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Abstract

We consider a class of bulk-surface coupled Cahn-Hilliard systems in a smooth, bounded domain 2 C R?
(d € {2,3}), where the trace value of the bulk phase variable is connected to the surface phase variable
via a Dirichlet boundary condition or its Robin approximation. For a general class of singular potentials
(including the physically relevant logarithmic potential), we establish the regularity propagation of global
weak solutions to the initial boundary value problem. In particular, when the spatial dimension is two, we
prove the instantaneous strict separation property, which ensures that every global weak solution remains
uniformly away from the pure states 1 after any given positive time. In the three-dimensional case, we
obtain the eventual strict separation property that holds for sufficiently large time. This strict separation
property allows us to prove that every global weak solution converges to a single equilibrium as time goes to
infinity using the Lojasiewicz-Simon approach. Finally, we study the double obstacle limit for the problem
with logarithmic potentials in the bulk and on the boundary, showing that as the absolute temperature ©
tends to zero, the corresponding weak solutions converge (for a suitable subsequence) to a weak solution of
the problem with a double obstacle potential.

Keywords: Cahn-Hilliard equation, bulk-surface interaction, dynamic boundary condition, singular poten-
tial, separation property, convergence to equilibrium, double obstacle limit.
MSC 2020: 35B40, 35B65, 35K35, 35K61, 35Q92.

1 Introduction

The Cahn-Hilliard equation is a fundamental diffuse-interface model proposed in [5] to describe spinodal
decomposition of binary alloys. In the diffuse-interface framework, an order parameter ¢, known as the phase-
field, is introduced to characterize the difference between local concentrations (e.g., volume fractions) of two
components in a binary mixture. Regions of pure phases correspond to areas with ¢ = £1. They are separated
by a thin interfacial layer (diffuse interface) whose thickness is proportional to a small parameter € > 0. In
intermediate regions, the phase function ¢ exhibits a continuous transition between —1 and 1. Diffuse-interface
models, including the Cahn-Hilliard equation and its variants, provide an efficient tool for studying morpholog-
ical changes of free interfaces in fluid or solid mixtures from both theoretical and numerical perspectives [43].
In recent years, they have been successfully applied to describe phase separation phenomena arising in various
areas of scientific research, such as diblock copolymers, image painting, tumor growth and two-phase flows.

Let us consider the following Cahn-Hilliard equation

{ Orp = A, in Q x (0, 4+00),

n=—Dp+Fg), inQx (0,+0), (D
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where Q C R? (d € {2,3}) is a bounded domain with smooth boundary I" := 9. For simplicity, several phys-
ical parameters such as the interfacial thickness, interfacial tension and mobility etc have been set to unity since
their values do not have any influence on the subsequent analysis. The functions ¢ : Q x (0, 4+00) — [—1,1]
and o : Q x (0,400) — R denote the phase-field and chemical potential in the bulk, respectively. To en-
sure well-posedness of the evolution equation (LI, appropriate boundary conditions (accompanied by an
initial condition for ) must be taken into account. Classical choices include the homogeneous Neumann
boundary conditions for the phase-field variable and the chemical potential, specifically, Op = Ot = 0 on
I’ x (0,400). The resulting initial-boundary value problem has been extensively studied in the literature (see,
e.g., [2,119,129133,143]145,148] and the references therein). Apart from their crucial role in the mathematical
analysis, the physics associated with these boundary conditions is also significant for real-world applications.
For instance, 0,0 = 0 represents a no-flux boundary condition, indicating that there is no exchange of mass
between the inside and outside of the domain 2. However, the boundary condition d,¢ = 0 may have limita-
tions from a physical perspective, as it implies that the diffuse interface between two components of the mixture
intersects the boundary I' with a fixed contact angle of ninety degrees at all times, which may be unrealistic
(cf. [47]]). Generally speaking, the physics associated with boundary conditions cannot be simply deduced from
that associated with evolution equations in the bulk. The coexistence of different dissipative processes in the
bulk and on the boundary is a common phenomenon in mixtures of materials (see [20,(34}147]).

In recent years, the study of boundary effects in phase separation processes of binary mixtures has garnered
significant attention. To describe short-range interactions between the solid boundary and the mixture contained
within, several types of dynamic boundary conditions for the Cahn-Hilliard equation have been introduced and
analyzed in the literature, as seen in the recent review paper [52] and the references therein. In this work, we
specifically focus on the following boundary conditions:

Onpt = 0, onT x (0,+00),

Konp =1 — ¢, onI' x (0, 400), (12)
Opp = Ard, onT x (0,+00), '
9:3n¢—AF¢+G/(T/))a onI' x (0, 400),

where n := n(x) stands for the unit outer normal vector on I". The symbols 0, and Ar denote the outward
normal derivative and the Laplace-Beltrami operator on the boundary, respectively. In (L2)), the surface phase-
field ¢ : T' x (0,400) — [—1,1] represents distribution of the binary mixture on the boundary and 6 :
I' x (0,400) — R denotes the surface chemical potential. To solve the evolution problem (LI)-(L.2)), we also
impose the initial conditions:

@li=0 = po in YPli—o = 1o onT. (1.3)

In (I.2), we neglect mass transfer between the bulk and boundary, maintaining the no-flux boundary condition
Onpt = 0 (cf. [30,136]], where possible adsorption or desorption processes between the materials in the bulk and
on the boundary were considered, see (I.9) below). This condition also implies that the chemical potentials
w1 and 6 are not directly coupled, and interactions between the bulk and surface materials occur through the
phase-fields ¢ and . The third and fourth conditions in (I.2)) yield a surface Cahn-Hilliard equation for 1)
on I', which is coupled to the bulk through the normal derivative 0y, . Finally, we observe that the bulk and
surface phase-field functions are coupled through the second condition in (I.2) with a parameter K € [0, +00).
When K = 0, it simplifies to a transmission condition ¢|r = 1 on I" x (0,400), i.e., a (non-homogeneous)
Dirichlet boundary condition for the bulk phase-field, where ¢|r represents the trace of ¢ on the boundary.
When K € (0,+00), the corresponding condition provides a Robin type approximation (also known as the
boundary penalty method), see [10,135] for further discussions. Formally, in the limit X' — 400, we find
On = 0, which, together with 9, 1 = 0, indicates that the dynamics of ¢ in the bulk and the dynamics of ) on
the boundary become independent. This situation is less interesting and will not be considered here.

The set of boundary conditions (L2)) with K = 0 was initially derived in [40], employing an energetic
variational approach that integrates the least action principle and Onsager’s principle of maximum energy dis-



sipation. It characterizes a specific phase separation process involving transmission dynamics between the bulk
and the boundary, inherently satisfying three physical properties: mass conservation and force balance both in
the bulk and on the boundary, as well as dissipation of the total free energy (see (L4), (I.3) below). Extensions
have been made in [33] to the case of an affine linear transmission condition, ¢|r = i + f, further to a
more general scenario, ¢|r = H(v), for some continuous function H : R — R. Additionally, the case with
K € (0,400) was proposed as a Robin approximation of the Dirichlet-type transmission condition, and the
convergence as K — 0 for the affine linear case was rigorously justified with an error estimate. It is noteworthy
that the general transmission condition, such as like ¢|r = H(¢), was first considered in [[10] for the Allen-
Cahn system to account for some intriguing and non-trivial couplings between bulk and surface dynamics. In
this study, we confine ourselves to the linear case, ¢|r = 1, for simplicity.

Let us now present some important properties of the bulk-surface coupled system (L.I)-(1.3). For suffi-
ciently regular solutions, we find the conservation of mass both in the bulk and on the boundary:

/Qcp(t)dw:/ﬂcpodx, /Fw(t) dS:/Fz/JOdS, Vit e [0,4+00). (1.4)

Next, the total free energy associated to the system (LI)—(L.2) is given by

Ble.) = [ (51v6+ F@)) ar+ [ (319r +6w) as 202 [o— pas

bulk free energy surface free energy

where V and Vr denote the gradient operator in €2 and the tangential (surface) gradient operator on I, respec-
tively. Here we set

0, if K =0,
=11 if K € (0,400)
K? 1 ) e )

to distinguish the case of Dirichlet transmission condition and its Robin approximation. The first and second
terms in E correspond to the bulk and surface free energies of Ginzburg-Landau type, while the third term
measures the deviation of the trace ¢|p from ¢ (cf. [10,35]). The surface Dirichlet energy (1/2) [ |[Vry[*dS
corresponds to possible surface diffusion and yields a regularizing effect on the boundary (cf. [12,40] for the
case K = 0). A direct calculation yields that, for sufficiently regular solutions to problem (L.I)-(L3), the
following energy identity is fulfilled:

%E(cp(t),w(t)) —i—/Q]Vu(t)\2dx+A\Vp9(t)\2dS:0, Vit € (0,400). (15)

We note that the bulk and boundary chemical potentials p, # can be obtained from the variation of the total free
energy. Moreover, the Cahn-Hilliard system (L. I)-(I.2)) can be regarded as a gradient flow of E with respect to
a suitable inner product (see [25.[35]]).

The nonlinear functions F' and G represent the homogeneous free energy densities in the bulk and on the
boundary, respectively. We shall treat general singular potentials in a setting similar to that in [13]], namely,
with the decomposition R R

F=p3+m, G = fr + 7, (1.6)
where B Bp are proper convex lower semicontinuous functions and 7, 7r are smooth concave perturbations.
Then we denote F/ = 3 + 7 and G’ = Br + 7r, where 8 = 8ﬁ Or = Z?Bp are the subdifferentials of B ﬁp
and 7 = 7', mp = 7}, are usual derivatives. In applications related to materials science, a physically relevant
choice for F' (and G) is the logarithmic potential [5] (also referred to as the Flory-Huggins potential):

Wieg(r) := % [(1+7r)In(l+7)+ (1 —r)n(l—7r)] —%r2 re(—1,1), (1.7)

=:Fo(r)




where © > 0 is the absolute temperature of the mixture and O, is the critical temperature for phase separation.
We find that the logarithmic part Fy € C([—1,1]) N C*°(—1,1) is convex, while W}, is non-convex with a
double-well structure if ©, > ©. W), is referred to as a singular potential since the derivative fo(r) = Fj(r)
diverges to +co as 7 — +1. In practice, the logarithmic potential is often approximated by a regular potential

of polynomial type like
1
VVreg(r) = 1(72 - 1)27 reR.
We also mention another commonly used singular potential, that is, the so-called double-obstacle potential

(see [4]]):

e
O, ——5r2, ifre[-1,1],
Wagbs(r) = Ij—1,1)(7) — 77‘2 = 2 [ ] (1.8)
+00, else,

where I;_; yj() is the indicator function of [—1, 1]. Then it holds W, (1) = OI|_ 17(r) — O,

We first recall some related results in the case where K = 0. The problem (LI)—(L3]) with regular potentials
F, G was initially analyzed in [40]], where well-posedness and long-time behavior (i.e., convergence to a single
equilibrium) of global weak/strong solutions were established. Subsequently, by introducing a slightly weaker
notation of the solution, the authors of [25] proved existence and uniqueness of weak solutions via a gradient
flow approach, removing the additional geometric assumption imposed in [40] when the surface diffusion is
absent. Besides, the existence of a global attractor and exponential attractors were obtained in [44]. The case
with singular potentials (including (L7), (I.8)) is more intricate. Existence and uniqueness of weak/strong
solutions were proved in [13]] based on a novel time-discretization scheme for a regularized problem with
viscous terms (in the chemical potentials) and Yosida’s approximation (for the singular nonlinearities F', G).
Regularity propagation of weak solutions and the existence of a global attractor were proved in [44]]. However,
less is known about the long-time behavior in this case (for instance, convergence to a single equilibrium
and the existence of exponential attractors), since further regularity properties of weak solutions, particularly
whether the solution will stay uniformly away from the pure states, remain unclear. We also mention [12f], in
which the authors investigated the asymptotic limit as the surface diffusion acting on the boundary phase-field
variable vanishes. They obtained a forward-backward dynamic boundary condition at the limit, and, thanks to
the Dirichlet type transmission condition (i.e., ' = 0), they were able to prove well-posedness of the limit
problem with a general class of singular potentials.

Next, when K € (0, 4+00), problem (L.I)—(L.3) with regular potentials F', G was investigated in [35]. Well-
posedness and the asymptotic limit as X' — 0, both with or without surface diffusion on the boundary, were
established. Recently, in [38]], a general class of bulk-surface Cahn-Hilliard systems with convection, dynamic
boundary conditions, and regular potentials was analyzed. The authors considered the following boundary
condition that extends the second one in :

Loppu=60—p, onT x (0,400), with L € [0,4o0]. (1.9)

They first proved existence of global weak solutions in the case K, L € (0,4oc0) using a suitable Faedo-
Galerkin approximation, and then obtained the existence of weak solutions for all other cases through the
asymptotic limits (i.e., letting K and L tend to 0 or to +00). Unfortunately, singular potentials like the loga-
rithmic potential or the double-obstacle potential (I.8) are not admissible in this context (see [38, Remark
2.1]). For problem (LI)—(L.3) with K € (0, +00) and singular potentials, the only available analytic result was
given in [17], where the authors studied the Cahn-Hilliard system (L.I)—(1.2)) coupled to a Brinkman equation
that describes the motion of creeping two-phase flows in a porous medium. They established the existence of
global weak solutions for singular potentials, including (I.7) and (L.8). However, due to the coupling with a ve-
locity equation, the uniqueness and regularity of weak solutions remain open. Furthermore, in contrast to [12]],
the dynamics in the bulk do not seem sufficiently strong to compensate the backward dynamics in the limit of
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vanishing surface diffusion on the boundary, since K € (0, +00) implies a weaker relationship between ¢|p
and .

Our aim in this study is to explore the strict separation property and asymptotic behavior of global weak
solutions to problem (LI)—(L3) with singular potentials for all K € [0, +00). The findings are summarized as
follows:

(1) Strict separation from pure states. In three dimensions, we establish the eventual strict separation prop-
erty for a general class of singular potentials, ensuring that every global weak solution stays uniformly
distant from the pure states £1 after a sufficiently large time. Our proof relies on the gradient flow struc-
ture of problem (L.I)—(1.3) and the strict separation property of the w-limit set (see Theorem 2.1). When
the spatial dimension is two, under certain additional assumptions (see (A5a), (A5b) in Section 2), we
prove the instantaneous strict separation property, meaning that every global weak solution stays uni-
formly away from =+1 after an arbitrary given positive time (see Theorem [2.2)). We successfully extend
the direct method from [22]] and the De Giorgi’s iteration scheme from [23], originally applied to the
Cahn-Hilliard equation with homogeneous Neumann boundary conditions, to the present case involving
non-trivial bulk-surface interactions.

(2) Long-time behavior. Thanks to the strict separation property, we can regard the singular potentials as
globally Lipschitz functions on a compact subset of (—1,1). Consequently, problem (LI)—(T.3) can be
approached as the case with regular potentials (cf. [2l24//48]]). More precisely, assuming that F' and G are
real analytic on (—1, 1), we can prove that every global weak solution converges to a single equilibrium
as t — 400 (see Theorem 2.3). The proof is aided by an extended f.ojasiewicz-Simon type gradient
inequality that incorporates bulk-surface interactions (see Lemma(3.2)).

(3) Double obstacle limit. Consider problem (LI)-(1.3) with FF = G = Wiog in a finite time interval
[0, T'] for any given final time 7" € (0, +00). Despite the bulk-surface coupling structure, we prove that
weak solutions (e, Ve, Lo, o) corresponding to the parameter © € (0, 1] converge (for a suitable
subsequence) to the weak solution of the limit system as © — 0. In this limit system, equations (LI},
(I.2)4 for the bulk and surface chemical potentials are replaced by differential inclusions related to the
subgradient of the double obstacle potential Wops (see Theorem 2.4). The proof relies on uniform
estimates with respect to the parameter © € (0, 1] that can be derived from the energy equality (I.3) and
a compactness argument similar to that in [[1]].

The strict separation property plays a pivotal role in the study of phase-field models with singular potentials.
It simplifies the handling of singular potentials and enables us to gain further insights into the regularity and
long-time behavior of global solutions. For the Cahn-Hilliard equation (I.I)) subject to homogeneous Neumann
boundary conditions, the eventual separation property was proven in [2]] using a dynamic approach (see [23] for
an alternative proof based on De Giorgi’s iteration scheme). Regarding the eventual separation property for the
Cahn-Hilliard equation with Cahn-Hilliard type dynamic boundary conditions, we refer to the recent works [21]]
(for the case K = L = 0) and [42] (for the case K = 0, L € [0,+00)). On the other hand, the instantaneous
strict separation property is more intricate since it depends on the spatial dimension and necessitates additional
assumptions on the singular potential. Taking a singular potential F' = B + 7 as an example, a commonly used
assumption is the following pointwise relation between the first and second order derivatives 3, 3”:

B//(T) < Cﬁecﬁﬁ’(r)\”ﬁ’ Vrc (_17 1)7 (1.10)

for some constants Cy > 0 and Ky € [1,2). See [22,1291[32.145/52]] and the references therein for detailed
discussions in the case of homogeneous Neumann boundary conditions. Recently, with the aid of a suitable
De Giorgi’s iteration scheme, the authors of [23] were able to treat a wilder set of singular potentials based on
some milder growth condition just for the first-order derivative 3’ near the pure states +1, that is , as 6 — 0,



there exists x > 1/2, such that

1 1 1 1
0 :O(|ln5|“)’ mzo(umw)' (1.11)

Regarding the Cahn-Hilliard equation coupled with Cahn-Hilliard type dynamic boundary conditions, the au-
thors of [21]] achieved instantaneous separation in two dimensions under the assumption (LIQ) with x4 = 1 for
the case K = L = 0. Recently, in [42], this result was extended to the case K = 0, L € [0,400) using a
suitable De Giorgi’s iteration scheme under the assumption (LII). To the best of our knowledge, for the bulk-
surface coupled Cahn-Hilliard system in the case K € (0, +00), whether the strict separation property holds or
not remains an open question. Lastly, it is worth mentioning recent progresses on the strict separation property
of nonlocal and fractional Cahn-Hilliard equations, as seen in [22}23/28/146]] and the references therein.

Concerning the double obstacle limit, the Cahn-Hilliard equation (I.I) with the double obstacle potential
(L8) and homogenous Neumann boundary conditions was first studied in [4], and later it was proven in [18]
that as © — 0, solutions of the Cahn-Hilliard equation with W),, converge to solutions corresponding to Woeps.
This type of result is also known as the deep quench limit in the literature. For extensions to the Navier-Stokes-
Cahn-Hilliard system for incompressible two-phase flows, see [1]] for the case with matched densities and [3]]
for the case with unmatched densities. Returning to our problem (L.I)—(L.3)), well-posedness in the case with
F = G = Wyops and K = 0 was established in [13], while for the case K € (0,+o0), existence of weak
solutions was obtained in [17]]. In this study, we rigorously justify the limiting procedure as © — 0, with the
novelty being the treatment of the bulk-surface coupling.

In recent years, the Cahn-Hilliard equation subject to Cahn-Hilliard type dynamic boundary conditions for
the phase-field variable and the general boundary condition (1.9) for the chemical potential has also garnered
significant attention. The parameter L distinguishes different types of adsorption or desorption processes be-
tween the materials in the bulk and on the boundary, and the value of 1/L can be interpreted as a kinetic
rate [36]]. Related models with L € [0, +00] have been extensively studied in the literature from various view-
points, as seen in [9,[11,[12}21125/26//30136.138,/40-42.!44]]. For further discussions on this topic, we refer to
the review paper [52].

The remainder of this paper is structured as follows: In Section 2, we introduce notations, assumptions and
preliminaries, followed by the presentation of our main results. In Section 3, we present the well-posedness of
problem (2.3) and establish some basic properties for global weak solutions, including the mass conservation
law, energy dissipation and global regularity. In Section 4, we first demonstrate the instantaneous strict sepa-
ration property in two dimensions and then establish the eventual strict separation property that applies in both
two and three dimensions. In Section 5, we show that every global weak solution converges to a single equi-
librium as time goes to infinity, using the Lojasiewicz-Simon approach. Section 6 is dedicated to proving the
double obstacle limit as © — 0. In the Appendix, we provide useful tools and outline the proof of a generalized
Lojasiewicz-Simon inequality.

2 Main Results

2.1 Preliminaries

For any real Banach space X, we denote its norm by || - || x, its dual space by X’ and the duality pairing
between X’ and X by (-,-)x+ x. If X is a Hilbert space, we denote the associated inner product by (-, -)x.
The space L2(0,T; X) (1 < g < 400) stands for the set of all strongly measurable g-integrable functions with
values in X, or, if ¢ = +00, essentially bounded functions. The space Lﬁlo (0, 4+00; X)) denotes the uniformly

local variant of L4(0, +o00; X) consisting of all strongly measurable f : [0, +00) — X such that

£l

uloc

(0,400;X) = i‘ilg £l Lacti+1:x) < +oo.
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If T € (0,+00), we simply have L,  (0,T;X) = L%(0,T; X). The space C([0,T]; X) denotes the Banach
space of all bounded and continuous functions u : [0,7] — X equipped with the supremum norm, while
Cy([0,T]; X) denotes the topological vector space of all bounded and weakly continuous functions.

Let 2 be a bounded domain in R? (d € {2,3}) with sufficiently smooth boundary I" := 992. We denote by
|©2| and |I'| the Lebesgue measure of €2 and the Hausdorff measure of I, respectively. For any 1 < ¢ < +o0,
k € N, the standard Lebesgue and Sobolev spaces on 2 are denoted by L?(Q2) and W#4(Q2). Here, we use
N for the set of natural numbers including zero. For s > 0 and ¢ € [1,+00), we denote by H*%(Q2) the
Bessel-potential spaces and by W %4(£2) the Slobodeckij spaces. If ¢ = 2, it holds H*?(2) = W*2(Q) for all
s and these spaces are Hilbert spaces. We use the notations H*(Q2) = H*>2(Q2) = W*2(Q2) and H°(Q) can be
identified with L2(£2). The Lebesgue spaces, Sobolev spaces and Slobodeckij spaces on the boundary I" can be
defined analogously, provided that I' is sufficiently regular. Again, we write H*(I') = H*2(T") = W*2(T") and
identify HO(T") with L?(T"). For convenience, we shall use the following shortcuts:

H:=L[*Q), Hr:=1L*T), V:=HYQ), Vr:=H).
Next, we introduce the product spaces
L£7:=LYQ) x LYT) and H*:= H*Q) x H¥T),

for ¢ € [1,+o0] and k € R, k > 0. Like before, we can identify HO with £2. For any k € N, H* is a Hilbert
space endowed with the standard inner product

((y7y1“)7 (Zazr))';.lk = (y;Z)Hk(Q) + (yrazr)Hk(F)7 V(y7y1“)7 (2721“) S Hk

% 3 . We introduce the duality pairing

<(y7 yF)7 (C7 CF)>(?—L1)’,’H1 = (y7 C)LQ(Q) + (yF7 (F)LQ(F% v (y7 yF) € £27 (ga CF) € Hl'

and the induced norm || - ||x := (-, ")

By the Riesz representation theorem, this product can be extended to a duality pairing on (#!)’ x H!. For any
positive integer k, we introduce the Hilbert space

VE:={(y,yr) € H" : ylr =yr ae. onT},

endowed with the inner product (-,-)yx = (-,-)y+ and the associated norm || - ||y» := || - ||+. Here, y|r
stands for the trace of y € H¥({2) on the boundary I', which is meaningful for & € Z*. The duality pairing on
(V1) x V! can be defined in a similar manner.

For every y € V', we denote by (y)o = ||~ (y, 1)y v its generalized mean value over 2. If y € L' (),
then its spatial mean is simply given by (y)o = [Q|™! [,y dz. The spatial mean for a function yr on T,
denoted by (yr)r, can be defined in a similar manner. With these notations, we define the following subspaces
for functions with zero mean:

Hy:={y € H: (y)o =0}, Hryo:={yr € Hr: (yr)r = 0},
Vo :=V N Hy, Vro:=Vr N Hrp,
Vo ={yeV": (y)a =0}, Vi = {yr € V¥« {yr)r =0},

and
L3y = Ho x Hro, My :=H" N LYy, Vi =V NLy,.
We also define the projection operators

PQ:H—>H07 yHy—<y>Qv VyGH,



Pr: Hr — Hrpo, yr+— yr—{(yr)r, VYyr € Hr.

Thanks to the Poincaré-Wirtinger inequality, there exists a positive constant ), such that

1
Il < ol lulvo = ( [ Vo de)’, vy etq, e

1
HyFH%/F < CPHyFH%/Fyo’ HyFHVF,o = </F |Vl"y1"|2 dS) 2’ Vyr‘ € VRO' (2.2)
For k € Nand K € [0, 4+00), we introduce the following notations

iy :{ HE if K >0, - H,;m::{ HEy K >0,

K- Ve i K =0, V(’fo) if K =0.

Besides, we consider the Hilbert spaces

o [ A{l,yr) e H?: Kdyy=yr —yae.onT}, if K >0, 9 a2 2
WK —{ V27 1fK:07 and WK,O = WKQ;C(O),

equipped with the usual inner product (-, -)5,2 and the associated norm || - ||42.

Like in [13], from the Lax-Milgram theorem, we can introduce the operator N, : V* — Vp by u = Nqu if
and only if (u)q = 0 and

/ Vu-Vzdz = (v,2)yry, VzeV.
Q

Analogously, we define NT : Vitg = Vro by ur = Nror if and only if (ur)r = 0 and

/ VFUF . VFZF dsS = <UF72F>VIL,VF7 VZF S VF.
r

By virtue of these definitions, we can introduce the following equivalent norms

1/2 .
ol = ([ [oAar) ™ vyevs,
1/2

2 2
2o+ lwal?)

2 1/2 *
Vit = (/F |V Nryr| d5> . Vyr € Vpy,

VyeV’,

Iyl = (lly = Wl

lyr]

1/2
eyt |(yr>1“|2> ,  YyreW.

lurllvz == (llyr = Gr)rl

Finally, we recall the following chain rules:

1d *
5&“9”%’; = (0w, Nay)vrv, Yye HY0,T;Vg),

1d *
5@\\%”%@0 = (Oryr, Nryr)ve e, Ve € H(0,T5 V).
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2.2 The initial boundary value problem

For an arbitrary but given final time 7" € (0, +00), we denote Q7 := Q2 x (0,7) and X7 :=T x (0,T). If
T = +oo, we simply set @ := Q x (0,+00) and ¥ := T x (0,+00). In view of the decomposition (I.6) for
the bulk and surface potentials, we reformulate our target problem (LI)—(L3) as follows:

O = Ap, inQ,
p=—8p+ B(p) +m(p), in Q,
Onpt =0, on Y,
Konp =9 — o, on Y,
Oy iAp@, ’ on 3, (2:3)
0 = Onp — Ary + Br(¥) + mr(¢), on3,
olt=0 = ©0, in €2,
Pli=0 = o, onl,

where o : Q@ — [—1,1], ¢ : I' = [—1, 1] are given functions.
Throughout this paper, we make the following assumptions (cf. [13,/42]):

(A1) The nonlinear convex functions B, Br belong to C ([~1,1]) N C%(—1,1). Their derivatives are denoted
by 8 =/, fr = B[ such that 3, fr € C1(—1,1) are monotone increasing functions. Moreover, it holds

lim B(r) = —oco, lim fr(r) = —o0,
r——1 r——1
lim 5(r) = +o0, lim fr(r) = +oo,
r—1 r—1
and the derivatives /', G- fulfill
5,(7") 2 w, 5{‘(7') 2 w, Vre (_17 1)

for some constant @ > 0. Without loss of generality, we set B(O) = BF(O) = 5(0) = Br(0) = 0 and
make the extension ((r) = +o0, Br(r) = +oo for |[r| > 1.

(A2) There exist positive constants g, ¢g such that

1B(r)| < ol Br(r)| +co,  Vre(=1,1). (2.4)
(A3) 7, 7r € C1(R) and their derivatives 7, 7r are globally Lipschitz continuous with Lipschitz constants

denoted by 1 and -y, respectively.
(A4) The initial datum satisfies (o, 10) € Hi, B(gpo) € L'(), Bp(%) € L'(I"). Moreover, it holds

mo = <(p0>Q S (—1, 1) and mrg = <1/J()>1“ S (—1, 1).

Remark 2.1. In order to handle the bulk-surface interaction, it is necessary to have a compatibility condition
between the bulk and surface potentials. In (A 2), we take a common assumption where Sr dominates /3 (as seen
in [[6,13H16./40]). This choice allows us to derive some crucial uniform estimates without encountering further
technical issues. An alternative approach is to consider the bulk potential as the dominating one (cf. [27.130]).

For the sake of convenience, below we shall use the bold notations

Y= (@7¢)7 ® = (M79)7 B = (5751—‘)7 ™= (7T77TF)7 Yo = (@07¢0)7

and also for generic elements y = (y,yr) in the product spaces £2, H!, V! etc. As a preliminary, we have the
following result on the well-posedness of problem (2.3)):



Proposition 2.1 (Well-posedness). Suppose that @ C R? (d € {2,3}) is a bounded domain with smooth
boundary T, K € [0,+00) and the assumptions (A1)—(A4) are satisfied. For any T > 0, problem (2.3))
admits a unique global weak solution (yp, p) on [0, T] in the following sense:

@ € H'(0,T;V')NL>®(0,T;V) N L*(0,T; H*(Q)),

pe L*0,T;V), Blp) € L*(0,T; H),

¢ € H'(0,T; V) N L>(0,T;Vr) N L*(0,T; H*(I)),

0 € L*(0,T;Vr), fr(¥) € L*(0,T; Hr),

such that
(O, z)vr v + / Vu-Vzdx =0, VzeV, (2.5)
Q
(O, zr)ve v + / Vré - VrzrdS =0, Var € r, (2.6)
r
for almost all t € (0,T) and
p=—Ap+ B(p) +7m(p), a.e. in Qr, (2.7)
Konp =v — o, a.e. on X, (2.8)
0 = Onp — Aryp + Br(¢) + (), a.e. on Xp. (2.9)

Moreover, the initial conditions are satisfied

Oli=o = o a.e. inQ, V)= = o a.e. onT.
Let (¢, u®) be two weak solutions to problem corresponding to two given initial data cp(()i) (i €{1,2})
that satisfy (A4). Then, there exists a positive constant C, depending on 1, vo, , T, T and coefficients of
system, such that

le™ = ePcqorvy + 18 = Plcqomsvn + 160 = Pz rvy + 180 = Pl 20,150
1 2 1 2
< (el = e lve + 188 = vy )- (2.10)

Remark 2.2. The uniqueness of weak solutions is a straightforward consequence of the continuous dependence
estimate (2.10). Since 7' > 0 is arbitrary, the solution is well-defined on the interval [0, +00). Additionally, due
to the Sobolev embedding theorem and the Aubin-Lions-Simon lemma (see Lemmal[A.T)), the regularity of the
bulk and surface phase functions leads to the continuity property ¢ € Cy,([0,+00); HL) N C([0, +00); £2).
This ensures that the initial data can be attained.

2.3 Statement of main results

We are now ready to present our main results. When discussing the strict separation property and long-
time behavior of global weak solutions, we examine the problem over the entire time interval [0, 4-00). For
the double obstacle limit, we shall work on a finite time interval [0, 7] for an arbitrary but fixed final time
T € (0,400).

Theorem 2.1 (Eventual separation). Suppose that Q@ C R¢ (d € {2,3)}) is a bounded domain with smooth
boundary T, K € [0,+00) and (A1)—(A4) are satisfied. Let (g, p) be the unique global weak solution to
problem obtained in Proposition There exist a constant 9, € (0,1) and a sufficiently large time
Tsp > 1 such that

le)llpeo@) <1 =01, [[¥(@)llpeeqry <1 —61, V> Tsp. (2.11)
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If one of the following additional assumptions is fulfilled, we can establish the instantaneous strict separa-
tion property in two dimensions (cf. [22,23])):

(Aba) There exist constants Cy > 0 and 4 € [1,2) such that
B(r) < CyeCBOI -y e (<1, 1).

(A5b) Asd — 0T, for some x > 1/2, it holds

3(1 i 25) O(|ln15|“>’ |5(—11+ 20) O(ﬁ)'

Theorem 2.2 (Instantaneous separation in 2D). Suppose that Q C R? is a bounded domain with smooth
boundary T, K € [0,400) and (A1)—-(A4) are satisfied. Assume in addition, (A5a) or (A5b) holds. Let
(¢, p) be the unique global weak solution to problem (2.3) obtained in Proposition 2.1l Then for any T > 0,
there exists a constant 09 € (0,1), depending on T, mo, mro, E(po), , I and coefficients of system, such that

lo@lre@ <1 =202, |[V@#)||peeqy <1062, VE>T.

Thanks to the eventual separation property obtained in Theorem 2.1} we are able to show that every global
weak solution converges to a single equilibrium as ¢ — 4-oc0.

Theorem 2.3 (Convergence to equilibrium). Suppose that the assumptions in Theorem2 1lare satisfied. Assume
in addition, B, Pr are real analytic on (—1,1) and w, wr are real analytic on R. Let @ be the unique global
weak solution to problem (2.3) obtained in Proposition We have

lim [o(t) = @ocllze = 0,

t——+o0

where Yoo = (Poo, Yoo ) Is a steady state that satisfies the following elliptic problem

—A¢poo + B(Poo) + T(Po0) = Hoos in
_Afwoo + ﬁr(%d + Wf(woo) + a119000 = 9007 on F7
KOn@oo = Yoo — Poo, onT,

with (pso) = Mo, (Yoo)T = M and

fhoo = ﬁ[/ﬂ (B(poo) + (o)) dw—/rc‘?ncpoo dS],

O = 157 [ (Brltho) +7r) + o) d.

Moreover, the following estimate on convergence rate holds

lo(t) — pocllzn < C(L+1) T, Vi, (2.12)

where ¢* € (0,1/2) is a constant depending on @, mo, mro, , ' and coefficients of system, the positive
constant C' may further depend on E(py).

The last result is about the double obstacle limit. To this end, recalling (I.7)), for every © € (0, 1], we take
the bulk and boundary free energy densities F, G in problem 2.3) as

S) O, S)

O, ) ) )
Fo(p) = EFO(CP) - 7902, Go(v) = EF()(T/J) — ?1/12, with Fyy given in (1.7).

11



It is easy to check that the assumptions (A1)—(A3) are fulfilled. Besides, for all ¢ € H1, B((,D) € LY(),
Br(y) € LY(T), we find

1 O,
lim Eo () 5/ Vel? dx+/ I-11)() dx—T/ p?de + 5 /!VF¢\2 ds
— 2 2
s [amwras - 5 [vras+ X [ gas
=: Ey(ep).

Hence, we denote the problem (2.3) correspond to © € (0,1] by (Sg) with the associated total free energy
FEo(¢), and denote the limit problem related to Ey by (Sp), that is,

8t(10 = Aﬂv in Q7
w4+ Ap + Ocp € A1y 1)(p), in Q,
Onpt =0, on Y,
Konp =9 — o, on X,
(S0) o (’ZDA;)Z;, ’ on X, (2.13)
0 — 811(,0 +Ary + 0y € aI[—l,l] (7/))7 on X,
¢li=0 = o, in {2,
Vli=0 = 2o, onI.

The following result implies that weak solutions of problem (Sg) converge to the weak solution of problem

(Sp) as © — 0.

Theorem 2.4 (Double obstacle limit). Suppose that @ C R? (d € {2,3}) is a bounded domain with smooth
boundary T, K € [0,+00) and T > 0 is an arbitrary but fixed final time. Let 0 < ©y < 1, k € Z* be such
that limy,_, o O = 0. Moreover, we assume g j, Po € ’H}{ satisfying limy,_, o |0,k — @ol|%1 = 0 and

leoklloe@) <1, Mol <1, sup [por)al <1, sup |[(ox)r| < 1.
keZ+t keZt

Let (o, , o, ) be the unique weak solution to problem (Se, ) with the initial data @y j, and the nonlinearities
Fo, (ve,). Go,(Ve,). Then there exist limit functions (@, @, §) such that as k — +o0, it holds

Yo, = @ weakly in H'(0,T; V') N L*(0,T; H*(Q))
weakly star in L>(0,T;V)
strongly in C(]0,T; H) (2.14)
e weakly in H(0,T; Vi) N L?(0, T; H*(I))
weakly star in L>(0,T; Vr)
strongly in C([0,T]; Hr) (2.15)
pe, — [ weakly in L*(0,T;V) (2.16)
fo, — 0 weakly in L*(0,T; Vp) (2.17)
Ok folve,) — 3 weakly in L*(0,T; H) (2.18)
Orfo(ve,) — &r weakly in L*(0, T; Hy) (2.19)

where fi + AP + 0, = € € 0I1_1,1)(¢) almost everywhere in Qr and 0 — 80P + Arth + Outp = &p €
OI1_11)(1) almost everywhere in Xg. Furthermore, (p, p, §) is a weak solution to problem 2.13) on [0, T).
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3 Basic Properties of Global Weak Solutions

In this section, we present some preliminary results for problem (2.3) with K € [0,400). This includes
examining the well-posedness, mass conservation, energy dissipation and regularity propagation of global weak
solutions.

3.1 Well-posedness

For completeness and convenience of the subsequent analysis, we sketch the proof of Proposition 2.1l
To this end, let us recall the approximating problem considered in [13.[17]. For every ¢ € (0,1), set 5,
Br,e : R = R, along with the associated resolvent operators J, Jr. : R — R given by (see also [6,9])

Belr) == 2 (r = () = < (r = (T4 28) (),

€

Br(r) = 6—1Q(r CJe(r) = %(r (I +eoBr) ().

for all r € R, \XherAe o > AO 1As the same constant as in the condition (2.4). Then the related Moreau-Yosida
regularizations 3., Br of 8, Ar : R — R are then given by (see, e.g., [49]])

~ 1 ~ 1 . r
utr) = int { oo+ 50) = oo = 0P 4 B(0) = [ plas
Bre(r) = inf {%w SN Ep(s)} _ OT Br..(s) ds.

Then for any €, 0 € (0, 1), we consider the following approximating problem:

( 01pe.0 = Alle o, a.e. in Qr,
Me,oc = O'atﬁpa,a - A‘Pe,a + /85(905,0) + 7(905,0)7 a.e. in Qr,
Ontle,s =0, a.e. on X,
Kan‘ﬂa,a = 1/}&,0 — Pe,0) a.e. on X, 3.0
M)e,o = Afee,oa a.e. on X, ’
95,0 = O'atwa,a + ancpa,o - AFwa,a + BF7£(1/}£70') + 7TF(1/1570), a.c. on ET,
Pe olt=0 = o0, a.e. in (),
¢a,a‘t:0 = o, ae.onl'.

Remark 3.1. In (3.1)), we have included two viscous terms o9, e, and 00y1)¢ o in the bulk and surface chemi-
cal potentials. This allows us to achieve better regularity for the time derivative 0;¢: ., and to handle the cases
K =0, K € (0,400) in a unified manner. As demonstrated in [17], these two viscous terms are not necessary
for the existence of global weak solutions to the approximating problem when K € (0, +00).

Sketch of the Proof for Proposition The existence of weak solutions can be found in [13L[17]. Since the
parameter K yields different structure for the system, different methods are required. For the case K = 0,
the proof relies on a suitable time-discretization scheme combined with the general theory of the maximal
monotone operator and the compactness argument (see [13])). For the case K € (0, 40c0), the solution can be
constructed directly using a Faedo-Galerkin scheme and the compactness argument (see [17]]). By considering
the asymptotic limit X' — 0, this also provides an alternative approach to obtain the existence of weak solutions
with K = 0. Anyway, for K € [0, 400), we can conclude that problem (3.I) admits a unique weak solution
satisfying

@eo € H'(0,T; L7) N L>(0,T; Hie) N L*(0, T; H),
Moo € L2(0,T;HY).
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In this manner, we can obtain a family of approximating solutions (., e ) satisfying sufficient a priori
estimates that are uniform with respect to the approximating parameters €,0 € (0,1). By the compactness
argument and passing to the limit as (¢,0) — (0, 0) (up to a subsequence), we can find a limit pair (¢, ) that
gives the global weak solution to the original problem (2.3)) on [0,7]. The continuous dependence estimate
(2.10)) in the case with K = 0 has been proven in [13} Theorem 2.4] using the energy method. The argument
therein can be extended to the case K & (0, +00) with a minor modification. The details are omitted here. [

3.2 Mass conservation and energy equality

Proposition 3.1 (Mass conservation). For all t > 0, it holds

(p(t))a =mo, (P(t))r = mro. (3.2)

Proof. Taking z = 1, zr = 1 in the weak formulations (2.3) and (2.6)), respectively, we easily arrive at the
conclusion (3.2)). O

Lemma 3.1. Let (@, p) be the global weak solution obtained in Proposition 2.1 It holds

t
E(p(t) + /0 (Ire(s) 1 + I0s(5)I13: ) ds < Blpo), fora.a. t = 0. (3.3)

Moreover, there exists a positive constant My such that

“+oo
o1l Lo 0 40023 ) + /0 (0@ + o @), ) at < M, (3.4)

+o0o
| (9ul + 19c00y ) ae < 2, 63

Proof. We first consider the approximating system (3.I) with ¢ = o. Testing 3.1)2, (3.I)¢ by Orpe» €
L?(0,400; H) and Oe s € L?(0, 4+o00; Hr), using the chain rule in [17} Proposition A.1], we find that ¢
E. (¢ ,(t)) is absolutely continuous on [0, +00) and

d

B (e (1)) + 010k ()2 + 100020 (D5 + 10000 (D), =0, foraa >0, G
where
1 1 K
By =5 [Vl det g [vraPas+ X0 [ ypas
Q T T

+ / Bey) + 7 (y) du + / Bro(yr) + Fr(yr) dS, Vy € Hi.
Q T

Integrating (3.6)) with respective to time, we find for all ¢ > 0,

t t
Been®) +0 [ 1000 dst [ (10ea@)l; +100en (IR, ) ds = Belgn). 3D

Recalling the weak and strong convergence results as € = ¢ — 0 for any 7" > 0 (in the sense of subsequence,
cf. [13L[17])

Peo — P weakly star in L (0, T; H1),
Peo — P weakly in L2(0,T; H%),
Orpe.c — Orp weakly in L2(0,T; Vy),
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Opthee — Opp weakly in L*(0, T; Vi¥y)
Peo — ¢ strongly in C([0,T]; £2) N L*(0, T; Hi),
0Pes — 0 strongly in H1(0,T; £?),
and by the lower weak semicontinuity of norms, we get
¢

t
lim inf /0 (10p2.0(5) I + 1000020 ()1, ) ds = /0 (o) 13 + I0rs) %, ) ds,

e—0

for almost all £ > 0. Besides, it is straightforward to check that
liminf E. (e »(t)) > E(p(t)) foraa. t>0 and lim E.(po) = E(p).
e—0 ’ e—0

Taking lim inf as ¢ = o — 0 in (3.7)), we arrive at the energy inequality (3.3).
Thanks to (A1), (A3), we can find a nonnegative constant ¢; such that

~

B(r) +7(r) > —ci, BF(T) +7r(r) > —c1, Vrel[-1,1].

Hence, by the definition of E(¢), it holds
1 1
E(p(t)) > 5/ Vo(t)]2 dz + 5/\Vp¢(t)\2d5—c1(\§2] LT, foraat>0.  (38)
Q r

Combining it with (3.3), recalling the Poincaré-Wirtinger inequalities 2.1)), 2.2)), we get

t
/0 (1 (5)I1Z + (), ) ds < Blspo) + 1 (19 + IT))

and

Hcp(t)Hi}( < 2(C2 + D)lp(t) — moll3;, + 2[2|mol?
+2(C2 + 1)[|e(t) — mmH?Vm + 2|T||mro |
< 4(C2 4+ 1)E(po) + 2(Cp + D)er (1] + 1) + 2|2 [mo|* + 2|T[|mro|?

for almost all ¢ > 0. Since the right-hand side is independent of ¢, then using the Lebesgue monotone conver-
gence theory, we obtain (3.4). Finally, by the definition of operators NV, N1 and 2.3), 2.6), we have

Na(0ip(t)) = —Pqa(u(t)) in Vg,
NF(@ﬂb(t)) = —PF (H(t)) in Vno,

for almost all ¢ > 0, which together with (3.4) allows us to conclude (3.3). O

Lemma 3.2. Let ¢ be the global weak solution obtained in Proposition 2.1l For any given 7 > 0, there exists
a positive constant Mo such that

t+1
||8t(70||L°°(T,+OO;VO*) + ||8thL°°(T,+oo;V1{O) + /t ||8t¢(3)||3{1d3 <M, Vt=>r. (3.9

Proof. Since the value of K € [0, 4+00) will not play a role in the proof, the results follows a standard approx-
imating procedure using (3.1I) (cf. [2,40]]). The details are omitted. ]
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Proposition 3.2 (Energy equality). Let o be the global weak solution obtained in Proposition 2.1 We have

d

B (@ (1) + 0u )]

Ve + H@tzﬁ(t)H%/ﬁo =0, foraa t>Q0, (3.10)

and

B(e®) + [ (100l +l0(o)

2%) ds = E(po), Vt>0. G.11)
Proof. Fors > 7 > 0, taking z = Nq(9y¢(s)) in (2.3), we obtain
0= ((). Na (() )y s + /Q Viuls) - VN (Bup(s)) de
— 9up(s) 2 + /Q (s)Dhip(s) da
= 10 (6) 1 + [ (= Aes) + 8(p(9) + m(0()))Orp(s) o
Similarly, taking zr = Np(9y1)(s)) in (2.6), we obtain
0 = (D), N1 (9(5)) Jyze | vie + /F Vré(s) - VeNr (9s(s)) dS
~ 106 g, + [ o)) s
= 10(6) Iz, + [ (Gue(s) = Aro(s) + Br(w(s) + 7 (0(5))) 2 (s) 4.

Summing up the above two equalities, using the chain rule of the subdifferential (see, e.g., [49]), we obtain

%E(cp(t)) + 10 (s + 10r(0)]

%/F*O =0, foraat>r.

For s,t > 7, integrating over the interval (s, t), we find

t
B(e0) ~ E(e) = - [ (l00lfy; +I0w(n)13,) dn G.12)
S
Hence, for any fixed 7 > 0, the mapping ¢ — E(cp(t)) is absolutely continuous and non-increasing for all
t > 7. Since 7 > 0 is arbitrary, the energy identity (3.11) holds for almost all ¢ > 0. It follows from the energy
inequality (3.3) that limsup,_,, E(¢(s)) < E(¢(0)). On the other hand, from Remark 2.2] the lower weak
semicontinuity of norms and Lebesgue’s dominated convergence theorem, we have liminf, 0 E(p(s)) >
E(4(0)). As aresult, it holds lims_,o E(¢(s)) = E(¢(0)). Thus, we can pass to the limit s — 0 in to
conclude the energy equality (3.11). O

Remark 3.2. Since the mapping ¢ — E(¢(t)) is absolutely continuous for all ¢ > 0, then applying the same
argument as in [21] Proposition 4.1], we have ¢ € C([0, +00); H).

As a consequence of (3.8) and (3.11)), we can conclude
Corollary 3.1. Ler @ be the global weak solution obtained in Proposition 2.1\ There exists some constant

E € R such that

t+1
lim_ E(p() = Bx and  Jim_ [ (IV(s)r + IVe(s) ) ds =0,

t—+00
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3.3 High-order regularity

Lemma 3.3. Let (o, 1) be the global weak solution obtained in Proposition 2.1l For any given T > 0, there
exists a positive constant My such that

182N Lo (r,4-00:11(2)) + 18T ()| oo (7, 40011 (1)) < M3, (3.13)
1]l oo (r 4001y < M. (3.14)

Proof. The case K = 0 has been treated in [44] Lemma 4.1]. Concerning the case with K € (0, 400), from

.8) and (B.4), we find

1
HanSOHLoo(T,+oo;HF) = e |4 — (lDHLOO(T,-FOO;HF) <C.
With this simple observation, we can prove (3.13), (3.14]) by an argument similar to that in [44, Lemma4.1]. O

Remark 3.3. Thanks to (3.9) and (3.14)), we can regard (2.3) and (2.6) as elliptic problem for x and 6, respec-
tively, that is

/ Vu(t) - Vzdx = —(0sp(t),z)g, forallz €V andaa.t € [r,+00),
Q

/ Vro(t) - VrzrdS = —(0w(t), 2r)m,, forall zr € Vpand a.a. t € [1,400).
r

From the elliptic regularity theorem, we find p € Lﬁloc (7, +00; H?). Since 7 > 0 is arbitrary, this implies that

(¢, 1) becomes a strong solution of problem (2.3) on (0, +00).

Lemma 3.4. Let o be the global weak solution obtained in Proposition 2.1 B
(1) In two dimensions, for any given T > 0, p € [2,4+00), there exists a positive constant Cy such that

1B(0) | o (7, +00s12(2)) + 1B Lo (7,400 Lr(ry) < Cov/Ps (3.15)

where 50 is independent of p.
(2) In three dimensions, for any given T > 0, there exists a positive constant C such that

18(0) | oo (r oo zr()) + 1B oo (7 4002y < Ci,

where p € [1, 6] and the constant C may depend on p.

Proof. In this proof, we adapt the notations which have been used in the proof of [21, Lemma 3.5]. For each
integer k£ > 2, we define the Lipschitz continuous function Ay : R — R by

—1+1 ifr<-1+1,
hi(r):=<r if —1+3<r<1-
1—1  ifr>1-1.

1
%

For s > 7, define

or(s) == hrow(s), Yi(s):=hgo(s).

Then, we have @, := (¢, ¥x) € C([1,+00); HL) for any 7 > 0 and

Vor =Vox a1, 1(p), Vrdr = Vrdxg 1, 4(@),
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where x_;, 1 ;_1; is the characteristic function of [~1 + 1/k,1 — 1/k] defined by
k>’ k

0, ifr<-1+4,
Xapraoy(r) =91 if —14+3<r<1-4,
0, ifr>1-4.

Forany k > 2and p > 2, we see that |3(¢x)[P~2B(px) € C([r, +00); V) and | B(¢hy)|P2B(¢x) € C([r, +00); V1)
are well-defined with

V(18(er)P2B(er)) = (0 — DIB(r) P28 (0r) Ver
Vr([BWr)[P2BWk)) = (p — 1)|B(Wk) P28 (k) Vg

Multiplying @2.7) by |5(¢k(s))[P~2B(wx(s)) and integrating over €2, in a similar manner, multiplying (2.9)
by [8(r(5))|P~2B(3bx(s)) and integrating over I, using integration by parts and then adding the resultants
together, we have

[ 18N 28BN do+ [ 13D 2809 (s) S
== 1) [ 18I (2ls) Ver(s) - Viols) do
~ 0= 1) [ 1B E W) Trials) - Vru(s) s
+ [ BB 8o o+ [ F6) BI85 dS

T

+/F81190(8)(Iﬁ(wk(S))lp_zﬁ(sok(S)) — [BWn())P2B(vn(s))) dS, (3.16)

with i := p — () € L®(1,+00; V) and  := 6 — (1) € L>®(7, +00; V).

When K = 0, we note that (|8(x)[P28(¢k))Ir = |B(r)[P~2B8(¥x) € C([r,+00); V1), then the proof
can be carried out in the same way as [42, Lemma 3.4]. For the case K € (0,+00), since the boundary
condition (2.8)) does not allow us to derive the following relation:

1B(er)[P2B(¢r) = |B(br)[P2B(¥r) on %,

we need to treat the last term [1. O (|8(¢0k) P28 (0r) —|B(¥r)[P~2B(¢%)) dS on the right-hand side of (3.16).
By (A1), we see that for p > 2, it holds

(IB)P28(r) = (0= DIBIP?6'(r) 20, Vre(-1,1),

which implies that the function |3(r)[P~25(r) is monotone increasing on (—1,1). By the construction of the
Lipschitz continuous function hy, we see that hy : R — (—1,1) is monotone increasing as well. Hence, we
can conclude that the function |3(hg(r))[P~2B(ht(r)) is also monotone increasing on R. Taking the boundary
condition (2.8)) into account, it holds

[ owe18(00P2B00) = B 28(00)) A5
— & [ =) (80P 2800 - 18025 dS <0,
r
Then, we can conclude Lemma[3.4] following the argument in [42, Lemma 3.4]. O
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Higher order estimates can be obtained using the argument like in [21}/42,44]].

Lemma 3.5. Let (@, pu) be the global weak solution obtained in Proposition For any given 7 > 0, there
exists a positive constant My such that

el oo (r,oospzy + 1B (V)| Loo (r 4 00; k) < Ma. (3.17)

Remark 3.4. From Lemmas[3.2]and 3.3, we find that ¢ € C((0,+00); H?") for any r € (3/4,1). Thanks to
the Sobolev embedding theorem, for any given 7 > 0, it holds ¢ € C(Q x [r,+00)) and ¢ € C(T x [, +0)),
moreover,

le@lc@ <1 [v@ler <1, VizT (3.18)

4 Separation from Pure States

In this section, we first establish Theorem [2.2] on the instantaneous strict separation property in two di-
mensions under the assumption (A5a) or (A5b). Subsequently, we prove Theorem 2.1l on the eventual strict
separation property in both two and three dimensions, without relying on those additional assumptions.

4.1 Instantaneous separation in two dimensions

For any given 7 > 0, we prove that the global weak solutions to problem (2.3) will stay uniformly away
from £1 for all ¢ > 7. To this aim, we first establish the separation property by extending the direct method
in [22, Theorem 3.1] for the Cahn-Hilliard equation subject to homogeneous Neumann boundary conditions,
under the assumption (A5a). Then, we give a second proof based on a suitable De Giorgi’s iteration scheme
inspired by [23]], under the milder assumption (A5b) (cf. [42]).

Proof of Theorem 2.2} the case with (A5a). By Fubini-Tonelli’s theorem and (3.15), we now compute for

any k € Z™ such that
sup / ‘eCn\ﬁ(so(t))W
t>1 JQ

* 4z = sup / CHRIBEW 4,
Q

t>T
o] Cp]{?p 74P
:sup/ Z ( )| dx
t>T
e C’pk‘p
_Z Sup/ !B ‘Wpdx
e’} Cpkp
g Ll C O s
- >
> (CECyk)P P
<y (@G ot L)%
p=0 ’

Following the same argument as that for [22| (26)], we get

sup / ‘ecuﬁ(so(t»m " e
t>T1
_ i 2 1
o\ 2(ClECuky,2 e _ O\
1 1 (Coﬁcﬁk’}/ﬁ ) (0 #57y > 1 (179) (cgﬁcﬁk—yﬁTE)l T
<14+ —= — on + 7 +e e
2m In (CguCﬁkyf e) (1 - 7)1n(2)
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Then we deduce from (A5a) that

sup |6 (¢(1)) lze@) < Csp), VP 22, .1
where
O I N\ P
. <6’gﬁ Cﬁp’y%ﬁe>2<co’jqu'yu2 e> . (173}) (53;1 Cﬁmﬁjgu_ e) 17131—
Calp) = | Gy + = ﬁ T + +e :
\/ ~ £ _
2m In (Cgﬁ Cypyy® e) (1= 5)n@)
Analogously, we have
sup |6 (¥()) o) < Cs(p), V2 2. 4.2)

On the other hand, we infer from (3.17) and the Sobolev embedding theorem that
sup (8 oy + sup (O oy < o (sup o2y +5up Ol oy ) < Ers 43)
t>T t>T t>1 t>T

where C' > 0 is related to the constant of embedding. By (3.13), (4.1), (4.2)), (4.3) and Holder’s inequality,
we obtain

sup 18 () llw30) + sup 18(()) [lwrsy < Cov3 + Cp(6)Csr.
Since W13(Q) < C(Q) and WH3(T") < C(T') (recall that d = 2), it follows that
sup 18(()) Lo () + sup 1B(¥(t)) I (ry < Ok (50\/§ + 06(6)57)7
where C7, > 0 is related to the constant of embedding. Thus, taking
5 =1- 67 (C (Cov3+Ca(6)C) )
we arrive at the conclusion (Z.11). Here, 5! denotes the inverse function of 3 (cf. (A1)). ]
Proof of Theorem 2.2} the case with (A5b) . We now apply the De Giorgi’s iteration scheme for the equa-

tions of chemical potentials 1 and € as in [42]. Let 7 > 0 be arbitrary but fixed positive time. Thanks to
Remark [3.4] ¢ is well defined for all ¢ > 7 and satisfies (3.18). For § € (0, 1), we introduce the sequence

k;n:1—5—2in, Vn e N,

such that
1-20 <kp<kpy1<1-=6, VYn>1, ko, —1—30asn — +oo.

For any n € N, we set
on(@,t) = (p(z,t) = kn) ", Pn(z,t) = (W(2,1) — kn) ™.
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By definition, it is obvious that 0 < ,,, 1, < 2§ (see [23]]). For any n € N, multiplying 2.7) by ¢,, and

integrating over €2, multiplying (2.9) by v,, and integrating over I, using integration by parts and then adding
the resultants together, we obtain

IVul 4 [Vrtnl%, + /Q B(¢)pn da + /F Br () dn dS

_ /Q . /F 0, S + (— /Q () pn da — /F ()t dS>

+A%M%—%m5 (4.4)

For the case K = 0, the last term on the right hand side of @.4) simply vanishes. Consequently, the proof
can be done by repeating the argument in [42] Section 4.1]. For the case K € (0,+00), taking the boundary
condition (2.8)) into account, we find

1
[ owelen =) a5 = & [ (6= o)on—wu)as <0,

With this observation, the remaining part of the proof is again the same as in [42]. U

4.2 Eventual separation property

In what follows, we establish the eventual separation property by studying the strict separation property of
elements in w-limit set. For any given number a1,as € (—1,1), set @ := (a1, a2). We introduce the phase
space

Zo={p=(p,¥) € Hi : (p)a = a1, (Y)r = ag, E(p) < o0 }.
The metric dz, (', ) on Z, is defined as follows:

dz.liner) = o1 = ealhg, +| [ oo - [ Flenaa

1
~ ~ 2
+ ‘/ Br(yr)dS — / Br(2)dS| , V1,92 € Zq
r r
and (Zg4,dz, (-, -)) is thus a complete metric space.
Define the w-limit set
w(po) == {cpoo eH” N Zmo ¢ Itn /oo such that p(t,) — @ in H> asn — +oo} 4.5)

for some r € (3/4,1) and mg := (mo, mro). Since ¢ € L>®(r,+00; H2 ) for any 7 > 0, then {¢(t)}i>-
is relatively compact in H?". Hence, w(¢y) is nonempty, connected and compact in H?". We consider the
problem (2.3)) in the time interval (¢,,t, + 1), where {¢, },en is the sequence in (4.5) and we introduce for
t € [0,1] the functions

Bot) =t +1), F,(0) = pltn +1).
Without loss of generality, we may assume that t,, > 1 for all n € Z™. It follows from that

Ovp € L*(0,400; Vi),  Opp € L*(0,+00; Vi¥y),
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which, together with Lebesgue’s dominated convergence theorem, implies

9y, — 0 strongly in L*(0,1; V'), 9sp,, — 0 strongly in L2(0, 1; Vo)
Based on the regularity properties of weak solutions obtained in Section [3] we obtain the following uniform
estimates with respect ton € Z*:

[@nll Lo 0,122y + Il Lo (0,120 )22 (0,132) + 1B(@0)l Lo 0,1,02) < C-

By an argument similar to that in [10, Section 6], we can conclude that ¢, is the strong solution of the
following stationary problem:

( Ao =0, in Q,
Poo = —Apes + B(‘;Doo) + 77-(9000), in €2,
81r1,uoo =0, onl,
Kan(qpoo = ¢oo — $Pooy onl, (4-6)
Arfs =0, onl,
oo = OnPoo — Arthes + Or (T;Z)oo) + 7r (¢oo)y onl
Here, both pis and 6, are constants, that is,
1
Moo = @ (/ (/8(9000) + 77(9000)) dz — / a1r190oo dS)7 4.7)
Q r
1
6 = 77 [ (Onpoe + o) + mr(00) 0. @8)
Tl Jr
Thus, problem (4.6) simplifies to
Poo = —A@es + B(‘;Doo) + 77-(9000), in €2,
Kanﬁpoo = 1/100 — Poos on Pa

Ooo = OnPoo — Artpoo + fr (T;Z)oo) + 7 (¢oo)y onTl,
with fioo, O given in @.7), @.8)), respectively. Finally, due to Corollary 3.1l we see that F (¢~ ) = FE on the
w-limit set w(¢p).

Proof of Theorem 2.1} the dynamic approach. Based on the uniform estimates derived in Lemmas 3.1H3.3]
by the definition of the w-limit set w(¢y), we can conclude that, there exists a positive constant M3 such that

ltoo| + 00| < M5

for fioo, 0o given in (@.7), @.8) associated with o, € w(¢p). Under assumptions (A1)-(A4), by a similar
argument as [21, Lemma 4.1], there exists an uniform constant § € (0, 1) such that, for every ¢, € w(¢o), it
holds

—1+6<po<1-06, inQ, (4.9)
—140<th<1—0, onT. (4.10)
By the definition of w(¢), we thus obtain
lim dist(S(t)go, w(o)) =0 in H*",

t—4o00
where the above distance is given by dist(z,w (o)) = infyey (o) 12 — Yllzr. Forr € (d/4,1), d € {2,3},
by the Sobolev embedding theorem, it holds H?" — C(2) x C(T'). Hence, we infer from (£.9) and (4.10) that

(2.11)) holds with the choice
1~
61 == 5(5,

where the constant 9 is determined as in @9) and @.10). O
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Proof of Theorem via De Giorgi’s iteration scheme. Based on the dissipative nature of problem (2.3) (see
(3.11))), we can prove the eventual separation property using a suitable De Giorgi’s iteration scheme as in [42]].
Based on Corollary by a similar calculation like for [42, (4.20)], we find

sup_ (V) + Voo, ) < C&
t>T=+1

where the constant € € (0, 1) is arbitrary small and 7+ > 1 depends on €. The only difference from the argument
in [42]] is that there exists an additional term fr Onp(n — ¥p) dS on the right-hand side of [42} (4.22)] for the
case K € (0,+00). Taking the boundary condition (2.8) into account, it holds

1
/Fancp(cpn - wn) ds = E /F(l/} - (P)(Spn - wn) ds <0.

Hence, the additional term does not cause any trouble in the analysis and we can repeat word by word as we
did in [42] to complete the proof. O

S Convergence to Equilibrium

Lemma 5.1. Under the assumptions of Theorem[2_1] there exists a positive constant Mg such that
”‘PHLOO(TSP,-‘FOO;H?() < Mg, 5.1)
where Tsp > 0 is determined as in Theorem[2.1]

Proof. The proof relies on the eventual strict property and the regularity theory of elliptic problems (cf. [13}
Lemma 5.1]). Let us write the equations (2.7)—-(2.9)) as

— Ap(t) = () — B (1) — (1)) = h(t) ac.in®,
Konp(t) =9(t) —¢(t) ae.onT,
Onplt) — Arth(t) + () = 0(t) — Br(¥()) — 7o ((8)) + () == he() ae.on,
for almost all t > Tgp. From the separation property (Z.11)), (A1) and the estimate (3.4)), we can deduce that
860y + 150y, <€ foran s> Tep.
Next, it follows from (3.14) that
lu(®)llv + 16l < €. foraa. t > Tip.
As a consequence, we have
|h(t)[lv + [|hr(t)[vy. < C, fora.a.t > Tgp,
which together with the elliptic regularity theory (see, e.g., [37, Theorem 3.3]) yields (3.1). O
By (3.4), (3.1) and interpolation, we easily find
¢ € O([Tsp, +00); H3,).
The uniform estimate (5.I) and the compact embedding H3 << H? also imply that the w-limit set w(¢g) is
non-empty and compact in 2. As a result,

lim dist(S(t)po,w(po)) =0 inH>

t——+o0

Finally, to prove the w-limit set w(¢y) reduces to a singleton, we apply the Lojasiewicz-Simon approach, see,
e.g., for applications to the Cahn-Hilliard type equations [2}21}12629,140,51]. For our current setting with
bulk-surface coupling, the main tool is the following extended Lojasiewicz-Simon inequality, whose proof can
be found in the Appendix.
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Lemma 5.2. Suppose that the assumptions in Theorem [2.1] are satisfied. Assume in addition, 3, Br are real
analytic on (—1,1) and 7, Tp are real analytic on R. Let ¢, € w(y), there exist constants <* € (0,1/2) and
b* > 0 such that

H< Pa(— Aw+ B(w) + m(w)) )

— 1—¢*
Pr(dnw — Arwr + Sr(wr) + 7r(wr)) 2 |E(w) — E(px)| (5.2)

o)

Sorallw = (w,wr) € W%{ satisfying ||w — poo |2z < b* and (w)q = (Yoo)q, (Wr)r = (Yoo)T-

Remark 5.1. As in [21], 4.9) and .10) imply that all elements of w(cpo) are uniformly separated from +1.
Then we can take b* > 0 sufficiently small such that any element w € W3 satisfying [|[w — ¢ool32 < b* is
uniformly separated from +1 as well. In particular, this choice prevents the possible singularities of 3, Or.

Proof of Theorem[2.3] With the aid of Lemma [3.2] the proof can be carried out in a procedure that now be-
comes standard, see, e.g., [21,24.26]] for similar arguments. Here, we just sketch the main steps. First, one can
show the orbit of the unique global weak solution ¢ will fall into a small neighborhood of certain ¢, € w(y)
in W%{ and stay there forever. This conclusion can be achieved by using the energy equality (3.10), Lemma[5.2]
together with a contradiction argument as in [31]]. Then, by the Poincaré-Wirtinger inequalities 2.1)), (2.2)), we
find

10epllvg + 10 v, = IVl + I Vr6l e = ClE () — E(poc)|' ™
This inequality combined with the energy equality (3.11) and the F.ojasiewicz-Simon inequality (5.2)) leads to

[ (rasto

Hence, (¢(t) —mo, ¥ (t) —mro) — (¢oc =m0, Yoo —mr,) in V5 x Vi as t — +-o00. By (5.I) and interpolation,
we get the convergence ¢ — (oo in H? as t — +oo. Finally, the convergence rate (Z.12) follows from an
argument similar to that in [241/40,51]. O

Vi Hatﬂ)(t)llv;o> dt < +oo.

6 Double Obstacle Limit

In the final section, we study the double obstacle limit by passing to the limit ©; — 0 in the logarithmic
potential. In the following, we will denote po, = (vo,,%e,), o, = (ieo,,0e,) as the weak solution to
problem (S, ) obtained in Proposition 2] k& € Z*. For arbitrary but given final time 7" € (0, +00), we derive
a priori estimates with respect to k € Z™. First of all, as a direct result of the energy equality (3.11)), we have

Lemma 6.1. There exists a constant C > 0, independent of k € Z™, such that
ol Lo o1ty + IVrelLzorm + IVrle, 20,70 < C- (6.1)
Lemma 6.2. There exists a constant C > 0, independent of k € Z, such that
10k folee, )l L2001 ) + 1O fo(e, )l 20,1y < C(1+ 1Onve, L2001 ) - (6.2)
Furthermore,
e lrzo.rvy + 100, ]l L20,mv) < C (14 10ae, || L2(0.7:81)) - (6.3)

Proof. Testing 277) by pe, — (ve, ), then

/ Hor (o, — (v )a) dz
Q

I
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= /Quek(tp@k — (por)a)dx
__ / Onger (0, — (por)a) dS + /Q Vo, ? de
T

+ @k/ﬂfo(s%k)(ﬁﬁek - <¢0,k>ﬂ)dx_@c/g<ﬂ®k(¢®k — (po,k)0) dz. (6.4)

Iz

For the term I, by the Holder’s inequality and the Poincaré-Wirtinger inequality (2.1), it holds

. /Q (1o, — (o )e)ve, dz < Cl[ Ve, lxllve, i < CllVue, 1.

For the term Iy, since supicz+ (@0 x)a| < 1, there exists a constant 79 € (0, 1) such that
~14+7ro<(pop)a<l—rg VkeZ". (6.5)
Recall that for any r, m € (—1, 1) (cf. [43] Proposition 4.3]):
fo(r)(r —m) > cplfolr)| — ¢,y em >0, ¢, >0,

where the constants ¢, and ¢, depend continuously on m. Hence, for m € [—1 + rg,1 — rg], there exist
constants ¢, > 0 and ¢, > 0, depending on g € (0, 1) but independent of m € [—1 + ro, 1 — 7], such that

fO(T)(T_m) ZET0|f0(T)|_grO7 Vre (_171)7 Vm € [_1+T071_T0]' (6.6)
Then, by (6.3) and (6.6), it holds
Iy > G, Ol folee, L) — &,

The other terms on the right-hand side of (6.4) can be controlled by usage of Holder’s inequality. Then, by
(610, we can conclude that

1Ok folver L2011 (0) < C(1 + [1OnpeyllL20,7:Hr))-

Testing 2.9) by Yo, — (¥, )T, by a similar way, we obtain the second estimate of (6.2)). Integrating (2.7) over
Q and (2.9) over I', we have

H /Q’UQ’“ dx‘ L2(0,T) + H /F9®k dS‘

Then, by Poincaré-Wirtinger inequalities (2.1)), 2.2)) and (6.1)), we can conclude (6.3). Therefore, we complete
the proof of Lemmal6.2] O

20 < C(1+ |Oneey |l 20,1 mp) ) -

Lemma 6.3. There exists a constant C > 0, independent of k € Z, such that

19k folve, )l 20,1:m) + 1Ok fo(Ye, )l 201 + e, 20,721
+lleerllizormz) + 10wpo,ll20mvy) + 0o, llL20mve ) < C- (6.7)

Proof. We just make estimates formally and this process can be made rigorously by a cut-off for ¢g, and ¥g,
(see Lemma[3.4). Testing (2.7) by Oy, fo(ve, ), we obtain

/ Ol folpe,)|* dz = / (1o, + Ocpe, ) Ok fo(ve,)dx
0 0

25



— /Q@kfé(ﬁﬁek)ws@@k\Z do + / O fo(pe, )Inpe, dS.
r
Testing (2.9) by Oy, fo(e, ). it holds
/ei\fo(lﬁ@k)\Q dS = / (b0, + Octbe, ) Ok fo(ve,)dS
r r

—/@kf6(¢@k)|vrl/)®k|2d5—/@kfowek)@n@@k ds.
r r

Adding the above two equalities together, using Young’s inequality and the monotonicity of fj, we obtain

/ 02| fo(po, )| dz + / 02| fo(e, )[? dS
Q T
< (e |5 + o, 3 +1) + O /F (fo(wey) — fo(te,))dnpe, dS

= C(lne i + 116o, 7. + 1) + X(K)O /F(fo(sﬁek) — fo(¥e,)) (e, — ve,)dS
< C(llue It + 160, 7 + 1),
which, together with (6.3]), implies that

1Ok folpe )l z20,m:m) + 1Ok fo(e, ) L20,r:H) < C(1+ Hanﬁﬁ(akHLZ(o,T;Hp))-

Then, regarding (2.7)—(2.9) as a bulk-surface coupled elliptic system for g, , by the elliptic regularity theorem
(cf. [37, Theorem 3.3]), trace theorem, Ehrling’s lemma (see Lemma[A.2)) and (6.1)), it holds

leoullzoramz) < C(1+ 10avellizor;m)
< C(1+ llellrz.rm (@)
1
< slleellzoraz,) +C.

for some r € (3/2,2). Then, we can conclude the first four estimates in (6.7). Finally, using (2.3)), (2.6), we
have

10cpe,llvy = IVrella:  [10we,llve, = IVrbe, |l ar,
which, together with (6.1)), imply the last two estimates in (6.7)). O

Proof of Theorem Thanks to the Banach-Alaoglu theorem, Aubin-Lions-Simon lemma (see Lemmal[A.T])
and uniform estimates (6.1), (6.7), we conclude that there exist functions (¢, 1, &) and a subsequence of

{(cp@k,u@k)}k 7+ (not relabelled), such that the convergence results 2I4)-@219) hold. By @H—2.9), it
holds

[ rocdat [ bo.6ras = [ Voo, Vedo+ [ (filv,) - Oupa,)Cdr
+ [ Vrve, Vreeds+ [ (fo(ve,) - O, )rds
r r
+X(K) [ (e, ~ po,)(Gr — S 63)
r
for any (¢, (r) € H},. Passing to the limit & — +oc in (Z3), (Z.6) and (6.8), we obtain

(Op, 2)vr v +/ Vi -Vzdzr =0, VzeV,
Q
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<(9t”tz, ZF>VF’,VF + / Vrg- VrzrdS =0, Vzr € V7,
T
for almost all ¢t € (0,7"), and
/Qﬁg“dw—i— /Fegpds = /szﬁ- Vidx + /Q (£ —0.9)(dz
4 /F Vrd - Vrerds + /F (& - 0.0)¢rds
X [ (=BG - ¢)as, (6.9)
I

for almost all ¢ € (0,7) and all (¢, (r) € L. Since (¢, {r) € H1 is arbitrary, we can easily derive from (6.9)
that

n=—-Ap+ g— 0.9, a.e. in Qr,
Konp = {/; - @, a.e. on X,
0= On® — AFJ+ Ep — @CJ, a.e. on Xp.

Furthermore, by the strong convergences (2.14) and (2.15), together with limy_,  ||p0x — @oll%1 = 0, we
can conclude that the initial conditions hold

Pli=o = o a.e.in, {E\t:o =1y a.e.onT.
Now, following the idea in [[1], we prove that
Ee O0I_11)(¢) ae inQr and Ep € E?I[_l,l]({bv) a.e. on L.
Due to (2.14), (2.13) and
1-d/4 d/4
£l < CUFIEY £ 5ra

we obtain
o, = ¢ strongly in L2(0,T; C(2))
Yo, =Y strongly in L2(0, T; C(T"))
as k — +o0. Therefore, up to a suitable subsequence, there hold
o, (t) = @(t) inC(Q),
Yo (t) = ¥(t) inC(T),
as k — o0, for almost all ¢t € (0,7"). Therefore

Orfolpe, (x,t)) - 0=¢E(z,t) ae. in {(:E,t) €Qr: o(z,t) € (—1, 1)}

On the other hand, if ¢(z,t) = —1 for some € Q and some ¢ € (0,7) such that g, (t) — @(t) strongly in

C(Q), then fo(pe, (w,t)) < 0 for sufficiently large k and therefore {(x,t) < 0, ie., {(z,t) € Ol_1 (1),
almost everywhere on {@(x,¢) = —1}. By the same argument, E(x,t) > 0,ie, E(z,t) € OI1_y 1)(1), almost
everywhere on {@(z,t) = 1}. Hence, we obtain

56 61[_1,1](@ a.e. in Q7.
Similarly, we can conclude that
&r e OI_y (J) a.e. on Y.

Therefore, we complete the proof of Theorem 2.41 O
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A Appendix

A.1 Useful tools

We report some technical lemmas that have been used in our analysis. First, we recall the compactness lemma
of Aubin-Lions-Simon type (see e.g., [50])

Lemma A.1. Let X S X1 C Xo where X are (real) Banach spaces (j = 0,1,2). Let 1 < p < +o0,
1 < q < 400 and I be a bounded subinterval of R. Then, the sets

{o e LP (I; Xo) : Opp € LI(I; Xo)} <S5 LP(I; X1),  if1 < p < +o0,

and
{¢ € L (I; Xo) : Ohp € LU (I; X2)} < C (I; X1),  ifp=+o0, ¢ > 1.

Lemma A.2 (Ehrling’s Lemma). Let By, B1, Ba be three Banach spaces. Assume that By C B with compact
injection and that B C By with continuous injection. Then, for each € > 0, there exists a positive constant C,
depending on € such that

1zllB < €llzllBy + CellzllB,, V2 € Bo.
A.2 Proof of the extended Y.ojasiewicz-Simon inequality

The proof of Lemma [5.2]is an extension of [2] for the Cahn-Hilliard equation with singular potential and
homogeneous Neumann boundary conditions and [39]] for the bulk-surface Allen-Cahn system with regular
potentials.

Proof of Lemmal5.2] Let U be a (sufficiently) small neighborhood of 0 in WI2<,0' For any u € U, define

¢ :=u+py € U= {$¥oo} +U. By the strict separation property of (., we conclude that ¢ stays uniformly
away from pure states +1, this means that there exists a constant d3 € (0, 1) such that

@l €1 =85, |¢rlrem) <1 -85, Ve :=(h,6r)€U.

Define the energy functional £ : U — R as
E(u) == E(¢), Vu=¢— @ elU.

Denote the first and second Fréchet derivatives of £ as M and L, respectively. By an argument similar to that
in [8], we can conclude that M € C(U, (sz(,o)/) and for any w € W%(’O, we have

M(w)(w) = [

Q

(Vo + 8@y + w(6pw) az -+ x(K) [[(6r -~ o)ur ~w)as
- /F (qubr - Vrwr + Br(ér)wr + WP(¢F)1UF) ds.

In particular, since u € U C W%{O, we have M : U C W%{O — E%o) and

- Po(— A¢ + B(9) + (9))
M(u) = < Pr(dn¢ — Arér + fr(¢r) + mr(¢r)) > '

Furthermore, we conclude that £ € C(U, B(sz(,m (W%(,o)/ )) and

) Po(— Aw+ §(@)w+(0)w) :
£0) = (py (o Aru s S+ hyer) ) S € OV
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for any w € U, w € W% . Hence, M € C1(U, 5?0)) and £ € C%(U;R). Since o, satisfies [#.6), we obtain

B Po( — Apo + B(oo) + T(#0)) _
M(0) = ( Pr(0n@oc — Arthos + Br(¥eo) + Tr(tac)) > -0

which infers that 0 is a stationary point of £. Hence, it remains to show that there exist constants ¢* € (0,1/2)
and b* > 0 such that

IM(w)llg2, > |€(u) — £0)]'

for all u € W%, satisfying Hu||W%(O < b*.
Define the linear operator L : W[Q( 0= E%O) as L := E(O), 1.e.,

Po(— Aw + B (o)W + 7' (0o0)w)

_ 2
L{w) = < Pr(0nw — Arwr + 1 (oo )wr + 7 (1heo Jur) ) » YW e Wico-

For any two w, z € WIQ(O

(L(w), ) . = / Vw - Vz + B (poo)wz + 7' (poo)wz dx
Q
+ /F Vrwr - Vrzr + Br(Yso)wrzr 4+ Tp (Yoo )wrzr dS
+X(E) [ = )or - w)ds
I

= (w, L(2)) 2

and we see that L is a self-adjoint operator, i.e., L = L*, where L* is the adjoint operator of L. Associated
with L, we define the bilinear form B(w, z) on 7-[}(70 as follows:

B(w,z) = / Vw - Vz+ B (poo)wz + 7' (oo )wz dz
Q
- / Vrwr - Vrzr 4 B (too)wrzr + 7 (1o )wrzr dS
r
() [ = Dur - w)dS, Vw,z €
r

By (A1), (A3), we can easily obtain the bilinear form
B,\(w, z) = )\('w,z)ﬁ2 + B('w,z)

is continuous and coercive in ’H}{ o for sufficiently large A\. Hence, by the Lax-Milgram theorem, A/ + L is

invertible and (A + L)™' : 5?0) — 5?0) is compact. Then, we can obtain the Fredholm alternative result for

the bulk-surface elliptic problem

—Aw + ' (poc)w + 7' (Poo)w = f, in 2,
Kopw = wr — w, onl,
_AFwF + anw + 5{‘(7;Z)oo)w1" + 7%‘(1#00)101—‘ = fF7 on Fa
where f := (f, fr) € £?0). Consequently, we obtain Rg(L) = (ker(L*))* = (ker(L))* and dimension of

ker(L) is finite. Let {¢, }jvzl = {(¢y, (ﬁnj)}jvzl be the normalized orthogonal basis of Ker(L) in /J%O) and
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{q’)j}j.v:l € W%(’O by the elliptic regularity theory. Let P € B (W%(’O, W%(,O) be the projection from W[zﬂo to
Ker(L), defined by

N
Pv =) (v,¢;)20;, YvE Wiy

j=1
Then, the adjoint P* € B((sz(,o)/ , (W%(’O) ) leaves E(O) invariant. Indeed, for any w € E(O) and v € W%(’O,

<]P>*’LU7’U>(Vv§<yo),7 ( ’

j=1
N
= < Z;(w7 d)j)EQ ¢J7 v>(w§{y0)/7W12<,0'
j:

Hence, we obtain P*w = E?f:l('w, Dj)2@j € E%o)
Now, we prove that M is analytic in a neighborhood U of 0 in WI2<,0' Since 3, Sr are real analytic on
(—=1,1) and , 7p are real analytic on R, we can conclude that the mappings

u€ {L®(Q): |u+ oo <1—d3ae inQ} — Bu+ o) € L(Q),
up € {L®(T) \up+1/100\<1—53ae onT'} — fr(ur +1s) € L=(T),
we {L®(Q): Ju+ o] <1—d3ae inQ} — 7(u+ p) € L),
ur € {LOO : \up + Y| <1—63ae. on F} — mr(ur + ¥oo) € L(T),

are analytic (in the sense of [31, Definition 2.4]). Then, by the embedding
U = {u:= (u,ur) : [[u+ ¢oollLoo (s lur + Yool Loy < 103},

it follows that M : U — £(0
apply [7, Corollary 3.11] with X =V = W%{O, W =Y = E%o) to derive the extended Lojasiewicz-Simon

inequality (3.2). O

) is analytic. Finally, for the function spaces "X,Y,V,W" in [7], we can
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