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Abstract

We consider a class of bulk-surface coupled Cahn-Hilliard systems in a smooth, bounded domain Ω ⊂ R
d

(d ∈ {2, 3}), where the trace value of the bulk phase variable is connected to the surface phase variable

via a Dirichlet boundary condition or its Robin approximation. For a general class of singular potentials

(including the physically relevant logarithmic potential), we establish the regularity propagation of global

weak solutions to the initial boundary value problem. In particular, when the spatial dimension is two, we

prove the instantaneous strict separation property, which ensures that every global weak solution remains

uniformly away from the pure states ±1 after any given positive time. In the three-dimensional case, we

obtain the eventual strict separation property that holds for sufficiently large time. This strict separation

property allows us to prove that every global weak solution converges to a single equilibrium as time goes to

infinity using the Łojasiewicz-Simon approach. Finally, we study the double obstacle limit for the problem

with logarithmic potentials in the bulk and on the boundary, showing that as the absolute temperature Θ
tends to zero, the corresponding weak solutions converge (for a suitable subsequence) to a weak solution of

the problem with a double obstacle potential.

Keywords: Cahn-Hilliard equation, bulk-surface interaction, dynamic boundary condition, singular poten-

tial, separation property, convergence to equilibrium, double obstacle limit.
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1 Introduction

The Cahn-Hilliard equation is a fundamental diffuse-interface model proposed in [5] to describe spinodal

decomposition of binary alloys. In the diffuse-interface framework, an order parameter ϕ, known as the phase-

field, is introduced to characterize the difference between local concentrations (e.g., volume fractions) of two

components in a binary mixture. Regions of pure phases correspond to areas with ϕ = ±1. They are separated

by a thin interfacial layer (diffuse interface) whose thickness is proportional to a small parameter ε > 0. In

intermediate regions, the phase function ϕ exhibits a continuous transition between −1 and 1. Diffuse-interface

models, including the Cahn-Hilliard equation and its variants, provide an efficient tool for studying morpholog-

ical changes of free interfaces in fluid or solid mixtures from both theoretical and numerical perspectives [43].

In recent years, they have been successfully applied to describe phase separation phenomena arising in various

areas of scientific research, such as diblock copolymers, image painting, tumor growth and two-phase flows.

Let us consider the following Cahn-Hilliard equation
{
∂tϕ = ∆µ, in Ω× (0,+∞),
µ = −∆ϕ+ F ′(ϕ), in Ω× (0,+∞),

(1.1)

*School of Mathematical Sciences, Fudan University, Shanghai 200433, P.R. China. Email: mylv22@m.fudan.edu.cn
†Corresponding author. School of Mathematical Sciences and Shanghai Key Laboratory for Contemporary Applied Mathematics,

Fudan University, Shanghai 200433, P.R. China. Email: haowufd@fudan.edu.cn

1

http://arxiv.org/abs/2407.01986v1


where Ω ⊂ R
d (d ∈ {2, 3}) is a bounded domain with smooth boundary Γ := ∂Ω. For simplicity, several phys-

ical parameters such as the interfacial thickness, interfacial tension and mobility etc have been set to unity since

their values do not have any influence on the subsequent analysis. The functions ϕ : Ω × (0,+∞) → [−1, 1]
and µ : Ω × (0,+∞) → R denote the phase-field and chemical potential in the bulk, respectively. To en-

sure well-posedness of the evolution equation (1.1), appropriate boundary conditions (accompanied by an

initial condition for ϕ) must be taken into account. Classical choices include the homogeneous Neumann

boundary conditions for the phase-field variable and the chemical potential, specifically, ∂nϕ = ∂nµ = 0 on

Γ× (0,+∞). The resulting initial-boundary value problem has been extensively studied in the literature (see,

e.g., [2, 19, 29, 33, 43, 45, 48] and the references therein). Apart from their crucial role in the mathematical

analysis, the physics associated with these boundary conditions is also significant for real-world applications.

For instance, ∂nµ = 0 represents a no-flux boundary condition, indicating that there is no exchange of mass

between the inside and outside of the domain Ω. However, the boundary condition ∂nϕ = 0 may have limita-

tions from a physical perspective, as it implies that the diffuse interface between two components of the mixture

intersects the boundary Γ with a fixed contact angle of ninety degrees at all times, which may be unrealistic

(cf. [47]). Generally speaking, the physics associated with boundary conditions cannot be simply deduced from

that associated with evolution equations in the bulk. The coexistence of different dissipative processes in the

bulk and on the boundary is a common phenomenon in mixtures of materials (see [20, 34, 47]).

In recent years, the study of boundary effects in phase separation processes of binary mixtures has garnered

significant attention. To describe short-range interactions between the solid boundary and the mixture contained

within, several types of dynamic boundary conditions for the Cahn-Hilliard equation have been introduced and

analyzed in the literature, as seen in the recent review paper [52] and the references therein. In this work, we

specifically focus on the following boundary conditions:





∂nµ = 0, on Γ× (0,+∞),
K∂nϕ = ψ − ϕ, on Γ× (0,+∞),
∂tψ = ∆Γθ, on Γ× (0,+∞),
θ = ∂nϕ−∆Γψ +G′(ψ), on Γ× (0,+∞),

(1.2)

where n := n(x) stands for the unit outer normal vector on Γ. The symbols ∂n and ∆Γ denote the outward

normal derivative and the Laplace-Beltrami operator on the boundary, respectively. In (1.2), the surface phase-

field ψ : Γ × (0,+∞) → [−1, 1] represents distribution of the binary mixture on the boundary and θ :
Γ× (0,+∞) → R denotes the surface chemical potential. To solve the evolution problem (1.1)–(1.2), we also

impose the initial conditions:

ϕ|t=0 = ϕ0 in Ω, ψ|t=0 = ψ0 on Γ. (1.3)

In (1.2), we neglect mass transfer between the bulk and boundary, maintaining the no-flux boundary condition

∂nµ = 0 (cf. [30, 36], where possible adsorption or desorption processes between the materials in the bulk and

on the boundary were considered, see (1.9) below). This condition also implies that the chemical potentials

µ and θ are not directly coupled, and interactions between the bulk and surface materials occur through the

phase-fields ϕ and ψ. The third and fourth conditions in (1.2) yield a surface Cahn-Hilliard equation for ψ
on Γ, which is coupled to the bulk through the normal derivative ∂nϕ. Finally, we observe that the bulk and

surface phase-field functions are coupled through the second condition in (1.2) with a parameter K ∈ [0,+∞).
When K = 0, it simplifies to a transmission condition ϕ|Γ = ψ on Γ × (0,+∞), i.e., a (non-homogeneous)

Dirichlet boundary condition for the bulk phase-field, where ϕ|Γ represents the trace of ϕ on the boundary.

When K ∈ (0,+∞), the corresponding condition provides a Robin type approximation (also known as the

boundary penalty method), see [10, 35] for further discussions. Formally, in the limit K → +∞, we find

∂nϕ = 0, which, together with ∂nµ = 0, indicates that the dynamics of ϕ in the bulk and the dynamics of ψ on

the boundary become independent. This situation is less interesting and will not be considered here.

The set of boundary conditions (1.2) with K = 0 was initially derived in [40], employing an energetic

variational approach that integrates the least action principle and Onsager’s principle of maximum energy dis-
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sipation. It characterizes a specific phase separation process involving transmission dynamics between the bulk

and the boundary, inherently satisfying three physical properties: mass conservation and force balance both in

the bulk and on the boundary, as well as dissipation of the total free energy (see (1.4), (1.5) below). Extensions

have been made in [35] to the case of an affine linear transmission condition, ϕ|Γ = αψ + β, further to a

more general scenario, ϕ|Γ = H(ψ), for some continuous function H : R → R. Additionally, the case with

K ∈ (0,+∞) was proposed as a Robin approximation of the Dirichlet-type transmission condition, and the

convergence as K → 0 for the affine linear case was rigorously justified with an error estimate. It is noteworthy

that the general transmission condition, such as like ϕ|Γ = H(ψ), was first considered in [10] for the Allen-

Cahn system to account for some intriguing and non-trivial couplings between bulk and surface dynamics. In

this study, we confine ourselves to the linear case, ϕ|Γ = ψ, for simplicity.

Let us now present some important properties of the bulk-surface coupled system (1.1)–(1.3). For suffi-

ciently regular solutions, we find the conservation of mass both in the bulk and on the boundary:
∫

Ω
ϕ(t) dx =

∫

Ω
ϕ0 dx,

∫

Γ
ψ(t) dS =

∫

Γ
ψ0 dS, ∀ t ∈ [0,+∞). (1.4)

Next, the total free energy associated to the system (1.1)–(1.2) is given by

E
(
ϕ,ψ

)
:=

∫

Ω

(1
2
|∇ϕ|2 + F (ϕ)

)
dx

︸ ︷︷ ︸
bulk free energy

+

∫

Γ

(1
2
|∇Γψ|2 +G(ψ)

)
dS

︸ ︷︷ ︸
surface free energy

+
χ(K)

2

∫

Γ
|ψ − ϕ|2 dS,

where ∇ and ∇Γ denote the gradient operator in Ω and the tangential (surface) gradient operator on Γ, respec-

tively. Here we set

χ(K) :=





0, if K = 0,

1

K
, if K ∈ (0,+∞),

to distinguish the case of Dirichlet transmission condition and its Robin approximation. The first and second

terms in E correspond to the bulk and surface free energies of Ginzburg-Landau type, while the third term

measures the deviation of the trace ϕ|Γ from ψ (cf. [10, 35]). The surface Dirichlet energy (1/2)
∫
Γ |∇Γψ|2dS

corresponds to possible surface diffusion and yields a regularizing effect on the boundary (cf. [12, 40] for the

case K = 0). A direct calculation yields that, for sufficiently regular solutions to problem (1.1)–(1.3), the

following energy identity is fulfilled:

d

dt
E
(
ϕ(t), ψ(t)

)
+

∫

Ω
|∇µ(t)|2 dx+

∫

Γ
|∇Γθ(t)|2 dS = 0, ∀ t ∈ (0,+∞). (1.5)

We note that the bulk and boundary chemical potentials µ, θ can be obtained from the variation of the total free

energy. Moreover, the Cahn-Hilliard system (1.1)–(1.2) can be regarded as a gradient flow of E with respect to

a suitable inner product (see [25, 35]).

The nonlinear functions F and G represent the homogeneous free energy densities in the bulk and on the

boundary, respectively. We shall treat general singular potentials in a setting similar to that in [13], namely,

with the decomposition

F = β̂ + π̂, G = β̂Γ + π̂Γ, (1.6)

where β̂, β̂Γ are proper convex lower semicontinuous functions and π̂, π̂Γ are smooth concave perturbations.

Then we denote F ′ = β + π and G′ = βΓ + πΓ, where β = ∂β̂, βΓ = ∂β̂Γ are the subdifferentials of β̂, β̂Γ
and π = π̂′, πΓ = π̂′Γ are usual derivatives. In applications related to materials science, a physically relevant

choice for F (and G) is the logarithmic potential [5] (also referred to as the Flory-Huggins potential):

Wlog(r) :=
Θ

2

[
(1 + r)ln(1 + r) + (1− r)ln(1− r)

]
︸ ︷︷ ︸

=:F0(r)

−Θc

2
r2, r ∈ (−1, 1), (1.7)
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where Θ > 0 is the absolute temperature of the mixture and Θc is the critical temperature for phase separation.

We find that the logarithmic part F0 ∈ C([−1, 1]) ∩ C∞(−1, 1) is convex, while Wlog is non-convex with a

double-well structure if Θc > Θ. Wlog is referred to as a singular potential since the derivative f0(r) = F ′
0(r)

diverges to ±∞ as r → ±1. In practice, the logarithmic potential is often approximated by a regular potential

of polynomial type like

Wreg(r) =
1

4
(r2 − 1)2, r ∈ R.

We also mention another commonly used singular potential, that is, the so-called double-obstacle potential

(see [4]):

W2obs(r) = I[−1,1](r)−
Θc

2
r2 =





−Θc

2
r2, if r ∈ [−1, 1],

+∞, else,
(1.8)

where I[−1,1](r) is the indicator function of [−1, 1]. Then it holds W ′
2obs(r) = ∂I[−1,1](r)−Θcr.

We first recall some related results in the case whereK = 0. The problem (1.1)–(1.3) with regular potentials

F , G was initially analyzed in [40], where well-posedness and long-time behavior (i.e., convergence to a single

equilibrium) of global weak/strong solutions were established. Subsequently, by introducing a slightly weaker

notation of the solution, the authors of [25] proved existence and uniqueness of weak solutions via a gradient

flow approach, removing the additional geometric assumption imposed in [40] when the surface diffusion is

absent. Besides, the existence of a global attractor and exponential attractors were obtained in [44]. The case

with singular potentials (including (1.7), (1.8)) is more intricate. Existence and uniqueness of weak/strong

solutions were proved in [13] based on a novel time-discretization scheme for a regularized problem with

viscous terms (in the chemical potentials) and Yosida’s approximation (for the singular nonlinearities F , G).

Regularity propagation of weak solutions and the existence of a global attractor were proved in [44]. However,

less is known about the long-time behavior in this case (for instance, convergence to a single equilibrium

and the existence of exponential attractors), since further regularity properties of weak solutions, particularly

whether the solution will stay uniformly away from the pure states, remain unclear. We also mention [12], in

which the authors investigated the asymptotic limit as the surface diffusion acting on the boundary phase-field

variable vanishes. They obtained a forward-backward dynamic boundary condition at the limit, and, thanks to

the Dirichlet type transmission condition (i.e., K = 0), they were able to prove well-posedness of the limit

problem with a general class of singular potentials.

Next, when K ∈ (0,+∞), problem (1.1)–(1.3) with regular potentials F ,G was investigated in [35]. Well-

posedness and the asymptotic limit as K → 0, both with or without surface diffusion on the boundary, were

established. Recently, in [38], a general class of bulk-surface Cahn-Hilliard systems with convection, dynamic

boundary conditions, and regular potentials was analyzed. The authors considered the following boundary

condition that extends the second one in (1.2):

L∂nµ = θ − µ, on Γ× (0,+∞), with L ∈ [0,+∞]. (1.9)

They first proved existence of global weak solutions in the case K,L ∈ (0,+∞) using a suitable Faedo-

Galerkin approximation, and then obtained the existence of weak solutions for all other cases through the

asymptotic limits (i.e., letting K and L tend to 0 or to +∞). Unfortunately, singular potentials like the loga-

rithmic potential (1.7) or the double-obstacle potential (1.8) are not admissible in this context (see [38, Remark

2.1]). For problem (1.1)–(1.3) with K ∈ (0,+∞) and singular potentials, the only available analytic result was

given in [17], where the authors studied the Cahn-Hilliard system (1.1)–(1.2) coupled to a Brinkman equation

that describes the motion of creeping two-phase flows in a porous medium. They established the existence of

global weak solutions for singular potentials, including (1.7) and (1.8). However, due to the coupling with a ve-

locity equation, the uniqueness and regularity of weak solutions remain open. Furthermore, in contrast to [12],

the dynamics in the bulk do not seem sufficiently strong to compensate the backward dynamics in the limit of
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vanishing surface diffusion on the boundary, since K ∈ (0,+∞) implies a weaker relationship between ϕ|Γ
and ψ.

Our aim in this study is to explore the strict separation property and asymptotic behavior of global weak

solutions to problem (1.1)–(1.3) with singular potentials for all K ∈ [0,+∞). The findings are summarized as

follows:

(1) Strict separation from pure states. In three dimensions, we establish the eventual strict separation prop-

erty for a general class of singular potentials, ensuring that every global weak solution stays uniformly

distant from the pure states ±1 after a sufficiently large time. Our proof relies on the gradient flow struc-

ture of problem (1.1)–(1.3) and the strict separation property of the ω-limit set (see Theorem 2.1). When

the spatial dimension is two, under certain additional assumptions (see (A5a), (A5b) in Section 2), we

prove the instantaneous strict separation property, meaning that every global weak solution stays uni-

formly away from ±1 after an arbitrary given positive time (see Theorem 2.2). We successfully extend

the direct method from [22] and the De Giorgi’s iteration scheme from [23], originally applied to the

Cahn-Hilliard equation with homogeneous Neumann boundary conditions, to the present case involving

non-trivial bulk-surface interactions.

(2) Long-time behavior. Thanks to the strict separation property, we can regard the singular potentials as

globally Lipschitz functions on a compact subset of (−1, 1). Consequently, problem (1.1)–(1.3) can be

approached as the case with regular potentials (cf. [2,24,48]). More precisely, assuming that F and G are

real analytic on (−1, 1), we can prove that every global weak solution converges to a single equilibrium

as t → +∞ (see Theorem 2.3). The proof is aided by an extended Łojasiewicz-Simon type gradient

inequality that incorporates bulk-surface interactions (see Lemma 5.2).

(3) Double obstacle limit. Consider problem (1.1)–(1.3) with F = G = Wlog in a finite time interval

[0, T ] for any given final time T ∈ (0,+∞). Despite the bulk-surface coupling structure, we prove that

weak solutions (ϕΘ, ψΘ, µΘ, θΘ) corresponding to the parameter Θ ∈ (0, 1] converge (for a suitable

subsequence) to the weak solution of the limit system as Θ → 0. In this limit system, equations (1.1)2,

(1.2)4 for the bulk and surface chemical potentials are replaced by differential inclusions related to the

subgradient of the double obstacle potential W2obs (see Theorem 2.4). The proof relies on uniform

estimates with respect to the parameter Θ ∈ (0, 1] that can be derived from the energy equality (1.5) and

a compactness argument similar to that in [1].

The strict separation property plays a pivotal role in the study of phase-field models with singular potentials.

It simplifies the handling of singular potentials and enables us to gain further insights into the regularity and

long-time behavior of global solutions. For the Cahn-Hilliard equation (1.1) subject to homogeneous Neumann

boundary conditions, the eventual separation property was proven in [2] using a dynamic approach (see [23] for

an alternative proof based on De Giorgi’s iteration scheme). Regarding the eventual separation property for the

Cahn-Hilliard equation with Cahn-Hilliard type dynamic boundary conditions, we refer to the recent works [21]

(for the case K = L = 0) and [42] (for the case K = 0, L ∈ [0,+∞)). On the other hand, the instantaneous

strict separation property is more intricate since it depends on the spatial dimension and necessitates additional

assumptions on the singular potential. Taking a singular potential F = β̂ + π̂ as an example, a commonly used

assumption is the following pointwise relation between the first and second order derivatives β̂′, β̂′′:

β̂′′(r) ≤ C♯e
C♯|β̂

′(r)|
κ♯
, ∀ r ∈ (−1, 1), (1.10)

for some constants C♯ > 0 and κ♯ ∈ [1, 2). See [22, 29, 32, 45, 52] and the references therein for detailed

discussions in the case of homogeneous Neumann boundary conditions. Recently, with the aid of a suitable

De Giorgi’s iteration scheme, the authors of [23] were able to treat a wilder set of singular potentials based on

some milder growth condition just for the first-order derivative β̂′ near the pure states ±1, that is , as δ → 0,
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there exists κ > 1/2, such that

1

β̂′(1− 2δ)
= O

( 1

| ln δ|κ
)
,

1

|β̂′(1− 2δ)|
= O

( 1

| ln δ|κ
)
. (1.11)

Regarding the Cahn-Hilliard equation coupled with Cahn-Hilliard type dynamic boundary conditions, the au-

thors of [21] achieved instantaneous separation in two dimensions under the assumption (1.10) with κ♯ = 1 for

the case K = L = 0. Recently, in [42], this result was extended to the case K = 0, L ∈ [0,+∞) using a

suitable De Giorgi’s iteration scheme under the assumption (1.11). To the best of our knowledge, for the bulk-

surface coupled Cahn-Hilliard system in the case K ∈ (0,+∞), whether the strict separation property holds or

not remains an open question. Lastly, it is worth mentioning recent progresses on the strict separation property

of nonlocal and fractional Cahn-Hilliard equations, as seen in [22, 23, 28, 46] and the references therein.

Concerning the double obstacle limit, the Cahn-Hilliard equation (1.1) with the double obstacle potential

(1.8) and homogenous Neumann boundary conditions was first studied in [4], and later it was proven in [18]

that as Θ → 0, solutions of the Cahn-Hilliard equation with Wlog converge to solutions corresponding to W2obs.

This type of result is also known as the deep quench limit in the literature. For extensions to the Navier-Stokes-

Cahn-Hilliard system for incompressible two-phase flows, see [1] for the case with matched densities and [3]

for the case with unmatched densities. Returning to our problem (1.1)–(1.3), well-posedness in the case with

F = G = W2obs and K = 0 was established in [13], while for the case K ∈ (0,+∞), existence of weak

solutions was obtained in [17]. In this study, we rigorously justify the limiting procedure as Θ → 0, with the

novelty being the treatment of the bulk-surface coupling.

In recent years, the Cahn-Hilliard equation subject to Cahn-Hilliard type dynamic boundary conditions for

the phase-field variable and the general boundary condition (1.9) for the chemical potential has also garnered

significant attention. The parameter L distinguishes different types of adsorption or desorption processes be-

tween the materials in the bulk and on the boundary, and the value of 1/L can be interpreted as a kinetic

rate [36]. Related models with L ∈ [0,+∞] have been extensively studied in the literature from various view-

points, as seen in [9, 11, 12, 21, 25, 26, 30, 36, 38, 40–42, 44]. For further discussions on this topic, we refer to

the review paper [52].

The remainder of this paper is structured as follows: In Section 2, we introduce notations, assumptions and

preliminaries, followed by the presentation of our main results. In Section 3, we present the well-posedness of

problem (2.3) and establish some basic properties for global weak solutions, including the mass conservation

law, energy dissipation and global regularity. In Section 4, we first demonstrate the instantaneous strict sepa-

ration property in two dimensions and then establish the eventual strict separation property that applies in both

two and three dimensions. In Section 5, we show that every global weak solution converges to a single equi-

librium as time goes to infinity, using the Łojasiewicz-Simon approach. Section 6 is dedicated to proving the

double obstacle limit as Θ → 0. In the Appendix, we provide useful tools and outline the proof of a generalized

Łojasiewicz-Simon inequality.

2 Main Results

2.1 Preliminaries

For any real Banach space X, we denote its norm by ‖ · ‖X , its dual space by X ′ and the duality pairing

between X ′ and X by 〈·, ·〉X′ ,X . If X is a Hilbert space, we denote the associated inner product by (·, ·)X .

The space Lq(0, T ;X) (1 ≤ q ≤ +∞) stands for the set of all strongly measurable q-integrable functions with

values in X, or, if q = +∞, essentially bounded functions. The space Lq
uloc(0,+∞;X) denotes the uniformly

local variant of Lq(0,+∞;X) consisting of all strongly measurable f : [0,+∞) → X such that

‖f‖Lq
uloc(0,+∞;X) := sup

t≥0
‖f‖Lq(t,t+1;X) < +∞.
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If T ∈ (0,+∞), we simply have Lq
uloc(0, T ;X) = Lq(0, T ;X). The space C([0, T ];X) denotes the Banach

space of all bounded and continuous functions u : [0, T ] → X equipped with the supremum norm, while

Cw([0, T ];X) denotes the topological vector space of all bounded and weakly continuous functions.

Let Ω be a bounded domain in R
d (d ∈ {2, 3}) with sufficiently smooth boundary Γ := ∂Ω. We denote by

|Ω| and |Γ| the Lebesgue measure of Ω and the Hausdorff measure of Γ, respectively. For any 1 ≤ q ≤ +∞,

k ∈ N, the standard Lebesgue and Sobolev spaces on Ω are denoted by Lq(Ω) and W k,q(Ω). Here, we use

N for the set of natural numbers including zero. For s ≥ 0 and q ∈ [1,+∞), we denote by Hs,q(Ω) the

Bessel-potential spaces and by W s,q(Ω) the Slobodeckij spaces. If q = 2, it holds Hs,2(Ω) = W s,2(Ω) for all

s and these spaces are Hilbert spaces. We use the notations Hs(Ω) = Hs,2(Ω) = W s,2(Ω) and H0(Ω) can be

identified with L2(Ω). The Lebesgue spaces, Sobolev spaces and Slobodeckij spaces on the boundary Γ can be

defined analogously, provided that Γ is sufficiently regular. Again, we write Hs(Γ) = Hs,2(Γ) =W s,2(Γ) and

identify H0(Γ) with L2(Γ). For convenience, we shall use the following shortcuts:

H := L2(Ω), HΓ := L2(Γ), V := H1(Ω), VΓ := H1(Γ).

Next, we introduce the product spaces

Lq := Lq(Ω)× Lq(Γ) and Hk := Hk(Ω)×Hk(Γ),

for q ∈ [1,+∞] and k ∈ R, k ≥ 0. Like before, we can identify H0 with L2. For any k ∈ N, Hk is a Hilbert

space endowed with the standard inner product

(
(y, yΓ), (z, zΓ)

)
Hk := (y, z)Hk(Ω) + (yΓ, zΓ)Hk(Γ), ∀ (y, yΓ), (z, zΓ) ∈ Hk

and the induced norm ‖ · ‖Hk := (·, ·)1/2
Hk . We introduce the duality pairing

〈
(y, yΓ), (ζ, ζΓ)

〉
(H1)′,H1 = (y, ζ)L2(Ω) + (yΓ, ζΓ)L2(Γ), ∀ (y, yΓ) ∈ L2, (ζ, ζΓ) ∈ H1.

By the Riesz representation theorem, this product can be extended to a duality pairing on (H1)′ ×H1. For any

positive integer k, we introduce the Hilbert space

Vk :=
{
(y, yΓ) ∈ Hk : y|Γ = yΓ a.e. on Γ

}
,

endowed with the inner product (·, ·)Vk := (·, ·)Hk and the associated norm ‖ · ‖Vk := ‖ · ‖Hk . Here, y|Γ
stands for the trace of y ∈ Hk(Ω) on the boundary Γ, which is meaningful for k ∈ Z

+. The duality pairing on

(V1)′ × V1 can be defined in a similar manner.

For every y ∈ V ′, we denote by 〈y〉Ω = |Ω|−1〈y, 1〉V ′, V its generalized mean value over Ω. If y ∈ L1(Ω),
then its spatial mean is simply given by 〈y〉Ω = |Ω|−1

∫
Ω y dx. The spatial mean for a function yΓ on Γ,

denoted by 〈yΓ〉Γ, can be defined in a similar manner. With these notations, we define the following subspaces

for functions with zero mean:

H0 :=
{
y ∈ H : 〈y〉Ω = 0

}
, HΓ,0 :=

{
yΓ ∈ HΓ : 〈yΓ〉Γ = 0

}
,

V0 := V ∩H0, VΓ,0 := VΓ ∩HΓ,0,
V ∗
0 :=

{
y ∈ V ′ : 〈y〉Ω = 0

}
, V ∗

Γ,0 :=
{
yΓ ∈ V ′

Γ : 〈yΓ〉Γ = 0
}
,

and

L2
(0) := H0 ×HΓ,0, Hk

(0) := Hk ∩ L2
(0), Vk

(0) := Vk ∩ L2
(0).

We also define the projection operators

PΩ : H → H0, y 7→ y − 〈y〉Ω, ∀ y ∈ H,
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PΓ : HΓ → HΓ,0, yΓ 7→ yΓ − 〈yΓ〉Γ, ∀ yΓ ∈ HΓ.

Thanks to the Poincaré-Wirtinger inequality, there exists a positive constant Cp such that

‖y‖2V ≤ Cp‖y‖2V0
, ‖y‖V0 :=

( ∫

Ω
|∇y|2 dx

) 1
2
, ∀ y ∈ V0, (2.1)

‖yΓ‖2VΓ
≤ Cp‖yΓ‖2VΓ,0

, ‖yΓ‖VΓ,0
:=

( ∫

Γ
|∇ΓyΓ|2 dS

) 1
2
, ∀ yΓ ∈ VΓ,0. (2.2)

For k ∈ N and K ∈ [0,+∞), we introduce the following notations

Hk
K :=

{
Hk if K > 0,
Vk if K = 0,

and Hk
K,0 :=

{
Hk

(0) if K > 0,

Vk
(0) if K = 0.

Besides, we consider the Hilbert spaces

W2
K :=

{ {
(y, yΓ) ∈ H2 : K∂ny = yΓ − y a.e. on Γ

}
, if K > 0,

V2, if K = 0,
and W2

K,0 := W2
K ∩ L2

(0),

equipped with the usual inner product (·, ·)H2 and the associated norm ‖ · ‖H2 .

Like in [13], from the Lax-Milgram theorem, we can introduce the operator NΩ : V ∗
0 → V0 by u = NΩv if

and only if 〈u〉Ω = 0 and

∫

Ω
∇u · ∇z dx = 〈v, z〉V ′,V , ∀ z ∈ V.

Analogously, we define NΓ : V ∗
Γ,0 → VΓ,0 by uΓ = NΓvΓ if and only if 〈uΓ〉Γ = 0 and

∫

Γ
∇ΓuΓ · ∇ΓzΓ dS = 〈vΓ, zΓ〉V ′

Γ,VΓ
, ∀ zΓ ∈ VΓ.

By virtue of these definitions, we can introduce the following equivalent norms

‖y‖V ∗

0
:=

( ∫

Ω
|∇NΩy|2 dx

)1/2
, ∀ y ∈ V ∗

0 ,

‖y‖V ′ :=
(
‖y − 〈y〉Ω‖2V ∗

0
+ |〈y〉Ω|2

)1/2
, ∀ y ∈ V ′,

‖yΓ‖V ∗

Γ,0
:=

(∫

Γ
|∇ΓNΓyΓ|2 dS

)1/2
, ∀ yΓ ∈ V ∗

Γ,0,

‖yΓ‖V ′

Γ
:=

(
‖yΓ − 〈yΓ〉Γ‖2V ∗

Γ,0
+ |〈yΓ〉Γ|2

)1/2
, ∀ yΓ ∈ V ′

Γ.

Finally, we recall the following chain rules:

1

2

d

dt
‖y‖2V ∗

0
= 〈∂ty,NΩy〉V ′,V , ∀ y ∈ H1(0, T ;V ∗

0 ),

1

2

d

dt
‖yΓ‖2V ∗

Γ,0
= 〈∂tyΓ,NΓyΓ〉V ′

Γ,VΓ
, ∀ yΓ ∈ H1(0, T ;V ∗

Γ,0).
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2.2 The initial boundary value problem

For an arbitrary but given final time T ∈ (0,+∞), we denote QT := Ω× (0, T ) and ΣT := Γ× (0, T ). If

T = +∞, we simply set Q := Ω × (0,+∞) and Σ := Γ × (0,+∞). In view of the decomposition (1.6) for

the bulk and surface potentials, we reformulate our target problem (1.1)–(1.3) as follows:





∂tϕ = ∆µ, in Q,
µ = −∆ϕ+ β(ϕ) + π(ϕ), in Q,
∂nµ = 0, on Σ,
K∂nϕ = ψ − ϕ, on Σ,
∂tψ = ∆Γθ, on Σ,
θ = ∂nϕ−∆Γψ + βΓ(ψ) + πΓ(ψ), on Σ,
ϕ|t=0 = ϕ0, in Ω,
ψ|t=0 = ψ0, on Γ,

(2.3)

where ϕ0 : Ω → [−1, 1], ψ0 : Γ → [−1, 1] are given functions.

Throughout this paper, we make the following assumptions (cf. [13, 42]):

(A1) The nonlinear convex functions β̂, β̂Γ belong to C([−1, 1]) ∩ C2(−1, 1). Their derivatives are denoted

by β = β̂′, βΓ = β̂′Γ such that β, βΓ ∈ C1(−1, 1) are monotone increasing functions. Moreover, it holds

lim
r→−1

β(r) = −∞, lim
r→−1

βΓ(r) = −∞,

lim
r→1

β(r) = +∞, lim
r→1

βΓ(r) = +∞,

and the derivatives β′, β′Γ fulfill

β′(r) ≥ ̟, β′Γ(r) ≥ ̟, ∀ r ∈ (−1, 1)

for some constant ̟ > 0. Without loss of generality, we set β̂(0) = β̂Γ(0) = β(0) = βΓ(0) = 0 and

make the extension β̂(r) = +∞, β̂Γ(r) = +∞ for |r| > 1.

(A2) There exist positive constants ̺, c0 such that

|β(r)| ≤ ̺|βΓ(r)|+ c0, ∀ r ∈ (−1, 1). (2.4)

(A3) π̂, π̂Γ ∈ C1(R) and their derivatives π, πΓ are globally Lipschitz continuous with Lipschitz constants

denoted by γ1 and γ2, respectively.

(A4) The initial datum satisfies (ϕ0, ψ0) ∈ H1
K , β̂(ϕ0) ∈ L1(Ω), β̂Γ(ψ0) ∈ L1(Γ). Moreover, it holds

m0 := 〈ϕ0〉Ω ∈ (−1, 1) and mΓ0 := 〈ψ0〉Γ ∈ (−1, 1).

Remark 2.1. In order to handle the bulk-surface interaction, it is necessary to have a compatibility condition

between the bulk and surface potentials. In (A2), we take a common assumption where βΓ dominates β (as seen

in [6,13–16,40]). This choice allows us to derive some crucial uniform estimates without encountering further

technical issues. An alternative approach is to consider the bulk potential as the dominating one (cf. [27, 30]).

For the sake of convenience, below we shall use the bold notations

ϕ = (ϕ,ψ), µ = (µ, θ), β = (β, βΓ), π = (π, πΓ), ϕ0 = (ϕ0, ψ0),

and also for generic elements y = (y, yΓ) in the product spaces L2, H1, V1 etc. As a preliminary, we have the

following result on the well-posedness of problem (2.3):
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Proposition 2.1 (Well-posedness). Suppose that Ω ⊂ R
d (d ∈ {2, 3}) is a bounded domain with smooth

boundary Γ, K ∈ [0,+∞) and the assumptions (A1)–(A4) are satisfied. For any T > 0, problem (2.3)

admits a unique global weak solution (ϕ,µ) on [0, T ] in the following sense:

ϕ ∈ H1(0, T ;V ′) ∩ L∞(0, T ;V ) ∩ L2(0, T ;H2(Ω)),

µ ∈ L2(0, T ;V ), β(ϕ) ∈ L2(0, T ;H),

ψ ∈ H1(0, T ;V ′
Γ) ∩ L∞(0, T ;VΓ) ∩ L2(0, T ;H2(Γ)),

θ ∈ L2(0, T ;VΓ), βΓ(ψ) ∈ L2(0, T ;HΓ),

such that

〈∂tϕ, z〉V ′,V +

∫

Ω
∇µ · ∇z dx = 0, ∀ z ∈ V, (2.5)

〈∂tψ, zΓ〉V ′

Γ,VΓ
+

∫

Γ
∇Γθ · ∇ΓzΓ dS = 0, ∀ zΓ ∈ VΓ, (2.6)

for almost all t ∈ (0, T ) and

µ = −∆ϕ+ β(ϕ) + π(ϕ), a.e. in QT , (2.7)

K∂nϕ = ψ − ϕ, a.e. on ΣT , (2.8)

θ = ∂nϕ−∆Γψ + βΓ(ψ) + πΓ(ψ), a.e. on ΣT . (2.9)

Moreover, the initial conditions are satisfied

ϕ|t=0 = ϕ0 a.e. in Ω, ψ|t=0 = ψ0 a.e. on Γ.

Let (ϕ(i),µ(i)) be two weak solutions to problem (2.3) corresponding to two given initial data ϕ
(i)
0 (i ∈ {1, 2})

that satisfy (A4). Then, there exists a positive constant C , depending on γ1, γ2, Ω, Γ, T and coefficients of

system, such that

‖ϕ(1) − ϕ(2)‖C([0,T ];V ′) + ‖ψ(1) − ψ(2)‖C([0,T ];V ′

Γ)
+ ‖ϕ(1) − ϕ(2)‖L2(0,T ;V ) + ‖ψ(1) − ψ(2)‖L2(0,T ;VΓ)

≤ C
(
‖ϕ(1)

0 − ϕ
(2)
0 ‖V ′ + ‖ψ(1)

0 − ψ
(2)
0 ‖V ′

Γ

)
. (2.10)

Remark 2.2. The uniqueness of weak solutions is a straightforward consequence of the continuous dependence

estimate (2.10). Since T > 0 is arbitrary, the solution is well-defined on the interval [0,+∞). Additionally, due

to the Sobolev embedding theorem and the Aubin-Lions-Simon lemma (see Lemma A.1), the regularity of the

bulk and surface phase functions leads to the continuity property ϕ ∈ Cw([0,+∞);H1
K) ∩ C([0,+∞);L2).

This ensures that the initial data can be attained.

2.3 Statement of main results

We are now ready to present our main results. When discussing the strict separation property and long-

time behavior of global weak solutions, we examine the problem over the entire time interval [0,+∞). For

the double obstacle limit, we shall work on a finite time interval [0, T ] for an arbitrary but fixed final time

T ∈ (0,+∞).

Theorem 2.1 (Eventual separation). Suppose that Ω ⊂ R
d (d ∈ {2, 3}) is a bounded domain with smooth

boundary Γ, K ∈ [0,+∞) and (A1)–(A4) are satisfied. Let (ϕ,µ) be the unique global weak solution to

problem (2.3) obtained in Proposition 2.1. There exist a constant δ1 ∈ (0, 1) and a sufficiently large time

TSP ≫ 1 such that

‖ϕ(t)‖L∞(Ω) ≤ 1− δ1, ‖ψ(t)‖L∞(Γ) ≤ 1− δ1, ∀ t ≥ TSP. (2.11)
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If one of the following additional assumptions is fulfilled, we can establish the instantaneous strict separa-

tion property in two dimensions (cf. [22, 23]):

(A5a) There exist constants C♯ > 0 and γ♯ ∈ [1, 2) such that

β′(r) ≤ C♯e
C♯|β(r)|

γ♯
, ∀ r ∈ (−1, 1).

(A5b) As δ → 0+, for some κ > 1/2, it holds

1

β(1− 2δ)
= O

( 1

| ln δ|κ
)
,

1

|β(−1 + 2δ)| = O
( 1

| ln δ|κ
)
.

Theorem 2.2 (Instantaneous separation in 2D). Suppose that Ω ⊂ R
2 is a bounded domain with smooth

boundary Γ, K ∈ [0,+∞) and (A1)–(A4) are satisfied. Assume in addition, (A5a) or (A5b) holds. Let

(ϕ,µ) be the unique global weak solution to problem (2.3) obtained in Proposition 2.1. Then for any τ > 0,

there exists a constant δ2 ∈ (0, 1), depending on τ , m0, mΓ0, E(ϕ0), Ω, Γ and coefficients of system, such that

‖ϕ(t)‖L∞(Ω) ≤ 1− δ2, ‖ψ(t)‖L∞(Γ) ≤ 1− δ2, ∀ t ≥ τ.

Thanks to the eventual separation property obtained in Theorem 2.1, we are able to show that every global

weak solution converges to a single equilibrium as t→ +∞.

Theorem 2.3 (Convergence to equilibrium). Suppose that the assumptions in Theorem 2.1 are satisfied. Assume

in addition, β, βΓ are real analytic on (−1, 1) and π, πΓ are real analytic on R. Let ϕ be the unique global

weak solution to problem (2.3) obtained in Proposition 2.1. We have

lim
t→+∞

‖ϕ(t)−ϕ∞‖H2 = 0,

where ϕ∞ := (ϕ∞, ψ∞) is a steady state that satisfies the following elliptic problem





−∆ϕ∞ + β(ϕ∞) + π(ϕ∞) = µ∞, in Ω,
−∆Γψ∞ + βΓ(ψ∞) + πΓ(ψ∞) + ∂nϕ∞ = θ∞, on Γ,
K∂nϕ∞ = ψ∞ − ϕ∞, on Γ,

with 〈ϕ∞〉Ω = m0, 〈ψ∞〉Γ = mΓ0 and

µ∞ =
1

|Ω|
[ ∫

Ω

(
β(ϕ∞) + π(ϕ∞)

)
dx−

∫

Γ
∂nϕ∞ dS

]
,

θ∞ =
1

|Γ|

∫

Γ

(
βΓ(ψ∞) + πΓ(ψ∞) + ∂nϕ∞

)
dS.

Moreover, the following estimate on convergence rate holds

‖ϕ(t)−ϕ∞‖H1 ≤ C
(
1 + t

)− ς∗

1−2ς∗ , ∀ t ≥ 0, (2.12)

where ς∗ ∈ (0, 1/2) is a constant depending on ϕ∞, m0, mΓ0, Ω, Γ and coefficients of system, the positive

constant C may further depend on E(ϕ0).

The last result is about the double obstacle limit. To this end, recalling (1.7), for every Θ ∈ (0, 1], we take

the bulk and boundary free energy densities F,G in problem (2.3) as

FΘ(ϕ) =
Θ

2
F0(ϕ)−

Θc

2
ϕ2, GΘ(ψ) =

Θ

2
F0(ψ)−

Θc

2
ψ2, with F0 given in (1.7).
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It is easy to check that the assumptions (A1)–(A3) are fulfilled. Besides, for all ϕ ∈ H1
K , β̂(ϕ) ∈ L1(Ω),

β̂Γ(ψ) ∈ L1(Γ), we find

lim
Θ→0

EΘ(ϕ) =
1

2

∫

Ω
|∇ϕ|2 dx+

∫

Ω
I[−1,1](ϕ) dx− Θc

2

∫

Ω
ϕ2 dx+

1

2

∫

Γ
|∇Γψ|2 dS

+

∫

Γ
I[−1,1](ψ) dS − Θc

2

∫

Γ
ψ2 dS +

χ(K)

2

∫

Γ
|ψ − ϕ|2 dS

=: E0(ϕ).

Hence, we denote the problem (2.3) correspond to Θ ∈ (0, 1] by (SΘ) with the associated total free energy

EΘ(ϕ), and denote the limit problem related to E0 by (S0), that is,

(S0)





∂tϕ = ∆µ, in Q,
µ+∆ϕ+Θcϕ ∈ ∂I[−1,1](ϕ), in Q,

∂nµ = 0, on Σ,
K∂nϕ = ψ − ϕ, on Σ,
∂tψ = ∆Γθ, on Σ,
θ − ∂nϕ+∆Γψ +Θcψ ∈ ∂I[−1,1](ψ), on Σ,

ϕ|t=0 = ϕ0, in Ω,
ψ|t=0 = ψ0, on Γ.

(2.13)

The following result implies that weak solutions of problem (SΘ) converge to the weak solution of problem

(S0) as Θ → 0.

Theorem 2.4 (Double obstacle limit). Suppose that Ω ⊂ R
d (d ∈ {2, 3}) is a bounded domain with smooth

boundary Γ, K ∈ [0,+∞) and T > 0 is an arbitrary but fixed final time. Let 0 < Θk ≤ 1, k ∈ Z
+ be such

that limk→+∞Θk = 0. Moreover, we assume ϕ0,k, ϕ0 ∈ H1
K satisfying limk→+∞ ‖ϕ0,k −ϕ0‖H1 = 0 and

‖ϕ0,k‖L∞(Ω) ≤ 1, ‖ψ0,k‖L∞(Γ) ≤ 1, sup
k∈Z+

|〈ϕ0,k〉Ω| < 1, sup
k∈Z+

|〈ψ0,k〉Γ| < 1.

Let (ϕΘk
,µΘk

) be the unique weak solution to problem (SΘk
) with the initial data ϕ0,k and the nonlinearities

FΘk
(ϕΘk

), GΘk
(ψΘk

). Then there exist limit functions (ϕ̃, µ̃, ξ̃) such that as k → +∞, it holds

ϕΘk
→ ϕ̃ weakly in H1(0, T ;V ′) ∩ L2(0, T ;H2(Ω))

weakly star in L∞(0, T ;V )

strongly in C([0, T ];H) (2.14)

ψΘk
→ ψ̃ weakly in H1(0, T ;V ′

Γ) ∩ L2(0, T ;H2(Γ))

weakly star in L∞(0, T ;VΓ)

strongly in C([0, T ];HΓ) (2.15)

µΘk
→ µ̃ weakly in L2(0, T ;V ) (2.16)

θΘk
→ θ̃ weakly in L2(0, T ;VΓ) (2.17)

Θkf0(ϕΘk
) → ξ̃ weakly in L2(0, T ;H) (2.18)

Θkf0(ψΘk
) → ξ̃Γ weakly in L2(0, T ;HΓ) (2.19)

where µ̃ + ∆ϕ̃ + Θcϕ̃ = ξ̃ ∈ ∂I[−1,1](ϕ̃) almost everywhere in QT and θ̃ − ∂nϕ̃ + ∆Γψ̃ + Θcψ̃ = ξ̃Γ ∈
∂I[−1,1](ψ̃) almost everywhere in ΣT . Furthermore, (ϕ̃, µ̃, ξ̃) is a weak solution to problem (2.13) on [0, T ].
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3 Basic Properties of Global Weak Solutions

In this section, we present some preliminary results for problem (2.3) with K ∈ [0,+∞). This includes

examining the well-posedness, mass conservation, energy dissipation and regularity propagation of global weak

solutions.

3.1 Well-posedness

For completeness and convenience of the subsequent analysis, we sketch the proof of Proposition 2.1.

To this end, let us recall the approximating problem considered in [13, 17]. For every ε ∈ (0, 1), set βε,

βΓ,ε : R → R, along with the associated resolvent operators Jε, JΓ,ε : R → R given by (see also [6, 9])

βε(r) :=
1

ε

(
r − Jε(r)

)
:=

1

ε

(
r − (I + εβ)−1(r)

)
,

βΓ,ε(r) :=
1

ε̺

(
r − JΓ,ε(r)

)
:=

1

ε̺

(
r − (I + ε̺βΓ)

−1(r)
)
,

for all r ∈ R, where ̺ > 0 is the same constant as in the condition (2.4). Then the related Moreau-Yosida

regularizations β̂ε, β̂Γ,ε of β̂, β̂Γ : R → R are then given by (see, e.g., [49])

β̂ε(r) := inf
s∈R

{
1

2ε
|r − s|2 + β̂(s)

}
=

1

2ε
|r − Jε(r)|2 + β̂

(
Jε(r)

)
=

∫ r

0
βε(s) ds,

β̂Γ,ε(r) := inf
s∈R

{
1

2ε̺
|r − s|2 + β̂Γ(s)

}
=

∫ r

0
βΓ,ε(s) ds.

Then for any ε, σ ∈ (0, 1), we consider the following approximating problem:





∂tϕε,σ = ∆µε,σ, a.e. in QT ,
µε,σ = σ∂tϕε,σ −∆ϕε,σ + βε(ϕε,σ) + π(ϕε,σ), a.e. in QT ,
∂nµε,σ = 0, a.e. on ΣT ,
K∂nϕε,σ = ψε,σ − ϕε,σ, a.e. on ΣT ,
∂tψε,σ = ∆Γθε,σ, a.e. on ΣT ,
θε,σ = σ∂tψε,σ + ∂nϕε,σ −∆Γψε,σ + βΓ,ε(ψε,σ) + πΓ(ψε,σ), a.e. on ΣT ,
ϕε,σ|t=0 = ϕ0, a.e. in Ω,
ψε,σ|t=0 = ψ0, a.e. on Γ.

(3.1)

Remark 3.1. In (3.1), we have included two viscous terms σ∂tϕε,σ and σ∂tψε,σ in the bulk and surface chemi-

cal potentials. This allows us to achieve better regularity for the time derivative ∂tϕε,σ, and to handle the cases

K = 0, K ∈ (0,+∞) in a unified manner. As demonstrated in [17], these two viscous terms are not necessary

for the existence of global weak solutions to the approximating problem when K ∈ (0,+∞).

Sketch of the Proof for Proposition 2.1. The existence of weak solutions can be found in [13, 17]. Since the

parameter K yields different structure for the system, different methods are required. For the case K = 0,

the proof relies on a suitable time-discretization scheme combined with the general theory of the maximal

monotone operator and the compactness argument (see [13]). For the case K ∈ (0,+∞), the solution can be

constructed directly using a Faedo-Galerkin scheme and the compactness argument (see [17]). By considering

the asymptotic limitK → 0, this also provides an alternative approach to obtain the existence of weak solutions

with K = 0. Anyway, for K ∈ [0,+∞), we can conclude that problem (3.1) admits a unique weak solution

satisfying

ϕε,σ ∈ H1(0, T ;L2) ∩ L∞(0, T ;H1
K) ∩ L2(0, T ;H2

K),

µε,σ ∈ L2(0, T ;H1).
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In this manner, we can obtain a family of approximating solutions (ϕε,σ,µε,σ) satisfying sufficient a priori

estimates that are uniform with respect to the approximating parameters ε, σ ∈ (0, 1). By the compactness

argument and passing to the limit as (ε, σ) → (0, 0) (up to a subsequence), we can find a limit pair (ϕ,µ) that

gives the global weak solution to the original problem (2.3) on [0, T ]. The continuous dependence estimate

(2.10) in the case with K = 0 has been proven in [13, Theorem 2.4] using the energy method. The argument

therein can be extended to the case K ∈ (0,+∞) with a minor modification. The details are omitted here.

3.2 Mass conservation and energy equality

Proposition 3.1 (Mass conservation). For all t ≥ 0, it holds

〈ϕ(t)〉Ω = m0, 〈ψ(t)〉Γ = mΓ0. (3.2)

Proof. Taking z = 1, zΓ = 1 in the weak formulations (2.5) and (2.6), respectively, we easily arrive at the

conclusion (3.2).

Lemma 3.1. Let (ϕ,µ) be the global weak solution obtained in Proposition 2.1. It holds

E
(
ϕ(t)

)
+

∫ t

0

(
‖∂tϕ(s)‖2V ∗

0
+ ‖∂tψ(s)‖2V ∗

Γ,0

)
ds ≤ E(ϕ0), for a.a. t ≥ 0. (3.3)

Moreover, there exists a positive constant M1 such that

‖ϕ‖L∞(0,+∞;H1
K) +

∫ +∞

0

(
‖∂tϕ(t)‖2V ∗

0
+ ‖∂tψ(t)‖2V ∗

Γ,0

)
dt ≤M1, (3.4)

∫ +∞

0

(
‖∇µ(t)‖2H + ‖∇Γθ(t)‖2HΓ

)
dt ≤M1. (3.5)

Proof. We first consider the approximating system (3.1) with ε = σ. Testing (3.1)2, (3.1)6 by ∂tϕε,σ ∈
L2(0,+∞;H) and ∂tψε,σ ∈ L2(0,+∞;HΓ), using the chain rule in [17, Proposition A.1], we find that t 7→
Eε

(
ϕε,σ(t)

)
is absolutely continuous on [0,+∞) and

d

dt
Eε

(
ϕε,σ(t)

)
+ σ‖∂tϕε,σ(t)‖2L2 + ‖∂tϕε,σ(t)‖2V ∗

0
+ ‖∂tψε,σ(t)‖2V ∗

Γ,0
= 0, for a.a. t > 0, (3.6)

where

Eε(y) =
1

2

∫

Ω
|∇y|2 dx+

1

2

∫

Γ
|∇ΓyΓ|2 dS +

χ(K)

2

∫

Γ
|yΓ − y|2 dS

+

∫

Ω
β̂ε(y) + π̂(y) dx+

∫

Γ
β̂Γ,ε(yΓ) + π̂Γ(yΓ) dS, ∀y ∈ H1

K .

Integrating (3.6) with respective to time, we find for all t ≥ 0,

Eε

(
ϕε,σ(t)

)
+ σ

∫ t

0
‖∂tϕε,σ(s)‖2L2 ds+

∫ t

0

(
‖∂tϕε,σ(s)‖2V ∗

0
+ ‖∂tψε,σ(s)‖2V ∗

Γ,0

)
ds = Eε(ϕ0). (3.7)

Recalling the weak and strong convergence results as ε = σ → 0 for any T > 0 (in the sense of subsequence,

cf. [13, 17])

ϕε,σ → ϕ weakly star in L∞(0, T ;H1
K),

ϕε,σ → ϕ weakly in L2(0, T ;H2
K),

∂tϕε,σ → ∂tϕ weakly in L2(0, T ;V ∗
0 ),
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∂tψε,σ → ∂tψ weakly in L2(0, T ;V ∗
Γ,0)

ϕε,σ → ϕ strongly in C([0, T ];L2) ∩ L2(0, T ;H1
K),

σϕε,σ → 0 strongly in H1(0, T ;L2),

and by the lower weak semicontinuity of norms, we get

lim inf
ε→0

∫ t

0

(
‖∂tϕε,σ(s)‖2V ∗

0
+ ‖∂tψε,σ(s)‖2V ∗

Γ,0

)
ds ≥

∫ t

0

(
‖∂tϕ(s)‖2V ∗

0
+ ‖∂tψ(s)‖2V ∗

Γ,0

)
ds,

for almost all t ≥ 0. Besides, it is straightforward to check that

lim inf
ε→0

Eε

(
ϕε,σ(t)

)
≥ E

(
ϕ(t)

)
for a.a. t ≥ 0 and lim

ε→0
Eε(ϕ0) = E(ϕ0).

Taking lim inf as ε = σ → 0 in (3.7), we arrive at the energy inequality (3.3).

Thanks to (A1), (A3), we can find a nonnegative constant c1 such that

β̂(r) + π̂(r) ≥ −c1, β̂Γ(r) + π̂Γ(r) ≥ −c1, ∀ r ∈ [−1, 1].

Hence, by the definition of E(ϕ), it holds

E
(
ϕ(t)

)
≥ 1

2

∫

Ω
|∇ϕ(t)|2 dx+

1

2

∫

Γ
|∇Γψ(t)|2 dS − c1

(
|Ω|+ |Γ|

)
, for a.a. t ≥ 0. (3.8)

Combining it with (3.3), recalling the Poincaré-Wirtinger inequalities (2.1), (2.2), we get

∫ t

0

(
‖∂tϕ(s)‖2V ∗

0
+ ‖∂tψ(s)‖2V ∗

Γ,0

)
ds ≤ E(ϕ0) + c1

(
|Ω|+ |Γ|

)

and

‖ϕ(t)‖2H1
K
≤ 2(C2

p + 1)‖ϕ(t) −m0‖2V0
+ 2|Ω||m0|2

+ 2(C2
p + 1)‖ψ(t) −mΓ0‖2VΓ,0

+ 2|Γ||mΓ0|2

≤ 4(C2
p + 1)E(ϕ0) + 2(C2

p + 1)c1
(
|Ω|+ |Γ|

)
+ 2|Ω||m0|2 + 2|Γ||mΓ0|2

for almost all t ≥ 0. Since the right-hand side is independent of t, then using the Lebesgue monotone conver-

gence theory, we obtain (3.4). Finally, by the definition of operators NΩ, NΓ and (2.5), (2.6), we have

NΩ

(
∂tϕ(t)

)
= −PΩ

(
µ(t)

)
in V0,

NΓ

(
∂tψ(t)

)
= −PΓ

(
θ(t)

)
in VΓ,0,

for almost all t ≥ 0, which together with (3.4) allows us to conclude (3.5).

Lemma 3.2. Let ϕ be the global weak solution obtained in Proposition 2.1. For any given τ > 0, there exists

a positive constant M2 such that

‖∂tϕ‖L∞(τ,+∞;V ∗

0 ) + ‖∂tψ‖L∞(τ,+∞;V ∗

Γ,0)
+

∫ t+1

t
‖∂tϕ(s)‖2H1ds ≤M2, ∀ t ≥ τ. (3.9)

Proof. Since the value of K ∈ [0,+∞) will not play a role in the proof, the results follows a standard approx-

imating procedure using (3.1) (cf. [2, 40]). The details are omitted.
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Proposition 3.2 (Energy equality). Let ϕ be the global weak solution obtained in Proposition 2.1. We have

d

dt
E
(
ϕ(t)

)
+ ‖∂tϕ(t)‖2V ∗

0
+ ‖∂tψ(t)‖2V ∗

Γ,0
= 0, for a.a. t > 0, (3.10)

and

E
(
ϕ(t)

)
+

∫ t

0

(
‖∂tϕ(s)‖2V ∗

0
+ ‖∂tψ(s)‖2V ∗

Γ,0

)
ds = E(ϕ0), ∀ t ≥ 0. (3.11)

Proof. For s ≥ τ > 0, taking z = NΩ

(
∂tϕ(s)

)
in (2.5), we obtain

0 =
〈
∂tϕ(s),NΩ

(
∂tϕ(s)

)〉
V ∗

0 ,V0
+

∫

Ω
∇µ(s) · ∇NΩ

(
∂tϕ(s)

)
dx

= ‖∂tϕ(s)‖2V ∗

0
+

∫

Ω
µ(s)∂tϕ(s) dx

= ‖∂tϕ(s)‖2V ∗

0
+

∫

Ω

(
−∆ϕ(s) + β

(
ϕ(s)

)
+ π

(
ϕ(s)

))
∂tϕ(s) dx.

Similarly, taking zΓ = NΓ

(
∂tψ(s)

)
in (2.6), we obtain

0 =
〈
∂tψ(s),NΓ

(
∂tψ(s)

)〉
V ∗

Γ,0,VΓ,0
+

∫

Γ
∇Γθ(s) · ∇ΓNΓ

(
∂tψ(s)

)
dS

= ‖∂tψ(s)‖2V ∗

Γ,0
+

∫

Γ
θ(s)∂tψ(s) dS

= ‖∂tψ(s)‖2V ∗

Γ,0
+

∫

Γ

(
∂nϕ(s)−∆Γψ(s) + βΓ

(
ψ(s)

)
+ πΓ

(
ψ(s)

))
∂tψ(s) dS.

Summing up the above two equalities, using the chain rule of the subdifferential (see, e.g., [49]), we obtain

d

dt
E
(
ϕ(t)

)
+ ‖∂tϕ(t)‖2V ∗

0
+ ‖∂tψ(t)‖2V ∗

Γ,0
= 0, for a.a. t ≥ τ.

For s, t ≥ τ , integrating over the interval (s, t), we find

E
(
ϕ(t)

)
− E

(
ϕ(s)

)
= −

∫ t

s

(
‖∂tϕ(η)‖2V ∗

0
+ ‖∂tψ(η)‖2V ∗

Γ,0

)
dη. (3.12)

Hence, for any fixed τ > 0, the mapping t 7→ E
(
ϕ(t)

)
is absolutely continuous and non-increasing for all

t ≥ τ . Since τ > 0 is arbitrary, the energy identity (3.11) holds for almost all t > 0. It follows from the energy

inequality (3.3) that lim sups→0E(ϕ(s)) ≤ E(ϕ(0)). On the other hand, from Remark 2.2, the lower weak

semicontinuity of norms and Lebesgue’s dominated convergence theorem, we have lim infs→0E(ϕ(s)) ≥
E(ϕ(0)). As a result, it holds lims→0E(ϕ(s)) = E(ϕ(0)). Thus, we can pass to the limit s → 0 in (3.12) to

conclude the energy equality (3.11).

Remark 3.2. Since the mapping t 7→ E(ϕ(t)) is absolutely continuous for all t ≥ 0, then applying the same

argument as in [21, Proposition 4.1], we have ϕ ∈ C([0,+∞);H1
K).

As a consequence of (3.8) and (3.11), we can conclude

Corollary 3.1. Let ϕ be the global weak solution obtained in Proposition 2.1. There exists some constant

E∞ ∈ R such that

lim
t→+∞

E(ϕ(t)) = E∞ and lim
t→+∞

∫ t+1

t

(
‖∇µ(s)‖2H + ‖∇Γθ(s)‖2HΓ

)
ds = 0.
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3.3 High-order regularity

Lemma 3.3. Let (ϕ,µ) be the global weak solution obtained in Proposition 2.1. For any given τ > 0, there

exists a positive constant M3 such that

‖β(ϕ)‖L∞(τ,+∞;L1(Ω)) + ‖βΓ(ψ)‖L∞(τ,+∞;L1(Γ)) ≤M3, (3.13)

‖µ‖L∞(τ,+∞;H1) ≤M3. (3.14)

Proof. The case K = 0 has been treated in [44, Lemma 4.1]. Concerning the case with K ∈ (0,+∞), from

(2.8) and (3.4), we find

‖∂nϕ‖L∞(τ,+∞;HΓ) =
1

K
‖ψ − ϕ‖L∞(τ,+∞;HΓ) ≤ C.

With this simple observation, we can prove (3.13), (3.14) by an argument similar to that in [44, Lemma 4.1].

Remark 3.3. Thanks to (3.9) and (3.14), we can regard (2.5) and (2.6) as elliptic problem for µ and θ, respec-

tively, that is

∫

Ω
∇µ(t) · ∇z dx = −(∂tϕ(t), z)H , for all z ∈ V and a.a. t ∈ [τ,+∞),

∫

Γ
∇Γθ(t) · ∇ΓzΓ dS = −(∂tψ(t), zΓ)HΓ

, for all zΓ ∈ VΓ and a.a. t ∈ [τ,+∞).

From the elliptic regularity theorem, we find µ ∈ L2
uloc(τ,+∞;H2). Since τ > 0 is arbitrary, this implies that

(ϕ,µ) becomes a strong solution of problem (2.3) on (0,+∞).

Lemma 3.4. Let ϕ be the global weak solution obtained in Proposition 2.1.

(1) In two dimensions, for any given τ > 0, p ∈ [2,+∞), there exists a positive constant C̃0 such that

‖β(ϕ)‖L∞(τ,+∞;Lp(Ω)) + ‖β(ψ)‖L∞(τ,+∞;Lp(Γ)) ≤ C̃0
√
p, (3.15)

where C̃0 is independent of p.

(2) In three dimensions, for any given τ > 0, there exists a positive constant C̃1 such that

‖β(ϕ)‖L∞(τ,+∞;Lp(Ω)) + ‖β(ψ)‖L∞(τ,+∞;Lp(Γ)) ≤ C̃1,

where p ∈ [1, 6] and the constant C̃1 may depend on p.

Proof. In this proof, we adapt the notations which have been used in the proof of [21, Lemma 3.5]. For each

integer k ≥ 2, we define the Lipschitz continuous function hk : R → R by

hk(r) :=





−1 + 1
k if r < −1 + 1

k ,

r if − 1 + 1
k ≤ r ≤ 1− 1

k ,

1− 1
k if r > 1− 1

k .

For s ≥ τ , define

ϕk(s) := hk ◦ ϕ(s), ψk(s) := hk ◦ ψ(s).

Then, we have ϕk := (ϕk, ψk) ∈ C([τ,+∞);H1
K) for any τ > 0 and

∇ϕk = ∇ϕχ[−1+ 1
k
,1− 1

k
](ϕ), ∇Γψk = ∇Γψ χ[−1+ 1

k
,1− 1

k
](ψ),
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where χ[−1+ 1
k
,1− 1

k
] is the characteristic function of [−1 + 1/k, 1 − 1/k] defined by

χ[−1+ 1
k
,1− 1

k
](r) :=





0, if r ≤ −1 + 1
k ,

1, if − 1 + 1
k ≤ r ≤ 1− 1

k ,

0, if r ≥ 1− 1
k .

For any k ≥ 2 and p ≥ 2, we see that |β(ϕk)|p−2β(ϕk) ∈ C([τ,+∞);V ) and |β(ψk)|p−2β(ψk) ∈ C([τ,+∞);VΓ)
are well-defined with

∇
(
|β(ϕk)|p−2β(ϕk)

)
= (p − 1)|β(ϕk)|p−2β′(ϕk)∇ϕk,

∇Γ

(
|β(ψk)|p−2β(ψk)

)
= (p − 1)|β(ψk)|p−2β′(ψk)∇Γψk.

Multiplying (2.7) by |β(ϕk(s))|p−2β(ϕk(s)) and integrating over Ω, in a similar manner, multiplying (2.9)

by |β(ψk(s))|p−2β(ψk(s)) and integrating over Γ, using integration by parts and then adding the resultants

together, we have

∫

Ω
|β(ϕk(s))|p−2β(ϕk(s))β(ϕ(s)) dx +

∫

Γ
|β(ψk(s))|p−2β(ψk(s))βΓ(ψ(s)) dS

= −(p− 1)

∫

Ω
|β(ϕk(s))|p−2β′(ϕk(s))∇ϕk(s) · ∇ϕ(s) dx

− (p − 1)

∫

Γ
|β(ψk(s))|p−2β′(ψk(s))∇Γψk(s) · ∇Γψ(s) dS

+

∫

Ω
µ̃(s)|β(ϕk(s))|p−2β(ϕk(s)) dx+

∫

Γ
θ̃(s)|β(ψk(s))|p−2β(ψk(s)) dS

+

∫

Γ
∂nϕ(s)

(
|β(ϕk(s))|p−2β(ϕk(s))− |β(ψk(s))|p−2β(ψk(s))

)
dS, (3.16)

with µ̃ := µ− π(ϕ) ∈ L∞(τ,+∞;V ) and θ̃ := θ − πΓ(ψ) ∈ L∞(τ,+∞;VΓ).

When K = 0, we note that
(
|β(ϕk)|p−2β(ϕk)

)
|Γ = |β(ψk)|p−2β(ψk) ∈ C([τ,+∞);VΓ), then the proof

can be carried out in the same way as [42, Lemma 3.4]. For the case K ∈ (0,+∞), since the boundary

condition (2.8) does not allow us to derive the following relation:

|β(ϕk)|p−2β(ϕk) = |β(ψk)|p−2β(ψk) on Σ,

we need to treat the last term
∫
Γ ∂nϕ

(
|β(ϕk)|p−2β(ϕk)−|β(ψk)|p−2β(ψk)

)
dS on the right-hand side of (3.16).

By (A1), we see that for p ≥ 2, it holds

(
|β(r)|p−2β(r)

)′
= (p− 1)|β(r)|p−2β′(r) ≥ 0, ∀ r ∈ (−1, 1),

which implies that the function |β(r)|p−2β(r) is monotone increasing on (−1, 1). By the construction of the

Lipschitz continuous function hk , we see that hk : R → (−1, 1) is monotone increasing as well. Hence, we

can conclude that the function |β(hk(r))|p−2β(hk(r)) is also monotone increasing on R. Taking the boundary

condition (2.8) into account, it holds

∫

Γ
∂nϕ

(
|β(ϕk)|p−2β(ϕk)− |β(ψk)|p−2β(ψk)

)
dS

=
1

K

∫

Γ

(
ψ − ϕ

)(
|β(ϕk)|p−2β(ϕk)− |β(ψk)|p−2β(ψk)

)
dS ≤ 0.

Then, we can conclude Lemma 3.4 following the argument in [42, Lemma 3.4].
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Higher order estimates can be obtained using the argument like in [21, 42, 44].

Lemma 3.5. Let (ϕ,µ) be the global weak solution obtained in Proposition 2.1. For any given τ > 0, there

exists a positive constant M4 such that

‖ϕ‖L∞(τ,+∞;H2
K) + ‖βΓ(ψ)‖L∞(τ,+∞;HΓ) ≤M4. (3.17)

Remark 3.4. From Lemmas 3.2 and 3.5, we find that ϕ ∈ C((0,+∞);H2r) for any r ∈ (3/4, 1). Thanks to

the Sobolev embedding theorem, for any given τ > 0, it holds ϕ ∈ C(Ω× [τ,+∞)) and ψ ∈ C(Γ× [τ,+∞)),
moreover,

‖ϕ(t)‖C(Ω) ≤ 1, ‖ψ(t)‖C(Γ) ≤ 1, ∀ t ≥ τ. (3.18)

4 Separation from Pure States

In this section, we first establish Theorem 2.2 on the instantaneous strict separation property in two di-

mensions under the assumption (A5a) or (A5b). Subsequently, we prove Theorem 2.1 on the eventual strict

separation property in both two and three dimensions, without relying on those additional assumptions.

4.1 Instantaneous separation in two dimensions

For any given τ > 0, we prove that the global weak solutions to problem (2.3) will stay uniformly away

from ±1 for all t ≥ τ . To this aim, we first establish the separation property by extending the direct method

in [22, Theorem 3.1] for the Cahn-Hilliard equation subject to homogeneous Neumann boundary conditions,

under the assumption (A5a). Then, we give a second proof based on a suitable De Giorgi’s iteration scheme

inspired by [23], under the milder assumption (A5b) (cf. [42]).

Proof of Theorem 2.2: the case with (A5a). By Fubini-Tonelli’s theorem and (3.15), we now compute for

any k ∈ Z
+ such that

sup
t≥τ

∫

Ω

∣∣∣eC♯|β(ϕ(t))|
γ♯
∣∣∣
k
dx = sup

t≥τ

∫

Ω
eC♯k|β(ϕ(t))|

γ♯
dx

= sup
t≥τ

∫

Ω

∞∑

p=0

Cp
♯ k

p
∣∣β
(
ϕ(t)

)∣∣γ♯p

p!
dx

=
∞∑

p=0

Cp
♯ k

p

p!
sup
t≥τ

∫

Ω

∣∣β
(
ϕ(t)

)∣∣γ♯p dx

=

∞∑

p=0

Cp
♯ k

p

p!
sup
t≥τ

∥∥β
(
ϕ(t)

)∥∥γ♯p
L
γ♯p(Ω)

≤
∞∑

p=0

(
C̃

γ♯
0 C♯k

)p

p!
(γ♯p)

γ♯p

2 .

Following the same argument as that for [22, (26)], we get

sup
t≥τ

∫

Ω

∣∣∣eC♯|β(ϕ(t))|
γ♯
∣∣∣
k
dx

≤ 1 +
1√
2π




(
C̃

γ♯
0 C♯kγ

γ♯
2
♯ e

)2

(
C̃

γ♯
0 C♯kγ

γ♯
2

♯
e

)2

ln
(
C̃

γ♯
0 C♯kγ

γ♯
2
♯ e

) +
1(

1− γ♯
2

)
ln(2)

+ e

(
1−

γ♯
2

)(
C̃
γ♯
0

C♯kγ

γ♯
2

♯
e

) 1

1−
γ♯
2

e


 .
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Then we deduce from (A5a) that

sup
t≥τ

‖β′
(
ϕ(t)

)
‖Lp(Ω) ≤ Cβ(p), ∀ p ≥ 2, (4.1)

where

Cβ(p) =


C♯ +

C♯√
2π




(
C̃

γ♯
0 C♯pγ

γ♯
2
♯ e

)2

(
C̃

γ♯
0 C♯pγ

γ♯
2

♯
e

)2

ln
(
C̃

γ♯
0 C♯pγ

γ♯
2
♯ e

) +
1(

1− γ♯
2

)
ln(2)

+ e

(
1−

γ♯
2

)(
C̃
γ♯
0

C♯pγ

γ♯
2

♯
e

) 1

1−
γ♯
2

e







1/p

.

Analogously, we have

sup
t≥τ

‖β′
(
ψ(t)

)
‖Lp(Γ) ≤ Cβ(p), ∀ p ≥ 2. (4.2)

On the other hand, we infer from (3.17) and the Sobolev embedding theorem that

sup
t≥τ

‖ϕ(t)‖W 1,6(Ω) + sup
t≥τ

‖ψ(t)‖W 1,6(Γ) ≤ CE

(
sup
t≥τ

‖ϕ(t)‖H2(Ω) + sup
t≥τ

‖ψ(t)‖H2(Γ)

)
≤ C̃τ , (4.3)

where CE > 0 is related to the constant of embedding. By (3.15), (4.1), (4.2), (4.3) and Hölder’s inequality,

we obtain

sup
t≥τ

‖β
(
ϕ(t)

)
‖W 1,3(Ω) + sup

t≥τ
‖β

(
ψ(t)

)
‖W 1,3(Γ) ≤ C̃0

√
3 +Cβ(6)C̃τ .

Since W 1,3(Ω) →֒ C(Ω) and W 1,3(Γ) →֒ C(Γ) (recall that d = 2), it follows that

sup
t≥τ

‖β
(
ϕ(t)

)
‖L∞(Ω) + sup

t≥τ
‖β

(
ψ(t)

)
‖L∞(Γ) ≤ C∗

E

(
C̃0

√
3 +Cβ(6)C̃τ

)
,

where C∗
E > 0 is related to the constant of embedding. Thus, taking

δ2 = 1− β−1
(
C∗
E

(
C̃0

√
3 + Cβ(6)C̃τ

))
,

we arrive at the conclusion (2.11). Here, β−1 denotes the inverse function of β (cf. (A1)).

Proof of Theorem 2.2: the case with (A5b) . We now apply the De Giorgi’s iteration scheme for the equa-

tions of chemical potentials µ and θ as in [42]. Let τ > 0 be arbitrary but fixed positive time. Thanks to

Remark 3.4, ϕ is well defined for all t ≥ τ and satisfies (3.18). For δ ∈ (0, 1), we introduce the sequence

kn = 1− δ − δ

2n
, ∀n ∈ N,

such that

1− 2δ < kn < kn+1 < 1− δ, ∀n ≥ 1, kn → 1− δ as n→ +∞.

For any n ∈ N, we set

ϕn(x, t) = (ϕ(x, t) − kn)
+, ψn(x, t) = (ψ(x, t) − kn)

+.
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By definition, it is obvious that 0 ≤ ϕn, ψn ≤ 2δ (see [23]). For any n ∈ N, multiplying (2.7) by ϕn and

integrating over Ω, multiplying (2.9) by ψn and integrating over Γ, using integration by parts and then adding

the resultants together, we obtain

‖∇ϕn‖2H + ‖∇Γψn‖2HΓ
+

∫

Ω
β(ϕ)ϕn dx+

∫

Γ
βΓ(ψ)ψn dS

=

∫

Ω
µϕn dx+

∫

Γ
θψn dS +

(
−
∫

Ω
π(ϕ)ϕn dx−

∫

Γ
πΓ(ψ)ψn dS

)

+

∫

Γ
∂nϕ

(
ϕn − ψn

)
dS. (4.4)

For the case K = 0, the last term on the right hand side of (4.4) simply vanishes. Consequently, the proof

can be done by repeating the argument in [42, Section 4.1]. For the case K ∈ (0,+∞), taking the boundary

condition (2.8) into account, we find

∫

Γ
∂nϕ

(
ϕn − ψn

)
dS =

1

K

∫

Γ
(ψ − ϕ)(ϕn − ψn) dS ≤ 0.

With this observation, the remaining part of the proof is again the same as in [42].

4.2 Eventual separation property

In what follows, we establish the eventual separation property by studying the strict separation property of

elements in ω-limit set. For any given number a1, a2 ∈ (−1, 1), set a := (a1, a2). We introduce the phase

space

Za =
{
ϕ = (ϕ,ψ) ∈ H1

K : 〈ϕ〉Ω = a1, 〈ψ〉Γ = a2, E
(
ϕ
)
< +∞

}
.

The metric dZa

(
·, ·
)

on Za is defined as follows:

dZa

(
ϕ1,ϕ2

)
:= ‖ϕ1 −ϕ2‖H1

K
+

∣∣∣∣
∫

Ω
β̂(ϕ1) dx−

∫

Ω
β̂(ϕ2) dx

∣∣∣∣
1
2

+

∣∣∣∣
∫

Γ
β̂Γ(ψ1) dS −

∫

Γ
β̂Γ(ψ2) dS

∣∣∣∣
1
2

, ∀ϕ1,ϕ2 ∈ Za

and
(
Za, dZa

(·, ·)
)

is thus a complete metric space.

Define the ω-limit set

ω(ϕ0) :=
{
ϕ∞ ∈ H2r ∩ Zm0 : ∃ tn ր +∞ such that ϕ(tn) → ϕ∞ in H2r as n→ +∞

}
(4.5)

for some r ∈ (3/4, 1) and m0 := (m0,mΓ0). Since ϕ ∈ L∞(τ,+∞;H2
K) for any τ > 0, then {ϕ(t)}t≥τ

is relatively compact in H2r. Hence, ω(ϕ0) is nonempty, connected and compact in H2r. We consider the

problem (2.3) in the time interval (tn, tn + 1), where {tn}n∈N is the sequence in (4.5) and we introduce for

t ∈ [0, 1] the functions

ϕn(t) := ϕ(tn + t), µn(t) := µ(tn + t).

Without loss of generality, we may assume that tn ≥ 1 for all n ∈ Z
+. It follows from (3.4) that

∂tϕ ∈ L2(0,+∞;V ∗
0 ), ∂tψ ∈ L2(0,+∞;V ∗

Γ,0),
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which, together with Lebesgue’s dominated convergence theorem, implies

∂tϕn → 0 strongly in L2(0, 1;V ∗
0 ), ∂tψn → 0 strongly in L2(0, 1;V ∗

Γ,0).

Based on the regularity properties of weak solutions obtained in Section 3, we obtain the following uniform

estimates with respect to n ∈ Z
+:

‖ϕn‖L∞(0,1;H2
K) + ‖µn‖L∞(0,1;H1)∩L2(0,1;H2) + ‖β(ϕn)‖L∞(0,1;L2) ≤ C.

By an argument similar to that in [10, Section 6], we can conclude that ϕ∞ is the strong solution of the

following stationary problem:




∆µ∞ = 0, in Ω,
µ∞ = −∆ϕ∞ + β

(
ϕ∞

)
+ π

(
ϕ∞

)
, in Ω,

∂nµ∞ = 0, on Γ,
K∂nϕ∞ = ψ∞ − ϕ∞, on Γ,
∆Γθ∞ = 0, on Γ,
θ∞ = ∂nϕ∞ −∆Γψ∞ + βΓ

(
ψ∞

)
+ πΓ

(
ψ∞

)
, on Γ.

(4.6)

Here, both µ∞ and θ∞ are constants, that is,

µ∞ =
1

|Ω|
( ∫

Ω

(
β(ϕ∞) + π(ϕ∞)

)
dx−

∫

Γ
∂nϕ∞ dS

)
, (4.7)

θ∞ =
1

|Γ|

∫

Γ

(
∂nϕ∞ + βΓ(ψ∞) + πΓ(ψ∞)

)
dS. (4.8)

Thus, problem (4.6) simplifies to




µ∞ = −∆ϕ∞ + β
(
ϕ∞

)
+ π

(
ϕ∞

)
, in Ω,

K∂nϕ∞ = ψ∞ − ϕ∞, on Γ,
θ∞ = ∂nϕ∞ −∆Γψ∞ + βΓ

(
ψ∞

)
+ πΓ

(
ψ∞

)
, on Γ,

with µ∞, θ∞ given in (4.7), (4.8), respectively. Finally, due to Corollary 3.1, we see that E(ϕ∞) ≡ E∞ on the

ω-limit set ω(ϕ0).

Proof of Theorem 2.1: the dynamic approach. Based on the uniform estimates derived in Lemmas 3.1–3.5,

by the definition of the ω-limit set ω(ϕ0), we can conclude that, there exists a positive constant M5 such that

|µ∞|+ |θ∞| ≤M5

for µ∞, θ∞ given in (4.7), (4.8) associated with ϕ∞ ∈ ω(ϕ0). Under assumptions (A1)–(A4), by a similar

argument as [21, Lemma 4.1], there exists an uniform constant δ̃ ∈ (0, 1) such that, for every ϕ∞ ∈ ω(ϕ0), it

holds

− 1 + δ̃ ≤ ϕ∞ ≤ 1− δ̃, in Ω, (4.9)

− 1 + δ̃ ≤ ψ∞ ≤ 1− δ̃, on Γ. (4.10)

By the definition of ω(ϕ0), we thus obtain

lim
t→+∞

dist
(
S(t)ϕ0, ω(ϕ0)

)
= 0 in H2r,

where the above distance is given by dist
(
z, ω(ϕ0)

)
= infy∈ω(ϕ0) ‖z − y‖H2r . For r ∈ (d/4, 1), d ∈ {2, 3},

by the Sobolev embedding theorem, it holds H2r →֒ C(Ω)×C(Γ). Hence, we infer from (4.9) and (4.10) that

(2.11) holds with the choice

δ1 =
1

2
δ̃,

where the constant δ̃ is determined as in (4.9) and (4.10).
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Proof of Theorem 2.1: via De Giorgi’s iteration scheme. Based on the dissipative nature of problem (2.3) (see

(3.11)), we can prove the eventual separation property using a suitable De Giorgi’s iteration scheme as in [42].

Based on Corollary 3.1, by a similar calculation like for [42, (4.20)], we find

sup
t≥Tǫ̃+1

(
‖∇µ(t)‖2H + ‖∇Γθ(t)‖2HΓ

)
≤ Cǫ̃,

where the constant ǫ̃ ∈ (0, 1) is arbitrary small and Tǫ̃ ≫ 1 depends on ǫ̃. The only difference from the argument

in [42] is that there exists an additional term
∫
Γ ∂nϕ(ϕn − ψn) dS on the right-hand side of [42, (4.22)] for the

case K ∈ (0,+∞). Taking the boundary condition (2.8) into account, it holds
∫

Γ
∂nϕ(ϕn − ψn) dS =

1

K

∫

Γ
(ψ − ϕ)(ϕn − ψn) dS ≤ 0.

Hence, the additional term does not cause any trouble in the analysis and we can repeat word by word as we

did in [42] to complete the proof.

5 Convergence to Equilibrium

Lemma 5.1. Under the assumptions of Theorem 2.1, there exists a positive constant M6 such that

‖ϕ‖L∞(TSP,+∞;H3
K) ≤M6, (5.1)

where TSP > 0 is determined as in Theorem 2.1.

Proof. The proof relies on the eventual strict property and the regularity theory of elliptic problems (cf. [13,

Lemma 5.1]). Let us write the equations (2.7)–(2.9) as

−∆ϕ(t) = µ(t)− β
(
ϕ(t)

)
− π

(
ϕ(t)

)
:= h(t) a.e. in Ω,

K∂nϕ(t) = ψ(t) − ϕ(t) a.e. on Γ,

∂nϕ(t) −∆Γψ(t) + ψ(t) = θ(t)− βΓ
(
ψ(t)

)
− πΓ

(
ψ(t)

)
+ ψ(t) := hΓ(t) a.e. on Γ,

for almost all t ≥ TSP. From the separation property (2.11), (A1) and the estimate (3.4), we can deduce that
∥∥β

(
ϕ(t)

)∥∥
V
+

∥∥βΓ
(
ψ(t)

)∥∥
VΓ

≤ C, for a.a. t ≥ TSP.

Next, it follows from (3.14) that

‖µ(t)‖V + ‖θ(t)‖VΓ
≤ C, for a.a. t ≥ TSP.

As a consequence, we have

‖h(t)‖V + ‖hΓ(t)‖VΓ
≤ C, for a.a. t ≥ TSP,

which together with the elliptic regularity theory (see, e.g., [37, Theorem 3.3]) yields (5.1).

By (3.4), (5.1) and interpolation, we easily find

ϕ ∈ C([TSP,+∞);H2
K).

The uniform estimate (5.1) and the compact embedding H3 →֒→֒ H2 also imply that the ω-limit set ω(ϕ0) is

non-empty and compact in H2. As a result,

lim
t→+∞

dist
(
S(t)ϕ0, ω(ϕ0)

)
= 0 in H2.

Finally, to prove the ω-limit set ω(ϕ0) reduces to a singleton, we apply the Łojasiewicz-Simon approach, see,

e.g., for applications to the Cahn-Hilliard type equations [2, 21, 26, 29, 40, 51]. For our current setting with

bulk-surface coupling, the main tool is the following extended Łojasiewicz-Simon inequality, whose proof can

be found in the Appendix.
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Lemma 5.2. Suppose that the assumptions in Theorem 2.1 are satisfied. Assume in addition, β, βΓ are real

analytic on (−1, 1) and π, πΓ are real analytic on R. Let ϕ∞ ∈ ω(ϕ0), there exist constants ς∗ ∈ (0, 1/2) and

b∗ > 0 such that
∥∥∥∥
(

PΩ

(
−∆w + β(w) + π(w)

)

PΓ

(
∂nw −∆ΓwΓ + βΓ(wΓ) + πΓ(wΓ)

)
)∥∥∥∥

L2
(0)

≥ |E(w)− E(ϕ∞)|1−ς∗ (5.2)

for all w = (w,wΓ) ∈ W2
K satisfying ‖w −ϕ∞‖H2 ≤ b∗ and 〈w〉Ω = 〈ϕ∞〉Ω, 〈wΓ〉Γ = 〈ψ∞〉Γ.

Remark 5.1. As in [21], (4.9) and (4.10) imply that all elements of ω
(
ϕ0

)
are uniformly separated from ±1.

Then we can take b∗ > 0 sufficiently small such that any element w ∈ W2
K satisfying ‖w − ϕ∞‖H2 ≤ b∗ is

uniformly separated from ±1 as well. In particular, this choice prevents the possible singularities of β, βΓ.

Proof of Theorem 2.3. With the aid of Lemma 5.2, the proof can be carried out in a procedure that now be-

comes standard, see, e.g., [21,24,26] for similar arguments. Here, we just sketch the main steps. First, one can

show the orbit of the unique global weak solution ϕ will fall into a small neighborhood of certain ϕ∞ ∈ ω(ϕ0)
in W2

K and stay there forever. This conclusion can be achieved by using the energy equality (3.10), Lemma 5.2

together with a contradiction argument as in [31]. Then, by the Poincaré-Wirtinger inequalities (2.1), (2.2), we

find

‖∂tϕ‖V ∗

0
+ ‖∂tψ‖V ∗

Γ,0
= ‖∇µ‖H + ‖∇Γθ‖HΓ

≥ C|E(ϕ)− E(ϕ∞)|1−ς∗ .

This inequality combined with the energy equality (3.11) and the Łojasiewicz-Simon inequality (5.2) leads to

∫ +∞

0

(
‖∂tϕ(t)‖V ∗

0
+ ‖∂tψ(t)‖V ∗

Γ,0

)
dt < +∞.

Hence, (ϕ(t)−m0, ψ(t)−mΓ0) → (ϕ∞−m0, ψ∞−mΓ0) in V ∗
0 ×V ∗

Γ,0 as t→ +∞. By (5.1) and interpolation,

we get the convergence ϕ → ϕ∞ in H2 as t → +∞. Finally, the convergence rate (2.12) follows from an

argument similar to that in [24, 40, 51].

6 Double Obstacle Limit

In the final section, we study the double obstacle limit by passing to the limit Θk → 0 in the logarithmic

potential. In the following, we will denote ϕΘk
:= (ϕΘk

, ψΘk
), µΘk

:= (µΘk
, θΘk

) as the weak solution to

problem (SΘk
) obtained in Proposition 2.1, k ∈ Z

+. For arbitrary but given final time T ∈ (0,+∞), we derive

a priori estimates with respect to k ∈ Z
+. First of all, as a direct result of the energy equality (3.11), we have

Lemma 6.1. There exists a constant C > 0, independent of k ∈ Z
+, such that

‖ϕΘk
‖L∞(0,T ;H1

K) + ‖∇µΘk
‖L2(0,T ;H) + ‖∇ΓθΘk

‖L2(0,T ;HΓ) ≤ C. (6.1)

Lemma 6.2. There exists a constant C > 0, independent of k ∈ Z
+, such that

‖Θkf0(ϕΘk
)‖L2(0,T ;L1(Ω)) + ‖Θkf0(ψΘk

)‖L2(0,T ;L1(Γ)) ≤ C
(
1 + ‖∂nϕΘk

‖L2(0,T ;HΓ)

)
. (6.2)

Furthermore,

‖µΘk
‖L2(0,T ;V ) + ‖θΘk

‖L2(0,T ;V ) ≤ C
(
1 + ‖∂nϕΘk

‖L2(0,T ;HΓ)

)
. (6.3)

Proof. Testing (2.7) by ϕΘk
− 〈ϕΘk

〉Ω, then

∫

Ω
µΘk

(ϕΘk
− 〈ϕΘk

〉Ω) dx
︸ ︷︷ ︸

I1
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=

∫

Ω
µΘk

(ϕΘk
− 〈ϕ0,k〉Ω) dx

= −
∫

Γ
∂nϕΘk

(ϕΘk
− 〈ϕ0,k〉Ω) dS +

∫

Ω
|∇ϕΘk

|2 dx

+Θk

∫

Ω
f0(ϕΘk

)(ϕΘk
− 〈ϕ0,k〉Ω) dx

︸ ︷︷ ︸
I2

−Θc

∫

Ω
ϕΘk

(ϕΘk
− 〈ϕ0,k〉Ω) dx. (6.4)

For the term I1, by the Hölder’s inequality and the Poincaré-Wirtinger inequality (2.1), it holds

I1 =

∫

Ω
(µΘk

− 〈µΘk
〉Ω)ϕΘk

dx ≤ C‖∇µΘk
‖H‖ϕΘk

‖H ≤ C‖∇µΘk
‖H .

For the term I2, since supk∈Z+ |〈ϕ0,k〉Ω| < 1, there exists a constant r0 ∈ (0, 1) such that

−1 + r0 ≤ 〈ϕ0,k〉Ω ≤ 1− r0 ∀ k ∈ Z
+. (6.5)

Recall that for any r, m ∈ (−1, 1) (cf. [43, Proposition 4.3]):

f0(r)(r −m) ≥ cm|f0(r)| − c′m, cm > 0, c′m ≥ 0,

where the constants cm and c′m depend continuously on m. Hence, for m ∈ [−1 + r0, 1 − r0], there exist

constants c̃r0 > 0 and c̃′r0 ≥ 0, depending on r0 ∈ (0, 1) but independent of m ∈ [−1 + r0, 1− r0], such that

f0(r)(r −m) ≥ c̃r0 |f0(r)| − c̃′r0 , ∀ r ∈ (−1, 1), ∀m ∈ [−1 + r0, 1− r0]. (6.6)

Then, by (6.5) and (6.6), it holds

I2 ≥ c̃r0Θk‖f0(ϕΘk
)‖L1(Ω) − c̃′r0 .

The other terms on the right-hand side of (6.4) can be controlled by usage of Hölder’s inequality. Then, by

(6.1), we can conclude that

‖Θkf0(ϕΘk
)‖L2(0,T ;L1(Ω)) ≤ C(1 + ‖∂nϕΘk

‖L2(0,T ;HΓ)).

Testing (2.9) by ψΘk
− 〈ψΘk

〉Γ, by a similar way, we obtain the second estimate of (6.2). Integrating (2.7) over

Ω and (2.9) over Γ, we have

∥∥∥
∫

Ω
µΘk

dx
∥∥∥
L2(0,T )

+
∥∥∥
∫

Γ
θΘk

dS
∥∥∥
L2(0,T )

≤ C
(
1 + ‖∂nϕΘk

‖L2(0,T ;HΓ)

)
.

Then, by Poincaré-Wirtinger inequalities (2.1), (2.2) and (6.1), we can conclude (6.3). Therefore, we complete

the proof of Lemma 6.2.

Lemma 6.3. There exists a constant C > 0, independent of k ∈ Z
+, such that

‖Θkf0(ϕΘk
)‖L2(0,T ;H) + ‖Θkf0(ψΘk

)‖L2(0,T ;HΓ) + ‖µΘk
‖L2(0,T ;H1)

+ ‖ϕΘk
‖L2(0,T ;H2

K) + ‖∂tϕΘk
‖L2(0,T ;V ∗

0 ) + ‖∂tψΘk
‖L2(0,T ;V ∗

Γ,0)
≤ C. (6.7)

Proof. We just make estimates formally and this process can be made rigorously by a cut-off for ϕΘk
and ψΘk

(see Lemma 3.4). Testing (2.7) by Θkf0(ϕΘk
), we obtain

∫

Ω
Θ2

k|f0(ϕΘk
)|2 dx =

∫

Ω

(
µΘk

+ΘcϕΘk

)
Θk f0(ϕΘk

) dx
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−
∫

Ω
Θkf

′
0(ϕΘk

)|∇ϕΘk
|2 dx+

∫

Γ
Θkf0(ϕΘk

)∂nϕΘk
dS.

Testing (2.9) by Θkf0(ψΘk
), it holds

∫

Γ
Θ2

k|f0(ψΘk
)|2 dS =

∫

Γ

(
θΘk

+ΘcψΘk

)
Θkf0(ψΘk

) dS

−
∫

Γ
Θkf

′
0(ψΘk

)|∇ΓψΘk
|2 dS −

∫

Γ
Θkf0(ψΘk

)∂nϕΘk
dS.

Adding the above two equalities together, using Young’s inequality and the monotonicity of f0, we obtain
∫

Ω
Θ2

k|f0(ϕΘk
)|2 dx+

∫

Γ
Θ2

k|f0(ψΘk
)|2 dS

≤ C
(
‖µΘk

‖2H + ‖θΘk
‖2HΓ

+ 1
)
+Θk

∫

Γ
(f0(ϕΘk

)− f0(ψΘk
))∂nϕΘk

dS

= C
(
‖µΘk

‖2H + ‖θΘk
‖2HΓ

+ 1
)
+ χ(K)Θk

∫

Γ
(f0(ϕΘk

)− f0(ψΘk
))(ψΘk

− ϕΘk
) dS

≤ C
(
‖µΘk

‖2H + ‖θΘk
‖2HΓ

+ 1
)
,

which, together with (6.3), implies that

‖Θkf0(ϕΘk
)‖L2(0,T ;H) + ‖Θkf0(ψΘk

)‖L2(0,T ;HΓ) ≤ C
(
1 + ‖∂nϕΘk

‖L2(0,T ;HΓ)

)
.

Then, regarding (2.7)–(2.9) as a bulk-surface coupled elliptic system for ϕΘk
, by the elliptic regularity theorem

(cf. [37, Theorem 3.3]), trace theorem, Ehrling’s lemma (see Lemma A.2) and (6.1), it holds

‖ϕΘk
‖L2(0,T ;H2

K) ≤ C
(
1 + ‖∂nϕΘk

‖L2(0,T ;HΓ)

)

≤ C
(
1 + ‖ϕΘk

‖L2(0,T ;Hr(Ω))

)

≤ 1

2
‖ϕΘk

‖L2(0,T ;H2
K) + C,

for some r ∈ (3/2, 2). Then, we can conclude the first four estimates in (6.7). Finally, using (2.5), (2.6), we

have

‖∂tϕΘk
‖V ∗

0
= ‖∇µΘk

‖H , ‖∂tψΘk
‖V ∗

Γ,0
= ‖∇ΓθΘk

‖HΓ
,

which, together with (6.1), imply the last two estimates in (6.7).

Proof of Theorem 2.4. Thanks to the Banach-Alaoglu theorem, Aubin-Lions-Simon lemma (see Lemma A.1)

and uniform estimates (6.1), (6.7), we conclude that there exist functions (ϕ̃, µ̃, ξ̃) and a subsequence of{
(ϕΘk

,µΘk
)
}
k∈Z+ (not relabelled), such that the convergence results (2.14)–(2.19) hold. By (2.7)–(2.9), it

holds
∫

Ω
µΘk

ζ dx+

∫

Γ
θΘk

ζΓ dS =

∫

Ω
∇ϕΘk

· ∇ζ dx+
∫

Ω

(
f0(ϕΘk

)−ΘcϕΘk

)
ζ dx

+

∫

Γ
∇ΓψΘk

· ∇ΓζΓ dS +

∫

Γ

(
f0(ψΘk

)−ΘcψΘk

)
ζΓ dS

+ χ(K)

∫

Γ
(ψΘk

− ϕΘk
)(ζΓ − ζ) dS (6.8)

for any (ζ, ζΓ) ∈ H1
K . Passing to the limit k → +∞ in (2.5), (2.6) and (6.8), we obtain

〈∂tϕ̃, z〉V ′,V +

∫

Ω
∇µ̃ · ∇z dx = 0, ∀ z ∈ V,
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〈∂tψ̃, zΓ〉V ′

Γ,VΓ
+

∫

Γ
∇Γθ̃ · ∇ΓzΓ dS = 0, ∀ zΓ ∈ VΓ,

for almost all t ∈ (0, T ), and
∫

Ω
µ̃ζ dx+

∫

Γ
θ̃ζΓ dS =

∫

Ω
∇ϕ̃ · ∇ζ dx+

∫

Ω

(
ξ̃ −Θcϕ̃

)
ζ dx

+

∫

Γ
∇Γψ̃ · ∇ΓζΓ dS +

∫

Γ

(
ξ̃Γ −Θcψ̃

)
ζΓ dS

+ χ(K)

∫

Γ
(ψ̃ − ϕ̃)(ζΓ − ζ) dS, (6.9)

for almost all t ∈ (0, T ) and all (ζ, ζΓ) ∈ H1
K . Since (ζ, ζΓ) ∈ H1

K is arbitrary, we can easily derive from (6.9)

that

µ̃ = −∆ϕ̃+ ξ̃ −Θcϕ̃, a.e. in QT ,

K∂nϕ̃ = ψ̃ − ϕ̃, a.e. on ΣT ,

θ̃ = ∂nϕ̃−∆Γψ̃ + ξ̃Γ −Θcψ̃, a.e. on ΣT .

Furthermore, by the strong convergences (2.14) and (2.15), together with limk→+∞ ‖ϕ0,k − ϕ0‖H1 = 0, we

can conclude that the initial conditions hold

ϕ̃|t=0 = ϕ0 a.e. in Ω, ψ̃|t=0 = ψ0 a.e. on Γ.

Now, following the idea in [1], we prove that

ξ̃ ∈ ∂I[−1,1](ϕ̃) a.e. in QT and ξ̃Γ ∈ ∂I[−1,1](ψ̃) a.e. on ΣT .

Due to (2.14), (2.15) and

‖f‖L∞ ≤ C‖f‖1−d/4
L2 ‖f‖d/4

H2 ,

we obtain

ϕΘk
→ ϕ̃ strongly in L2(0, T ;C(Ω))

ψΘk
→ ψ̃ strongly in L2(0, T ;C(Γ))

as k → +∞. Therefore, up to a suitable subsequence, there hold

ϕΘk
(t) → ϕ̃(t) in C(Ω),

ψΘk
(t) → ψ̃(t) in C(Γ),

as k → +∞, for almost all t ∈ (0, T ). Therefore

Θkf0(ϕΘk
(x, t)) → 0 = ξ̃(x, t) a.e. in

{
(x, t) ∈ QT : ϕ̃(x, t) ∈ (−1, 1)

}
.

On the other hand, if ϕ̃(x, t) = −1 for some x ∈ Ω and some t ∈ (0, T ) such that ϕΘk
(t) → ϕ̃(t) strongly in

C(Ω), then f0(ϕΘk
(x, t)) ≤ 0 for sufficiently large k and therefore ξ̃(x, t) ≤ 0, i.e., ξ̃(x, t) ∈ ∂I[−1,1](−1),

almost everywhere on
{
ϕ̃(x, t) = −1

}
. By the same argument, ξ̃(x, t) ≥ 0, i.e., ξ̃(x, t) ∈ ∂I[−1,1](1), almost

everywhere on
{
ϕ̃(x, t) = 1

}
. Hence, we obtain

ξ̃ ∈ ∂I[−1,1](ϕ̃) a.e. in QT .

Similarly, we can conclude that

ξ̃Γ ∈ ∂I[−1,1](ψ̃) a.e. on ΣT .

Therefore, we complete the proof of Theorem 2.4.
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A Appendix

A.1 Useful tools

We report some technical lemmas that have been used in our analysis. First, we recall the compactness lemma

of Aubin-Lions-Simon type (see e.g., [50])

Lemma A.1. Let X0
c→֒ X1 ⊂ X2 where Xj are (real) Banach spaces (j = 0, 1, 2). Let 1 < p ≤ +∞,

1 ≤ q ≤ +∞ and I be a bounded subinterval of R. Then, the sets

{ϕ ∈ Lp (I;X0) : ∂tϕ ∈ Lq (I;X2)}
c→֒ Lp (I;X1) , if 1 < p < +∞,

and

{ϕ ∈ Lp (I;X0) : ∂tϕ ∈ Lq (I;X2)}
c→֒ C (I;X1) , if p = +∞, q > 1.

Lemma A.2 (Ehrling’s Lemma). Let B0, B1, B2 be three Banach spaces. Assume that B0 ⊂ B with compact

injection and that B ⊂ B1 with continuous injection. Then, for each ǫ > 0, there exists a positive constant Cǫ

depending on ǫ such that

‖z‖B ≤ ǫ‖z‖B0 + Cǫ‖z‖B1 , ∀ z ∈ B0.

A.2 Proof of the extended Łojasiewicz-Simon inequality

The proof of Lemma 5.2 is an extension of [2] for the Cahn-Hilliard equation with singular potential and

homogeneous Neumann boundary conditions and [39] for the bulk-surface Allen-Cahn system with regular

potentials.

Proof of Lemma 5.2. Let U be a (sufficiently) small neighborhood of 0 in W2
K,0. For any u ∈ U , define

φ := u+ϕ∞ ∈ Ũ = {ϕ∞}+U . By the strict separation property of ϕ∞, we conclude that φ stays uniformly

away from pure states ±1, this means that there exists a constant δ3 ∈ (0, 1) such that

‖φ‖L∞(Ω) ≤ 1− δ3, ‖φΓ‖L∞(Γ) ≤ 1− δ3, ∀φ := (φ, φΓ) ∈ Ũ .

Define the energy functional E : U → R as

E
(
u
)
:= E(φ), ∀u = φ−ϕ∞ ∈ U.

Denote the first and second Fréchet derivatives of E as M and L, respectively. By an argument similar to that

in [8], we can conclude that M ∈ C(U, (W2
K,0)

′) and for any w ∈ W2
K,0, we have

M
(
u
)(
w
)
=

∫

Ω

(
∇φ · ∇w + β(φ)w + π(φ)w

)
dx+ χ(K)

∫

Γ
(φΓ − φ)(wΓ − w) dS

+

∫

Γ

(
∇ΓφΓ · ∇ΓwΓ + βΓ(φΓ)wΓ + πΓ(φΓ)wΓ

)
dS.

In particular, since u ∈ U ⊂ W2
K,0, we have M : U ⊂ W2

K,0 → L2
(0) and

M
(
u
)
=

(
PΩ

(
−∆φ+ β(φ) + π(φ)

)

PΓ

(
∂nφ−∆ΓφΓ + βΓ(φΓ) + πΓ(φΓ)

)
)
.

Furthermore, we conclude that L ∈ C(U,B(W2
K,0, (W2

K,0)
′)) and

L
(
u
)(
w
)
=

(
PΩ

(
−∆w + β′(φ)w + π′(φ)w

)

PΓ

(
∂nw −∆ΓwΓ + β′Γ(φΓ)wΓ + π′Γ(φΓ)wΓ

)
)

∈ L2
(0) ⊂ (W2

K,0)
′
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for any u ∈ U , w ∈ W2
K,0. Hence, M ∈ C1(U,L2

(0)) and E ∈ C2(U ;R). Since ϕ∞ satisfies (4.6), we obtain

M
(
0
)
=

(
PΩ

(
−∆ϕ∞ + β(ϕ∞) + π(ϕ∞)

)

PΓ

(
∂nϕ∞ −∆Γψ∞ + βΓ(ψ∞) + πΓ(ψ∞)

)
)

= 0,

which infers that 0 is a stationary point of E . Hence, it remains to show that there exist constants ς∗ ∈ (0, 1/2)
and b∗ > 0 such that

‖M(u)‖L2
(0)

≥ |E(u)− E(0)|1−ς∗

for all u ∈ W2
K,0 satisfying ‖u‖W2

K,0
≤ b∗.

Define the linear operator L : W2
K,0 → L2

(0) as L := L
(
0
)
, i.e.,

L
(
w
)
=

(
PΩ

(
−∆w + β′(ϕ∞)w + π′(ϕ∞)w

)

PΓ

(
∂nw −∆ΓwΓ + β′Γ(ψ∞)wΓ + π′Γ(ψ∞)wΓ

)
)
, ∀w ∈ W2

K,0.

For any two w, z ∈ W2
K,0

(
L(w),z

)
L2 =

∫

Ω
∇w · ∇z + β′(ϕ∞)wz + π′(ϕ∞)wz dx

+

∫

Γ
∇ΓwΓ · ∇ΓzΓ + β′Γ(ψ∞)wΓzΓ + π′Γ(ψ∞)wΓzΓ dS

+ χ(K)

∫

Γ
(zΓ − z)(wΓ − w) dS

=
(
w, L(z)

)
L2

and we see that L is a self-adjoint operator, i.e., L = L∗, where L∗ is the adjoint operator of L. Associated

with L, we define the bilinear form B(w,z) on H1
K,0 as follows:

B(w,z) =

∫

Ω
∇w · ∇z + β′(ϕ∞)wz + π′(ϕ∞)wz dx

+

∫

Γ
∇ΓwΓ · ∇ΓzΓ + β′Γ(ψ∞)wΓzΓ + π′Γ(ψ∞)wΓzΓ dS

+ χ(K)

∫

Γ
(zΓ − z)(wΓ − w) dS, ∀w,z ∈ H1

K,0.

By (A1), (A3) , we can easily obtain the bilinear form

Bλ

(
w,z

)
= λ

(
w,z

)
L2 +B

(
w,z

)

is continuous and coercive in H1
K,0 for sufficiently large λ. Hence, by the Lax-Milgram theorem, λI + L is

invertible and (λI + L)−1 : L2
(0) → L2

(0) is compact. Then, we can obtain the Fredholm alternative result for

the bulk-surface elliptic problem





−∆w + β′(ϕ∞)w + π′(ϕ∞)w = f, in Ω,
K∂nw = wΓ − w, on Γ,
−∆ΓwΓ + ∂nw + β′Γ(ψ∞)wΓ + π′Γ(ψ∞)wΓ = fΓ, on Γ,

where f := (f, fΓ) ∈ L2
(0). Consequently, we obtain Rg

(
L
)
= (ker(L∗))⊥ = (ker(L))⊥ and dimension of

ker(L) is finite. Let
{
φj

}N

j=1
:=

{
(φj , φΓ,j)

}N

j=1
be the normalized orthogonal basis of Ker(L) in L2

(0) and
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{
φj

}N

j=1
∈ W2

K,0 by the elliptic regularity theory. Let P ∈ B(W2
K,0,W2

K,0) be the projection from W2
K,0 to

Ker(L), defined by

Pv =

N∑

j=1

(v,φj)L2φj , ∀ v ∈ W2
K,0.

Then, the adjoint P∗ ∈ B
(
(W2

K,0)
′, (W2

K,0)
′
)

leaves L2
(0) invariant. Indeed, for any w ∈ L2

(0) and v ∈ W2
K,0,

〈
P
∗w,v

〉
(W2

K,0)
′,W2

K,0
=

〈
w,Pv

〉
(W2

K,0)
′,W2

K,0

=
(
w,Pv

)
L2

=
(
w,

N∑

j=1

(v,φj)L2φj

)
L2

=
( N∑

j=1

(w,φj)L2φj,v
)
L2

=
〈 N∑

j=1

(w,φj)L2φj,v
〉
(W2

K,0)
′,W2

K,0
.

Hence, we obtain P
∗w =

∑N
j=1(w,φj)L2φj ∈ L2

(0).

Now, we prove that M is analytic in a neighborhood U of 0 in W2
K,0. Since β, βΓ are real analytic on

(−1, 1) and π, πΓ are real analytic on R, we can conclude that the mappings

u ∈
{
L∞(Ω) : |u+ ϕ∞| ≤ 1− δ3 a.e. in Ω

}
7→ β(u+ ϕ∞) ∈ L∞(Ω),

uΓ ∈
{
L∞(Γ) : |uΓ + ψ∞| ≤ 1− δ3 a.e. on Γ

}
7→ βΓ(uΓ + ψ∞) ∈ L∞(Γ),

u ∈
{
L∞(Ω) : |u+ ϕ∞| ≤ 1− δ3 a.e. in Ω

}
7→ π(u+ ϕ∞) ∈ L∞(Ω),

uΓ ∈
{
L∞(Γ) : |uΓ + ψ∞| ≤ 1− δ3 a.e. on Γ

}
7→ πΓ(uΓ + ψ∞) ∈ L∞(Γ),

are analytic (in the sense of [31, Definition 2.4]). Then, by the embedding

U →֒
{
u := (u, uΓ) : ‖u+ ϕ∞‖L∞(Ω), ‖uΓ + ψ∞‖L∞(Γ) ≤ 1− δ3

}
,

it follows that M : U → L2
(0) is analytic. Finally, for the function spaces "X,Y, V,W " in [7], we can

apply [7, Corollary 3.11] with X = V = W2
K,0, W = Y = L2

(0) to derive the extended Łojasiewicz-Simon

inequality (5.2).
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