) € C then deg(R, co) is defined as the degree
of R(1) at 0. If R(c0) = oo then deg(R, o0) is defined as deg(ﬁ,()). A point w
is exceptional for a rational map R if deg(R,w) is equal to the dzegree of R. This
is equivalent to the statement that {z : R"(z) = w for some n > 0} is finite. There
can be at most two exceptional points for any rational map (Theorem 4.1.2., [3]).
This article shows, under some condition that a rational map with an exceptional
point has rotational symmetry. Two classes of rational maps are presented whose
Julia sets have rotational symmetries.

In Section 2, a systematic discussion of the symmetry group of polynomial Julia
sets is made. Results relating the rotational symmetries of polynomial Julia sets
with two polynomials with identical Julia sets are dealt with in Section [3] Section
4 deals with the rotational symmetries of rational Julia sets. If a rational map R
has an exceptional point then existence of rotational symmetries of the Julia sets of
R is proved under some condition (see Theorem [1.2). We also introduce two forms
of rational maps whose Julia sets have rotational symmteries of finite order (see
Theorem [4.3).

All the polynomials and rational maps are assumed to be of degree at least two,
unless stated otherwise. By a translation or a rotation, we mean a non-identity
translation or rotaion respectively, unless stated otherwise.

2 Symmetries of polynomial Julia sets

Let
p(z) = agz® + ag_1237 4+ -+ ag (1)
where ag # 0 and d > 2. The centroid of p, denoted by £ is defined as & =

_Qg-1
d(ld :

multiplicities. A root z* is counted m-times here if it is with multiplicity m i.e.,

For ¢ € C, the equation p(z) = ¢ has d number of roots counting with

p(z) — ¢ = (2 — 2*)™h(z) for some analytic function h in a neighborhood of z* such
that h(z*) # 0. If the roots of p(z) = ¢ are 21, 29, . . . , 24, repeated according to their



multiplicities, then p can be expressed as p(z) = ¢+ aq H?zl(z — z;). Comparing

the coefficients of 2%~! on both the sides, we get Zf_l 2z = —QZ—‘I. Therefore, £ is
- d
the average of the roots of p(z) = ¢ i.e., ézzjzl z = —“;;. It is important to note

that £ is independent of ¢. Observe that £ = 0 if and only if az_; = 0. A polynomial
whose centroid is at the origin, is called centered.

For any polynomial p as given in (1)), consider the affine map ¥ (z) = Az + &,
where ¢ is the centroid of p and A is such that A% = i Then the polynomial
g =1 topor is monic and centered. Such a polynomial is called normalized. The
fact that every polynomial is conjugate to a normalized polynomial is crucial for
investigating the symmetries of polynomial Julia sets. In fact, we have the following
for all rational maps (see Theorem 3.1.4., [3]).

Lemma 2.1. If R, and R, are two rational maps such that Ry = ¢! o Ry o 1) for
some Mobius map ¥ then J(Ry) = (T (Ry)).

For every o € ¥p, ¢! o o 09 is an Euclidean isometry preserving the Julia set
of g. Conversely, if v € Xg then ) o yo1~! is an Euclidean isometry preserving the
Julia set of p. Thus, we have the following.

Lemma 2.2. For every polynomial p, there is an affine map T such that g =
Y™t opot is normalized and Yp = 1) o (Xg) o™

Note that the affine conjugacy @ maps 0, the centroid of ¢ to that of p. Now
onwards, we discuss the symmetry group of normalized polynomials and without
loss of generality assume that p is normalized. If p does not have any constant term
in its expression, i.e., if p(0) = 0 then take z® common from the expression of p
where « is the multiplicity of 0 as a root of p.

If p has a non-zero constant term, we take o = 0. Hence it is always possible to
express p as p(z) = zp1(z), where p; is a normalized polynomial, p;(0) # 0, and
a € NU {0} is maximal for this form. Let /31, fs,..., Bk be the (non-zero) powers
of z in the expression of p; and 5 = ged (5, fa, - - -, k). Then p; can be expressed
as p1(2) = 2™P + agz™P + - 4 ap2™P + apyy, where a; # 0 fori =2,3,... k+1,
m; € Nfor j =1,2,... k, and ged(mq, ma,...my) = 1. Hence,

p(z) = 2*po(z”) (2)

where
po(2) = 2™ 4+ ae2™ 4+ - - + a2 + apq (3)

is a monic polynomial. Note that py is not necessarily centered whereas p; is always
so. Further note that, o and § are maximal for the expression ([2)) and they determine
po completely.



If A\, Ao, ..., A, are the distinct roots of py with multiplicities by, bs, ..., b, re-
spectively, then we can write p as

Therefore, all the non-zero roots of p can be partitioned into r» number of sets
Ay, = {2 : 2% = \,} where s = 1,2,...,7. Each element of A, lies on a circle of
radius |A\,|*/? around the origin, and each of these differs from its nearest one by
an argument of %” Hence each rotation about the origin of order § preserves every
A,. In other words, each such rotation takes a root of p to another root with the
same modulus and with the same multiplicity. These rotations are going to be the
elements of p.

Since oo is a superattracting fixed point of each polynomial, it has a neighbor-
hood contained in the Fatou set. Thus we have the following.

Lemma 2.3. [3] For every polynomial p, J(p) is bounded.

An Euclidean isometry o(z) = az+b, |a| = 1 is either a translation (if a = 1) or a
rotation about the point 2= (if a # 1). Indeed, ¢po¢ ' (2) = az where ¢(z) = z— 7.
Now we identify possible elements of Xp.

Lemma 2.4. For each polynomial p, there is a point £(p) such that every element
of Xp is a rotation about &(p).

Proof. If there is a translation T in Xp then 7" € Xp for all n € N. For z € J(p),
T"(z) € J(p) whereas T"(z) — 0o as n — oo. This gives that J(p) is unbounded,
contradicting Lemma Therefore Yp does not contain any non-trivial (i.e., non-
identity) translation.

Suppose that 0,7 € ¥p are two non-trivial (i.e., non-identity) rotations about
two distinct points o and 3 respectively. Then o(z) = ze?? + a(1 — €?) and v(z) =
ze' + B(1 — €'t), for some 0,t € (0,27). Note that o71(2) = ze7% + a(1 — ™)
and v 1(z) = ze " + B(1 — e~ ™). As ¥p is a group under composition of functions,
yoooy oot € ¥p. But yoooy ool (2) = 2+ (a— B)(e" — 1)(1 — ), which
is a non-trivial translation. Since this is already known to be impossible, o = £.
Therefore, there is a point {(p) such that every element of ¥p is a rotation about

&(p)- 0

Theorem states that all the elements of ¥Xp are rotations with respect to a
single point, which possibly depends on p. What can that point be? To answer
this question, recall that the average of all solutions of the equation p(z) = c is &,
the centroid of p, irrespective of the value of ¢. For every root w of p(z) = ¢, the

6



average of all solutions of p(z) = w is also £. In general, the average of all solutions
of p7(2) = cis &, for every n € N and ¢ € C. Now consider a point zy € J(p).
By the backward invariance of the Julia set, every open set containing the Julia set
contains the set {z : p™(z) = 2} for all n. In fact, the set {z : p"(z) = 2} is in a
sense uniformly distributed in the Julia set. To see it, let € > 0 and the Julia set
of p be covered by finitely many balls B;,7 = 1,---k, each with radius 5. This is
possible as J(p) is compact. Since zp is not exceptional (because all exceptional
points belong to the Fatou set), there is an n; such that zy € p™(B;) for all n > n;

(by Theorem 6.9.4, [3]). If N = 1n<1a<>§€{nz} then zy € p™(B;) for all n > N and for

all 7. Let z; € B; such that p™(z;) = 29. Here z; depends on n. Now the union of
balls with radius e and with center at the points of {z : p"(2) = 2} contains J(p)
for all n > N. This is a reason why the centroid is expected to be the point stated
in Theorem 2.4

If a normalized polynomial p is affine conjugate to a monomial then its Julia
set is a circle whose center is 0, the centroid of p. In this case, ¥p contains all the
rotations about 0. Therefore, ¥p is an infinite set. Beardon proves that the converse
of this statement is also true (see Lemma 4, [2]).

Consider p which is not conjugate to any monomial. There is a conformal map ¢
in a neighborhood of oo, called the Bottcher coordinate into the unit disk such that
popog~t(z) = 2% where d is the degree of p. The function |¢| extends continuously to
the whole basin of attraction, A4 of co. Using this ¢, the Green’s function log|¢(z)]
is defined in A with the pole at oo and further analysis gives that every element of
Yp is rotation about the origin. In fact, Beardon proved the following.

Theorem 2.5 ([3]). Let p be a normalized polynomial of degree d > 2. A rotation
o of finite order about the origin is in Xg if and only if po o = oo p.

The symmetry group of Julia set of a normalized polynomial is now described.

Theorem 2.6. ([3]) If p is a normalized polynomial of the form (3) then Lp = {o :
o(z) = Az, \° = 1}.

Remark 2.1. [t is easy to observe that the above theorem is true even if p is not
monic but only centered.

In view of Lemma [2.2] the symmetry group of the Julia set of an arbitrary
polynomial ¢ with centroid at £ that is conjugate to a normalized polynomial p, i.e.,
p=1"logo for ¥(z) = Az + £ for a suitable A (see Lemma is given by

Sg={o:0(z) = Az - &) +&N =1},

where p is as given in Theorem
We now discuss few examples.



Example 2.1. 1. The polynomial q(z) = 2> + 32% + 3z — % 1s not normalized

and its centroid is & = —1. For the affine map ¢(z) = z — 1, the polynomial

Y loqoi(z) =23 — % is clearly normalized. Writing it in the form (@), it is
observed that « = 0 and 8 = 3. Therefore, B(¢p"togorh) = {2+ Xz : A3 =1},

Hence, Sq=1o (Sp)op™t ={z— Nz +1) —1: X* =1} (see Fig. [](a)).

2. The polynomial p(z) = 2> — 1.2iz is normalized and is in the prescribed form

(4) with a =1 and B = 2. Therefore, ¥p = {z +— Az : \? = 1} (see Fig. [](b)).

3 —2—0.5i is trivial

3. The symmetry group of the normalized polynomial p(z) = z
as it 1s in the form (@) where a = 0 and B = 1. However, there is a non-Mobius
homeomorphism preserving its Julia set. In fact, p(—z) = (—2)*—(—2)—0.51 =
—(23 -2 -0.50) = —?). Therefore, J(p) is preserved under the reflection
about the imaginary azis (see Fig. [1|(c)). That z — —% is a chordal isometry

1s used here.

3 Polynomials with the same Julia set

When two polynomials have the same Julia set? This question is closely related to
the symmetries of the Julia set. We start with the following result which is proved
by Julia in 1922.

Theorem 3.1. [J] If two polynomials p and q commute (i.e., poq = qo p) then
J(p) =T (q)-

The above result is also true for all rational maps and a proof can be found in
Theorem 4.2.9., [3]. A kind of converse is obtained by Baker and Eremenko.

Theorem 3.2. [i|] If two polynomials p and q have the same Julia set [J then either
the polynomials commute or there exists a non-identity Fuclidean isometry o such

that o(J) = J.

After Ritt [24], 25] initiated the study on commuting rational maps, numerous
subsequent studies have been conducted. Examples include references [14} [19] 20]. If
Y.p consists of the identity only then J(p) = J(¢q) guarantees that the polynomials
commute. But if the symmetry group of p contains at least one non-identity element,
the converse of Theorem [3.1] may not be true. To see it, consider p(z) = 2% — 1 and
q(z) = =22+ 1. Then ¢(z) = —p(—=2) and this gives that J(q) = o(J(p)) where
0(z) = —z. Also, o € ¥p by Theorem [2.6] Therefore, J(q) = o(J(p)) = T (p) (see
Fig. [2). However p(q(z)) = 2* — 222 = —q(p(2)). More generally, we obtain the
following result.



(a) Julia set of 23 — % (b) Julia set of 23 — 1.2iz

(c) Julia set of 23 — 2z — 0.5i

Figure 1: Symmetries of the Julia sets

Theorem 3.3. Let p be a normalized polynomial of the form (@) such that o # 1
and 8 > 2. If B does not divide (o« — 1)? then for every non-identity o € Yp,
q:=0copoo~! has the same Julia set as that of p but qop # poq.

Proof. For each o € Xp, J(p) = (T (p)). Also, as g=0copoo~t, JT(q) =a(T(p))
(by Theorem 3.1.4., [3]). Hence we get J(p) = J(q).
Any non-identity o € Yp is of the form o(z) = Az, where A = 1 (by Theo-



Figure 2: The Julia set of 22 — 1 and —2% + 1

rem [2.6). Thus,

= )\al 1 po(27).
Therefore,
p(q(2)) = <>\al _2"po(2 B)) — {%ZQPO(ZB)TPO ({%zapo(zﬂ)} B)

= S 0 ()

The last equation is due to the fact that (/\a 1)5 = (Aiﬂ)a_l = 1. However,

q(p(2)) = q(z°po(2”)) = )\j_lza2 [Po(27)]%po (2% (po(2%))*) .

This implies that the polynomlals p and ¢ commute if and only if /\a(a 7 = /\O}—,l,
which gives A~ D — 1 AsA=¢F ,a# 1 and g > 0, k > 0 and consequently, S
divides (o — 1)%. Therefore, if 3 does not divide (o — 1)? then for every non-identity
o€ Xp, J(oopoo™t)=J(p) but poq# qgop. Since B > 2, there is a non-identity
element in ¥p, and we are done. ]

In 1990, Beardon established a necessary and sufficient condition for polynomials
with the same Julia set. In a way, this is a complete description of the relation
between the polynomials with identical Julia sets and the rotational symmetry of
the Julia set.

Theorem 3.4. ([2]) The polynomials p and q share the same Julia set if and only
if there is some o € Xp such that poq = oqo p.
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The previous four theorems are about the uniqueness of the Julia set of differ-
ent polynomials. Now the uniqueness of polynomials is considered assuming some
relation between their Julia sets. In this line, there is a result by Fernandez.

Theorem 3.5. ([7/) Let p and q be polynomials of the same degree and with the
same leading coefficient. If the Julia set of p is disjoint from the unbounded Fatou
component (i.e., the basin of co) of q then p = q.

As a consequence, it is obtained that if two polynomials with the same degree
and the same leading coefficient have the same Julia set then they are the same.

Beardon revealed a beautiful connection between the polynomials with the same
degree having identical Julia set.

Theorem 3.6. ([]/) Let p be a polynomial of degree d. Any polynomial q of the
same degree d has the same Julia set as that of p if and only if ¢ = op for some
o € Xp.

If Xp is trivial then the above theorem gives that if ¢ is a polynomial with the
same degree and with the same Julia set as that of p then ¢ = p.
We conclude with a result with the same spirit by Schmidt and Steinmetz [21].

Theorem 3.7. Let J be a Julia set of a polynomial which is neither a circle nor
a line segment. Then there exists a polynomial p such that any polynomial q with
the Julia set J can be written in the form q(z) = op"(z), where o is a rotation
(including identity) with o(J) = J, and n is a natural number.

4 Symmetries of rational Julia sets

This section deals with symmetries of rational maps that are not polynomials. Recall
that M(R) = {¢: ¢ is a Mdbius map such that ¢(J(R)) = J(R)}. The set M(R)
is respected by conformal conjugacy in the same way as the affine conjugacies respect
the set of Euclidean isometries of polynomial Julia sets (see Lemma [2.2]).

Lemma 4.1. If two rational maps R and S are conjugate with the Mobius map ¢,

such that S = ¢ o Ro ¢, then M(S) = ¢po (M(R))o ¢~ .

4.1 Rational maps with an exceptional point

Polynomials are rational maps with at least one exceptional point. It is well-known
that a rational map has at most two exceptional points. If it has exactly two
exceptional points then it is conjugate to 2¢ for some non-zero integer d (Theorem
4.1.2, 3]). To see it, Let ¢; and (, be the two exceptional points of R. Then,
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there exists a complex number a € C such that for the M&bius map ¢(z) = a%,
the function p(z) = ¢ o Ro ¢~1(2) is 2¢ for some non-zero integer d. In both the
cases, J(p) is the unit circle. Further, J(R) = ¢~'(J(p)) by Lemma [2.1] Here
¢ (2) = £2=%L and has its pole at a. Hence the Julia set of R is either a circle (if
la| # 1) or a straight line (Ja| = 1). This is so because the image of the unit circle
under any Mobius map is either a circle or a straight line, and it is a straight line if
and only if the pole of the map is on the unit circle.

If a rational map R has exactly one exceptional point, say w then for h(z) = z—w,
hoRoh™!is a rational map whose only exceptional point is 0. A rotation about w
preserves J (R) if and only if a rotaion by the same angle about the origin preserves
J(hoRoh™!). Since the rotational symmetries are the main concern of this article,
we assume without loss of generality that the exceptional point of R is 0. Since 0 is
the only exceptional point of R, R7'(0) = {0} and therefore, R is of the form

zd

apz? + a1zt + - agz +ag’

R(z) = (4)
where ag # 0. As R has exactly one exceptional point it is conjugate to a (non-
monomial) polynomial and hence it is conjugate to a normalized polynomial. Two
different polynomials that are conjugate to R are conjugate to the same normalized
polynomial. Let £ be the order of the symmetry group of this normalized polynomial.
This 3 is a property of R, and we call it the order of rotational symmetries of R. The
following theorem finds all Mobius maps, arising out of this normalized polynomial
and preserving the Julia sets of R.

Theorem 4.2. If R is rational map with only one exceptional point, that is 0 and

is of the form then M(R) contains the set {z ey N = 1}, where
(= —‘2‘57*; and f3 is the order of rotational symmetries of R.

Proof. For any Mébius map ¢, if ¢ o Ro ¢! is a polynomial, then ¢(0) = oo and
¢(z) = 428 for some A, B € C and B # 0. Let pi(z) = ¢ o Ro ¢ ~(2). Then

pl(Z)ZSOOR(ZfA)

Bd
—7 (ad(z — A+ Bag 1(z— A1+ ... 4 aoBd)
~ (ag(z — A+ Bag1(z — A)" ' + - 4+ aoB?) + AB!
o Bd—1 )
—dagA+Bag_1
dag
statement of this theorem. Now consider the affine map ¢ (z) = az+¢&, where a

Bd—l
aqg

= A + B( where ( is as given in the
d-1 _

Here the centroid of p; is £ = —

Then p(z) = ¢! op; 01)(z) is a normalized polynomial. Let p(z) = 2%po(z”)
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Figure 3: The conjugacy

where o and 3 are maximal for this expression. Then p(z) =T o RoT*(z), where
T(z) = ¢~ op(z) = vt (FE) = (A_iLZJFB. If o € ¥p, where o(2) = Az then

M=1T"1 oooT e M(R). Now,
(A—g)z+B) _ -1 (A<A_§)Z+B)

T_loaoT(z):T_loa(

az az
B B B Bz
M(w)ﬂ“g (1-N)(E—A)z+ B
B z
(=N
This gives that {z — =575 M =1} C M(R). O

Here are few remarks.

Remark 4.1. 1. Observe that C is the centroid of the polynomaial ﬁ.

2. The set {z +— m : M = 1} is independent of the choice of the Mdbius

maps that conjugate R to a normalized polynomaial.

This theorem guarantees that, if R is conjugate to a polynomial whose Julia set
is invariant under a rotation, then M(R) contains a non-identity Mébius map. In a
particular, we get the following.

Corollary 4.1. If ag_1 =0 in the Equatz’on then {z+— Az : M =1} C M(R).

Further, if we consider X R then applying few more restrictions we get the equality
in the relation between Xp and X R.

Corollary 4.2. If ag_1 = 0 in the Equation |4, B > 2 and J(R) is not translation
invariant then {z — Az : M =1} = XR.
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Proof. Let p(z) = ﬁ. The relation Xp C YR follows from Corollary As

J(R) is not translation invariant, ¥R contains rotations about origin. Let there

is a rotation o(z) = Az, |A\| = 1 of order #; > 3. Now ¢ oo o ¢~ '(z) = %, where

o(2) = %, is a rotation of order 8 and as J(p) = ¢(J(R)), we get pooop! € Tp.
But it contradicts the maximality of S in the expression of p. Hence, {z +— Az :
M =1} =3R. [

3 3 .
225 and ;%5 that are conjugate to
1

and z® — 2z respectively via the Mobius map z . For both the cases

Here are two examples of rational maps
3_1
7oy
£ = 3, giving that the Julia sets of the mentioned rational maps are not translation
invariant. Their Julia sets are provided in Fig. [] as the boundary of different colors

(of blue and yellow in (a) and of red and green in (b)).

(a) Julia set of R(z) = 33;223 ~z23 =1 (b) Julia set of R(z) = % ~ 23— 22
Figure 4: Julia sets of 3%53 and I_Z;zg

4.2 Two new classes of rational maps

A rational map R is said to be exceptional if J(R) is the whole extended complex
plane ((A:, a circle or a line segment in C. This definition is upto conformal conjugacy.
In other words, each rational map which is conformally conjugate to an exceptional
rational map is also exceptional and it can have an arc of a circle or a straight line as
its Julia set. Examples of exceptional rational maps are well-known, e.g., the Julia
set of ZQZ§2 and % are C and R U {oo} respectively (see Remark . The Julia
set of every Chebyshev polynomial is [—1, 1] (page 11, [3]).

A Mébius map ¢ is said to be of order f3 if ¢°, 3 times composition of ¢ with itself,
is the identity map. An irrational rotation (i.e., rotation by an angle of an irrational

multiple of 27) and a translation are with infinite order whereas a rational rotation

14



(i.e., rotation by an angle of a rational multiple of 27) is of finite order. Note that
Cis preserved by every Mobius map and straight lines are preserved by translations
whereas circles are preserved by irrational rotations. These facts probably motivate
a conjecture mentioned in [5] which states that if there is a M6bius map of infinite
order preserving the Julia set of R then R is exceptional. In 2000, Boyd settles it

partially by proving the following.

Theorem 4.3 ([3]). Let R be a rational map of degree at least two such that
J(R) = T(J(R)), where T(z) = z + 1 and the point at infinity is either peri-
odic or preperiodic. Then J(R) is either the whole extended complex plane or a
horizontal line.

The translation by 1 in the above theorem is not any loss of generality. It is not
known, at least to the present authors whether there is a non-exceptional rational
map whose Julia set is not a line but is invariant under some translation.

The fact that a translation fixes oo and oo is a periodic or pre-periodic point of
R are important in the above theorem. Levin generalized this result in 2001 (see
[12]).

Theorem 4.4. Let R be a rational map and ¢ be a Mébius map such that ¢(J(R)) =
J(R). If a fized point of ¢ is a periodic or pre-periodic point of R and R is not
exceptional then ¢ is of finite order.

The above theorem ensures the existence of rotational symmetries for non-
exceptional rational maps satisfying some conditions. .

Ferreira [8] considers all chordal isometries z gj—;g, la* + |B]* = 1, that
preserve rational Julia sets. Though this seems to be a natural way to generalize,
two significant classes of maps, namely rotations about any non-zero point and
translations, being non chordal isometries are left out of the consideration. However,
all rotations about the origin are chordal isometries and some results obtained by

Ferreira remains useful in our consideration of rotational symmetries. Recall that

I(R) = {s(2) = {272 : |a]? + [b]* = L and s(J(R)) = T(R)}.

~ bzta

Lemma 4.5. ([§]) Let R be non-exceptional. For a natural number n and a chordal
isometry o, if Roo = o™ o R then 0 € Z(R).

Since every rotation about the origin is a chordal isometry as well as an Euclidean
isometry, we have the following useful remark.

Remark 4.2. If o is a rotation about the origin and Roo = ™o R for some natural
number n then o € X R.

The next result offers a necessary condition for a chordal isometry to be in Z(R).

15



Lemma 4.6. ([§/) Let R be a non-exceptional rational map without any parabolic
or rotation domain. If o € T(R) fizes a superattracting fized point zo of R then
Roo =0¢"o R where m > 2 is the local degree of R at z.

Note that, if the point at infinity is not a point in the Julia set of R, then J(R) is
not translation invariant. As the composition of rotations about two different points
is a translation, ¥R contains rotations about a single point whenever J(R) is not
invariant under translation. The following result provides a class of non-exceptional
rational maps R such that ¥R contains rotations about the origin.

Theorem 4.7. Let P and Q) be two non-monomial and centered polynomials with-

out any common factor except possibly 0 such that R(z) = 58

rational map without any parabolic domain or a rotation domain, and its Julia set is

18 non-exceptional

not invariant under any (non-trivial) translation. Further, let P(z) = a,2% Py(2"")
and Q(z) = a2°2Qy(2"?), where oy, B; are mazimal for the respective expressions
(refer Equation (4)) and ai,a2 € C\ {0} are the leading coefficients of P and Q
respectively. If oy > ap + 1 and 8 = ged(By, B2) > 1 then XR = {z +— Az : N\ = 1}.

Proof. 1t follows from the assumption that
R(z) = az"——=, (5)

where @ = ¢ and m = a; — a;. Recall from that Py(z%') and Qu(z)) are
normalized polynomials with non-zero constant terms. Also, 5 = ged(fy, f2) > 1.

For o(2) = Az with A’ =1, Roo(2) = a/\mzm% = 0™ o R(z). This gives
that o € YR by the Remark . Therefore, {z +— Az : N\ =1} C XR.

In order to prove YR C {z + Az : M = 1}, let Py(2) = 2™ +agz™ +- - -+ap2™ +
agr1 and Qo(z) = 2™ +boz™ + -+ - +b,.2" + b, where a; #0 fori =2,3,... k+1,
ged{my,mo, ..., mp} =1, and b; # 0 fori=23,...,r+1 and ged{ny,na,...,n,} =
1. In particular, Py and @)y have non-zero constant terms. All these follow from the
analysis preceeding Equation . This along with the assumption m > 2 give that
0 is a superattracting fixed point of R and deg(R,0) = m.

If there is a rotation about a non-zero point in X R then its composition with
2 +— Az, \? = 1 would be a non-trivial translation and it has to be in ¥ R. But the
Julia set of R is not invariant under any translation by the assumption. Therefore,
every element of ¥R is a rotaion about a point depending only on R and that point
must be the origin because z — Az € ¥R and )\’ = 1.

Let 0 € ¥R and o(z) = pz for some |u| = 1. As 0 is a superattracting fixed
point of R and deg(R, 0) = m, it follows from Lemmal[4.6|that Roo = 0™ o R. This

implies that
P0<M51Z51) PO(Zﬁl)

QU(Nﬁ2Z52) B Qo(zﬁz) )
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Let Ri(z) = % and Ry(z) = Sz(éiz)) Then Ry and R, share the same sets of

roots and poles.

Since P is not a monomial, Py is non-constant. Let &1, &, ..., &, be the distinct
roots of Py(z). Then the roots of R are the solutions of 271 = fgl Jfori=1,2,...,s
whereas the roots of Ry are the solutions of 2z = &, for i = 1,2,...,s. If there is

an i such that & = fgl, then p”t = 1, and hence Qy(u™2272) = Qo(2?). This gives
that

MmﬂzznlﬁQ + b2unzﬁ2zn2ﬂ2 4t bhunr@zm«[ﬁ 4 br+1
= 2Pz poom2Pe b P L p .

Comparing the coefficients, we get p"”2 =1 for all i = 1,2, ..., r. This gives that
(uﬁz)ng(m’m""’W) = 1. Asged(ny, na, ..., n,) = 1, we get u?? = 1. Therefore, i =1
where 3 = ged(B1, 52).

&i

Now consider the remaining cases, i.e., when there is no ¢ for which & = g
Then p # 1.
After renaming the roots of Ry and Rs, if required, we can write

& & _& . _&
_'uﬁl’ _IwBl" _,uﬁl’ _pﬂl'

fl 52 c 58—1 55 (6)
These give that all the roots of Fy are of the same modulus and any two nearest
such pair of roots differ by an argument of 2?” Let a; be the multiplicity of &; as a

root of Py for1=1,2,3,--- 5. Since

PO(/J,'81261> — uﬁl(a1+a2+---+a5)(zﬁ1 o gl )al (251 . 52 )az (251 _ 53 )as . (Zﬁl . gk )as’

PO(Zﬁl) — (2[5’1 _ gl)al(zﬁl _ 52)@(2/31 _ 53)@3 L. (Zﬁl _ gs)as’
and Py(271) = Py(puP12P1), it follows from Equation@ that ¢ = ay = --- = a5. In

other words, the multiplicity of each &; is the same. Let it be r. Since &/ is the same
for each i, let it be denoted by £. Hence Py(z) = (2* —&)". As f; is maximal for the
expression of P(z) = 2 Py(2"), the ged of all the powers of z in the expression of
Py(z) is 1. However, the powers of z in the expression Py(z) = (z° — £)" have ged
equal to s. Therefore s = 1. It follows from Equation |§| that p*%* = 1. This leads to
1Pt =1 and this is a contradiction. O]

Fig. illustrates Theorem for ZQifi_IQ) and ZSS—EI)
The assumption in the above theorem that J(R) is not invariant under any

translation can be ensured by putting mild restrictions on the degrees of P and Q).
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(a) Julia set of R(z) = £22) (b) Julia set of R(z) = 2(41)

z2+1 26+1

P(z)

Figure 5: Julia set of rational maps of the form e

Remark 4.3. Ifdeg(P) > deg(Q)+1 then R has a superattracting fized point at oo.
On the other hand, if deg(P) < deg(Q), R(oco) = 0 and since 0 is a superattracting
fixed point of R, oo is in the Fatou set of R. In both the cases, the Julia set is
bounded and therefore, is not invariant under any translation.

The assumption in Theorem [£.7] that both P and @ are not monomials can be
relaxed.

Remark 4.4. If both P and @Q are monomials or only () but not P is a monomial
then R = g is polynomial itself and the issue of rotational symmetry is already
discussed in Section 2.

If only P but not Q) is a monomial then R = g takes the form of QS(Z;;@ for
some a # 0,m > 1,8y > 2 where Qo(2™) is a normalized polynomial in z with

non-zero constant term. Note that 0 is a superattracting fived point of R and its

Julia set cannot be C. If the Julia set of R is not invariant under any translation
then YR = {z — Az : A = 1}. The proof of {z = Xz : M = 1} C ¥R
is the same as the first part of the proof of Theorem [{.7]. In order to prove that
YR C {2z Xz : M2 =1}, first note that every element of ¥R is a rotation about
the origin (this follows from the arguments used in the proof of Theorem . Let
Qo(z) = 2™ + boz™ + -+ + b.2" + by where by # 0 fori =2,3,...,r+1 and
ged{ni,na,...,n.} = 1. If 2 — pz € TR then R(pz) = p™R(z) by Lemma [{.4
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Consequently, Qo(p22%) = Qo(2%2). In other words,

Mn152zmﬁ2 + b2unzﬁ2zn2ﬂ2 4t br,umBQZmBQ 4 br+1
= 2MP2 2P L p P briq-

Comparing the coefficients, we get p™ =1 for alli =1,2,...,r. This gives that
= 1. Since ged(ny, no, ... ,n,) =1, 2 = 1.

Using Theorem [4.7] a partial generalization of Theorem [2.6] is possible.

Theorem 4.8. Let P be a normalized polynomial of degree d and P(z) = 2% Py(2")
where , 3 are mazimal for this expression (refer Equation (). Also, let R(z) =
az'P(z) where a € C\ {0} and v € Z such that it has no parabolic domain or any
rotation domain. If 5 > 2 then X P = YR for all v except the possible values of —d
and —d+ 1. Forv = —d or —d + 1, we have P C XR.

Proof. Since § > 2, it follows from Theorem that XP = {z — Az : M = 1}

contains a non-identity map. Note that

aPy(z")
z—(vta)”

R(z) =

For v > —a, R is itself a centered polynomial and we have ¥ P = ¥R by the
remark following Theorem [2.6]

Let v < —a. Choose a positive integer m such that m — (« + v) is a positive
multiple of 3. Then for every o(z) = Az with M = 1, R(0(2)) = A™R(z). Hence,
by Lemma YP C ¥R. Note that if J(R) is not C and is not invariant under
any translation then each element of X R is a rotation about the origin. This is to
be used later.

Now we look into the possibility of >R C X P and hence the equality of > P and
YR when v < —au.

Let —d+2<v < —a.

If —d + 2 = —a« (this happens when deg(Fy) = 1 and § = 2) then v = —a. It
is already found that XP C YR in this case. We proceed with the other situation,
ie, —d+2 < —a. Since —d+2 <v,a—d+2 < a+v. Let deg(FP) = my.
Then myf = d —a > 2 — (o + v). This gives that oo is a superattracting fixed
point of R with local degree d + v. Then, for any ¢ € YR, where o(z) = Az,
R(0(2)) = 0%**(R(z)) by Lemma [4.6] This gives that Py(\27) = X™PPy(2%). Let
Py(z) = 2™ 4a92™m2+- - -+ a2z +ag, 1 where each a; # 0 and ged(my, ma, - - -my,) =
1. Comparing the coefficients except the leading term, we get \™# = 1 for all
i=1,2,3,--,k Since ged{my, mg, m3,- -+ ,mp} = 1 we have A’ = 1. Therefore,
YR C {z+ Az : ) = 1}. It is important to note here that there is no translation
in X R as oo is in the Fatou set of R.
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Now consider v < —d.

Let ( = —(v + «). Then R(z) = a%fﬁ). As (> d—a=mp, R(oco) =0 and
R(0) = co. Now, deg(R,0) = ¢ > 2 gives that {0, 00} is a 2-cycle of superattracting
periodic points of R. For F(z) = R(R(z)), each of 0 and oo is a superattracting
fixed point of F.

Let &,&,...,& be the distinct roots of Py(z), ie., Py(z) = (2 — &) (2 —
) ... (2 — &)™, where >0 a; = my. Then

ney " ((=))

F(z)=R <a

26 apo(jﬁ)><
P, (_‘IB(POé?B))ﬁ>
T A ()

Now,

o’ (Ro(2%))"?
fo (T)

aP @B az B as
= (ﬁ(Po(zﬁ))ﬁ — fl) (ﬁ(PO(Zﬁ))B — 52) (W(P()(Z’B))ﬁ _ 58)
= o (PR = 625" (@A) - &%) (P (R() — 65)"

The numerator of this expression is a polynomial, each of whose non-constant terms
is of the form 2'® for some [ > 0. Since B > 2, the difference of two consecutive
powers is at least 2. In particular, this polynomial is centered. Let AP;(z"') be
this polynomial where P;(2%) is a normalized polynomial in z and such that 3 is
maximal for this expression. Clearly [ divides ;. By the same argument,

(po(zﬁ))c — (zﬁ _ 51)4‘“(;:5 _ 52)(@2 o (zﬂ _ gs)CaS

is a normalized polynomial. This expression can be written as Py(2?) for some
polynomial P, where (3 is maximal for this expression as it is so for Py(z”). Hence,
we get 5
. 2, Pl(z 1)
F(z) = Bz* BCW.
where B = -A;. Note that (* — m;8¢ = ((( — m18) > 2 and ged(By, 8) = 8 > 2.
As 0 and oo are superattracting fixed points of F', these are in F(F). Hence J(F)
is not invariant under any translation. Also, there is no common root of P;(z°!)
and Py(27). Tt follows from Theorem that XF = {z — Xz : \® = 1}. As
J(R) = J(F), we conclude that YR = {z — Az : M = 1}.
O
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Remark 4.5. The Julia set of the rational map R as given in the above theorem
cannot be C or a line. For v = —d or —d + 1, it is possible.

Remark 4.6. Let v = —d. The Julia set of Ry(z) = 2152 is C and YR consists of
all the Fuclidean isometries. Here v = —2, d = 2 and therefore v = —d. Writing
Ri(2) as 22, we see that 5P = {\z: N> = 1} and ©P C 2R.

Consider R(z) = 251, As per the notations of Theorem v=—d=-2and

22
P(z) = 22 — 1. Note that deg(R) = 2, so R has two critical points, namely 0 and
oo. Also, {0,00,1} is a cycle of 3-periodic points of R containing both the critical
points. Therefore this is a superattracting cycle and hence, 0,00 € F (R) This
leads to the conclusion that Julia set of R is not invariant under any translation
and R does not have any parabolic or rotation domain. Let R = Ro Ro R. Then
R(z) = _24,2(42;24?1;32' Since J(R) = J(R), the latter is not invariant under any
translation. Also all other assumptions of Theorem [{.7 are satisfied and it follows
that YR = {z — Az : A2 = 1}. Hence R = {z — Xz : \* = 1} which is nothing but

SP. The Julia set of R is given in red in Fig. (@

22—1
2

Figure 6: Julia set of

z

Remark 4.7. To discuss the situation v = —d + 1, consider the Newton map Ny

applied to 2> +1. Then Ni(z) = ZZ;l, and J(N1) = RU{oc}. Thus ¥N; contains

translations by every real number and the rotation about the origin by an angle of

7. However, Ny can be written as Ni(z) = P2(ZZ) where P(z) = 22 — 1. In this case

v =1 and d = 2, therefore, v = —d + 1. Note that ©P = {\z : \* = 1}. Thus
Y P C ¥N;. Here Ny is exceptional.

Now consider the Newton map No applied to the polynomial 2> — 1. Then
Ny(z) = 2‘?2?. The Fatou set F(Ns) consists of the basins of the superattract-

ing fived points of Ny corresponding to the roots of z3 — 1 = 0, and the Julia set

J(Ns) is connected. Therefore, Ny is non-exceptional rational map without any
parabolic domain or a rotation domain, and its Julia set is not invariant under any
(non-trivial) translation. Also note that, F(N2) contains exactly three unbounded
components, namely the immediate basins of the superattracting fized points of Ns.
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Express Ny as No(z) = %(f) where P(z) = 2%+ 1, d =3 and v = —2. As
{2z Xz : X3 =1} C XN, (from the first part of the Theorem @, the elements of
3Ny are rotations about the origin and are of finite order. If there is a rotation o of
order bigger than three preserving J(N2), then an unbounded component of F(N)
will be mapped to a bounded component of F(Ns) by o, which is not possible. Since

SP={z— Az: )\ =1}, LP = ©N,.

Figure 7: Julia set of Ny(z) = 2233;;“1
We conclude with a corollary, which is already known and can be found in [§].
It is presented here with a simplified proof using Theorem [4.8|

Corollary 4.3. For the McMullen map R\(z) = 2™ + 2, where m,n € N with
m > 2 and A € C\ {0}, if Rx(z) has no parabolic or rotation domain then SRy =

{o:0(2) = pz, W™t =1},

Proof. Here Ry(z) = 2™ + & = Zmz# = zYP(z), where v = —n and P(z) =

2™+ X\, which is a normalized polynomial with ¥P = {z + pz : p™" = 1}. Also,
note that —(m +n) +2 < v < 0. By Theorem 1.8, ©R) = £ P. O

5 Newton’s and Chebyshev’s methods

A root-finding method applied to a non-constant polynomial p is a rational map,
for which every root of p is an attracting (superattracting if the root is simple) fixed
point. A root-finding method can be expected to inherit, at least partially, some
dynamical aspects of the polynomial. This section deals with the possible relation
between the rotational symmetries of the Julia set of a polynomial and that of some
root-finding methods applied to it.
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The Newton’s method is a classical root-finding method. The Newton’s method
N, applied to a polynomial p is defined as

N,

p

(2) =2z — p,(z) :

P'(2)
The dynamics of the Newton’s method applied to a polynomial has already been
determined. It is proved that the Julia set of IV, is connected. It is due to a result of
Shishiura (Theorem [22]) who proved that the Julia set of a rational map of degree
at least two is disconnected if the rational map has at least two weakly repelling
fixed point (a fixed point which is either repelling or a multiple fixed point). Other
than the roots of p (which are indeed attracting fixed points of N,), oo is only a
fixed point of N, and it is repelling. The following is proved by Yang [26].

Theorem 5.1. If p is a normalized polynomial then ¥p C XN,,.

In the same article ([26]) it is proved that the Julia set of N, is a line whenever
p has exactly two roots with same multiplicity. In fact, the Julia set is the perpen-
dicular bisector of the line segment joining two roots of p. In this case XN, contains
translation, hence can not be equal to ¥p. If XN, does not contain any translation
and Xp is non-trivial, then Theorem asserts that XN, contains rotations about
the origin. In this scenario one can expect equality in ¥p and X N,. We apply certain
conditions on p and use Theorem to prove the desire equality. As J(N,) is con-
nected, IV, does not contain a Herman ring of any period. However, the possibility
of existence of a Siegel disk can not be discarded. Note that, a polynomial is called
generic if all its roots are simple.

Theorem 5.2. Let p be a normalized, generic polynomial p with a root at the origin
and Xp be non-trivial. If N, does not contain a parabolic domain or a Siegel disk
then YXp = XN,,.

Proof. Recall from (2)) and (3)) that p(z) = 2%p(2?), where «, 3 are maximal for this
expression and pg is a monic polynomial. Since 0 is a simple root of p, a = 1 and
as Yp contains more than one element, 5§ > 2. The latter gives that every root of
Po gives rise to two distinct roots of p. Therefore, p has at least three distinct roots
and hence the Fatou set of N, contains at least three (in fact, infinitely many) Fatou
components. The Julia set cannot be a line. Since oo is a repelling fixed point of
N,, it follows from Theorem [4.3|that J(XN,) is not invariant under any translation.
Further, N, is not exceptional.
Now, p can be writtes as

k
p(z) =z Z a;2™P + a2

i=1
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where po(2) = 2™ +a2™2+- - +apz™ +ag11, a1 = land a; # 0fori =2,3,---k+1.
Then p'(z) = Zle biz™P + apy 1 where b; = a;(m; + 1), and

pe) _ )t e
P'(z) (301 0i2™) + g
z (m1B2™P 4 agmaB2m2F + -+ - 4 apmy,S2F)

(Zle biz™iP) + g

Np(z) =Z=

Let
1
P(Z> - /BZ (mlﬁzmlﬂ + a2m262m2'8 + ... a/k_lmk_lﬁzmkflﬁ + akmkﬁzmkﬂ)
ma
and

Q(z) = b_ll[(z bizmiﬁ) + @k+1]-

Then P and @ are normalized polynomials without any common root (as p is generic)
and Ny(z) = mb—llﬂgg; Let Py(z) = 2™~k 9202 pma=mi .. . GhetMhet pmy—m 4

eemk. Then P(z) = 2B Py (2P1) where my 3 + 1 and 3, are maximal for this

expression. Here 8 = fged(my — my, mo — my, - -+, my_1 — my) is a multiple of 5.
Similarly Q(z) = Qo(z”) where 3 is maximal for this expression. Now,

my B 2T Py (2Pr)

N,(z) =
P( ) bl QO(Z’B)
As ged(py,8) = 6 > 2 and mgfS + 1 > 1, it follows from Theorem that
YN, = {2+ Az : \? = 1}, which is nothing but p. O

The polynomial p(z) = 2(2® — 1) is normalized, generic and is with a simple root

at the origin. Also ¥p = {z — Az : A\* = 1}, non-trivial. Here N,(z) = %. Note

that the critical points of NNV, are the roots of p, which are also superattracting fixed
points of N,,. Hence N, can not have any parabolic domain or Siegel disk. Thus, it
follows from Theorem [.2] that ¥p = XN, (see Fig. [§[a)).

The preceding example can be generalized with the same argument. Consider
the polynomial p(z) = 2(2"—1), n > 2. Then N,(z) = (n_’ﬁ)%
of N, are the roots of p, and the Fatou set of N, consists of the basin of attractions

The critical points

corresponding to the roots of p. Therefore, N, does not have any parabolic or
rotation domain. Hence by Theorem [5.2] ¥p = XN, = {z — Az : X" = 1}.

Remark 5.1. The Kénig’s methods is a family of root-finding methods { K, ,,n =

2,3,...} defined by
[n—2]
| ()" @

()" e

Kyn(z) =2+ (n—1
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(a) Julia set of Ny(2) (b) Julia set of Cp(2)

Figure 8: The Newton’s method and the Chebyshev’s method applied to p(z) =
2(23—1)

(7]
where (zl)) denotes the i-th derivative of]l). Forn =2, K5 is the Newton’s method.
Some useful properties of K, ,, can be found in [6]. Liu and Gao proved the following

results in  [13)].

Theorem 5.3. If p is a normalized polynomial then Xp C XK, ,,.

Theorem 5.4. The Julia set J(K,,) of K, is a straight line if and only if p has
exactly two distinct roots with the same multiplicity.

Since oo is a repelling fived point of K, and J(K,,) # @, it follows from
Theorem that J(Kp,) is not invariant under any translation whenever p has
exactly two distinct roots with different multiplicities or has at least three distinct
roots. In this case, there are rotational symmetries of J(K,,) whenever Xp is non-
trivial. This motivates the following conjecture.

Conjecture 5.5. For n > 2 and a normalized polynomial p, XK, , = Xp.

It is already proved in Theorem that this is true for n = 2 under certain
conditions.

We now prove Theorem [5.3] for another root-finding method, namely the Cheby-
shev’s method. The Chebyshev’s method of p, denoted by C,, is defined as

Cpl2) = 2 = (1 + %Lp(z)) ﬁ(é))

25



where L,(z) = %. Note that if p is a monomial or a linear polynomial then
C, is a linear polynomial, and this is not of interest here. Now onwards, we assume
that p is not a monomial and deg(p) > 2. The Chebyshev’s method is a third-order
convergent method. In other words, the local degree of C), at each simple root of p
is at least three.

Theorem 5.6. For every normalized polynomial p, £p C XC,.

Proof. Recall that p(z) = 2%po(2”) where «, 8 are maximal for this expression. If
£ =1, then ¥Xp contains the identity map only and hence the theorem is trivial.
Let 8 > 2. Then p has at least two non-zero roots. This is because py(z”) has
a non-zero root and 3 > 2. For every o € ¥p,o(z) = Az where M’ = 1. Note that
p(Az) = X%2%%y(N2) = X\%p(2). Differentiating it once and twice, it is found that
P (Az) = ALy (2) and p"(Az) = A*2p"(2). Thus, L,(0(2)) = 2o 2@G) _ 1 (1)

(Ae=1p(2))?
and hence
_ ! o)
Cylo() = o(:) = (14 31,002 ) B2
= Az — L z Ap(2) =0 z
== (1435 ) 2 a6,
Therefore o(J(C,) = J(C,) and o € £C,. O

A generalized version of Theorems [5.1] and is established in [17]. It
is shown that if a root-finding method F' satisfies a special property, named as
the Scaling Theorem, then for any normalized polynomial p, ¥p C X F, (Theorem
1.1., [I7]). Note that the Konig’s methods and the Chebyshev’s method satisfy the
Scaling Theorem (see [6] and [16]). An attempt to find equality in Xp and XC, is
made in [I7] and [I§]. The work is done for polynomials of degree up to four. In
a general case, the same is done for unicritical polynomial and polynomials with
exactly two roots. Considering a polynomial of any degree, the following result
proves equality in Xp and XC, under certain conditions.

Theorem 5.7. Let p be a normalized and generic polynomial with a simple root at
the origin such that p’ is also generic. If ¥p is non-trivial and C, does not contain
a parabolic or rotation domain then Xp = XC,.

Proof. The Chebyshev’s method has a repelling fixed point at co. Using the argu-
ments used in the proof of the Theorem it is found that J(C),) # C and XC,, does
not contain any translation. For p(z) = z Zle a; 2™ 4 aj,1 2 where a; = 1, observe
that p/(2) = S2F_, bi2™ + ajs1, where by = a;(m;8+1), and p"(2) = S2F_| ¢;zm0 1,
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where ¢; = bym; 3, for i = 1,2,... k (see ) Note that ¥p is non-trivial amounts
to 8 > 2. We have

(1, ) 26 (20— R0~ EmE )
Oy(z) = (1+2L,,< >) ( i )

Since p, p’ are generic, there is no common root of Fi(z) — Fy(2) and p'(z))®. Let
Fi(z) = 2(p(2))* and Fy(z) = {2(p'(2))? — 2p"(2)po(2”) }po(2”). Then

0=+ (P )

3
Since Fi(z) =2 (Zle biz™iP ak+1> and,

Fy(2) =
k 2 k k k

2 (Z biz™P 4 &k+1> — (Z cizmi5> <Z a; 2™ + akH) (Z a;2"™P + &k+1> .
i=1 i=1 i=1 =1

The constant terms of Fi(z) and Fy(z) are the same and that is 2a}_ ;. In other
words, there is no constant term in Fj(z) — Fy(z). Further, each of its terms is a
constant multiple of some positive power of 2°.

Hence, there exist natural numbers ¢ and 3, such that Fy(z)—Fy(2) = AzSF(2%1),
where § divides ( as well as 5; and A is the coefficient of the leading term of
Fi(z) — F3(z). Choose ¢ and /3 to be maximal for this expression. Note that ( is
the multiplicity of 0 as a root of F(z) — Fy(z). By the choice of A, F(2°1) is monic.
Further, since 8; > 2, F(z) is centered. Thus F(z7) is a normalized polynomial
and is with a non-zero constant term because of the choice of (. Note that (p'(z))?
is centered as $ > 2 and taking its leading coefficient, say A’ common we get the
expression of C), as

F(z%
Cy(2) = Bzt Q((zﬁ))’
where B = 4, and (p/(2))? = A'Q(z"). For this latter expression, 3 is maximal as
it is so for p’. Since ged(B1, 5) = 1, it follows from Theorem that ¥C), = {z —
Az : M =1}, Therefore ©C, = p. O

Consider the polynomial p(z) = z(2* — 1). Then p/(z) = 42® — 1 is generic. In
[17] ¥p = 3C, is proved by analyzing the number of unbounded Fatou components
of C,. It is also proved that the J(C,) is connected and F is the union of basins of
attraction of the superattracting fixed points of C), corresponding to the roots of p.
Thus F(C,) does not consist of any parabolic or rotation domain. The Fig. (8[b),
illustrating the Fatou and the Julia set of C,, supports Theorem [5.7]
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