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Abstract

In this paper, we propose a locality-constrained
and sparsity-encouraged manifold fitting approach,
aiming at capturing the locally sparse manifold
structure into neighborhood graph construction by
exploiting a principled optimization model. The
proposed model formulates neighborhood graph
construction as a sparse coding problem with the
locality constraint, therefore achieving simultane-
ous neighbor selection and edge weight optimiza-
tion. The core idea underlying our model is to per-
form a sparse manifold fitting task for each data
point so that close-by points lying on the same
local manifold are automatically chosen to con-
nect and meanwhile the connection weights are ac-
quired by simple geometric reconstruction. We
term the novel neighborhood graph generated by
our proposed optimization model M-Fitted Graph
since such a graph stems from sparse manifold fit-
ting. To evaluate the robustness and effectiveness
of M-fitted graphs, we leverage graph-based semi-
supervised learning as the testbed. Extensive exper-
iments carried out on six benchmark datasets vali-
date that the proposed M-fitted graph is superior
to state-of-the-art neighborhood graphs in terms of
classification accuracy using popular graph-based
semi-supervised learning methods.

1

In this paper, we investigate the problem of Graph-Based
Semi-Supervised Learning [Zhu and Goldberg, 2009] which
is an emerging machine learning topic having received broad
research attention and also triggered a variety of practical
applications including document and image ranking [Zhou
et al., 2003b], web-scale image search [Jing and Baluja,
2008][Liu ef al., 2011al, image and video annotation [Jiang et
al., 2012], protein classification [Weston er al., 2003], etc. To
accomplish sensible semi-supervised learning, the key chal-
lenge arises, i.e., how to build a robust neighborhood graph
which is capable of capturing the inherent manifold struc-
ture underlying input data samples. After constructing such a
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graph, representative semi-supervised learning methods, e.g.,
[Zhu et al., 20031[Zhou et al., 2003al[Belkin et al., 2006][Liu
and Chang, 2009], can be readily deployed through engaging
this graph in proper smoothness regularization terms. A typ-
ical kind of graphs are kNN graphs which have been inten-
sively used in a number of learning problems such as dimen-
sionality reduction [Belkin and Niyogi, 2003] and spectral
clustering [Ng er al., 2001] besides semi-supervised learning
studied in this paper. To construct a kNN graph on an input
dataset X = {z1,--- ,x,} C R? with cardinality |X| = n,
edges are established to connect each individual data point
and its k nearest neighbors. The edge weights are then ob-
tained by either parametric kernel functions (typically the
Gaussian kernel) or nonparametric optimization procedures
[Jebara ef al., 2009]. However, kNN graphs do not explicitly
explore or capture intrinsically low-dimensional manifolds on
which high-dimensional data samples reside, though they can
approximate some manifolds existing in simple datasets.

Towards capturing geometric structure hidden in data into
graph construction mechanisms, one recent trend is to explore
the sparse subspace structure [Elhamifar and Vidal, 2009](El-
hamifar and Vidal, 2010][Elhamifar and Vidal, 2011][Gao et
al., 20101, which has turned out to be very effective for dis-
covering the clusters formed in high-dimensional data such
as face images. Specifically, [Elhamifar and Vidal, 2009](El-
hamifar and Vidal, 2010] proposed to reconstruct each indi-
vidual data point x; using the rest of points in X in a least
squares sense. Very importantly, for each instance x; a spar-
sity constraint is imposed to make such a geometric recon-
struction find the most fitted subspace spanned by a few in-
stances in X. In another words, the found subspace holds
the shortest distance to the point x; meanwhile keeping the
subspace dimension as low as possible. This sparse subspace
fitting problem can be relaxed to an ¢; minimization problem
[Candés and Tao, 2005] and thus solved by conventional con-
vex optimization techniques. In addition, the seminal work
[Gao er al., 2010] and [Elhamifar and Vidal, 2011] suggested
similar geometric reconstruction schemes in kernel-induced
feature spaces and on manifolds, respectively. In the work,
the sparsity constraint is enforced as well.

The key computational challenge of the aforementioned
sparse subspace fitting scheme [Elhamifar and Vidal, 2009]



and its variants is that they require all, or at least a part, of
the input dataset X’ to reconstruct every data point x;, that is,
minimizing an ¢; problem (|| - ||; denotes ¢; norm) of n — 1
variables

mi a;
o nin laillx
s.t.  x; = X5a,. (D

In reconstructing x;, this ¢; problem involves a basis X; =
[€1, - ,®i—1,®i+1, -, Ty,) that is composed of n — 1 in-
stances in X except the target instance x;. Above all, the
convex relaxation from £y norm to /1 norm cannot guarantee
that the resulting solution a; (i.e., the subspace reconstruc-
tion coefficient vector) is always meaningful. The ¢; mini-
mization may lead to a dense a; and thus violate the sparsity
expectation of the subspace reconstruction coefficients. Sec-
ond, solving the ¢ problem in eq. (1) is nontrivial and time-
consuming for high-dimensional or large-scale data. Third,
the sparse subspace fitting scheme neglects the locality of
data and is hence likely to introduce irrelevant instances that
are outliers or from other classes with respect to x;. Fi-
nally and most critically, sparse subspace fitting assumes that
a multi-subspace structure exists in the data, which is not
always true for real-world data. It is noted that [Cheng et
al., 2009] considered the locality constraint when performing
sparse subspace fitting for neighborhood graph construction,
but it still adopted the multi-subspace assumption.

In this paper, we argue that a multi-manifold structure is
more natural than the multi-subspace structure for realistic
datasets. The latter can be regarded as an extreme case of the
multi-manifold structure.

In order to overcome the potential issues associated
with sparse subspace fitting, in this work we propose a
locality-constrained and sparsity-encouraged reconstruction
approach, namely Sparse Manifold Fitting, which can cap-
ture the locally sparse manifold structure and thus dis-
cover the global multi-manifold structure. The proposed ap-
proach yields a novel neighborhood graph called by M-Fitted
Graph. In sparse manifold fitting, we directly design an
£y norm-based optimization model to perform sparse coding
with the locality constraint that restricts the coding within the
scope of a limited number of neighbors, thereby ensuring the
optimization efficiency.

Our M-fitted graphs can benefit vast applications which
previously used kNN graphs. To validate the robustness and
effectiveness of M-fitted graphs, we adopt graph-based semi-
supervised learning as the testbed since its classification accu-
racy heavily depends on the quality of used graphs. Through
extensive experiments, we find that our M-fitted graphs are
very suitable for semi-supervised learning and exhibit supe-
rior performance over state-of-the-art neighborhood graphs
when cooperating with representative semi-supervised learn-
ing techniques, e.g., Local and Global Consistency (LGC)
[Zhou et al., 2003al, Linear Neighborhood Propagation
(LNP) [Wang and Zhang, 2008], and Gaussian Fields and
Harmonic Functions (GFHF) [Zhu et al., 2003].

The remainder of this paper is organized as follows: we
first introduce M-fitted graphs, subsequently present the
sparse manifold fitting approach for constructing M-fitted
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graphs, then illustrate the usage in the context of graph-based
semi-supervised learning, and finally show the quantitative
experimental results.

2 M-Fitted Graphs

Notations. We define the input data matrix as X
[®1,...,2,] C R of d feature dimensions and 7 in-
stances. We formulate the neighborhood graph to be con-
structed as an affinity matrix W € R™*" where w;; repre-
sents the edge weight between vertices x; and x;. We de-
fine by M the manifold(s) underlying the input dataset X,
{7:}?_, the local tangent spaces, {U;}?_; the local direction
basis matrices, and {F;}?_; the local affine subspaces.
Geometric Idea. Following the well-known manifold learn-
ing approach Local Tangent Space Alignment [Zhang and
Zha, 2004], we assume that the manifold(s) (possibly mul-
tiple manifolds) underlying the input data collection X’ are
composed of and merged by a series of local tangent spaces.
Each tangent space, denoted by 7, lies under each data point
x;. In mathematics, we can write M = U?:l T; if n — oo,
where a local tangent space 7; is actually a small patch of a
local manifold from M. Then our goal is to seek such a tan-
gent space located at each point. We employ the geometric
sparsity idea proposed in [Elhamifar and Vidal, 2011] to ap-
proximately seek the local tangent spaces. Specifically, we
reconstruct each data point x; using sparse bases from a local
direction basis U;, and the minimal reconstruction distortion
is pursued to yield the optimal local directions that determine
the optimally fitted local affine subspace F; for x;. As a re-
sult, this sparse reconstruction gives rise to the local affine
subspace F'; with the minimal angle to the target local tangent
space 7;, therefore discovering the best fitted local manifold.

Through sparse reconstruction, we can build a neighbor-
hood graph in which the graph edges correspond to the solved
local directions. Under such a circumstance, the edges con-
necting to x; are closely parallel to the local tangent space 7T;
and thus closely reside on the local manifold at x;.
Formulation. Our proposed sparse reconstruction starts from
setting up a relatively large neighborhood of m (m < n)
neighbors (record @;’s neighbor indices into [i1, ..., i, ]), and
then eliminates the unqualified ones.

We normalize the difference vectors between x; and its
m neighbors to remove distance variations while preserving
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Figure 2: Graph-based semi-supervised learning on synthetic datasets. Points on the same semi-circle are considered to take
the same class label. The big x denotes initially labeled points (the blue color represents the positive label, while the red color
represents the negative label). The upper row visualizes the edge connections in kNN graphs, SIS graphs, and M-fitted graphs.
We set k = 3 for kNN graphs and m = 6, s = 3 for our M-fitted graphs, respectively. The lower row shows the classification
results of the semi-supervised learning method GFHF using different graphs.

structural cues, and then form a local direction basis matrix

2

Ty — &y Zi,,

U; =

s, — il (s, — il ]

Now, our task is to find the local affine subspace F; that
fits &; as much as possible. As intuitively illustrated in Fig. 1,
we pursue the minimal distance between x; and the ambient
affine subspace

F; ={z; + Uici|1"¢; = 1,¢; e R}, 3)

That is, miny v, ||&; — ; — Ujc;|| = ||U;¢||. Critically,
a sparsity constraint |c;|jo < s (s < m) is imposed to re-
duce the risk of introducing outliers. In doing so, the nonzero
elements in the reconstruction coefficient vector ¢; automati-
cally select sparse local directions from Uj; to generate a fea-
sible local affine subspace. So far, we formulate the sparse
reconstruction task as follows

] P . . 2
c?élu?m Q(ci) = [|[Use|

st. 17¢; =1, ||eillo < s, “

whose core idea is to seek the best fitted local affine subspace
F; subject to the affine and sparsity constraints on the coeffi-
cient vector c¢;. Fig. 1 displays that the local affine subspace
holding the minimal distance to the point x; also holds the
minimal angle to the local tangent space 7;.

Graph Construction. The next step is to translate the coef-
ficient vectors {¢;} ;, solved in sparse reconstruction, into
the graph edge weights {w;; }'; ;. Lete; = [c14, -+, Cmil T
For each vertex (i.e., data point) x;, we obtain the edge
weights w;; ;’s via re-normalizing c;;’s:

&)

.o, m.

It is worth mentioning that although we eliminate the distance
information in eq. (2), we take it back in eq. (5) to make the
neighbors closer to x; contribute larger edge weights.
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Like [Cheng er al., 2009], we deal with the negative
weights as follows

Ww;

w; < max(w;,0), w; + TTw,

(6)

where w; is the i-th column vector of the graph affinity matrix
‘W. Finally, we conduct a symmetrizing step

W+WT

W
T

)

We term the graph of the affinity matrix W M-Fitted Graph,
which is yielded through the sparse reconstruction in eq. (4)
and the graph construction steps in eqs. (5)(6)(7).

In contrast to Sparse Manifold Clustering and Embed-
ding (SMCE) [Elhamifar and Vidal, 2011], our proposed M-
fitted graph not only eliminates the incorrect edges connect-
ing points not lying on the same local manifold, but also keeps
the sparse edge connections. The sparsity originates from di-
rectly solving an ¢ problem (see Section 3) instead of the ¢;
problem in [Elhamifar and Vidal, 2011]. Note that in SMCE
the edges connecting to some outliers are tolerable, as SMCE
is designed for clustering which is somewhat insensitive to
the sparsity level of the graph affinity matrix W. However, in
the scenario of graph-based semi-supervised learning, erro-
neous edge connections are unacceptable, so we discard neg-
ative reconstruction coefficients and enforce explicit sparsity
(via £y norm) in producing W.

Fig. 2 visualizes the semi-supervised learning results pro-
duced by ENN graphs, Sparsity Induced Similarity (SIS)
graphs [Cheng et al., 2009], and M-fitted graphs on two syn-
thetic datasets. The results indicate that 1) kNN graphs lead
to disconnected graphs, and that 2) SIS graphs are denser and
include more erroneous edges than M-fitted graphs. On the
contrary, our M-fitted graphs successfully achieve the bal-
ance between keeping connected graphs and eliminating in-
correct edges.



3 Sparse Manifold Fitting

We propose an iterative optimization algorithm to solve the
Sparse Manifold Fitting' problem with £y norm formulated
by eq. (4). The key idea is to progressively fit the local tan-
gent space 7 by iteratively selecting s bases with the index
(support) set S C [1 : m] from the local direction basis U.
These sparse bases wrapped in Ug will be refined such that
the local affine subspace F spanned by Ugs has a shorter dis-
tance from the point &, equivalently a smaller angle from 7.
At each iteration we evaluate the current bases in Ug and
subsequently update them. Concretely, a more proper base
U, from Uy, )\ s is augmented firstly, the most unreliable
base in Ug is removed later, and the support set S is updated
accordingly. The above iterative procedure which consecu-
tively updates the support set S is halted until the decrease of
the raw objective function Q(c) in eq. (4) stops or becomes
insignificant. We call such an iterative algorithm as Forward-
Backward Fitting.

Before presenting our algorithm, we provide some nota-
tions and derivations which are vital in clarifying the forward-
backward fitting mechanism. Given a support set S, we con-
sider the following simpler problem

min ||USCS||2
CsER‘S‘

s.t. 1TCS =1, ®)
which enjoys a closed-form solution
. UlUs) 11
cs = g(U,S) _ ( S S) )

lT(UgUS)fll ’

Eq. (9) is exploited to estimate ¢ when we have a guess for
the support set S. Another key component that our algorithm
uses is the hard-thresholding operator:

supp,(c)
= {j]|c;| is among largest s absolute values of elements of c} ,
(10)

which prunes the elements with small absolute values in a
vector ¢ and returns the support set with cardinality s.

Forward-Backward Fitting Algorithm

The algorithm targeting for sparse manifold fitting is pre-
sented in Algorithm 1 and elaborated below.

Initialization. Before performing a forward selection step, an
initialized support set S should be determined. To satisfy the
locality constraint, &’s s nearest neighbors may have a higher
probability of forming a well fitted affine subspace. Hence,
we start with the left first s vectors of U to initialize the sup-
port set S = [1 : s], and then acquire the initial solution %
by means of eq. (9). In addition, we write the residue vector
r =x — (x + Ugscs) = —Ugcs given the current support
set S and the corresponding reconstruction coefficient vec-
tor cs. Consequently, the current cost function is derived as

Q(c) = |[Uses]* = [Ir|>.

'Without loss of generality, in this section we ignore the sub-
script ¢ when referring to x;, 7;, U;, F; and ¢;.

Algorithm 1: Forward-Backward Fitting Algorithm

1 Input: A local direction basis matrix U € R4*™ a
sparsity level s (s < m).

2 Output: The sparse reconstruction coefficient vector
c* € R™ with ||c*||o < s.

3 Initialize: Z =[1:m], S =[1: 5], c% = ¢(U, S),

c%\s =0,7r= —Ugc%, Q" =|r|*e=10"5¢t=0.

while (true) do

forward step:

bs = 0, bI\S = U—ZF\ST’

S + supp;(b) U S,

ctt « ¢(U,8), c?{é « 0;

backward step:

10 | S« supp,(ctt);

11 updating step:

12 c?l +~ ¢(U,S), ctzt‘ls «~ 0,

13 r = —Ugcs, Q! « ||r|)%

14 | if QU > Q) c* < ¢!, break;

15 elseif (Q* — Q**! <€) c* « c'*!, break;

16 else t +—t+ 1.

17 end

N-EE- I T I N

Forward Selection Step. We intend to select a new base
from Ujy.,\s, which has the maximum correlation to the
current residue vector r. For a convenient expression, we
define an indicator vector b as follows

{ bS = Oa

b[13m]\3 = UEZTE]\ST'

Afterwards, we augment the support set as
S + supp;(b) US,

and immediately update cs by eq. (9). Note that after this
step cs € RSHL,

Backward Pruning Step. We simply prune c¢s € R**! by
applying the hard-thresholding operator in eq. (10), which
amounts to updating S « supp,(c). After applying eq. (9)
again with the updated support set, cs is reduced from s + 1
dimensions to s dimensions.

Stopping Criterion. The presented iterative procedure inte-
grating both forward and backward steps will be halted once
the cost function () increases or its decrease is not significant,
that is,

Q™) > Q(c") or 0<Q(ch) Q") <,

where ¢ > 0 is a small constant.

Analysis

Our forward-backward fitting algorithm is specially devised
to tackle the sparse reconstruction (or sparse coding) problem
with ¢ norm, namely sparse manifold fitting. In the sense of
forward-backward exploring nonzero entries of a sparse so-
lution, our algorithm is similar to the feature selection algo-
rithm proposed in [Zhang, 2011]. Nonetheless, our algorithm
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Figure 3: The cost function Q(c) = ||Uc||? converges within
five iterations for an image sample of the USPS dataset.

differs from [Zhang, 2011] in terms of augmenting and elim-
inating only one nonzero entry in each iteration, while the
latter added and pruned multiple nonzero entries. The com-
putational efficiency of sparse coding algorithms is especially
crucial when being applied to neighborhood graph construc-
tion, since one needs to solve an £ or ¢; problem for each in-
dividual data point. Notably, our algorithm executing simple
“push” and “pop” operations is substantially fast, as validated
later by our experiments. The reason is that the proposed
optimization algorithm driven by ¢y norm may result in a
faster convergence? than the optimization algorithms using ¢,
norm. Compared with the state-of-the-art graph construction
methods [Wang and Zhang, 2008][Cheng ef al., 2009], the
proposed M-fitted graph construction through applying the
forward-backward fitting algorithm runs faster. The speed of
M-fitted graphs is most comparable with that of kNN graphs.

4 Graph-Based Semi-Supervised Learning

We employ graph-based semi-supervised learning (GSSL) as
the testbed for evaluating our proposed M-fitted graph. In
particular, we use three representative GSSL methods: Local
and Global Consistency (LGC) [Zhou et al., 2003al, Linear
Neighborhood Propagation (LNP) [Wang and Zhang, 20081,
and Gaussian Fields and Harmonic Functions (GFHF) [Zhu
et al., 2003]. The GFHF method also includes two ver-
sions: GFHF without postprocessing and GFHF with the
postprocessing of Class Mass Normalization (CMN). Given
a graph affinity matrix W as well as its degree matrix
D = diag(W1), LGC uses the symmetrically normalized
graph Laplacian matrix L I - D-Y/2WD~!/2 LNP
uses the asymmetrically normalized graph Laplacian matrix
L = I—- D~ 'W, and GFHF (two versions) uses the standard
graph Laplacian matrix L =D — W.

S Experiments

Datasets. We conduct our experiments on six benchmark
datasets: (1) USPS [Hastie et al., 2009] contains handwrit-
ten digital images from 0-9; (2) COIL [Nene er al., 1996]

Typically, our proposed algorithm converges within five itera-
tions on most datasets. Due to the page limit, we only report the
convergence curve on the USPS dataset, as shown in Fig. 3.
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Figure 4: Average error rate vs. [ for GFHF+CMN.

includes 20 object classes, each of which contains 72 im-
ages; (3) SEGM [Frank and Asuncion, 2010] contains seven
outdoor categories of images; (4) MFEAT [van Breukelen
and Duin, 1998] contains 2,000 handwritten digital images
from 0-9, which are extracted from the Dutch utility maps;
(5) CAR [Bohanec and Rajkovic, 1988] contains 1,728 tex-
tual records for evaluating cars based on price, safety, com-
fort and maintenance, which are categorized into four classes;
(6) WAVE [Breiman et al., 1984] contains 5,000 textual in-
stances sampled from three classes.

Compared Graphs. We compare four graph construction
approaches including kNN graphs, neighborhood-fitted (N -
fitted) graphs [Wang and Zhang, 2008], Sparsity Induced
Similarity (SIS) graphs [Cheng er al., 20091, and our pro-
posed M-fitted graphs. In kNN graphs, we use the Gaus-
sian RBF kernel for weighting edges. For kNN and N -fitted
graphs, we empirically set the number of nearest neighbors
to £ = 6. To build SIS graphs, for each instance we select
its 4% (c is the total number of classes) nearest neighbors to
carry out £; minimization. For simplicity, we set m = - and
s = 6 to construct our M-fitted graphs.

Quantitative Results. To set up semi-supervised learning
(SSL) trials, we uniformly sample instances at random from
each dataset, ensuring that every class covers at least one in-
stance. We denote by [ the average number of labeled in-
stances per class. On each dataset, we conduct 50 SSL trials.
The SSL outputs are the classification error rates, averaged
over 50 trials, achieved by different combinations of graph
construction and SSL methods. We also report the average
runtime® that every combination of graph construction and

3All of our experiments are run on a workstation with INTEL



Table 1: Average error rate and runtime on USPS, COIL and SEGM datasets.

SSL Graph =2 IZJSPS [=2 ZC OI5L =2 SlEGg/I
raj = = . = = . = = .
Method P Error/% | Error/% Time/s Error/% | Error/% Time/s Error/% | Error/% Time/s
kNN 29.96 20.89 0.3580 9.65 491 1.5452 39.11 31.12 0.2785
LGC N -Fitted 31.29 22.28 7.8536 9.04 4.45 26.3985 38.58 30.97 8.5385
SIS 31.19 22.42 19.1036 8.18 5.89 281.5685 37.13 29.30 13.6618
M-Fitted 29.80 21.20 5.0395 5.69 2.88 14.8532 36.33 28.81 4.3460
kNN 24.53 17.96 0.7478 6.68 3.22 1.7054 33.11 27.36 0.7131
LNP N -Fitted 22.35 16.63 8.2643 4.96 4.19 26.1052 37.26 28.17 6.4655
SIS 20.71 16.51 19.4061 9.25 3.28 289.6741 31.62 26.10 9.3933
M-Fitted 20.71 16.16 3.6660 4.68 2.91 20.0269 30.66 25.55 3.3524
kNN 38.05 25.02 0.3333 8.18 397 1.5627 36.31 28.71 0.2579
GFHF N -Fitted 38.65 22.77 8.4252 5.08 2.25 27.4328 38.55 28.66 7.1161
SIS 45.50 28.72 13.3950 4.85 2.62 279.6863 37.53 28.48 7.3029
M-Fitted 29.50 19.13 3.8513 3.77 1.97 11.6737 36.21 27.76 3.5579
kNN 20.19 14.58 0.3355 6.13 3.10 1.5509 31.28 25.96 0.2628
GFHF N -Fitted 19.97 14.07 8.5836 3.61 1.90 26.2992 31.01 25.38 7.2184
+ CMN SIS 22.15 14.35 15.8672 3.39 2.19 283.8451 31.41 25.33 6.9735
M-Fitted 17.12 12.69 3.3283 2.89 1.61 12.2562 30.30 24.38 3.4812
Table 2: Average error rate and runtime on MFEAT, CAR and WAVE datasets.
SSL | Graon || T=2 T T=3" e mmET =T I=5
ra = = . = = . = = .
Method P Error/% | Error/% Time/s Error/% | Error/% Time/s Error % | Error/% Time/s
kNN 25.50 16.70 0.4126 21.01 17.50 0.2589 34.12 30.67 1.6048
LGC N -Fitted 27.53 18.20 11.2863 26.48 22.86 5.5986 32.59 28.59 34.0939
SIS 25.26 16.98 40.2452 25.37 20.80 4.0573 33.27 29.69 32.8699
M-Fitted 24.31 16.45 8.9988 18.93 13.77 2.9807 32.30 28.27 26.8215
kNN 18.01 11.72 0.7811 32.96 28.02 0.4416 41.69 33.21 5.0517
LNP N -Fitted 19.13 12.37 7.6312 36.69 29.77 49133 39.64 31.60 18.2306
SIS 17.78 11.61 34.7508 30.07 26.32 4.5560 34.75 29.38 33.8275
M-Fitted 16.99 11.53 5.9624 19.91 15.56 2.8392 32.62 29.21 13.5131
kNN 26.97 15.00 0.4077 28.12 23.02 | 0.2020 63.17 53.87 1.3322
GFHF N -Fitted 31.42 17.28 6.8102 28.81 26.27 5.0929 63.41 56.37 16.9751
SIS 31.72 17.16 35.5183 25.24 25.08 2.5673 64.76 57.93 21.3485
M-Fitted 26.77 13.88 6.0885 20.97 15.64 2.1755 59.32 49.48 11.1181
kNN 17.93 11.87 0.3997 46.12 33.84 0.2113 30.12 27.28 1.3483
GFHF | N-Fitted 19.76 13.37 13.7010 52.53 41.37 47314 30.18 27.11 17.8843
+ CMN SIS 19.05 13.00 35.5608 40.83 27.76 2.6938 29.96 27.52 28.2256
M-Fitted 17.25 11.16 6.2676 38.23 25.38 5.2851 29.67 26.69 12.2025
SSL takes. employs ¢y norm to induce sparsity, and designs a forward-

Tables 1, 2 and Figure 4 clearly show that our proposed
M-fitted graphs lead to superior classification accuracy over
the other graph construction approaches. In terms of the time
cost, M-fitted graphs consistently run faster than the com-
peting N/-fitted and SIS graphs. Notice that M-fitted graphs
always include the kNN search step, so they are slower than
kNN graphs.

6 Conclusion and Future Work

In this paper, we propose a sparse manifold fitting approach
to embed the locally sparse manifold structure into neigh-
borhood graph construction. In order to address the poten-
tial issues of ¢; relaxed sparse coding, our approach directly

E5630 quad-core CPU and 48GB RAM. All methods mentioned in
this paper are implemented in MATLAB.
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backward fitting algorithm to yield an explicitly sparse solu-
tion in an efficient manner. Through extensive experiments,
we demonstrate the performance of the novel M-fitted graph
generated by performing sparse manifold fitting for every in-
put data point. M-fitted graphs not only run faster than state-
of-art graphs, but also result in superior classification accu-
racy when collaborating with well-known graph-based semi-
supervised learning methods.

In the future work, we would like to study scaling up the
M-fitted graph proposed in this paper and enable it to work
for massive datasets that are increasingly encountered in the
current big data era. The prior work Anchor Graph [Liu et
al., 2010] offers a good example, but it has not incorporated
too much manifold information which would become more
evident in large-scale data collections. If we developed a
scalable graph construction approach such that the underly-



ing manifold structure can be captured to a deeper extent, we
could improve the performance of some popular graph-based
web-scale applications such as ranking [Xu et al., 2011] and
hashing [Liu er al., 2011b].
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