A Logical Model of Nash Bargaining Solution

Dongmo Zhang
Intelligent Systems Laboratory
School of Computing and Information Technology
University of Western Sydney, Australia
dongmo@cit.uws.edu.au

_ Abstra(_:t _ ing over propositions, referred to apistemic entrenchment
This paper presents a logical extension of Nash’s  [Gardenfors 1988 It is well-known that such two modelings
Cooperative Bargaining Theory. We introduce of belief states is equivalent. The main finding of the paper i

a concept of entrenchment measurement, which  thatthe ordering of epistemic entrenchment can be extended
maps propositions to real numbers, as a vehicle  into a numerical measurement over propositions so that a von
to represent agent's belief states and attitudes to-  Neumann-Morgenstern utility function is inducedith this
wards bargaining situations. We show that Nash’s  quantitative representation of bargainers’ belief statesh’s
bargaining solution can be restated in terms of bar-  numerical requirements on bargaining solutions can be re-
gainers belief states. Negotiable items, bargaining  stated in terms of logical properties. Bargaining items, ne
outcomes and conflicting arguments canthenbe ex-  gotiation outcomes and conflicting arguments can be also ex-

plicitly expressed in propositional logic meanwhile plicitly expressed via the extended concept of belief state
Nash’s numerical solution to bargaining problem is The structure of the paper is the following. After a short
still applicable. motivation in this section, we extend the AGM’s epistemic
entrenchment to a map from propositions to real numbers.
1 Introduction Bargaining problem is then defined as a pair of bargainers’

Negotiation or bargaining is a process to settle disputes anbellef states and outcomes of bargqlmng is specified pyra pal
of concessions made by two bargainers. In order to induce a

reach mutually beneficial agreements. Typical situatidns o on Neumann-Moraenstern utilit function over nedotiatio
negotiation are characterized by two or more agents who havé t u the st % d u Itlhy u i : | v gf : Id
common interests in cooperating but have conflicting inter-2U!COMES, h€ standard game-theoretical process of random

ests in the way of doing so. The outcomes of negotiatiodzation over possible outcomes is applied. When all these

depend on agents’ attitudes towards their bargaining item@©n€: Nash's bargaining solution is ready to be restated in
and their expectations from the negotiation. The represen-erms of bargainers belief states. Finally we argue that our

tation of bargainer’s attitudes in game theory is impliga v solution to bargaining problem can not be replaced by the

a pair of von Neumann-Morgenstern utility functiofiéash belief revision based solution even though they share many

‘o : ; . .common logical properties.
195d. The conflicting of interests between bargainers is We will work on a propositional languages with finite

then impli rtain mathematical conditions of the-util o : g
e plied by certa athematical conditions of the-u many propositional variables. A sé&f of sentences irC is

ity functions. However, agents’ attitudes can be more expli ; .
; : ; : : : . said to bdogically closedor to be abelief seif K = Cn(K),
itly described in terms of logic. Negotiable items, conftigt whereCn(K) = {p € £ : K - o). If Fy, Fy are two sets

claims, arguments of disputation and negotiation protocol
are all expressible by logical statemelfiycara 199l)Sierra of sentencesfy + F denotesCn(Fy U F3). We shall use
et al. 1997[Kraus et al. 1998[Wooldridge and Parsons T and_L to denote the propositional constatrtge andfalse

200Q[Meyeret al. 2004d[Zhanget al. 2004. One dif- respectively.

ficulty of logical frameworks of negotiation is that quaatit 2 Entrenchment Measurement

tive criteria are harder to be applied to bargaining proegss In the theory of belief revision, the belief state of an agent

which seem necessary in the analysis of negotiation situazonsists of a belief setthe beliefs held by the agentand

tions. This paper attempts to bridge the gap between tha revision operator which takes a piece of new information

guantitative analysis of game-theory and qualitative dpsc as input and outputs a new belief s&t/e know that the be-

tion and reasoning of logic. lief state is uniquely determined by the agent’s epistemic e
One of our basic assumption to negotiation is that outirenchment an ordering on belief§Gardenfors 1988 How-

comes of negotiation are determined by bargainers’ belieéver, we shall argue that such an ordering is not enough to

states. Representation of agent’s belief states is noyrogll  specify agent’s belief states in bargaining. We will extémel

a set of beliefs and a revision operator over the belief set ironcept of epistemic entrenchment into a more general con-

terms of the theory of belief revisidiGardenfors 1988 Al- cept so that a quantitative measurement can be used toeaptur

ternatively, belief states can also be specified by an ordebargainers’ attitudes towards their bargaining items.



Definition 1 An entrenchment measure is a pair @f, ¢) Example 1 Consider the following negotiation scenario: a
wheree is a real number ang is a function fromZ to the  buyer (agent 1) negotiates with a seller (agent 2) about the
real number seft which satisfies the following condition: price of a product. The buyer's reserve price is less thaé
(LC) If 1, on F o, min{p(p1), -, plen)} < p(). and the seller’s reserve price is no less th#t0. Let’s dis-

Let K = {p € L: p(¢) > e}, called thederived belief set of cretleEhtﬁgror?ézrir;?:nggﬁ;vﬁsl:o}

the entrenchment measuiéis easy to see thdt is logically p1 :{ the price is less thas12 }'

closed,.e., K = Cn(K), so itis a belief set. Obviouslys b2 :{ the price is |oss tha$14}.

is consistent iffp(L) < e. We shall callp the belief stateof Ps :{ the price is loss tha$16}.

an agent and is thebottom lineof the belief state. 1;\4 - hp h h . f h .
The following proposition shows that an entrenchment ss_un|1etha';t”e entrenchment measure of each agent is re-

measure uniquely determines an epistemic entrenchmensf,pec(t?/?y_t € (O ovin’g ) = pa

thus also determines a unique belief revision function over 1 — pipL = P2) = PPz

the derived belief set pa) = pi(pa) = 4, p1(p3) = 3, pu(

' p1(-p;) =0forj=1,---,4.
p2(T) = p2(p1 — p2) = p2(p2 — p3) = p2(p3 — p4) =

p2(—p1) = 4, pa(—p2) = 3, p2(—p3) = 2, p2(—ps) = 1,

D2

Proposition 1 Let(p, ¢) be an entrenchment measure aiid
be its derived belief set. Define an orderirgover £ as

follows: for anyy, ) € L, N Oforie1. ... 4
1UE o 2 i F it pa(p;) = 0forj =1, 4. | |
2. ifvzgfrﬂspwg K,:ﬁgwiﬁ p(e) < p(a); Suppose that both sides set their bottom lines to be

1. Then K = On({p17p27p37p4}) and Ky, =
C’ﬂ({ﬁpl» —p2, 7P3, _‘P4})- ﬂ

Note that the values of entrenchment measures reflect the
egree of entrenchment on negotiable items of each agent
rather than the agent’s preference. For instance, the buyer
in above example entrencheg more firmly thanp; even
though p; is more profitable becauge is much easier to
ekeep tharp; *.

&ﬁw¢Kw§womww L
Then< satisfies all postulates (EE1)-(EE5) for epistemic en-
trenchment (SeGardenfors 1988).

Based on the result, we can define a belief revision operato&
x that satisfies all AGM postulates: € K * ¢ if and only if

¥ € K+{p} and eithep(—y) < p(—pVe) or E —pVip.

We shall call« therevision function derived frortp, e).

Since our language is finite, it is easy to define a multipl
revision operator %y th%sin%eto(n ;g)vision function:

= £ (A Definition 2 A bargaining gameB = ,e1),(pa,e2)) is

where(AF) is the conjunction of all the sentencesiin This  gaiq 1o be a subgame %fganother b(z(;l'?éaiéi)ng(;ngaége) =
will facilitate the comparison of our results witNeyeret al. (01, €)), (ph, €b)), denoted byB C B/, if, for eachi = 1,2,
20044 and[Zhanget al. 2004. ; _

We remark that any epistemic entrenchment ordering can 1 »i(¥) = pi(p) foranye € K;;
be extended to an entrenchment measure while keeping the2. ¢, > e!.
ordering on sentences. Clearly such an entrenchment meg- A '
sure is not unique. An entrenchment measure contains rich otebtha§B EdB |mpll(|'eséfgbg K; (’t.: 1,2). Th_eref[oreB h
structure than an epistemic entrenchment ordering. Isttere 21 P€ VIEWEd as a Kind @bnservativeeoncession 1o eac

ingly, the extra structure of entrenchment measures cdeot gther In dthg sense th?ﬁ each plz:_y%rl g'ge; up ?art of tr??'m&n't
captured by belief revision operations. emands by raising their negotiable bottom lines while keep

. ing their entrenchment measurements on negotiable items un
Theorem 1 (Independence of Monotone Transformations)changed.

Let T be a strictly increasing monotonic transformation over
R, i.e., foranyz,y € R,z < y if and only ifr(z) < 7(y). . .
Let« and«’ be the derived revision functions froim, ¢) and 4 Possible Outcomes of Bargaining

(10p,7(e)), respectively. Then for anyp, K + o = K %', ~ We now consider the possible outcomes of a bargaining game.

whereK is the belief set ofp, ¢). Apparently the outcome of a bargaining process is the agree-
3 B inina Probl ments that are reached in the negotiation. In most situsition
argaining Froblem when the demands of two agents conflict, concessions from

We shall restrict us to the bargaining situations where onlyy|ayers are required. The finial negotiated outcome then con
two parties are involved. A bargaining situation is a situ-gjgis of the combination of those demands that each agent
ation in which both bargainers bring their negotiable items;pooses to retain. In this section we shall first consider all

to the negotiation table expecting to reach a common agregﬁossible compromises a bargaining process could reach and
ment. Whenever a conflict presents, concessions form one @hen combine these outcomes in a probabilistic fashion.
both agents are required in order to reach a compromise. For-
mally, abargaining situatioror abargaining games a pair, 3To make the presentation simple, we do not give the entrench-
((p1,€1), (p2,e2)), of entrenchment measures oversuch  ment measurements for the whole language. The readers are invited
that each belief set derived by the entrenchment measurestisz complete the measurements with reasonable ranking for the rest
logically consistenti.e. K; = {p € L: pi(¢) > e;} I/ L. of sentences.
— _ o ) “This exactly follows the original explanation of epistemic en-
Thanks to the anonymous reviewers for pointing out an error intrenchment. For instance; is no less entrenched thanA « be-
the original version. causeyp is easier to retain thap A v, so keepingp is less costly
25 is the composition operator on real number functions. thane A v from the information economics point of view.



4.1 Pure deals of bargaining We say that a pure dedd dominates another pure deal

Following [Meyeret al. 20043 and[Zhanget al. 2004, D', denoted byD - D', if either Dy > D} A Dy 2 Dj or
we shall define an outcome of bargaining as a pair of subset®1 2 D} A D> O Dj. D weekly dominate®)’, denoted by
of two agents’ bargaining item sets, interpreted as the conl = D', if D1 2 D} A D; 2 D, o

cessions made by both agents. Considering the real-life bar A pure dealD of a bargaining gamé is said to bePareto
gaining, bargainers normally intend to keep their highly en OptimaloverQ(B) if there does not exist another pure deal in
trenched negotiable items and to give up those less entzench2(B) which dominatesD. . o .
items if necessary. This idea leads to the following definiti ~ The following theorem shows that if a negotiation function
of possible bargaining outcomes. takes a Pareto optimal pure deal as its outcome, then it satis
fies all logical requirements put on negotiation functiogs b
[Meyeret al. 20044 and all the postulates exceperation
proposed ifZhanget al. 2004.

Definition 3 Let B = ((p1,e1), (p2,e2)) be a bargaining
game. K; (i = 1,2) is the belief set derived byp;, e;). A
pure deal ofB is a pair (D1, D») satisfying:

1. D, CK; Theorem 2 For any (D1, D2) € Q(B), if it is Pareto opti-

%- EGU% L mal, then it satisfies all the postulates introduced Meyer

. 1 2 . ..
4. ifp € K; and3y € Di(pi(p) > pi(v)), theny € D; etal. 20044 for so-callgd concession-permissible déals
. . (Cl) D; = CH(DZ) fori = 1,2.

wherei = 1,2. The set of all pure deals d# is denoted by (C2) D, C K, fori=1,2.
Q(B). (C3) If K, U K, is consistentD; = K; fori = 1,2.

There is little need to comment on the first three conditions(C4) D1 U D is consistent. . .
They are just the statements on the type of compromises déCS)Il(f elcthgr I({ll) UUD;) o)r K> U Dy is consistent, thed, N
sired. The last one expresses the idea that the procedu 2 = LIl 2/ . -
of concession by both agents is in the order from lower en_moreover, if®; and ®; are the belief revision operators
trenched items to higher entrenched itetmgher entrenched d.\%'lv e?hgthggtitsvégsﬁﬂgefgﬁgvraﬁntcgnne d?gg;iﬁ?:{;gi%ng
items should be retained before any lower entrenched item hgﬁ et al. 2001 9 y
are considered to be given ugombining this condition with 1 Cg (D IUD ) = (Ky @1 Da) O (Ky @3 Dy)
the second implies thiedividual rationality— if an agent en- - CNL 2) = \h1 91 L2 2 &2 1)
trench an item as firmly as a tautology, this item will never be 2. gl n (Kﬁ ®2D1) € K1®1 D and K2 N (K1 ®1 D2) ©
given up in any bargaining situation. Such an item is called 2 @2 D1
reserved item The following lemma shows that the utility value of a pure

We are now ready to define the utility of pure deals fordeal uniquely determines the deal. The fact will be used in
each player. We will evaluate an agent’s gain from a deal byhe next section.
measuring the length of the remained negotiable items of theemma 1 For D, D’ € Q(B)

agent w(D) =u(D")iff D= D'
Definition 4 For any D € Q(B), define the utility of the .
deal, denoted by(D) = (u1(D), us(D)), as follows: 4.2 Mixeddeals o
ui(D) = pi(T) — min{p;s(¢) : ¢ € D;} In many cases, a bargaining game could end in a tie that no

. . ) single agreement reaches. A standard method to deal with
Example 2 Consider Example 1 again. All possible pure the proplem in game theory is to play a lottery to determine
deals of the bargaining game are: the outcome of a bargaining game. Following Nash’s utility

D; = (Cn({p2,p3,pa}), Cn({=p1})) theory, we call-D’ + (1 — r)D"” amixed deaif D’ and D"

D3 = (Cn({p3, pa}), Cn({=p1, 7p2})) are two pure deals or mixed deals, meaning the lottery which
D? = (Cn({ps}), Cn({=p1, "p2, ~p3})) has the two possible outcomés, and D", with probabilities
The 1ut|I|ty values of2the deals are: 5 r and1 —r, respectively. The set of all mixed deals is denoted
u(D') = (2,0), u(D?) = (1,1), u(D?) = (1,0). by Q(B)E.

Note that  (Cn({p1,p2,p3,p4}),Cn(0)) and For anv mi _ .7 _ " o
P2, D3, ’ y mixed deaD = rD’ + (1 — r)D", the utility of
E)C”(Q))’ C”({ﬁdpl’ ~P2; 7P3, ﬁp4}()j) _tare n?t purteldea:jlsz the deal can be defined as
ecausep, and —p, are reserved items of agent 1 and 2,
respectievpély. " q ? u(D) = ru(D') + (1 = r)u(D").

Given a bargaining gama, if Q(B) is nonempty, it must The concept pf domination then can be extended to mixed
contain two extreme cases of pure deals, calledr-nothing ~ deals:for any mixed deal®, D’ € Q(B),
deals - D = (=) D' iff w(D) > (>) u(D").”
D = (K1, Ry) andD = (R, K)
whereR; = {¢ € K, : pi(¢) = pi(T)}, i.e., the reserved
items of agent.

The utilities of the all-or-nothing deals give the up-bound

®In [Meyeret al. 20044, six postulates were introduced to
specify the rationality of concessionary. However the six@i6),
holds trivially providedK; and K are logically closed.

5More precisely)(B) is a conservative extension 6f( B) by

and low-bound of utility values for each agent: allowing lottery deals in the formD’ + (1 — r)D"".
—
u(D) = (p1(T) — e1,0) andu(D) = (0, p2(T) — e2). "For anyz,y € W2, = > y denotesr; > yi A x2 > yo OF

T > Y1 NT2 > yY2. T > Yy denotes that; > Yi-



Since the language we consider is finite, the set of puréEUR (Independence of Equivalent Utility Representatjion
deals of a bargaining game is also finite. The following Let (€', d") be obtained front{?, d) by a strictly increas-

lemma is easy to prove according to the construction of mixed  ing affine transformationr(z) = (71(z1), 72(z2))°.
deals. Thenf(QY,d) = Tﬁf(Q,d ) .
L - IIA  (Independence of Irrelevant AlternativesIf C  and
Lemma2 LetD",---,D™ € Q(B) be all pure deals of a F(Q.d) € ', thenf (Y, d) = f(,d).
bargaining gameB. Any mixed deaD < Q)(B) can be ex- , - .
pressed as a linear combination &f!,---, D™, i.e., there 1neorem 3 (Nash's TheoremA bargaining solutionf sat-
exist real numbersy,, - - -, a,,, satisfying isfies all the four properties if and only ff = F', whereF' is
1.a;>0,j=1,---,m; defined byF'(Q,d) = u* whereu* solves the maximization
2. XJ:(;] =1 problemmax{ujus : u = (uy,us) € Q,u > d}.

3. D=3 a;D’. ; 5.2 Bargaining solution with belief states
Moreoveru(D) =3 aju(D). We might have noticed that a solution to bargaining problem

In other words{)(B) is a convex hull of2(B) if we iden- 1S to provide a general _model of t_he bargamlng processrathe
tify a deal with its utility pair. Obviously, the utility fuction ~ than a selection function that picks up a point as outcome
over mixed deals defined above is a pair of von Neumannfrom all feasible solutions for a particular bargaininguait
Morgenstern utility functions. tion. A surprise with Nash’s theorem is that the axioms shown
We have seen from Lemma 1 that a pure deal can pabove seem so natura] tha}t any negotiation process shauld fo
uniquely determined by its utility values. However, a deai ¢ onv whereas the so!utlon is so s_pgmflc'that.lt uniquely detc_er
be duplicately represented in the form of mixed deals. For inMiNes an outcome in any bargaining situation. The question
stance, any pure deal can be represented 88 + (1 — ) D. now is .that whether we can restate these plau5|ble require-
To solve the problem we can either use Lemma 2 to obtaif"€nts in terms of bargainers’ belief states instead oftytili
a unique representation of a deal by orthogonalizing reprefunctions. .
sentation of pure deals (or utility pairs) or apply equivaie Given a finite propositional language, I& denote all
classification by defining an equivalent relatiab:~ D’ iff ~ Pargaining games in the same propositional languaige
w(D) = w(D'). To avoid too much complexity, we omit the NONempty set of deals\ bargaining solutioris defined as a
details of the mathematical treatment but simply assurte thdunction f which maps a bargaining ganie < 5 to a mixed

foranyD, D’ € Q(B), D = D' iff w(D) = w(D’). deal inQ(B). Following Nash’s approach, we propose the
’ ' following axioms:
5 Bargaining solution PO (Pareto Optimality)There does not exist a dedl €

The target of bargaining theory is to find theoretical predic §(B) such thaD » f(B). —

tions of what agreement, if any, will be reached by the barMD (Midpoint Dominatiof f(B) = 1D + 1D.

gainers. John Nash in his path-breaking papers introducedEEM (Independence of Equivalent Entrenchment Measure-
an axiomatic method which permitted a unique feasible out-  men) Given a bargaining gam@ = ((p1, e1), (p2, €2)),
come to be selected as the solution of a given bargaining  for any strictly increasing affine transformations
probleniNash 195{INash 1958 He formulated a list of f(r(B)) = f(B)

properties, or axioms, that he thought solution shoul&Bati wherer(B) = ((11 0 p1,m1(e1)), (12 0 p2, T2(€2))).
and EStab“ShEd the_ existence of a unique SOIUt_'On salplyl (Independence of Irrelevant Alternatiyég B’ C B and
all the axioms. In this section we shall give a brief summary F(B) € (B'), thenf(B') = f(B) -

of Nash's theory and then extend Nash’s result in terms of ' - '

bargainer’s belief states. We can easily see the similarities between the above ax-
o _ ioms and Nash's. The differences are also observable.
5.1 The Nash bargaining solution Firstly, the above axioms are presented in terms of bargain-

A bargaining game in Nash’s terminology is a pét, d), ers’ belief s_tat_esi,_e., t_h_e entrenchment measurement of two
whereQ C R? is a set of possible utility pairs antl € )2 agents. This is significant not only because bargainers’ be-
the disagreement point. It was assumed fhé convex and  lief states contains the logical implication of negotiatite-
compact. All bargaining games satisfying the conditiores ar mands but also because the entrenchment measurements are
collected in the seB. A bargaining solution is then a func- more obtainable than the utility functions over all possibl
tion f : B — R2 such thatf(2,d) € Q. Nash proposed outcomes(combinatorial explpsmn can happen y\(|th possibl
that a bargaining solution should possess the following fououtcomes). Secondly, our axioms are more intuitive and eas-
propertiedNash 195%: ier to verify. For instance, the MD, which is a replacement of
o Nash’s SYM, expresses the idea that a minimal amount of co-
PO (Pareto-Optimality) There does not existi, u2) € £ gperation among the players should allow them to do at least

such tha(uy, ug) > f(€, d). _ as well as the average of their preferred outcomes. When no
SYM (SymmetrylIf (€2, d) is symmetric, thenf,(2,d) =  easy agreement on a deterministic outcome is obtained, the
f2(,d). tossing of a coin is always an option to determine a winner

8See more modern treatments and detailed explanation from °A strictly increasing affine transformation is a pair of linear real
[Roth 1979 Owen 1995 Houba and Bolt 2002Napel 2002. functions with positive slope, i.er; (z) = a;x + b; wherea; > 0.



of the negotiation (see a counterpart of MD in game theory irgives a mixed deal, a lottery will be played to decide which

[Thomson 1998. Additionally, our IIA is much weaker than
Nash’s IIA because not every convex subsefidfcan be a
set of utility pairs of mixed deals.

pure deal will be the agreement. However, the assumption
is not generally applicable to most of real-life bargainihy
this case, we could use a pure deal that maximizes the prod-

Exactly like the Nash'’s theorem, there exists a unique baruct of utility pairs as an approximate prediction of bargain

gaining solution possessing the above properties.
Theorem 4 There is a unique solutiofi which satisfies PO,

outcomes even though it is not necessarily unique (Note that
such a solution must be Pareto optimal).

IEEM, MD and I[IA. Moreover, the solution is the function 6 Discussion

F(B) = D* such thatD* € Q(B) andu;(D*)uy(D*) =
max (ui(D)ua(D)).
DeQ(B)

We have observed that a bargaining game consists of two in-
dependent entrenchment measurements on negotiable items
of two individuals. The actual values of entrenchment mea-

space, we shall only present a sketch of the second half of th
proof. We shall prove that if is a bargaining solution possessing

PO,IEEM, MD and IIA, thenf = F.

Given a bargaining gamB = ((p1, e1), (p2, €2)), let K; be the
derived belief sets aB. In the case thak’; U K is consistent, it is
easy to show thaf(B) = F(B) = (K1, K2). So we assume that
K1 U K, is inconsistent.

Let D* = F(B). Suppose thaB’ is the bargaining game derived

from B by changing its entrenchment measurement with a strictIyA

increasing affine transformation so thatu’(D*) = (1, 1). By
IEEM, f(B) = D* iff f(B') = D*. SinceF satisfies IEEM,D*
also maximizes:; (D)u4 (D) overQ(B’). Therefore we are left to
prove f(B') = D*.

Let B" = ((pl,€l), (ph,e3)). Following Nash's argument, it
is not hard to verify that for anyp € Q(B’), (ui(D),u5(D)) €
{(z,y) : 2 > 0,y > 0andx + y < 1} becausd)(B’) is convex.
Particularly,0i(T) — e} < 1.

SinceK; UK is inconsistent anf(B) is nonempty, we can pick
up two Pareto optimal pure deals frdi{ B’) in the form (K1, Uz)
and(Ui, K»). Construct a gamB” = ((p7,e?), (p,e%)) as fol-
lowing: for eachi = 1, 2,

1. foranyp € K, pi (@) = pi();

2. forany, € Cn(K; U {~(AUD)\Ki, o (9) = pi(T) — 1;

3. e =pi(T) - 1.

It is easy to prove thatB’ is a subgame ofB” and
K{! = K; U {=~(AU;)} (¢ = 1,2). According to MD,
W (f(B") > «"(3D" + 1D") = (4,1). On the other hand,
for any mixed dealD € Q(B”), by Lemma 2,D = > «;D’,
whereD? € Q(B"). For eachy, if both D C K; (i = 1,2), then
u'(D7) = u/(D?); otherwise eithed’ = D" or D/ = D",
which impliesuf (D7) +u} (D7) = 1. Thusu{ (D) +u4 (D) < 1.
This implies u{(f(B")) + u5(f(B”)) < 1. Therefore
u”(f(B")) = (3, %). Itfollows thatf(B") is expressible iB’, or
f(B") € Q(B). According to lIA, f(B") = f(B’). We conclude
thatf(B) = f(B') = D* = F(B). 9

With the theorem we can easily see that the so
lution to the bargaining situation described in Exam-

ple 1 is the equivalent class of the pure ddaf =
(Cn({ps,pa}), Cn({=p1, ~p2})), under which both agents

agree that the price of the product is less than $14 but no le
than $12. Note that a more refined discretization of the prob
lem might give a mixed deal as the solution of the bargainin

game.

Bf the bargaining game. How could these “random” assign-
ments of an entrenchment measure determine a unique solu-
tion? Before we answer the question, let’'s explore another
example.

Example 3 [Owen 1995 Two men are offere®100 if they

can decide how to divide the money. The first man is assumed
to be very rich, while the second man h&0 capital in all.

s the first player is very rich, it is assumed that the utiity

x for the first player, with) < = < 100, is proportional to

x, i.e. u1(z) = x. To the second player, it is assumed that
the utility of a sum of money is proportional to its (natural)
logarithm, i.e.,uz(z) = In(150 — x) — In 50.

The game-theoretical solution to the problem is sim-
ply maximizing the product of two agents’ utilities :
uy (z)uz(z) = xIn(122), which gives approximately =
57.3, meaning that the first player receives $57.3 and the other
takes $43.7.

The logical solution to the problem needs a process of dis-
cretization. LetP(z) denote the proposition that the first
player receives no less tham,$vherez is anatural number
(0 <2 < 100) 0.

The negotiable item set of each agent is then:

K, = Cn({P(z) : 0 < z < 100}) and Ky =
Cn({—-P(z) : 0 <z <100}).

LetC = {P(z) — P(x —1) : 0 < z < 100}, which
is the common knowledge of both players. The associated
entrenchment measure of the first player can be defined as:

p1(p) = 100 for eachp € {T}UC;

p1(P(x)) =100 — z for any0 < z < 100;

pi(p) = —1foranyy & K.

The entrenchment measure of the second player is:

p2(p) = 100 for eachp € {T} U C;

p2(=P(z)) = 100 — In(152-%) for any0 < z < 100;

p1(p) = —1foranyp ¢ K.

It is easy to verify that the bargaining solution of the game

is (Cn({P(BT)}UC), Cn({—~P(58)}UC)), which gives the

similar result as the game-theoretical solution.
The result seems strange: the poor man receives less
money than the rich man. This is because the poor man is so

%Sager to get money that he highly entrench each single dollar

(98 < pa(=P(x)) < 100 for any0 < 2 < 100))*. If the

%econd agent linearly entrenched its gain as the first atjpent,

The uniqueness of bargaining solution depends on the as- °Note that we treaP(x) as a proposition rather than a predicate.
sumption that both bargainers agree to randomize between 'Game-theory explains such a phenomenon as the interpersonal
outcomesj.e., whenever the solution of a bargaining game differences of attitudes towards threats or negotiation power of dif-



negotiation would end with 50 to 50. This means that the nontogic [Krauset al. 1999[Sycara 199])Sierraet al. 1997.
linearity of the second agent’s entrenchment measureraent rit is interesting to see whether the classical results atheut
sults the non-balanced allocation. In other words, theidist relationship between cooperative solutions and noncesper
bution of entrenchment measurement reflects the bargainintiye solutions of bargaining problem can be extended to the
power of players. Note that the logarithm function is slyict logical models of bargaining.

monotone. Therefore the non-linearity of entrenchmentmea Nash’s axiomatic approach to bargaining has reached a
surement cannot be captured by any belief change operatiofgh sophistication through the development of last five
(see Theorem 1). The AGM'’s entrenchment ordering is notlecadegRoth 197% Thomson 1994 Napel 2002. A vari-
enough to measure players’ bargaining power. In fact, the erety of alternative assumptions have been proposed to derive
trenchment measurement plays two rules in bargainitsy: given solution concept. It could be a promising researclctop
ordering determines a unique belief revision operation forto investigate logical properties of these alternativeisons.
minimizing the loss of bargainer’'s negotiable itearsdthe  On the other hand, the logical implication of the distribati
distribution of entrenchment values decides the negatiati of entrenchment measurements is also worthwhile to be fur-
power of bargainers ther explored.

References

nmoreet al. 1992 K. Binmore, M. Osborne and A. Ru-
binstein, Noncooperative models of bargainimtand-
book of Game Theoryol 1, 180-225.

7 Conclusion and Related Work B
We have presented a logical framework for Nash's bargaininé !
solution. To do so, we introduced a concept of entrenchment

measure, ‘.NhiCh maps a proposition toa real n_umper, and us‘f%ooth 2001 R. Booth, A negotiation-style framework for
it as a vehicle to convey agents’ belief states in differemt b non-prioritized reviéion',l’ARK’Ol 137-150.

gaining situations. We have shown that Nash bargaining SO“{Fatimaet al.2009 S. Fatima, M. Wooldridge and N. R.
tion can be restated in terms of the extended concept offbelie Jennings, N. R. Bargainin'g with incomplete information

states. Negotiable items, bargaining outcomes and condict to appear imAnnals of Mathematics and Avtificial Intelli-
arguments can then be expressed in propositional logicimean gence
while Nash’s numerical solution to bargaining problemils st [Gardenfors 1988 P. Gardenfors,Knowlege in Flex: Mod-

applicable. This offers a combinative approach of qualiat eling the Dynamics of Epistemic Statdhe MIT Press,
and quantitative analysis to bargaining situations. Ageati 1988.

application of the result, a logic-based solution to autimtia .
negotiation can be proposed. Given a two-agent bargaininE;]"oUba and_BoIt 20(1.2'."' Houpa and W. Bolt, Credible
Threats in NegotiationsSpringer.

situation, we invite both agents to describe their negtgiab [Krauset al. 1998 S.Kraus, K.Sycara, A.Evenchik, Reach-
items in terms of propositional logic and to provide theimow ing agreements through argumentation: a logical model
measurements of entrenchment on their negotiable iterhs. Al _ =, implementationrtificial Intelligence 104. 1-69

the information comes to an arbitrator (or a server) who will Meyeret al. 20043 T. Meyer, N. Foo, R. Kwok and D
announce the outcome of the negotiation after conducting 1[31 Zhang 'Logical foundations of négotiation' outcome
process of belief revision and a calculation of Nash's solu- o0 adcion and adaptation, AAAI-04 293-298. '

tion. This procedure should be considered to be fair becausﬁ/leyeret al. 20048 T. Meyer, N. Foo, R. Kwok and D.

the result of negotiation is in effect determined by theipart Zhang, Logical foundations of negotiation: strategies and
ipants’ belief states rather by the arbitrator. preferencesKR’04, 311-318.

This paper is closely related to the work on the belief[Nash 1959 J. Nash, The bargaining problerBconomet-
revision model of negotiatioiBooth 2001[Meyer et al. rica, 18(2), 155-162.

2004d[Meyeret al. 2004H[Zhanget al. 2004. We have [Nash 1953 J. Nash, Two-person cooperative games,
proved that if the bargaining solution takes a pure deal@s th  Econometrica21(1), 129-140.
outcome, it will satisfy almost all assumptions that are pufNapel 2002 S. NapelBilateral Bargaining Springer.
on the negotiation function constructed by belief revisipn ~ [Owen 199% G. Owen,Game TheoryAcademic Press.
erators(see Theorem 2). However, as we have discussed iRoth 1979 A. Roth, Axiomatic Models of Bargaining
the last section, belief revision operation cannot measare _ Springer-Verlag. . ,
gainers’ negotiation power. Therefore a negotiation fiamct  [Sierraetal. 1997 C. Sierra, N. R. Jennings, P. Noriega, and
defined purely by belief revision operation is unable todete ~ S. Parsons, 1997. A framework for argumentation-based
mine negotiation outcomes. negotiationATAL-97 177-192. o

The model we presented in the paper is a logical extenlSycara 199D K. Sycara, Persuasive arguementation in ne-
sion of Nash’scooperative modedf bargaining, which deals gotiation, Theory and Decisigr8:203-242.
with the bargaining situations described by a set of aUstraJThom.Sc.m 199k W. Thomson, Cooperative models of.bar—
rules.Non-cooperative modetsf bargaining, in contrast, an- gaining,Handbook of Game Thearyolume 2, Elsevier

alyze interaction which is based on explicit rules of bangai [Wo%l%ifiggg gh\éylf}azrghlsz%bm Wooldridge and S. Par-
ing [Binmoreet al. 199. A series of work have been done Co o
that attempts to represent negotiation procedures in tefms [Zhgr?gest’ ;ﬁgggﬁ]g%‘c‘ f%gﬁgouﬁt'cﬁgﬁlz-? O&gﬁfgﬂa R

ferent negotiatorBOwen 199H Houba and Bolt 2002Fatimaet al. Kwok, Negotiation as mutual belief revisioAAAI-04



