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Abstract

Graph neural networks (GNNs) have shown promis-
ing results across various graph learning tasks, but
they often assume homophily, which can result in
poor performance on heterophilic graphs. The con-
nected nodes are likely to be from different classes
or have dissimilar features on heterophilic graphs.
In this paper, we propose a novel GNN that incorpo-
rates the principle of heterophily by modeling the
flow of information on nodes using the convection-
diffusion equation (CDE). This allows the CDE to
take into account both the diffusion of information
due to homophily and the “convection” of infor-
mation due to heterophily. We conduct extensive
experiments, which suggest that our framework can
achieve competitive performance on node classifi-
cation tasks for heterophilic graphs, compared to
the state-of-the-art methods. The code is available
at https://github.com/zknus/Graph-Diffusion-CDE.

1 Introduction

Graph Neural Networks (GNNs) have gained popularity in
analyzing complex, structured data collected from various
domains including social networks, citation networks, and
molecular biology [Veli¢kovi¢ et al., 2018; Ji et al., 2023;
Kang er al., 2023]. These datasets depict entities as nodes and
relationships between entities as edges. Most pioneering GNN
works like [Kipf and Welling, 2017; Veli¢kovi¢ et al., 2018;
Hamilton et al., 2017; Xu et al., 2019; Kipf and Welling, 2016;
Klicpera et al., 2019; Lee et al., 2022] assume the graph
datasets have strong homophily, where linked nodes often
belong to the same class or have similar features. These
models fail to optimally utilize information in heterophilic
graph datasets, where connected nodes are likely from dis-
tinct classes or possess dissimilar features. A study by [Sun
et al., 2022] concludes that even simple models that do not
take into account the graph structure, such as multilayer per-
ceptrons (MLPs), can surpass several existing GNN models
on heterophilic datasets.

To tackle this challenge, several models like [Pei et al.,
2019; Zhu et al., 2020; Chien et al., 2021; Zhu et al., 2021;
Bo et al., 2021; Yang et al., 2021; Luan et al., 2022; Bodnar
et al., 2022; Chanpuriya and Musco, 2022; Sun et al., 2022;

Li et al., 2022; Ma et al., 2021; Wang et al., 2022; Du et
al., 2022] have been proposed. These works propose various
techniques, such as aggregating higher-order neighborhoods,
preserving high-frequency input signals, and adopting feature
propagation methods, to improve the representation power of
GNN’s on heterophilic graph datasets.

Recently, works such as [Chamberlain et al., 2021la;
Chamberlain et al., 2021b; Song et al., 2022] have incorpo-
rated Neural Partial Differential Equations (PDEs) into GNNss,
utilizing a variety of diffusion models for message passing
on graphs. In this paper, our focus is on specific diffusion-
based graph PDE models to address graph heterophily, as
opposed to more general graph PDEs like those presented in
the study by [Rusch et al., 2022]. The latter models nodes
in a graph as coupled oscillators and establishes a second-
order Ordinary Differential Equation (ODE) for updating node
features. In [Chamberlain et al., 2021a], the authors model
information propagation as a diffusion process of a substance
from regions of higher to lower concentration, such as heat
diffusion from a hot object to a cold surface. However, due
to the nature of heat diffusion, the features of neighboring
nodes tend to become increasingly smooth. In heterophilic
graphs, where connected nodes are likely to have dissimilar
features, this method of message passing may not be appro-
priate. The paper [Bodnar er al., 2022] proposes more general
sheaf diffusion operators to control the diffusion process and
maintain the non-smoothness in heterophily graphs. Further-
more, the study [Zhu er al., 2022] reveals a strong connection
between heterophily and the robustness of GNNs. Recent stud-
ies [Kang et al., 2021; Song e al., 2021; Song et al., 2022;
Wang et al., 2023a] have shown that specially designed neu-
ral ODEs may improve model robustness against adversarial
attacks. Further research on diffusion models for heterophilic
graphs is of particular interest.

In this paper, we propose a novel GNN inspired by the
convection-diffusion process. Our proposed model explicitly
incorporates the principle of heterophily in its design, which
differentiates it from existing graph neural diffusion mod-
els. In a convection-diffusion heat transfer process in a fluid
or gas, heat is not only transferred through diffusion due to
heat concentration gradients but also through the movement
of the fluid or gas itself. The velocity term in convection
can be thought of as the movement of heat energy from one
place to another due to the physical movement of a fluid
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or gas. The curvature-preserving diffusion models such as
Beltrami and mean-curvature [Chamberlain e al., 2021b;
Song et al., 2022] are able to slow down the diffusion at the
nodes where the feature difference between neighboring nodes
is large, thereby preserving the non-smoothness and network
robustness. Our model generalizes these curvature-preserving
models by introducing a convection term in the diffusion equa-
tion that explicitly controls the propagation velocity at each
node.

Main contributions. In this paper, our objective is to de-
velop a general diffusion-based graph PDE framework that is
suitable for heterophilic graph datasets. Our main contribu-
tions are summarized as follows:

1. Based on the convection-diffusion equation (CDE), we
propose a graph neural convection-diffusion model that
includes both a diffusion and convection term. The diffu-
sion term aggregates information from homophilic neigh-
bors, while the convection term allows controlled infor-
mation propagation from heterophilic neighbors.

2. To manage the convection term in our CDE model, we
introduce a learnable mechanism that adjusts the propa-
gation rate at every node, allowing for better handling of
heterophily.

3. We conduct extensive experiments on benchmark het-
erophilic datasets and compare with state-of-the-art base-
lines. Our experiments demonstrate that our model is
competitive compared to the baselines, especially on
large and more heterophilic datasets.

2 Related Work

In what follows, we briefly review the GNNSs that are proposed
to handle heterophilic graphs and recent advances in graph
neural diffusion models.

2.1 Graph Neural Networks with Heterophily

Several works aim to adapt normal GNNs to heterophilic net-
works. H2GCN [Zhu et al., 2020] proposes three effective
designs to boost the performance of GNNs on heterophilic
graphs, including the ego- and neighbor-embedding separation,
higher-order neighborhood aggregation, and the combination
of intermediate representations. Geom-GCN [Pei et al., 2019]
maps the graph to a suitable latent space where it can aggre-
gate immediate neighborhoods and distant nodes to preserve
the topology patterns of the graph. GPR-GNN [Chien et al.,
2021] assigns each step of feature propagation with a learn-
able weight, which can be negative or positive, to mitigate
graph heterophily and over-smoothing issues. CPGNN [Zhu
et al., 2021] incorporates a compatibility matrix into GNNs to
learn the likelihood of connections between nodes in different
classes, which allows a GNN to capture both heterophily and
homophily patterns in the graph. FAGCN [Bo et al., 2021]
integrates the low-frequency signals, high-frequency signals,
and raw features adaptively through a self-gating mechanism
to enhance the expressive power of GNNs on disassortative
networks. ACM-GCN [Luan et al., 2022] adaptively learns the
local and node-wise information through aggregation, diver-
sification, and identity channels. In this way, it can retain the
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low-frequency and high-frequency components of the input
signal. Instead of using fixed feature propagation step in SGC
[Wu et al., 2019], ASGC [Chanpuriya and Musco, 2022] ap-
plies a learned polynomial of the normalized adjacency matrix
with the input feature to fit a different filter for each feature.
Our work is different from these previous works as we mainly
focus on the use of graph PDEs to model the information
propagation in heterophilic graphs.

2.2 Graph Neural Diffusion

In this subsection, we provide a brief overview of various
graph neural diffusion models that have been proposed re-
cently. In [Chamberlain ef al., 2021al, the authors modeled
information propagation as a diffusion process of a substance
from regions of higher to lower concentration. The Beltrami
diffusion model was utilized in [Chamberlain et al., 2021b;
Song et al., 2022] to enhance rewiring and improve the ro-
bustness of the graph. The above works do not specifically
target the problem of graph heterophily. To address diffusion
in heterophilic graphs, the paper [Bodnar et al., 2022] intro-
duces general sheaf diffusion operators to control the diffusion
process and maintain non-smoothness in heterophilic graphs,
leading to improved node classification performance. Inspired
by the particle reaction-diffusion process, the ACMP[Wang
et al., 2023b] models the heterophilic graph by employing
both repulsive and attractive force interactions as dual flow
directions between nodes. Our approach differs from the afore-
mentioned diffusion models in that we incorporate a convec-
tion term that is able to adapt to the complex connections in
heterophilic graphs.

3 Preliminaries

In this section, we first introduce the convection-diffusion
equation (CDE). We then review graph neural diffusion for-
mulations that are used in our graph CDE model and will be
later used in experiments on graph datasets.

3.1 Convection-Diffusion Equation

In [Chamberlain et al., 2021al, the authors unified many pop-
ular GNN architectures into a single mathematical framework
that is derived from the following (heat) diffusion equation.
Let x(u,t) denote a scalar-valued function on © x [0, c0),
e.g., x(u,t) can be the temperature at point u on the space
Q at time ¢. The heat diffusion [Grigoryan, 2009] process is
formulated as

oz =div(DVz), t > 0, 1)

ot
with some initial boundary condition that specifies the temper-
ature distribution at ¢ = 0, and div and V are the divergence
and concentration gradient operators, respectively. Here D is
the thermal diffusivity for heat diffusion, which may vary at
different positions in an inhomogeneous material and leads
to position-dependent diffusion directions and speeds. In the
GNN models [Song et al., 2022; Chamberlain et al., 2021al,
the authors design different formulations D to model the in-
formation propagation between graph nodes that may depend
on the node and its neighbors.
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The CDE, on the other hand, describes physical phenomena
such as heat transfer within a physical system, resulting from
the combination of two processes: diffusion and convection.
The CDE is given by

%I; = div(DVz) — div(vz) )
where the first term represents the heat diffusion, same as in
(1), and the second term div(vz) in the equation represents
the convection process. The velocity field v is a function of
both time and space and describes how the quantity is moving.
In oceanography, the convection-diffusion equation is used
to model the transfer of heat in the ocean. The variable z
would represent the concentration of heat in the ocean, and the
velocity field v would represent the ocean currents and water
flow as a function of both time and location.

3.2 Common Graph Neural Diffusion Models
Suppose G = (V, &, w) is a graph, where V = {1,...,N}
is the set of N nodes, £ C V x V is the set of edges, and
w : & — R the edge weight function. The features for the
vertices at time # are represented by X (¢) € RIVI*" where
is the node feature dimension. The i-th row of X(¢), denoted
as x] (t), is the feature vector for vertex i at time ¢.

In the literature, several graph diffusion models [Chamber-
lain et al., 2021a; Song er al., 2022; Bodnar er al., 2022]
have been proposed, which are mostly derived from the heat
equation (1) with different diffusivities D learned from the
graph datasets. For example, inspired from the heat diffusion
equation (1), GRAND [Chamberlain et al., 2021a] defines the
following graph version of the gradient V and divergence div
operators as

(VX (@) = %4() =xi(t), V(i,j) €€ ()
for each edge (7, j) € £ in the graph, and
div(2))i= > 2, )
J:(i,9)€€
where 2" = {27} i j)ee is the set of all features associated
with edges and Z;; € R" is the feature associated with edge

(i, 7). Furthermore, for graph learning, they implement the
following dynamical system:

PO _ aiv(p(x(0),1) 0 VX(1)
= (A(X(1)) - DX(?) (5)
where the initial condition is given by X(0) =

T

(X(; (0), - 7X|TV\ (0)) , ® is the element-wise product and

the diffusivity D is a |£] x || diagonal matrix with elements
diag(a(x;(t),x;(t),t)). Here, a(-) is a similarity function for
vertex pairs. The diffusion equation can therefore be reformed
as (5) with matrix A(X(t)) = (a (x;(¢),x,(t))), which is a
learnable attention matrix used to describe the structure of the
graph, and I being an identity matrix.

We refer the readers to the supplementary material for more
details about other diffusion variants like the graph Beltrami
flow [Song et al., 2022], and graph sheaf diffusion [Bodnar et
al., 2022].
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3.3 Graph Heterophily

In this section, we introduce the graph homophily measure,
which is used in the experiments in Section 5 to quantify the
homophily level of a graph dataset.

Definition 1 (Edge homophily ratio [Zhu et al., 2020]). The
edge homophily ratio is defined as:
w,v) (U, v) € ENYy =Yy
oy = M0 w0 €EAB =0 (o
€]
This ratio is the proportion of edges in a graph that connects
nodes with the same class label (i.e., intra-class edges). A
smaller heqge implies stronger heterophily.

The edge homophily ratio is sensitive to the number of
classes and the balance of classes in a graph. To fairly compare
the homophily ratio across different datasets with different
numbers of classes and class balance, the paper [Platonov et
al., 2022] proposes the adjusted homophily ratio as follows.

Definition 2 (Adjusted homophily ratio [Platonov et al.,
2022]). Suppose there are C classes. The adjusted homophily
ratio is given by
c
hedge = D k1 Di/(2\5\)2
C

1= 3751 DR/(20€1)
d(1), y; is the label of node ¢, and d(i)

(N

hadj =

where Dy := 3,
is the degree of node .

4 Graph Neural Convection-Diffusion

We now consider graph neural convection-diffusion by mak-
ing use of concepts from Section 3. In homophilic graphs, the
edges between nodes tend to be between similar nodes, analo-
gous to homogeneous atoms or molecules in a solid material.
In such materials, these connections are relatively stable. The
movement of atoms or molecules is relatively limited by the
strength of the connections between them, and the heat transfer
is mainly described using (1). Analogously, the information
aggregation in homophilic graphs can be well-described by
the graph heat diffusion equation [Chamberlain ez al., 2021c].

In contrast, heterophilic graphs have connections between
dissimilar nodes, analogous to having different types of parti-
cles in a gas or fluid. These connections are less stable, and the
movement of particles is relatively unrestricted. This makes
heterophilic graphs well-suited to be regarded as soft mate-
rials, where the movement of particles is not limited by the
strength of their connections. In the CDE (2), the velocity term
(convection) is used to model the movement of the fluid or
gas itself. For information propagation in heterophilic graphs,
the convection term can help us to assign different informa-
tion propagation velocities to each node due to the different
connections.

The graph analogy of (2) can be formulated as

0

5 X(0) = div(D(X(1),£) © VX (1)) +div(V (1) o X (1))
®)

where the first diffusion term div(D(X(¢),t) @ VX(t)) could
be given by (5) or other variants in [Song er al., 2022; Bodnar
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et al., 2022], V;;(t) € R" is the velocity vector associated
with each edge (¢, j) at time ¢, V(£) = {V;(t)}(1,)ee. and

> Vi oxt) )

J:(i,4)€€

(div(V(t) o X(1))); =

for each node i € V.

4.1 V,; for Heterophily

We propose the following simple yet effective velocity formu-
lation:

Vij = a (W(x;(t) = x(t))) , (10)

where W is a learnable matrix and o denotes an activa-
tion function. In (10), the velocity V;; determines the di-
rection of preferred information transport from node j to its
neighboring node 7. The velocity is determined by the dif-
ference x;(t) — x;(¢) of the feature representations of the
neighboring nodes. Note that the velocity is not always in
the same direction as the difference x,;(¢) — x;(¢) due to the
learnable W and activation function. The use of the veloc-
ity term in the dot product with the state of the neighbor-
ing node in (9) allows for a more flexible and adaptive in-
formation flow for heterophilic graphs. This is because it
takes into account the dissimilarity of neighboring nodes,
which is a unique characteristic of heterophilic graphs. In
contrast, traditional neural PDEs [Chamberlain ef al., 2021a;
Song et al., 2022] utilize only a single diffusion process, which
does not consider the dissimilarity of neighboring nodes. The
addition of the convection term in the CDE allows for a more
accurate representation of the information flow in heterophilic
graphs. For a more comprehensive understanding of our model,
we direct readers to the supplementary material.

4.2 Model Details

We present our algorithm in Algorithm 1. Our approach is
based the graph neural PDE defined in (8). This graph PDE is
distinct from the diffusion-based models presented in previous
works such as [Chamberlain et al., 2021a; Song et al., 2022;
Bodnar et al., 2022]. To solve the neural PDE, we follow
the convention in these previous works and use the provided
solver from [Chen et al., 2018]. Our main contribution is
the introduction of the second term in (8), which utilizes a
simple yet effective velocity formulation (10)). The first term
in (8) has various options as discussed in [Song et al., 2022;
Chamberlain et al., 2021c].

Algorithm 1 Neural CDE Inference

Input: G = (V, &), integration time 7.
Output: Graph task results
1: Compress the sparse raw input node feature using an MLP
and set them as the initial conditions {x;(0) Lzll.
2: Solve the neural PDE (8) using explicit or implicit solvers

from[Chen e al., 2018].
3: Return {x;(T)} pjl which is the solution of (8) at time 7.
4: Perform further graph tasks, e.g., node classification.

S Experiments

5.1 Real-World Datasets

The paper [Pei er al., 2019] evaluates the performance of their
model on six heterophilic graph datasets: Squirrel, Chameleon,
Actor, Texas, Cornell, and Wisconsin. These are widely-used
heterophilic benchmarks, and we also use them to evaluate
different models’ node classification performance.

However, a recent paper [Platonov et al., 2023] has pointed
out a train-test data leakage problem in the Squirrel and
Chameleon datasets collected by [Rozemberczki ef al., 20211,
leading to questions on model performance on these two
datasets. The datasets Cornell, Texas, and Wisconsin ! do
not have this data leakage issue but are relatively small and
have significantly imbalanced classes, which can result in over-
fitting for diffusion models [Bodnar er al., 2022]. We report
the node classification results based on these three datasets in
Table 2, where we use a fixed data splitting method as intro-
duced in [Pei et al., 2019]. The experiments where we apply
random data splitting are provided in the Appendix, where
we also include experiments using Squirrel, Chameleon, and
Actor datasets.

To fairly evaluate the model performance on heterophilic
graph datasets, we additionally include six new heterophilic
datasets proposed in [Platonov et al., 2023]. The proposed
datasets come from different domains, such as English
Wikipedia, the Amazon product co-purchasing network, and a
question-answering platform. All of them have low homophily
scores as verified in [Platonov et al., 2023] and diverse struc-
tural properties. [Platonov et al., 2023] evaluates a wide range
of GNNs, both standard, and heterophily-specific, on these
datasets and argues that the progress in graph learning un-
der heterophily is limited since the standard baselines usually
outperform heterophily-specific models on the datasets. For
these heterophilic datasets, we follow the data splitting in
[Platonov et al., 20231, which is 50%, 25%, and 25% for train-
ing, validation, and testing. The data statistics are shown in
Table 1. We use the ROC-AUC score as the evaluation metric
on Minesweeper, Workers, and Questions datasets because
they have binary classes. We include the synthetic regular
graphs using the algorithm described in [Luan et al., 2022] to
control dataset heterophily for further demonstration.

5.2 Implementation and Baselines

We evaluate our neural CDE model on the node classification
task against a variety of baseline models, including a graph-
agnostic model, ResNet [He er al., 2016], as well as standard
GNN models such as GCN [Kipf and Welling, 20171, GAT
[Veli¢kovié er al., 2018], and GraphSAGE [Hamilton et al.,
2017]. Additionally, we compare our model to GNNs specifi-
cally designed for heterophilic graphs, including H2GCN [Zhu
etal.,2020], CPGNN [Zhu et al., 2021], GPR-GNN [Chien
et al., 2021], GIoGNN [Li et al., 2022], FAGCN [Bo et al.,
20211, GBK-GNN [Du et al., 2022], and ACM-GCN[Luan et
al., 2022]. We also include diffusion-based graph PDE models
such as GRAND [Chamberlain et al., 2021c], GraphBel [Song

! Available in http://www.cs.cmu.edu/afs/cs.cmu.edu/project/theo-
11/www/wwkb
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Dataset Nodes  Edges  Classes Node Features Edge homophily feqge Adjusted homophily /,q;
Roman-empire 22662 32927 18 300 0.05 -0.05
Wiki-cooc 10000 2243042 5 100 0.34 -0.03
Minesweeper 10000 39402 2 7 0.68 0.01
Questions 48921 153540 2 301 0.84 0.02
Workers 11758 519000 2 10 0.59 0.09
Amaon-ratings 24492 93050 5 300 0.38 0.14
Texas 295 5 1703 0.11 0.04
Cornel 280 5 1703 0.30 0.04
Wisconsin 251 466 5 1703 0.21 0.07
Table 1: Bechmark’s statistics
Method Roman-empire ‘Wiki-cooc Minesweeper Questions Workers Amazon-ratings Texas Cornell Wisconsin
Rad; -0.05 -0.03 0.01 0.02 0.09 0.14 0.04 0.04 0.07
ResNet | 6571044 8936071  50.95+£1.12  70.10£0.75 73.08+£128  4570+0.69 | 80.81+4.75 81.89+£6.40 85.29+3.31
GCN 70.5140.75 91.01+0.69 89.47+0.69 7597+1.23  83.14+1.11 47.77+0.69 55.144+5.16  60.54£5.30 51.76+3.06
GraphSAGE 85.8040.69  93.60+0.31  93.53+0.50  76.52£0.93 8234+0.19  52.77+0.54 | 82.43+6.14 75.95+5.01 81.1845.56
GAT 81.02+0.46 92.4440.80  92.10+0.67 77.42+1.23  83.98+0.57 47.9540.53 52.16+6.63 61.89+£5.05 49.41+4.09
H2GCN 68.094+0.29 89.24+0.32 89.95+0.38 66.66+1.84  81.76+0.68 41.36+0.47 84.86+7.23 82.70+£5.28 87.651+4.98
CPGNN 63.784+0.50 84.84+0.66 71.27+1.14 67.094+2.63  72.44+0.80 44.36+0.35 75.68+5.12  70.27£5.12  76.47+6.16
GPR-GNN 73.3740.68 91.90+0.78 81.79+0.98 73.41+1.24  70.59+1.15 43.90+0.48 81.354£5.32  78.11+£6.55 82.55+6.23
GloGNN 63.85+0.49 88.4940.45 62.53+1.34 67.15£1.92  73.90+0.95 37.28+0.66 84.324+4.15 83.51+4.26 87.064+3.53
FAGCN 70.534+0.99 91.88+0.37 89.69+0.60  77.04+1.56 81.874+0.94 46.324+2.50 82.43+6.89 79.1949.79  82.944+7.95
GBK-GNN 75.874+0.43 97.814+0.32 83.56+0.84  72.98+1.05 78.06+0.91 43.4740.51 81.08+4.88 74.27+2.18 84.214+4.33
ACM-GCN 68.354+1.95 87.48+1.06 90.4740.57 OOM 78.2540.78 38.51£3.38 87.841+4.40 85.14+6.07 88.43+3.22
GRAND 71.60+0.58 92.031+0.46 76.674+0.98 70.67+1.28  75.334+0.84 45.05+0.65 80.27+4.84 82.97+6.63 83.73£3.51
GraphBel 69.474+0.37 90.304+0.50  76.51£1.03 70.79+0.99  73.0240.92 43.63+0.42 80.27+3.64 83.51+6.45 85.2944.82
Diag-NSD 77.5040.67 92.061+0.40 89.59+0.61 69.25+1.15  79.81+£0.99 37.9640.20 85.67+6.95 86.49+7.35 88.631+2.75
ACMP 71.274+0.59 92.68+0.37 76.15+1.12 71.18+1.03  75.03£0.92 44.76+0.52 86.20+3.0 85.40+7.0 86.101+4.0
CDE-GRAND 91.6410.28 97.99+0.38 95.50+5.23  75.174£0.99 80.70+£1.04 47.634+0.43 86.224+3.30 86.22+5.05 87.454+4.40
CDE-GraphBel 85.39+0.46 97.794+0.40 93.9840.57 72.11+1.31  81.304+0.43 45.2240.60 87.574£3.24 85.14+595 87.844+4.87

Table 2: Node classification results(%). The best and the second-best result for each criterion are highlighted in bold and underlined respectively.
The results are accuracy on Wiki-cooc, Roman-empire, Amaon-ratings, Texas, Cornell and Wisconsin datasets and ROC-AUC score on
Minesweeper, Workers, and Questions datasets. OOM refers to out-of-memory on NVIDIA RTX A5000 GPU.

et al., 2022], Diag-NSD [Bodnar et al., 2022] and ACMP
[Wang et al., 2023b] as baselines.

We have implemented our CDE models using the algorithm
outlined in Algorithm 1. In this model, the first diffusion term
in (8) is specified by the graph diffusion formulation presented
in previous works such as GRAND and GraphBel [Chamber-
lain et al., 2021a; Song et al., 2022]. We provide detailed
descriptions of the specific diffusion formulations used in our
implementation in Section 5.6. Specifically, we refer to our
CDE model that utilizes the diffusion formulation in (12) as
CDE-GRAND-GAT. For simplicity, we may use the abbre-
viation CDE-GRAND to refer to it in the rest of the paper.
CDE-GraphBel refers to the CDE model with GraphBel being
the first term. For all these datasets, we use the Adam opti-
mizer [Kingma and Ba, 2014] with a learning rate of 0.01 and
weight decay of 0.001. We also apply a dropout rate of 0.2 to
prevent overfitting issues. We solve the neural PDE through
the methods in [Chen ef al., 2018]. The integration time and
step size are adjusted according to the performance of vali-
dation data. For the Texas, Cornell, and Wisconsin datasets,
which have much smaller sizes, we conduct the hyperparame-
ter search on each dataset. We report the best hyperparameters
of each dataset in the supplementary material.
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5.3 Node Classification Results on Real-World
Datasets

From Table 2, we observe that if we augment diffusion mod-
els like GRAND and GraphBel with our proposed CDE con-
vection term (9), we can significantly improve the diffusion
model performance on the heterophilic graph datasets. For ex-
ample, on the Roman-empire dataset, CDE-GRAND improves
GRAND’s performance from 71.601+0.58% to 91.64+0.28%.
Similar improvements can be observed on all of the nine het-
erophilic graph datasets, demonstrating the effectiveness of
our convection term in addressing the unique challenges of
heterophilic graphs. This is because our velocity takes into
account the dissimilarity of neighboring nodes in heterophilic
graphs. For information propagation in heterophilic graphs,
the convection term that includes the dot product between the
neighboring node and the velocity helps us to assign flexible
and adaptive information propagation flows to each node due
to the different connections. We refer the readers to Section 5.6
for further demonstration.

Compared with all the baselines on heterophilic graph
datasets, CDE-GRAND achieves the best performance on
Wiki-cooc, Roman-empire, and Minesweeper. From Table 1,
we observe that these datasets have the lowest adjusted ho-
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mophily h,gqj, indicating they are highly heterophilic. Our
results suggest that CDE diffusion is particularly effective
on more heterophilic datasets. On the Roman-empire dataset,
CDE-GRAND outperforms the second-best model, Graph-
SAGE, by a significant margin of 5.84%. Notably, Graph-
SAGE is a standard GNN that is not specifically designed for
heterophilic graphs, yet it performs better than all heterophily-
specific baselines, highlighting the current limitations in graph
learning under heterophily [Platonov et al., 2023]. However,
our CDE-GRAND model successfully surpasses GraphSAGE
on this heterophilic dataset. A similar trend can be observed
in the Minesweeper dataset where GraphSAGE achieves
93.534+0.50% and outperforms all the heterophily-specific
baselines. Our CDE-GRAND model, however, can surpass
GraphSAGE by a significant margin of 4.14%. On all other het-
erophilic graph datasets, CDE-GRAND performs comparably
to state-of-the-art baselines, with the exception of Amazon-
ratings, where all heterophily-specific models perform worse
than GraphSAGE. This may be because the Amazon-ratings
dataset has less heterophilic structure, as indicated by the
largest adjusted homophily h,q; score presented in Table 1.
As observed in [Platonov et al., 2023] and Table 2, the mod-
ified GAT with residual connections outperforms all other
heterophily-specific GNN models on the Questions, Workers,
and Amazon-ratings datasets, hinting at unique geometries in
these datasets that other models fail to capture effectively.

1 G
0.8%
0.6 —o— CDE-GRAND
g —&— ACM-GCN
31 —a— GRAND
Q
< 04r —v— GCN
027
0 L L L L L L L
0.1 02 03 04 05 06 07 8 09
Edge Homo

Figure 1: Accuracy versus edge homophily level. A node classifi-
cation task based on the Cora dataset is used to compare different
methods including CDE-GRAND, ACM-GCN, GRAND, and GCN.

5.4 Node Classification Results on Synthetic
Datasets

We generate synthetic regular graphs using the algorithm de-
scribed in [Luan et al., 2022]. The edge homophily levels
range from 0.1 to 0.9, with 10 graphs generated for each level.
Each graph contains 5 classes, with 400 nodes in each class.
For each node, we randomly generate 10 edges to connect to
nodes within the same class and [% — 10] edges to nodes
in other classes. The features of each node are sampled from
the corresponding class of the base dataset, which is the Cora
dataset in Fig. 1. The nodes are then randomly split into train,

validation, and test sets at a ratio of 60%:20%:20%. The node
classification results are displayed in Fig. 1.

From Fig. 1, we observe that CDE-GRAND outperforms
other methods on classification accuracy. Especially when the
edge homophily level is less than 0.5, the CDE-GRAND has
advantages obviously. This indicates that our method is more
adaptive to the heterophily of graphs than the other methods
including ACM-GCN, GRAND, and GCN.

Time ODE Solver Roman-empire  Minesweeper
1.0 Euler Solver 87.26+0.46 87.13£1.36
) RK4 Solver 91.55+0.66 93.05+0.48
20 Euler Solver 91.55+£0.42 90.46+£0.66
) RK4 Solver 91.10+£1.16 94.64+2.32
3.0 Euler Solver 91.64+0.28 92.00+0.60
’ RK4 Solver 90.82+2.18 94.35+3.62
40 Euler Solver 91.62+0.34 93.21£0.43
) RK4 Solver 91.00+1.31 97.67+0.22
50 Euler Solver 91.16+0.67 93.11+£2.36
) RK4 Solver 90.26£2.16 97.10£2.02

Table 3: Node classification accuracy under different integration
times of CDE. The ODE solver is used with step size 7 = 1. We
fixed all other hyperparameters in the model except the integration
time 7T". Unlike the traditional GNNs, the neural diffusion models do
not have explicit layers but we may consider the steps taken to solve
an ODE as the implicit layers. Hence, the number of implicit layers
in neural diffusion models is 7'/ for fixed step-size ODE solvers.
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Figure 2: T-sne visualization of the feature representation from CDE-
based neural diffusion models at different integration time ¢ on the
synthetic dataset described in Section 5.4 . From left to right: ¢ = 0,
t=1,t=2andt =3

5.5 Visulization

The visualization of the node features from our CDE model at
different integration time ¢ is shown in Fig. 2. From Fig. 2, we
observe that the heterophilic graph dataset are classified into
different classes by using our CDE models obviously.

5.6 Ablation Studies

Integration Time

We can see from Table 3 that as the integration time of our pro-
posed CDE model increases, the node classification accuracy
improves on the Roman-empire and Minesweeper datasets.
However, there is a point at which the predicted classification
results reach a saturation point. Therefore, it is important to
consider the balance between accuracy and computation time
when selecting the appropriate integration time for CDE, as a
larger integration time results in increased computation time.
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Method Wiki-cooc  Roman-empire  Amazon-ratings Minesweeper Workers Questions
GRAND-LAP 91.58+0.37 69.2440.53 48.991+0.35 73.25+£0.99  75.59+£0.86  68.54+1.07
GRAND-GAT 92.03+0.46 71.60£0.58 45.05+0.65 76.67+£0.98  75.33£0.84 70.67+1.28

GRAND-TRANS 91.86£0.27 71.18+0.56 45.20+0.52 75.40+1.36  75.13£0.65  69.141+0.97
GraphBel 90.3040.50 69.474+0.37 43.63+0.42 76.51+£1.03  73.02+£0.92  70.794+0.99
CDE-GRAND-LAP 98.00£0.20 90.58+0.49 47.43£0.53 90.06£0.60  80.45+£0.97 73.78+1.46
CDE-GRAND-GAT 97.994+0.38 91.6440.28 47.63+0.43 95.50+5.23  80.70£1.04  75.174+0.99
CDE-GRAND-TRANS  98.04+0.35 91.554+0.23 46.911+0.87 91.384+1.92  81.58+0.98 72.92+1.54
CDE-GraphBel 97.79+0.40 85.39+0.46 45.2240.60 90.79£0.48  81.30£0.43 72.11+1.31

Table 4: Node classification accuracy(%). We evaluate the performance of the vanilla diffusion variants and the inclusion of CDE convection.

PDE Solvers

There are various numerical methods available for solving non-
linear diffusion equations. In this work, we primarily utilize
explicit solvers provided in [Chen et al., 2018] for our model.
These solvers can be divided into single-step and multi-step
schemes, where the latter involves the use of multiple func-
tion evaluations at different time steps to compute the next
iteration. This results in multi-hop neighboring information
aggregation in multi-step explicit solvers. In this work, we
use a multi-step solver named RK4 and a single-step explicit
solver named Euler. As seen in Table 3, RK4 outperforms Eu-
ler, particularly on the Minesweeper dataset. This is likely due
to the higher-order neighborhood aggregation used in RK4,
which has been shown to be effective for heterophilic graphs
[Zhu et al., 2020]. However, the use of an RK4 solver typically
results in higher computational complexity. In order to balance
performance and computational efficiency, we choose to use
the Euler solver for the experiments reported in Table 2, even
though better performance may be achieved with the RK4
solver.

Method Training Time (ms) Inference Time (ms)
GRAND 9.55 4.66
GraphBel 12.55 6.69

CDE-GRAND 10.43 4.72
CDE-GraphBel 13.91 6.81

Table 5: Training time and inference time of models on the Cora
dataset using Euler solver. Neural PDE models are based on the
Euler solver with an integral time of 1.0 and a hidden dim of 64. The
training and inference time refers to the average time for 100 rounds.

Diffusion Functions
In this section, we show the node classification performance
under different diffusion functions compared to the vanilla
diffusion variants defined in [Chamberlain et al., 2021a;
Song et al., 2022]. The learnable attention matrix A (X (t)) =
(a (x;(t),x;(t))) in (5) can be formulated with three versions
as used in [Chamberlain et al., 2021a].

GRAND-TRANS uses the scaled dot product attention from
the Transformer model [Vaswani et al., 2017]:

AT .
(WKXZ;k WQXJ) , (1D

a(x;,x;) = softmax (
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where W g and W g are learned matrices, and dy, is a hyper-
parameter determining the dimension of Wj.

GRAND-GAT uses the attention in GAT model [Velickovié
etal., 2018]:

a(xs,x;) = exp (LeakyReLU (aT [Wx;||Wx;]))
i Xj) = > ke, xp (LeakyReLU (a7 [Wx; [Wxx]))’
(12)

where W and a are learned and || is the concatenation
operator.

GRAND-LAP models the linear diffusion process, where
the A(t) a constant in the integral, i.e., A(X(¢)) = A for a
constant A.

GraphBel is inspired by Beltrami diffusion [Sochen er al.,
1998]. We refer readers to [Song et al., 2022] for its diffusion
formulation.

The results in table 4 show that our CDE framework sig-
nificantly improves the node classification performance of
various diffusion-based GNN models on different datasets.
The improvement is particularly noteworthy on the Roman-
empire and Minesweeper datasets, with increases of over or
near 15%. This highlights the effectiveness of incorporating
the convection term into traditional diffusion-based GNNss.

Time Complexity

From Table 5, we observe that introducing CDE for the GNNs
does not increase the training and inference time too much.
Specifically, around 10% is increased for training time, while,
over 1% is increased for inference time. As a result, it is
acceptable to use CDE for GNNs to improve the performance
w.r.t running complexity.

6 Conclusion

In order to handle the heterophilic graph efficiently, we intro-
duce the convection-diffusion equation into GNNss to represent
the information flow w.r.t nodes. Based on this framework,
the homophilic information “diffusion” and the heterophilic
information “convection” are combined for the graph repre-
sentation. The extensive experiments show that our frame-
work achieves competitive performance on node classification
tasks for heterophilic graphs, compared to the state-of-the-art
methods. Therefore, the convection-diffusion equation for the
GNN:ss is beneficial to heterophilic graph learning.
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