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Abstract

Machine learning has been adapted to help
solve NP-hard combinatorial optimization prob-
lems. One prevalent way is learning to construct
solutions by deep neural networks, which has been
receiving more and more attention due to the high
efficiency and less requirement for expert knowl-
edge. However, many neural construction meth-
ods for Vehicle Routing Problems (VRPs) focus
on synthetic problem instances with specified node
distributions and limited scales, leading to poor
performance on real-world problems which usu-
ally involve complex and unknown node distribu-
tions together with large scales. To make neural
VRP solvers more practical, we design an auxiliary
policy that learns from the local transferable topo-
logical features, named local policy, and integrate
it with a typical construction policy (which learns
from the global information of VRP instances)
to form an ensemble policy. With joint train-
ing, the aggregated policies perform cooperatively
and complementarily to boost generalization. The
experimental results on two well-known bench-
marks, TSPLIB and CVRPLIB, of travelling sales-
man problem and capacitated VRP show that the
ensemble policy significantly improves both cross-
distribution and cross-scale generalization perfor-
mance, and even performs well on real-world prob-
lems with several thousand nodes.

1 Introduction

Vehicle Routing Problems (VRPs) are a kind of canonical
NP-hard combinatorial optimization problems, with broad
applications in logistics [Konstantakopoulos et al., 2022].
They have been widely studied for decades, and wvari-
ous heuristic methods are proposed, such as LKH [Hels-
gaun, 2000; Helsgaun, 2017], SISR [Christiaens and Van-
den Berghe, 2020], and HGS [Vidal, 2022]. However, ex-
isting heuristic methods are highly domain-specific, require
lots of expert knowledge, and suffer from low efficiency in
solving large-scale instances, which limit their application.
Recently, machine learning has been adapted to solve
combinatorial optimization problems [Bengio et al., 2021;
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Cappart et al., 2023], which utilizes deep neural networks
to extract features, learn heuristics, and generate solutions,
named Neural Combinatorial Optimization (NCO) [Bello er
al., 2017]. Depending on the training scheme, NCO in-
cludes Supervised Learning (SL) [Joshi et al., 2019; Chen et
al., 2023] and Reinforcement Learning (RL) methods [Kool
et al., 2019]. SL-based methods usually require numerous
(nearly) optimal solutions as labels, which are hardly appli-
cable if optimal solutions are expensive to obtain [Bello et
al., 2017]. RL-based methods train the model using objective
function evaluations as rewards, which are effective in most
scenarios [Zhang et al., 2020; Song et al., 2023].

According to the process of generating solutions, RL-based
methods can be generally divided into improvement and con-
struction methods. Improvement methods learn to iteratively
improve the quality of solutions, e.g., by selecting appropri-
ate operators [Lu ef al., 2019]. They have the advantage of
exploiting human knowledge, but suffer from limited search
efficiency [Ma et al., 2023] and high latency in inference [Sun
and Yang, 2023]. Construction methods learn to extend a
partial solution sequentially until a complete solution is con-
structed. This procedure can be modeled as a Markov De-
cision Process (MDP) and solved by RL [Bello et al., 2017,
Khalil et al., 2017]. Construction methods are very compu-
tationally efficient, which can solve hundreds of instances in
a few seconds. However, most construction methods only
work well on problems with simple node distributions and
limited scales. Their performance deteriorates dramatically
on cross-distribution and cross-scale problems that are com-
mon in practice [Joshi et al., 2022; Jiang et al., 2022].

Towards generalizing to cross-distribution and cross-scale
problem instances, several methods have been proposed re-
cently. Some of them focus on generalization to large-scale
problems. They often utilize the divide-and-conquer frame-
work that can extend small-scale models to generalizable
ones [Fu et al., 2021; Hou et al., 2023; Cheng et al., 2023].
Meanwhile, the inductive bias of symmetries [Drakulic et al.,
2023] and some novel neural architectures, such as heavy de-
coder [Luo et al., 2023] and diffusion models [Sun and Yang,
2023], are found to be useful for cross-scale generalization.
The other methods aim to address the cross-distribution is-
sue. A simple solution is directly training the model on in-
stances with various node distributions, which is effective but
can be further improved by applying some advanced tech-
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niques, such as distributionally robust optimization [Jiang et
al., 2022], knowledge distillation [Bi ef al., 2022], graph con-
trastive learning [Jiang et al., 2023b], and meta-learning [Fu
et al., 2023; Manchanda et al., 2022; Son et al., 2023]. Note
that the latest meta-learning method [Zhou et al., 2023] con-
siders an omni setting including both cross-distribution and
cross-scale generalization.

In this paper, we also focus on the challenging omni-
generalization setting to pursue better performance on real-
world problems which often have complex and unknown
node distributions together with large scales. Unlike previ-
ous methods that rely on the divide-and-conquer strategy or
try to improve learning algorithms, we propose an ensemble
method that integrates a policy of learning from global infor-
mation of VRPs and a local policy with transferability, where
their strengths are combined to boost generalization.

Considering that the general optimization objective of
VRPs is to achieve the shortest routing length, the local
neighborhood, containing adjacent nodes, plays an important
role in the decision of moving from node to node. Meanwhile,
local topological features have great potential to be transfer-
able across both node distributions [Jiang er al., 2023b] and
scales. To leverage the properties of local information, we
propose a novel local policy that restricts the state and action
space to a small number of local neighbor nodes. Further-
more, we integrate the local policy with a typical construction
policy (e.g., POMO [Kwon et al., 2020]) called global policy,
which learns from the global information of complete VRP
instances, to form an ensemble policy. The local and global
policies are jointly trained to perform cooperatively and com-
plementarily, achieving a good generalization.

We conduct experiments on two typical VRPs: Travelling
Salesman Problem (TSP) and Capacitated VRP (CVRP). The
proposed ensemble policy is trained on synthetic small-scale
problem instances with uniform node distribution. Instead
of using test datasets with fixed node distribution and lim-
ited problem scale, we select TSPLIB [Reinelt, 1991] and
CVRPLIB [Uchoa et al., 2017] benchmarks to evaluate the
generalization performance, which contain diverse instances
with complex node distributions and large scales. The em-
pirical results show that the ensemble policy significantly
improves both cross-distribution and cross-scale generaliza-
tion performance, and can perform better than state-of-the-
art construction methods (e.g., BQ [Drakulic et al., 2023]
and LEHD [Luo et al., 2023]) in most cases. Moreover,
the proposed method even performs well on real-world prob-
lems [Arnold et al., 2019] with several thousand nodes, while
most construction methods can hardly solve such real-world
problems directly. The ablation study also verifies the key
role of the transferrable local policy for better generalization.

2 Background

2.1 Vehicle Routing Problems

VRPs [Dantzig and Ramser, 1959] are well-known NP-
hard combinatorial optimization problems with wide appli-
cations [Konstantakopoulos et al., 2022]. In this paper, we
consider two typical VRPs, i.e., Euclidean TSP and CVRP.
Given a CVRP instance I as shown in Figure 1, it contains
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Solution: {no, Ny, Nq, N3, Ng, Ny, N5, Ng, Ng, N7, Ng, no}
route 1 route 2 route 3

Figure 1: Example illustration of CVRP: A CVRP instance with 8
customer nodes and the sequence representation of its solution.

a depot node ng and N customer nodes {ny, na,...,ny} to
serve by multiple identical vehicles, where each node n; has
static Euclidean coordinate (x,,,, y», ) and demand d;, and the
vehicles have identical capacity ). The vehicles start from
the depot node, visit all the customer nodes, and fulfill their
demands. Every customer node must be visited exactly once.
If a vehicle runs out of capacity, it has to return to the depot
node. The objective of CVRP is to minimize the total travel-
ling distance (Euclidean distance) of the vehicles, i.e.,

f(T) = Z \/(ITZ - I7i+l)2 + (y‘l'z - yﬂ'+1)27

without violating the constraints of no repetitive visiting and
limited capacity. As shown in Figure 1, an example solu-
tion of CVRP can be naturally represented by a sequence
T = {70,71,...} (Where 7; € {no,n1,...,nx}), which in-
dicates the visiting order of nodes. The Euclidean TSP can be
regarded as a simplified version of CVRP that only has one
route and no capacity constraint.

2.2 Neural Construction Methods

Neural construction methods learn to construct the sequential
solution in an autoregressive way [Vinyals et al., 2015], i.e.,
learn the probability distribution P(7) of generating a solu-
tion T as

P(T) = Ht P(Tt ‘ Iv {7-077—17"'77—t—1})'

This construction procedure can be naturally formulated as
a Markov Decision Process (MDP) that takes the partial so-
lution {9, 71, ..., 7t—1} as state and the next node 7; to visit
as action. Following such MDP, RL can be used to solve
VRPs [Bello et al., 2017; Kool et al., 2019]. In practice, the
partial solution information contained in the state is always
reduced to the current and start nodes.

Recent prevalent construction methods often employ
Transformer [Vaswani et al., 2017] without positional em-
bedding to encode unordered nodes and decode solutions, in-
cluding Attention Model (AM) [Kool ef al., 2019] and Policy
Optimization with Multiple Optima (POMO) [Kwon et al.,
2020]. Their models have an encoder-decoder architecture.
In brief, the encoder learns the node embeddings from the
complete VRP graph that covers the global information of a
problem instance, and the decoder computes the compatibil-
ity of query and keys, i.e.,

T

q
Uglobal = W

qe Rdxl K¢ RdXN
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as the score for selecting actions, where g represents the
query vector, K represents the matrix of keys, V is the num-
ber of customer nodes, and d is the embedding dimension.

The query vector g comes from the context embedding that
contains the information of the current node and the loaded
capacity, representing the state. The keys K are the embed-
dings of candidate nodes that represent actions. Thus, the
SCOre Uglohal Measures the compatibility of state and actions.
To avoid violating constraints, tgiohal 1S masked as Umagsked
with the ¢-th dimension

{C : tanh(uélobal)v

—0Q0,

; if node n; is valid,
Umasked — .
otherwise,

where tanh clips scores to be within [—1, 1], C'is a parameter
to control the scale, and the scores of invalid actions are set
as —oo. The final action probability is computed as

Tglobal = SOftmax(umaSked)-

In each step, the decoder selects one node to grow the partial
solution and transits to a new state. The decoder repeats until
a complete solution is constructed. When the construction is
done, the negative of the objective function is computed as the
reward R(T) = —f(7). A prevalent RL algorithm is REIN-
FORCE [Williams, 1992] with greedy rollout baseline [Kool
et al., 2019] or shared baseline [Kwon et al., 2020].

2.3 Generalization Issue

Most existing methods are trained on small-scale problem
instances (where N < 100) generated from uniform node
distribution, and tested on instances from the same distri-
bution. However, real-world problems are often with com-
plex and unknown node distributions and large scales. This
has led to the less satisfactory generalization performance
of existing neural methods, which is recognized as a bot-
tleneck for applications [Joshi ef al., 2022; Bi et al., 2022;
Liu et al., 2023]. Many related works have tried to allevi-
ate the generalization issue by leveraging divide-and-conquer
strategy [Hou et al., 2023], meta learning [Manchanda et al.,
2022], symmetry of CO problems [Drakulic et al., 2023], and
heavy decoder architecture [Luo et al., 2023], while most of
them ignore either the cross-distribution or scale setting.

In this paper, we aim to address the generalization issue
by ensemble with a transferrable local policy. Unlike a re-
lated ensemble method for NCO [Jiang er al., 2023a] that
employs the well-known Bootstrap method, we leverage dif-
ferent state and action spaces (i.e., local and global views) to
generate diverse and complementary policies. To effectively
verify the generalization performance, we select the challeng-
ing CVRPLIB [Uchoa et al., 2017; Arnold et al., 2019] and
TSPLIB [Reinelt, 1991] as our test datasets since they cover
diverse instances and many of them are from the real world,
while previous synthetic test datasets with either fixed node
distributions or limited problem scales can only cover a nar-
row subspace of the whole problem space.

3 Method

This section presents the proposed Ensemble of Local and
Global policies (ELG), including transferrable local policy,
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neural architecture, and ensemble strategy. Overall, the pro-
posed ELG contains two base policies, i.e., a primary global
policy and an auxiliary local policy, as shown in Figure 2.
The primary global policy can be any popular neural combi-
natorial optimization model that learns from the global infor-
mation of a complete VRP instance. Specifically, we choose
POMO as the global policy, which has been introduced in
Section 2.2. The process of constructing solutions of the local
policy is similar to that of the global policy, but the state and
action space is different, which focuses on the local neighbor-
hood of the current node.

3.1 Transferrable Local Policy

When solving VRPs, a common observation is that the opti-
mal action (i.e., next node) is usually included in a small lo-
cal neighborhood of the current node [Helsgaun, 20001, and
the patterns of such local neighborhoods have the potential
to be transferrable across various node distributions [Jiang et
al., 2023b] and scales. Inspired by these facts, we propose
to design a local MDP formulation that restricts the state and
action space to the local neighborhood, aiming to achieve bet-
ter generalization performance. The overall procedure of the
proposed local policy is illustrated in Figure 2. Here we de-
fine the state and action space of local policy in details.

State. The state space is reduced to a small local neighbor-
hood Nk (ct), which contains the K nearest valid neighbor
nodes of the current node c¢;. The valid nodes are unvis-
ited ones that meet constraints, e.g., capacity constraint in
CVREP. Intuitively, the local state represents a subproblem that
the policy needs to solve in the next few steps. By learn-
ing to solve local subproblems, the policy captures more in-
trinsic characteristics of VRPs, which are transferable across
diverse problem instances. To better represent the features
of the local state, we utilize polar coordinates (p;, 6;) cen-
tered at the current node c; to indicate the location infor-
mation of the neighbor nodes, where ¢ is the index of node
n; € Nk (c;). The polar coordinates directly provide the rel-
ative distances (i.e., edge cost) to ¢;, and we can normalize
all the p; into [0,1] by p; = p;/ max{p; | n; € Nk(ct)}.
Therefore, all the neighbor nodes are in a unit ball. Such lo-
cal topological features are insensitive to the changes in node
distribution and problem scale. The state of CVRP also con-

tains the node demands {d; | n; € N (c;)}, normalized by
the remaining capacity Qremain, 1-€-» di = d;/Qremain- Thus,
Qremain 18 N0 longer required to be included in the state.

Action. The local policy outputs the scores wjoca1 for se-
lecting the next node to visit from the local neighbors, where
the score of node n; can be formulated as

i {(gﬂ(st))i7 if n; € Ng(cyp),

local = 0, otherwise,

where s; = {[pi, 6;,d;] | ni € Nk (ci)} for CVRP (note that
demands d; are removed for TSP), and gg is a parameterized
neural network, which will be described in Section 3.2.

The transition and reward design remains the same as the
global policy [Kwon et al., 2020]. Overall, the local pol-
icy learns from the local topological features and outputs the
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Figure 2: Framework of the ELG method, which aggregates a transferrable local policy that focuses on a small neighborhood of the current
node and a global policy that learns from the information of the complete instance.

probability of selecting neighbor nodes. The advantages of
the proposed local policy can be summarized as follows: 1)
The local pattern is transferrable since it is insensitive to the
shifts of node distribution and problem scale; 2) The local
MDP gives a good inductive bias that the policy can focus on
the local neighbor nodes which are probably more promising.

3.2 Neural Architecture

To parameterize the local policy, we design an attention-
based neural network, which has been shown to be effective
for solving VRPs [Kool et al., 2019; Kwon et al., 2020].
To ensure the efficiency of local policy, we simply use a
lightweight architecture, which consists of one shared lin-
ear layer for node embedding and one multi-head attention
layer [Vaswani et al., 2017] for decoding action scores.

The node features of local neighbors {x; = [p;, 6;,d;] |
n; € Nk(c)} are firstly mapped into d.-dimension em-
beddings using a shared linear layer with parameters [IV; b].
Unlike previous attention models [Kool ef al., 2019; Kwon
et al., 2020] that abandon positional encoding to acquire
permutation-invariant node embeddings, we retain the posi-
tional encoding to incorporate distance ordering information
into the embeddings, which can benefit the local node selec-
tion. Concretely, the neighbor nodes x; are sorted in ascend-
ing order by relative distance p;, and the ordering information
is injected by the sinusoidal positional encoding [Vaswani et
al., 2017]. Thus, the node embedding is computed as

h,=Wx; +b+ PE(QZi),

where PE denotes the sinusoidal positional encoding.

Given node embeddings {h; | n; € Nk(c;)}, a Multi-
Head Attention (MHA) layer is executed to compute the node
selection scores. The context embedding used for decoding
typically relies on the embedding of the current node [Kwon
et al., 2020], while the current node in our local encoding is
the original point of the polar coordination, and its features
are all zeros. To address this issue, we introduce a learnable
vector h. € R% to represent the context. We then aggregate
the information of node embeddings to the context vector us-

ing an MHA layer as follows:
ki = W"h;,v; = W’hi,q = Wh,,
h. =MHA([k1, ..., kx],[v1,...,vk],q),

where the keys k; and values v; are from the node embed-
dings, and the query q is from the context vector. The detailed
computation of MHA is provided in Appendix B.1. Finally,
the compatibility of the aggregated context vector h. and the
node embeddings is computed as

, hTh;

Upeal = ——, Yn; € Nk (cp),
local \/‘Te v

which determines the action scores for selecting nodes.

3.3 Ensemble of Global and Local Policies

We integrate the global policy (which is implemented as
POMO [Kwon et al., 2020] in the paper) and the auxiliary
local policy to generate an ensemble policy, where the strong
in-distribution learning capacity of the global policy and the
out-of-distribution transferability of the local policy are com-
bined to boost generalization. Before integration, we adjust
the original global policy by adding a distance penalty for
better generalization as follows.

Normalized distance penalty for global policy. Consider-
ing that most optimal actions are included in the local neigh-
bor nodes, we utilize normalized distances to penalize the
global policy. The distance penalty encourages the policy
to prefer nearby nodes and be conservative to select remote
nodes, which is practically helpful for generalization. Un-
like previous methods that directly use the distance values as
bias [Son er al., 2023], we propose to normalize distances p;
into [0, 1] by the largest p; in Nk (c;) and add a fixed penalty
& (€ > 1) for non-neighbor nodes, i.e.,
Pi
max{p; | ni ENk(ct)}

( .
Uglobal — & Otherwise,

Ufglobal - s if n; GNK(Ct)7

~4 o
uglobal -

where Nk (c;) contains the K nearest valid neighbor nodes
of the current node ¢;, and provides a good perspective for
normalization, making the distance penalty more scalable.
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To integrate the global and local policies, we first add
the action scores computed from the two base policies, i.e.,
Uens = Uglobal T Ulocal- After that, the action probability of
the ensemble policy ey is computed by

Umasked —

; C - tanh(tg opa) +Uiocal), if node n; is valid,
—00, otherwise,

Tens — SOftmaX(urnaSked)'

Instead of training each base policy independently, we use
a joint training method to directly optimize 7reys, Which en-
courages the global policy and the local policy to work coop-
eratively, so that their strengths can be well combined.

Training. In practice, we first pretrain the global policy
with distance penalty for T epochs before joint training, be-
cause the state and action space of the global policy is more
complex than the local one. At the joint training stage, we
use the policy gradient method to directly train the ensem-
ble policy mens for T epochs, which includes the trainable
parameters 6 from the global policy and 6 from the local pol-
icy. Following POMO, we use multiple rollouts from differ-
ent start nodes to get multiple trajectories in a single feed-
forward, and utilize the REINFORCE [Williams, 1992] algo-
rithm with shared baseline [Kwon et al., 2020] to estimate
the gradient of the expected return J. Specifically, the aver-
age reward of multiple rollouts is used as the REINFORCE

baseline, and the gradient V5 5/ (6, 0) is estimated by

Vg',g log 7rens (Ti,j )a

where N is the number of trajectories that is equal to the num-
ber of nodes, B is the batch size, and R; ; is the reward of the
j-th trajectory 7; ; on the i-th instance.

4 Experiments

We conduct experiments on two typical VRPs, i.e., Traveling
Salesman Problem (TSP) and Capacitated VRP (CVRP). This
section presents the experimental settings and results to eval-
uate the performance of our method and verify the efficacy
of important components. Our code and data are available in
https://github.com/lamda-bbo/ELG.

4.1 Experimental Settings

We first introduce the experimental settings, including base-
lines, datasets, and performance metrics.

Baselines. For non-learning heuristic methods, two highly
optimized solvers LKH3 [Helsgaun, 2017] and HGS [Vidal,
2022] are compared and their results on CVRPLIB are taken
from the paper of HGS [Vidal, 2022]. For learning-based
methods, we collect them into several groups according to
their main ideas, which are introduced as follows.

* POMO-based methods: POMO [Kwon et al., 2020] is
a widely-used backbone model for solving VRPs. We
include POMO and its variant Sym-POMO [Kim et al.,
2022] in our experiments. As the training of both POMO
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and Sym-POMO suffers from severe over-fitting, which
results in degraded generalization performance, we early
stop their training based on a validation dataset with larger
scale (N =100 for training and N =200 for validation).

* Cross-distributon methods: For those methods that im-
prove cross-distribution generalization, we compare the
state-of-the-art methods AMDKD [Bi et al., 2022] and
Omni-POMO [Zhou et al., 2023], where Omni-POMO
also considers cross-scale performance.

* Cross-scale methods: We compare three end-to-end
learning methods that consider cross-scale generalization,
Pointerformer [Jin et al., 2023], LEHD [Luo et al., 2023]
and BQ [Drakulic et al., 2023]. For BQ, we select the best
BQ-transformer model for comparison. We also compare a
novel divide-and-conquer method TAM [Hou er al., 2023]
on CVRPLIB Set-X (N > 500) and Set-XXL. Since the
code of TAM has not been released, and their reported re-
sults are not aligned with ours, we provide the comparison
with TAM in Appendix C.3 due to space limitation.

* Diffusion model-based methods: Recent works utilize
the diffusion model to predict the solution distributions as
heatmaps, showing great potential in generalization, espe-
cially on TSBLIB. We select DIFUSCO [Sun and Yang,
2023] and T2TCO [Li et al., 2023] for comparison.

All the learning methods use greedy mode at the inference
stage. POMO-based methods include x8 instance augmen-
tation technique [Kwon et al., 2020]. Our proposed method
ELG is implemented by setting the global policy as POMO,
denoted as ELG-POMO. Its detailed hyperparameter settings
are provided in Appendix A due to space limitation. Note that
the training of ELG-POMO is aligned with POMO; thus, the
comparison between them could be seen as an ablation study
of the proposed local policy.

Datasets. The training instances are randomly generated
with uniform node distribution and the problem scale N =
100, which is a common setting in previous works [Kool er
al., 2019; Kwon et al., 2020]. More details of training settings
can be found in Appendix B.2. We consider the following test
datasets to compare different methods.

e TSPLIB and CVRPLIB Set X & XXL: These bench-
marks cover diverse problem instances with complex and
unknown distributions together with varying and large
scales, which can be used to evaluate the cross-distribution
and cross-scale generalization in more realistic scenarios.

* Cross-distribution small-scale instances: Some cross-
distribution methods (e.g., AMDKD [Bi et al., 2022]) only
focus on small-scale instances. Testing them on large-
scale instances like CVRPLIB may overshadow their ad-
vantages. Thus, we conduct experiments under their set-
tings, where small-scale instances with complex synthetic
distributions including cluster, cluster mixture, explosion,
and rotation [Bossek et al., 2019] are used for evaluation.

¢ Uniform small-scale instances: The improvement on out-
of-distribution (scale) generalization should not sacrifice
the in-distribution (scale) performance. Therefore, we in-
clude the uniform small-scale dataset to examine the in-
distribution (scale) performance.
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Performance metrics. We report the average gap to Best

Known Solutions (BKS), i.e., %Z;;l %%1;3)’ on each
dataset to evaluate the generalization performance, where n is
the number of instances, f;* and f;(BKS) denote the objective
value of the solution generated by each method and the BKS,
respectively. We also report the average time of solving one

instance on TSPLIB and CVRPLIB to measure the efficiency.

4.2 Results on TSPLIB and CVRPLIB

For fair comparisons, all the learning methods are trained on
uniform instances with the problem scale N = 100, except
that Omni-POMO has a stronger training setting that uses in-
stances with complex distributions and varying scales [Zhou
et al., 2023]. In the following, we analyze the generaliza-
tion performance of different methods in detail. The CVR-
PLIB Set-X and TSPLIB are divided into two subsets ac-
cording to the problem scales, which are N < 200 and
200 < N < 1000 (or 200 < N < 1002). First, we exam-
ine the cross-distribution performance on the N € (0, 200]
subset, and use the N € (200, 1000] (or N € (200, 1002])
subset to compare the cross-distribution and cross-scale per-
formance simultaneously. Then, the CVRPLIB Set-XXL is
used to evaluate the performance on real-world instances with
N € [3000,7000]. Finally, we compare our method with
highly optimized solvers LKH3 and HGS.

Cross-distribution performance. Because the test distri-
bution is complex and the problem scales of N < 200 are
close to that of training instances, we can evaluate the cross-
distribution performance by the N < 200 subsets of TSPLIB
and CVRPLIB Set-X. As shown in the second columns of Ta-
bles 1 and 2, ELG-POMO outperforms all the methods on the
N < 200 subset, and the gap reductions on CVRP and TSP
are 0.53% and 0.50%, respectively, compared to the runner-
up (Omni-POMO for CVRP, and BQ for TSP). These results
clearly demonstrate the superiority of ELG-POMO in cross-
distribution generalization, which will be further verified by
the results in Table 4.

Cross-distribution and cross-scale performance. The
subset of N € (200,1000] (or N € (200,1002]) contains
instances with both cross-distribution and cross-scale char-
acteristics. ELG-POMO reduces the gap from 6.95% of
Omni-POMO to 6.46% for CVRP, and reduces the gap from
7.47% of Omni-POMO to 5.90% for TSP. Considering that
the Omni-POMO is trained on cross-distribution (uniform
and Gaussian mixture) and cross-scale (N € [50,200]) in-
stances while ELG-POMO only uses uniform instances with
the problem scale N = 100 in the training, the above com-
parison clearly demonstrates the better cross-distribution and
cross-scale performance of the proposed method. Note that
ELG-POMO outperforms BQ and LEHD on CVRP, but lags
behind them on TSP with N € (200, 1002]. This may be at-
tributed to their heavy decoder or decoder-only architectures,
which can learn strong scale-invariant features [Luo et al.,
2023] to achieve good large-scale performance. We can also
observe from Table 2 that ELG-POMO can surpass the diffu-
sion mode-based methods, i.e., DIFUSCO and T2TCO, under
the greedy inference setting.

Method | (0,200] | (200, 1000] | Total | Time
LKH3 0.36% 1.18% 1.00% | 16m
HGS 001% | 0.13% | 0.11% | 16m
HGS (less time) 0.21% 1.28% 1.59% | 10s
POMO 526% | 11.82% | 1037% | 0.80s
Sym-POMO 9.99% | 27.09% | 23.32% | 0.87s
Omni-POMO 504% | 695% | 652% | 0.75s
LEHD 1L11% | 1273% | 1225% | 1.67s
BQ 10.60% | 10.97% | 10.89% | 3.36s
ELG-POMO (Ours) | 4.51% | 6.46% | 6.03% | 1.90s

Table 1: Empirical results on CVRPLIB Set-X covering cross-
distribution and cross-scale test instances. Note that Pointerformer,
DIFUSCO, and T2TCO are not intended for CVRP.

Method \ (0, 200] \ (200, 1002] \ Total ‘ Time
LKH3 \ 0.00% \ 0.00% \ 0.00% \ 24s
POMO 3.07% 13.35% 745% | 0.41s
Sym-POMO 2.88% 15.35% 8.29% | 0.34s
Omni-POMO 1.74% 7.47% 4.16% | 0.34s
Pointerformer 2.31% 11.47% 6.32% 0.24s
LEHD 2.03% 3.12% 2.50% 1.28s
BQ 1.62% 2.39% 2.22% | 2.85s
DIFUSCO 1.84% 10.83% 5.77% | 30.68s
T2TCO 1.87% 9.72% 5.30% | 30.82s
ELG-POMO (Ours) \ 1.12% 5.90% \ 3.08% \ 0.63s

Table 2: Empirical results on TSPLIB covering cross-distribution
and cross-scale test instances.

Performance on real-world CVRP instances. We eval-
vate our method on four real-world instances, i.e.,
Antwerpl (Al), Antwerp2 (A2), Leuvenl (L1), and Leu-
ven2 (L2), with N € [3000, 7000] from CVRPLIB Set-XXL.
As shown in Table 3, the ELG-POMO method performs the
best on three instances and significantly reduces the optimal-
ity gap compared to other POMO-based methods.

Method | Al | A2 | LI | L2

POMO 112.27% | 159.22% | 75.30% | 78.16%

Sym-POMO 79.72% | 179.55% | 170.44% | 179.55%

Omni-POMO 4252% | 48.59% | 22.79% | 60.39%

LEHD 18.90% | 26.40% | 14.04% | 26.30%

BQ 1121% | 15.02% | 13.27% | 24.00%
|

ELG-POMO (Ours) | 10.70% 17.69% | 10.77% | 21.80%

Table 3: Empirical results on four real-world instances from CVR-
PLIB Set-XXL with N € [3000, 7000].

Comparison to non-learning heuristic solvers. We can
observe from Table 1 that the time consumption of ELG-
POMO is smaller than LKH3 and HGS (1.90s vs. 16m).
However, its optimality gap is worse, even when HGS uses
less time, implying that further improvement needs to be done
for neural construction methods in the future.

Runtime. As shown in Tables 1 and 2, ELG-POMO costs a
lower runtime than BQ and diffusion model-based methods.
Compared to the pure POMO method, introducing an addi-
tional local policy increases the time cost, but is acceptable.
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4.3 Results on Synthetic Distributions

We also conduct experiments on small-scale instances gen-
erated from synthetic distributions. First, we will compare
ELG-POMO with AMDKD on small-scale instances from
four complex distributions to further verify the superiority of
ELG-POMO in cross-distribution generalization. Second, we
will show that the proposed ELG-POMO does not worsen the
in-distribution (scale) performance when improving the out-
of-distribution (scale) performance. In this subsection, we
report the gap of average objective values following the com-
mon setting [Kool et al., 2019; Bi et al., 2022].

Cross-distribution performance. AMDKD is the state-of-
the-art method for cross-distribution generalization [Bi ef al.,
2022]. As it is not designed for cross-scale generalization,
we present the comparison with AMDKD here. For fairness,
we retrain the POMO and ELG-POMO (denoted as POMO*
and ELG*) using three exampler distributions: uniform, clus-
ter, and cluster mixture, which are aligned with AMDKD.
Then we select four difficult distributions to evaluate them.
The results on TSP are shown in Table 4, where ELG* out-
performs AMDKD on three distributions with N = 100 and
four distributions with N = 200. The gap reductions on four
distributions with N = 200 are roughly 1.0%-1.9%, which
are very significant. Similar experimental results on CVRP
are presented in Appendix C.4 due to space limitation.

Distributions | Scale | POMO* | AMDKD | ELG*
Cluster N =100 | 0.45% 0.35% 0.36%
Mixture N =100 | 0.49% 0.41% 0.37%
Explosion N =100 | 0.29% 0.30% 0.23%
Rotation N =100 | 0.38% 0.32% 0.31%
Cluster N =200 | 2.63% 3.01% 1.84%
Mixture N =200 2.45% 3.50% 1.62%
Explosion N =200 | 2.18% 2.63% 1.43%
Rotation N =200 2.33% 2.54% 1.58%

Table 4: Empirical results on TSP instances with four difficult syn-
thetic distributions.

In-distribution test performance. We train and test all the
methods on uniform instances with N = 100. The results
are shown in Table 5, where we use the solutions gener-
ated by Concorde [Applegate et al., 2006] and LKH3 as the
BKS for TSP and CVRP, respectively, to compute gaps. For
TSP100, the proposed ELG-POMO achieves competitive per-
formance to state-of-the-art methods for TSP (Pointerformer
and T2TCO) with 0.04%-0.06% difference in the gap. For
CVRP100, ELG-POMO surpasses all the compared meth-
ods. Note that although BQ and LEHD improve the cross-
distribution and cross-scale generalization as shown in Ta-
bles 1 to 3, their in-distribution test results get worse than
POMO, except for BQ’s result on TSP100. On the contrary,
besides the clear advantage of cross-distribution and cross-
scale generalization, the proposed ELG-POMO can improve
the in-distribution performance to some extent, i.e., the intro-
duction of transferrable local policy also benefits the general-
ization to unseen in-distribution (scale) instances.
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Method \ TSP100 \ CVRP100
Concorde 0.00% -
LKH3 0.00% 0.00%
HGS - -0.52%
POMO 0.40% 1.34%
Sym-POMO 0.41% 1.43%
Pointerformer 0.16% -
LEHD 0.57% 3.64%
BQ 0.35% 2.76%
DIFUSCO 0.24% -
T2TCO 0.18% -
ELG-POMO (Ours) \ 0.22% \ 1.22%

Table 5: Empirical results on uniform instances with N = 100,
where “—” means that the method is not intended for that problem.

4.4 Ablation Studies

We conduct ablation studies on three components associated
with the local policy: normalized distance penalty, positional
encoding, and polar coordinates. The results show that these
components really contribute to improving performance, and
the proposed ELG method still achieves good generalization
performance even without these components. Detailed results
are provided in Appendix C.1 due to space limitation.

We also examine the influence of two new hyperparameters
introduced by the proposed method: the fixed penalty ¢ and
the local neighborhood size K. The results show that when
¢ and K are within reasonable ranges, they do not affect the
performance significantly. Detailed results are provided in
Appendix C.2 due to space limitation.

5 Conclusion

The generalization issue of NCO methods has prevented them
from real-world applications. In this paper, we propose to en-
semble a global policy and a transferrable local policy for
VRPs, where the global policy learns from the global in-
formation of a complete VRP graph, resulting in its strong
in-distribution learning capacity, and the local policy learns
from the local topological features which are insensitive to
the variation of node distribution and problem scale, lead-
ing to its good transferability. The combination of these two
complementary policies leads to better generalization, which
is verified by the extensive comparison with state-of-the-art
methods on two well-known benchmarks (i.e., TSPLIB and
CVRPLIB) covering diverse problem instances. A limitation
of the proposed method is that it costs more time to solve
very large-scale instances than divide-and-conquer methods
as shown in Appendix C.3. In future work, we will try to fur-
ther improve the latency and extend the proposed method to
more CO problems, such as the pickup-and-delivery problem.
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