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Fagin’s theorem (1974)

∃ second-order logic equivalent np turing machines

Example: Hamiltonian path

∃R (

“R is a strict total order” ∧

“R-successors are adjacent”

)

. . . 0 1 1 0 1 0 0 1 . . .

▸ Nondeterministic moves

▸ Polynomial running time
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some logical formalism equivalent some abstract machines

Formula class Φ

. . . 0 1 1 0 1 0 0 1 . . .
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Contribution

functional fixpoint logic

restricted to ordered graphs

equivalent distr. register automata

pfp
⎡
⎢
⎢
⎢
⎣

f1∶ ϕ1(f1, f2, in,out)

f2∶ ϕ2(f1, f2, in,out)

⎤
⎥
⎥
⎥
⎦
ψ

: (Q ×NR)+ →Q ×NR

▸ Finite-state & registers

▸ Synchronous execution
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Distributed register automata

▸ Connected, undirected network

▸ Synchronous execution

▸ Unique identifiers in N

: (Q ×NR)+ →Q ×NR

Q = {p, . . . ,q ′} ¢ states

R = {r1, r2, r3} ¢ registers

Transition maker can:

▸ compare registers (<),

▸ copy register values.

q

r1 r2 r3
35 17 66

p

r1 r2 r3
17 2 98

p ′

r1 r2 r3
24 5 66

q

r1 r2 r3
83 7 35

q

r1 r2 r3
35 17 66

p

r1 r2 r3
17 2 98

p ′

r1 r2 r3
24 5 66

q

r1 r2 r3
83 7 35

q ′

r1 r2 r3
35 2 83

↦
q̃

r̃1 r̃2 r̃3 r̃4
35 2 83 98
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▸ Unique identifiers in N

: (Q ×NR)+ →Q ×NR

Q = {p, . . . ,q ′} ¢ states

R = {r1, r2, r3} ¢ registers

Transition maker can:

▸ compare registers (<),

▸ copy register values.

q

r1 r2 r3
35 17 66

p

r1 r2 r3
17 2 98

p ′

r1 r2 r3
24 5 66

q

r1 r2 r3
83 7 35

q

r1 r2 r3
35 17 66

p

r1 r2 r3
17 2 98

p ′

r1 r2 r3
24 5 66

q

r1 r2 r3
83 7 35

q ′

r1 r2 r3
35 2 83

↦
q̃

r̃1 r̃2 r̃3 r̃4
35 2 83 98

5 / 9



Computing a spanning tree

Q = {a,b, c} with a initial

R = {self, parent, root}

A. If ∃ neighbor nb (nb.root < my.root):

my.parent← nb.self

my.root← nb.root

my.state← a

B. If ∀ neighbor nb {
nb.root = my.root ∧

(nb.parent ≠ my.self ∨ nb.state = b)
}:

my.state← b

C. If (my.root = my.self ∧ my.state = b) ∨ (my.parent.state = c):

my.state← c
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Contribution

functional fixpoint logic

restricted to ordered graphs

equivalent distr. register automata

pfp
⎡
⎢
⎢
⎢
⎣

f1∶ ϕ1(f1, f2, in,out)

f2∶ ϕ2(f1, f2, in,out)

⎤
⎥
⎥
⎥
⎦
ψ

: (Q ×NR)+ →Q ×NR

▸ Finite-state & registers

▸ Synchronous execution



Hamiltonian cycle

∃f

⎛
⎜
⎜
⎜
⎝

f follows edges

³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ

∀x(f(x)⥋ x)

∧

f is surjective

³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ

∀y∃x(f(x) = y)

∧

∀S(

[∃x(x ∈ S)

∧ ∀y(y ∈ S⇒ f(y) ∈ S)

]

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
S is nonempty and closed under f

⇒

∀x(x ∈ S)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
S covers all

)

⎞
⎟
⎟
⎟
⎠

function

set
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Functional fixpoint logic

Extends first-order logic with a partial fixpoint operator:

pfp
⎡
⎢
⎢
⎢
⎢
⎢
⎣

f1

∶ ϕ1(f1, . . . , fn, in,out)

⋮

fn

∶ ϕn(f1, . . . , fn, in,out)

⎤
⎥
⎥
⎥
⎥
⎥
⎦

ψ

To compute the partial fixpoint:

⎛
⎜
⎝

f01 = id

⋮

f0n = id

⎞
⎟
⎠
↦

⎛
⎜
⎝

f11
⋮

f1n

⎞
⎟
⎠
↦

⎛
⎜
⎝

f21
⋮

f2n

⎞
⎟
⎠
↦ ⋯

⎛
⎜
⎝

f∞1
⋮

f∞n

⎞
⎟
⎠
=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎛
⎜
⎝

fk1
⋮

fkn

⎞
⎟
⎠

if ∃k ∶
⎛
⎜
⎝

fk1
⋮

fkn

⎞
⎟
⎠
=
⎛
⎜
⎝

fk+11

⋮

fk+1n

⎞
⎟
⎠

⎛
⎜
⎝

id

⋮

id

⎞
⎟
⎠

otherwise

On ordered graphs:
pfp can express quantification over functions and sets.

Binds the

function

variables

f1, . . . , fn.

Self-referential

definition of f1
using free node

variables in, out.
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Contribution

functional fixpoint logic

restricted to ordered graphs

equivalent distr. register automata

pfp
⎡
⎢
⎢
⎢
⎣

f1∶ ϕ1(f1, f2, in,out)

f2∶ ϕ2(f1, f2, in,out)

⎤
⎥
⎥
⎥
⎦
ψ

: (Q ×NR)+ →Q ×NR

▸ Finite-state & registers

▸ Synchronous execution



Perspectives

logical descriptions:

▸ A tool to specify and synthesize distributed algorithms?

▸ The key to a complexity theory for distributed computing?

▸ Forces us to formalize our models of computation.

▸ Can help to identify natural and robust classes of algorithms.

▸ Transfers classical complexity theory to the distributed se�ing.

Thanks!
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