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Abstract

In line with recent work on belief change in frag-
ments of propositional logic, we study belief up-
date in the Horn fragment. We start from the stan-
dard KM postulates used to axiomatize belief up-
date operators; these postulates lend themselves to
semantic characterizations in terms of partial (resp.
total) preorders on possible worlds. Since the Horn
fragment is not closed under disjunction, the stan-
dard postulates have to be adapted for the Horn
fragment. Moreover, a restriction on the preorders
(i.e., Horn compliance) and additional postulates
are needed to obtain sensible characterizations for
the Horn fragment, and this leads to our main con-
tribution: a representation result which shows that
the class of update operators captured by Horn
compliant partial (resp. total) preorders over pos-
sible worlds is precisely that given by the adapted
and augmented Horn update postulates. With these
results at hand, we provide concrete Horn update
operators and are able to shed light on Horn revi-
sion operators based on partial preorders.

1 Introduction

The aim of an update operator is to incorporate new infor-
mation into an agent’s beliefs, reflecting a change in her
environment. Originally developed for use with deductive
databases [Fagin er al., 1983], links between update and other
members of the belief change family soon emerged [Keller
and Winslett, 1985]. Interest in distinctions between update
and revision led to a unified treatment of both operations us-
ing logical postulates and representations using preorders on
possible worlds [Katsuno and Mendelzon, 1992b].
Intuitively, revision is triggered by new information about
a static environment, while update occurs in a changing envi-
ronment. From a logical point of view, when the agent’s be-
liefs are represented by a logical formula 1), revision makes
the models of v evolve as a whole towards the closest mod-
els of the new information y. In contrast, update makes each
model of v locally evolve towards the closest models of .
Recently, concern about practical aspects related to belief
change has prompted research on belief change in languages
weaker than propositional logic, also known as fragments, a
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particularly vivid topic of interest being the Horn fragment of
propositional logic. Interest in the Horn fragment arises from
the facts that (i) certain important reasoning tasks (e.g., de-
ciding satisfiability of a Horn formula) are tractable in Horn
logic, and (47) it is a widely used restriction on the language,
relevant for fields like logic programming, databases and de-
scription logics. Thus, an understanding of belief change in
the Horn fragment could serve as a prototype for semantic
approaches to change in these fields, a topic which has, as
of late, met with increased attention [Kharlamov et al., 2013;
Delgrande ef al., 2013; Zhuang et al., 2016].

Research on belief change in the Horn fragment has looked
at contraction [Booth et al., 2011; Delgrande and Wasser-
mann, 2013; Zhuang and Pagnucco, 2014], revision [Del-
grande and Peppas, 2015; Zhuang er al., 2017] and merging
[Haret er al., 20171, often with an eye towards finding appro-
priate postulates and deriving representation results. There is
a distinct lack, however, of foundational research on update
in the Horn fragment. Our work is meant to fill this gap.

Similarly to previous research, we find that existing results
on update do not generalize in a straightforward way when the
underlying language is restricted. Firstly, special care must
be taken when stating postulates, as the limited expressibil-
ity of the Horn fragment makes formulation of familiar intu-
itions either cuambersome or impossible: since the Horn frag-
ment is not closed under disjunction, certain key postulates
must be weakened, but this then results in the possibility that
Horn operators are represented by undesirable types of pre-
orders on possible worlds. This difficulty is reminiscent of
problems encountered when characterizing Horn revision us-
ing total preorders [Delgrande and Peppas, 2015]. However,
since our aim is to capture Horn update operators characteri-
zable with partial (as well as total) preorders, these problems
are compounded and require new ideas. We handle this is-
sue by adding new postulates whose effect is felt in the Horn
fragment, but which follow from the standard postulates in
propositional logic.

Secondly, it is natural to expect that update operators work-
ing on Horn formulas should return a result that can also be
represented by a Horn formula. This is a minimal requirement
if, e.g., update is to be applied in an iterated way. However,
it turns out that standard operators proposed in the literature
(e.g., Forbus’ and Winslett’s operators) do not meet it and a
special restriction, called Horn compliance, must be placed
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on any acceptable operator.

Finally, we provide concrete Horn update operators that
build on these results. In addition, we exploit insights gained
in characterizing Horn update operators with partial pre-
orders, and apply them to get representation results for Horn
revision operators characterized with partial preorders. In
summary, our main contributions are as follows:

e we provide postulates for Horn update,

e we study the relation between operators satisfying the
postulates and operators given by total (respectively, par-
tial) preorders on interpretations,

e we find that additional postulates (UY and UY,) and a re-
striction on the preorders (Horn compliance) are needed
in order to obtain a representation theorem,

e we provide concrete Horn update operators, and

e we obtain a representation result for Horn revision in
terms of partial preorders.

2 Preliminaries

We use finite set P of propositional atoms, and £ the set of
propositional formulas formed over £ using the usual propo-
sitional connectives. The set of all interpretations for formu-
las in £ is W. An interpretation over P is represented by a set
of atoms (corresponding to the variables set to true). For the
sake of readability, e.g. the following set of interpretations,
{{a, b}, {b,c}}, is written as {ab, bc}. If 1 is a propositional
formula, then [1] is the set of models of x. Given two formu-
las ¢ and @, ¥ | @ if [¢)] C [p]. A formula 1) is complete if
for any formula ¢ we have ¢ |= ¢ or ¢ |= —¢. Equivalently,
a satisfiable formula 1) is complete if it has exactly one model.

A literal is an atom or its negation. A clause is a disjunction
of literals. A clause is called Horn if at most one of its literals
is positive. A Horn formula is a conjunction of Horn clauses.
We denote by Lo the set of Horn formulas. Horn formulas
have the property that their sets of models are closed under
intersection, i.e., for any ¢ € Lyom, if wi and wy are both
models of ¢, then so is wy N wo. Furtherome, this property
characterizes the Horn fragment: given a set of interpretations
M closed under intersection, i.e., such that for all w; € M
and wy € M, also w; Nwy € M, there exists a formula
© € Luom such that [p] = M. Given M C W we denote
by Cly(M) its closure under intersection. For any M C W
there exists a Horn formula ¢ o4 such that [paq] = Cly(M).

A preorder < on a set M is a reflexive and transitive bi-
nary relation on M. We write < for the strict part of <.
The minimal elements of M with respect to a preorder < are
mine M = {x € M | #la’ € M such that 2’ < z}.

3 Belief Update

Formally, a propositional update operator ¢ is a function
o: Lx L — L, mapping a propositional formula ¢ (the initial
agent’s beliefs) and a propositional formula . (new informa-
tion) to a new propositional formula o p (the updated agent’s
beliefs). For 1, 11, 2, 1, p1, o € L, we recall the KM pos-
tulates [Katsuno and Mendelzon, 1992al, intended to capture
rational properties any update operator should satisfy:

U Youkp.

(Uy) It = p, then h o u = 9.

(Uy) If ¢ and p are satisfiable, then ¢ o p is satisfiable.

(Uy) If¢p1 = p and p1 = po, then iy © g = 13 © pa.

(Us) (popa) Apz b= o (ur A pe).

(Ug) If Yo pr = po and ¢ o po |= p, then g o puy = o o

(U;) If ¢ is complete, then (¢popur )A(Yous) = o(p V pe).

(Ug) (Y1 Vih2) o= (1 op) V(P20 p).

(Ug) If ¢ is complete and () © 1) A po is satisfiable, then
Yo (ur Apz) = (Yo pr) A pe.

Postulate U, states that models of the updated beliefs have
to be models of new information; U, states that if ;x was a
consequence of v before update, then the agent’s beliefs do
not change after update, i.e., inertia is preferred to sponta-
neous evolution; U states that if the original beliefs and the
new information are consistent, then update can always be
performed; U, enforces irrelevance of syntax; Uy expresses
minimality of change. Postulate Uy says that if updating v
by p1 guarantees po and updating i by uo guarantees pq then
the two updates have the same effect. Postulate U, says that
when ) is complete, a model of ¢ updated by p; and of ¥
updated by po must be a model of ¢ updated by pg V ps.
Postulate Ug states that an update operator gives each model
of the initial beliefs equal consideration. Finally, postulate
Uy is the converse of Uy, restricted to complete formulas .
Note, finally, that postulate Uy implies Ug_~, and thus the set
U, _g can be said to be stronger than U; _g.

A faithful assignment maps every formula 1 to a preorder
< such that, for any wq, ws € W, it holds that:

(fl) If w1, Wo € [1/)], then w; {w we and woy {w w1,
(f2) If wq € [¢] and wo ¢ [], then wy <y wo;
(f3) If 1 =)o, then <y, =<y,

If ¢ is a complete formula such that [¢)] = {w}, we abuse no-
tation by writing <,, instead of <,. Notice that in this case
conditions f; _ amount to simply saying that if w’ # w, then
w <4, w'. For representing update operators we need assign-
ments that give us only the preorders <,,, for w € W, which
we call pointwise faithful.! The classical representation result
presented below relates postulates U, _q (respectively, U _g)
to total (respectively, partial) preorders over interpretations.

Theorem 1 ([Katsuno and Mendelzon, 1992al). A proposi-
tional update operator ¢ satisfies postulates U, _g iff there is
a pointwise faithful assignment mapping each w € W to a
total preorder <,, such that [ o p] = U, ¢}, min<,, [4].

A propositional update operator ¢ satisfies postulates U; _g
iff there is a pointwise faithful assignment mapping each
w € W to a partial preorder <,, such that [¢) o u] =

Uwepy) mine,, [4]-
As is apparent, Theorem 1 comes in two parts, one for each
set of postulates. Several concrete update operators have been

! The most general definition of a faithful assignment is used in
the section on Horn revision.
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(]
A | abed a
acd b* cd*
(]  bd ac*  abd
b acd ab*

Table 1: Symmetric differences; on each column, cardinality-
minimal elements are in bold and C-minimal elements are marked
with an asterisk.

proposed, and we recall here two known model-based up-
date operators, i.e., Forbus’ and Winslett’s operators. Close-
ness between models is measured by the symmetric differ-
ence between models, i.e., the set of propositional variables
on which they differ: if ¢,u € L and w,w’ € W, then
wAw' is the symmetric difference between w and w’ and
|A|min(4) is the minimum number of variables in which w
and a model of y differ, defined as min{|wAw'| | w’ € [u]}.
Forbus’ operator (oF) [Forbus, 1989] was introduced in the
context of qualitative physics, and is defined as: [¢) of ) =
Uwepg{w’ € [1] | lwAw'| = |A[7*™ (1)}, Winslett’s op-
erator (o"), also called PMA (Possible Models Approach)
[Winslett, 1990], was introduced for reasoning about actions
and change. It interprets minimal change in terms of set
inclusion instead of cardinality: A”"(;) denotes the min-
imal difference between w and a model of u, defined as
minc ({wAw' | w' € [u]}). Winslett’s operator is now de-
fined as: (156" 1) = Uy, {0’ € [1] | wiu' € AT (1)},

Note that each model of 1) generates a preorder on the set
W of interpretations according to the measure of closeness
used: minimality with respect to set inclusion generates par-
tial preorders, while minimality with respect to cardinality
generates total preorders.

Example 1. Let ¢, u € L such that [¢)] = {abed,a} and
[u] = {acd, bd, a}. Table 1 depicts the symmetric differences
between each model of ¢ and the models of . We have as
results [1) of 1] = {acd, b} and [v) oV p] = {acd, bd, b}.

Proposition 2. Forbus’ operator o satisfies postulates U; _
and Winslett’s operator o' satisfies postulates U; _g.

4 Horn Update: Postulates, Characterization

A Horn update operator ¢ is a function ¢: Lyom X LHorn —
LHorm. Our aim in this section is to understand and charac-
terize the class of rational Horn update operators in terms of
faithful assignments that represent them. Two outstanding
problems occur on the way, one pertaining to the nature of
the preorders used by the assignments, the other pertaining to
the nature of the postulates for Horn update operators.

Horn compliance.

With respect to the used preorders, the first observation to
make is that Forbus’ and Winslett’s operators (introduced in
the previous section) do not work as Horn update operators,
as they are not guaranteed to yield a result representable by a
Horn formula.

[v] !

A | ab / \ T

0 ab a,b

W a | b \ / |

b a ab
(a) Symmetric differences ) oW (c) oF

Figure 1: Symmetric differences for [¢] = {ab} and [u] = {0, a, b}
and preorders generated by o' and o', respectively

Example 2. Take formulas ¢ = a Aband yp = —a V —b. We
have that [¢)] = {ab} and [u] = {a, b, D}. Notice that both 1)
and p are Horn formulas, and are thus Valid inputs to a Horn
update operator. The operators give [1) of u] = [ oW p] =
{a, b} (see Figure 1). Since Cly({a,b}) = {0, a, b} # {a, b},
there is no Horn formula ¢ such that [p] = {a, b}

Forbus’ and Winslett’s operators generate assignments that
represent no Horn update operator, as in Example 2, where
interpretations a and b are selected in the final result, while
their intersection ) is not. To mitigate this issue, the type
of preorders <,, used to construct the update result must be
restricted in such a way that no matter what update formula
1 is used, the result ends up being representable by a Horn
formula. Thus, we say that an assignment is Horn compliant
if for any Horn formula 1) and Horn formula g, it holds that
Uwepy) min<,, [¢] is representable by a Horn formula. It is
immediately visible that a Horn compliant assignment is suit-
able to represent a Horn update operator, since its output is
(by definition) representable by a Horn formula.

Postulates for Horn update.

With respect to postulates for Horn update operators, the ob-
vious choice is to use the propositional postulates and restrict
them to Horn formulas, as done, e.g., for Horn revision [Del-
grande and Peppas, 2015]. However, this is not as straight-
forward for update as it is for revision: since postulates U~ _g
make use of disjunction, which is not unrestrictedly express-
ible in the Horn fragment, special care must be taken when
applying these postulates to Horn formulas. In the present pa-
per we have opted for applying these postulates only to those
Horn formulas whose disjunction is also representable in the
Horn fragment. Thus, for any Horn formulas v, ¥1, 2, u,
w1 and po, we propose the following postulates:

(UH Yop = p.

(UY) If o) |= pu, then op o p = 9.

(UH) If ¢ and p are satisfiable, then v o y is satisfiable.

(U If Yy = tpg and g = g, then 1y © p1y = g © pio.

(UE) (4o pa) Ao = o (1 A o).

(U Tfp o py |= g and ¢ o g |= pua, then 9 o piy = 1 0 pug
U If ¢ is complete and i1, po are such that p = 1 V o,

then (Y o 1) A (o p2) = o pu.
(U TIf 4y and )5 are such that 1) = 1 V 1o, then ¥ o p =
(1o p) V(Y20 p).
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be

abc — ab T"G,b,C%@

ac

Figure 2: Relation on interpretations with non-transitive cycle that
goes undetected by UY and UY: an arrow from « to y means that
T <qbe Y, and separating x and y by a comma means that x ~qpc y

(UH) If ¢ is complete and (3 ¢ p11) A o is satisfiable, then
Yo (ur A pz) = (Yo pa) A o

Restricting postulates UY_¢ to formulas whose disjunction is
also a Horn formula makes these postulates weaker in the
Horn fragment than they are in propositional logic.

Example 3. If 1; and ps are Horn formulas such that [p] =
{ab,be, b}, [ua] = {be, ac, ¢}, there is no Horn formula p
such that [u] = [p1 V pe2] = {ab, ac, be, b, c}. Thus, there is
no Horn formula 4 such that UY applies to 1, 11 and pz.

Total preorders.

The main issue raised by working in a less expressive lan-
guage (as the Horn fragment is to propositional logic) is that
the standard postulates turn out to characterize relations on
interpretations one would like to avoid. In other words, due
to the limited expressiveness of the Horn fragment, it sud-
denly becomes possible to generate reasonably looking Horn
update operators from undesirable types of assignments.

Example 4. Take the total reflexive relation <. in Figure 2,
transitive everywhere except for ab, bc and ac, which form
a non-transitive cycle. Let ¢) be a Horn formula such that
[] = {abc}. Tt is easy to see that for any Horn formula p,
min<,, [u] is representable by a Horn formula. Thus, <gp.
can be used to represent a Horn update operator ¢, i.e. an
operator which is defined in this particular case by ¥ o u =
min<_, [¢], and it can be checked that postulates Ut g are
satisfied. Moreover, there is no total preorder <}, - which rep-
resents the same operator, since such a preorder would have
to yield {ab} as a result of updating ¢ by [uo] = {ab, ac,a},
{ac} as a result of updating ) by [u1] = {ac, be, ¢} and {bc}
as a result of updating ¢ by [u2] = {ab, bc, b}, and the cycle
would appear again in <7, .

The non-transitive cycle could be rendered illegal if it were
possible to apply postulates U and U} to a Horn formula
whose set of models is {ab, ac, bc}, but no such formula ex-
ists in the Horn fragment.

The problem highlighted in Example 4 occurs in an en-
tirely similar way as for Horn revision and Horn merging,
where it is handled by employing a special postulate [Del-
grande and Peppas, 2015; Haret et al., 2017]. This postulate
follows from the regular postulates in propositional logic, but
makes a distinct contribution in the Horn fragment, where it
rules out exactly the kind of non-transitive cycles illustrated
in Example 4. We follow previous usage in formulating such
a postulate in terms of complete formulas [Haret et al., 2017].

To write the postulate, we need to introduce some addi-
tional notation. If x; and yo are complete Horn formulas
such that x1 # X2, ie., 1] = {wi} and [xo] = {w2}
with w; # wy, then x1 o denotes a Horn formula such that

[x1,2] = Clu({w1,w2}). Using this notation, we define the
following postulate:?

(U':'\) For any n > 1, if ¥ is a complete formula and x71,...,
Xn are complete formulas such that (¢ ¢ x1,2) A X1, -+,
(hoXn—1,n)NXn—1 and (¥poxn, 1) Axy, are all consistent,
then (¢ © xn,1) A X1 is also consistent.

Example 5. Take the preorder <,;. in Example 4 and com-
plete Horn formulas x1, x2 and x3 such that [x;1] = {ab},
[x2] = {ac} and [x3] = {bc}. Then [x12] = {a,ab,ac},
[ o x1,2] = min<,_,_ [x1,2] = {ab} and thus (1) © x1.2) A X1
is consistent. Similarly, we get that (¢) ¢ x2.3) A x2 and
(1 o xs,1) A X3 are consistent, but (1) © x3.1) A X1 is incon-
sistent, which means that UY is not satisfied by this example.

The motivation for UY is that it enforces a coherent behavior
on the preorders <,, induced by ¢. Example 4 shows that pos-
tulates U!_ are not strong enough to guarantee the following
property of a reflexive relation <,,:

(fa) If w1 Sw e Sw W, gw wi, then wq Sw W,
Notice that f, follows if <,, is transitive, but postulates Uleg
do not enforce transitivity of <,,. Postulate UY delivers prop-

erty f,. Though f, is weaker than transitivity, its presence
ensures that <,, can be extended to a transitive preorder.

Partial preorders.

Moving to partial preorders, problems are compounded by
the fact that (i) previous issues crop up here as well (i.e., non-
transitive cycles still have to be ruled out), and (ii) postulate
UY is not the right choice, as illustrated by Example 6.

Example 6. Take complete Horn formulas x1, x2 and xs
such that [x1] = {ab}, [x2] = {abc}, [x3] = {ac} and
a pointwise faithful assignment where < is the transitive
partial preorder in Figure 3-(a). If ¢ is a Horn formula
such that [¢)] = {0}, we get that [¢) ¢ x1,2] = {ab,abc},
[ © x2,3] = {ac,abe} and [ © x31] = {a,ac}. A quick
check reveals that U? is not satisfied, even though <y is a
valid partial preorder.

Take, then, complete Horn formulas x1, x2 and 3 such
that [x1] = {a}, [x2] = {b}, [x3] = {c}, and a pointwise
faithful assignment where <j is the partial preorder in Fig-
ure 3-(b) (a and c¢ are incomparable). It is straightforward to
check that in this case UK is satisfied, even though this is a
relation we would like to rule out, since a <y b <y ¢ should
imply that a <y c, or at the very least that a and c are not both
selected when the choice set is Cly({a, c}).

The moral of Example 6 is that when working with partial
preorders in the Horn fragment, postulate U/'i applies to the
wrong type of cases, which means we need a different postu-
late. To be clear, the semantic property we want to axiomatize
in the case of partial preorders is the following:

(fax) Ifwi<y -+ <wWp, then wy, ¢ min<, Cly({w1, wy}).

Property fg is captured in the following way:

(UR*) For any n > 1, if ¢ is a complete formula and x1,...,xx

are complete formulas such that for all ¢ € {1,...,n —

2Postulate UY is, more precisely, a family of postulates.
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[X1,2) abe [x2.3] | G \[xz,a]
ab W ac [x3,1] b
N /
[x1,3] a a [x1.2]
T N ’
0 )

(a) UY is not satisfied, wrongly  (b) UY is satisfied, wrongly

Figure 3: Postulate UY captures the wrong cases when working with
partial preorders

1} it holds that () © X;,i+1) A X; is consistent and () ©
Xii+1) N\ Xi+1 1S inconsistent, then (¢ © x1.n) A Xn 1S
inconsistent.

Example 7. For <; from Example 6-(a), we get that the con-
ditions in U, are not satisfied since (1) © x1.2) A X2, for in-
stance, is not inconsistent. Thus, UE* cannot rule out this
partial preorder, which is what we wanted to achieve. At the
same time, the relation <, from Example 6-(b) is ruled out

by UR,. since [(¥ © x1,3) A xa] = {c}.
An important thing to note here is that in propositional logic

the new postulates we have introduced are redundant, in the
sense that they are implied by the standard postulates.

Proposition 3. In propositional logic postulate U, follows
from postulates U, _4 and postulate U,, follows from U, _g.

Proof. We use induction on n: forn = 1 and n = 2, the
claim is immediate in both cases. In the inductive step, we
assume complete formulas x1, ..., Xn+1 and, for U, show
that (1o x1.3) Ax1 is consistent; for Ut we show, in addition
to this, that (¢ © x1,3) A x3 is inconsistent. We then apply the
inductive hypothesis to X1, X3, .-+, Xn-+1- O

Representation result.

Augmenting the standard set of update postulates with U4
(respectively, UE'\*) allows us to capture Horn update opera-
tors represented by Horn compliant pointwise faithful assign-
ments with total (respectively, partial) preorders.

Theorem 4. A Horn update operator ¢ satisfies postulates
U|1_|—9A a iff there exists a Horn compliant pointwise faithful
assignment that maps each interpretation w to a total preorder
<. such that [¢) o u] = U,y min<,, [1].

A Horn update operator ¢ satisfies postulates UT_& Ay T

there exists a Horn compliant pointwise faithful assignment
that maps each interpretation w to a partial preorder such that
[ o p] = Upepy) mine,, [u]-
Theorem 4 comes in two parts, one for each set of postu-
lates. We make use of the remaining part of the section to
highlight the main ideas used in the proof of Theorem 4. For
one direction, where we are given a Horn compliant assign-
ment with total (respectively, partial) preorders, note first that
a Horn operator representing it is well defined. Then, since a
Horn compliant pointwise faithful assignment is just a special
case of a general pointwise faithful assignment, such an op-
erator also satisfies postulates UY'_g (respectively, Ut! ) and,
by Proposition 3, postulate UK (respectively, UQ*) as well.

Conversely, given a Horn operator satisfying the postu-
lates, we have to construct the assignment representing it:
we do this differently depending on the postulates used. If
w1, w2 € W, we write @1 2 for a Horn formula such that
[p1,2] = Clu({w1,w2}). For a Horn operator satisfying
postulates U} g and UY, and a Horn formula v such that
[] = {w}, define the the non-strict revealed plausibility re-
lation <,, as: w1 <y, we iff wy € [t © 1 2]. Relation I,
is partial, and we use the two-step construction in [Delgrande
and Peppas, 2015] to extend <, to a Horn compliant total
preorder <,,. We then show, using postulate UMY that <,
satisfies property f, and that, for any Horn formulas x and
¥ such that [1,,] = {w}, we have [1),, o p] = min<, [u].
Finally, we use postulate U to show that, for any Horn for-
mulas ¢ and s, [t o p] = U,y min<,, 1.

For a Horn operator satisfying postulates U{_¢ and Uﬂ*,
and w, w1, ws € W such that wy # ws, define the strict
revealed plausibility relation <l,, as: wy <, wo iff wy €
[ o p1.2] and wo & [¢) © p1.2]. From postulates U -, it
follows that wy € [t ¢ @1 2] iff wy € ming, Cly({w1, wa}).
Take, then, <,, to be the reflexive and transitive closure of
<. Two details are now crucial. One follows from UE*,
and it is that <,, satisfies property f,.. The other is a fea-
ture of the Horn fragment, namely that if 1 is a Horn formula
and wy € [p], then p = \/ ¢y 4, for any w; € [u] such that
wy # w;. Given this, it follows that [¢,,ou] = min<  [u], for
any Horn formulas p and 1)y, such that [¢,,] = {w}. Finally,
with postulate UY, we infer that [¢) o ] = |, e[y) Ming,, (1.

S5 Concrete Horn Update Operators

We briefly present two concrete Horn operators, defined for
any Horn formulas ¢) and p as follows. First, the trivial
Horn update operator o is obtained by taking [ 0% ] =
Uwepy) miner (], where for any w,w’" € W, w <P w'if
w’ # w. Second, similarly as with Forbus, we define an op-
erator that prioritizes models of small cardinality. Thus, the
basic Horn update operator o is obtained by [1) o u] =
Uwepy) mingz [p], where for any w,w’ € W, w <B w'if
w' #wand w' <B w” if w',w" # wand |w'| < |w”|.

The function that assigns to each interpretation w the par-
tial Horn ranking < (resp. the total Horn ranking <) is a
Horn compliant pointwise faithful assignment. Therefore, ac-
cording to Theorem 4, the trivial Horn update operator (resp.
the basic Horn update operator) o7 (resp. o?) satisfies Ut! ¢
and UY, (resp. Ut!_g and UY).

6 Revision With Partial Preorders

The insights gained in Theorem 4 can be used to obtain a
representation result for Horn revision with partial preorders.
Like Horn update, a Horn revision operator is a function
0: LHorn X LHom — LHom. The main difference between
revision and update stems from the type of change scenario
envisioned, and is embodied in the different postulates used.
Thus, for ¢, u, p1, o € Lyorm, consider the following Horn
revision postulates:

R voukEp
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(RY) If o A p is consistent, then ) o y = 9 A pu.

(R If  is consistent, then 1 o y is consistent.

(RT) If ¥y =19 and py = pa, then Yy o g = P2 0 po.

(RE) (o) Apz = 4o (A pa).

(RY) I b oy = piz and v o iz |= pug, then ¢ o iy = 1 o o

(REYY If pu1, po are such that p1 = iy V po, then (o puy) A (o
n2) EPop.

(REY If (v o 1) A po is satisfiable, then ¥ o (g A pa) =
(¥ o p1) A pa.

(RX) For any n > 1, if x1,..., X are complete formulas
such that (¢ o x1.2) A X1, ---» (¥ 0 Xn—1.n) A Xn—1
and (1) o xn,1) A X are consistent, then (¢ o xpn1) A X1
is consistent.

(Rﬂ*) For any n > 1, if x1,...,Xx» are complete formulas such
that forall ¢ € {1,...,n—1} itholds that (1) o x; i41) A
X s consistent and (¢ o x;;4+1) A Xi+1 is inconsistent,
then (4 o x1,n) A X» is inconsistent.

We follow the precedent set by existing work on Horn re-
vision [Delgrande and Peppas, 2015] and by this paper (see
section on postulates for Horn update) in adapting existing
postulates for propositional revision to the Horn fragment,
and adding postulates qu ax Which make a difference only
in the Horn fragment. As for update, the set of postulates
RY ¢ is stronger than RY_., since R implies RY .. Notice,
also, that there is a strong similarity between revision postu-
lates R}!_; and update postulates UE'J’ o3> the similarity is
inherited from the propositional case [Katsuno and Mendel-
zon, 1992a], and it is what drives our representation result.

Theorem 5. A Horn revision operator o satisfies postulates
R?—Z A 1ff there exists a Horn compliant faithful assignment
mapping each formula v to a partial preorder <, such that
[¢p o ] = minc, [1].

Proof. We apply the argument in Theorem 4 for update op-
erators represented with partial preorders to prove that a re-
vision operator satisfying all postulates except RY coincide
with operators represented by Horn compliant faithful assign-
ments. Finally, it is straightforward to check that properties
f1_o are satisfied iff postulate RS is satisfied. O

Using the stronger postulates R‘lts, A yields Horn revision
operators characterizable with total preorders, a result which
has been already obtained in [Delgrande and Peppas, 2015].
Compared to revision with total preorders, revision with par-
tial preorders has received less attention, and we are not
aware of any results concerning the Horn fragment. In the
propositional logic setting, the problem was first addressed
in [Katsuno and Mendelzon, 1992a] and revisited in [Ben-
ferhat et al., 2005], where the definition of a faithful assign-
ment is weakened, thus obtaining a larger class of partial pre-
orders, which correspond to a weaker version of postulate R,.
Other works include [Ma et al., 2012; Touazi et al., 2015;
Turédn and Yaggie, 2015; Yaggie and Turdn, 2016].

3The most notable differences are dropping the condition that )
is a complete formula and the fact that postulate RY is stronger than
U4, though they are equivalent when 1) is complete.
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total preorders partial preorders

update U, U, _g
pointwise faithful [1]  pointwise faithful [1]
Horn update U'f_g, A U|1-|—8, Ax

pointwise faithful
Horn compliant

pointwise faithful
Horn compliant

revision Ri_g Ri_~
faithful [2] faithful [2]
Horn revision RH 8, A R?—z Ax
faithful faithful

Horn compliant [3] Horn compliant

Table 2: A snapshot of the different types of representation results,
with postulates and types of assignments on interpretations used for
every type of operator; results marked with [1], [2] and [3] are ob-
tained in [Katsuno and Mendelzon, 1992a; Katsuno and Mendelzon,
1992b; Delgrande and Peppas, 2015], respectively; results high-
lighted in grey are obtained in this paper.

7 Conclusion

By studying Horn update, we have contributed to a better un-
derstanding of belief change in the Horn fragment. We have
shown that KM belief update does not immediately general-
ize to the Horn fragment, and that specific difficulties arise in
addition to the ones encountered for revision. To overcome
them we (i) weakened the KM postulates to make them fit
into the Horn fragment, and (ii) introduced additional postu-
lates (UK As) to enforce rational behavior of the operators.
We provided new representation theorems for Horn update,
relating the postulates to partial (respectively, total) preorders
on interpretations, and provided concrete Horn update oper-
ators. We also extended work on Horn revision [Delgrande
and Peppas, 2015] by considering an alternative (weaker) set
of postulates, which we characterized using partial preorders.
Our representation results are summarized, in the context of
existing work, in Table 2.

For future work, an initial task is to build on our repre-
sentation result and provide more Horn update operators, fol-
lowed by the study of iterated update within the Horn frag-
ment. Moreover, we want to extend our investigation of belief
change operators within the Horn fragment to other promi-
nent operators, e.g., erasure, which is to update what contrac-
tion is to belief revision [Katsuno and Mendelzon, 1992al.
Finally, careful reading of the proofs of our representation
theorems shows that they depend on certain structural prop-
erties of the underlying language, which may be shared by
other fragments. Thus, a natural further line of inquiry is to
extend our results to other fragments, e.g., Krom and, more
generally, any fragment characterized by a closure property.
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