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Abstract

We present an Isabelle/HOL formalization and total correctness
proof for the incremental version of the Simplex algorithm which is
used in most state-of-the-art SMT solvers. It supports extraction of
satisfying assignments, extraction of minimal unsatisfiable cores, incre-
mental assertion of constraints and backtracking. The formalization
relies on stepwise program refinement, starting from a simple specifi-
cation, going through a number of refinement steps, and ending up in
a fully executable functional implementation. Symmetries present in
the algorithm are handled with special care.
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1 Introduction

This formalization closely follows the simplex algorithm as it is described
by Dutertre and de Moura [1].

The original formalization has been developed and is extensively de-
scribed by Spasi¢ and Marié¢ [3]. It features a front-end that for a given set
of constraints either returns a satisfying assignment or the information that
it is unsatisfiable.

The original formalization was extended by Thiemann in three different
ways.

e The extended simplex method returns a minimal unsatisfiable core
instead of just a bit “unsatisfiable”.

e The extension also contains an incremental interface to the simplex
method where one can dynamically assert and retract linear con-
straints. In contrast, the original simplex formalization only offered
an interface which demands all constraints as input and which restarts
the computation from scratch on every input.

e The optimization of eliminating unused variables in the preprocessing
phase [1, Section 3| has been integrated in the formalization.

The first two of these extensions required the introduction of indezed con-
straints in combination with generalised lemmas. In these generalisations,
global constraints had to be replaced by arbitrary (indexed) subsets of con-
straints.



2 Auxiliary Results

theory Simplex-Auziliary
imports
HOL— Library. Mapping
begin

lemma map-reindex:
assumes V i < length . g (1!4) = f1i
shows map f [0..<length l] = map g1
using assms
by (induct I rule: rev-induct) (auto simp add: nth-append split: if-splits)

lemma map-parametrize-idz:
map f1=map (\i. f (I!1)) [0..<length ]
by (induct I rule: rev-induct) (auto simp add: nth-append)

lemma last-tl:
assumes length | > 1
shows last (tl 1) = last
using assms
by (induct ) auto

lemma hd-il:
assumes length | > 1
shows hd (t11) =111
using assms
by (induct ) (auto simp add: hd-conv-nth)

lemma butlast-empty-conv-length:
shows (butlast | = []) = (length 1 < 1)
by (induct ) (auto split: if-splits)

lemma butlast-nth:
assumes n + 1 < length [
shows butlast [ ! n=11n
using assms
by (induct I rule: rev-induct) (auto simp add: nth-append)

lemma last-take-conv-nth:
assumes 0 < n n < length [
shows last (take nl) =1!(n — 1)
using assms
by (cases | = []) (auto simp add: last-conv-nth min-def)

lemma tl-nth:



assumes [ # ||

shows tll!n=1!(n+ 1)
using assms

by (induct l) auto

lemma interval-3split:
assumes ¢ < n
shows [0..<n] = [0..<i] Q [{] @ [i+1..<n]
proof—
have [0..<n] = [0..<i 4+ 1] Q [i + 1..<n]
using upt-add-eg-append[of 01 + 1 n — i — 1]
using i < n»
by (auto simp del: upt-Suc)
then show ?thesis
by simp
qed

abbreviation list-min [ = foldl min (hd ) (¢l 1)
lemma list-min-Min[simp|: | # [| = list-min | = Min (set )
proof (induct | rule: rev-induct)
case (snoc a l’)
then show “case
by (cases I’ = []) (auto simp add: ac-simps)
qed simp

definition min-satisfying :: (('a::linorder) = bool) = 'a list = 'a option where
min-satisfying P | =
let xs = filter Pl in
if xs =[] then None else Some (list-min xs)

lemma min-satisfying-None:
min-satisfying P | = None —»
(V z € setl - Px)
unfolding min-satisfying-def Let-def
by (simp add: filter-empty-conv)

lemma min-satisfying-Some:
min-satisfying P 1l = Some © —
ze€setl NPz AN 2 €setl 2/ <x— - Pz’
proof (safe)
let 9xs = filter Pl
assume min-satisfying P | = Some z
then have set %zs # {} = = Min (set %xs)
unfolding min-satisfying-def Let-def
by (auto split: if-splits simp add: filter-empty-conv)
then show z € set I Pz
using Min-in[of set ?xs]



by simp-all
fix z’
assume z’' € set [Pz’ 2/ < x
have 2’ ¢ set ?uxs
proof (rule ccontr)
assume — ?thesis
then have z’ > z
using <z = Min (set ?xs)»
by simp
then show Fulse
using «z’ <
by simp
qed
then show Fulse
using <z’ € set Iy <P z”
by simp
qed

lemma min-element:
fixes k :: nat
assumes 3 (m:nat). P m
shows 3 mm. P mm A (Y m’. m’ < mm — = P m’)
proof—
from assms obtain m where P m
by auto
show ?thesis
proof (cases Vm'<m. - P m’)
case True
then show %thesis
using <P m)
by auto
next
case Fulse
then show ?thesis
proof (induct m)
case (
then show Zcase
by auto
next
case (Suc m’)
then show ?Zcase
by (cases = (Vm'a<m’. = P m’a)) auto
qed
qged
qed



lemma finite-fun-args:
assumes finite AY a € A. finite (B a)
shows finite {f. (V a. ifa € A then fa € Baelse fa = f0 a)} (is finite (?F A))
using assms
proof (induct)
case empty
have ?F {} = {\ z. f0 x}
by auto
then show ?case
by auto
next
case (insert a A')
then have finite (?F A’
by auto
let of =X f. {f . (V a' ifa=a"thenf' a € Baelsef a'=fa)}
have V f € ?F A'. finite (?f f)
proof
fix f
assume f € ?F A’
then have ?ff = (A b. f (a:=1)) ‘Ba
by (force split: if-splits)
then show finite (?f f)
using YV a€insert a A'. finite (B a)»
by auto
qed
then have finite (|J (9f ‘ (?F A")))
using «finite (?F A')»
by auto
moreover
have ?F (insert a A") = (9f  (?F A"))
proof
show ?F (insert a A’) C|J (9f * (?F A"))
proof
fix f
assume f € ?F (insert a A"
then have f € ?f (f (a:= f0a)) f (a:=f0a) € ?F A’
using «a ¢ A"
by auto
then show f € |J (9f < (?F A'))
by blast
qed
next
show |J (?f * (¢F A')) C ¢F (insert a A')
proof



fix f
assume f € |J (9f ‘ (?F A7)
then obtain f0 where f0 € ?F A’ f € ?f f0
by auto
then show f € ?F (insert a A’)
using <a ¢ A"
by (force split: if-splits)
qed
qed
ultimately
show ?Zcase
by simp
qed

lemma foldl-mapping-update:
assumes X € set [ distinct (map f1)
shows Mapping.lookup (foldl (Am a. Mapping.update (f a) (g a) m) il) (f X) =
Some (g X)
using assms
proof (induct | rule:rev-induct)
case Nil
then show ?case
by simp
next
case (snoc h t)
show ?Zcase
proof (cases fh = f X)
case True
then show %thesis using snoc by (auto simp: lookup-update)
next
case Fulse
show ?thesis by (simp add: lookup-update’ False, rule snoc, insert False snoc,
auto)
qed
qed

end

theory Rel-Chain
imports
Simplex- Auziliary
begin

definition
rel-chain :: 'a list = (‘a x 'a) set = bool



where
rel-chain lr = ¥V k < lengthl — 1. (I k, 11 (k+ 1)) €r)

lemma
rel-chain-Nil: rel-chain [] r and
rel-chain-Cons: rel-chain (x # xzs) r = (if s = [| then True else ((x, hd zs) € )

A rel-chain s r)
by (auto simp add: rel-chain-def hd-conv-nth nth-Cons split: nat.split-asm nat.split)

lemma rel-chain-drop:
rel-chain | R ==> rel-chain (drop nl) R
unfolding rel-chain-def
by simp

lemma rel-chain-take:
rel-chain | R ==> rel-chain (take n 1) R
unfolding rel-chain-def
by simp

lemma rel-chain-butlast:
rel-chain | R ==> rel-chain (butlast I) R
unfolding rel-chain-def
by (auto simp add: butlast-nth)

lemma rel-chain-tl:
rel-chain | R ==> rel-chain (tl1) R
unfolding rel-chain-def
by (cases | = []) (auto simp add: tl-nth)

lemma rel-chain-append:
assumes rel-chain | R rel-chain I’ R (last I, hd l') € R
shows rel-chain (1 @ ') R
using assms
by (induct ) (auto simp add: rel-chain-Cons split: if-splits)

lemma rel-chain-appendD:
assumes rel-chain (I @ ") R
shows rel-chain | R rel-chain " R1# [ AN1U'# [| — (last |, hd ') € R
using assms
by (induct ) (auto simp add: rel-chain-Cons rel-chain-Nil split: if-splits)

lemma rtrancl-rel-chain:

(z,y) ER* «— 3 LI#A[ANhdl =1z Alastl =y A rel-chain | R)

(is ?lhs = %rhs)
proof

assume ?lhs

then show ?rhs

by (induct rule: converse-rtrancl-induct) (auto simp add: rel-chain-Cons)

next



assume ?rhs
then obtain [ where | # [| hd | = z last | = y rel-chain | R
by auto
then show ?lhs
by (induct | arbitrary: z) (auto simp add: rel-chain-Cons, force)
qed

lemma trancl-rel-chain:
(z,y) e RT «— 3 L.I#[ Alengthl> 1 AN hdl =2z A last | = y A rel-chain
I R) (is ?lhs <— ?2rhs)
proof
assume ?lhs
then obtain z where (z, z) € R (2, y) € R*
by (auto dest: tranclD)
then obtain [ where [ # [| A hdl =z A last | = y A rel-chain | R
by (auto simp add: rtrancl-rel-chain)
then show ?rhs
using «(z, 2) € R
by (rule-tac x=x # [ in exl) (auto simp add: rel-chain-Cons)
next
assume ?rhs
then obtain [ where I < length Il # [] hd l = z last | = y rel-chain | R
by auto
then obtain !’ where
UV'#([|l=x#1U (z,hdl’) € R rel-chain l' R
using <1 < length [
by (cases 1) (auto simp add: rel-chain-Cons)
then have (z, hd l') € R (hd l', y) € R*
using <last | = y»
by (auto simp add: rtrancl-rel-chain)
then show ?%lhs
by auto
qed

lemma rel-chain-elems-rtrancl:
assumes rel-chain I R ¢ < jj < length 1
shows (I!4,1!j4) € R*
proof (cases i = j)
case True
then show ?thesis
by simp
next
case Fulse
then have i < j
using i < )
by simp
then have [ # ||
using <j < length I
by auto



let 2l = drop i (take (j + 1) 1)

have 2 # ||
using i < j» <j < length
by simp
moreover
have hd 2l =111
using <7l # []» «i < )
by (auto simp add: hd-conv-nth)
moreover
have last 2l =11 j
using <?l £ [ <L #£ [P <@ < j» j < length Iy
by (cases length | = j + 1) (auto simp add: last-conv-nth min-def)
moreover
have rel-chain ?l R
using <rel-chain | R»
by (auto intro: rel-chain-drop rel-chain-take)
ultimately
show ?thesis
by (subst rtrancl-rel-chain) blast
qged

lemma reorder-cyclic-list:
assumes hdl = slastl = slengthl > 2 sl + 1 < length |
rel-chain [ r
obtains [’ :: 'a list
where hd I’ = 1! (sl + 1) last I" = 1! sl rel-chain 1’ v length ' = length | — 1
Y i. i+ 1 < length I’ —
Fii+1<lengthlANUVi=11jAUIGE+1)=1'(G+1))
proof—
have [ # ||
using <length | > 2»
by auto

have length (t11) > 1t 1 # ||
using <length | > 2»
by (auto simp add: length-0-conv[ THEN sym])

let ?I’ = if sl = 0 then
tll
else
drop (sl + 1) 1@ ¢l (take (sl + 1) 1)

have hd ?2I' =1 (sl + 1)
proof (cases sl > 0, simp-all)
show hd (t 1) =1 (Suc 0)

using «tl 1 # []p <l # [P
by (simp add: hd-conv-nth tl-nth)
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next
assume 0 < sl
show hd (drop (Suc sl) 1 Q ¢l (take (Suc sl) 1)) = 1! (Suc sl)
using sl + 1 < length I <l # [|»
by (auto simp add: hd-append hd-drop-conv-nth)
qed

moreover

have last 21’ = 1! sl
proof (cases sl > 0, simp-all)
show last (¢l 1) =110
using <[ # []» «last | = s» <hd 1 = s <length | > 2>
by (simp add: hd-conv-nth last-tl)
next
assume s/ > 0
then show last (drop (Suc sl) | @ ¢l (take (Suc sl) 1)) =11 sl
using <[ £ [p «tl L # [P <sl + 1 < length Iy
by (auto simp add: last-append drop-Suc tl-take last-take-conv-nth tl-nth)
qed

moreover

have rel-chain 21’ r
proof (cases sl = 0, simp-all)
case True
show rel-chain (tl 1) r
using «<rel-chain [ r»
by (auto intro: rel-chain-tl)
next
assume sl > 0
show rel-chain (drop (Suc sl) | @ tl (take (Suc sl) 1)) r
proof (rule rel-chain-append)
show rel-chain (drop (Suc sl) 1) r
using «<rel-chain [
by (auto intro: rel-chain-drop)
next
show rel-chain (tl (take (Suc sl) 1)) r
using <rel-chain [
by (auto intro: rel-chain-tl rel-chain-take)
next
have last (drop (sl + 1)) =110
using <sl + 1 < length I <last | = s» <hd 1 = s <l # [
by (auto simp add: hd-conv-nth)
moreover
have sl > 0 — tl (take (sl + 1) 1) # [|
using «sl + 1 < length I <l # [ «tll # [
by (auto simp add: take-Suc)
then have sl > 0 — hd (# (take (sl + 1) 1)) =111

11



using <l # []»
by (auto simp add: hd-conv-nth take-Suc tl-nth)

ultimately

show (last (drop (Suc sl) 1), hd (# (take (Suc sl) 1)) € r
using <rel-chain [ > <length | > 2> «sl > 0>
unfolding rel-chain-def
by simp

qed
qed

moreover

have length ?l' = length | — 1
by auto

ultimately

obtain [’ where *: I'= 21" hd I’ =1 (sl + 1) last I’ =1 sl rel-chain I’ r length
l!=length | — 1
by auto

have l'-I: ¥V i. i + 1 < length l' —
BFjij+1<lengthl ANV Vi=11jAVUV(Gi+1)=1!(G+ 1))
proof (safe)
fix i
assume i + 1 < length I’
show 3 j.j+ 1 <length INUVi=11jAUV i+ 1)=1'(G(+1)
proof (cases sl = 0)
case True
then show ?thesis
using i + 1 < length I
using <!’ = 21 A # [p
by (force simp add: tl-nth)
next
case Fulse
then have length |’ = length | — 1
using I’ = 21 «sl + 1 < length Iy
by (simp add: min-def)
then have i + 2 < length [
using «i + 1 < length I’
by simp

show ?thesis
proof (cases i + 1 < length (drop (sl + 1) 1))
case True
then show ?thesis
using sl # 0) I’ = 21"
by (force simp add: nth-append)
next

12



case Fulse
show ?thesis
proof (cases i + 1 > length (drop (sl + 1) 1))
case True
then have i + 1 > length | — (sl + 1)
by auto
have
U1i=118uc (i — (length I — Suc sl))
U1 (@i+1)=1"Suc (Suci— (length I — Suc sl))
using i + 2 < length Iy «<sl + 1 < length I
using < + 1 > length | — (sl + 1)»
using sl # 0> ' = 21 <l # [
using tl-nth[of take (sl + 1) 1 i — (length | — Suc sl)]
using tl-nthlof take (sl + 1) 1 Suc i — (length I — Suc sl)]
by (auto simp add: nth-append)

have Suc (i — (length | — Suc sl)) = i + sl + 1 — length | + 1
Suc (Suc i — (length | — Suc sl)) = (i + sl + 1 — length | + 1) + 1
i+ sl+ 1 —lengthl + 1+ 1 < lengthl
using <sl + 1 < length [»
using i + 1 > length | — (sl + 1)
using i + 2 < length I»
by auto

have ' i =11 (i+ sl + 1 — lengthl + 1)
using (' i = 1! Suc (i — (length | — Suc sl))»
by (subst «Suc (i — (length | — Suc sl)) =i + sl + 1 — length | +
1>[THEN sym))
moreover
have I'! (i + 1) =1!'((i +sl+ 1 — lengthl+ 1)+ 1)
using «(’! (i + 1) = 1! Suc (Suc i — (length | — Suc sl))»
by (subst «Suc (Suc i — (length | — Suc sl)) = (i + sl + 1 — length | +
1) + 1Y [THEN sym))
ultimately
show ?thesis
using <i + sl + 1 — length l + 1 + 1 < length D)
by force
next
case Fulse
then have ¢ + 1 = length | — sl — 1
using «— i + I < length (drop (sl + 1) 1)
by simp
then have lengthl — 1 = sl + i + 1
by auto
then have [ ! Suc (sl + i) = last |
using last-conv-nth[of |, THEN sym] <l # []»
by simp
then show ?thesis
using i + 1 = length | — sl — 1>

13



using (' = 21" «sl # 0> <l # [

using tl-nth[of take (sl + 1) 1 0]

using <hd | = s <last | = s»

by (force simp add: nth-append hd-conv-nth)

qged
qed
qed
qed

then show thesis
using * [’-]
apply —

qed

end

3 Linearly Ordered Rational Vectors

theory Simplez-Algebra
imports
HOL.Rat
HOL.Real-Vector-Spaces
begin

class scaleRat =
fixes scaleRat :: rat = 'a = ’a (infixr xR 75)
begin

abbreviation
divideRat :: 'a = rat = 'a (infix]l /R 70)
where
z /R r == scaleRat (inverse r) x
end

class rational-vector = scaleRat + ab-group-add +

assumes scaleRat-right-distrib: scaleRat a (z + y) = scaleRat a © + scaleRat a

Y

and scaleRat-left-distrib: scaleRat (a + b) © = scaleRat a © + scaleRat b x
and scaleRat-scaleRat: scaleRat a (scaleRat b x) = scaleRat (a * b)

and scaleRat-one: scaleRat 1 x = x

interpretation rational-vector:
vector-space scaleRat :: rat = 'a = 'a::rational-vector

by (unfold-locales) (simp-all add: scaleRat-right-distrib scaleRat-left-distrib scaleRat-scaleRat

scaleRat-one)

class ordered-rational-vector = rational-vector + order

14



class linordered-rational-vector = ordered-rational-vector + linorder +
assumes plus-less: (a::'a) < b= a + ¢ < b + ¢ and
scaleRat-less1: [(a::'a) < b; k > 0] = (k *R a) < (k =R b) and
scaleRat-less2: [(a::'a) < by k < 0] = (k *R a) > (k *R b)
begin

lemma scaleRat-leql: [ a < b; k> 0] = k+«+R a <k *R b
unfolding le-less
using scaleRat-lessl[of a b k]
by auto

lemma scaleRat-leg2: [ a < b; k < 0] = k+«R a >k *R b
unfolding le-less
using scaleRat-less2[of a b k]
by auto

lemma zero-scaleRat
[simp]: 0 xR v = zero
using scaleRat-left-distriblof 0 0 v]
by auto

lemma scaleRat-zero
[simp]: a xR (0::'a) = 0
using scaleRat-right-distriblof a 0 0]
by auto

lemma scaleRat-uminus [simp]:
—1 xRz =— (z: 'a)
proof—
have 0 = -1 «xRz + =z
using scaleRat-left-distriblof —1 1 x]
by (simp add: scaleRat-one)
have -z =0 — z

by simp

then have —x = —1 xRz +z — ¢
using <0 = —1 xRz + o
by simp

then show ?thesis
by (simp add: add-assoc)
qed

lemma minus-lt: (a::'a) < b+— a—b< 0
using plus-less[of a b —b]
using plus-less[of a — b 0 b)
by (auto simp add: add-assoc)

lemma minus-gt: (a::'a) < b+— 0 <b—a

using plus-less[of a b —a]
using plus-less[of 0 b—a a]
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by (auto simp add: add-assoc)

lemma minus-leq:
(ai’a) <b+— a—-0<0
proof—
have x: a < b= a — b < (0 = 'a)
using minus-gt[of a b]
using scaleRat-less2[of 0 b—a —1]
by (auto simp add: not-less-iff-gr-or-eq)
have xx: ¢ — 0 < 0 = a < D
proof—
assume a — b < 0
show ?thesis
proof(cases a — b < 0)
case True
then show ?thesis
using plus-less[of a — b 0 b]
by (simp add: add-assoc )
next
case Fulse
then show ?thesis
using <a — b < O
by (simp add:antisym-convl)
qed
qed
show ?thesis
using * xx
by auto
qed

lemma minus-geq: (a::'a) < b+— 0<b—a
proof—
have x:: a < b— 0<b— a
using minus-gt[of a b]
by (auto simp add: not-less-iff-gr-or-eq)
have xx: 0 < b—a=— a<b
proof—
assume 0 < b — a
show ?thesis
proof(cases 0 < b — a)
case True
then show ?thesis
using plus-less[of 0 b — a a]
by (simp add: add-assoc)
next
case Fulse
then show ?thesis
using 0 < b —
using order.eq-iff [of b — a 0]
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by auto
qed
qed
show ?thesis
using * xx
by auto
qed

lemma divide-It:
[e *xR (a::'a) < b; (curat) > 0] = a < (1/c) xR b
using scaleRat-lessl[of ¢ xR a b 1/]
by (simp add: scaleRat-one scaleRat-scaleRat)

lemma divide-gt:
[e *xR (a::'a) > b;(ciirat) > 0] = a > (1/c) *R b
using scaleRat-lessl[of b ¢ xR a 1/]
by (simp add: scaleRat-one scaleRat-scaleRat)

lemma divide-leq:
[e *R (a::'a) < b; (cirat) > 0] = a < (1/c) xR b
proof(cases ¢ xR a < b)
assume c > 0
case True
then show ?thesis
using divide-lt[of ¢ a b]
using <c > 0>
by simp
next
assume c xR a < be >0
case Fulse
then have *: ¢ xR a = b
using ¢ *R a < b»
by simp
then show ?thesis
using <¢ > 0>
by (auto simp add: scaleRat-one scaleRat-scaleRat)
qed

lemma divide-geq:
[e *R (a::'a) > b; (curat) > 0] = a > (1/c) *R b
proof(cases ¢ xR a > b)
assume c > (
case True
then show ?thesis
using divide-gt[of b ¢ d]
using <¢ > 0
by simp
next
assume c xR a>bc > 0

17



case Fulse
then have x: ¢ xR a =0
using <c *R a > b
by simp
then show ?thesis
using <c > 0>
by (auto simp add: scaleRat-one scaleRat-scaleRat)
qed

lemma divide-It1:
[e xR (a::'a) < b; (curat) < 0] = a > (1/c) *R b
using scaleRat-less2[of ¢ xR a b 1/]
by (simp add: scaleRat-scaleRat scaleRat-one)

lemma divide-gt1:
[e xR (a::'a) > b; (curat) < 0] = a < (1/c) *R b
using scaleRat-less2[of b ¢ xR a 1/]
by (simp add: scaleRat-scaleRat scaleRat-one)

lemma divide-leq1:
[e *xR (a::'a) < b; (cirat) < 0] = a > (1/c) xR b
proof(cases ¢ xR a < b)
assume c < 0
case True
then show ?thesis
using divide-lt1[of ¢ a b
using ¢ < O»
by simp
next
assume c ¥*Ra < be< 0
case Fulse
then have *: ¢ xR a =)
using <c xR a < b
by simp
then show ?thesis
using <¢c < 0>
by (auto simp add: scaleRat-one scaleRat-scaleRat)
qged

lemma divide-geql:
[e *xR (a::'a) > b; (curat) < 0] = a < (1/c) *R b
proof(cases ¢ xR a > b)
assume c < 0
case True
then show ?thesis
using divide-gt1[of b ¢ a]
using <¢c < 0>
by simp
next
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assume c xR a>bc <0
case Fulse
then have x: ¢ xR a =10
using <c *R a > b
by simp
then show ?thesis
using ¢ < 0»
by (auto simp add: scaleRat-one scaleRat-scaleRat)
qed

end

class Irv = linordered-rational-vector + one +
assumes zero-neg-one: 0 #* 1

subclass (in linordered-rational-vector) ordered-ab-semigroup-add
proof
fixabc
assume a < b
then show c +a < c+ b
using plus-less[of a b ]
by (auto simp add: add-ac le-less)
qed

instantiation rat :: rational-vector

begin

definition scaleRat-rat :: rat = rat = rat where
[simp]: z xRy =z %y

instance by standard (auto simp add: field-simps)

end

instantiation rat :: ordered-rational-vector
begin

instance ..

end

instantiation rat :: linordered-rational-vector
begin

instance by standard (auto simp add: field-simps)
end

instantiation rat :: Irv

begin

instance by standard (auto simp add: field-simps)
end

lemma uminus-less-lrv[simp]: fixes a b :: 'a :: lrv

shows —a < —b+— b<a
proof —

19



have (—a < — b) = (=1 *R a < —1 *R b) by simp
also have ... «+— (b < a)
using scaleRat-less2[of - - —1] scaleRat-less2[of —1 *R a —1 *R b —1] by
auto
finally show ?thesis .
qed

end

4 Linear Polynomials and Constraints

theory Abstract-Linear-Poly
imports
Simplez-Algebra
begin

type-synonym var = nat
(Infinite) linear polynomials as functions from vars to coeffs

definition fun-zero :: var = ’'a::zero where
[simp]: fun-zero == X v. 0

definition fun-plus :: (var = 'a) = (var = 'a) = var = ’a::plus where
[simp]: fun-plus f1 f2 == X v. fl v+ f20

definition fun-scale :: 'a = (var = 'a) = (var = 'a::ring) where
[simp]: fun-scale ¢ f == X v. cx(f v)

definition fun-coeff :: (var = 'a) = var = 'a where
[simp]: fun-coeff f var = f var

definition fun-vars :: (var = 'a::zero) = var set where
[simp]: fun-vars f = {v. fv # 0}

definition fun-vars-list :: (var = 'a::zero) = wvar list where
[simp]: fun-vars-list [ = sorted-list-of-set {v. fv # 0}

definition fun-var :: var = (var = 'a::{zero,one}) where
[simp]: fun-var x = (A z’. if ' = z then 1 else 0)

type-synonym ’a valuation = var = 'a

definition fun-valuate :: (var = rat) = 'a valuation = ('a::rational-vector) where
[simp]: fun-valuate Ip val = (3" x€{v. Ip v # 0}. Ip © *R val x)

Invariant — only finitely many variables

definition inv where
[simp]: inv ¢ == finite {v. c v # 0}

lemma inv-fun-zero [simp):
v fun-zero by simp

lemma inv-fun-plus [simp]:

[inv (f1 :: nat = 'a:monoid-add); inv f2] = inv (fun-plus f1 f2)
proof—

have «: {v. flv+ f2v # (0 : 'a)} C{v. flv# (0= 'a)} U {v. f2v# (0
‘a)}
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by auto
assume nv f1 inv f2
then show ?thesis
using x
by (auto simp add: finite-subset)
qed

lemma inv-fun-scale [simp]:
inv (f :: nat = 'a:ring) = inv (fun-scale r f)
proof—
have x: {v. r * (fv) # 0} C {v. fv # 0}
by auto
assume nv f
then show ?thesis
using x
by (auto simp add: finite-subset)
qed

linear-poly type — rat coeffs

typedef linear-poly = {c :: var = rat. inv c}
by (rule-tac =X v. 0 in exl) auto

Linear polynomials are of the form a1-x1+...4a, x,. Their formalization
follows the data-refinement approach of Isabelle/HOL [2]. Abstract repre-
sentation of polynomials are functions mapping variables to their coefficients,
where only finitely many variables have non-zero coefficients. Operations on
polynomials are defined as operations on functions. For example, the sum
of p1 and py is defined by Av. p1 v + ps v and the value of a polynomial p
for a valuation v (denoted by p{v]}), is defined by >z | p  # (0::'b). p = *
v z. Executable representation of polynomials uses RBT mappings instead
of functions.

setup-lifting type-definition-linear-poly
Vector space operations on polynomials

instantiation linear-poly :: rational-vector
begin

lift-definition zero-linear-poly :: linear-poly is fun-zero by (rule inv-fun-zero)

lift-definition plus-linear-poly :: linear-poly = linear-poly = linear-poly is fun-plus
by (rule inv-fun-plus)

lift-definition scaleRat-linear-poly :: rat = linear-poly = linear-poly is fun-scale
by (rule inv-fun-scale)

definition uminus-linear-poly :: linear-poly = linear-poly where
uminus-linear-poly lp = —1 *R lp
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definition minus-linear-poly :: linear-poly = linear-poly = linear-poly where
minus-linear-poly Ip1 Ip2 = Ip1 + (— p2)

instance
proof
fix a b c:linear-poly
show a + b + ¢ = a + (b + ¢) by (transfer, auto)
show a + b = b + a by (transfer, auto)
show 0 + a = a by (transfer, auto)
show —a + a = 0 unfolding uminus-linear-poly-def by (transfer, auto)
show a — b = a + (— b) unfolding minus-linear-poly-def ..
next
fix a :: rat and x y :: linear-poly
show a %R (z + y) = a xR = + a %R y by (transfer, auto simp: field-simps)
next
fix a b::rat and x::linear-poly
show (a + b) *R 2 = a *R z + b xR z by (transfer, auto simp: field-simps)
show a *R b xR x = (a x b) xR z by (transfer, auto simp: field-simps)
next
fix z::linear-poly
show 1 xR z = z by (transfer, auto)
qged

end
Coefficient
lift-definition coeff :: linear-poly = var = rat is fun-coeff .

lemma coeff-plus [simp] : coeff (Ip1 + Ip2) var = coeff Ip1 var + coeff Ip2 var
by transfer auto

lemma coeff-scaleRat [simp]: coeff (k *R Ip1) var = k x coeff Ip1 var
by transfer auto

lemma coeff-uminus [simp]: coeff (—Ip) var = — coeff lp var
unfolding uminus-linear-poly-def
by transfer auto

lemma coeff-minus [simp]: coeff (Ipl — Ip2) var = coeff Ip1 var — coeff Ip2 var
unfolding minus-linear-poly-def uminus-linear-poly-def
by transfer auto

Set of variables

lift-definition vars :: linear-poly = var set is fun-vars .

lemma coeff-zero: coeff p x # 0 +— x € vars p
by transfer auto
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lemma finite-vars: finite (vars p)
by transfer auto

List of variables
lift-definition vars-list :: linear-poly = wvar list is fun-vars-list .
lemma set-vars-list: set (vars-list lp) = vars lp
by transfer auto
Construct single variable polynomial
lift-definition Var :: var = linear-poly is fun-var by auto
Value of a polynomial in a given valuation

lift-definition valuate :: linear-poly = 'a valuation = (‘a::rational-vector) is fun-valuate

syntax

-valuate :: linear-poly = 'a valuation = 'a (- { - |})
translations

p{v}p == CONST valuate p v

lemma valuate-zero: (0 {vf) = 0
by transfer auto

lemma

valuate-diff: (p {vi]}) — (p {v2}) = p{ Az viz — 02z}
by (transfer, simp add: sum-subtractf[ THEN sym], auto simp: rational-vector.scale-right-diff-distrib)

lemma valuate-opposite-val:
shows p{Az. —vaf=—=(p{v]}
using valuate-diff[of p A z. 0 v
by (auto simp add: valuate-def)

lemma valuate-nonneg:
fixes v :: ‘a::linordered-rational-vector valuation
assumes V © € vars p. (coeff pr > 0 — vax > 0) A (coeff pz < 0 — vz <
0)
shows p { v |} > 0
using assms
proof (transfer, unfold fun-valuate-def, goal-cases)
case (1 pv)
from 1 have fin: finite {v. p v # 0} by auto
then show 0 < (> ze{v. pv # 0}. pz *R v z)
proof (induct rule: finite-induct)
case emply show ?case by auto
next
case (insert z F')
show ?case unfolding sum.insert[OF insert(1—2)]
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proof (rule order.trans[OF - add-mono[OF - insert(3)]])
show 0 < p z *R v x using scaleRat-leql[of 0 v z p 1]
using scaleRat-leq2[of vz 0 p x| 1(2)
by (cases p x > 0; cases p x < 0; auto)
qged auto
qed
qed

lemma valuate-nonpos:

fixes v :: ‘a::linordered-rational-vector valuation

assumes V z € vars p. (coeff pr > 0 — vax < 0) A (coeff pz < 0 — vz >
0)

shows p { v [} <0

using assms

using valuate-opposite-vallof p v]

using valuate-nonneglof p A z. — v z]

using scaleRat-leq2[of 0::'a - —1]

using scaleRat-leg2[of - 0::'a —1]

by force

lemma valuate-uminus: (—p) {v} = — (p {v})
unfolding uminus-linear-poly-def
by (transfer, auto simp: sum-negf)

lemma valuate-add-lemma:
fixes v :: 'a = 'b::rational-vector
assumes finite {v. f1 v # 0} finite {v. f2 v # 0}
shows
Ooze{v.flo+f2v#0}. (flx+ f22) *xRvzx) =
ze{v. flv#£ 0} flzxRovzx)+ (O xe{v. f2v#£ 0}. f2z xR v x)
proof—
let PA={v. flo+f2vA0}U{v.flo+f2v=0A(flv£0V f2v+#0)}
have A ={v. flv £ 0V f2v # 0}
by auto
then have
finite ?A
using assms
by (subgoal-tac {v. fl v# 0V f2v # 0} = {v. f1 v £ 0} U{v. f2v # 0})

auto

then have (> ze{v. flv+ f2v# 0}. (flz + f22) *xRvz) =
Oze{v. flo+ f2v# 0t U{v.flov+f2v=0A(flv#0V f2v+#0)}
(fl z + f2x) xR v x)
by (rule sum.mono-neutral-left) auto
alsohave ... = Oz e{v. flv# 0V f2v# 0}. (fl z + f2z) xR v x)
by (rule sum.cong) auto
alsohave ... = Yz e {v. flv# 0V f2v# 0}. flz *xRvz) +

SCze{v.flv#A0V f2v#0} f2z*Rvux)
by (simp add: scaleRat-left-distrib sum.distrib)
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also have ... = O ze{v. flv# 0}. flz xRvz) + (O z€{v. f2v # 0}. f2x
*R v x)
proof—
{
fix f1 f2::'a = rat
assume finite {v. f1 v # 0} finite {v. f2 v # 0}
then have finite {v. flv# 0V f2v# 0 A flv= 0}
by (subgoal-tac {v. flv# 0V f2v # 0} ={v. flv# 0} U {v. f2v # 0})
auto
have (> ze{v. flv# 0V f2v# 0}. flz xR vx) =
Sze{v. flo£ 0V (f2v# 0N flv=20)}. fl z«R v x)
by auto
also have ... = (> ze{v. f1 v # 0}. fl z xR v x)
using <finite {v. flv# 0V f2v# 0N flv=0}h
by (rule sum.mono-neutral-left{ THEN sym]) auto
ultimately have (> ze{v. flv# 0V f2v # 0}. fl z xR v x) =
S ze{v. flv# 0} fl z *R v x)
by simp
}
note x = this
show ?thesis
using assms
using *[of fI f2]
using *[of f2 f1]
by (subgoal-tac {v. f2v £ 0V flv# 0} ={v. flv# 0V f2v # 0}) auto
qged
ultimately
show ?thesis by simp
qed

lemma valuate-add: (p1 + p2) {v} = (p1 {o}) + (p2 {v})
by (transfer, simp add: valuate-add-lemma)

lemma valuate-minus: (pI — p2) {o} = (p1 {v}) — (p2 {v}})
unfolding minus-linear-poly-def valuate-add
by (simp add: valuate-uminus)

lemma valuate-scaleRat:
(c«R Ip) { v} =cxR(ipv})
proof (cases ¢=0)
case True
then show ?thesis
by (auto simp add: valuate-def zero-linear-poly-def Abs-linear-poly-inverse)
next
case Fulse
then have A v. Rep-linear-poly (¢ *R Ip) v = ¢ % (Rep-linear-poly Ip v)
unfolding scaleRat-linear-poly-def
using Abs-linear-poly-inverse[of Av. ¢ * Rep-linear-poly lp v]
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using Rep-linear-poly
by auto
then show ?thesis
unfolding valuate-def
using ¢ # 0»
by auto (subst rational-vector.scale-sum-right, auto)
qed

lemma valuate-Var: (Var z) {of} = v x
by transfer auto

lemma valuate-sum: (> z€A. fz){v ) = O z€A. (fz) {v]))

by (induct A rule: infinite-finite-induct, auto simp: valuate-zero valuate-add)

lemma distinct-vars-list:
distinct (vars-list p)
by transfer (use distinct-sorted-list-of-set in auto)

lemma zero-coeff-zero: p = 0 +— (¥ v. coeff p v = 0)
by transfer auto

lemma all-val:
assumes V (vivar = ‘azlrv). 3 0. (V 2 € vars p. vz = vz) A (p {v'} = 0)
shows p = 0
proof (subst zero-coeff-zero, rule alll)
fix z
show coeff p x = 0
proof (cases © € vars p)
case Fulse
then show ?thesis
using coeff-zero[of p z]
by simp
next
case True
have (0::a::lrv) # (1::'a)
using zero-neg-one
by auto

let v = X\ z’. if x = 2’ then 1 else 0::'a

obtain v/ where V z € vars p. v = vz p {v'} = 0
using assms
by (erule-tac x="%v in allE) auto

then have V z’ € vars p. v/ 2’ = (if x = z’ then 1 else 0) p {v'} = 0
by auto

let ?fp = Rep-linear-poly p

have {z. ?fpx # 0 AN v z # (0 :: 'a)} = {z}
using <z € vars p> unfolding vars-def
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proof (safe, simp-all)
fix z’
assume v’ 2’ # 0 Rep-linear-poly p x' # 0
then show z' = z
using v z’ € vars p. v/ z' = (if x = ' then 1 else 0)»
unfolding vars-def
by (erule-tac x=x' in ballE) (simp-all split: if-splits)
next
assume v’ z = 0 Rep-linear-poly p © # 0
then show Fulse
using vV z’ € vars p. v’ x' = (if x = x’ then 1 else 0)»
using «0 # 1»
unfolding vars-def
by simp
qed

have p {v'} = O ze{v. 2fp v # 0}. 2fp x xR v’ x)
unfolding valuate-def
by auto
also have ... = (D ze{v. 9fpv £ 0 AN v' v # 0}. 2fpx xR v 1)
apply (rule sum.mono-neutral-leftf THEN sym))
using Rep-linear-poly|of p]

by auto

also have ... = fp x xR v’ x
using ({z. /fpx £ 0NV 2z # (0 'a)} = {zp
by simp

also have ... = ?fp = %R 1

using <z € vars p
using vV z’ € vars p. v’ 2’ = (if x = z’ then 1 else 0)
by simp

ultimately

have p {v'} = ?fp z *R 1
by simp

then have coeff p z *R (1::'a)= 0
using «p {v'} = O»
unfolding coeff-def
by simp

then show ?thesis
using rational-vector.scale-eq-0-iff
using <0 # 1»
by simp

qed
qed

lift-definition Ip-monom :: rat = var = linear-poly is
Aczy. ifx =y then c else 0 by auto

lemma valuate-lp-monom: ((Ip-monom ¢ z) {v}) = ¢ * (v z)
proof (transfer, simp, goal-cases)
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case (1 ¢z v)
have id: {v.z =v A (x =v — ¢ # 0)} = (if c = 0 then {} else {z}) by auto
show ?case unfolding id
by (cases ¢ = 0, auto)
qed

lemma valuate-lp-monom-1[simp|: ((Ip-monom 1 z) {v}) = v a
by transfer simp

lemma coeff-Ip-monom [simp]:
shows coeff (Ip-monom ¢ v) v/ = (if v = v’ then ¢ else 0)
by (transfer, auto)

lemma vars-uminus [simp]: vars (—p) = vars p
unfolding uminus-linear-poly-def
by transfer auto

lemma vars-plus [simp]: vars (pl + p2) C vars pl U vars p2
by transfer auto

lemma vars-minus [simpl: vars (p1 — p2) C vars pl U vars p2
unfolding minus-linear-poly-def
using vars-plus[of pl —p2| vars-uminus|of p2]
by simp

lemma vars-lp-monom: vars (lp-monom r z) = (if r = 0 then {} else {z})
by (transfer, auto)

lemma vars-scaleRat1: vars (¢ *R p) C vars p
by transfer auto

lemma vars-scaleRat: ¢ # 0 = vars(c xR p) = vars p
by transfer auto

lemma vars-Var [simp]: vars (Var z) = {z}
by transfer auto

lemma coeff-Varil [simp]: coeff (Var z) z = 1
by transfer auto

lemma coeff-Var2: x # y = coeff (Varz) y =0
by transfer auto

lemma valuate-depend:
assumesV z € vars p. vz = v’ z

shows (p {v}) = (p {v'})

using assms
by transfer auto
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lemma valuate-update-xz-lemma:
fixes vl v2 :: 'a::rational-vector valuation
assumes
Vy.fu#0 —y#z—vliy=12y
finite {v. fv # 0}

shows
Oozef{v. fo#£0}. fexRvlx)+ faxR (v2zx — vlzx)= (D zc{v. fv# 0}.
fz *R v2 1)
proof (cases fx = 0)
case True

then have Vy. fy # 0 — vl y =02y
using assms(1) by auto

then show ?thesis using «f ¢ = 0) by auto

next

case Fulse

let A ={v. fov# 0} and Az ={v.v#x A fv# 0}

have 74 = ?Az U {z}
using «f x # 0> by auto

then have (Y z€?A. foz xR vl z) = fox xR vl o + (>, z€?Ax. fz *R vl z)
O-ze?A. fe xR v2z) = fax xR v2x + (D, x€?Az. fo xR v2 1)
using assms(2) by auto

moreover

haveV y € 2Az. vl y =12y
using assms by auto

moreover

have fz xR vl z + fz xR (w22 — vl z) = fz xR vz
by (subst rational-vector.scale-right-diff-distrib) auto

ultimately

show ?thesis by simp

qed

lemma valuate-update-x:
fixes vl v2 :: 'a::rational-vector valuation
assumes Vy € vars lp. y#x — vl y =02y
shows Ip {vI]} + coeff lp x *xR (v2z — vl z) = (Ip {v2]})
using assms
unfolding valuate-def vars-def coeff-def
using valuate-update-z-lemmalof Rep-linear-poly lp x vl v2] Rep-linear-poly
by auto

lemma vars-zero: vars 0 = {}
using zero-coeff-zero coeff-zero by auto

lemma vars-empty-zero: vars lp = {} «+— lp = 0
using zero-coeff-zero coeff-zero by auto

definition max-var:: linear-poly = var where
maz-var Ip = if Ip = 0 then 0 else Max (vars lp)
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lemma maz-var-maz:
assumes a € vars Ip
shows maz-var lp > a
using assms
by (auto simp add: finite-vars maz-var-def vars-zero)

lemma maz-var-code[code]:
maz-var Ip = (let vl = vars-list Ip
in if vl =[] then 0 else foldl max (hd vl) (¢l vl))
proof (cases lp = (0::linear-poly))
case True
then show ?thesis
using set-vars-list[of lp]
by (auto simp add: maz-var-def vars-zero)
next
case Fulse
then show ?thesis
using set-vars-list[of lp, THEN sym)|
using vars-empty-zero|of Ip]
unfolding maz-var-def Let-def
using Maz.set-eq-fold[of hd (vars-list lp) tl (vars-list Ip)]
by (cases vars-list lp, auto simp: foldl-conv-fold intro!: fold-cong)
qed

definition monom-var:: linear-poly = var where
monom-var | = max-var |

definition monom-coeff:: linear-poly = rat where
monom-coeff | = coeff | (monom-var [)

definition is-monom :: linear-poly = bool where
is-monom | +— length (vars-list ) = 1

lemma is-monom-vars-not-empty:
is-monom | = vars | # {}
by (auto simp add: is-monom-def vars-list-def) (auto simp add: vars-def)

lemma monom-var-in-vars:

is-monom | => monom-var | € vars l

using vars-zero

by (auto simp add: monom-var-def maz-var-def is-monom-vars-not-empty fi-
nite-vars is-monom-def)

lemma zero-is-no-monom|[simpl: = is-monom 0
using is-monom-vars-not-empty vars-zero by blast

lemma is-monom-monom-coeff-not-zero:

is-monom | =—> monom-coeff | # 0
by (simp add: coeff-zero monom-var-in-vars monom-coeff-def)
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lemma list-two-elements:
[y € set l; z € set I; length | = Suc 0; y # z]] = False
by (induct l) auto

lemma is-monom-vars-monom-var:
assumes is-monom |
shows vars | = {monom-var [}
proof—
have Az. [is-monom I; x € vars l] = monom-var | = x
proof—
fix z
assume is-monom l € vars [
then have z € set (vars-list 1)
using finite-vars
by (auto simp add: vars-list-def vars-def)
show monom-var | = z
proof (rule ccontr)
assume monom-var | # x
then have Jy. monom-varl =y Ay #
by simp
then obtain y where monom-var | = yy # x
by auto
then have Rep-linear-poly |y # 0
using monom-var-in-vars <is-monom >
by (auto simp add: vars-def)
then have y € set (vars-list 1)
using finite-vars
by (auto simp add: vars-def vars-list-def)
then show Fulse
using <z € set (vars-list 1)» <is-monom > <y # o
using list-two-elements
by (simp add: is-monom-def)
qed
qed
then show wvars | = {monom-var [}
using assms
by (auto simp add: monom-var-in-vars)
qed

lemma monom-valuate:
assumes is-monom m
shows m{v} = (monom-coeff m) xR v (monom-var m)
using assms
using is-monom-vars-monom-var
by (simp add: vars-def coeff-def monom-coeff-def valuate-def)

lemma coeff-zero-simp [simp]:
coeff 0 v =10
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using zero-coeff-zero by blast

lemma poly-eq-iff: p = q¢ «— (¥ v. coeff p v = coeff q v)
by transfer auto

lemma poly-eql:
assumes Av. coeff p v = coeff q v
shows p = ¢
using assms poly-eq-iff by simp

lemma coeff-sum-list:
assumes distinct xs
shows coeff (3" x<xs. fz *R lp-monom 1 x) v = (if v € set xs then f v else 0)
using assms by (induction xs) auto

lemma linear-poly-sum:

p{ v} = xcvars p. coeff p x xR v x)
by transfer simp

lemma all-valuate-zero: assumes A (v::’a::lrv valuation). p {ou}} = 0
shows p = 0
using all-val assms by blast

lemma linear-poly-eql: assumes A(v::'a:lrv valuation). (p {v}) = (¢ {v})
shows p = ¢
using assms
proof —
have (p — ¢q) { v |} = 0 for v:'a::lrv valuation
using assms by (subst valuate-minus) auto
then have p — ¢ =0
by (intro all-valuate-zero) auto
then show ?thesis
by simp
qed

lemma monom-poly-assemble:
assumes s-monom p
shows monom-coeff p *R lp-monom 1 (monom-var p) = p
by (simp add: assms linear-poly-eql monom-valuate valuate-scaleRat)

lemma coeff-sum: coeff (sum (f :: - = linear-poly) is) x = sum (X i. coeff (f @)
x)b;f (induct is rule: infinite-finite-induct, auto)

end

theory Linear-Poly-Maps

imports Abstract-Linear-Poly
HOL- Library. Finite-Map
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HOL- Library. Monad-Syntax
begin

definition get-var-coeff :: (var, rat) fmap = var = rat where
get-var-coeff Ip v == case fmlookup lp v of None = 0 | Some ¢ = ¢

definition set-var-coeff :: var = rat = (var, rat) fmap = (var, rat) fmap where
set-var-coeff v ¢ Ip ==
if ¢ = 0 then fmdrop v lp else fmupd v c lp

lift-definition LinearPoly :: (var, rat) fmap = linear-poly is get-var-coeff
proof —
fix fmap
show inv (get-var-coeff fmap) unfolding inv-def
by (rule finite-subset[OF - dom-fmlookup-finite|of fmap]],
auto intro: fmdom'I simp: get-var-coeff-def split: option.splits)
qed

definition ordered-keys :: ('a :: linorder, 'b)fmap = 'a list where
ordered-keys m = sorted-list-of-set (fset (fmdom m))

context includes fmap.lifting lifting-syntax
begin

lemma [transfer-rule]: (((=) ===> (=)) ===> per-linear-poly ===> (=)) (=)
per-linear-poly
by (standard,auto simp: per-linear-poly-def cr-linear-poly-def rel-fun-def OO-def)

lemma [transfer-rule]: (per-fmap (=) (=) ===> per-linear-poly) (A f . case f x
of None = 0 | Some © = z) LinearPoly
by (standard, transfer, auto simp:get-var-coeff-def fmap.pcr-cr-eq cr-fmap-def)

lift-definition linear-poly-map :: linear-poly = (var, rat) fmap is
Xlp z. if lp x = 0 then None else Some (Ip z) by (auto simp: dom-def)

lemma certificate]code abstypel:
LinearPoly (linear-poly-map Ip) = Ip
by (transfer, auto)

Zero

definition zero :: (var, rat)fmap where zero = fmempty

lemma [code abstract]:
linear-poly-map 0 = zero unfolding zero-def
by (transfer, auto)

Addition

33



definition add-monom :: rat = var = (var, rat) fmap = (var, rat) fmap where
add-monom ¢ v lp == set-var-coeff v (¢ + get-var-coeff lp v) Ip

definition add :: (var, rat) fmap = (var, rat) fmap = (var, rat) fmap where
add Ip1 lp2 = foldl (X lp v. add-monom (get-var-coeff Ipl v) v lp) Ip2 (ordered-keys
Ip1)

lemma lookup-add-monom:
get-var-coeff lp v + ¢ # 0 =
fmlookup (add-monom c v lp) v = Some (get-var-coeff Ip v + ¢)
get-var-coeff lp v + ¢ = 0 =
fmlookup (add-monom ¢ v lp) v = None
z # v = fmlookup (add-monom c v lp) © = fmlookup lp =
unfolding add-monom-def get-var-coeff-def set-var-coeff-def
by auto

lemma fmlookup-fold-not-mem: z ¢ set kI —
fmlookup (foldl (Mlp v. add-monom (get-var-coeff P1 v) v lp) P2 k1) x
= fmlookup P2 x
by (induct k1 arbitrary: P2, auto simp: lookup-add-monom,)

lemma [code abstract]:
linear-poly-map (p1 + p2) = add (linear-poly-map p1) (linear-poly-map p2)
proof (rule fmap-ext)
fix z :: nat
let ?p1 = fmlookup (linear-poly-map pl1) x
let ?p2 = fmlookup (linear-poly-map p2) x
define P1 where P1 = linear-poly-map p1
define P2 where P2 = linear-poly-map p2
define k1 where k1 = ordered-keys P1
have kI: distinct k1 A fset (fmdom P1) = set ki1 unfolding kI-def P1-def
ordered-keys-def
by auto
have id: fmlookup (linear-poly-map (p1 + p2)) x = (case ?p1 of None = ?p2 |
Some yl =
(case ?p2 of None = Some yl | Some y2 = if yl + y2 = 0 then None else
Some (y1 + y2)))
by (transfer, auto)
show fmlookup (linear-poly-map (p1 + p2)) © = fmlookup (add (linear-poly-map
pl) (linear-poly-map p2)) x
proof (cases fmlookup P1 )
case None
from fmdom-notI[OF None] have z ¢ fset (fmdom P1) by metis
with k1 have z: © ¢ set k1 by auto
show ?thesis unfolding id PI-def[symmetric] P2-def[symmetric] None
unfolding add-def k1-def[symmetric] fmlookup-fold-not-mem|[OF z] by auto
next
case (Some yl)
from fmdomI[OF this| have x € fset (fmdom P1) by metis
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with k7 have z € set k1 by auto
from split-list|OF this] obtain bef aft where kI-id: kI = bef Q z # aft by
auto
with k1 have z: z ¢ set bef © ¢ set aft by auto
have zy1: get-var-coeff P1 © = yl using Some unfolding get-var-coeff-def by
auto
let 2P = foldl (Mlp v. add-monom (get-var-coeff P1 v) v lp) P2 bef
show ?thesis unfolding id P1-def[symmetric] P2-def[symmetric] Some op-
tion.simps
unfolding add-def k1-def[symmetric] k1-id foldl-append foldl-Cons
unfolding fmlookup-fold-not-mem|[OF x(2)] xyl
proof —
show (case fmlookup P2 x of None = Some y1 | Some y2 = if yl + y2 = 0
then None else Some (y1 + y2))
= fmlookup (add-monom y1 z ?P) x
proof (cases get-var-coeff P x + yl = 0)
case True
from Some[unfolded P1-def] have y1: y1 # 0
by (transfer, auto split: if-splits)
then show ?thesis unfolding lookup-add-monom(2)[OF True] using True
unfolding get-var-coeff-def [of - x] fmlookup-fold-not-mem[OF z(1)]
by (auto split: option.splits)
next
case Fulse
show ?thesis unfolding lookup-add-monom(1)[OF False] using False
unfolding get-var-coeff-def [of - x| fmlookup-fold-not-mem[OF x(1)]
by (auto split: option.splits)
qed
qed
qed
qed

Scaling

definition scale :: rat = (var, rat) fmap = (var, rat) fmap where
scale v Ip = (if r = 0 then fmempty else (fmmap ((x) 1) Ip))

lemma [code abstract]:
linear-poly-map (r xR p) = scale r (linear-poly-map p)
proof (cases r = 0)
case True
then have *: (r = 0) = True by simp
show ?thesis unfolding scale-def * if-True using True
by (transfer, auto)
next
case Fulse
then have x: (r = 0) = False by simp
show ?thesis unfolding scale-def * if-False using Fulse
by (transfer, auto)
qed
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lemma coeff-code [code]:
coeff Ip = get-var-coeff (linear-poly-map Ip)
by (rule ext, unfold get-var-coeff-def, transfer, auto)

lemma Var-code[code abstract]:
linear-poly-map (Var z) = set-var-coeff x 1 fmempty
unfolding set-var-coeff-def
by (transfer, auto split: if-splits simp: fun-eq-iff map-upd-def)

lemma vars-code[code]: vars Ip = fset (fmdom (linear-poly-map Ip))
by (transfer, auto simp: Transfer.Rel-def rel-fun-def pcr-fset-def cr-fset-def)

lemma wvars-list-code[code]: vars-list lp = ordered-keys (linear-poly-map Ip)
unfolding ordered-keys-def vars-code[symmetric]
by (transfer, auto)

lemma valuate-code[code]: wvaluate lp val = (
let lpm = linear-poly-map Ip
in sum-list (map (A z. (the (fmlookup lpm z)) xR (val z)) (vars-list Ip)))
unfolding Let-def
proof (subst sum-list-distinct-conv-sum-set)
show distinct (vars-list Ip)
by (transfer, auto)
next
show Ip { val [ =
(3" zeset (vars-list Ip). the (fmlookup (linear-poly-map Ip) x) xR val x)
unfolding set-vars-list
by (transfer, auto)
qed

end

lemma [p-monom-code[code]: linear-poly-map (Ip-monom ¢ z) = (if ¢ = 0 then
fmempty else fmupd = ¢ fmempty)
proof (rule fmap-ext, goal-cases)
case (1 y)
include fmap.lifting
show Zcase by (cases ¢ = 0, (transfer, auto)+)
qed

instantiation linear-poly :: equal
begin
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definition equal-linear-poly xz y = (linear-poly-map = = linear-poly-map y)

instance
proof (standard, unfold equal-linear-poly-def, standard)
fix zy
assume linear-poly-map x = linear-poly-map y
from arg-cong|OF this, of LinearPoly, unfolded certificate]
show z =y .
qed auto
end

end

5 Rational Numbers Extended with Infinitesimal

Element

theory QDelta
imports
Abstract-Linear-Poly
Simplex-Algebra
begin

datatype QDelta = QDelta rat rat

primrec gdfst :: QDelta = rat where
qdfst (QDelta a b) = a

primrec gdsnd :: QDelta = rat where
gdsnd (QDelta a b) = b

lemma [simp]: QDelta (qdfst qd) (gdsnd qd) = qd
by (cases ¢d) auto

lemma [simp]: [QDelta.qdsnd © = QDelta.qdsnd y; QDelta.qdfst y = QDelta.qdfst
] = z=y
by (cases z) auto

instantiation (QDelta :: rational-vector
begin

definition zero-QDelta :: QDelta
where
0 = Q@QDelta 0 0

definition plus-QDelta :: QDelta = @QDelta = QDelta

where
qdl + qd2 = QDelta (qdfst qd1 + qdfst qd2) (qdsnd qd1 + qdsnd gd?2)
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definition minus-QDelta :: QDelta = QDelta = @QDelta
where
qdl — qd2 = QDelta (qdfst gdl — qdfst qd2) (qdsnd gd1 — gdsnd gd2)

definition uminus-QDelta :: QDelta = QDelta
where

— qd = @QDelta (— (qdfst qd)) (— (qdsnd qd))

definition scaleRat-QDelta :: rat = QDelta = @QDelta
where
r *R qd = QDelta (r«(qdfst qd)) (r*(gdsnd qd))

instance

proof

qed (auto simp add: plus-QDelta-def zero-QDelta-def uminus-QDelta-def minus-QDelta-def
scaleRat-QDelta-def field-simps)

end

instantiation @QDelta :: linorder
begin
definition less-eq-QDelta :: QDelta = QDelta = bool
where
qdl < qd2 <— (qdfst qd1 < qdfst qd2) V (qdfst qd1 = qdfst qd2 A qdsnd qd1
< gdsnd qd?2)

definition less-QDelta :: QDelta = QDelta = bool
where
qdl < qd2 <— (qdfst gd1 < qdfst qd2) V (qdfst qd1 = qdfst qd2 A qdsnd qd1
< qdsnd qd2)

instance proof ged (auto simp add: less-QDelta-def less-eq-QDelta-def)
end

instantiation QDelta:: linordered-rational-vector

begin

instance proof ged (auto simp add: plus-QDelta-def less-QDelta-def scaleRat-QDelta-def
mult-strict-left-mono mult-strict-left-mono-neg)

end

instantiation @QDelta :: Irv
begin
definition one-QDelta where
one-QDelta = QDelta 1 0
instance proof ged (auto simp add: one-@QDelta-def zero-@QDelta-def)
end

definition 60 :: QDelta = QDelta = rat
where
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00 qdl qd2 ==
let ¢c1 = qdfst qd1; c2 = qdfst qd2; k1 = qdsnd qd1; k2 = qdsnd qd2 in
(if (¢l < c2 Nkl > k2) then
(2 —cl) /] (k1 — k2)
else

)

1

definition val :: QDelta = rat = rat
where val qd 6 = (qdfst gd) + § * (gdsnd qd)

lemma val-plus:
val (gd1 + qd2) 0 = wval qd1 6 + val gd2 ¢
by (simp add: field-simps val-def plus-QDelta-def)

lemma val-scaleRat:
val (¢ *R qd) 6 = ¢ * val qd §
by (simp add: field-simps val-def scaleRat-QDelta-def)

lemma qdfst-setsum:

finite A = qdfst (> z€A. fz) = (> z€A. qdfst (f z))
by (induct A rule: finite-induct) (auto simp add: zero-@QDelta-def plus-QDelta-def)

lemma qdsnd-setsum:
finite A = qdsnd (> z€A. fz) = (> z€A. qdsnd (f z))
by (induct A rule: finite-induct) (auto simp add: zero-QDelta-def plus-QDelta-def)

lemma valuate-valuate-rat:
Ip {(Av. (@Delta (vl v) 0))} = QDelta (Ip{vl}) 0
using Rep-linear-poly
by (simp add: valuate-def scaleRat-QDelta-def qdsnd-setsum qdfst-setsum,)

lemma valuate-rat-valuate:

Ip{(Av. val (vl v) §)} = val (Ip{ol}) §

unfolding valuate-def val-def

using rational-vector.scale-sum-right[of 0 Ax. Rep-linear-poly lp x * qdsnd (vl )
{v :: nat. Rep-linear-poly Ip v # (0 :: rat)}]

using Rep-linear-poly

by (auto simp add: field-simps sum.distrib qdfst-setsum qdsnd-setsum) (auto simp
add: scaleRat-QDelta-def)

lemma delta0:

assumes qdl < qd2

shows V e.e > 0 A e < (00 gdl qd2) — wval gd1 € < val qd2 ¢
proof—

have A e cl c2kl k2 :: rat. [e > 0; ¢l < ¢2; k1 < k2] = ¢l + exkl < c2 +
exk2

proof—
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fix ecl c2kl k2 :: rat
show [e > 0; ¢l < ¢2; k1 < k2] = cl + exkl < c2 + exk2
using mult-left-monolof k1 k2 e
using add-less-le-mono[of c1 c2 exkl exk2]
by simp
qed
then show ?thesis
using assms
by (auto simp add: 6 0-def val-def less-eq-QDelta-def Let-def field-simps mult-left-mono)
qed

primrec
0-min :(@QDelta x @QDelta) list = rat where
d-min [ = 1|

d-min (h # t) = min (§-min t) (50 (fst h) (snd h))

lemma delta-gt-zero:
o-min l > 0
by (induct I) (auto simp add: Let-def field-simps 6 0-def)

lemma delta-le-one:
o-minl < 1
by (induct I, auto)

lemma delta-min-append:
d-min (as Q bs) = min (6-min as) (§-min bs)
by (induct as, insert delta-le-one[of bs|, auto)

lemma delta-min-mono: set as C set bs = §-min bs < §-min as
proof (induct as)
case Nil
then show ?case using delta-le-one by simp
next
case (Cons a as)
from Cons(2) have a € set bs by auto
from split-list| OF this]
obtain bs! bs2 where bs: bs = bsl Q [a] @ bs2 by auto
have bs: §-min bs = 6-min ([a] @ bs) unfolding bs delta-min-append by auto
show ?case unfolding bs using Cons(1—2) by auto
qed

lemma delta-min:

assumes V q¢d1 qd2. (qd1, qd2) € set gd — qd1 < qd2

shows V c.e > 0 A e < d-min gd — (V qdl ¢d2. (qd1, qd2) € set qd — wal
gdl € < val gd2 ¢)

using assms

using delta0

by (induct qd, auto)
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lemma @QDelta-0-0: QDelta 0 0 = 0 by code-simp
lemma qdsnd-0: gdsnd 0 = 0 by code-simp
lemma qdfst-0: qdfst 0 = 0 by code-simp

end

6 The Simplex Algorithm

theory Simplex
imports
Linear-Poly-Maps
QDelta
Rel-Chain
Simplez-Algebra
HOL— Library. Multiset
HOL— Library. RBT-Mapping
HOL- Library. Code-Target-Numeral
begin
Linear constraints are of the form p 0 ¢, where p is a homogenenous
linear polynomial, ¢ is a rational constant and <t € {<, >, <, >, =}. Their
abstract syntax is given by the constraint type, and semantics is given by
the relation |=., defined straightforwardly by primitive recursion over the
constraint type. A set of constraints is satisfied, denoted by =5, if all
constraints are. There is also an indexed version |=;.s which takes an explicit
set of indices and then only demands that these constraints are satisfied.
datatype constraint = LT linear-poly rat
| GT linear-poly rat
| LEQ linear-poly rat
| GEQ linear-poly rat
| EQ linear-poly rat
Indexed constraints are just pairs of indices and constraints. Indices will
be used to identify constraints, e.g., to easily specify an unsatisfiable core
by a list of indices.

type-synonym 'i i-constraint = i X constraint
abbreviation (input) restrict-to :: i set = (i x 'a) set = 'a set where
restrict-to I zs = snd ‘ (zs N (I x UNIV))

The operation restrict-to is used to select constraints for a given index
set.

abbreviation (input) flat :: (i x 'a) set = 'a set where
flat zs = snd ‘ xs

The operation flat is used to drop indices from a set of indexed con-
straints.
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abbreviation (input) flat-list :: (i x 'a) list = 'a list where
flat-list xs = map snd xs

primrec
satisfies-constraint :: 'a :: lrv valuation = constraint = bool (infixl =, 100)
where
viE. (LT 17r) +— ({v}) < r =R 1
| viEe GTlr «— ({v}) > r xR 1
| vE: LEQ 1 +— (I{u}) < r =R 1
| vE: GEQlr «— ({uv}) > r=*R 1
|vE: EQlr+— (I{u}) =7 «R 1

abbreviation satisfies-constraints :: rat valuation = constraint set = bool (infixl
E.s 100) where
Vs ¢s=V c € cs. vl ¢

lemma unsat-mono: assumes — (3 v. v .5 €8)
and cs C ds

shows = (3 v. v |Ecs ds)
using assms by auto

fun i-satisfies-cs (infixl }=;.s 100) where
(I,0) FEics €8 «— v |E¢s restrict-to I cs

definition distinct-indices :: (i x 'c) list = bool where
distinct-indices as = (distinct (map fst as))

lemma distinct-indicesD: distinct-indices as = (i,z) € set as = (i,y) € set as
—> T = Yy
unfolding distinct-indices-def by (rule eq-key-imp-eg-value)

For the unsat-core predicate we only demand minimality in case that the
indices are distinct. Otherwise, minimality does in general not hold. For
instance, consider the input constraints ¢; : x <0, co:x>2and c3: x < 1
where the index cy occurs twice. If the simplex-method first encounters
constraint ¢, then it will detect that there is a conflict between ¢; and the
first co-constraint. Consequently, the index-set {c1, co} will be returned, but
this set is not minimal since {c2} is already unsatisfiable.

definition minimal-unsat-core :: 'i set = i i-constraint list = bool where
minimal-unsat-core I ics = ((I C fst “ set ics) A (= (3 v. (1,v) [Eics set ics))
A (distinct-indices ics — (¥ J. J C I — (3 v. (J,0) [Fics set ics))))
6.1 Procedure Specification

abbreviation (input) Unsat where Unsat = Inl
abbreviation (input) Sat where Sat = Inr

The specification for the satisfiability check procedure is given by:
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locale Solve =
— Decide if the given list of constraints is satisfiable. Return either an unsat core,
or a satisfying valuation.
fixes solve :: i i-constraint list = 'i list + rat valuation
— If the status Sat is returned, then returned valuation satisfies all constraints.
assumes simplez-sat: solve cs = Sat v = v =5 flat (set cs)
— If the status Unsat is returned, then constraints are unsatisfiable, i.e., an
unsatisfiable core is returned.
assumes simplex-unsat: solve cs = Unsat I = minimal-unsat-core (set I) cs

abbreviation (input) look where look = Mapping.lookup
abbreviation (input) upd where upd = Mapping.update

lemma look-upd: look (upd k v m) = (look m)(k — v)
by (transfer, auto)

lemmas look-upd-simps[simp] = look-upd Mapping.lookup-empty

definition map2fun:: (var, ‘a :: zero) mapping = var = 'a where
map2fun v = Az. case look v x of None = 0 | Some y = y
syntax
-map2fun :: (var, 'a) mapping = var = ‘a ((-))
translations
(v) == CONST map2fun v

lemma map2fun-def”:
(v) z = case Mapping.lookup v x of None = 0 | Some y = y
by (auto simp add: map2fun-def)

Note that the above specification requires returning a valuation (defined
as a HOL function), which is not efficiently executable. In order to enable
more efficient data structures for representing valuations, a refinement of
this specification is needed and the function solve is replaced by the func-
tion solve-exec returning optional (var, rat) mapping instead of var = rat
function. This way, efficient data structures for representing mappings can
be easily plugged-in during code generation [2]. A conversion from the map-
ping datatype to HOL function is denoted by (-) and given by: (v) x = case
Mapping.lookup v z of None = 0::'a | Some y = y.
locale SolveExec =

fixes solve-exec :: i i-constraint list = 'i list + (var, rat) mapping
assumes simplex-sat0: solve-exec cs = Sat v => (v) =5 flat (set cs)
assumes simplez-unsat0: solve-exec ¢cs = Unsat I = minimal-unsat-core (set
I) cs
begin
definition solve where

solve cs = case solve-exec cs of Sat v = Sat (v) | Unsat ¢ = Unsat ¢
end
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sublocale SolveEzec < Solve solve
by (unfold-locales, insert simplex-sat0 simplex-unsat0,
auto simp: solve-def split: sum.splits)

6.2 Handling Strict Inequalities

The first step of the procedure is removing all equalities and strict inequali-
ties. Equalities can be easily rewritten to non-strict inequalities. Removing
strict inequalities can be done by replacing the list of constraints by a new
one, formulated over an extension Q' of the space of rationals Q. Q' must
have a structure of a linearly ordered vector space over Q (represented by
the type class lrv) and must guarantee that if some non-strict constraints are
satisfied in Q’, then there is a satisfying valuation for the original constraints
in Q. Our final implementation uses the Qs space, defined in [1] (basic idea
is to replace p < cby p < ¢ — dand p > ¢ by p > ¢ + § for a symbolic
parameter ¢). So, all constraints are reduced to the form p > b, where p is
a linear polynomial (still over Q), b is constant from Q' and 1 € {<, >}.
The non-strict constraints are represented by the type ‘a ns-constraint, and
their semantics is denoted by s and |=,ss. The indexed variant is =iy ss-

datatype ‘a ns-constraint = LEQ-ns linear-poly 'a |  GEQ-ns linear-poly 'a
type-synonym ('i,’a) i-ns-constraint = i X 'a ns-constraint

primrec satisfiable-ns-constraint :: 'a::lrv valuation = 'a ns-constraint = bool
(infix] =, s 100) where

v Ens LEQ-ns lr «— l{o} < r
| v Ens GEQ-ns L1 <— o} > r
abbreviation satisfies-ns-constraints :: 'a::lrv valuation = 'a ns-constraint set =
bool (infixl =, s 100) where

VI Enss S=VY ¢ € cs.vlEps

fun i-satisfies-ns-constraints :: 't set x 'a:lrv valuation = ('i,’a) i-ns-constraint
set = bool (infixl =;,ss 100) where
(1,0) Einss €8 ¢ ¥ [Enss restrict-to I cs

lemma i-satisfies-ns-constraints-mono:
(I,0) Einss ¢s = J C I = (J,v) FEinss ¢S
by auto

primrec poly :: 'a ns-constraint = linear-poly where
poly (LEQ-ns p a) = p
| poly (GEQ-ns p a) = p

primrec ns-constraint-const :: ‘a ns-constraint = ’'a where

ns-constraint-const (LEQ-ns p a) = a
| ns-constraint-const (GEQ-ns p a) = a
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definition distinct-indices-ns :: ('i,’a :: Irv) i-ns-constraint set = bool where
distinct-indices-ns ns = ((V nl n2i. (i,n1) € ns — (i,n2) € ns —
poly n1 = poly n2 A ns-constraint-const nl = ns-constraint-const n2))

definition minimal-unsat-core-ns :: 'i set = ('i,’a :: lrv) i-ns-constraint set = bool
where
minimal-unsat-core-ns I cs = (I C fst “cs) A (= (3 v. (I,v) Finss ¢5))
A (distinct-indices-ns cs — (VY J C 1. 3 v. (J,0) Einss €5)))

Specification of reduction of constraints to non-strict form is given by:

locale To-ns =
— Convert a constraint to an equisatisfiable non-strict constraint list. The con-
version must work for arbitrary subsets of constraints — selected by some index set
I — in order to carry over unsat-cores and in order to support incremental simplex
solving.
fixes to-ns :: 'i i-constraint list = ('i,’a::lrv) i-ns-constraint list
— Convert the valuation that satisfies all non-strict constraints to the valuation
that satisfies all initial constraints.
fixes from-ns :: (var, 'a) mapping = 'a ns-constraint list = (var, rat) mapping
assumes to-ns-unsat: minimal-unsat-core-ns I (set (to-ns cs)) = mini-
mal-unsat-core I cs
assumes i-to-ns-sat: (I,(v")) FEinss set (to-ns cs) = (I,(from-ns v’ (flat-list
(to-ns ¢s)))) Fies set cs
assumes to-ns-indices: fst ¢ set (to-ns cs) = fst ‘ set cs
assumes distinct-cond: distinct-indices cs = distinct-indices-ns (set (to-ns cs))

begin
lemma to-ns-sat: (v') |Enss flat (set (to-ns cs)) = (from-ns v’ (flat-list (to-ns

¢s))) Fes flat (set cs)
using i-to-ns-sat[of UNIV v’ ¢cs] by auto
end

locale Solve-exec-ns =
fixes solve-exec-ns :: ('i,’a::lrv) i-ns-constraint list = 'i list + (var, 'a) mapping
assumes simplez-ns-sat: solve-exec-ns cs = Sat v => (v) =nss flat (set cs)
assumes simplex-ns-unsat: solve-exec-ns cs = Unsat I = minimal-unsat-core-ns
(set I) (set cs)

After the transformation, the procedure is reduced to solving only the
non-strict constraints, implemented in the solve-ezec-ns function having
an analogous specification to the solve function. If to-ns, from-ns and
solve-exec-ns are available, the solve-exec function can be easily defined and
it can be easily shown that this definition satisfies its specification (also
analogous to solve).

locale SolveEzxec’ = To-ns to-ns from-ns + Solve-exec-ns solve-exec-ns for
to-ns:: i i-constraint list = ('i,’a::lrv) i-ns-constraint list and
from-ns :: (var, 'a) mapping = 'a ns-constraint list = (var, rat) mapping and
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solve-exec-ns :: (i,’a) i-ns-constraint list = i list + (var, 'a) mapping
begin

definition solve-exec where
solve-exec cs = let cs’ = to-ns cs in case solve-exec-ns cs’
of Sat v = Sat (from-ns v (flat-list cs”))
| Unsat is = Unsat is

end

sublocale SolveExec’ < SolveEzxec solve-ezec
by (unfold-locales, insert simplex-ns-sat simplex-ns-unsat to-ns-sat to-ns-unsat,
(force simp: solve-exec-def Let-def split: sum.splits)+)

6.3 Preprocessing

The next step in the procedure rewrites a list of non-strict constraints into an
equisatisfiable form consisting of a list of linear equations (called the tableau)
and of a list of atoms of the form z; > b; where z; is a variable and b; is a
constant (from the extension field). The transformation is straightforward
and introduces auxiliary variables for linear polynomials occurring in the
initial formula. For example, [z1 + z2 < b1, 1 + @2 > b, 2 > b3 can be
transformed to the tableau [z3 = 1 + z2] and atoms [z3 < b1, 23 > be, 9
> bs).

type-synonym eq = var X linear-poly

primrec lhs :: eq = var where lhs (I, r) =1

primrec rhs :: eq = linear-poly where rhs (I, r) = r

abbreviation rvars-eq :: eq = var set where
rvars-eq eq = vars (rhs eq)

definition satisfies-eq :: ‘a::rational-vector valuation = eq = bool (infixl =, 100)
where

v = eq = v (Ihs eq) = (rhs eq){v]}

lemma satisfies-eq-iff: v =. (z, p) = vz = p{v}
by (simp add: satisfies-eq-def)

type-synonym tableau =eq list

definition satisfies-tableau ::'a::rational-vector valuation = tableau = bool (infixl
¢ 100) where
vErt=V e€sett vl e
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definition lvars :: tableau = var set where
lvars t = set (map lhs t)
definition rvars :: tableau = var set where
rvars t = |J (set (map rvars-eq t))
abbreviation tvars where tvars t = lvars t U rvars t

The condition that the rhss are non-zero is required to obtain minimal
unsatisfiable cores. To observe the problem with 0 as rhs, consider the
tableau z = 0 in combination with atom (A : x < 0) where then (B :z > 1)
is asserted. In this case, the unsat core would be computed as {A, B},
although already {B} is unsatisfiable.

definition normalized-tableau :: tableau = bool (/) where
normalized-tableau t = distinct (map lhs t) A lars t N rvars t = {} A 0 ¢ rhs *
set t

Equations are of the form =z = p, where z is a variable and p is a polyno-
mial, and are represented by the type eq = var X linear-poly. Semantics of
equations is given by v . (z, p) = vz = p { v [}. Tableau is represented
as a list of equations, by the type tableau = eq list. Semantics for a tableau
is given by v = t = Ve€set t. v |=. e. Functions lvars and rvars return
sets of variables appearing on the left hand side (lhs) and the right hand
side (rhs) of a tableau. Lhs variables are called basic while rhs variables are
called non-basic variables. A tableau ¢ is normalized (denoted by A t) iff
no variable occurs on the lhs of two equations in a tableau and if sets of lhs
and rhs variables are distinct.

lemma normalized-tableau-unique-eq-for-lvar:
assumes A t
shows V z € lvars t. 3! p. (z, p) € set t
proof (safe)
fix z
assume z € lvars t
then show 3p. (z, p) € set ¢
unfolding lvars-def
by auto
next
fix z p1 p2
assume *: (z, pl) € set t (z, p2) € set ¢
then show p! = p2
using <A
unfolding normalized-tableau-def
by (force simp add: distinct-map inj-on-def)
qed

lemma recalc-tableau-lvars:

assumes A ¢

showsV v. 3 v". (V z € rvarst. vz =v' z) ANv' | t
proof
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fix v
let v’ = X z. if x € lvars t then (THE p. (z, p) € sett) { v |} else vz
show 3 v". (V 2 € rvars t. vz =v' ) AN v = ¢
proof (rule-tac x=%v" in exl, rule conjl)
show Vzcrvars t. ve = v’ x
using <A
unfolding normalized-tableau-def
by auto
show v’ = t
unfolding satisfies-tableau-def satisfies-eq-def
proof
fix e
assume e € set ¢
obtain [ r where e: e = (I,r) by force
show ?v’ (lhs e) = rhs e { v’ |}
proof —
have (lhs e, Ths €) € set t
using <e € set t» e by auto
have 3!p. (lhs e, p) € set t
using A ¢ normalized-tableau-unique-eq-for-lvar|of t]
using <e € set
unfolding lvars-def
by auto

let ?p = THE p. (lhs e, p) € set t

have (lhs e, ?p) € set t
apply (rule thel)
using 3!p. (lhs e, p) € set
by auto

then have ?p = rhs e
using «(lhs e, rhs e) € set t»
using I!p. (lhs e, p) € set t»
by auto

moreover

have ?v’ (lhse) = ?p{ v |
using <e € set t
unfolding lvars-def
by simp

moreover

have rhs e {| 2v' | =rhse { v |
apply (rule valuate-depend)
using (A t) <e € set b
unfolding normalized-tableau-def
by (auto simp add: lvars-def rvars-def)

ultimately

show ?thesis
by auto

qed
qed
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qed
qed

lemma tableau-perm:
assumes [vars t1 = lvars t2 rvars t1 = rvars t2
At A t2 N v aslro valuation. v |y t1 +— v |y £2
shows mset t1 = mset t2
proof—
{
fix t1 t2
assume lvars t1 = lvars t2 rvars t1 = rvars t2
A t1 N\ vi'azlre valuation. v = t1 <— v = 2
have set t1 C set t2
proof (safe)
fix a b
assume (a, b) € set t1
then have a € lvars t1
unfolding lvars-def
by force
then have a € lvars t2
using (lvars t1 = lvars t2»
by simp
then obtain b’ where (a, b') € set t2
unfolding [vars-def
by force
have YV v::'a valuation. 3v". (Vzevars (b — b). v'z=vax) A (b—0) {v |}
=0
proof
fix v::’a valuation
obtain v/ where v/ |=, t1 V z € rvars t1. vz = v’ x
using recalc-tableau-lvars[of t1] <A t1»
by auto
have v’ =, t2
using v’ |y t1y (N v. v |t —— v | E2)
by simp
have b {v'} = b’ {v'}
using «(a, b) € set t1» v’ | t
using «(a, b') € set t2> v’ = t2»
unfolding satisfies-tableau-def satisfies-eq-def
by force
then have (b — b') {v'} = 0
using valuate-minus[of b b’ v’
by auto
moreover
have vars b C rvars t1 vars b’ C rvars t1
using «(a, b) € set t1» «(a, b') € set t2> <rvars t1 = rvars t2»
unfolding rvars-def
by force+
then have vars (b — b’) C rvars t1
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using vars-minus[of b b’]
by blast
then have Vzecvars (b — b'). vz =vz
using <V z € rvars t1. v = v’
by auto
ultimately
show Jv’. (Vzevars (b — b). vz =vz) A(b—-b){v' }=0
by auto
qed
then have b = b’
using all-vallof b — b/
by simp
then show (a, b) € set t2
using «(a, b’) € set t2»
by simp
qed
}
note x = this
have set t1 = set t2
using *[of t1 t2] *[of t2 t1]
using assms
by auto
moreover
have distinct t1 distinct t2
using <A t1) (A t2»
unfolding normalized-tableau-def
by (auto simp add: distinct-map)
ultimately
show ?thesis
by (auto simp add: set-eg-iff-mset-eq-distinct)
qed

Elementary atoms are represented by the type ’‘a atom and semantics
for atoms and sets of atoms is denoted by =, and |=,s and given by:

datatype ‘a atom = Leq var 'a | Geq var 'a
primrec atom-var::'a atom = var where

atom-var (Leq var a) = var
| atom-var (Geq var a) = var

primrec atom-const::'a atom = ’'a where
atom-const (Leq var a) = a
| atom-const (Geq var a) = a
primrec satisfies-atom :: 'a::linorder valuation = 'a atom = bool (infixl =, 100)
where

vy Leqrcs— v <c | v, Gegrcs— vz >c

definition satisfies-atom-set :: 'a::linorder valuation = 'a atom set = bool (infixl
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Fus 100) where
VEes aS=VY a € as. v &, a

definition satisfies-atom’ :: ‘a::linorder valuation = 'a atom = bool (infixl =,
100) where
v Eqe @ +— v (atom-var a) = atom-const a

lemma satisfies-atom'-stronger: v =4 a = v |=, a by (cases a, auto simp:
satisfies-atom’-def)

abbreviation satisfies-atom-set’ :: 'a::linorder valuation = 'a atom set = bool
(infix] [=qes 100) where
UV Fges a8 =V a € as. v Fqe a

lemma satisfies-atom-set’-stronger: v Eqes a8 => v =45 as
using satisfies-atom’-stronger unfolding satisfies-atom-set-def by auto

There is also the indexed variant of an atom

type-synonym ('i,’a) i-atom = 'i x 'a atom

fun i-satisfies-atom-set :: 'i set x 'a::linorder valuation = ('i,’a) i-atom set = bool
(infixl =45 100) where
(1,0) Fias a8 +— v =45 restrict-to I as

fun i-satisfies-atom-set’ :: i set x 'a::linorder valuation = ('i,’a) i-atom set =
bool (infixl =;,.s 100) where
(I,0) Figes a8 <— v Fqes restrict-to I as

lemma i-satisfies-atom-set’-stronger: Iv Fiqes a8 => v Eiqs as
using satisfies-atom-set’-stronger|of - snd Iv] by (cases Iv, auto)

lemma satisifies-atom-restrict-to-Cons: v |=q, restrict-to I (set as) = (i € | =
v 4 a)

= v |45 restrict-to I (set ((i,a) # as))

unfolding satisfies-atom-set-def by auto

lemma satisfies-tableau-Cons: v = t = v = € = v |=¢ (e # 1)
unfolding satisfies-tableau-def by auto

definition distinct-indices-atoms :: ('i,’a) i-atom set = bool where
distinct-indices-atoms as = (V i a b. (i,a) € as — (i,b) € as — atom-var a =
atom-var b A atom-const a = atom-const b)

The specification of the preprocessing function is given by:

locale Preprocess = fixes preprocess::('i,’a::lrv) i-ns-constraint list = tableaux
("i,’a) i-atom list
x ((var,’a) mapping = (var,’a) mapping) X 'i list
assumes
— The returned tableau is always normalized.
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preprocess-tableau-normalized: preprocess cs = (t,as,trans-v,U) = A t and

— Tableau and atoms are equisatisfiable with starting non-strict constraints.
i-preprocess-sat: /\ v. preprocess cs = (t,as,trans-0,U) = I N set U = {} =
(1,(v) Fias set as = (v) ¢ t = (I,{trans-v v)) Einss set cs and

preprocess-unsat: preprocess cs = (t, as,trans-v,U) => (I,v) FEinss set cs = 3
v’ (I,v") Fiqs set as A v' =4 t and

— distinct indices on ns-constraints ensures distinct indices in atoms
preprocess-distinct: preprocess cs = (t, as,trans-v, U) = distinct-indices-ns (set
cs) = distinct-indices-atoms (set as) and

— unsat indices
preprocess-unsat-indices: preprocess cs = (t, as,trans-v, U) = i € set U = —
(3 v. ({i},v) Finss set cs) and

— preprocessing cannot introduce new indices
preprocess-index: preprocess cs = (t,as,trans-v, U) = fst ‘ set as U set U C fst *
set cs
begin
lemma preprocess-sat: preprocess c¢s = (t,as,trans-v,U) = U = [| = (v) Fas
flat (set as) = (v) =1 t = (trans-v v) f=pnss flat (set cs)

using i-preprocess-sat|of cs t as trans-v U UNIV v] by auto

end

definition minimal-unsat-core-tabl-atoms :: 'i set = tableau = ('i,’a::lrv) i-atom
set = bool where
minimal-unsat-core-tabl-atoms I t as = (I C fst “as A (= (3 v. v = t A (1,0)
):ias as)) A
(distinct-indices-atoms as — (V J C 1.3 v. v = t A (J,0) Eiges a$)))

lemma minimal-unsat-core-tabl-atomsD: assumes minimal-unsat-core-tabl-atoms
Itas
shows I C fst ‘ as
S (F v vkt AW Eis as)
distinct-indices-atoms as = J C I = 3 v. v |5 t A (J,0) Figes as
using assms unfolding minimal-unsat-core-tabl-atoms-def by auto

locale AssertAll =

fixes assert-all :: tableau = ('i,’a::lrv) i-atom list = 'i list + (var, 'a)mapping

assumes assert-all-sat: A t = assert-all t as = Sat v = (v) = t A (v) Eas
flat (set as)

assumes assert-all-unsat: A t = assert-all t as = Unsat I = minimal-unsat-core-tabl-atoms
(set I) t (set as)

Once the preprocessing is done and tableau and atoms are obtained,
their satisfiability is checked by the assert-all function. Its precondition is
that the starting tableau is normalized, and its specification is analogue to
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the one for the solve function. If preprocess and assert-all are available, the
solve-exec-ns can be defined, and it can easily be shown that this definition
satisfies the specification.

locale Solve-exec-ns’ = Preprocess preprocess + AssertAll assert-all for
preprocess:: ('i,’a::lrv) i-ns-constraint list = tableau x ('i,’a) i-atom list x ((var,’a)mapping
= (var,’a)mapping) x 'i list and
assert-all :: tableau = ('i,’a::lrv) i-atom list = 'i list + (var, 'a) mapping
begin
definition solve-exec-ns where

solve-ezec-ns s =
case preprocess s of (t,as,trans-v,ui) =
(case ui of i # - = Inl [i] | - =
(case assert-all t as of Inl I = Inl I | Inr v = Inr (trans-v v)))
end

context Preprocess
begin

lemma preprocess-unsat-index: assumes prep: preprocess cs = (t,as,trans-v,ui)
and i: 7 € set ui
shows minimal-unsat-core-ns {i} (set cs)
proof —
from preprocess-indez[OF prep] have set ui C fst  set cs by auto
with ¢ have i i € fst ‘ set cs by auto
from preprocess-unsat-indices|OF prep i]
show ?thesis unfolding minimal-unsat-core-ns-def using i’ by auto
qed

lemma preprocess-minimal-unsat-core: assumes prep: preprocess cs = (t,as,trans-v,uq)
and unsat: minimal-unsat-core-tabl-atoms It (set as)
and inter: I N set ui = {}
shows minimal-unsat-core-ns I (set cs)
proof —
from preprocess-tableau-normalized] OF prep]
have t: A t.
from preprocess-index| OF prep] have index: fst ¢ set as U set ui C fst ¢ set cs
by auto
from minimal-unsat-core-tabl-atomsD(1,2)[OF unsat] preprocess-unsat[OF prep,
of I
have 1: I C fst ‘ set as = (3 v. (I, v) Finss set cs) by force+
show minimal-unsat-core-ns I (set cs) unfolding minimal-unsat-core-ns-def
proof (intro congl impl alll 1(2))
show I C fst ¢ set cs using 1 index by auto
fix J
assume distinct-indices-ns (set ¢s) J C I
with preprocess-distinct| OF prep)
have distinct-indices-atoms (set as) J C I by auto
from minimal-unsat-core-tabl-atomsD(8)[OF unsat this]
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obtain v where model: v |=; t (J, v) FEiaes set as by auto
from i-satisfies-atom-set’-stronger| OF model(2)]
have model”: (J, v) Eiqs set as .
define w where w = Mapping. Mapping (A . Some (v z))
have v = (w) unfolding w-def map2fun-def
by (intro ext, transfer, auto)
with model model’ have (w) =, ¢ (J, (w)) [Fias set as by auto
from i-preprocess-sat|OF prep - this(2,1)] <J C I> inter
have (J, (trans-v w)) Einss set ¢s by auto
then show 3 w. (J, w) Einss set cs by auto
qed
qed
end

sublocale Solve-exec-ns’ < Solve-exec-ns solve-exec-ns
proof
fix cs
obtain ¢ as trans-v ui where prep: preprocess cs = (t,as,trans-v,ui) by (cases
preprocess cs)
from preprocess-tableau-normalized| OF prep]
have t: A t.
from preprocess-index| OF prep] have index: fst ‘ set as U set ui C fst ‘ set cs
by auto
note solve = solve-exec-ns-def|of cs, unfolded prep split)
{
fix v
assume solve-exec-ns cs = Sat v
from this[unfolded solve] t assert-all-sat|OF t] preprocess-sat|OF prep]
show (v) .55 flat (set cs) by (auto split: sum.splits list.splits)

fix
assume res: solve-erec-ns c¢s = Unsat I
show minimal-unsat-core-ns (set I) (set cs)
proof (cases ui)
case (Cons 7 uis)
hence I: I = [i] using res[unfolded solve] by auto
from preprocess-unsat-index[OF prep, of i) I Cons index show ?thesis by
auto
next
case Nil
from res[unfolded solve Nil] have assert: assert-all t as = Unsat 1
by (auto split: sum.splits)
from assert-all-unsat|OF t assert]
have minimal-unsat-core-tabl-atoms (set I) t (set as) .
from preprocess-minimal-unsat-core| OF prep this| Nil
show minimal-unsat-core-ns (set I) (set cs) by simp
qed
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qed

6.4 Incrementally Asserting Atoms

The function assert-all can be implemented by iteratively asserting one by
one atom from the given list of atoms.

type-synonym ‘a bounds = var — 'a

Asserted atoms will be stored in a form of bounds for a given variable.
Bounds are of the form [; < z; < wu;, where [; and u; and are either scalars
or +oo. Each time a new atom is asserted, a bound for the corresponding
variable is updated (checking for conflict with the previous bounds). Since
bounds for a variable can be either finite or +oo, they are represented by
(partial) maps from variables to values (‘a bounds = var — 'a). Upper and
lower bounds are represented separately. Infinite bounds map to None and
this is reflected in the semantics:

¢ >up b +— case b of None = False | Some b’ = ¢ > b’

¢ <up b +— case b of None = True | Some b’ = ¢ < b’

Strict comparisons, and comparisons with lower bounds are performed sim-
ilarly.
abbreviation (input) le where

leltxy=ltayVve=y
definition geub (>,;) where

>ub It ¢ b = case b of None = False | Some b' = le lt b’ ¢
definition gtub (>>,,) where

D>up It ¢ b = case b of None = False | Some b’ = It b’ ¢
definition leub (J,;) where

Dup It ¢ b = case b of None = True | Some b’ = le lt ¢ b’
definition ltub (<,,) where

<Qup It ¢ b = case b of None = True | Some b’ = It ¢ b’
definition lelb (<;;,) where

<yp It ¢ b = case b of None = False | Some b’ = le lt ¢ b’
definition /tlb (<) where

<p It ¢ b = case b of None = False | Some b’ = It ¢ b’
definition gelb (>;;,) where

D> It ¢ b = case b of None = True | Some b’ = le lt b’ ¢

definition gtlb (r>;,) where
> It ¢ b = case b of None = True | Some b’ = It b’ ¢

definition ge-ubound :: 'a::linorder = 'a option = bool (infixl >, 100) where
CZubb:[Zub(<)Cb

definition gt-ubound :: 'a::linorder = 'a option = bool (infixl >,; 100) where
c>up b=Dyp (<) c b

definition le-ubound :: ‘a::linorder = 'a option = bool (infixl <,; 100) where
Cgubbzﬁub(<)6b

definition lt-ubound :: 'a::linorder = 'a option = bool (infixl <,;, 100) where
€ <upb b=<p (<) cbd
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definition le-lbound :: 'a::linorder = 'a option = bool (infix]l <;, 100) where
c<p b= (<) cb

definition lt-lbound :: ‘a::linorder = 'a option = bool (infixl <;;, 100) where
c<ip b= < (<)Cb

definition ge-lbound :: 'a::linorder = 'a option = bool (infixl >;, 100) where
c2p b= (<) cd

definition gt-lbound :: ‘a::linorder = 'a option = bool (infixl >;;, 100) where
c > b=y (<)Cb

lemmas bound-compare’-defs =
geub-def gtub-def leub-def ltub-def
gelb-def gtlb-def lelb-def ltlb-def

lemmas bound-compare’’-defs =
ge-ubound-def gt-ubound-def le-ubound-def lt-ubound-def
le-lbound-def lt-lbound-def ge-lbound-def gt-lbound-def

lemmas bound-compare-defs = bound-compare’-defs bound-compare’’-defs

lemma opposite-dir [simp]:
Uy (>) ab =Dy (<)
Dup (>) a b =Dy (<)
Dy (>) a b= Dy (<)
Dup (>) ab=< (<) ab
Uy (>) ab =Dy (<)
<lub (>) ab=r>p ( )
D (>) a b= <y (<)
>ub (>) ab= < (

by (case-tac[!] b) (auto simp add: bound-compare’-defs)

lemma [simp]: = ¢ >4 None — ¢ <;, None
by (auto simp add: bound-compare-defs)

lemma neg-bounds-compare:

(“ (C >ub b)) = c<up b (—| (C <ub b)) = c>u b
(ﬁ (C >ub b)) = c<up b (ﬁ (C <ub b)) = c>u b
(= (C < b)) = ¢ > b (& (C >1b b)) — c<;p b
(m(e<pbd) = c>2pb(-(c>pb) = c<pbd
by (case-tacl!] b) (auto simp add: bound-compare-defs)

lemma bounds-compare-contradictory [simp]:
[e >up b; ¢ <up b] = False [¢ <up b; ¢ >up b] = False
[e >up b; ¢ <up b] = False [c <up b; ¢ >up b] = False
[e <ip b; ¢ >1p b] = False [c >1p b; ¢ <ip b] = False
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[e <y b; ¢ >1p b] = False [c > by ¢ <;p b] = False
by (case-tacl!] b) (auto simp add: bound-compare-defs)

lemma compare-strict-nonstrict:
r<up b= <, b
> b= x>, 0
r<p b=z < b
T>p b= x>, b
by (case-tac[!] b) (auto simp add: bound-compare-defs)

lemma [simp]:

[
[z<cc<wb] =z <ub
[z<c;e<upb] = z<up b
[z<cc<wpb]=2<ub
[z>ce>pb] = z>pb
[z>ce>pb] = z>pb
[z>2cc>pb] = 2250

by (case-tacl!] b) (auto simp add: bound-compare-defs)

lemma bounds-lg [simp]:
[e>wbz<upb] =z<c
> by <y V] =z < ¢
>ub by 7 Sup b] = 2 < ¢
<lbb;l’zlbb]]:>l'>c
Slbb;$>lbb]]:>$>c
< bz >p b =z>c
(case-tac[!] b) (auto simp add: bound-compare-defs)

< oo oo o

[
[
[
[
[
b

lemma bounds-compare-Some [simp]:
z <yup Somec<+— x < cx >y Somec— x> c
T <yp Some c— x < T >yup Somec x> ¢
x> Somec—— 1> cx <;p Somec<+— x<c¢
x> Somec— x> cx < Somec+— x < ¢
by (auto simp add: bound-compare-defs)

fun in-bounds where
in-bounds x v (Ib, ub) = (v > bz A v <up ub x)

fun satisfies-bounds :: 'a:linorder valuation = 'a bounds X 'a bounds = bool
(infixl =, 100) where

v Ep b+— (V z. in-bounds z v b)
declare satisfies-bounds.simps [simp del]

lemma satisfies-bounds-iff:
v (b, ub) «— (V z. vz > ba Ave <up ub x)
by (auto simp add: satisfies-bounds.simps)

lemma not-in-bounds:
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= (in-bounds x v (Ib, ub)) = (v <pp bz V v & >y ub )
using bounds-compare-contradictory(7)

using bounds-compare-contradictory(2)

using neg-bounds-compare(7)[of v x lb ]

using neg-bounds-compare(2)[of v x ub z]

by auto

fun atoms-equiv-bounds :: 'a::linorder atom set = 'a bounds x ’a bounds = bool
(infix] = 100) where

as = (Ib, ub) <— (V v. v [Fas as <— v |=p (Ib, ub))
declare atoms-equiv-bounds.simps [simp del]

lemma atoms-equiv-bounds-simps:
as = (Ib, ub) =V v. v 45 as +— v = (Ib, ubd)
by (simp add: atoms-equiv-bounds.simps)

A valuation satisfies bounds iff the value of each variable respects both
its lower and upper bound, i.e, v = (Ib, ub) = Vz. va >p bz A v
<up ub ). Asserted atoms are precisely encoded by the current bounds in
a state (denoted by =) if every valuation satisfies them iff it satisfies the
bounds, i.e., as = (Ib, ub) = Vv. v |Fas as = v = (Ib, ub).

The procedure also keeps track of a valuation that is a candidate solution.
Whenever a new atom is asserted, it is checked whether the valuation is
still satisfying. If not, the procedure tries to fix that by changing it and
changing the tableau if necessary (but so that it remains equivalent to the
initial tableau).

Therefore, the state of the procedure stores the tableau (denoted by T),
lower and upper bounds (denoted by B; and B,, and ordered pair of lower
and upper bounds denoted by B), candidate solution (denoted by V) and a
flag (denoted by U) indicating if unsatisfiability has been detected so far:

Since we also need to now about the indices of atoms, actually, the
bounds are also indexed, and in addition to the flag for unsatisfiability, we
also store an optional unsat core.

type-synonym i bound-index = var = i
type-synonym ('i,’a) bounds-index = (var, (i X 'a))mapping

datatype ('i,’a) state = State
(T: tableau)

Bz ('i,’a) bounds-index)

Biw: ('i,'a) bounds-index)

V: (var, 'a) mapping)

U: bool)

U.: i list option)

(
(
(
(
(

definition indezl :: ('i,’a) state = 'i bound-index (I;) where
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Z; s = (fst o the) o look (Bi; )

definition boundsl :: ('i,’a) state = ’a bounds (B;) where
B; s = map-option snd o look (B;; )

definition indezu :: ('i,’a) state = i bound-index (Z,,) where
Z, s = (fst o the) o look (B;y )

definition boundsu :: ('i,’a) state = 'a bounds (B,) where
B, s = map-option snd o look (B;y s)

abbreviation BoundsIndicesMap (B;) where B; s = (B;; s, Biy S)
abbreviation Bounds :: ('i,'a) state = 'a bounds x 'a bounds (B) where B s =
(Bl S, Bu S)
abbreviation Indices :: (i,’a) state = 'i bound-index x 'i bound-index (Z) where
ITs=(Z;s I,s)
abbreviation BoundsIndices :: ('i,a) state = ('a bounds x 'a bounds) x ('i
bound-index x 'i bound-indez) (BI)

where BZ s= (B s, T s)

fun satisfies-bounds-index :: i set x 'a::lrv valuation = (‘a bounds X 'a bounds)
X
("i bound-index x 'i bound-index) = bool (infixl =;;, 100) where
(1,0) by (BLBUY(IL,IU)) +— (
(Vzec. BLz=Somec— ILz €l — vz > c)
ANV zc. BUx=8Somec— IUz €] — vz <c))
declare satisfies-bounds-index.simps[simp del]

fun satisfies-bounds-indez’ :: 'i set x 'a::lrv valuation = ('a bounds x 'a bounds)
X
("i bound-index x 'i bound-index) = bool (infixl =, 100) where
(I’U) ):ibe ((BLvBU)7(IL’IU)) — (
(V zc. BLz=8Somec— ILz el — vz =c)
ANV zc. BUz =8Somec— IUz €] — vz =c))
declare satisfies-bounds-index’.simps[simp del]

fun atoms-imply-bounds-index :: ('i,’a::lrv) i-atom set = (‘a bounds x 'a bounds)
x (' bound-index x 'i bound-indezx)

= bool (infixl |=; 100) where

as = bi «— (V Tv. (I,v) Fiqs as — (I,0) =i bi)
declare atoms-imply-bounds-index.simps[simp del]

lemma i-satisfies-atom-set-mono: as C as’ => v s a8’ = v s a8
by (cases v, auto simp: satisfies-atom-set-def)

lemma atoms-imply-bounds-indez-mono: as C as’ = as |=; bi = as’ |=; bi

unfolding atoms-imply-bounds-index.simps using i-satisfies-atom-set-mono by
blast
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definition satisfies-state :: 'a::lrv valuation = ('i,’a) state = bool (infixl =, 100)
where

vEss=vEyBsANviE T s

definition curr-val-satisfies-state :: ('i,’a::lrv) state = bool (=) where

Es=(Vs) Ess

fun satisfies-state-indez :: i set x 'a::lrv valuation = ('i,’a) state = bool (infixl
Eis 100) where

(Iw) Eis s«— (v T s A (L) =i BL s)
declare satisfies-state-index.simps|simp del]

fun satisfies-state-indez’ :: 'i set x 'a::lrv valuation = ('i,’a) state = bool (infixl
Eise 100) where

(I,v) Eise s (V= T s A (L,v) Eive BL s)
declare satisfies-state-index’.simps[simp del]

definition indices-state :: ('i,’a)state = 'i set where
indices-state s = { i. 3 z b. look (B;; s) © = Some (i,b) V look (B;, s) © = Some

(4,0)}
distinctness requires that for each index ¢, there is at most one variable
z and bound b such that £ < b or 2 > b or both are enforced.

definition distinct-indices-state :: ('i,’a)state = bool where
distinct-indices-state s = (VY iz bz’ b’
((look (B s) x = Some (i,b) V look (Biy, s) x = Some (i,b)) —
(look (By; s) x' = Some (i,b") V look (B;,, s) ' = Some (i,b")) —
(z=2x"Nb=1")))

lemma distinct-indices-stateD: assumes distinct-indices-state s
shows look (B;; s) © = Some (4,b) V look (B;y, s) x = Some (i,b) = look (B
s) ¢’ = Some (i,b") V look (B;y s) z' = Some (i,b’)
= z=z'ANb=1b
using assms unfolding distinct-indices-state-def by blast+

definition unsat-state-core :: ('i,’a::lrv) state = bool where
unsat-state-core s = (set (the (U, s)) C indices-state s A (= (3 v. (set (the (U,

$)),0) [Fis 5)))

definition subsets-sat-core :: ('i,’a::lrv) state = bool where
subsets-sat-core s = (¥ 1. I C set (the U, s)) — (3 v. (I,v) Fise $)))

definition minimal-unsat-state-core :: ('i,’a::lrv) state = bool where
minimal-unsat-state-core s = (unsat-state-core s N (distinct-indices-state s —
subsets-sat-core s))

lemma minimal-unsat-core-tabl-atoms-mono: assumes sub: as C bs

and unsat: minimal-unsat-core-tabl-atoms I t as
shows minimal-unsat-core-tabl-atoms I t bs

60



unfolding minimal-unsat-core-tabl-atoms-def
proof (intro conjl impl alll)
note min = unsat[unfolded minimal-unsat-core-tabl-atoms-def)
from min have I: I C fst ‘ as by blast
with sub show I C fst ‘ bs by blast
from min have (Av. v =, t A (I, v) =ias as) by blast
with i-satisfies-atom-set-mono[OF sub]
show (Av. v = t A (I, v) Eias bs) by blast
fix J
assume J: J C I and dist-bs: distinct-indices-atoms bs
hence dist: distinct-indices-atoms as
using sub unfolding distinct-indices-atoms-def by blast
from min dist J obtain v where v: v = t (J, v) Fiqes as by blast
have (J, v) Figes bs
unfolding i-satisfies-atom-set’.simps
proof (intro balll)
fix a
assume a € snd ‘ (bs N J x UNIV)
then obtain ¢ where ia: (i,a) € bs and i: ¢ € J
by force
with J have i € I by auto
with I obtain b where ib: (i,b) € as by force
with sub have ib": (i,b) € bs by auto
from dist-bs[unfolded distinct-indices-atoms-def, rule-format, OF ia ib’]
have id: atom-var a = atom-var b atom-const a = atom-const b by auto
from v(2)[unfolded i-satisfies-atom-set’.simps] i ib
have v =40 b by force
thus v =, a using id unfolding satisfies-atom’-def by auto
qed
with v show Jv. v |5 ¢ A (J, v) Eiges bs by blast
qed

lemma state-satisfies-index: assumes v =4 s
shows (I,v) s s
unfolding satisfies-state-index.simps satisfies-bounds-index.simps
proof (intro conjl impI alll)
fix z ¢
from assms|unfolded satisfies-state-def satisfies-bounds.simps, simplified)
have v = T sand bnd: vz > By s x vz <y By sz by auto
show v |=¢ T s by fact
show By sz = Somec—= 17, sz €l —c< vz
using bnd(1) by auto
show B, sz = Somec —=7Z,scz €l —=vzr<c
using bnd(2) by auto
qed

lemma unsat-state-core-unsat: unsat-state-core s = - (3 v. v =5 8)
unfolding unsat-state-core-def using state-satisfies-index by blast
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definition tableau-valuated (V) where
V s=V z € tvars (T s). Mapping.lookup (V s) © # None

definition index-valid where
index-valid as (s :: ('i,’a) state) = (¥ z b i.
(look (B;; s) x = Some (i,b) — ((i, Geq z b) € as))
A (look (Biy s) © = Some (i,b) — ((¢, Leq z b) € as)))

lemma index-valid-indices-state: indez-valid as s = indices-state s C fst ‘ as
unfolding index-valid-def indices-state-def by force

lemma index-valid-mono: as C bs = index-valid as s =—> index-valid bs s
unfolding index-valid-def by blast

lemma index-valid-distinct-indices: assumes indez-valid as s
and distinct-indices-atoms as
shows distinct-indices-state s
unfolding distinct-indices-state-def
proof (intro alll impl, goal-cases)
case (1 iz byc)
note valid = assms(1)[unfolded index-valid-def, rule-format]
from 1(1) valid[of x i b] have (i, Geq z b) € as V (i, Leq  b) € as by auto
then obtain a where a: (i,a) € as atom-var a = z atom-const a = b by auto
from 1(2) valid[of y i c] have y: (i, Geq y ¢) € as V (i, Leq y ¢) € as by auto
then obtain a’ where a” (i,a’) € as atom-var o’ = y atom-const o’ = ¢ by
auto
from assms(2)[unfolded distinct-indices-atoms-def, rule-format, OF a(1) a'(1)]
show ?case using a a’ by auto
qed

To be a solution of the initial problem, a valuation should satisfy the ini-
tial tableau and list of atoms. Since tableau is changed only by equivalency
preserving transformations and asserted atoms are encoded in the bounds, a
valuation is a solution if it satisfies both the tableau and the bounds in the
final state (when all atoms have been asserted). So, a valuation v satisfies
a state s (denoted by =) if it satisfies the tableau and the bounds, i.e., v
Ess=uvy, BsAvl T s Since V should be a candidate solution, it
should satisfy the state (unless the U flag is raised). This is denoted by =
s and defined by = s = (V s) =5 s. V s will denote that all variables of T
s are explicitly valuated in V s.

definition updateBZ where
[simp]: updateBL field-update i x ¢ s = field-update (upd z (i,c)) s

fun B;,-update where
B -update up (State T BIL BIU V U UC) = State T BIL (up BIU) V U UC

fun B;;-update where
Bii-update up (State T BIL BIU V U UC) = State T (up BIL) BIU V U UC
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fun V-update where
V-update V (State T BIL BIU V-old U UC) = State T BIL BIU V U UC

fun 7 -update where
T-update T (State T-old BIL BIU V U UC) = State T BIL BIU V U UC

lemma update-simps|simp]:
Biu (Biu'update up S) = up (Bzu 5)
B (Biy-update up s) = By s
T (Biy-update up s) =T s
V (Biy-update up s) =V s
U (Biy-update up s) = U s
U. (Biy-update up s) = U, s
B (Bij-update up s) = up (B )
Biw (Bii-update up s) = By s
T (Bii-update up s) =T s
V (Bji-update up s) =V s
U (Bi-update up s) =U s
U. (Bi-update up s) = U, s
V (V-update Vs) =V
Bii (V-update V' s) = By s
Biw (V-update V' s) = By, s
T (V-update Vs) =T s
U (V-update Vs) =U s
U. (V-update V s) = U, s
T (T-update T s) = T
Bii (T-update T s) = By s
Biw (T-update T' s) = By, s
V (T-update T s) =V s
U (T-update T s) =U s
U. (T-update T s) = U, s

by (atomize(full), cases s, auto)

declare
B -update.simps[simp del]
B;i-update.simps[simp del]

fun set-unsat :: i list = ('i,’a) state = ('i,’a) state where
set-unsat I (State T BIL BIU V U UC) = State T BIL BIU V True (Some
(remdups I))

lemma set-unsat-simps[simp|: By (set-unsat I s) = By s
Biw (set-unsat I s) = By, s
T (set-unsat [ s) =T s
V (set-unsat I s) =V s
U (set-unsat I s) = True
U. (set-unsat I s) = Some (remdups I)
by (atomize(full), cases s, auto)
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datatype (’i,’a) Direction = Direction

(It: 'ax:linorder = 'a = bool)
(LBI: ('i,/a) state = ('i,’a) bounds-index)
(UBI: ('i,’a) state = ('i,’a) bounds-indezx)
(LB: ('i,’a) state = 'a bounds)

(UB: ('i,’a) state = 'a bounds)

(LI: ('i,a) state = 'i bound-index)

(UI: ('i,’a) state = 'i bound-index)

(UBI-upd: (('i,’a) bounds-index = ('i,’a) bounds-index) = ('i,’a) state = ('i,’a)
state)

(LE: var = 'a = 'a atom)

(GE: var = 'a = 'a atom)

(le-rat: rat = rat = bool)

definition Positive where
[simp]: Positive = Direction (<) By Biw Bi By Z; Ty, Biw-update Leq Geq (<)

definition Negative where
[simp]: Negative = Direction (>) By By By Bi Ty Z; Bij-update Geq Leg (>)

Assuming that the U flag and the current valuation V in the final state
determine the solution of a problem, the assert-all function can be reduced
to the assert-all-state function that operates on the states:

assert-all t as = let s = assert-all-state t as in
if U s) then (False, None) else (True, Some (V s))

Specification for the assert-all-state can be directly obtained from the
specification of assert-all, and it describes the connection between the valu-
ation in the final state and the initial tableau and atoms. However, we will
make an additional refinement step and give stronger assumptions about
the assert-all-state function that describes the connection between the ini-
tial tableau and atoms with the tableau and bounds in the final state.

locale AssertAllState = fixes assert-all-state::tableau = ('i,’a::lrv) i-atom list =
("i,’a) state
assumes
— The final and the initial tableau are equivalent.
assert-all-state-tableau-equiv: AN t = assert-all-state t as = s’ = (v::'a valu-
ation) =y t «— v = T s’ and

— If U is not raised, then the valuation in the final state satisfies its tableau and
its bounds (that are, in this case, equivalent to the set of all asserted bounds).

assert-all-state-sat: A t = assert-all-state t as = s’ = - U s’ = [ s’ and

assert-all-state-sat-atoms-equiv-bounds: /\ t = assert-all-state t as = s' =— — U
s’ = flat (set as) = B s’ and
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— If U is raised, then there is no valuation satisfying the tableau and the bounds
in the final state (that are, in this case, equivalent to a subset of asserted atoms).

assert-all-state-unsat: A\ t => assert-all-state t as = s' = U s’ = minimal-unsat-state-core

s’ and

assert-all-state-unsat-atoms-equiv-bounds: A\ t = assert-all-state t as = s' = U
s' = set as |=; BT s’ and

— The set of indices is taken from the constraints
assert-all-state-indices: /N t = assert-all-state t as = s = indices-state s C fst
‘ set as and

assert-all-index-valid: N t = assert-all-state t as = s = index-valid (set as) s
begin
definition assert-all where
assert-all t as = let s = assert-all-state t as in
if U s) then Unsat (the (U, s)) else Sat (V s)
end

The assert-all-state function can be implemented by first applying the
init function that creates an initial state based on the starting tableau, and
then by iteratively applying the assert function for each atom in the starting
atoms list.

assert-loop as s = foldl (X s" a. if (U s’) then s’ else assert a s') s as
assert-all-state t as = assert-loop ats (init t)

locale Init’ =
fixes init :: tableau = ('i,’a::lrv) state
assumes init’-tableau-normalized: A\ t = A (T (init t))
assumes init’-tableau-equiv: AN t = (v::'a valuation) =¢ t = v |=¢ T (init t)
assumes init’-sat: A t = = U (init t) — = (init t)
assumes nit’-unsat: A t = U (init t) — minimal-unsat-state-core (init t)
assumes init’-atoms-equiv-bounds: A\ t = {} = B (init t)
assumes init’-atoms-imply-bounds-index: AN t = {} =; BZ (init t)

Specification for init can be obtained from the specification of asser-all-state
since all its assumptions must also hold for init (when the list of atoms is
empty). Also, since init is the first step in the assert-all-state implementa-
tion, the precondition for init the same as for the assert-all-state. However,
unsatisfiability is never going to be detected during initialization and U flag
is never going to be raised. Also, the tableau in the initial state can just
be initialized with the starting tableau. The condition {} = B (init t) is
equivalent to asking that initial bounds are empty. Therefore, specification
for init can be refined to:

locale Init = fixes init::tableau = ('i,’a::lrv) state
assumes
— Tableau in the initial state for ¢ is ¢: init-tableau-id: T (init t) = t and
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— Since unsatisfiability is not detected, U flag must not be set: init-unsat-flag: —
U (init t) and

— The current valuation must satisfy the tableaw: init-satisfies-tableaw: (V (init t))
E: t and

— In an inital state no atoms are yet asserted so the bounds must be empty:
init-bounds: B;; (init t) = Mapping.empty By, (init t) = Mapping.empty and

— All tableau vars are valuated: init-tableau-valuated: V (init t)

begin

lemma init-satisfies-bounds:
(V (init t)) = B (init t)
using init-bounds
unfolding satisfies-bounds.simps in-bounds.simps bound-compare-defs
by (auto simp: boundsl-def boundsu-def)

lemma init-satisfies:
E (init t)
using init-satisfies-tableau init-satisfies-bounds init-tableau-id
unfolding curr-val-satisfies-state-def satisfies-state-def
by simp

lemma init-atoms-equiv-bounds:

{} = B (init t)

using init-bounds

unfolding atoms-equiv-bounds.simps satisfies-bounds.simps in-bounds.simps sat-
isfies-atom-set-def

unfolding bound-compare-defs

by (auto simp: indexl-def indexu-def boundsl-def boundsu-def)

lemma init-atoms-imply-bounds-index:
{} E: BT (init t)
using init-bounds
unfolding atoms-imply-bounds-index.simps satisfies-bounds-indez.simps in-bounds.simps
i-satisfies-atom-set.simps satisfies-atom-set-def
unfolding bound-compare-defs
by (auto simp: indexl-def indezu-def boundsl-def boundsu-def)

lemma init-tableau-normalized:
At = A (T (init t))
using init-tableau-id
by simp

lemma init-indez-valid: indez-valid as (init t)
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using init-bounds unfolding indez-valid-def by auto

lemma init-indices: indices-state (init t) = {}
unfolding indices-state-def init-bounds by auto
end

sublocale Init < Init’ init
using init-tableau-id init-satisfies init-unsat-flag init-atoms-equiv-bounds init-atoms-imply-bounds-index
by unfold-locales auto

abbreviation vars-list where
vars-list t = remdups (map ths t Q@ (concat (map (Abstract-Linear-Poly.vars-list

o rhs) t)))

lemma tvars t = set (vars-list t)
by (auto simp add: set-vars-list lvars-def rvars-def)

The assert function asserts a single atom. Since the init function does
not raise the U flag, from the definition of assert-loop, it is clear that the flag
is not raised when the assert function is called. Moreover, the assumptions
about the assert-all-state imply that the loop invariant must be that if the
U flag is not raised, then the current valuation must satisfy the state (i.e.,
= s). The assert function will be more easily implemented if it is always
applied to a state with a normalized and valuated tableau, so we make
this another loop invariant. Therefore, the precondition for the assert a s
function call is that =~ U s, = s, A (T s) and V s hold. The specification
for assert directly follows from the specification of assert-all-state (except
that it is additionally required that bounds reflect asserted atoms also when
unsatisfiability is detected, and that it is required that assert keeps the
tableau normalized and valuated).
locale Assert = fixes assert::('i,’a::lrv) i-atom = ('i,’a) state = ('i,’a) state

assumes
— Tableau remains equivalent to the previous one and normalized and valuated.
assert-tableauw: [~ U s; = s A (T s); V s] = let s’ = assert a s in

((v::'a valuation) = T s<+— v = T s) ANA (T s') AV s’ and

— If the U flag is not raised, then the current valuation is updated so that it satisfies
the current tableau and the current bounds.

assert-sat: [ U s; = 3 A (T 8); V s] = — U (assert a s) = |= (assert a s)
and

— The set of asserted atoms remains equivalent to the bounds in the state.

assert-atoms-equiv-bounds: [~ U s; = s; A (T s); V s] = flat ats = B s = flat
(ats U {a}) = B (assert a s) and
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— There is a subset of asserted atoms which remains index-equivalent to the bounds

in the state.

assert-atoms-imply-bounds-index: [ U s; = s; A (T 8); V 8] = ats |=; BL s =
insert a ats |=; BZ (assert a s) and

— If the U flag is raised, then there is no valuation that satisfies both the current
tableau and the current bounds.

assert-unsat: [ U s; = s; A (T 8); V s; indez-valid ats s] = U (assert a s) =
minimal-unsat-state-core (assert a s) and

assert-indez-valid: [~ U s; 1= s; A (T s); V 8] = index-valid ats s = indez-valid
(insert a ats) (assert a s)

begin
lemma assert-tableau-equiv: [~ U s; = s; A (T 8); V s] = (v::'a valuation) =
T s+— v T (assert a s)

using assert-tableau

by (simp add: Let-def)

lemma assert-tableau-normalized: [= U s; = s; A (T s); V s] = A (T (assert

as))

using assert-tableau
by (simp add: Let-def)

lemma assert-tableau-valuated: [- U s; = s; A (T s); V s] = V (assert a )
using assert-tableau
by (simp add: Let-def)

end

locale AssertAliState’ = Init init + Assert assert for

indt :: tableaw = ('(,’a::lrv) state and assert :: ('i,’a) i-atom = (i,’a) state =
('i,’a) state
begin

definition assert-loop where
assert-loop as s = foldl (X s’ a. if (U s') then s’ else assert a s') s as

definition assert-all-state where [simp]:
assert-all-state t as = assert-loop as (init t)

lemma AssertAllState’-precond:
At = A (T (assert-all-state t as))
A (V (assert-all-state t as))
A (= U (assert-all-state t as) — = (assert-all-state t as))
unfolding assert-all-state-def assert-loop-def
using init-satisfies init-tableau-normalized init-index-valid
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using assert-sat assert-tableau-normalized init-tableau-valuated assert-tableau-valuated
by (induct as rule: rev-induct) auto

lemma AssertAllState’Induct:
assumes
At
P {} (init t)
N\ asbst. as Cbs=— Past = Pbst
Nsaas. [-U s = s A (T s); Vs, Pas s; index-valid as s] = P (insert a
as) (assert a s)
shows P (set as) (assert-all-state t as)
proof —
have P (set as) (assert-all-state t as) A indez-valid (set as) (assert-all-state t as)
proof (induct as rule: rev-induct)
case Nil
then show ?case
unfolding assert-all-state-def assert-loop-def
using assms(2) init-index-valid by auto
next
case (snoc a as’)
let 2f = Xs’ a. if U s’ then s’ else assert a s’
let ?s = foldl ?f (init t) as’
show ?Zcase
proof (cases U ?s)
case True
from snoc indezx-valid-mono[of - set (a # as’) (assert-all-state t as’)]
have indez: index-valid (set (a # as’)) (assert-all-state t as’)
by auto
from snoc assms(3)[of set as’ set (a # as”)]
have P: P (set (a # as’)) (assert-all-state t as’) by auto
show ?Zthesis
using True P index
unfolding assert-all-state-def assert-loop-def
by simp
next
case Fulse
then show ?thesis
using snoc
using assms(1) assms(4)
using AssertAllState’-precond assert-indez-valid
unfolding assert-all-state-def assert-loop-def
by auto
qed
qed
then show ?thesis ..
qed

lemma AssertAllState-index-valid: /\ t => index-valid (set as) (assert-all-state t
as)
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by (rule AssertAllState’Induct, auto intro: assert-index-valid init-index-valid in-
dez-valid-mono)

lemma AssertAllState’-sat-atoms-equiv-bounds:
At = = U (assert-all-state t as) = flat (set as) = B (assert-all-state t as)
using AssertAllState’-precond
using init-atoms-equiv-bounds assert-atoms-equiv-bounds
unfolding assert-all-state-def assert-loop-def
by (induct as rule: rev-induct) auto

lemma AssertAllState’-unsat-atoms-implies-bounds:
assumes A ¢
shows set as |=; BZ (assert-all-state t as)
proof (induct as rule: rev-induct)
case Nil
then show Zcase
using assms init-atoms-imply-bounds-index
unfolding assert-all-state-def assert-loop-def
by simp
next
case (snoc a as’)
let %s = assert-all-state t as’
show ?Zcase
proof (cases U ?s)
case True
then show ?thesis
using snoc atoms-imply-bounds-index-mono|of set as’ set (as’ Q [a])]
unfolding assert-all-state-def assert-loop-def
by auto
next
case False
then have id: assert-all-state t (as’ Q [a]) = assert a ?s
unfolding assert-all-state-def assert-loop-def by simp
from snoc have as” set as’ |=; B ?s by auto
from AssertAllState’-precond|of t as’] assms False
have = %s A (T %s) V ?%s by auto
from assert-atoms-imply-bounds-index[OF False this as’, of a)
show ?thesis unfolding id by auto
qed
qed

end

Under these assumptions, it can easily be shown (mainly by induction)
that the previously shown implementation of assert-all-state satisfies its
specification.

sublocale AssertAllState’ < AssertAllState assert-all-state
proof
fix v::'a valuation and t as s’
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assume *: A t and id: assert-all-state t as = s’
note idsym = id[symmetric]

show v =, t = v =, T s’ unfolding idsym
using init-tableau-id|of t] assert-tableau-equiv|of - v]
by (induct rule: AssertAllState’Induct) (auto simp add: )

show = U s’ = = s’ unfolding idsym
using AssertAllState’-precond by (simp add: * )

show - U s’ = flat (set as) = B s’
unfolding idsym
using x
by (rule AssertAllState’-sat-atoms-equiv-bounds)

show U s’ = set as |=; BT s’
using * unfolding idsym
by (rule AssertAllState’-unsat-atoms-implies-bounds)

show U s’ = minimal-unsat-state-core s’
using init-unsat-flag assert-unsat assert-index-valid unfolding idsym
by (induct rule: AssertAllState’Induct) (auto simp add: * )

show indices-state s’ C fst ‘ set as unfolding idsym using x*
by (intro index-valid-indices-state, induct rule: AssertAllState’Induct,
auto simp: init-indez-valid index-valid-mono assert-index-valid)

show indez-valid (set as) s’ using * AssertAllState-index-valid idsym by blast
qed

6.5 Asserting Single Atoms

The assert function is split in two phases. First, assert-bound updates the
bounds and checks only for conflicts cheap to detect. Next, check performs
the full simplex algorithm. The assert function can be implemented as assert
a s = check (assert-bound a s). Note that it is also possible to do the first
phase for several asserted atoms, and only then to let the expensive second
phase work.

Asserting an atom z <1 b begins with the function assert-bound. If the
atom is subsumed by the current bounds, then no changes are performed.
Otherwise, bounds for z are changed to incorporate the atom. If the atom
is inconsistent with the previous bounds for z, the U flag is raised. If z is
not a lhs variable in the current tableau and if the value for z in the current
valuation violates the new bound b, the value for z can be updated and
set to b, meanwhile updating the values for lhs variables of the tableau so
that it remains satisfied. Otherwise, no changes to the current valuation are
performed.
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fun satisfies-bounds-set :: 'a::linorder valuation = 'a bounds X 'a bounds = var
set = bool where
satisfies-bounds-set v (Ib, ub) S «— (V z € S. in-bounds z v (Ib, ub))
declare satisfies-bounds-set.simps [simp del]
syntax
-satisfies-bounds-set :: (var = 'a::linorder) = 'a bounds x 'a bounds = wvar set
= bool (- - I/ )
translations
vy b || S == CONST satisfies-bounds-set v b S
lemma satisfies-bounds-set-iff:
vy (b, ub) | S=NVzeS va>plbaNve <, ubz)
by (simp add: satisfies-bounds-set.simps)

definition curr-val-satisfies-no-lhs (Fnoins) where

Fnotns s = (V 8) =1 (T s) A ((V s) = (B s) || (= lvars (T s)))

lemma satisfies-satisfies-no-lhs:

): § = ':nolhs S
by (simp add: curr-val-satisfies-state-def satisfies-state-def curr-val-satisfies-no-lhs-def
satisfies-bounds.simps satisfies-bounds-set.simps)

definition bounds-consistent :: ('i,’a::linorder) state = bool () where

O s =

YV z.if By s x = None V By s z = None then True else the (B; s x) < the (B,
s )

So, the assert-bound function must ensure that the given atom is included
in the bounds, that the tableau remains satisfied by the valuation and that
all variables except the lhs variables in the tableau are within their bounds.
To formalize this, we introduce the notation v =, (b, ub) || S, and define v
Ey (b, ub) || S=VzeS. va > lba Ave <yup ubz, and Fnoins s = (V 8)
E T sAN(Vs) EyBs| — lars (T s). The assert-bound function raises
the U flag if and only if lower and upper bounds overlap. This is formalized
as O s =Vua. if B sx = None V B, s x = None then True else the (B; s
z) < the (By s x).
lemma satisfies-bounds-consistent:

(v:'az:linorder valuation) =y B s — O s

unfolding satisfies-bounds.simps in-bounds.simps bounds-consistent-def bound-compare-defs
by (auto split: option.split) force

lemma satisfies-consistent:
Es—0s

by (auto simp add: curr-val-satisfies-state-def satisfies-state-def satisfies-bounds-consistent)
lemma bounds-consistent-geq-lb:

[O s; By s z; = Some (]
= c2>p B s
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unfolding bounds-consistent-def
by (cases By s x;, auto simp add: bound-compare-defs split: if-splits)
(erule-tac z=z; in allE, auto)

lemma bounds-consistent-leg-ub:
[O s; By s x; = Some (]
= ¢ <up By s 15
unfolding bounds-consistent-def
by (cases B, s z;, auto simp add: bound-compare-defs split: if-splits)
(erule-tac z=xz; in allE, auto)

lemma bounds-consistent-gt-ub:
[O0s5e<wpwBrsz] = —c>u By sz
unfolding bounds-consistent-def
by (case-tac|!] B; s z, case-tac[!] B, s )
(auto simp add: bound-compare-defs, erule-tac x=z in allE, simp)

lemma bounds-consistent-lt-1b:
[0 85 ¢>u Busz] = —c<ipp B sz
unfolding bounds-consistent-def
by (case-tac|!] B; s z, case-tac[!] B, s )
(auto simp add: bound-compare-defs, erule-tac x=x in allE, simp)

Since the assert-bound is the first step in the assert function implemen-
tation, the preconditions for assert-bound are the same as preconditions for
the assert function. The specifiction for the assert-bound is:

locale AssertBound = fixes assert-bound::('i,’a::lrv) i-atom = ('i,’a) state =
("i,’a) state
assumes
— The tableau remains unchanged and valuated.

assert-bound-tableau: [~ U s; = s; A (T s); V s] = assert-bound a s = ' = T
s'=T s ANV s and

— If the U flag is not set, all but the lhs variables in the tableau remain within
their bounds, the new valuation satisfies the tableau, and bounds do not overlap.
assert-bound-sat: [ U s; = s; A (T s); V s] = assert-bound a s = s' = - U
s = Enoins ' A O s’ and

— The set of asserted atoms remains equivalent to the bounds in the state.

assert-bound-atoms-equiv-bounds: [~ U s; = s; A (T s); V s] =
flat ats = B s = flat (ats U {a}) = B (assert-bound a s) and

assert-bound-atoms-imply-bounds-indez: [~ U s; = s; A (T s); V s] =
ats =; BL s = insert a ats =; BL (assert-bound a s) and

— U flag is raised, only if the bounds became inconsistent:
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assert-bound-unsat: [~ U s; = s; & (T 8); V s] = indez-valid as s = as-
sert-bound a s = s' = U s’ = minimal-unsat-state-core s’ and

assert-bound-indez-valid: [- U s; = s; A (T s); V 8] = index-valid as s =
index-valid (insert a as) (assert-bound a s)

begin
lemma assert-bound-tableau-id: [ U s; = s; A (T s); V s] = T (assert-bound
as)="Ts

using assert-bound-tableau by blast

lemma assert-bound-tableau-valuated: [- U s; |= s; A (T s); V s] = V (assert-bound
as)
using assert-bound-tableau by blast

end

locale AssertBoundNoLhs =
fixes assert-bound :: ('i,’a::lrv) i-atom = ('i,’a) state = ('i,’a) state
assumes assert-bound-nolhs-tableau-id: [- U s; Epoins s & (T s); V 55 O 8]
= T (assert-bound a s) =T s
assumes assert-bound-nolhs-sat: [~ U s; Enoins 83 D (T s); V 83 0 5] =
= U (assert-bound a s) = Fpnoins (assert-bound a s) A O (assert-bound a s)
assumes assert-bound-nolhs-atoms-equiv-bounds: [—= U $; Enoins $; O (T 8); V
s O 8] =
flat ats = B s = flat (ats U {a}) = B (assert-bound a s)
assumes assert-bound-nolhs-atoms-imply-bounds-index: [~ U s; Enotns 5 O (T
s); Vs Os] =
ats |=; BL s = insert a ats |=; BL (assert-bound a s)
assumes assert-bound-nolhs-unsat: [~ U $; Fnoins 3 O (T $); V s; O 5] =
indez-valid as s => U (assert-bound a s) => minimal-unsat-state-core (assert-bound
as)
assumes assert-bound-nolhs-tableau-valuated: [ U s; Enoins 83 & (T 8); V s
O s] =
V (assert-bound a s)
assumes assert-bound-nolhs-index-valid: [- U s; FEnoins 85 O (T 8); V 85 O 4]
_—
indez-valid as s = index-valid (insert a as) (assert-bound a s)

sublocale AssertBoundNoLhs < AssertBound
by unfold-locales
((metis satisfies-satisfies-no-lhs satisfies-consistent
assert-bound-nolhs-tableau-id assert-bound-nolhs-sat assert-bound-nolhs-atoms-equiv-bounds
assert-bound-nolhs-index-valid assert-bound-nolhs-atoms-imply-bounds-index
assert-bound-nolhs-unsat assert-bound-nolhs-tableau-valuated)+)

The second phase of assert, the check function, is the heart of the Sim-
plex algorithm. It is always called after assert-bound, but in two different
situations. In the first case assert-bound raised the U flag and then check
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should retain the flag and should not perform any changes. In the second
case assert-bound did not raise the U flag, so Fpnoins s, O s, A (T s), and
V s hold.

locale Check = fixes check::("i,’a::lrv) state = ('i,’a) state
assumes
— If check is called from an inconsistent state, the state is unchanged.

check-unsat-id: U s = check s = s and

— The tableau remains equivalent to the previous one, normalized and valuated,
the state stays consistent.

check-tableau: [ U $; Enoins 83 O 83 A (T 8); V s] =
let s' = check s in ((v::'a valuation) =, T s<«— v = T s) ANA (T s) AV s
A\ ':nolhs s"A O s’ and

— The bounds remain unchanged.

check-bounds-id: [- U $; Enoins $; ¢ 85 A (T 8); V s] = B; (check s) = B; s
and

— If U flag is not raised, the current valuation V satisfies both the tableau and the
bounds and if it is raised, there is no valuation that satisfies them.

check-sat: [= U $; Enotns $ 0 85 A (T 8); V s] = = U (check s) = = (check
s) and

check-unsat: [ U 8; Enotns 83 O 83 A (T 8); V 5] = U (check s) = mini-
mal-unsat-state-core (check s)

begin

lemma check-tableau-equiv: [ U 8; Enoins 8; O 83 A (T 8); V s] =
(v:'a valuation) ¢ T s <+— v ¢ T (check s)
using check-tableau
by (simp add: Let-def)

lemma check-tableau-index-valid: assumes ~ U s FEnoins $ O s A (T 5) Vs
shows index-valid as (check s) = index-valid as s
unfolding index-valid-def using check-bounds-id[OF assms]
by (auto simp: indexl-def indexu-def boundsl-def boundsu-def)

lemma check-tableau-normalized: [ U $; Enoins $; 0 83 A (T 8); V s] = A (T
(check s))

using check-tableau

by (simp add: Let-def)
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lemma check-bounds-consistent: assumes — U s Epoins s O s A (T 8) Vs
shows ¢ (check s)
using check-bounds-id[OF assms] assms(8)
unfolding Let-def bounds-consistent-def boundsl-def boundsu-def
by (metis Pair-inject)

lemma check-tableau-valuated: [~ U s; Enoins $; O 53 A (T s); V s] = V (check
s)

using check-tableau

by (simp add: Let-def)

lemma check-indices-state: assumes - U s = FEoips s " U s = O s = U s
= A(Ts)-Us= Vs

shows indices-state (check s) = indices-state s

using check-bounds-id[OF - assms| check-unsat-id[of s]

unfolding indices-state-def by (cases U s, auto)

lemma check-distinct-indices-state: assumes = U s = Epoips S " U s = O s
“Us=NAN(Ts)-Us= Vs

shows distinct-indices-state (check s) = distinct-indices-state s

using check-bounds-id[OF - assms| check-unsat-id[of s]

unfolding distinct-indices-state-def by (cases U s, auto)

end

locale Assert’ = AssertBound assert-bound + Check check for
assert-bound :: ('i,’a::lrv) i-atom = ('i,’a) state = ('i,’a) state and
check = ("i,'a::lrv) state = ('i,’a) state

begin

definition assert :: (‘i,’a) i-atom = ('i,’a) state = ('i,’a) state where
assert a s = check (assert-bound a )

lemma Assert’Precond:
assumes U sE=s A (T s) Vs
shows
A (T (assert-bound a s))
= U (assert-bound a s) => Enoins (assert-bound a s) A O (assert-bound a s)
V (assert-bound a s)
using assms
using assert-bound-tableau-id assert-bound-sat assert-bound-tableau-valuated
by (auto simp add: satisfies-bounds-consistent Let-def)
end

sublocale Assert’ < Assert assert

proof
fix s::(i,’a) state and v::'a valuation and a::('i,’a) i-atom
assume x: ~ U sE s A (T s) Vs
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have A (T (assert a s))
using check-tableau-normalized|of assert-bound a s| check-unsat-id|of assert-bound
a s] *
using assert-bound-sat]of s a] Assert'Precond|of s a]
by (force simp add: assert-def)
moreover
have v = T s = v = T (assert a s)
using check-tableau-equiv|of assert-bound a s v] *
using check-unsat-id|of assert-bound a s
by (force simp add: assert-def Assert’ Precond assert-bound-sat assert-bound-tableau-id)
moreover
have V (assert a s)
using assert-bound-tableau-valuated[of s a] *
using check-tableau-valuated|of assert-bound a s]
using check-unsat-id[of assert-bound a s
by (cases U (assert-bound a s)) (auto simp add: Assert’Precond assert-def)
ultimately
show let s = assertasin (WE: T s=vE T s ANA(T s) AV s’
by (simp add: Let-def)
next
fix s::(i,’a) state and a::('i,’a) i-atom
assume U s|=s A (T s) Vs
then show — U (assert a s) = = (assert a s)
unfolding assert-def
using check-unsat-id|of assert-bound a s
using check-sat[of assert-bound a s
by (force simp add: Assert'Precond)
next
fix s::(i,’a) state and a::('i,’a) i-atom and ats::('i,’a) i-atom set
assume U s|E s A (T s) Vs
then show flat ats = B s = flat (ats U {a}) = B (assert a s)
using assert-bound-atoms-equiv-bounds
using check-unsat-id[of assert-bound a s| check-bounds-id
by (cases U (assert-bound a s)) (auto simp add: Assert’Precond assert-def
stmp: indexl-def indexu-def boundsl-def boundsu-def)
next
fix s::('i,’a) state and a::('i,’a) i-atom and ats
assume x: U s = s A (T s) V sU (assert a s) index-valid ats s
show minimal-unsat-state-core (assert a s)
proof (cases U (assert-bound a s))
case True
then show ?thesis
unfolding assert-def
using * assert-bound-unsat check-tableau-equiv]of assert-bound a s] check-bounds-id
using check-unsat-id[of assert-bound a s]
by (auto simp add: Assert’Precond satisfies-state-def Let-def)
next
case False
then show ?thesis
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unfolding assert-def
using * assert-bound-sat|of s a] check-unsat Assert’Precond
by (metis assert-def)
qed
next
fix ats
fix s::('i,’a) state and a::('i,’a) i-atom
assume x: indez-valid ats s
and xx: U sEsA (T s) Vs
have «: indez-valid (insert a ats) (assert-bound a s)
using assert-bound-indez-valid[OF *x %] .
show indez-valid (insert a ats) (assert a s)
proof (cases U (assert-bound a s))
case True
show ?thesis unfolding assert-def check-unsat-id[OF True] using * .
next
case Fulse
show ?thesis unfolding assert-def using Assert’Precond|OF xx, of a] False
by (subst check-tableau-indez-valid|OF False], auto)
qed
next
fix s ats a
let ?s = assert-bound a s
assume x: " U s = s A (T s) Vsats = BL s
from assert-bound-atoms-imply-bounds-index| OF this, of a]
have as: insert a ats =; BT (assert-bound a s) by auto
show insert a ats =; BZ (assert a s)
proof (cases U ?s)
case True
from check-unsat-id[OF True] as show ?thesis unfolding assert-def by auto
next
case False
from assert-bound-tableau-id[OF x(1—4)] *
have t: A (T %s) by simp
from assert-bound-tableau-valuated|OF *(1—4)]
have v: V %s .
from assert-bound-sat[OF *(1—4) refl False]
have =005 25 O ?s by auto
from check-bounds-id[OF False this t v] as
show ?thesis unfolding assert-def
by (auto simp: indexl-def indexu-def boundsl-def boundsu-def)
qed
qed

Under these assumptions for assert-bound and check, it can be easily
shown that the implementation of assert (previously given) satisfies its spec-
ification.

locale AssertAllState' = Init init + AssertBoundNoLhs assert-bound + Check
check for

78



indt :: tableau = ('i,’a::lrv) state and
assert-bound :: ('i,’a::lrv) i-atom = ('i,’a) state = ('i,’a) state and
check == ('i,'a::lrv) state = ('i,’a) state
begin
definition assert-bound-loop where
assert-bound-loop ats s = foldl (X s’ a. if (U s') then s’ else assert-bound a s') s
ats
definition assert-all-state where [simp]:
assert-all-state t ats = check (assert-bound-loop ats (init t))

However, for efficiency reasons, we want to allow implementations that
delay the check function call and call it after several assert-bound calls. For
example:

assert-bound-loop ats s = foldl (As" a. if U s’ then s’ else assert-bound a s’) s
ats

assert-all-state t ats = check (assert-bound-loop ats (init t))

Then, the loop consists only of assert-bound calls, so assert-bound post-
condition must imply its precondition. This is not the case, since variables
on the lhs may be out of their bounds. Therefore, we make a refinement
and specify weaker preconditions (replace = s, by |=noins s and ¢ s) for
assert-bound, and show that these preconditions are still good enough to
prove the correctnes of this alternative assert-all-state definition.

lemma AssertAllState’’-precond’:
assumes A (T ) Vs U s — Enoths SN O s
shows let s’ = assert-bound-loop ats s in
A(T ShYAV SN (U 8" — Enoins 8" AN O 8
using assms
using assert-bound-nolhs-tableau-id assert-bound-nolhs-sat assert-bound-nolhs-tableau-valuated
by (induct ats rule: rev-induct) (auto simp add: assert-bound-loop-def Let-def)

lemma AssertAllState’-precond:
assumes A ¢
shows let s’ = assert-bound-loop ats (init t) in
A(T YAV A (U 8" — Enoths 8" AN O 8
using assms
using AssertAllState’’-precond’|of init t ats)
by (simp add: Let-def init-tableau-id init-unsat-flag init-satisfies satisfies-consistent
satisfies-satisfies-no-lhs init-tableau-valuated)

lemma AssertAllState’ Induct:
assumes
At
P {} (init t)
N asbst. as Cbs=— Past = Pbst
Nsaats. [Us; (Vs) e T s Fnoths 830 (T 8); V os; O s; P (set ats) s;
indez-valid (set ats) s
= P (insert a (set ats)) (assert-bound a s)
shows P (set ats) (assert-bound-loop ats (init t))
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proof —
have P (set ats) (assert-bound-loop ats (init t)) A index-valid (set ats) (assert-bound-loop
ats (init t))
proof (induct ats rule: rev-induct)
case Nil
then show “case
unfolding assert-bound-loop-def
using assms(2) init-index-valid
by simp
next
case (snoc a as’)
let ?s = assert-bound-loop as’ (init t)
from snoc indez-valid-mono|of - set (a # as’) assert-bound-loop as’ (init t)]
have indez: indez-valid (set (a # as’)) (assert-bound-loop as’ (init t))
by auto
from snoc assms(3)[of set as’ set (a # as”)]
have P: P (set (a # as’)) (assert-bound-loop as’ (init t)) by auto
show ?Zcase
proof (cases U ?s)
case True
then show %thesis
using P indez
unfolding assert-bound-loop-def
by simp
next
case Fulse
have id": set (as’ @ [a]) = insert a (set as’) by simp
have id: assert-bound-loop (as’ @Q [a]) (init t) =
assert-bound a (assert-bound-loop as’ (init t))
using False unfolding assert-bound-loop-def by auto
from snoc have index: indez-valid (set as’) ?s by simp
show ?thesis unfolding id unfolding id’ using Fualse snoc AssertAll-
State'-precond| OF assms(1)]
by (intro conjl assert-bound-nolhs-indexz-valid index assms(4); (force simp:
Let-def curr-val-satisfies-no-lhs-def) ?)
qed
qged
then show %thesis ..
qed

lemma AssertAllState’’-tableau-id:
At = T (assert-bound-loop ats (init t)) = T (init t)
by (rule AssertAllState’ Induct) (auto simp add: init-tableau-id assert-bound-nolhs-tableau-id)

lemma AssertAllState’-sat:
At =
= U (assert-bound-loop ats (init t)) — Enoins (assert-bound-loop ats (init t))
A O (assert-bound-loop ats (init t))
by (rule AssertAllState’ Induct) (auto simp add: init-unsat-flag init-satisfies sat-

80



isfies-consistent satisfies-satisfies-no-lhs assert-bound-nolhs-sat)

lemma AssertAllState”-unsat:
At = U (assert-bound-loop ats (init t)) — minimal-unsat-state-core (assert-bound-loop
ats (init t))
by (rule AssertAllState’ Induct)
(auto simp add: init-tableau-id assert-bound-nolhs-unsat init-unsat-flag)

lemma AssertAllState’-sat-atoms-equiv-bounds:

A t = = U (assert-bound-loop ats (init t)) — flat (set ats) = B (assert-bound-loop
ats (init t))

using AssertAllState’’-precond

using assert-bound-nolhs-atoms-equiv-bounds init-atoms-equiv-bounds

by (induct ats rule: rev-induct) (auto simp add: Let-def assert-bound-loop-def)

lemma AssertAllState’’-atoms-imply-bounds-index:
assumes A ¢
shows set ats =; BT (assert-bound-loop ats (init t))
proof (induct ats rule: rev-induct)
case Nil
then show ?case
unfolding assert-bound-loop-def
using init-atoms-imply-bounds-index assms
by simp
next
case (snoc a ats’)
let ?s = assert-bound-loop ats’ (init t)
show ?Zcase
proof (cases U ?s)
case True
then show ?thesis
using snoc atoms-imply-bounds-index-mono|of set ats’ set (ats’ Q [a])]
unfolding assert-bound-loop-def
by auto
next
case False
then have id: assert-bound-loop (ats’ Q [a]) (init t) = assert-bound a ?s
unfolding assert-bound-loop-def by auto
from snoc have ats: set ats’ |=; BZ ?s by auto
from AssertAllState’’-precond|of t ats’, OF assms, unfolded Let-def] False
have *: =poins 28 A (T 23) V 25 O 25 by auto
show ?thesis unfolding id using assert-bound-nolhs-atoms-imply-bounds-index| OF
False x ats, of a] by auto
qed
qed

lemma AssertAllState'’-index-valid:

A t = index-valid (set ats) (assert-bound-loop ats (init t))
by (rule AssertAllState'' Induct, auto simp: init-indez-valid index-valid-mono as-
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sert-bound-nolhs-index-valid)
end

sublocale AssertAllState’” < AssertAllState assert-all-state
proof
fix v::'a valuation and t ats s’
assume *: A t and assert-all-state t ats = s’
then have s’ s’ = assert-all-state t ats by simp
let ?s’ = assert-bound-loop ats (init t)
show v = t=v = T s
unfolding assert-all-state-def s’
using * check-tableau-equiv|of ?s' v] AssertAllState'’-tableau-id|of t ats] init-tableau-id|of
t]
using AssertAllState’-sat[of t ats] check-unsat-id[of ?s']
using AssertAllState’-precond|of t ats]
by force

show - U ' = E s’
unfolding assert-all-state-def s’
using x AssertAllState’’-precond|of t ats)]
using check-sat check-unsat-id
by (force simp add: Let-def)

show U s’ = minimal-unsat-state-core s’
using * check-unsat check-unsat-id[of ?s’] check-bounds-id
using AssertAllState’-unsat[of t ats] AssertAllState’-precond|of t ats] s’
by (force simp add: Let-def satisfies-state-def)

show ~ U s’ = flat (set ats) = B s’
unfolding assert-all-state-def s’
using x AssertAllState’’-precond|of t ats]
using check-bounds-id[of ?s'] check-unsat-id]of ?s']
using AssertAllState’’-sat-atoms-equiv-bounds|of t ats]
by (force simp add: Let-def simp: indezl-def indexu-def boundsl-def boundsu-def)

show U s’ = set ats |=; BZ s’
unfolding assert-all-state-def s’
using * AssertAllState’-precond|of t ats]
unfolding Let-def
using check-bounds-id[of ?s']
using AssertAllState’-atoms-imply-bounds-index|of t ats]
using check-unsat-id[of ?s]
by (cases U ?s’) (auto simp add: Let-def simp: indexl-def indexu-def boundsl-def
boundsu-def)

show indez-valid (set ats) s’
unfolding assert-all-state-def s’
using x AssertAllState’’-precond|of t ats] AssertAllState’’-index-valid[OF *, of
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ats]
unfolding Let-def
using check-tableau-indez-valid|of ?s’]
using check-unsat-id[of ?s']
by (cases U ?s', auto)

show indices-state s’ C fst ‘ set ats
by (intro indez-valid-indices-state, fact)
qed

6.6 Update and Pivot

Both assert-bound and check need to update the valuation so that the
tableau remains satisfied. If the value for a variable not on the lhs of the
tableau is changed, this can be done rather easily (once the value of that
variable is changed, one should recalculate and change the values for all lhs
variables of the tableau). The update function does this, and it is specified
by:

locale Update = fixes update::var = 'a::lrv = ('i,’a) state = ('i,’a) state

assumes
— Tableau, bounds, and the unsatisfiability flag are preserved.

update-id: [A (T 8); V s; x ¢ lvars (T s)] =
let s =wupdatexcsinT s'=T sANB;s"=B;sANUs'=UsANU.s" =U,
s and

— Tableau remains valuated.

update-tableau-valuated: [A (T s); V s; x ¢ lars (T s)] = V (update x v s)
and

— The given variable z in the updated valuation is set to the given value v while
all other variables (except those on the lhs of the tableau) are unchanged.

update-valuation-nonlhs: [A (T s); V s; x & ars (T s)] = z' ¢ lvars (T s) —
look (V (update z v s)) ' = (if x = z’ then Some v else look (V s) z’) and

— Updated valuation continues to satisfy the tableau.

update-satisfies-tableau: [A (T s); V s; ¢ & ars (T s)] = VYV s) = T s —
(V (update x c 8)) E¢ T s

begin
lemma update-bounds-id:
assumes A (T s) V sx & lars (T s)
shows B; (update z ¢ s) = B; s
BZ (update x ¢ s) = BT s
B; (update x ¢ 8) = B; s
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By (update x ¢ s) = By, s
using update-id assms
by (auto simp add: Let-def simp: indezl-def indezu-def boundsl-def boundsu-def)

lemma update-indices-state-id:
assumes A (T s) V sz & lars (T s)
shows indices-state (update x ¢ s) = indices-state s
using update-bounds-id| OF assms] unfolding indices-state-def by auto

lemma update-tableau-id: [A (T s); V s; ¢ ¢ lars (T s)] = T (update xz ¢ s) =
T s

using update-id

by (auto simp add: Let-def)

lemma update-unsat-id: [N (T s); V s; x ¢ lars (T s)] = U (update © ¢ s) =
Us

using update-id

by (auto simp add: Let-def)

lemma update-unsat-core-id: [A (T s); V s; x ¢ lvars (T s)] = U. (update z ¢
s)=U. s

using update-id

by (auto simp add: Let-def)

definition assert-bound’ where
[simp]: assert-bound’ dir i x ¢ s =
(if (>up (It dir)) ¢ (UB dir s z) then s
else let s’ = updateBI (UBI-upd dir) i z ¢ s in

if (< (It dir)) ¢ (LB dir) s x) then
set-unsat [i, (LI dir) s z)] s’

else if © ¢ lars (T s') A (It dir) ¢ ((V s) z) then
update T c s’

else

s’)

fun assert-bound :: ('i,’a::lrv) i-atom = ('i,’a) state = ('i,’a) state where
assert-bound (i,Leq x ¢) s = assert-bound’ Positive i x ¢ s
| assert-bound (i,Geq z ¢) s = assert-bound’ Negative i z ¢ s

lemma assert-bound’-cases:
assumes [>,; (It dir) ¢ (UB dir) sz)] = P s
assumes [ (B4 (It dir) ¢ (UB dir) s x)); <yp (It dir) ¢ ((LB dir) s z)] =
P (set-unsat [i, (LI dir) s x)] (updateBZ (UBI-upd dir) iz c s))
assumes [z ¢ lars (T s); (It dir) ¢ ((V s) z); = (Bup (It dir) ¢ ((UB dir) s x));
= (< (It dir) ¢ (LB dir) s z))] =
P (update z ¢ (updateBI (UBI-upd dir) i z ¢ s))
assumes [ (> (It dir) ¢ ((UB dir) s z)); = (<yp (It dir) ¢ (LB dir) s z)); =
€ lars (T s)] =
P (updateBZ (UBI-upd dir) i z c )
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assumes [ (B (It dir) ¢ ((UB dir) s z)); = (< (It dir) ¢ (LB dir) s z)); -
((It dir) ¢ ((V s) 2))] =
P (updateBZ (UBI-upd dir) i z c s)
assumes dir = Positive V dir = Negative
shows P (assert-bound’ dir i z ¢ s)
proof (cases D>y, (It dir) ¢ ((UB dir) s x))
case True
then show ?thesis
using assms(1)
by simp
next
case Fulse
show ?thesis
proof (cases <y, (It dir) ¢ (LB dir) s z))
case True
then show ?thesis
using <— >, (It dir) ¢ ((UB dir) s z)»
using assms(2)
by simp
next
case Fulse
let %s = updateBZ (UBI-upd dir) iz c s
show ?thesis
proof (cases x ¢ lvars (T ?s) A (It dir) ¢ ((V s) z))
case True
then show ?thesis
using «— >y, (It dir) ¢ ((UB dir) s z)) <= <y (It dir) ¢ (LB dir) s x)»
using assms(3) assms(6)
by auto
next
case Fulse
then have z € lvars (T %s) V = ((It dir) ¢ ((V s) 1))
by simp
then show ?thesis
proof
assume z € lvars (T ?s)
then show ?%thesis
using «— >y (It dir) ¢ ((UB dir) s z)y <— <y (It dir) ¢ (LB dir) s z)»
using assms(4) assms(6)
by auto
next
assume -~ (It dir) ¢ ((V s) z)
then show ?thesis
using - >y (It dir) ¢ (UB dir) s x)» <= <qp (It dir) ¢ (LB dir) s z)»
using assms(5) assms(6)
by simp
qed
qed
qed
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qed

lemma assert-bound-cases:
assumes A ¢ z dir.
[ dir = Positive V dir = Negative;
a = LFE dir z c;
>up (It dir) ¢ ((UB dir) s x)
| =
P’ (It dir) (UBI dir) (LBI dir) (UB dir) (LB dir) (UBL-upd dir) (UI dir)
(LI dir) (LE dir) (GE dir) s
assumes A c¢ z dir.
[dir = Positive V dir = Negative;
a = LE dir x c;
= Dyup (It dir) ¢ ((UB dir) s x); <y (It dir) ¢ (LB dir) s )
] =
P’ (It dir) (UBI dir) (LBI dir) (UB dir) (LB dir) (UBI-upd dir) (UI dir)
(LI dir) (LE dir) (GE dir)
(set-unsat [i, (LI dir) s x)] (updateBZ (UBI-upd dir) i z ¢ s))
assumes A ¢ z dir.
[ dir = Positive V dir = Negative;
a = LFE dir z c;
z ¢ lars (T s); (It dir) ¢ ((V s) z);
>up (It dir) ¢ ((UB dir) s x)); = (<yp (It dir) ¢ ((LB dir) s z))

-

—~

I

I
' (it dir) (UBI dir) (LBI dir) (UB dir) (LB dir) (UBL-upd dir) (UI dir)
(LI dir) (LE dir) (GE dir)
(update x ¢ ((updateBL (UBI-upd dir) i z ¢ s)))
assumes A c¢ z dir.
[ dir = Positive V dir = Negative;
a = LE dir x c;
z € Wars (T s); = (Bup (It dir) ¢ (UB dir) s x));
= (<yp (It dir) ¢ (LB dir) s z))
=
P’ (it dir) (UBI dir) (LBI dir) (UB dir) (LB dir) (UBI-upd dir) (UI dir)
(LI dir) (LE dir) (GE dir)
((updateBI (UBI-upd dir) i z ¢ s))
assumes A ¢ z dir.
[ dir = Positive V dir = Negative;
a = LE dir z c;
= (s (It dir) ¢ ((UB dir) s x)); = (<yp (It dir) ¢ ((LB dir) s z));
= ((It dir) ¢ ((V s) x))
=
P’ (It dir) (UBI dir) (LBI dir) (UB dir) (LB dir) (UBI-upd dir) (UI dir)
(LI dir) (LE dir) (GE dir)
((updateBZ (UBI-upd dir) i x c s))

e

assumes A s. P s = (>) Bii Biw By By, Bi-update T; T,, Geq Leq s
assumes A s. P s = (<) Biw Byt By By Biy-update T,, T; Leq Geq s
shows P (assert-bound (i,a) s)

P/
Pl
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proof (cases a)
case (Leq z c)
then show ?thesis
apply (simp del: assert-bound’-def)
apply (rule assert-bound’-cases, simp-all)
using assms(1)[of Positive x ]
using assms(2)[of Positive z
using assms(3)[of Positive z |
using assms(4)[of Positive z ]
using assms(5)[of Positive z ]
using assms(7)
by auto
next
case (Geq x ¢)
then show %thesis
apply (simp del: assert-bound’-def)
apply (rule assert-bound’-cases)
using assms(1)[of Negative z |
using assms(2)[of Negative z c]
using assms(3)[of Negative z |
using assms(4)[of Negative z |
using assms(5)[of Negative z |
using assms(6)
by auto
qed
end

lemma set-unsat-bounds-id: B (set-unsat I s) = B s
unfolding boundsi-def boundsu-def by auto

lemma decrease-ub-satisfied-inverse:
assumes lt: < (It dir) ¢ (UB dir s x) and dir: dir = Positive V dir = Negative
assumes v: v =, B (updateBZ (UBI-upd dir) i © ¢ s)
shows v =, B s
unfolding satisfies-bounds.simps
proof
fix z’
show in-bounds =’ v (B s)
proof (cases z = z)
case Fulse
then show ?thesis
using v dir
unfolding satisfies-bounds.simps
by (auto split: if-splits simp: boundsl-def boundsu-def)
next
case True
then show ?thesis
using v dir
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unfolding satisfies-bounds.simps

using It

by (erule-tac z=x" in allE)

(auto simp add: lt-ubound-def[THEN sym) gt-lbound-def[THEN sym] com-
pare-strict-nonstrict
boundsl-def boundsu-def)
qed

qed

lemma atoms-equiv-bounds-extend:
fixes z ¢ dir
assumes dir = Positive V dir = Negative — D> (It dir) ¢ (UB dir s x) ats =
Bs
shows (ats U {LE dir z c¢}) = B (updateBIZ (UBI-upd dir) i x ¢ s)
unfolding atoms-equiv-bounds.simps
proof
fix v
let ?s = updateBZ (UBI-upd dir) iz ¢ s
show v =qs (ats U {LE dir z ¢}) = v =, B %s
proof
assume v =, (ats U {LE dir z c})
then have v =, ats le (It dir) (v z) ¢
using «dir = Positive V dir = Negative>
unfolding satisfies-atom-set-def
by auto
show v = B %s
unfolding satisfies-bounds.simps
proof
fix z’
show in-bounds =’ v (B ?s)
using (v 45 atsy e (It dir) (v ) ¢ <ats =B &
using «dir = Positive V dir = Negative)
unfolding atoms-equiv-bounds.simps satisfies-bounds.simps
by (cases x = z') (auto simp: boundsl-def boundsu-def)
qed
next
assume v =, B s
then have v =, B s
using - >y, (It dir) ¢ (UB dir s z)»
using «dir = Positive V dir = Negative)
using decrease-ub-satisfied-inverse|of dir ¢ s x v]
using neg-bounds-compare(1)[of ¢ By s ]
using neg-bounds-compare(5)[of ¢ By s 1]
by (auto simp add: t-ubound-def[THEN sym] ge-ubound-def[THEN sym)|
le-lbound-def[THEN sym] gt-lbound-def[THEN sym))
show v =45 (ats U {LE dir x c})
unfolding satisfies-atom-set-def
proof
fix a
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assume a € ats U {LE dir x c}
then show v =, a
proof
assume a € {LE dir z c}
then show ?thesis
using «v =, B %%
using «dir = Positive V dir = Negative>
unfolding satisfies-bounds.simps
by (auto split: if-splits simp: boundsl-def boundsu-def)
next
assume a € ats
then show ?thesis
using <ats = B s
using v =, B s
unfolding atoms-equiv-bounds.simps satisfies-atom-set-def
by auto
qed
qed
qed
qed

lemma bounds-updates: By (B, -update u s) = By s
By (Bi-update u s) = By, s
By (Biy-update (upd x (i,¢)) s) = (By $) (x — ¢)
By (Bii-update (upd z (i,¢)) s) = (B s) (z — ¢)
by (auto simp: boundsl-def boundsu-def)

locale EqForLVar =
fixes eq-idz-for-lvar :: tableau = var = nat
assumes eq-idz-for-lvar:
[z € ars t] = eg-idz-for-lvar t x < length t A lhs (t ! eg-idz-for-lvar t x) = x
begin
definition eq-for-lvar :: tableau = var = eq where
eq-for-lvar t v = t ! (eg-ida-for-lvar t v)
lemma eq-for-lvar:
[z € lvars t] = eg-for-lvar t x € set t A lhs (eq-for-lvar t ©) =
unfolding eg-for-lvar-def
using eq-idz-for-lvar
by auto

abbreviation rvars-of-lvar where
rvars-of-lvar t x = rvars-eq (eq-for-lvar t x)

lemma rvars-of-lvar-rvars:
assumes z € lvars t
shows rvars-of-lvar t x C rvars t
using assms eg-for-lvar|of x t]
unfolding rvars-def
by auto
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end

Updating changes the value of z and then updates values of all lhs vari-
ables so that the tableau remains satisfied. This can be based on a function
that recalculates rhs polynomial values in the changed valuation:
locale RhsEqVal = fixes rhs-eq-val::(var, ‘a::lrv) mapping = var = 'a = eq =
I
a

— rhs-eg-val computes the value of the rhs of e in (v)(z := ¢).
assumes rhs-eg-val: (v) = e = rhs-eq-val vz ce=rhse{ (v) (zr:=¢) |

begin
Then, the next implementation of update satisfies its specification:

abbreviation update-eq where
update-eq v z ¢ v’ e = upd (lhs €) (rhs-eq-val v x ¢ e) v’
definition update :: var = 'a = ('i,’a) state = ('i,’a) state where
update x ¢ s = V-update (upd x ¢ (foldl (update-eq (V s) x ¢c) (V s) (T s))) s

lemma update-no-set-none:
shows look (V s) y # None =
look (foldl (update-eq (V s) zv) (V s) t) y # None
by (induct t rule: rev-induct, auto simp: lookup-update’)

lemma update-no-left:
assumes y ¢ lvars t
shows look (V s) y = look (foldl (update-eq (V s) zv) (V s) t) y
using assms
by (induct t rule: rev-induct) (auto simp add: lvars-def lookup-update’)

lemma update-left:
assumes y € lvars t
shows 3 eq € sett. lhseq =y A
look (foldl (update-eq (V s) xv) (V s) t) y = Some (rhs-eq-val (V s) z v eq)
using assms
by (induct t rule: rev-induct) (auto simp add: lvars-def lookup-update’)

lemma update-valuate-rhs:
assumes ¢ € set (T s) A (T s)
shows rhs e { (V (update z c s)) [ =rhse { (V s) (z:=¢) |}
proof (rule valuate-depend, safe)
fix y
assume y € rvars-eq e
then have y ¢ lvars (T s)
using (A (T s)» <e € set (T s)
by (auto simp add: normalized-tableau-def rvars-def)
then show (V (update z ¢ s)) y = ((V s)(z :=¢)) y
using update-no-leftfof y T s s x ¢
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by (auto simp add: update-def map2fun-def lookup-update’)
qed

end

sublocale RhsEqVal < Update update
proof
fix s::('i,’a) state and z ¢
show let s' = update xcsinT s'=T sANB;js'=B; s NUs'"=UsNU.s'
=U. s
by (simp add: Let-def update-def add: boundsl-def boundsu-def indexl-def in-
dezu-def)
next
fix s::('i,’a) state and z ¢
assume A (T s) V sz ¢ lvars (T s)
then show V (update z ¢ s)
using update-no-set-nonelof s]
by (simp add: Let-def update-def tableau-valuated-def lookup-update’)
next
fix s::(i,’a) state and =z’ ¢
assume A (T s) V sz ¢ lvars (T s)
show z’ ¢ lvars (T s) —
look (V (update x ¢ s)) ¢’ =
(if = z’ then Some c else look (V s) z’)
using update-no-leftfof ' T s s x (]
unfolding update-def lvars-def Let-def
by (auto simp: lookup-update’)
next
fix s::('i,’a) state and z ¢
assume A (T s) V sz ¢ lars (T s)
have (V s) = T s = Ve € set (T s). (V (update z ¢ s)) =, e
proof
fix e
assume e € set (T s) (Vs) =T s
then have (V s) . e
by (simp add: satisfies-tableau-def)

have z # [hs e
using «x ¢ lars (T s)» <e € set (T s)
by (auto simp add: lvars-def)

then have (V (update z c s)) (lhs €) = rhs-eq-val (V s) z ce
using update-left[of lhs e T s sz c] <e € set (T s)» <A (T s)»
by (auto simp add: lvars-def lookup-update’ update-def Let-def map2fun-def

normalized-tableau-def distinct-map inj-on-def)

then show (V (update x ¢ s)) = e
using «((V s) =. er <e € set (T s)» <z & lars (T s)» <A (T s)»
using rhs-eq-val
by (simp add: satisfies-eq-def update-valuate-rhs)
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qed
then show (V s) = T s — (V (update z ¢ s)) =1 T s
by (simp add: satisfies-tableau-def update-def)
qed

To update the valuation for a variable that is on the lhs of the tableau
it should first be swapped with some rhs variable of its equation, in an
operation called pivoting. Pivoting has the precondition that the tableau is
normalized and that it is always called for a lhs variable of the tableau, and
a rhs variable in the equation with that lhs variable. The set of rhs variables
for the given lhs variable is found using the rvars-of-lvar function (specified
in a very simple locale EqForLVar, that we do not print).

locale Pivot = EqForLVar + fixes pivot::var = var = ('i,’a::lrv) state = ('i,’a)
state
assumes
— Valuation, bounds, and the unsatisfiability flag are not changed.

piwot-id: [N (T s); z; € ars (T s); z; € rvars-of-lvar (T s) ©;] =
let s =pivotz; zj sinV s’ =V sAB s"=B, s NUs'=UsNU,s' =
U, s and

— The tableau remains equivalent to the previous one and normalized.

pwot-tableau: [A (T s); x; € wars (T s); x; € rvars-of-lvar (T s) z;] =
let s’ = pivot z; z; s in ((vi'a valuation) =, T s<+— v = T ') AN A (T
s’) and

— x; and z; are swapped, while the other variables do not change sides.

pwot-vars”s  [A (T s); z; € Wwars (T s); xj € rvars-of-lvar (T s) x;] = let s’ =
piwot T; T; S in

rvars(T s') = rvars(T s)—{z;}U{z;} A Wars(T s') = wars(T s)—{z;}U{z;}

begin
lemma pivot-bounds-id: [A (T s); z; € lars (T s); x; € rvars-of-lvar (T s) x;]
.
B; (pivot z; x; s) = B; s
using pivot-id
by (simp add: Let-def)

lemma pivot-bounds-id": assumes A (T s) z; € lvars (T s) z; € rvars-of-lvar (T
s) m;
shows BZ (pivot z; x; s) = BL s B (pivot z; x; s) = B s T (pivot z; ; s) =7 s
using pivot-bounds-id| OF assms]
by (auto simp: indexl-def indexu-def boundsl-def boundsu-def)

lemma pivot-valuation-id: [A (T s); z; € lars (T s); z; € rvars-of-lvar (T s) z;]

=V (pwot z; z; s) =V s
using pivot-id
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by (simp add: Let-def)

lemma pivot-unsat-id: [N (T s); z; € Wars (T s); z; € rvars-of-lar (T s) ;]
= U (pivot z; z; s) =U s

using pivot-id

by (simp add: Let-def)

lemma pivot-unsat-core-id: [A (T s); z; € wars (T s); x; € rvars-of-lvar (T s)
z;] = U, (pvot z; x; s) = U, s

using pivot-id

by (simp add: Let-def)

lemma pivot-tableau-equiv: [A (T s); z; € lars (T s); z; € rvars-of-lvar (T s)
(v::'a valuation) = T s = v = T (pivot z; x; s)
using pivot-tableau
by (simp add: Let-def)

lemma pivot-tableau-normalized: [N (T s); z; € ars (T s); xz; € rvars-of-lvar
(T s) ;] = A (T (pwot z; z; s))

using pivot-tableau

by (simp add: Let-def)

lemma piwot-rvars: [A (T s); z; € wars (T s); xj € rvars-of-lvar (T s) z;] =
rvars (T (piwvot z; x; s)) = rvars (T s) — {z;} U {z;}

using pivot-vars’

by (simp add: Let-def)

lemma pwot-lvars: [A (T s); z; € wars (T s); x; € rvars-of-lvar (T s) ;] =
ars (T (pwot z; x; s)) = wars (T s) — {z;} U {z;}

using pivot-vars’

by (simp add: Let-def)

lemma pivot-vars:

A (T s); zi € wars (T s); x; € rvars-of-lvar (T s) z;] = tvars (T (pivot z;
z; s)) = tvars (T s)

using pivot-lvars[of s z; ;] pivot-rvars[of s z; x;]

using rvars-of-lvar-rvars[of x; T s

by auto

lemma

pivot-tableau-valuated: [N (T s); z; € ars (T s); z; € rvars-of-lvar (T s) z;; V
s] = V (pivot z; z; s)

using pivot-valuation-id pivot-vars

by (auto simp add: tableau-valuated-def)

end

Functions pivot and update can be used to implement the check function.
In its context, pivot and update functions are always called together, so the
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following definition can be used: pivot-and-update x; x; ¢ s = update z; c
(pivot z; z; s). It is possible to make a more efficient implementation of
pivot-and-update that does not use separate implementations of pivot and
update. To allow this, a separate specification for pivot-and-update can be
given. It can be easily shown that the pivot-and-update definition above
satisfies this specification.

locale PivotAndUpdate = EqForLVar +
fixes pivot-and-update :: var = var = 'a::lro = ('i,’a) state = ('i,’a) state
assumes pivotandupdate-unsat-id:  [A (T s); V s; o; € lars (T s); z; €
rvars-of-lvar (T s) z;] =
U (pivot-and-update z; x; ¢ s) =U s
assumes pivotandupdate-unsat-core-id: [A (T s); V s; z; € lvars (T s); z; €
rvars-of-lvar (T s) ;] =
U. (pivot-and-update z; x; ¢ s) = U s
assumes pivotandupdate-bounds-id: [N (T s); V s; z; € ars (T s); z; €
rvars-of-lvar (T s) z;] =
B; (pivot-and-update z; z; ¢ s) = B; s
assumes pivotandupdate-tableau-normalized: [A (T s); V s; z; € lars (T s);
z; € rvars-of-lar (T s) z;] =
A (T (pivot-and-update z; x; ¢ s))
assumes pivotandupdate-tableau-equiv: [N (T s); V s; x; € lars (T s); zj €
rvars-of-lvar (T s) ;] =
(v::’a valuation) =, T s <— v =, T (pivot-and-update z; z; c s)
assumes pivotandupdate-satisfies-tableau: [A (T s); V s; z; € lars (T s); z;
€ rvars-of-lvar (T s) z;] =
(Vs) =¢ T s — (V (pivot-and-update z; zj ¢ s)) = T s
assumes pivotandupdate-rvars:  [A (T s); V s; z; € lvars (T s); x; €
rvars-of-lvar (T s) ;] =
rvars (T (pivot-and-update z; z; ¢ s)) = rvars (T s) — {z;} U {z;}
assumes pivotandupdate-lvars: [A (T s); V s; z; € ars (T s); z; € rvars-of-lvar
lars (T (pivot-and-update z; z; ¢ s)) = lwars (T s) — {z;} U {z;}
assumes piotandupdate-valuation-nonlhs: [A (T s); V s; x; € ars (T s); x;
€ rvars-of-lvar (T s) z;] =
z ¢ lars (T s) — {z;} U {z;} — look (V (pivot-and-update z; z; ¢ s)) x =
(if £ = x; then Some c else look (V s) z)
assumes pivotandupdate-tableau-valuated: [N (T s); V s; x; € lvars (T s); z;
€ rvars-of-lvar (T s) z;] =
V (pwot-and-update z; z; c s)
begin

lemma pivotandupdate-bounds-id": assumes A (T s) V s z; € lars (T s) zj €
rvars-of-lvar (T s) x;
shows BZ (pivot-and-update z; z; ¢ s) = BL s
B (pivot-and-update z; zj ¢ s) = B s
Z (pivot-and-update z; z; ¢ s) =T s
using pivotandupdate-bounds-id|OF assms]
by (auto simp: indexl-def indexu-def boundsl-def boundsu-def)
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lemma pivotandupdate-valuation-zi: [N (T s); V s; z; € lars (T s); z; €
rvars-of-lar (T s) z;] = look (V (pivot-and-update z; z; c s)) x; = Some ¢
using pivotandupdate-valuation-nonlhsof s z; ©; x; c]
using rvars-of-lvar-rvars
by (auto simp add: normalized-tableau-def)

lemma pivotandupdate-valuation-other-nolhs: [A (T s); V s; x; € lars (T s); z;
€ rvars-of-lvar (T s) z;; © ¢ lars (T s); v # z;] = look (V (pivot-and-update
z; zj ¢s)) z=look (Vs)zx

using pivotandupdate-valuation-nonlhs[of s ©; z; z ]

by auto

lemma pivotandupdate-nolhs:
[A(T s); V sy z € ars (T s); zj € rvars-of-lvar (T s) x;;
Enoths 850 85 By sz = Some ¢ V By, s z; = Some ] =
Enoths (pivot-and-update z; z; c s)
using pivotandupdate-satisfies-tableau[of s ©; ©; |
using pivotandupdate-tableau-equiv|of s x; x; - c|
using pivotandupdate-valuation-zi[of s z; x; |
using pivotandupdate-valuation-other-nolhs[of s z; z; - ]
using pivotandupdate-lvars[of s z; ©; |
by (auto simp add: curr-val-satisfies-no-lhs-def satisfies-bounds.simps satisfies-bounds-set.simps
bounds-consistent-geq-1b bounds-consistent-leg-ub map2fun-def pivotandup-
date-bounds-id’)

lemma pivotandupdate-bounds-consistent:
assumes A (7 s) V s z; € lars (T s) x; € rvars-of-lvar (T s) ;
shows { (pivot-and-update z; zj ¢ s) = O s
using assms pivotandupdate-bounds-id'[of s z; z; ]
by (simp add: bounds-consistent-def)
end

locale PivotUpdate = Pivot eq-idx-for-lvar pivot + Update update for
eq-idz-for-lvar :: tableau = var = nat and
pivot 2 var = var = ('i,’a::lrv) state = ('i,’a) state and
update :: var = 'a = ('i,’a) state = ('i,’a) state
begin
definition pivot-and-update :: var = var = 'a = ('i,'a) state = ('i,'a) state
where [simp]:
pivot-and-update z; z; ¢ s = update z; ¢ (pwot z; j s)

lemma pivot-update-precond:
assumes A (T s) z; € lars (T s) z; € rvars-of-lvar (T s) z;
shows A (T (pivot z; z; s)) z; ¢ lars (T (pivot z; z; s))
proof—
from assms have z; # z;
using rvars-of-lvar-rvars[of z; T $]
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by (auto simp add: normalized-tableau-def)
then show A (T (pivot z; z; s)) z; ¢ lars (T (pivot z; ; s))
using assms
using pivot-tableau-normalized|of s x; ;]
using piwvot-lvars[of s z; ;]
by auto
qed

end

sublocale PivotUpdate < PivotAndUpdate eq-idz-for-lvar pivot-and-update
using pivot-update-precond
using update-unsat-id pivot-unsat-id pivot-unsat-core-id update-bounds-id pivot-bounds-id
update-tableau-id pivot-tableau-normalized pivot-tableau-equiv update-satisfies-tableau
pivot-valuation-id pivot-lvars pivot-rvars update-valuation-nonlhs update-valuation-nonlhs
pivot-tableau-valuated update-tableau-valuated update-unsat-core-id
by (unfold-locales, auto)

Given the update function, assert-bound can be implemented as follows.

assert-bound (Leq z ¢) s =
if ¢ >up By s x then s
else let s' = s (| By := (By s) (z := Some ¢) |
inif c <ip By sxzthen s’ (U = True
else if x ¢ lvars (T s') N ¢ < (V s) z then update z ¢ s else s’
The case of Geq x ¢ atoms is analogous (a systematic way to avoid sym-
metries is discussed in Section 6.8). This implementation satisfies both its
specifications.

lemma indices-state-set-unsat: indices-state (set-unsat I s) = indices-state s
by (cases s, auto simp: indices-state-def)

lemma BZ-set-unsat: BT (set-unsat I s) = BZL s
by (cases s, auto simp: boundsl-def boundsu-def indexl-def indexu-def)

lemma satisfies-tableau-cong: assumes A\ z. z € tvars t = vz = wz
shows (v = t) = (w ¢ t)
unfolding satisfies-tableau-def satisfies-eq-def
by (intro ball-cong|OF refl] arg-cong2[of - - - - (=)] valuate-depend,
insert assms, auto simp: lvars-def rvars-def)

lemma satisfying-state-valuation-to-atom-tabl: assumes J: J C indices-state s
and model: (J, v) =ise s
and walid: indez-valid as s
and dist: distinct-indices-atoms as
shows (J, v) Ejges as v ¢ T 8
unfolding i-satisfies-atom-set’.simps
proof (intro balll)
from model[unfolded satisfies-state-index’.simps]
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have model: v |=¢ T s (J, v) Five BZ s by auto

show v |=¢ T s by fact

fix a

assume a € restrict-to J as

then obtain 7 where J: i € J and mem: (i,a) € as by auto

with J have i € indices-state s by auto

from this[unfolded indices-state-def] obtain z ¢ where
look: look (Bii s) x = Some (i, ¢) V look (B, s) x = Some (i, ¢) by auto

with valid[unfolded indez-valid-def)

obtain b where (i,b) € as atom-var b = z atom-const b = ¢ by force

with dist[unfolded distinct-indices-atoms-def, rule-format, OF this(1) mem)

have a: atom-var a = x atom-const a = ¢ by auto

from model(2)[unfolded satisfies-bounds-index’.simps| look iJ have v z = ¢
by (auto simp: boundsu-def boundsl-def indexu-def indezl-def)

thus v =4, o unfolding satisfies-atom’-def a .

qed

Note that in order to ensure minimality of the unsat cores, pivoting is
required.

sublocale AssertAllState < AssertAll assert-all
proof
fix tasvl
assume D: A ¢
from D show assert-all t as = Sat v = (v) =t t A (v) Eas flat (set as)
unfolding Let-def assert-all-def
using assert-all-state-tableau-equiv|OF D refl]
using assert-all-state-sat|OF D refl]
using assert-all-state-sat-atoms-equiv-bounds|OF D refl, of as]
unfolding atoms-equiv-bounds.simps curr-val-satisfies-state-def satisfies-state-def
satisfies-atom-set-def
by (auto simp: Let-def split: if-splits)
let %s = assert-all-state t as
assume assert-all t as = Unsat I
then have i: I = the (U, ?s) and U: U ?s
unfolding assert-all-def Let-def by (auto split: if-splits)
from assert-all-indez-valid[OF D refl, of as] have ivalid: index-valid (set as) ?s

note unsat = assert-all-state-unsat|OF D refl U, unfolded minimal-unsat-state-core-def
unsat-state-core-def i[symmetric]|
from unsat have set I C indices-state ?s by auto
also have ... C fst ‘ set as using assert-all-state-indices| OF D refl] .
finally have indices: set I C fst  set as .
show minimal-unsat-core-tabl-atoms (set I) t (set as)
unfolding minimal-unsat-core-tabl-atoms-def
proof (intro conjl impI alll indices, clarify)
fix v
assume model: v |4 t (set I, v) Eiqs set as
from unsat have no-model: = ((set I, v) =5 ?s) by auto
from assert-all-state-unsat-atoms-equiv-bounds|OF D refl U]
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have equiv: set as |=; BZ ?s by auto
from assert-all-state-tableau-equiv|OF D refl, of v] model
have model-t: v =y T ?s by auto
have model-as”: (set I, v) Eiqs set as
using model(2) by (auto simp: satisfies-atom-set-def)
with equiv model-t have (set I, v) ;s %s
unfolding satisfies-state-index.simps atoms-imply-bounds-index.simps by simp
with no-model show Fualse by simp
next
fix J
assume dist: distinct-indices-atoms (set as) and J: J C set I
from J unsat[unfolded subsets-sat-core-def, folded i]
have J': J C indices-state ?s by auto
from indez-valid-distinct-indices| OF ivalid dist] J unsat[unfolded subsets-sat-core-def,
folded 1]
obtain v where model: (J, v) Fise ?s by blast
have (J, v) Fiqes set as v ¢ ¢
using satisfying-state-valuation-to-atom-tabl|OF J’ model ivalid dist]
assert-all-state-tableau-equiv|OF D refl] by auto
then show 3 v. v = t A (J, v) Fiaes et as by blast
qged
qged

lemma (in Update) update-to-assert-bound-no-lhs: assumes pivot: Pivot eqlvar
(pivot :: var = var = ('i,’a) state = ('i,’a) state)
shows AssertBoundNoLhs assert-bound
proof
fix s::("i,’a) state and a
assume - U s A (T s) Vs
then show T (assert-bound a s) =T s
by (cases a, cases snd a) (auto simp add: Let-def update-tableau-id tableau-valuated-def)
next
fix s::('i,’a) state and ia and as
assume x: = U s A (T s) V s and *x: U (assert-bound ia s)
and index: indez-valid as s
and consistent: Enoins $ O 8
obtain 7 a where ia: ia = (i,a) by force
let ?modelU = At UB Ul svzci. UBsxz = Somec— Ulsz=1i—1c¢
set (the U, s)) — (It (vz) cV vz =c)
let ?modelL =Nt LBLIsvzci LBsxz= Somec— LIsx=1— i€ set
(the U. s)) — (ltc(va)Ve=vzx)
let ?modellU = NIt UBUIsvxci UBsxz = Somec— Ulsx=10— i
el — (v =c
let ?modellL = AN Tt LBLIsvxzci. LBsx = Somec— Llsx=1— 1€
I — (v =c)
let ?P' = X\ It UBI LBI UB LB UBI-upd UI LI LE GE s.
U s — (set (the (U, s)) C indices-state s A = (Fv. (v = T s
NN zci. modelUlt UBUIsvzci)
ANV zci. PmodellL It LB LIswvxci))))
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A (distinct-indices-state s — (¥ I. I C set (the (U, s)) — (3 v. v = T s
N
(VY zci PmodellUIlt UBUIsvzci) NV zci. ?modellL IltLB LI
svzci))))
have U (assert-bound ia s) — (unsat-state-core (assert-bound ia s) N
(distinct-indices-state (assert-bound ia s) — subsets-sat-core (assert-bound ia
s))) (is 2P (assert-bound ia s)) unfolding ia
proof (rule assert-bound-cases|of - - ?P'))
fix s’ :: ('i,/a) state
have id: (z:'a) < yVz=y)+—z<y((z:'a) >yVr=y) x>
y for z y by auto
have id": P’ (>) B;; Biw B By undefined T; T,, Geq Leq s' = ?P’ (<) B, Ba
B. B; undefined T,, I, Leq Geq s’
by (intro arg-conglof - - X\ y. - — y] arg-conglof - - X\ x. - A x],
intro arg-cong2[of - - - - (A)] arg-conglof - - X y. - — y] arg-cong|of - - A
y. ¥V x C set (the (U s)). y ] ext arg-conglof - - Not],
unfold id, auto)
show ?P s’ = 2P’ (>) By, Biw By B, undefined I; T,, Geq Leq s’
unfolding satisfies-state-def satisfies-bounds-index.simps satisfies-bounds.simps
in-bounds.simps unsat-state-core-def satisfies-state-index.simps subsets-sat-core-def
satisfies-state-index’.simps satisfies-bounds-index’.simps
unfolding bound-compare’’-defs id
by ((intro arg-conglof - - A z. - — z] arg-cong[of - - X\ x. - A ],
intro arg-cong2[of - - - - (A\)] refl arg-conglof - - X\ z. - — z] arg-cong|of -
- Not]
arg-conglof - - A y. ¥V x C set (the (U. s')). y z] ext; intro arg-cong|of - -
Ez] ext), auto)
then show 7P s’ = 2P’ (<) By, By By B; undefined T,, Z; Leq Geq s’ unfolding
id’ .
next
fix ¢::'a and z::nat and dir
assume <, (It dir) ¢ (LB dir s ) and dir: dir = Positive V dir = Negative
then obtain d where some: LB dir s ¢ = Some d and It: It dir ¢ d
by (auto simp: bound-compare’-defs split: option.splits)
from indez[unfolded indez-valid-def, rule-format, of x - d]
some dir obtain j where ind: LI dir s © = j look (LBI dir s) = Some (j,d)
and ge: (j, GE dir z d) € as
by (auto simp: indexl-def indexu-def boundsl-def boundsu-def)
let ?s = set-unsat [i, (LI dir) s x)] (updateBZ (UBI-upd dir) i x c s)
let ?ss = updateBIL (UBI-upd dir) iz ¢ s
show ¢P’ (It dir) (UBI dir) (LBI dir) (UB dir) (LB dir) (UBI-upd dir) (UI
dir) (LI dir) (LE dir) (GE dir) ?s
proof (intro conjl impl alll, goal-cases)
case I
thus ?case using dir ind ge It some by (force simp: indices-state-def split:
if-splits)
next
case 2

{
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fix v
assume vU: V z ¢ i. modelU (It dir) (UB dir) (UI dir) svzci
assume vL: V z ¢ i. ?modell (It dir) (LB dir) (LI dir) ?svzci
from dir have UB dir %s © = Some ¢ Ul dir ?s x = ¢ by (auto simp:
boundsl-def boundsu-def indexl-def indexu-def)
from vU[rule-format, OF this] have vz-le-c: It dir (v z) ¢V vx = ¢ by
auto
from dir ind some have x: LB dir %s x = Some d LI dir ?s x = j by (auto
simp: boundsl-def boundsu-def indexl-def indexu-def)
have d-le-vz: It dir d (vx) V d = v x by (intro vL]rule-format, OF x|, insert
some ind, auto)
from dir d-le-vx va-le-c It
have Fulse by (auto simp del: Simplex.bounds-lg)
}
thus ?case by blast
next
case (3 1)
then obtain j where I: I C {j} by (auto split: if-splits)
from & have dist: distinct-indices-state ?ss unfolding distinct-indices-state-def
by auto
have id1: UB dir s y = UB dir ?ss y LB dir s y = LB dir ?ss y
UI dir ?s y = Ul dir ?ss y LI dir ?s y = LI dir ?ss y
T % =T s
set (the (U, ?s)) = {i,LI dir s z} for y
using dir by (auto simp: boundsu-def boundsl-def indexu-def indexl-def)
from [ have id: (V k. P1k — P2k — kel — Qk «— [I={}V
(P1j— P2j— Qj)) for P1 P2 Q by auto
have id2: (UB dir s za = Some ca — Ul dir s za = j — P) = (look (UBI
dir s) za = Some (j,ca) — P)
(LB dir s xza = Some ca — LI dir s za = j — P) = (look (LBI dir s)
za = Some (j,ca) — P) for za ca P s
using dir by (auto simp: boundsu-def indexu-def boundsl-def indexl-def)
have 3v. v = T s A
(Vza ca ia.
UB dir ?ss za = Some ca — Ul dir ?ss xza = ia — ia € [ — v
xa = ca) A
(Vza ca ia.
LB dir ?ss xa = Some ca — LI dir ?ss xa = ia — ia € [ — v
xa = ca)
proof (cases 3 za ca. look (UBI dir ?ss) za = Some (j,ca) V look (LBI dir
?ss) za = Some (j,ca))
case Fulse
thus ?thesis unfolding id id2 using consistent unfolding curr-val-satisfies-no-lhs-def

by (intro exI[of - (V s)], auto)
next
case True
from consistent have val: (V s) = T s unfolding curr-val-satisfies-no-lhs-def
by auto
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define ss where ss: ss = %ss
from True obtain y b where look (UBI dir ?ss) y = Some (4,b) V look
(LBI dir ?ss) y = Some (j,b) by force
then have id3: (look (LBI dir ss) yy = Some (j,bb) V look (UBI dir ss) yy
= Some (4,bb)) «— (yy = y A bb = b) for yy bb
using distinct-indices-stateD(1)[OF dist, of y j b yy bb] using dir
unfolding ss[symmetric]
by (auto simp: boundsu-def boundsl-def indexu-def indezl-def)
have 3v. v = T sAvy=1b
proof (cases y € lvars (T s))
case Fulse
let ?v = (V (update y b s))
show ?thesis
proof (intro exI[of - ?v] conjI)
from update-satisfies-tableau|OF %(2,3) False] val
show %v = T s by simp
from update-valuation-nonlhs|OF %(2,8) False, of y b] False
show %v y = b by (simp add: map2fun-def’)
qed
next
case True
from *(2)[unfolded normalized-tableau-def)
have zero: 0 ¢ rhs “ set (T s) by auto
interpret Pivot eqlvar pivot by fact
interpret PivotUpdate eqlvar pivot update ..
let %eq = eg-for-lvar (T s) y
from eq-for-lvar[OF True] have %eq € set (T s) lhs ?eq = y by auto
with zero have rhs: rhs ?eq # 0 by force
hence rvars-eq ?eq # {}
by (simp add: vars-empty-zero)
then obtain z where 2: z € rvars-eq ?eq by auto
let 2v =V (pivot-and-update y 2 b s)
let 2vv = (%v)
from pivotandupdate-valuation-zi|OF %(2,3) True z]
have look v y = Some b .
hence vv: ?vv y = b unfolding map2fun-def’ by auto
show ?thesis
proof (intro exI[of - ?vv] conjl vv)
show ?vv |=; T s using pivotandupdate-satisfies-tableau] OF %(2,3) True
z] val by auto
qed
qged
thus ?thesis unfolding id id2 ss[symmetric] using id3 by metis
qed
thus ?case unfolding id! .
qed
next
fix ¢::'a and z::nat and dir
assume #x: dir = Positive V dir = Negative o = LE dir © ¢ « ¢ lvars (T s) It
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dir ¢ ((V s) )
= Dup (It dir) ¢ (UB dir s ) = <yp (It dir) ¢ (LB dir s )
let s = updateBZ (UBI-upd dir) iz ¢ s
show ¢P' (It dir) (UBI dir) (LBI dir) (UB dir) (LB dir) (UBI-upd dir) (UI
dir) (LI dir) (LE dir) (GE dir)
(update x ¢ ?s)
using * xx
by (auto simp add: update-unsat-id tableau-valuated-def)
qed (auto simp add: x update-unsat-id tableau-valuated-def)
with *x show minimal-unsat-state-core (assert-bound ia s) by (auto simp: min-
imal-unsat-state-core-def)
next
fix s::('i,’a) state and ia
assume x: 2 U s FEpoins SO s A (T 5) Vs
and sk = U (assert-bound ia s) (is ?lhs)
obtain ¢ a where ia: ia = (i,a) by force
have (V (assert-bound ia s)) = T (assert-bound ia )
proof—
let 9P = At UBI LBI UB LB UBI-upd Ul LI LE GE 5. (V s) = T s
show ?thesis unfolding ia
proof (rule assert-bound-cases[of - - ?P])
fix ¢ z and dir :: (i,’a) Direction
let ?s’ = updateBZ (UBI-upd dir) i x c s
assume z ¢ lvars (T s) (It dir) ¢ ((V s) z)
dir = Positive V dir = Negative
then show (V (update z ¢ ?s’)) ¢ T (update T ¢ 2s’)
using *
using update-satisfies-tableau[of ?s’ x c| update-tableau-id
by (auto simp add: curr-val-satisfies-no-lhs-def tableau-valuated-def)
qed (insert *, auto simp add: curr-val-satisfies-no-lhs-def)
qed
moreover
have = U (assert-bound ia s) — (V (assert-bound ia s)) =y B (assert-bound ia
s) || = wars (T (assert-bound ia s)) (is ?P (assert-bound ia s))
proof—
let P’ = X\ It UBI LBI UB LB UB-upd UI LI LE GE s.
U s — (Vze— lars (T s). By it ((V s) z) (LB sx) A yp It ((V s) 1)
(UB s 1))
let 9P = X dir. ?P' (It dir) (UBI dir) (LBI dir) (UB dir) (LB dir) (UBI-upd
dir) (UI dir) (LI dir) (LE dir) (GE dir)

have z: A\ s'. 2P s' = ?P’ (<) B;; By By By Biy-update T,, T; Leq Geq s’
and zz: A\ s ?P s’ = 2P’ (>) By Biw By By Bi-update Z; T,, Geq Leq s’
unfolding satisfies-bounds-set.simps in-bounds.simps bound-compare-defs
by (auto split: option.split)

show ?thesis unfolding ia

proof (rule assert-bound-cases[of - - ?P'])
fix dir :: (i,’a) Direction

102



assume dir = Positive V dir = Negative
then show 2P’ dir s
using z[of s] zz[of 8] <Enoins S
by (auto simp add: curr-val-satisfies-no-lhs-def)
next
fix z ¢ and dir :: ('i,’a) Direction
let ?s’ = updateBZ (UBI-upd dir) i x c s
assume z € lvars (T s) dir = Positive V dir = Negative
then have ?P ?s’
USing <':nolhs §»
by (auto simp add: satisfies-bounds-set.simps curr-val-satisfies-no-lhs-def
boundsl-def boundsu-def indexl-def indexu-def)
then show P’ dir ?s’
using z[of ?s'] zz[of ?s’| «dir = Positive V dir = Negative>
by auto
next
fix ¢ z and dir :: (i,’a) Direction
let ?s’ = updateBZ (UBI-upd dir) i x c s
assume — [t dir ¢ ((V s) z) dir = Positive V dir = Negative
then show P’ dir ?s’
USing <':nolhs s»
by (auto simp add: satisfies-bounds-set.simps curr-val-satisfies-no-lhs-def
stmp: boundsl-def boundsu-def indexl-def indexu-def)
(auto simp add: bound-compare-defs)
next
fix ¢  and dir :: ('i,’a) Direction
let ?s’ = update = ¢ (updateBL (UBI-upd dir) i z ¢ s)
assume z ¢ lvars (T s) = <yp (It dir) ¢ (LB dir s )
dir = Positive V dir = Negative
show ?P" dir ?s’
proof (rule impl, rule balll)
fix y
assume -~ U s’y € — lvars (T %s')
show >y, (It dir) ((V %s') y) (LB dir 2s" y) A < (It dir) ((V 2s") y) (UB
dir 25’ y)
proof (cases © = y)
case True
then show ?thesis
using <z ¢ lars (T s)»
using «y € — lars (T ?s')
using «— <y, (It dir) ¢ (LB dir s z)»
using «dir = Positive V dir = Negative»
using neg-bounds-compare(7) neg-bounds-compare(3)
using *
by (auto simp add: update-valuation-nonlhs update-tableau-id up-
date-bounds-id bound-compare'’-defs map2fun-def tableau-valuated-def bounds-updates)
(force simp add: bound-compare’-defs)+
next
case Fulse
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then show ?thesis
using «x ¢ lars (T s)» <y € — lvars (T ?s')
using «dir = Positive V dir = Negative) x
by (auto simp add: update-valuation-nonlhs update-tableau-id up-
date-bounds-id bound-compare'’-defs satisfies-bounds-set.simps curr-val-satisfies-no-lhs-def
map2fun-def
tableau-valuated-def bounds-updates)
qed
qed
qed (auto simp add: T xx)
qed
moreover
have = U (assert-bound ia s) — O (assert-bound ia s) (is ¢P (assert-bound ia

s))

proof—
let 2P’ = X It UBI LBI UB LB UBI-upd UI LI LE GE s.
U s —

(Vz. if LB s ¢ = None V UB s x = None then True
else It (the (LB s x)) (the (UB s z)) V (the (LB s ) = the (UB s 1)))
let ?P"" = X\ dir. 2P’ (It dir) (UBI dir) (LBI dir) (UB dir) (LB dir) (UBI-upd
dir) (UI dir) (LI dir) (LE dir) (GE dir)

have z: A\ s'. 9P s’ = 2P’ (<) By By By Bi B;iy-update T,, Z; Leq Geq s’ and
xz: \ 8. 7P s’ = 2P’ (>) By Biw By By Bi-update I; T,, Geq Leq s’
unfolding bounds-consistent-def
by auto

show ?thesis unfolding ia
proof (rule assert-bound-cases|of - - ?P])
fix dir :: (i,’a) Direction
assume dir = Positive V dir = Negative
then show P dir s
using <O s»
by (auto simp add: bounds-consistent-def) (erule-tac z=x in allE, auto)+
next
fix z ¢ and dir :: ("i,’a) Direction
let ?s’ = update x ¢ (updateBZ (UBI-upd dir) i z c s)
assume dir = Positive V dir = Negative © ¢ lvars (T s)
= Dy (It dir) ¢ (UB dir s ) = <yp (It dir) ¢ (LB dir s )
then show P’ dir ?s’
using < s *
unfolding bounds-consistent-def
by (auto simp add: update-bounds-id tableau-valuated-def bounds-updates
split: if-splits)
(force simp add: bound-compare’-defs, erule-tac x=za in allE, simp)+
next
fix z ¢ and dir :: ("i,’a) Direction
let ?s’ = updateBZ (UBI-upd dir) i x c s
assume — >y, (It dir) ¢ (UB dir s ) = <y (It dir) ¢ (LB dir s z)
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dir = Positive V dir = Negative
then have ?P" dir ?s’
using <O s»
unfolding bounds-consistent-def
by (auto split: if-splits simp: bounds-updates)
(force simp add: bound-compare’-defs, erule-tac z=xa in allE, simp)+
then show 2P’ dir ?s’ 2P" dir ?s’
by simp-all
qged (auto simp add: = xx)
qged

ultimately

show E,,0ins (assert-bound ia s) A O (assert-bound ia s)
using < ?lhs»
unfolding curr-val-satisfies-no-lhs-def
by simp
next
fix s :: ('i,’a) state and ats and ia :: ('i,’a) i-atom
assume U s Epoins S A (T s) Vs
obtain 7 a where ia: ia = (i,a) by force
{
fix ats
let P’ = X1t UBI LBI UB LB UB-upd UI LI LE GE s'. ats = B s — (ats
U{a}) =B s’
let ?P" = X dir. 2P’ (It dir) (UB dir) (LB dir) (UBI-upd dir) (UI dir) (LI
dir) (LE dir) (GE dir)
have ats = B s — (ats U {a}) = B (assert-bound ia s) (is ?P (assert-bound
ia s))
unfolding ia
proof (rule assert-bound-cases[of - - ?P'])
fix z ¢ and dir :: ('i,’a) Direction
assume dir = Positive V dir = Negative a = LE dir z ¢ >3 (It dir) ¢ (UB
dir s x)
then show 7P s
unfolding atoms-equiv-bounds.simps satisfies-atom-set-def satisfies-bounds.simps
by auto (erule-tac x=x in allE, force simp add: bound-compare-defs)+
next
fix z ¢ and dir :: ('i,’a) Direction
let ?s’ = set-unsat [i, (LI dir) s )] (updateBZ (UBI-upd dir) iz ¢ s)

assume dir = Positive V dir = Negative a = LE dir © ¢ = (B4 (It dir) c
(UB dir s 1))
then show ?P ¢s’ unfolding sct-unsat-bounds-id
using atoms-equiv-bounds-extend|of dir ¢ s = ats 1|
by auto
next
fix z ¢ and dir :: ('i,’a) Direction
let ?s’ = updateBZ (UBI-upd dir) i x c s
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assume dir = Positive V dir = Negative a = LE dir © ¢ = (B4 (It dir) c
(UB dir s x))
then have ?P ?s’
using atoms-equiv-bounds-extend|of dir ¢ s z ats {]
by auto
then show ¢P ?%s’ 2P ?s’
by simp-all
next
fix z ¢ and dir :: ("i,’a) Direction
let ?s = updateBZ (UBI-upd dir) i z ¢ s
let ?s’ = update = ¢ ?s
assume *: dir = Positive V dir = Negative a = LE dir x ¢ = (B (It dir) ¢
(UB dir s x)) = ¢ lvars (T s)
then have A (T %) V %s z ¢ lars (T ?s)
using A (T s)» (Fnotns 8 <V &
by (auto simp: tableau-valuated-def)
from update-bounds-id[OF this, of ]
have B; ?s' = B; ?s by blast
then have id: B ?s’ = B ?s unfolding boundsi-def boundsu-def by auto
show ?P ?s’ unfolding id <a = LE dir x ¢
by (intro impl atoms-equiv-bounds-extend|rule-format] *(1,3))
qed simp-all
¥
then show flat ats = B s = flat (ats U {ia}) = B (assert-bound ia s) unfolding
ia by auto
next
fix s :: ('i,’a) state and ats and ia :: ('i,’a) i-atom
obtain ¢ a where ia: ia = (i,a) by force
assume = U s Fpoins S A (T s) Vs
have *: A\ dir z ¢ s. dir = Positive V dir = Negative —>
V (updateBZ (UBI-upd dir) iz c s) =V s
Nsyl.V (set-unsat [ s) =V s
by (auto simp add: tableau-valuated-def)

show V (assert-bound ia s) (is ?P (assert-bound ia s))
proof—
let 2P’ = X It UBI LBI UB LB UB-upd UI LI LE GE s". V s’
let 2P = X dir. ?P' (It dir) (UBI dir) (LBI dir) (UB dir) (LB dir) (UBI-upd
dir) (UI dir) (LI dir) (LE dir) (GE dir)
show ?thesis unfolding ia
proof (rule assert-bound-cases|of - - ?P'))
fix z ¢ and dir :: ("i,’a) Direction
let ?s’ = updateBZ (UBI-upd dir) iz c s
assume dir = Positive V dir = Negative
then have V %s’
using *(1)[of dir z ¢ 8] <V
by simp
then show V (set-unsat [i, (LI dir) s x)] ?s’)
using *(2) by auto
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next
fix z ¢ and dir :: ('i,’a) Direction
assume *: ¢ & lvars (T s) dir = Positive V dir = Negative
let ?s = updateBZ (UBI-upd dir) i z ¢ s
let ?s’ = update = ¢ ?s
from x show V 75’
using (A (T s) <V s
using update-tableau-valuated|of ?s x c]
by (auto simp add: tableau-valuated-def)
qged (insert <V sy %(1), auto)
qed
next
fix s :: ('i,’a) state and as and ia :: ('i,’a) i-atom
obtain 7 a where ia: ia = (i,a) by force
assume x: " U s Epoins S A (T 8) Vs
and valid: index-valid as s
have id: A\ dir z ¢ s. dir = Positive V dir = Negative =
V (updateBZ (UBI-upd dir) iz ¢ s) =V s
N syl V (set-unsat I s) =V s
by (auto simp add: tableau-valuated-def)
let ?I = insert (i,a) as
define [ where [ = ¢]
from indez-valid-mono[OF - valid] have valid: index-valid I s unfolding I-def
by auto
have I: (i,a) € I unfolding I-def by auto
let P = X\ s. index-valid I s
let 2P = X (It : 'a = 'a = bool)
(UBI :: ('i,a) state = ('i,’a) bounds-index) (LBI :: ('i,’a) state = ('i,’a)
bounds-index)
(UB :: (i,’a) state = 'a bounds) (LB :: ('i,’a) state = 'a bounds)
(UBI-upd :: (('i,’a) bounds-index = ('i,’a) bounds-index) = ('i,’a) state =
("i,’a) state)
(UT :: ("i,’a) state = 'i bound-index) (LI :: ('i,’a) state = 'i bound-index)
LE GE s'.
(V z ¢ i. look (UBI s') x = Some (i,¢) — (¢,LE (z :: var) ¢) € I) A
(V z ¢ i. look (LBI s’y x = Some (i,¢) — (i,GE (z :: nat) ¢) € I)
define P where P = 7P’
let 2P = X (dir :: ('i,’a) Direction).
P (it dir) (UBI dir) (LBI dir) (UB dir) (LB dir) (UBL-upd dir) (UI dir) (LI
dir) (LE dir) (GE dir)
have z: A\ s'. 2P s’ = P (<) B;u Byt By By Biy-update T,, I; Leq Geq s’
and zz: A\ s ?P s’ = P (>) By Biw Bi By Bij-update ; T,, Geq Leq s’
unfolding satisfies-bounds-set.simps in-bounds.simps bound-compare-defs in-
dez-valid-def P-def
by (auto split: option.split simp: indexl-def indexu-def boundsl-def boundsu-def)
from wvalid have P'": dir = Positive V dir = Negative => ?P"" dir s for dir
using z[of s| zx[of s] by auto
have UTrue: dir = Positive V dir = Negative =—> 7P’ dir s = ¢P"" dir
(set-unsat I s) for dir s I

107



unfolding P-def by (auto simp: boundsl-def boundsu-def indexl-def indexu-def)
have updateIB: a = LE dir x ¢ = dir = Positive V dir = Negative =—> 2P’
dir s = ?P" dir
(updateBZ (UBI-upd dir) i x ¢ s) for dir z ¢ s
unfolding P-def using I by (auto split: if-splits simp: simp: boundsl-def
boundsu-def indezl-def indexu-def)
show indez-valid (insert ia as) (assert-bound ia s) unfolding ia I-def [symmetric]
proof ((rule assert-bound-cases|of - - P); (intro UTrue z zx updateIB P'’)?))
fix x ¢ and dir :: ('i,’a) Direction
assume *x: dir = Positive V dir = Negative
a=LEdirzc
x ¢ lars (T s)
let s = (updateBZ (UBI-upd dir) i z c s)
define s’ where s’ = %
have 1: A (T %s) using * *x by auto
have 2: V %s using id(1) *x x <V $ by auto
have 3: z ¢ lvars (T ?s) using id(1) =+ x <V $ by auto
have ?P’ dir ?s using *x by (intro updateIB P') auto
with update-id[of ?s x ¢, OF 1 2 3, unfolded Let-def] =x(1)
show P (It dir) (UBI dir) (LBI dir) (UB dir) (LB dir) (UBI-upd dir) (UI dir)
(LI dir) (LE dir) (GE dir)
(update = ¢ (updateBL (UBI-upd dir) iz ¢ s))
unfolding P-def s'-def [symmetric] by auto
qged auto
next
fix s and ia :: ('i,’a) i-atom and ats :: ('i,’a) i-atom set
assume *: " U s Epoins s A (T 8) V s O s and ats: ats | BT s
obtain ¢ a where ia: ia = (i,a) by force
have id: A\ dir x ¢ s. dir = Positive V dir = Negative =
V (updateBZ (UBI-upd dir) i x ¢ s) =V s
N sI.V (set-unsat Is) =V s
by (auto simp add: tableau-valuated-def)
have dit: (¢ < (a::’a) Vec=a)=(c<a)
(a < c¢cVe=a)=(c>a)for a c by auto
define A where A = insert (i,a) ats
let 2P = X (s :: (i,’a) state). A |=; BL s
let 2Q = X bs (It :: 'a = 'a = bool)
(UBI :: ('i,’a) state = ('i,’a) bounds-index) (LBI :: ('i,'a) state = ('i,’a)
bounds-index)
(UB :: ('i,/a) state = 'a bounds) (LB :: ('i,’a) state = 'a bounds)
(UBI-upd :: (('i,'a) bounds-index = ('i,’a) bounds-index) = ('i,’a) state =
('i,a) state)
UI LI
(LE :: nat = 'a = 'a atom) (GE :: nat = 'a = 'a atom) s’.
(V Tw (I::7set,w) FEigs bs —
(Vzc LBs'z=8Somec— LIs'z el —ltc(vz)Vc=uvz)
ANV zec. UBs'x=8Someec— Uls’z el —1lt(vz)cVvz=c)))
define ) where Q = 7Q
let 2P'=Q A
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have equiv:
bs =i BZ s' +— Q bs (<) By Biy By B; Biy-update Z,, I; Leq Geq s’
bs =i BZ s’ +— Q bs (>) B Biw Bi By Bij-update ; T,, Geq Leq s’
for bs s’
unfolding satisfies-bounds-set.simps in-bounds.simps bound-compare-defs in-
dex-valid-def Q-def
atoms-imply-bounds-index.simps
by (atomize(full), (intro conjl iff-exI alll arg-cong2|[of - - - - (A)] refl iff-alll
arg-cong2|of - - - - (=)]; unfold satisfies-bounds-index.simps idlt), auto)
have z: A\ s'. 9P s’ = 2P’ (<) By By By By Biy-update T,, T; Leq Geq s’
and zz: A\ s’ ?P s’ = 9P’ (>) By Biw Bi By Bij-update Z; T,, Geq Leq s’
using equiv by blast+
from ats equiv|of ats s
have Q-ats:
Q ats (<) Biy Bip By By Biy-update T,, T; Leq Geq s
Q ats (>) By By By By Bij-update T, T,, Geq Leq s
by auto
let 2P" = X (dir :: ("i,’a) Direction). ?P' (It dir) (UBI dir) (LBI dir) (UB dir)
(LB dir) (UBI-upd dir) (UI dir) (LI dir) (LE dir) (GE dir)
have P-upd: dir = Positive V dir = Negative = ?P'' dir (set-unsat I s) = ?P"’
dir s for s I dir
unfolding Q-def
by (intro iff-exl arg-cong2[of - - - - (N)] refl iff-alll arg-cong2[of - - - - (=)]
arg-cong2|[of - - - - (—)], auto simp: boundsl-def boundsu-def indexl-def
indezu-def)
have P-upd: dir = Positive V dir = Negative = ?P'" dir s = 7P’ dir
(set-unsat I s) for s I dir
using P-upd|of dir] by blast
have ats-sub: ats C A unfolding A-def by auto
{
fix x ¢ and dir :: ('i,’a) Direction
assume dir: dir = Positive V dir = Negative
and a: a = LE dir z c
from Q-ats dir
have Q-ats: Q ats (It dir) (UBI dir) (LBI dir) (UB dir) (LB dir) (UBI-upd
dir) (UI dir) (LI dir) (LE dir) (GE dir) s
by auto
have ?P" dir (updateBZ (UBI-upd dir) i x ¢ s)
unfolding Q-def
proof (intro alll impI conjI)
fix ITvyd
assume vA: (I, v) Fiqs A
from i-satisfies-atom-set-mono|OF ats-sub this]
have (I, v) Eiqs ats by auto
from Q-ats[unfolded Q-def, rule-format, OF this]
have s-bnds:
LB dirsz = Somec= LlIdirsz el = ltdirc(vz)Ve=vz
UB dir sz = Some ¢ = Ul dirsxz € I = ltdir (vz) cVvz=cforz
¢ by auto
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from IvA[unfolded A-def, unfolded i-satisfies-atom-set.simps satisfies-atom-set-def,
stmplified)
have va: i € I = v |=, a by auto
with a dir have ve: i € I = lt dir (va) cV vz =c
by auto
let %s = (updateBZ (UBI-upd dir) i z ¢ s)
show LB dir sy = Somed = LIdir syl = ltdird (vy)Vd=vy
UB dir sy = Somed = Ul dir sy e I = lt dir (vy) dVoy=d
proof (atomize(full), goal-cases)
case 1
consider (main) y = x Ul dir s ¢ = { |
(easyl) x # y | (easy2) © =y Ul dir ?s y # @
by blast
then show ?case
proof cases
case easyl
then show ?thesis using s-bnds[of y d] dir by (fastforce simp: boundsl-def
boundsu-def indezl-def indexu-def)
next
case easy2
then show ?thesis using s-bnds[of y d]| dir by (fastforce simp: boundsl-def
boundsu-def indezl-def indexu-def)
next
case main
note s-bnds = s-bnds|of z]
show ?thesis unfolding main using s-bnds dir vc
by (auto simp: boundsl-def boundsu-def indexl-def indexu-def)
qed
qed
qed
} note main = this
have Ps: dir = Positive V dir = Negative = ?P'' dir s for dir
using Q-ats unfolding @Q-def using i-satisfies-atom-set-mono| OF ats-sub] by
fastforce
have ?P (assert-bound (i,a) s)
proof ((rule assert-bound-cases[of - - ?P’]; (intro x xz P-upd main Ps)?))
fix ¢ x and dir :: (i,’a) Direction
assume xx: dir = Positive V dir = Negative
a = LE dirzc
x ¢ lars (T s)
let ?s = updateBZ (UBI-upd dir) i z c s
define s’ where s’ = %s
from main[OF xx(1—2)] have P: ?P"" dir s’ unfolding s'-def .
have 1: A (T %s) using * %% by auto
have 2: V %s using id(1) *x x <V s by auto
have 3: z ¢ lvars (T ?s) using id(1) =« x <V s» by auto
have A (T s') V s’ z ¢ lvars (T s') using 1 2 8 unfolding s’-def by auto
from update-bounds-id| OF this, of c] xx(1)
have ?P’ dir (update z ¢ s") = ?P" dir s’
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unfolding Q-def

by (intro iff-alll arg-cong2[of - - - - (—)] arg-cong2[of - - - - (A\)] refl, auto)
with P
show 2P’ dir (update z ¢ ?s) unfolding s’-def by blast
ged auto

then show insert ia ats |=; BT (assert-bound ia s) unfolding ia A-def by blast
qed

Pivoting the tableau can be reduced to pivoting single equations, and
substituting variable by polynomials. These operations are specified by:

locale PivotEq =
fixes pivot-eq::eq = var = eq
assumes
— Lhs var of eq and z; are swapped, while the other variables do not change
sides.
vars-pivot-eq:
[z; € rvars-eq eq; lhs eq ¢ rvars-eq eq | = let eq’ = pivot-eq eq z; in
lhs eq’ = x; A rvars-eq eq’ = {lhs eq} U (rvars-eq eq — {z;}) and

— Pivoting keeps the equation equisatisfiable.

equiv-pivot-eq:
[z; € rvars-eq eq; lhs eq ¢ rvars-eq eq | =
(v:’azlrv valuation) =, pivot-eq eq z; «— v =, eq

begin

lemma [hs-pivot-eq:
[z; € rvars-eq eq; lhs eq ¢ rvars-eq eq | = lhs (pivot-eq eq x;) = x;
using vars-pivot-eq
by (simp add: Let-def)

lemma rvars-pivot-eq:

[z; € rvars-eq eq; lhs eq ¢ rvars-eq eq | = rvars-eq (pivot-eq eq z;) = {lhs eq}
U (rvars-eq eq — {z;})

using vars-pivot-eq

by (simp add: Let-def)

end

abbreviation doublesub ( - Cs - Cs - [50,51,51] 50) where
doublesubabc=a CbADCc

locale SubstVar =
fixes subst-var::var = linear-poly = linear-poly = linear-poly
assumes
— Effect of subst-var z; Ip’ Ip on Ip variables.
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vars-subst-var':
(vars lp — {z;}) — wvars Ip" Cs vars (subst-var z; lp’ lp) Cs (vars Ip — {z;}) U
vars Ip’and

subst-no-effect: x; ¢ vars lp = subst-var z; Ip’ Ip = lp and

subst-with-effect: z; € vars lp = x € vars Ip’ — vars lp = x € vars (subst-var
z; lp’ Ip) and

— Effect of subst-var z; Ip’ Ip on Ip value.

equiv-subst-var:
(v:t'a i lrv valuation) z; = Ip’ {v} — lp {v}} = (subst-var z; lp’ Ip) {v}

begin

lemma vars-subst-var:
vars (subst-var z; lp" Ip) C (vars lp — {z;}) U vars lp’
using vars-subst-var’
by simp

lemma vars-subst-var-supset:
vars (subst-var z; lp" lp) D (vars lp — {z;}) — vars Ip’
using vars-subst-var’
by simp

definition subst-var-eq :: var = linear-poly = eq = eq where
subst-var-eq v Ip’ eq = (lhs eq, subst-var v Ip’ (rhs eq))

lemma rvars-eq-subst-var-eq:
shows rvars-eq (subst-var-eq z; lp eq) C (rvars-eq eq — {z;}) U vars Ip
unfolding subst-var-eq-def
by (auto simp add: vars-subst-var)

lemma rvars-eq-subst-var-eq-supset:
rvars-eq (subst-var-eq z; lp eq) 2 (rvars-eq eq) — {z;} — (vars lp)
unfolding subst-var-eq-def
by (simp add: vars-subst-var-supset)

lemma equiv-subst-var-eq:
assumes (v::'a valuation) |=. (z;, Ip’)
shows v =. eq «— v =, subst-var-eq z; lp’ eq
using assms
unfolding subst-var-eq-def
unfolding satisfies-eq-def
using equiv-subst-var[of v x; lp" rhs eq]
by auto
end
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locale Pivot’ = FqForLVar + PivotEq + SubstVar
begin
definition pivot-tableau’ :: var = var = tableau = tableau where
pivot-tableav’ ©; x; t =
let z;-idx = eg-idz-for-lvar t z;; eq = t ! x;-idx; eq’ = pivot-eq eq z; in
map (A idx. if ide = x;-idz then
eq’
else
subst-var-eq z; (rhs eq’) (¢! idz)
) [0..<length t]

definition pivot’ :: var = var = ('i,’a::lrv) state = ('i,’a) state where
pivot’ z; x; s = T-update (pivot-tableau’ x; x; (T s)) s

Then, the next implementation of pivot satisfies its specification:

definition pivot-tableau :: var = var = tableau = tableau where
piwot-tableau x; z; t = let eq = eq-for-lvar t z;; eq’ = pivot-eq eq x; in
map (A e. if lhs e = lhs eq then eq’ else subst-var-eq x; (rhs eq’) e) t

definition pivot :: var = var = (i,’a:lrv) state = ('i,’a) state where
pwot ©; x; s = T -update (pivot-tableau z; z; (T s)) s

lemma pivot-tableau’pivot-tableau:
assumes A t x; € lvars t
shows pivot-tableau’ z; z; t = pivot-tableau z; x; ¢
proof—
let ?f = Nidz. if ide = eg-idz-for-lvar t x; then pivot-eq (t ! eg-idz-for-lvar t ;)
T
else subst-var-eq x; (rhs (pivot-eq (t ! eg-idz-for-lvar t z;) x;)) (t ! idx)
let 2f" = Xe. if lhs e = lhs (eg-for-lvar t z;) then pivot-eq (eq-for-lvar t z;) x;
else subst-var-eq x; (rhs (pivot-eq (eg-for-lvar t z;) xz;)) e
have V i < length t. 2f' (t ! 4) = 2f i
proof (safe)
fix ¢
assume 7 < length t
then have t ! i € set t i < length t
by auto
moreover
have t ! eq-idz-for-lvar t x; € set t eq-idx-for-lvar t x; < length t
using eg-for-lvar[of z; t] <x; € lvars t> eq-idz-for-lvar|of z; t]
by (auto simp add: eq-for-lvar-def)
ultimately
have lhs (t ! i) = lhs (t ! eg-ida-for-lvar t ;) = t ! i = t ! (eg-idz-for-lvar ¢
x;) distinct t
using (A
unfolding normalized-tableau-def
by (auto simp add: distinct-map inj-on-def)
then have lhs (¢! 9) = lhs (t ! eg-idz-for-lvar t ©;) = i = eq-idz-for-lvar t ;
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using i < length t» <eq-idx-for-lvar t x; < length t»
by (auto simp add: distinct-conv-nth)
then show ?f' (¢ !4) = 2f i
by (auto simp add: eq-for-lvar-def)
qed
then show pivot-tableav’ z; x; t = pivot-tableau x; z; t
unfolding pivot-tableau’-def pivot-tableau-def
unfolding Let-def
by (auto simp add: map-reinder)
qed

lemma pivot'pivot: fixes s :: (i,’a::lrv)state
assumes A (T s) z; € lars (T s)
shows pivot’ z; x; s = pivot z; x; s
using pivot-tableau’pivot-tableau| OF assms]
unfolding pivot-def pivot’-def by auto
end

sublocale Pivot’ < Pivot eq-idz-for-lvar pivot
proof
fix s::('i,’a) state and z; z; and v::'a valuation
assume A (T s) z; € lvars (T s)
z; € rvars-eq (eg-for-lvar (T s) z;)
show let s" = pivot z; zj sinV s'=VsAB; s'"=B;s NUs'"=Us AU s’
=U. s
unfolding pivot-def
by (auto simp add: Let-def simp: boundsl-def boundsu-def indexl-def indexu-def)

let 9t =T s

let ?idr = eq-idz-for-lvar %t x;
let %eq = 2t 2idx

let ?eq’ = pivot-eq ?eq z;

have %idz < length ?t lhs (7t ! %idz) = w;
using <x; € lvars %t
using eq-idz-for-lvar
by auto

have distinct (map lhs ?t)
using <A 2t
unfolding normalized-tableau-def
by simp

have z; € rvars-eq ?eq
using «x; € rvars-eq (eg-for-lvar (T s) ;)
unfolding eq-for-lvar-def
by simp

then have z; € rvars ¢t
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using «?%idx < length 7t

using in-set-conv-nth[of ?eq ?t]

by (auto simp add: rvars-def)
then have z; ¢ lvars 7t

using (A 2t

unfolding normalized-tableau-def

by auto

have z; ¢ rvars 7t
using <x; € lvars 7ty <A\ 7t
unfolding normalized-tableau-def rvars-def
by auto
then have z; ¢ rvars-eq ?eq
unfolding rvars-def
using < %idx < length ?t»
using in-set-conv-nth[of ?eq 1]
by auto

have z; # z;
using <z; € rvars-eq Yeq> <x; ¢ rvars-eq Zeq>
by auto

have %eq’ = (z;, rhs ?eq’)
using lhs-pivot-eq|of x; ?eq]
using «x; € rvars-eq (eg-for-lvar (T s) x;)» «hs (2t %ide) = x;» «x; ¢ rvars-eq
Zeq»
by (auto simp add: eq-for-lvar-def) (cases %eq’, simp)+

let 211 = [0..<?idx]
let 212 = [%idz + 1..<length ?t]
have [0..<length ?t] = ?I1 Q [?idz] Q ?I2
using «%idx < length 2t
by (rule interval-3split)
then have map-lhs-pivot:
map lhs (T (pivot’ z; z; s)) =
map (Nidz. ths (2t ! idz)) 211 Q [z;] @ map (Aidz. ths (7t idx)) 712
using «z; € rvars-eq (eg-for-lvar (T s) z;)» <lhs (2t ! 2idzx) = zp <x; ¢ rvars-eq
Zeq>
by (auto simp add: Let-def subst-var-eq-def eq-for-lvar-def lhs-pivot-eq pivot’-def
pivot-tableau’-def)

have lvars-pivot: lars (T (pivot’ z; zj s)) =
ars (T s) — {x:i} U {=z;}
proof—
have lvars (T (pivot’ z; z; s)) =
{z;} U (Aidz. Ths (7t ! idz)) “ ({0..<length?t} — {%idz})
using «%idz < length 7ty <%eq’ = (x;, ths ?eq’))
by (cases ?eq’, auto simp add: Let-def pivot’-def pivot-tableau’-def lvars-def
subst-var-eq-def)+
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also have ... = {z;} U (((Aidz. hs (2t ! idx)) < {0..<length?t}) — {ihs (%t !
2idz)})
using «%idz < length 70> <distinct (map lhs ?t)
by (auto simp add: distinct-conv-nth)
also have ... = {z;} U (set (map lhs 2t) — {z;})
using <lhs (2t ! 2idr) = z»
by (auto simp add: in-set-conv-nth rev-image-eql) (auto simp add: image-def)
finally show lvars (T (pivot’ z; z; s)) =
ars (T s) — {z;} U {z;}
by (simp add: lvars-def)
qed
moreover
have rvars-pivot: rvars (T (pivot’ z; z; s)) =
rvars (T s) — {z;} U {z;}
proof—
have rvars-eq ?eq’ = {z;} U (rvars-eq ?eq — {z;})
using rvars-pivot-eqlof x; ?eq]
using <lhs (2t ! %idx) = zp»
using «x; € rvars-eq ?eq <x; ¢ rvars-eq ?eq
by simp

let 251 = rvars-eq ?eq’
let 252 = (Jidze({0..<length 7t} — {?idx}).
rvars-eq (subst-var-eq x; (rhs %eq’) (7t ! idzx))

have rvars (T (pivot’ z; x; s)) = 251 U 252
unfolding pivot’-def pivot-tableau’-def rvars-def
using < %idx < length ?t»
by (auto simp add: Let-def split: if-splits)

also have ... = {z;} U (rvars 2t — {x;}) (is 951 U 252 = ?rhs)
proof

show 251 U 252 C ?rhs

proof—

have 251 C ?rhs
using <« ?idx < length 7t
unfolding rvars-def
using <rvars-eq ?eq’ = {z;} U (rvars-eq ?eq — {z;})»
by (force simp add: in-set-conv-nth)
moreover
have 252 C ?rhs
proof—
have 252 C (| idze{0..<length ?t}. (rvars-eq (2t ! idz) — {z;}) U rvars-eq
Zeq’)
apply (rule UN-mono)
using rvars-eg-subst-var-eq
by auto
also have ... C rvars-eq ?eq’ U (| idze{0..<length ?t}. rvars-eq (7t ! idx)
—{z;})

by auto
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also have ... = rvars-eq %eq’ U (rvars ¢t — {z;})
unfolding rvars-def
by (force simp add: in-set-conv-nth)
finally show ?thesis
using «rvars-eq ?eq’ = {z;} U (rvars-eq ?eq — {z;})»
unfolding rvars-def
using < %idx < length ?t»
by auto
qed
ultimately
show ?thesis
by simp
qed
next
show 2rhs C 251 U 252
proof
fix z
assume z € ?rhs
show z € 951 U 952
proof (cases x € rvars-eq ?eq’)
case True
then show ?thesis
by auto
next
case Fulse
let 252’ = (Jidze({0..<length ?t} — {?idz}).
(rvars-eq (2t ! idz) — {z;}) — rvars-eq ?eq’
have z € 252’
using Fulse <z € ?rhs
using <rvars-eq %eq’ = {z;} U (rvars-eq ?eq — {z;})
unfolding rvars-def
by (force simp add: in-set-conv-nth)
moreover
have 252 D 252/
apply (rule UN-mono)
using rvars-eg-subst-var-eq-supset|of - x; rhs Zeq’
by auto
ultimately
show ?thesis
by auto
qed
qed
qed
ultimately
show ?thesis
by simp
qed
ultimately
show let s’ = pivot z; x; s in rvars (T s') = rvars (T s) — {z;} U {z;} A lvars
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(T s") = lars (T s) — {z;} U {z;}
using pivot’pivot[where ?'i = 'i]
using A (T s)» <x; € lvars (T s)
by (simp add: Let-def)

have A (T (pivot’ z; z; s))
unfolding normalized-tableau-def
proof
have lvars (T (pivot’ z; x; s)) N rvars (T (pivot’ z; zj s)) = {} (is %g1)
using A (T s)»
unfolding normalized-tableau-def
using lvars-pivot rvars-pivot
using «z; # z;»
by auto

moreover have 0 ¢ rhs ‘ set (T (pivot’ z; x; s)) (is 792)
proof
let %eq = eq-for-lvar (T s) x;
from eg-for-lvar[OF «xz; € lvars (T s)]
have %eq € set (T s) and var: lhs %eq = z; by auto
have lhs ?eq ¢ rvars-eq ?eq using <A (T s)» <%eq € set (T s)»
using «z; ¢ rvars-eq (T s ! eg-idz-for-lvar (T s) x;)» eq-for-lvar-def var by
auto
from vars-pivot-eq[OF <x; € rvars-eq ?eq> this]
have vars-pivot: lhs (pivot-eq eq x;) = x; rvars-eq (pivot-eq ?eq x;) = {lhs
(eg-for-lar (T s) z;)} U (rvars-eq (eg-for-lvar (T s) z;) — {xz;})
unfolding Let-def by auto
from vars-pivot(2) have rhs-pivot0: rhs (pivot-eq ?eq z;) # 0 using vars-zero
by auto
assume 0 € rhs ‘ set (T (pivot’ z; z; s))
from this[unfolded pivot'pivot[OF <A (T s)» <x; € lars (T s)] pivot-def]
have 0 € rhs  set (piwot-tableau z; z; (T s)) by simp
from this[unfolded pivot-tableau-def Let-def var, unfolded var] rhs-pivot0
obtain e where e € set (T s) lhs e # z; and rvars-eq: rvars-eq (subst-var-eq
z; (rhs (pivot-eq %eq x;)) e) = {}
by (auto simp: vars-zero)
from rvars-eg[unfolded subst-var-eg-def)
have empty: vars (subst-var z; (rhs (pivot-eq ?eq x;)) (rhs €)) = {} by auto
show False
proof (cases z; € vars (rhs e))
case Fulse
from empty[unfolded subst-no-effect| OF False])
have rvars-eq e = {} by auto
hence rhs e = 0 using zero-coeff-zero coeff-zero by auto
with <e € set (T s)» <A (T s)» show False unfolding normalized-tableau-def
by auto
next
case True
from <e € set (T s)» have rvars-eq e C rvars (T s) unfolding rvars-def
by auto
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hence z; € vars (rhs (pivot-eq %eq x;)) — rvars-eq e
unfolding vars-pivot(2) var
using «A (T s)»[unfolded normalized-tableau-def] <xz; € lvars (T s)» by

auto
from subst-with-effect|OF True this] rvars-eq
show ?thesis by (simp add: subst-var-eq-def)
qed
qed

ultimately show %g1 A 7¢2 ..

show distinct (map lhs (T (pivot’ z; z; s)))
using map-parametrize-idz|of lhs ?t]
using map-lhs-pivot
using <distinct (map lhs ?t))
using interval-3split[of ?idx length ?t] < %idz < length 2t
using «x; ¢ lvars %t
unfolding lvars-def
by auto
qed
moreover
have v =, %t = v =, T (pivot’ z; z; s)
unfolding satisfies-tableau-def
proof
assume Ve€set (7). v =, e
show Veeset (T (pivot’ z; z; s)). v =, e
proof—
have v =, %eq’
using <z; ¢ rvars-eq ?eq
using ¢ ?idz < length ?t» <V e€set (7t). v =, e
using (z; € rvars-eq ?eq)> <x; € lvars ?t)
by (simp add: equiv-pivot-eq eq-idz-for-lvar)
moreover
{
fix idz
assume idz < length %t ide # %idz

have v |=. subst-var-eq xz; (rhs %eq’) (%t idz)
using «%eq’ = (z;, rhs ?eq’)
using v =, Zeq) <idz < length 2ty ¥ e€set (91). v =, e
using equiv-subst-var-eq(of v z; rhs %eq’ ?t | idx]
by auto
}
ultimately
show ?thesis
by (auto simp add: pivot’-def pivot-tableau’-def Let-def)
qed
next
assume Y ecset (T (pivot’ z; z; s)). v =c €
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then have v =, %eq’
N idz. [ide < length ?t; ide # %ide | = v |=. subst-var-eq x; (rhs ?eq’) (7t
! idz)
using «%idx < length ?t»
unfolding pivot’-def pivot-tableau’-def
by (auto simp add: Let-def)

show Veeset (T s). v = ¢
proof—
{
fix idz
assume idx < length %t
have v =, (%t ! idx)
proof (cases idx = ?idzx)
case True
then show ?thesis
using v = fegh
using «x; € rvars-eq ?eq <x; € lvars %ty «x; ¢ rvars-eq ?eq>
by (simp add: eq-idx-for-lvar equiv-pivot-eq)
next
case Fulse
then show ?thesis
using <idz < length %t
using «[idz < length ?t; ide # %ide | = v |=. subst-var-eq z;j (rhs %eq’)
(2t idz))
using v =, Zeq) «%eq’ = (z;, rhs Zeq)
using equiv-subst-var-eqlof v x; rhs ?eq’ 7t idzx]
by auto
qed
}
then show ?thesis
by (force simp add: in-set-conv-nth)
qed
qed
ultimately
show let s" = pivot z; x; sinv =T s=vl T s"ANA(T s
using pivot’pivot[where ?'i = ']
using A (T s)» <z; € lvars (T s)»
by (simp add: Let-def)
qed

6.7 Check implementation

The check function is called when all rhs variables are in bounds, and it
checks if there is a lhs variable that is not. If there is no such variable,
then satisfiability is detected and check succeeds. If there is a lhs variable
x; out of its bounds, a rhs variable z; is sought which allows pivoting with
z; and updating z; to its violated bound. If z; is under its lower bound it
must be increased, and if z; has a positive coefficient it must be increased
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so it must be under its upper bound and if it has a negative coefficient it
must be decreased so it must be above its lower bound. The case when z;
is above its upper bound is symmetric (avoiding symmetries is discussed in
Section 6.8). If there is no such z;, unsatisfiability is detected and check
fails. The procedure is recursively repeated, until it either succeeds or fails.
To ensure termination, variables z; and x; must be chosen with respect to
a fixed variable ordering. For choosing these variables auxiliary functions
min-lvar-not-in-bounds, min-rvar-inc and min-rvar-dec are specified (each
in its own locale). For, example:

locale MinLVarNotInBounds = fixes min-lvar-not-in-bounds::('i,’a::lrv) state =
var option
assumes

min-lvar-not-in-bounds-None: min-lvar-not-in-bounds s = None — (Y z€lvars (T
s). in-bounds z (V s) (B s)) and

min-lvar-not-in-bounds-Some’: min-lvar-not-in-bounds s = Some v; — z;Slvars
(T s) A —in-bounds z; (V s) (B s)
A (Vz€lvars (T s). ¢ < z; — in-bounds z (V s) (B s))

begin

lemma min-lvar-not-in-bounds-None":
min-lvar-not-in-bounds s = None — ((V s) |=p B s || lvars (T s))
unfolding satisfies-bounds-set.simps
by (rule min-lvar-not-in-bounds-None)

lemma min-lvar-not-in-bounds-lvars:min-lvar-not-in-bounds s = Some x; — x;
€ lars (T s)

using min-lvar-not-in-bounds-Some’

by simp

lemma min-lvar-not-in-bounds-Some: min-lvar-not-in-bounds s = Some x; — —
in-bounds x; (V s) (B s)

using min-lvar-not-in-bounds-Some’

by simp

lemma min-lvar-not-in-bounds-Some-min: min-lvar-not-in-bounds s = Some z;
— (VY z € lars (T 3). x < x; — in-bounds = (V s) (B s))

using min-lvar-not-in-bounds-Some’

by simp

end

abbreviation reasable-var where
reasable-var dir r eq s =
(coeff (rhs eq) © > 0 A <y (It dir) ((V s) z) (UB dir s x)) V
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(coeff (rhs eq) © < 0 A >y (It dir) ((V s) z) (LB dir s z))

locale MinRVarsEq =
fixes min-rvar-incdec-eq :: ('i,’a) Direction = ('i,’a::lrv) state = eq = 'i list +
var
assumes min-rvar-incdec-eq-None:
min-rvar-incdec-eq dir s eq = Inl is =
(Y z € rvars-eq eq. — reasable-var dir © eq s) A
(set is = {LI dir s (lhs eq)} U {LI dir s z | . x € rvars-eq eq N coeff (rhs eq)
z < 0}
UA{UI dir sz | x. x € rvars-eq eq A coeff (rhs eq) x > 0}) A
((dir = Positive V dir = Negative) — LI dir s (Ihs eq) € indices-state s —
set is C indices-state s)
assumes min-rvar-incdec-eq-Some-rvars:
min-rvar-incdec-eq dir s eq = Inr x; = x; € Tvars-eq eq
assumes min-rvar-incdec-eq-Some-incdec:
min-rvar-incdec-eq dir s eq = Inr x; = reasable-var dir z; eq s
assumes min-rvar-incdec-eq-Some-min:
min-rvar-incdec-eq dir s eq = Inr r; =
(V z € rvars-eq eq. © < z; — — reasable-var dir x eq s)
begin
lemma min-rvar-incdec-eq-None':
assumes x: dir = Positive V dir = Negative
and min: min-rvar-incdec-eq dir s eq = Inl is
and sub: I = set is
and [v: (I,v) | BZ s
shows le (It dir) ((rhs eq) {v}) ((rhs eq) {(V $)})
proof —
have V z € rvars-eq eq. — reasable-var dir = eq s
using min
using min-rvar-incdec-eq-None
by simp

have V z € rvars-eq eq. (0 < coeff (rhs eq) x — le (It dir) 0 ((V s) x — v 1))
A (coeff (rhs eq) x < 0 — le (It dir) ((V s) x — v z) 0)
proof (safe)
fix »
assume z: ¢ € rvars-eq eq 0 < coeff (rhseq) ©0 #(V s)x — vz
then have — (<, (It dir) ((V s) z) (UB dir s z))
using «V z € rvars-eq eq. — reasable-var dir z eq s»

by auto
then have >, (It dir) ((V s) z) (UB dir s )

using *

by (cases UB dir s z) (auto simp add: bound-compare-defs)
moreover

from min-rvar-incdec-eq-None[OF min] x sub have UI dir s x € I by auto
from Iv * this
have <, (It dir) (v z) (UB dir s x)

unfolding satisfies-bounds-index.simps
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by (cases UB dir s z, auto simp: indezl-def indexu-def boundsl-def boundsu-def
bound-compare’-defs)
(fastforce)+
ultimately
have le (it dir) (vz) ((V s) z)
using *
by (cases UB dir s z) (auto simp add: bound-compare-defs)
then show [t dir 0 ((V s) z — v z)
using <0 # (V s) © — v ) *
using minus-gtjof v x (V s) z] minus-ltjof (V s) z v z]
by (auto simp del: Simplezx.bounds-lg)
next
fix z
assume z: z € rvars-eq eq 0 > coeff (rhs eq) x (V s) . — vz # 0
then have — (>, (It dir) ((V s) z) (LB dir s z))
using <V = € rvars-eq eq. = reasable-var dir z eq s
by auto
then have <y, (It dir) ((V s) z) (LB dir s x)
using *
by (cases LB dir s z) (auto simp add: bound-compare-defs)
moreover
from min-rvar-incdec-eq-None[OF min] z sub have LI dir s x € I by auto
from v * this
have >y, (It dir) (v z) (LB dir s x)
unfolding satisfies-bounds-index.simps
by (cases LB dir s x, auto simp: indexl-def indexu-def boundsl-def boundsu-def
bound-compare’-defs)
(fastforce)+

ultimately
have le (It dir) ((V s) z) (v )
using *
by (cases LB dir s x) (auto simp add: bound-compare-defs)
then show [t dir ((V s) z —vz) 0
using «((V s) z — vz # 0> *
using minus-lt[of (V s) z v z] minus-gtlof vz (V s) z]
by (auto simp del: Simplex.bounds-lg)
qed
then have le (It dir) 0 (rhseq { A z. (V s) z — v z]})
using x
apply auto
using valuate-nonneg[of rhs eq Az. (V sy © — v z]
apply (force simp del: Simplex.bounds-lg)
using valuate-nonpos|of rhs eq Az. (V s) © — v 1]
apply (force simp del: Simplex.bounds-lg)
done
then show le (It dir) ths eq { v |} rhs eq { (V s) |}
using «dir = Positive V dir = Negative)
using minus-gt[of rhs eq { v |} Ths eq { (V s) |}]
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by (auto simp add: valuate-diff THEN sym] simp del: Simplex.bounds-lg)
qed
end

locale MinRVars = EqForLVar + MinRVarsEq min-rvar-incdec-eq
for min-rvar-incdec-eq :: ('i, 'a :: lrv) Direction = -
begin
abbreviation min-rvar-incdec :: ('i,’a) Direction = ('i,’a) state = var = 'i list
+ var where
min-rvar-incdec dir s x; = min-rvar-incdec-eq dir s (eg-for-lvar (T s) ;)
end

locale MinVars = MinLVarNotInBounds min-lvar-not-in-bounds + MinRVars eq-idz-for-lvar
min-rvar-incdec-eq
for min-lvar-not-in-bounds :: ('i,’a::lrv) state = - and
eq-idz-for-lvar and
min-rvar-incdec-eq :: ('i, 'a :: lrv) Direction = -

locale PivotUpdateMinVars =
PivotAndUpdate eq-idz-for-lvar pivot-and-update +
MinVars min-lvar-not-in-bounds eq-idz-for-lvar min-rvar-incdec-eq for
eq-idz-for-lvar :: tableau = var = nat and
min-lvar-not-in-bounds :: ('i,’a::lrv) state = var option and
min-rvar-incdec-eq :: ('i,’a) Direction = ('i,’a) state = eq = 'i list + var and
pivot-and-update :: var = var = 'a = ('i,’a) state = ('i,’a) state

begin

definition check’ where
check’ dir z; s =
let l; = the (LB dir s x;);
x]—’ = min-rvar-incdec dir s ;
in case z;" of
Inl I = set-unsat I s
| Inr z; = pivot-and-update z; x; I; s

lemma check’-cases:
assumes A I. [min-rvar-incdec dir s ©; = Inl I; check’ dir z; s = set-unsat I s
= P (set-unsat I s)
assumes )\ z; ;. [min-rvar-incdec dir s x; = Inr z;;
l; = the (LB dir s x;);
check’ dir z; s = piwot-and-update z; z; l; s] =
P (pivot-and-update z; z; l; s)
shows P (check’ dir z; s)
using assms
unfolding check’-def

by (cases min-rvar-incdec dir s x;, auto)
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partial-function (tailrec) check where
check s =
(if U s then s
else let z;" = min-lvar-not-in-bounds s
in case x;’ of
None = s
| Some x; = let dir = if (V s) x; <ip Bi s x; then Positive
else Negative
in check (check’ dir z; s))
declare check.simps|code]

inductive check-dom where
step: [Nz [ U s; Some x; = min-lvar-not-in-bounds s; (V s) x; <1 By s z;]
= check-dom (check’ Positive x; s);
Azi. [0 U s; Some z; = min-lvar-not-in-bounds s; = (V s) z; <;p B s ;]
= check-dom (check’ Negative z; s)]
— check-dom s

The definition of check can be given by:

check s = if U s then s
else let ;" = min-lvar-not-in-bounds s in
case x;" of None = s
| Some x; = if (V s) x; <i;p By s x; then check (check-inc x;
s)

else check (check-dec x; s)

check-inc x; s = let l; = the (B, s z;); x;' = min-rvar-inc s z; in
case z;" of None = s (U := True |) | Some z; = pivot-and-update z; z; l; s

The definition of check-dec is analogous. It is shown (mainly by induc-
tion) that this definition satisfies the check specification. Note that this
definition uses general recursion, so its termination is non-trivial. It has
been shown that it terminates for all states satisfying the check precon-
ditions. The proof is based on the proof outline given in [1]. It is very
technically involved, but conceptually uninteresting so we do not discuss it
in more details.

lemma pivotandupdate-check-precond:
assumes
dir = (if (V s) z; <;p By s z; then Positive else Negative)
min-lvar-not-in-bounds s = Some z;
min-rvar-incdec dir s x; = Inr x;
l; = the (LB dir s x;)
V s A(T s) Fnoths 8 O s
shows A (T (pivot-and-update z; z; 1; $)) N FEnotns (pivot-and-update z; z; 1;
s) A O (pivot-and-update z; z; l; s) AV (pivot-and-update z; z; 1; s)
proof—
have B; s z; = Some l; V By s z; = Some [;
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using <l; = the (LB dir s z;)» <dir = (if (V s) x; <;p By s x; then Positive else
Negative)»
using (min-lvar-not-in-bounds s = Some x;» min-lvar-not-in-bounds-Some[of s
using < s
by (case-tac[!] B; s x;, case-tac[!] By s z;) (auto simp add: bounds-consistent-def
bound-compare-defs)
then show ?thesis
using assms
using pivotandupdate-tableau-normalized|of s x; x; ;]
using pivotandupdate-nolhs[of s z; z; 1]
using pivotandupdate-bounds-consistent[of s ©; x; ;]
using pivotandupdate-tableau-valuated|of s x; z; 1;]
by (auto simp add: min-lvar-not-in-bounds-lvars min-rvar-incdec-eg-Some-rvars)
qed

abbreviation git-state’ where
gt-state’ dir s s' z; z; l; =
min-lvar-not-in-bounds s = Some x; N\
l; = the (LB dir s z;) N
min-rvar-incdec dir s x; = Inr z; A
s’ = pivot-and-update x; z; l; s

definition gi-state :: ('i,’a) state = ('i,’a) state = bool (infixl >, 100) where
§ =y 8’ =
3 Ty Tj ll
let dir = if (V s) z; <i;p B; s x; then Positive else Negative in
gt-state’ dir s s" z; z; I;

abbreviation succ :: ('i,’a) state = ('i,’a) state = bool (infix]l = 100) where
s=8" =N (T S)NOSAEnoihs SAVSAs=z 8" ANB;s"=8B; s \NU. s =
U, s

abbreviation succ-rel :: ('i,’a) state rel where
succ-rel = {(s, s8”). s = s’}

abbreviation succ-rel-trancl :: (i,'a) state = ('i,’a) state = bool (infixl =T 100)
where
s>t s'= (s, s) € succ-relt

abbreviation succ-rel-rtrancl :: ('i,’a) state = ('i,’a) state = bool (infixl =* 100)

where
s =*s"'= (s, ') € succ-rel*
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lemma succ-vars:
assumes s > s’
obtains z; z; where
z; € lvars (T s)
z; € rvars-of-lvar (T s) z; x; € rvars (T s)
ars (T s') = lars (T s) — {z;} U {z;}
rvars (T s') = rvars (T s) — {z;} U {z;}
proof—
from assms
obtain z; z; ¢
where x*:
A (T s) Vs
min-lvar-not-in-bounds s = Some x;
min-rvar-incdec Positive s z; = Inr x; V min-rvar-incdec Negative s x; = Inr
zj
s" = pivot-and-update z; T; ¢ s
unfolding gt-state-def
by (auto split: if-splits)
then have
z; € lvars (T s)
z; € rvars-eq (eq-for-lvar (T s) x;)
ars (T s') = lars (T s) — {z;} U {z;}
rvars (T s') = rvars (T s) — {z;} U {z;}
using min-lvar-not-in-bounds-lvars|of s ;]
using min-rvar-incdec-eq-Some-rvars|of Positive s eg-for-lvar (T s) x; x;]
using min-rvar-incdec-eg-Some-rvars|of Negative s eq-for-lvar (T s) z; ;]
using pivotandupdate-rvars|of s z; x;]
using pivotandupdate-lvars[of s z; x;]
by auto
moreover
have z; € rvars (T s)
using «x; € lars (T s)»
using «x; € rvars-eq (eg-for-lvar (T s) z;)»
using eq-for-lvar[of z; T s
unfolding rvars-def
by auto
ultimately
have
z; € lvars (T s)
z; € rvars-of-lvar (T s) z; z; € rvars (T s)
wars (T s') = wars (T s) — {z;} U {z;}
rvars (T s') = rvars (T s) — {z;} U {z;}
by auto
then show thesis

qed
lemma succ-vars-id:

assumes s > s’
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shows lvars (T s) U rvars (T s) =
lvars (T s') U rvars (T s')

using assms

by (rule succ-vars) auto

lemma succ-inv:
assumes s > s’
shows A (T s") Vs 0 s' B, s=8B; s
(v::'a valuation) =y (T s) «— v = (T ')
proof—
from assms obtain z; z; ¢
where x*:
A(Ts)VsOs
min-lvar-not-in-bounds s = Some x;
min-rvar-incdec Positive s z; = Inr x; V min-rvar-incdec Negative s x; = Inr
T
s" = pivot-and-update z; T; c s
unfolding gi-state-def
by (auto split: if-splits)
then show A (T s) Vs’ 0 s' B s=D8;s’
(v::'a valuation) =y (T s) «— v = (T ')
using min-lvar-not-in-bounds-lvars[of s ;]
using min-rvar-incdec-eq-Some-rvars|of Positive s eq-for-lvar (T s) z; z;]
using min-rvar-incdec-eq-Some-rvars[of Negative s eg-for-lvar (T s) z; z;]
using pivotandupdate-tableau-normalized|of s z; z; c]
using pivotandupdate-bounds-consistent[of s x; x; c|
using pivotandupdate-bounds-id[of s x; x; c|
using pivotandupdate-tableau-equiv
using pivotandupdate-tableau-valuated
by auto
qed

lemma succ-rvar-valuation-id:
assumes s = s’ z € rvars (T s) z € rvars (T s')
shows (V s) z = (V s)
proof—
from assms obtain z; z; ¢
where *:
A(Ts)VsOs
min-lvar-not-in-bounds s = Some x;
min-rvar-incdec Positive s z; = Inr x; V min-rvar-incdec Negative s x; = Inr
zj
s" = pivot-and-update z; T; ¢ s
unfolding gt-state-def
by (auto split: if-splits)
then show ?thesis
using min-lvar-not-in-bounds-lvars|of s ;]
using min-rvar-incdec-eg-Some-rvars|of Positive s eg-for-lvar (T s) z; x;]
using min-rvar-incdec-eg-Some-rvars[of Negative s eq-for-lvar (T s) z; x;]
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using «x € rvars (T s)» «x € rvars (T s')»

using pivotandupdate-rvarsjof s z; z; c]

using pivotandupdate-valuation-zi[of s z; x; c|

using pivotandupdate-valuation-other-nolhs[of s x; z; x c]

by (force simp add: normalized-tableau-def map2fun-def)
qed

lemma succ-min-lvar-not-in-bounds:
assumes s > s’
xr € lars (T s) ar € rvars (T s')
shows — in-bounds azr ({V s)) (B s)
YV z € ars (T s). x < ar — in-bounds z ({V s)) (B s)
proof—
from assms obtain z; z; c
where x:
A(Ts)VsOs
min-lvar-not-in-bounds s = Some z;
min-rvar-incdec Positive s x; = Inr x; V min-rvar-incdec Negative s x; = Inr
z;
s" = pivot-and-update z; z; c s
unfolding gt-state-def
by (auto split: if-splits)
then have z; = ar
using min-lvar-not-in-bounds-lvars|of s ;]
using min-rvar-incdec-eq-Some-rvars|of Positive s eg-for-lvar (T s) x; x;]
using min-rvar-incdec-eg-Some-rvars|of Negative s eq-for-lvar (T s) z; ;]
using «xr € lars (T s)» «xr € rvars (T s')»
using pivotandupdate-rvars
by (auto simp add: normalized-tableau-def)
then show — in-bounds zr ((V s)) (B s)
YV z € Wwars (T 8). x < xr — in-bounds z ({V s)) (B s)
using <min-lvar-not-in-bounds s = Some x;»
using min-lvar-not-in-bounds-Some min-lvar-not-in-bounds-Some-min
by simp-all
qed

lemma succ-min-rvar:
assumes s > s’
zs € lars (T s) xs € rvars (T s')
zr € rvars (T s) ar € lars (T ')
eq = eg-for-lvar (T s) xzs and
dir: dir = Positive V dir = Negative
shows
= Dy (It dir) ((V s) zs) (LB dir s xs) —
reasable-var dir zr eq s N (V = € rvars-eq eq. © < xr — — reasable-var
dir x eq s)
proof—
from assms(1) obtain z; z; ¢
whereA (T s) AV s A O s A Enoths S
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gt-state’ (if (V s) x; <;p By s z; then Positive else Negative) s s’ z; z; ¢
by (auto simp add: gt-state-def Let-def)
then have
A(Ts)Vsds
min-lvar-not-in-bounds s = Some x;
s' = pivot-and-update z; z; ¢ s and
w: ((V s) z; <ip Bi s z; A min-rvar-incdec Positive s ©; = Inr z;) V
(= (V s) @i <wp Bi s x; A min-rvar-incdec Negative s x; = Inr «;)
by (auto split: if-splits)

then have zr = z; 25 = z;
using min-lvar-not-in-bounds-lvars[of s ;]
using min-rvar-incdec-eq-Some-rvars|of Positive s eq-for-lvar (T s) z; z;]
using min-rvar-incdec-eq-Some-rvars[of Negative s eg-for-lvar (T s) z; z;]
using <ar € rvars (T s)» «ar € ars (T s')
using «zs € lvars (T s)) «xzs € rvars (T s')»
using pivotandupdate-lvars pivotandupdate-rvars
by (auto simp add: normalized-tableau-def)
show — (B4, (It dir) ((V s) xs) (LB dir s zs)) —
reasable-var dir zr eq s A (V = € rvars-eq eq. x < zr — — reasable-var
dir x eq )
proof
assume — >y, (It dir) ((V s) zs) (LB dir s xs)
then have <, (It dir) ((V s) xs) (LB dir s xs)
using dir
by (cases LB dir s xzs) (auto simp add: bound-compare-defs)
moreover
then have — (>, (It dir) ((V s) xs) (UB dir s xs))
using < s dir
using bounds-consistent-gt-ub bounds-consistent-lt-1b
by (force simp add: bound-compare’’-defs)
ultimately
have min-rvar-incdec dir s s = Inr zr
using * «xr = z;) ws = ¥ dir
by (auto simp add: bound-compare’’-defs)
then show reasable-var dir zr eq s A (VY = € rvars-eq eq. © < xr — —
reasable-var dir z eq )
using <eq = eq-for-lvar (T s) xs
using min-rvar-incdec-eq-Some-min|of dir s eq xr]
using min-rvar-incdec-eq-Some-incdec|of dir s eq xr]
by simp
qed
qged

lemma succ-set-on-bound:
assumes
s> s"x; € ars (T s) x; € rvars (T s') and
dir: dir = Positive V dir = Negative
shows
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= Dy (It dir) ((V s) z;) (LB dir s x;) — (V s') x; = the (LB dir s z;)
(V s z; = the (B s x;) V(V sy z; = the (By s ;)
proof—
from assms(1) obtain ;" z; ¢
whereA (T s) AV s A O $SA Fnoths $
gt-state’ (if (V sy x;' <;p By s x;’ then Positive else Negative) s s’ z;' z; c
by (auto simp add: gt-state-def Let-def)
then have
A(Ts)VsOs
min-lvar-not-in-bounds s = Some x;’
s' = pivot-and-update z;" z; ¢ s and
x: ((Vs) o/ <ip By s ;' AN ¢ = the (B s z;') N min-rvar-incdec Positive s x;’
= Inr z;) V
(= (V) x <ip By sz;' A ¢ = the (B, s x;") A min-rvar-incdec Negative s
z;" = Inr ;)
by (auto split: if-splits)
then have z; = z;' z;" € lvars (T s)
z; € rvars-eq (eg-for-lvar (T s) z;’)
using min-lvar-not-in-bounds-lvars|of s ;]
using min-rvar-incdec-eq-Some-rvars|of Positive s eg-for-lvar (T s) z;" x;]
using min-rvar-incdec-eg-Some-rvars[of Negative s eq-for-lvar (T s) z;’ z;]
using «x; € lars (T s)» «x; € rvars (T s')»
using pivotandupdate-rvars
by (auto simp add: normalized-tableau-def)
show — >y, (It dir) ((V s) ;) (LB dir s z;) — (V s’y x; = the (LB dir s z;)
proof
assume — >y, (It dir) ((V s) z;) (LB dir s z;)
then have <, (It dir) ((V s) x;) (LB dir s ;)
using dir
by (cases LB dir s ;) (auto simp add: bound-compare-defs)
moreover
then have — >, (It dir) ((V s) ;) (UB dir s x;)
using <O s> dir
using bounds-consistent-gt-ub bounds-consistent-lt-1b
by (force simp add: bound-compare'’-defs)
ultimately
show (V s') z; = the (LB dir s x;)
using * <x; = ;) «s' = pivot-and-update z;" z; ¢ $
using A (T s) «V s «x;’ € lvars (T s)
«x; € rvars-eq (eg-for-lar (T s) z;")»
using pivotandupdate-valuation-zi[of s x; x; c| dir
by (case-tac[!] By s z;', case-tac|!] By s x;") (auto simp add: bound-compare-defs
map2fun-def)
qed

have = (V s) z; <;p By s z;" —> (V s) x;" >up Bu sz’
using «min-lvar-not-in-bounds s = Some ;"
using min-lvar-not-in-bounds-Some[of s ;]
using not-in-bounds[of x;' (V s) B; s By s
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by auto
then show (V s') z; = the (B s z;) V (V s') 2; = the (By s ;)
using A (T s)» <V s <a;" € lars (T s)
(x; € rvars-eq (eg-for-lar (T s) z;')»
using «s’ = pivot-and-update z;" z; ¢ $ «x; = ;"
using piwvotandupdate-valuation-zi[of s ©; ©; c|
using x
by (case-tac[!] By s z;', case-tac[l] By s ;') (auto simp add: map2fun-def
bound-compare-defs)
qged

lemma succ-rvar-valuation:

assumes
s> s'x € rvars (T s')
shows
Vshe=WVs)azVv{(Vs)a=the(Bysz)V(Vs)az=the (B, sx)
proof—

from assms
obtain z; z; b where
A(T s) Vs
min-lvar-not-in-bounds s = Some x;
min-rvar-incdec Positive s ©; = Inr x; V min-rvar-incdec Negative s x; = Inr

b=the (B; s ;) V b= the (B, s ;)
s’ = pivot-and-update x; x; b s
unfolding gt-state-def
by (auto simp add: Let-def split: if-splits)
then have
z; € ars (T s) x; & rvars (T s)
z; € rvars-eq (eg-for-lvar (T s) x;)
z; € rvars (T s) xj ¢ lars (T s) z; # x;
using min-lvar-not-in-bounds-lvars|of s ;]
using min-rvar-incdec-eqg-Some-rvars|of Positive s eg-for-lvar (T s) z; z;]
using min-rvar-incdec-eq-Some-rvars|of Negative s eq-for-lvar (T s) z; x;]
using rvars-of-lvar-rvars <A\ (T s)»
by (auto simp add: normalized-tableau-def)
then have
rvars (T s') = rvars (T s) — {z;} U {z;}
zt€rvars (T s)Vez=ux,z#z; ¢ # z, — 2 ¢ lvars (T s)
using «x € rvars (T s')
using pivotandupdate-rvars(of s x; x;]
using <A (T s)» <V s s’ = pivot-and-update z; z; b s)
by (auto simp add: normalized-tableau-def)
then show ?thesis
using pivotandupdate-valuation-zi[of s ©; x; 0]
using pivotandupdate-valuation-other-nolhs[of s x; z; x b]
using <z; € lvars (T s)» <xj € rvars-eq (eq-for-lvar (T s) x;)»
using (A (T s)» <V s s’ = pivot-and-update x; z; b s <b = the (B; sz;) V' b
= the (By s ;)
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by (auto simp add: map2fun-def)
qed

lemma succ-no-vars-valuation:
assumes
s~ s x ¢ tvars (T s')
shows look (V s') x = look (V s) z
proof—
from assms
obtain z; z; b where
A (T s)Vs
min-lvar-not-in-bounds s = Some z;
min-rvar-incdec Positive s x; = Inr x; V min-rvar-incdec Negative s x; = Inr

b= the (B; s z;) V b= the (B, s ;)
s" = pivot-and-update z; z; b s
unfolding gt-state-def
by (auto simp add: Let-def split: if-splits)

then have
z; € ars (T s) z; ¢ rvars (T s)
z; € rvars-eq (eq-for-lvar (T s) x;)
zj € rvars (T s) z; ¢ lars (T s) z; # x;
using min-lvar-not-in-bounds-lvars[of s ;]
using min-rvar-incdec-eqg-Some-rvars|of Positive s eg-for-lvar (T s) z; z;]
using min-rvar-incdec-eq-Some-rvars[of Negative s eg-for-lvar (T s) x; z;]
using rvars-of-lvar-rvars <A (T s)»
by (auto simp add: normalized-tableau-def)

then show ?thesis
using pivotandupdate-valuation-other-nolhs[of s z; z; z b]
using <A (T s)» <V s» s’ = pivot-and-update z; z; b s»
using <z ¢ tvars (T s')
using pivotandupdate-rvarsof s z; x;]
using pivotandupdate-lvars[of s z; x;]
by (auto simp add: map2fun-def)

qed

lemma succ-valuation-satisfies:
assumes s = s’ (V s) &= T s
shows (V s') = T s’
proof—
from s > s
obtain z; z; b where
A (T s)Vs
min-lvar-not-in-bounds s = Some z;
min-rvar-incdec Positive s x; = Inr x; V min-rvar-incdec Negative s x; = Inr

b= the (B; sz;) V b= the (B, s ;)

s" = pivot-and-update z; z; b s
unfolding gt-state-def
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by (auto simp add: Let-def split: if-splits)
then have
z; € ars (T s)
z; € rvars-of-lvar (T s) z;
using min-lvar-not-in-bounds-lvars|of s ;]
using min-rvar-incdec-eqg-Some-rvars|of Positive s eg-for-lvar (T s) z; x;]
using min-rvar-incdec-eg-Some-rvars|of Negative s eq-for-lvar (T s) z; x;] <A
(T s)
by (auto simp add: normalized-tableau-def)
then show ?thesis
using pivotandupdate-satisfies-tableau[of s z; z; b
using pivotandupdate-tableau-equiv|of s z; ©; |
using <A (T s)» «<V s «(V s) = T s <s’ = pivot-and-update z; z; b s>
by auto
qed

lemma succ-tableau-valuated:
assumes s > s’V s
shows V s’
using succ-inv(2) assms by blast

abbreviation succ-chain where
succ-chain | = rel-chain | succ-rel

lemma succ-chain-induct:
assumes *: succ-chain [ i < jj < length |
assumes base: \ i. Pii
assumes step: A i. [1i>= (! (i+1))= Pi(i+ 1)
assumes trans: N\ i jk. [Pij; Pjk;i<j,j<k]= Pik
shows P ij
using
proof (induct j — i arbitrary: i)
case (
then show ?case
by (simp add: base)
next
case (Suc k)
have P (i + 1) j
using Suc(1)[of i + 1] Suc(2) Suc(8) Suc(4) Suc(5)
by auto
moreover
have Pi (i + 1)
proof (rule step)
show [ 1¢> (I!(i+ 1))
using Suc(2) Suc(3) Suc(9)
unfolding rel-chain-def
by auto
qed
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ultimately
show ?Zcase
using trans[of i i + 1 j] Suc(2)
by simp
qed

lemma succ-chain-bounds-id:
assumes succ-chain [ ¢ < jj < length 1
shows B; (I1i)=8; (I!}7)
using assms

proof (rule succ-chain-induct)
fix ¢
assume [ i = (I! (i + 1))
then show B; (I!i) =8B, (I! (i + 1))

by (rule succ-inv(4))
qed simp-all

lemma succ-chain-vars-id’:
assumes succ-chain [ ¢ < jj < length 1
shows lvars (T (1! 4)) U rvars (T (1!14)) =

lars (T (1! 7)) U rvars (T (1! 4))

using assms

proof (rule succ-chain-induct)
fix ¢
assume [l = (I (i + 1))
then show tvars (T (1! 1)) = tvars (T (1! (i + 1)))

by (rule succ-vars-id)
qed simp-all

lemma succ-chain-vars-id:
assumes succ-chain [ ¢ < length 1 j < length [
shows lwars (T (1! 7)) U rvars (T (1!17)) =
lvars (T (1'15)) U rvars (T (1!7))
proof (cases i < j)
case True
then show ?thesis
using assms succ-chain-vars-id'[of 1 i j]
by simp
next
case Fulse
then have j < ¢
by simp
then show ?thesis
using assms succ-chain-vars-id’[of 1 j i
by simp
qed

lemma succ-chain-tableau-equiv':
assumes succ-chain 1 i < jj < length |
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shows (v::'a valuation) = T (11 4d) +— v T (1 7)
using assms
proof (rule succ-chain-induct)
fix ¢
assume [ i > (1! (i + 1)
then show v =, T (I! ) =v T (1! (i + 1))
by (rule succ-inv(5))
qed simp-all

lemma succ-chain-tableau-equiv:
assumes succ-chain | i < length 1 j < length |
shows (v::'a valuation) =, T (11 4) +— v T (1))
proof (cases i < j)
case True
then show ?thesis
using assms succ-chain-tableau-equiv'|of 1 i j v]
by simp
next
case Fulse
then have j < ¢
by auto
then show ?thesis
using assms succ-chain-tableau-equiv’[of 1 j © v
by simp
qed

lemma succ-chain-no-vars-valuation:
assumes succ-chain | i < jj < length [
shows V z. x ¢ tvars (T (1! 4)) — look (V (1! 4)) z = look (V (1! 7)) = (is
?P i j)
using assms
proof (induct j — i arbitrary: i)
case (
then show ?case
by simp
next
case (Suc k)
have ?P (i + 1) j
using Suc(1)[of i + 1] Suc(2) Suc(3) Suc(4) Suc(5H)
by auto
moreover
have ?P (i + 1) i
proof (rule+, rule succ-no-vars-valuation)
show [l ¢>= (I!(i+ 1))
using Suc(2) Suc(8) Suc(9)
unfolding rel-chain-def
by auto
qged
moreover
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have tvars (T (1! 1)) = tvars (T (1! (i + 1)))
proof (rule succ-vars-id)
show I1¢> (1! (i+ 1))
using Suc(2) Suc(8) Suc(H)
unfolding rel-chain-def
by simp
qed
ultimately
show Zcase
by simp
qged

lemma succ-chain-rvar-valuation:
assumes succ-chain [ ¢ < jj < length 1
shows Vzervars (T (1! j)).
VN e= W)y
V1)) x=the (B (I1i)z)V
anE
using assms
proof (induct j — i arbitrary: j)
case (
then show ?case
by simp
next
case (Suc k)
have k=7 — 1 — isuccchainli<j— 17— 1<lengthlj> 0
using Suc(2) Suc(8) Suc(4) Suc(H)
by auto
then have ji: 2P i (j — 1)
using Suc(1)
by simp

the (B, (I!14) z) (is 2P i j)

have Il (j — 1) > (1!7)
using Suc(3) j < length Iy <j > 0»
unfolding rel-chain-def
by (erule-tac x=j — 1 in allE) simp

then have
i 2P (G~ 1) ]
using succ-rvar-valuation
by auto

obtain z; z; where
vars: z; € lars (T (1! (j — 1)) z; € rvars (T (1! (j — 1)))
rvars (T (11 j)) = rvars (T (I!'(j — 1)) — {z;} U {z;}
using <! (j — 1) > (I!jp
by (rule succ-vars) simp

then have bounds:
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B! (G~ 1) =B (114) By (1) =B (114)
Bu (11— 1) = Bu (119) By (117) = By (11 4)
using <succ-chain [y
using succ-chain-bounds-id[of 1 i j — 1, THEN sym] <j — 1 < length Iy <i < j
- D
using succ-chain-bounds-id[of | j — 1 j, THEN sym] <j < length )
by (auto simp: indexl-def indexu-def boundsl-def boundsu-def)
show ?Zcase
proof
fix z
assume z € rvars (T (1! 7))
then have z # z; Az € rvars (T (1! (j — 1)) Ve =z
using vars
by auto

proof
assume ¢ # z; Az € rvars (T (1! (j — 1)))
then show ?thesis
using jj «x € rvars (T (1! j)) ji
using bounds
by force
next
assume = 1;
then show ?thesis
using succ-set-on-bound(2)[of 1! (j — 1) IV ja) AV (F—1)= (1!5p
using vars bounds
by auto
qed
qed
qed

lemma succ-chain-valuation-satisfies:
assumes succ-chain | @ < jj < length 1
shows (V (11 0)) = T (11d) — (V{115 = T (!5
using assms
proof (rule succ-chain-induct)
fix ¢
assume [ ! ¢ > (1! (i + 1))
then show (V (11 i) = T (1'i) — VA G+ D)) =T 1! G+ 1))
using succ-valuation-satisfies
by auto
qed simp-all

lemma succ-chain-tableau-valuated:
assumes succ-chain | © < jj < lengthl
shows V (I!{) — V (I!})

using assms
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proof (rule succ-chain-induct)
fix ¢
assume [ ! ¢ > (1! (i + 1))
then show V (I!i) — V (1! (i + 1))
using succ-tableau-valuated
by auto
qed simp-all

abbreviation swap-lr where
swap-lrliz =1+ 1 <length I Az € ars (T (11 4)) Az € rvars (T (1! (i +

1)))

abbreviation swap-rl where
swap-rlliz =1+ 1 <length I ANz € rvars (T (1149) Az € lvars (T (1! (i +

1)))

abbreviation always-r where
always-rlijoe =V k. i <kANk<j— x¢&rvars (T (I!k))

lemma succ-chain-always-r-valuation-id:
assumes succ-chain 1 i < jj < length [
shows always-rlijz — VYV (I10)) 2= (1!7) z (s ?Pij)
using assms
proof (rule succ-chain-induct)
fix ¢
assume [l i > (1! (i + 1))
then show ?P i (i + 1)
using succ-rvar-valuation-id
by simp
qed simp-all

lemma succ-chain-swap-ri-exists:
assumes succ-chain 1 i < jj < length |
z € rvars (T (11 4)) = € ars (T (1! 7))
shows 3 k. i < kA Kk <jA swap-rllkz
using assms
proof (induct j — i arbitrary: i)
case (
then show ?case
by simp
next
case (Suc k)
have Il i > (1! (i + 1))
using Suc(3) Suc(4) Suc()
unfolding rel-chain-def
by auto
then have A (T (1! (i + 1)))
by (rule succ-inv)
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show ?Zcase
proof (cases x € rvars (T (1! (i + 1))))
case True
then have j # ¢ + 1
using Suc(7) <A (T (1! (i + 1))
by (auto simp add: normalized-tableau-def)
have k = j — Suc ¢
using Suc(2)
by simp
then obtain k£ where k£ > i + 1 k < j swap-rl l k x
using <z € rvars (T (1! (i + 1)) G # i+ D>
using Suc(1)[of i + 1] Suc(2) Suc(3) Suc(4) Suc(5) Suc(6) Suc(7)
by auto
then show ?thesis
by (rule-tac x=Fk in exI) simp
next
case Fulse
then have z € lvars (T (1! (i + 1)))
using Suc(6)
using <[ !¢ > (1! (i + 1)) succ-vars-id
by auto
then show ?thesis
using Suc(4) Suc(5) Suc(0)
by force
qed
qed

lemma succ-chain-swap-lr-exists:
assumes succ-chain [ i < jj < length 1
z € lars (T (1!1)) x € rvars (T (1! 7))
shows 3 k. i < kA Kk <jA swap-lrlkz
using assms
proof (induct j — i arbitrary: i)
case ()
then show ?case
by simp
next
case (Suc k)
have Il i > (1! (i + 1))
using Suc(3) Suc(4) Suc()
unfolding rel-chain-def
by auto
then have A (7 (1! (i + 1)))

by (rule succ-inv)

show ?case

proof (cases x € lars (T (1! (i + 1))))
case True
then have j # { + 1
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using Suc(7) <A (T (11 (¢ + 1))
by (auto simp add: normalized-tableau-def)

have k = j — Suc i
using Suc(2)
by simp

then obtain k where k > i + 1 k < j swap-lr l k x
using ¢ € wars (T (I (i + 1) G #i+ D>
using Suc(1)[of i + 1] Suc(2) Suc(8) Suc(4) Suc(5) Suc(6) Suc(7)
by auto

then show ?thesis
by (rule-tac z=Fk in exI) simp

next

case Fulse

then have z € rvars (T (1! (i + 1)))
using Suc(6)
using <[ ! i = (I! (i + 1)) succ-vars-id
by auto

then show ?thesis
using Suc(4) Suc(5) Suc(6)
by force

qged
qged

lemma finite-tableaus-auz:
shows finite {t. lvars t = L A rvarst =V — L AN A t A (Y v:'a valuation. v
E.t=vk t0)} (is finite (Al L))
proof (cases ?Al L = {})
case True
show ?thesis
by (subst True) simp
next
case Fulse
then have 3 t. t € Al L
by auto
let %t = SOME t. t € ?Al L
have 7t € ?Al L
using <3 t. t € Al L»
by (rule somel-ex)
have ?Al L C {t. mset t = mset 7t}
proof
fix z
assume z € Al L
have mset x = mset %t
apply (rule tableau-perm)
using <%t € Al Ly «<x € Al I»
by auto
then show z € {t. mset t = mset 2t}
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by simp
qed
moreover
have finite {t. mset t = mset 7t}
by (fact mset-eq-finite)
ultimately
show ?thesis
by (rule finite-subset)
qed

lemma finite-tableaus:
assumes finite V
shows finite {t. tvars t = VN A t A (VY v:i'a valuation. v = ¢t = v =4 t0)} (is
finite ?A)
proof—
let Al =ANL. {t. lwarst =L Arvarst=V — LANAt A (Y v:'a valuation. v
Fot == t0)}
have ?A = (Al *{L. L C V})
by (auto simp add: normalized-tableau-def)
then show ?thesis
using «finite V>
using finite-tableaus-auz
by auto
qed

lemma finite-accessible-tableaus:
shows finite (T ‘{s’. s =* s})
proof—
have {s". s =* s’} = {s". s =T s’} U {s}
by (auto simp add: rtrancl-eg-or-trancl)
moreover
have finite (T ‘{s’. s =T s'}) (is finite ?A)
proof—
let 27 = {t. tvars t = tvars (T s) AN At A (VY vi'a valuation. v =, t = v
= (T )}
have 24 C ?T
proof
fix t
assume t € 74
then obtain s’ where s =T s’ t =T s’
by auto
then obtain [ where x: | # [| 1 < length l hd | = s last | = s’ succ-chain |
using trancl-rel-chain|of s s’ succ-rel]
by auto
show t € 2T
proof—
have tvars (T s') = tvars (T s)
using succ-chain-vars-id[of | 0 length | — 1]
using * hd-conv-nthlof l] last-conv-nth|of ]
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by simp
moreover
have A (T s')
using «s =1 s
using succ-inv(1)[of - ']
by (auto dest: tranclD2)
moreover
have YV v::'a valuation. v =, T "= v = T s
using suce-chain-tableau-equiv|of 1 0 length | — 1]
using * hd-conv-nthlof l] last-conv-nth|of ]
by auto
ultimately
show ?thesis
using «t = T s’
by simp
qed
qed
moreover
have finite (tvars (T s))
by (auto simp add: lvars-def rvars-def finite-vars)
ultimately
show ?thesis
using finite-tableaus|[of tvars (T s) T s
by (auto simp add: finite-subset)
qed
ultimately
show ?thesis
by simp
qed

abbreviation check-valuation where
check-valuation (v::'a valuation) v0 bl0 bu0 t0 V =
It tvarst = VAN EA (Y vi’a valuation. v =y t = v e t0) A v e t A
VMzecrmarst.ve=v0xVovzr=>00zVvz=>bulzx) A
Vzzé¢gV-—vr=u0z)

lemma finite-valuations:

assumes finite V

shows finite {v::'a valuation. check-valuation v v0 bl0 bu0 t0 V} (is finite ?A)
proof—

let Al =XNL. {t. lvarst = L Arvarst=V — LANNANt AV vi'avaluation. v
et =v = 10)}

let 2Vt = X t. {v::'a valuation. v = t A (VY © € rvars t. vz = v0 vV vz = bl0
zsVor=blz) ANV z.2¢V — vz =00z}

have finite {L. L C V}
using «finite V>
by auto
haveV L. L C V — finite (?Al L)
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using finite-tableaus-aux
by auto
haveV Lt. L C V At e ?Al L — finite (?Vt ©)
proof (safe)
fix Lt
assume lars t C Vrvarst =V — lvars t A tVov. v t = v | 10
then have rvars t U lvarst = V
by auto

let of = A vz if ¢ € rvars t then v x else 0

have inj-on ?f (?Vt t)
unfolding inj-on-def
proof (safe, rule ext)
fix v1 V2 z
assume (\z. if © € rvars t then vl x else (0 :: 'a)) =
(Az. if ¢ € rvars t then v2 x else (0 :: 'a)) (is ?2f1 = 2f2)
have Vzervars t. vl x = v2 x
proof
fix z
assume z € rvars t
then show vl z = v2 z
using <?f1 = 22y fun-cong|of ?f1 ?f2 1]
by auto
qed
assume *x: vl = tv2 | t
Ve,x ¢ V—ovlz=v0zVz. ¢V —v2z=v0zx
show vl z = v2
proof (cases x € lvars t)
case Fulse
then show ?thesis
using * Vx€rvars t. vl x = v2 x> <rvars t U lvars t = V>
by auto
next
case True
let %eq = eq-for-lvar t
have ?eq € set t A\ lhs %eq = x
using eq-for-lvar «x € lvars t»
by simp
then have vl = rhs %eq { v1 |} v2 2 = rhs %eq { v2 |}
using vl = & w2 = b
unfolding satisfies-tableau-def satisfies-eq-def
by auto
moreover
have rhs %eq { vl [} = rhs %eq { v2 |}
apply (rule valuate-depend)
using Vz€rvars t. vl = v2 x> <?eq € set t A lhs Peq = >
unfolding rvars-def
by auto
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ultimately
show ?thesis
by simp
qed
qed

let PR={v.V z.ifx € rvarst thenvz =v0xV vz =>bl0zV vze=>bulz
elseve =0}
have ?f < (?Vt t) C ?R
by auto
moreover
have finite R
proof—
have finite (rvars t)
using <finite V' <rvars t U lvars t = V>
using finite-subset|of rvars t V]
by auto
moreover
let R’ = {v.V . if z € rvars t then vz € {v0 z, bl0 z, bul z} else vz = 0}
have R = 7R’
by auto
ultimately
show ?thesis
using finite-fun-args[of rvars t X\ z. {v0 z, bl0 x, bul z} X\ z. 0]
by auto
qged
ultimately
have finite (?f < (?Vt t))
by (simp add: finite-subset)
then show finite (?Vt t)
using <inj-on ?f (?Vt t)
by (auto dest: finite-imageD)
qed

have ?A =J (U (((9) #Vt) “(?Al *{L. L C V}))) (is ?A = ?4")
by (auto simp add: normalized-tableau-def cong del: image-cong-simp)
moreover
have finite 24’
proof (rule finite-Union)
show finite (U (((9) ¢Vt) < (2Al *{L. L C V})))
using «finite {L. L C V} «V L. L C V — finite (?Al L))
by auto
next
fix M
assume M € |J (((9) 2Vt) < (?Al *{L. L C V}))
then obtain L ¢t where L C Vte AL M = 2Vt t
by blast
then show finite M
using <V Lt. LC V At € 2Al L — finite (?VE t)»
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by blast
qed
ultimately
show ?thesis
by simp
qed

lemma finite-accessible-valuations:
shows finite (V ‘{s’. s =* s'})
proof—
have {s". s =* s’} = {s". s =T s’} U {s}
by (auto simp add: rtrancl-eg-or-trancl)
moreover
have finite (V “ {s’. s = s'}) (is finite ?A)
proof—
let 2P = X v. check-valuation v ((V s)) (A z. the (B; s z)) (A z. the (B, s x))
(T s) (tvars (T s))
let 2P’ = X\ v::(var, 'a) mapping.
3 t. tvars t = tvars (T s) A ANt A (VY v:'a valuation. v =y t = v = T 8)
Ay |t A
(V z € rvarst. (v) x=(V s)zV
(v) © = the (B; s z) V
(v) © = the (By s x)) A
(T s) — look vz = look (V s) z) A
(T s) — look vz # None)

(V z. x ¢ tvars
(V z. x € tvars

have finite (tvars (T s))
by (auto simp add: lvars-def rvars-def finite-vars)
then have finite {v. ?P v}
using finite-valuations|of tvars (T s) T s (V s) A x. the (B; s ) X z. the (B,
s )]
by auto
moreover
have map2fun ¢ {v. 2P’ v} C {v. ?P v}
by (auto simp add: map2fun-def)
ultimately
have finite (map2fun ‘ {v. 2P’ v})
by (auto simp add: finite-subset)
moreover
have inj-on map2fun {v. ?P’ v}
unfolding inj-on-def
proof (safe)
fix zy
assume (z) = (y) and *:
V. z ¢ Simplex.tvars (T s) — look y x = look (V s) x
Vza. za ¢ Simplex.tvars (T s) — look z za = look (V s) za
V. z € Simplex.tvars (T s) — look y © # None
YV za. za € Simplex.tvars (T 8) — look x za # None
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show z = y
proof (rule mapping-eql)
fix k
have (z) k = (y) k
using «(z) = (y)»
by simp
then show look x k = look y k
using x
by (cases k € tvars (T s)) (auto simp add: map2fun-def split: option.split)
qed
qed
ultimately
have finite {v. 7P’ v}
by (rule finite-imageD)
moreover
have 74 C {v. ?P' v}
proof (safe)
fix s’
assume s =T s
then obtain [ where x: | # [| 1 < length l hd | = s last | = s’ succ-chain |
using trancl-rel-chain|of s s’ succ-rel]
by auto
show 2P’ (V s')
proof—
have Vs A (T s) (Vs) = T s
using s =1 s’
using tranclD]of s s’ succ-rel]
by (auto simp add: curr-val-satisfies-no-lhs-def)
have tvars (T s') = tvars (T s)
using succ-chain-vars-id[of | 0 length | — 1]
using * hd-conv-nthlof l] last-conv-nth[of ]
by simp
moreover
have A(T s')
using «s =1 s’
using succ-inv(1)[of - ']
by (auto dest: tranclD2)
moreover
have Vv::'a valuation. v = T s'=v = T s
using succ-chain-tableau-equiv|of 1 0 length | — 1]
using * hd-conv-nth[of l] last-conv-nth|of ]
by auto
moreover
have (V s') = T s’
using succ-chain-valuation-satisfies[of | 0 length | — 1]
using * hd-conv-nth[of l] last-conv-nthlof I] «(V s) = T &
by simp
moreover

have Vzervars (T s). (V sz =V s)zV (Vs)z=the (B sz)V (¥

/
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sy © = the (By s )
using succ-chain-rvar-valuation[of | 0 length | — 1]
using * hd-conv-nth[of l] last-conv-nth[of ]
by auto
moreover
have Vz. z ¢ tvars (T s) — look (V s') x = look (V s)
using succ-chain-no-vars-valuation|of | 0 length | — 1]
using * hd-conv-nth[of l] last-conv-nth[of ]
by auto
moreover
have Vz. x € Simplex.tvars (T s') — look (V s') © # None
using succ-chain-tableau-valuated[of 1 0 length | — 1]
using * hd-conv-nthlof l] last-conv-nth[of ]
using <tvars (T s') = tvars (T s)» <V &
by (auto simp add: tableau-valuated-def)
ultimately
show ?thesis
by (rule-tac =T s’ in exl) auto
qed
qed
ultimately
show ?thesis
by (auto simp add: finite-subset)
qed
ultimately
show %thesis
by simp
qed

lemma accessible-bounds:
shows B; ‘{s’. s >=* s’} = {B; s}
proof —
have s =* s’ = B, s’ = B, s for s’
by (induct s s’ rule: rtrancl.induct, auto)
then show ?thesis by blast
qed

lemma accessible-unsat-core:
shows U, ‘{s" s =* s'} = {U. s}
proof —
have s ~* s' — U, s’ = U, s for s’
by (induct s s' rule: rtrancl.induct, auto)
then show ?thesis by blast
qed

lemma state-eql:
6”8:8“ S/:>BiuS=Biu s =
Ts=Ts=Vs=Vs =
Us=USs =U.,s5s=U, s —
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s=3s'
by (cases s, cases s’, auto)

lemma finite-accessible-states:
shows finite {s. s =* s’} (is finite ?A)
proof—
let 2V =V ‘%24
let 77 =T ‘%4
let 2P = 2V x 2T x {B; s} x {True, False} x {U. s}
have finite 7P
using finite-accessible-valuations finite-accessible-tableaus
by auto
moreover
let of =Xs. (Vs, T s, B;s,U s, U s)
have 7f ¢« YA C 7P
using accessible-bounds[of s] accessible-unsat-core|of s]
by auto
moreover
have inj-on ?f ?A
unfolding inj-on-def by (auto intro: state-eql)
ultimately
show ?thesis
using finite-imageD [of ?f ?A4]
using finite-subset
by auto
qged

lemma acyclic-suc-rel: acyclic succ-rel
proof (rule acyclicl, rule alll)
fix s
show (s, s) & succ-rel™
proof
assume s >~ s
then obtain [ where
14 ] length 1 > 1 hd l = s last | = s succ-chain |
using trancl-rel-chain[of s s succ-rel]
by auto

have I ! 0 = s
using <l £ [|» <hd | = &
by (simp add: hd-conv-nth)
then have s > (1! 1)
using <succ-chain [
unfolding rel-chain-def
using <length | > 1»
by auto
then have A (T s)
by simp
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let Zenter-rvars =
{z. 3 sl. swap-lr 1 sl x}

have finite Zenter-rvars
proof—
let Zall-vars = J (set (map (A t. lvars t U rvars t) (map T 1)))
have finite ?all-vars
by (auto simp add: lvars-def rvars-def finite-vars)
moreover
have ?Zenter-rvars C ?all-vars
by force
ultimately
show ?thesis
by (simp add: finite-subset)
qed

let %xr = Max Zenter-rvars
have ?%zr € Zenter-rvars
proof (rule Maz-in)
show ?enter-rvars # {}
proof—
from «<s > (1! 1)
obtain z; z; :: var where
z; € lars (T s) z; € rvars (T (1! 1))
by (rule succ-vars) auto
then have x; € Zenter-rvars
using <hd 1 = s> <l # []» «length | > 1»
by (auto simp add: hd-conv-nth)
then show ?thesis
by auto
qed
next
show finite ?enter-rvars
using «finite ?enter-rvars»

qged

then obtain zr sl where
zr = 2xr swap-lr 1 sl zr
by auto

then have sl + 1 < length I
by simp

have (I!sl) = (1! (sl + 1))
using sl + 1 < length Iy <succ-chain 1)
unfolding rel-chain-def
by auto
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have length | > 2
proof (rule ccontr)
assume — ?thesis
with <length | > 1)
have length | = 2
by auto
then have last I =1 1
by (cases 1) (auto simp add: last-conv-nth nth-Cons split: nat.split)
then have zr € lvars (T s) ar € rvars (T s)
using <length | = 2»
using <swap-Ir [ sl zr»
using <hd | = s «ast 1 = s» A # [
by (auto simp add: hd-conv-nth)
then show Fulse
using A (T s)»
unfolding normalized-tableau-def
by auto
qed

obtain [/’ where
hd ' =1V (sl 4+ 1) lastl’ =1 sllength I’ = length | — 1 succ-chain I’ and
UVl Vii+ 1 <lengthl —
@jj+1<lenghlAUli=I11jAUL(i+1)=1!(+ 1))
using <length | > 2» <sl + 1 < length Iy <hd |l = s» <last | = s» <succ-chain |
using reorder-cyclic-list[of | s sl]
by blast

then have zr € rvars (T (hd 1)) ar € lars (T (last 1)) length I’ > 11" # ]
using <swap-lr | sl xr» <length | > 2>
by auto

then have 3 sp. swap-rl 1’ sp zr
using (succ-chain 1
using succ-chain-swap-rl-exists[of I’ 0 length I’ — 1 xr]
by (auto simp add: hd-conv-nth last-conv-nth)

then have 3 sp. swap-rl 1’ sp ar A (¥ sp’. sp’ < sp — — swap-rl 1" sp’ ar)
by (rule min-element)

then obtain sp where
swap-rl 1" sp xr ¥ sp’. sp’ < sp — = swap-rl 1" sp’ zr
by blast

then have sp + 1 < length I’
by simp

have (V (I’ 0)) ar = (V (I'! sp)) ar
proof—
have always-r 1’ 0 sp xr
using <zr € rvars (T (hd l'))y <sp + 1 < length I’
Y sp’. sp’ < sp — = swap-rl 1’ sp’ x>
proof (induct sp)
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case (
then have [’ # ||
by auto
then show ?case
using 0(1)
by (auto simp add: hd-conv-nth)
next
case (Suc sp’)
show ?Zcase
proof (safe)
fix k
assume k£ < Suc sp’
show zr € rvars (T (I’ k))
proof (cases k = sp’ + 1)
case Fulse
then show ?thesis
using Suc <k < Suc sp”
by auto
next
case True
then have zr € rvars (T (I'! (k — 1)))
using Suc
by auto
moreover
then have zr ¢ lvars (T (I'! k))
using True Suc(3) Suc(4)
by auto
moreover
have (I’ (k — 1)) = (I' 1 k)
using (succ-chain 1
using Suc(3) True
by (simp add: rel-chain-def)
ultimately
show ?thesis
using succ-vars-id[of I’ (k — 1) 1" k]
by auto
qged
qed
qed
then show ?thesis
using <sp + 1 < length I
using (succ-chain 1’
using succ-chain-always-r-valuation-id
by simp
qed

have (I'! sp) = (I'! (sp+1))

using <sp + 1 < length 1"y <succ-chain s
unfolding rel-chain-def
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by simp
then obtain zs ar’ :: var where
zs € lars (T (1" sp))
ar € rvars (T (I'! sp))
swap-lr 1" sp s
apply (rule succ-vars)
using «swap-rl ' sp xry <sp + 1 < length 1
by auto
then have zs # zr
using «(I'! sp) > (I"! (sp+1))
by (auto simp add: normalized-tableau-def)

obtain sp’ where
Ulsp=1lsp'U'! (sp+1)=1!(sp’'+ 1)
sp’ + 1 < length |
using «sp + 1 < length I’y I’-1
by auto

have zs € ?enter-rvars
using «swap-lr 1’ sp zs» -
by force

have zs < ar
proof—
have zs < 2zr
using «finite Zenter-rvars> <xs € Zenter-rvars»
by (rule Max-ge)
then show ?thesis
using <axr = ?zry «xs # o)
by simp
qed

let 2sl = 1! sl

let 2sp = 1" sp

let %eq = eq-for-lvar (T %sp) xzs
let bl =V %sl

let 2bp =V ?sp

have ':nolhs sl ':nolhs ?Sp
using (sl = (1! (sl + 1))
using ' sp = (I'! (sp+ 1))
by simp-all

have B; %sp = B; %sl
proof—
have B; (I'! sp) = B; (I'! (length I' — 1))
using «sp + 1 < length 1"y <succ-chain 1
using succ-chain-bounds-id
by auto
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then have B; (last ') = B; (I'! sp)
using (' # [
by (simp add: last-conv-nth)
then show %thesis
using «last I’ = 1! sb
by simp
qed

have diff-satified: {?bl) xs — (?bp) xzs = ((rhs ?eq) { (?bl) ) — ((rhs ?eq) {
(7o) )
proof—
have (?bp) =, %eq
using Fnotns Zp)
using eg-for-lvar[of zs T ?sp)
using <xzs € lars (T (1! sp))»
unfolding curr-val-satisfies-no-lhs-def satisfies-tableau-def
by auto
moreover
have (?bl) |=. Zeq
proof—
have (V (1! sl)) = T (I'! sp)
using I’ sp = 1! spy <sp’ + 1 < length Iy <sl + 1 < length I
using <succ-chain 1>
using succ-chain-tableau-equiv|of 1 sl sp’]
using (Fnoips 7sh
unfolding curr-val-satisfies-no-lhs-def
by simp
then show ?thesis
unfolding satisfies-tableau-def
using eq-for-lvar
using «xs € lars (T (1! sp))»
by simp
qed
moreover
have lhs ?eq = xs
using <zs € ars (T (1! sp))»
using egq-for-lvar
by simp
ultimately
show ?thesis
unfolding satisfies-eq-def
by auto
qed

have — in-bounds zr (?bl) (B ?sl)
using <[ sl >~ (1! (sl + 1))» <swap-lrl sl zr»
using succ-min-lvar-not-in-bounds(1)[of ?sl 1! (sl + 1) ar]
by simp
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have V z. z < zr — in-bounds x (?bl) (B %sl)
proof (safe)
fix z
assume < zr
show in-bounds x (?bl) (B %sl)
proof (cases x € lvars (T ?sl))
case True
then show ?thesis
using succ-min-lvar-not-in-bounds(2)[of ?sl 1! (sl + 1) zr]
using < ! sl = (1! (sl + 1)) <swap-lrl sl zry <z < xr»
by simp
next
case Fulse
then show ?thesis
using (Fnoins 7sh
unfolding curr-val-satisfies-no-lhs-def
by (simp add: satisfies-bounds-set.simps)
qed
qed

then have in-bounds zs (?bl) (B ?sl)
using <rs < zr»
by simp

have — in-bounds zs {?bp) (B ?sp)
using (' sp = (I"! (sp + 1))» <swap-lr 1’ sp zs»
using succ-min-lvar-not-in-bounds(1)[of ?sp I’ ! (sp + 1) xs]
by simp

have V z € rvars-eq ?eq. x > xr — (?bp) = (2bl) x
proof (safe)
fix z
assume z € rvars-eq ?eq r > ar
then have always-r 1’ 0 (length I’ — 1) z
proof (safe)
fix k
assume z € rvars-eq feqx > ar 0 < kk < length I’ — 1
obtain k' where [ | k' = I'! k k' < length 1
using [’-l <k < length I’ — 15 <length l' > 1)
apply (cases k > 0)
apply (erule-tac z=k — 1 in allE)
apply (drule mp)
by auto

let ?eq’ = eq-for-lvar (T (1! sp’)) zs
have V z € rvars-eq ?eq’. © > xr — always-r 1 0 (length 1l — 1) x

proof (safe)
fix z k
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assume z € rvars-eq ?eq’ zr < x 0 < kk < length | — 1
then have z € rvars (T (1! sp’))
using eg-for-lvar[of zs T (1! sp’)]
using «swap-lr 1’ sp xs» I’ sp =1 sp’
by (auto simp add: rvars-def)
have *: V 4. i < sp’ — z € rvars (T (1! 1))
proof (safe, rule ccontr)
fix ¢
assume i < sp’ z ¢ rvars (T (1! 7))
then have z € lvars (T (1! 1))
using <z € rvars (T (1! sp”))»
using «sp’ + 1 < length Iy
using <succ-chain )
using succ-chain-vars-id[of 1 i sp’]
by auto
obtain i’ where swap-Ir [ i’ x
using <z € lvars (T (1! 7))
using «z € rvars (T (1! sp’))
using i < sp’» «sp’ + 1 < length >
using <succ-chain )
using succ-chain-swap-lr-exists[of 1 i sp’ ]
by auto
then have z € ?enter-rvars
by auto
then have z < 22r
using «finite ?enter-rvars»
using Maz-ge[of ?enter-rvars ]
by simp
then show Fulse
using <z > ar)
using <«ar = ?zr»
by simp
qed

then have z € rvars (T (last [))
using <hd | = s <dast 1 = & <l # []»
using «x € rvars (T (1! sp’))
by (auto simp add: hd-conv-nth)

show z € rvars (T (1! k))
proof (cases k = length | — 1)
case True
then show %thesis
using <z € rvars (T (last 1))

using <[ # [
by (simp add: last-conv-nth)
next
case Fulse

then have k < length | — 1
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using <k < length | — 1»
by simp
then have k£ < length |
using <length | > 1)
by auto
show ?thesis
proof (rule ccontr)
assume — ?Zthesis
then have z € lvars (T (1! k))
using <z € rvars (T (1! sp"))
using «sp’ + 1 < length Iy <k < length Iy
using succ-chain-vars-id[of | k sp’]
using <succ-chain by <l # []»
by auto
obtain i’ where swap-Ir | i’ z
using (succ-chain 1>
using <z € lars (T (1! k)
using <z € rvars (T (last 1))
using <k < length | — 1) <l # [
using suce-chain-swap-lr-exists[of 1 k length | — 1 x]
by (auto simp add: last-conv-nth)
then have = € ?enter-rvars
by auto
then have z < 22r
using <finite Zenter-rvars)
using Maz-gelof ?enter-rvars
by simp
then show Fulse
using <z >
using <axr = %z
by simp
qed
qed
qed
then have z € rvars (T (1! k')
using <z € rvars-eq ?eq) <x > xr> <k’ < length Iy
using I’ ! sp = 1! sp”
by simp

then show z € rvars (T (I'! k))
using <[ ' k' =1"! k
by simp
qed
then have (?bp) z = (V (I'! (length I’ — 1))) =
using (succ-chain 1"y <sp + 1 < length ">
by (auto intro!: succ-chain-always-r-valuation-id[rule-format))
then have (?bp) z = (V (last l')) «
using (' # [
by (simp add: last-conv-nth)
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then show (%bp) © = (2bl) x
using «last I’ = 1! sb
by simp
qed

have (%bp) zr = (V (1! (sl + 1))) zr
using «(V (I"!1 0)) ar = (V (I'! sp)) zr
using <hd I =11 (sl + 1) <" # [
by (simp add: hd-conv-nth)

fix dirt dir2 :: ('i,’a) Direction
assume dirl: dirl = (if (?bl) xr <;p, By ?sl xr then Positive else Negative)
then have <, (It dirl) ((#bl) zr) (LB dirl ?sl zr)

using <~ in-bounds ar (?bl) (B ?sl)

using neg-bounds-compare(7) neg-bounds-compare(3)

by (auto simp add: bound-compare'-defs)
then have — >, (It dir1) ((?bl) zr) (LB dirl ?sl zr)

using bounds-compare-contradictory(7) bounds-compare-contradictory(3)
neg-bounds-compare(6) dirl

unfolding bound-compare’’-defs

by auto force
have LB dirl ?sl zr # None

using <<y, (It dirl) ((2bl) xr) (LB dirl ?sl zr)

by (cases LB dirl ?sl xr) (auto simp add: bound-compare-defs)

assume dir2: dir2 = (if (?bp) xs <;p By ?sp xs then Positive else Negative)
then have <, (It dir2) ((?bp) zs) (LB dir2 ?sp xs)
using <— in-bounds xs (?bp) (B ?sp)»
using neg-bounds-compare(2) neg-bounds-compare(6)
by (auto simp add: bound-compare’’-defs)
then have — >y, (It dir2) ((?bp) xs) (LB dir2 ?sp xs)
using bounds-compare-contradictory(3) bounds-compare-contradictory(7)
neg-bounds-compare(6) dir2
unfolding bound-compare’’-defs
by auto force
then have V z € rvars-eq ?eq. x < xr — — reasable-var dir2 x ?eq ?sp
using succ-min-rvar[of ?sp I’ (sp + 1) xs zr ?eq|
using (' lsp > (I'! (sp+ 1))
using «swap-lr ' sp xs» «swap-rl 1’ sp zry dir2
unfolding bound-compare’’-defs
by auto

have LB dir2 ?sp zs # None
using <<y (It dir2) ((?bp) zs) (LB dir2 ?sp xs)»
by (cases LB dir2 ?sp xs) (auto simp add: bound-compare-defs)

have x: V z € rvars-eq ?eq. © < xr —>
((coeff (rhs %eq) x> 0 — By (It dir2) ((?bp) ) (UB dir2 ?sp x)) A
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(coeff (rhs %eq) © < 0 — <y (It dir2) ((?bp) z) (LB dir2 ?sp x)))
proof (safe)
fix z
assume z € rvars-eq Yeq x < zr coeff (rhs %eq) x > 0
then have — <1, (It dir2) ((?bp) z) (UB dir2 ?sp x)
using <V z € rvars-eq ?eq. x < xr — - reasable-var dir2 x ?eq ?sp
by simp
then show >, (It dir2) ((?bp) z) (UB dir2 ?sp x)
using dir2 neg-bounds-compare(4) neg-bounds-compare(8)
unfolding bound-compare’’-defs
by force
next
fix z
assume z € rvars-eq Yeq x < zr coeff (rhs %eq) x < 0
then have — >, (It dir2) ((?bp) z) (LB dir2 ?sp x)
using <V = € rvars-eq ?eq. x < xr — - reasable-var dir2 x ?eq ?sp
by simp
then show <y, (It dir2) ((?bp) ) (LB dir2 ?sp x)
using dir2 neg-bounds-compare(4) neg-bounds-compare(8) dir2
unfolding bound-compare’’-defs
by force
qed

have (it dir2) ((?bp) xs) ({?bl) zs)
using «<yp (It dir2) ((?bp) xs) (LB dir2 ?sp xs)»
using B; %sp = B; ?sly dir2
using <in-bounds s {?bl) (B ?sl)»
by (auto simp add: bound-compare'’-defs
stmp: indexl-def indexu-def boundsl-def boundsu-def)
then have (It dir2) 0 ((bl) xs — (%bp) xs)
using dir2
by (auto simp add: minus-gt[THEN sym| minus-lt] THEN sym))

moreover

have le (It dir2) ((rhs %eq) { (?bl) } — (rhs ?eq) { (?bp) |}) 0
proof—
have V z € rvars-eq ?eq. (0 < coeff (rhs %eq) x — le (It dir2) 0 ((%bp) z
— (9bl) z)) A
(coeff (rhs ?eq) © < 0 — le (It dir2) ({(?bp) x — (?bl) z) 0)
proof
fix z
assume z € rvars-eq ?eq
show (0 < coeff (rhs ?eq) x — le (It dir2) 0 ((?bp) x — (?bl) z)) A
(coeff (rhs %eq) © < 0 — le (It dir2) ((?bp) x — (?bl) z) 0)
proof (cases v < xr)
case True
then have in-bounds z (2bl) (B ?sl)
using v z. x < zr — in-bounds x (?bl) (B ?sl)
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by simp
show ?thesis
proof (safe)
assume coeff (rhs ?eq) © > 00 # (?bp) © — (2bl) x
then have >, (It dir2) ((V (I'! sp)) z) (UB dir2 (I'! sp) x)
using x <z < zry (T € rvars-eq ?eq
by simp
then have le (It dir2) ((?bl) z) ((?bp) x)
using <in-bounds x (?bl) (B ?sl)y «B; ?sp = B; ?sly dir2
apply (auto simp add: bound-compare'’-defs)
using bounds-lg(3)[of (?bp) x By, (1! sl) x (?bl) x]
using bounds-lg(6)[of (?bp) = By (1! sl) = (2bl) x]
unfolding bound-compare’’-defs
by (auto simp: indexl-def indexu-def boundsl-def boundsu-def)
then show [t dir2 0 ((?bp) x — (?bl) x)
using <0 # (%bp) x — (?bl) x>
using minus-gt[of (?bl) x (?bp) x] minus-lt[of (?bp) = (?bl) x| dir2
by (auto simp del: Simplex.bounds-lg)
next
assume coeff (rhs ?eq) © < 0 (%bpy © — (2bl) z # 0
then have <, (It dir2) ((V (I'! sp)) x) (LB dir2 (I'! sp) x)
using x <z < zry (T € rvars-eq ?eq
by simp
then have le (It dir2) ((?bp) z) ((9bl) x)
using <in-bounds x (?bl) (B ?sl)) «B; ?sp = B; ?sly dir2
apply (auto simp add: bound-compare'’-defs)
using bounds-lg(3)[of (?bp) x By, (1! sl) x (?bl) x]
using bounds-lg(6)[of (?bp) = By (1! sl) z (2bl) x]
unfolding bound-compare’’-defs
by (auto simp: indexl-def indexu-def boundsl-def boundsu-def)
then show [t dir2 ((?bp) © — (?bl) x) 0
using «(%bp) x — (b)) = # O
using minus-gt[of (?bl) x (?bp) x] minus-lt[of (?bp) = (?bl) x| dir2
by (auto simp del: Simplex.bounds-lg)
qed
next
case Fulse
show ?thesis
proof (cases z = zr)
case True
have (V (1! (sl + 1))) ar = the (LB dirl ?sl zr)
using I !sl = (1! (sl + 1))
using <swap-Ilr 1 sl zr>
using succ-set-on-bound(1)[of 11 sl 1) (sl + 1) ar]
using «— >y, (It dirl) ((2bly zr) (LB dirl ?sl zr)s dirl
unfolding bound-compare’’-defs
by auto
then have (?bp) zr = the (LB dirl ?sl xr)
using «(?bp) xr = (V (1! (sl + 1))) zr
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by simp
then have [t dir1 ({(?bl) zr) ((?bp) ar)
using «LB dirl ?sl xzr # None»
using <<y, (It dir1) ((#bl) ar) (LB dirl ?sl ar)) dirl
by (auto simp add: bound-compare-defs)

moreover

have reasable-var dir2 xr ?eq ?sp
using «— Iy, (It dir2) ((?bp) xs) (LB dir2 ?sp xs)»
using <I'!sp = (I'! (sp+ 1))
using (swap-ir I’ sp xs» <swap-rl 1’ sp zr>
using succ-min-rvar[of I’ ! sp I’ (sp + 1)zs ar ?eq] dir2
unfolding bound-compare’’-defs
by auto

then have if dir! = dir2 then coeff (rhs ?eq) xr > 0 else coeff (rhs
%eq) xr < 0
using «(%bp) zr = the (LB dirl ?sl ar))
using B; %sp = B; ?sb[THEN sym] dirl
using <LB dirl ?sl zr # Noney dirl dir2
by (auto split: if-splits simp add: bound-compare-defs
indezl-def indexu-def boundsl-def boundsu-def)
moreover
have dir1 = Positive V dirl = Negative dir2 = Positive V dir2 =

Negative

using dir! dir2
by auto

ultimately

show ?thesis
using <z =
using minus-lt[of (?bp) zr (?bl) xr] minus-gt[of (?bl) xr (?bp) xr]
by (auto split: if-splits simp del: Simplex.bounds-lg)

next

case Fulse

then have z > zr
using <~z < ar»
by simp

then have (%bp) © = (9bl)
using <V z € rvars-eq Yeq. © > xr — (?bp) x = (?bl) o>
using <z € rvars-eq ?eq
by simp

then show ?thesis
by simp

qed
qed
qed
then have le (It dir2) 0 (rhs %eq { X z. (?bp) x — (?bl) = |})
using dir2
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apply auto
using valuate-nonneg[of rhs ?eq A x. (?bp) = — (%bl) 1]
apply (force simp del: Simplex.bounds-lg)
using valuate-nonpos|of rhs %eq A x. (?bp) x — (#bl) x|
apply (force simp del: Simplex.bounds-lg)
done
then have le (It dir2) 0 ((rhs ?eq) { (?bp) } — (rhs Zeq) { (2bl) |})
by (subst valuate-diff )+ simp
then have le (It dir2) ((rhs ?eq) { (?bl) |}) ((rhs ?eq) { (?bp) |})
using minus-lt[of (rhs ?eq) { (?bp) | (rhs Peq) { (?bl) |}] dir2
by (auto simp del: Simplex.bounds-lg)
then show ?thesis
using dir2
using minus-lt[of (rhs ?eq) { (?bl) | (rhs Peq) {| (?bp) }]
using minus-gt[of (rhs ?eq) { (?bp) |} (rhs ?eq) { (?bl) |}]
by (auto simp del: Simplex.bounds-lg)
qed
ultimately
have Fulse
using diff-satified dir2
by (auto split: if-splits simp del: Simplex.bounds-lg)
}
then show Fulse
by auto
qed
qged

lemma check-unsat-terminates:
assumes U s
shows check-dom s
by (rule check-dom.intros) (auto simp add: assms)

lemma check-sat-terminates’-auz:
assumes
dir: dir = (if (V sy x; <;p B s z; then Positive else Negative) and
x: \ s s> s Vs A(T s 0 8 Fnoths 8" ] = check-dom s’ and
VsA (TS) <>5':nolhs S
= U s min-lvar-not-in-bounds s = Some x;
<y (It dir) ((V sy ;) (LB dir s ;)
shows check-dom
(case min-rvar-incdec dir s x; of Inl I = set-unsat I s
| Inr z; = pivot-and-update z; z; (the (LB dir s x;)) s)
proof (cases min-rvar-incdec dir s x;)
case Inl
then show ?thesis
using check-unsat-terminates by simp
next
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case (Inr z;)
then have zj: z; € rvars-of-lvar (T s) ;
using min-rvar-incdec-eg-Some-rvars(of - s eg-for-lvar (T s) z; ;]
using dir
by simp
let ?s’ = pivot-and-update z; z; (the (LB dir s x;)) s
have check-dom ?s’
proof (rule )
show xx: V 2" A (T 28') O 28" Enoins 7’
using <min-lvar-not-in-bounds s = Some x;» Inr
using <V & A (T s)» <O & <Enotns & dir
using pivotandupdate-check-precond
by auto
have zi: z; € lvars (T s)
using assms(8) min-lvar-not-in-bounds-lvars by blast
show s > %s’
unfolding gt-state-def
using <A (T s)» <O & <Enoins 8 <V &
using «min-lvar-not-in-bounds s = Some z;» <<y (It dir) ((V s) x;) (LB dir
s ;)
Inr dir
by (intro conjl pivotandupdate-bounds-id pivotandupdate-unsat-core-id,
auto introl: xj xi)
qed
then show ?thesis using Inr by simp
qged

lemma check-sat-terminates’:
assumes V s A (T 5) O s Enoihs S50 =" s
shows check-dom s
using assms
proof (induct s rule: wf-induct[of {(y, x). so =" z A z > y}])
show wf {(y, z). so =* © ANz > y}
proof (rule finite-acyclic-wf)
let 24 = {(s', 5). so =* s A s = s'}
let 2B = {s. so =* s}
have ?4 C ?B x B
proof
fix p
assume p € 74
then have fst p € ?B sndp € 7B
using rtrancl-into-trancll [of so snd p succ-rel fst p]
by auto
then show p € B x 7B
using mem-Sigma-iff[of fst p snd p]
by auto
qed
then show finite 7A
using finite-accessible-states|of so)
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using finite-subset[of YA ?B x ?B|
by simp

show acyclic 7A
proof—
have 24 C succ-rel™!
by auto
then show ?thesis
using acyclic-converse acyclic-subset
using acyclic-suc-rel
by auto
qed
qed
next
fix s
assume V s’ (s, s) € {(y, z). so ="z Az =yt — Vs —A(Ts)—90
s — FEnotns 8" —> so =" 8 — check-dom s’
Vs (T s)Os Enoths S0 =" s
then have «: A\ s’. [s = sV s A (T s7); O s'; Enoths 8’| = check-dom s’
using rtrancl-into-trancll [of sy s succ-rel]
using trancl-into-rtrancl]of sy - succ-rel]
by auto
show check-dom s
proof (rule check-dom.intros, simp-all add: check’-def, unfold Positive-def[symmetric],
unfold Negative-def[symmetric])
fix Z;
assume — U s Some z; = min-lvar-not-in-bounds s (V s) z; <1 B s z;
have B, s x; = LB Positive s x;
by simp
show check-dom
(case min-rvar-incdec Positive s z; of
Inl I = set-unsat I s
| Inr z; = pivot-and-update z; z; (the (B; s z;)) s)
apply (subst «<B; s z; = LB Positive s x;)
apply (rule check-sat-terminates’-aux|of Positive s x;))
using <V $» <A (T s)» <O $ <Enolhs S *
using - U s «Some z; = min-lvar-not-in-bounds s» «(V s) x; <ip By s x;»
by (simp-all add: bound-compare’’-defs)
next
fix z;
assume — U s Some x; = min-lvar-not-in-bounds s = (V s) z; <i;p B; s x;
then have (V s) z; >, By s z;
using min-lvar-not-in-bounds-Some|of s ;]
using neg-bounds-compare(7) neg-bounds-compare(2)
by auto
have B, s x; = LB Negative s x;
by simp
show check-dom
(case min-rvar-incdec Negative s x; of
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Inl I = set-unsat I s
| Inr z; = pivot-and-update z; z; (the (B, s ;) s)

apply (subst «<B, s z; = LB Negative s x;))

apply (rule check-sat-terminates’-aux)

using <V $» <A (T s)» <O $ <Enolhs S *

using <~ U s «Some x; = min-lvar-not-in-bounds s> «(V s) x; >up By s
= (Vs) x; <ip By sy

by (simp-all add: bound-compare’’-defs)

qed

qged

lemma check-sat-terminates:
assumes V s A (T s) O s Enoths S
shows check-dom s
using assms
using check-sat-terminates’[of s s
by simp

lemma check-cases:
assumes Y s = P s
assumes [ U s; min-lvar-not-in-bounds s = None] => P s
assumes A z; dir I.
[dir = Positive V dir = Negative;
- U s; min-lvar-not-in-bounds s = Some x;;
<yp (It dir) ((V sy z;) (LB dir s z;);
min-rvar-incdec dir s x; = Inl I] =
P (set-unsat I s)
assumes A z; z; I; dir.
[dir = (if (V sy z; <1 Bi s x; then Positive else Negative);
- U s; min-lvar-not-in-bounds s = Some x;;
<p (It dir) ((V s) x;) (LB dir s ;);
min-rvar-incdec dir s x; = Inr z;;
l; = the (LB dir s z;);
check’ dir z; s = pivot-and-update z; z; l; s] =
P (check (pivot-and-update z; x; 1; s))
assumes A (T s) O s Fnoths §
shows P (check s)
proof (cases U s)
case True
then show ?thesis
using assms(1)
using check.simps|of s]
by simp
next
case Fulse
show ?thesis
proof (cases min-lvar-not-in-bounds s)
case None
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then show ?thesis
using <= U s»
using assms(2) <A (T s)» <O 8 (Fpoths S
using check.simps|of s]
by simp
next
case (Some ;)
let 2dir = if ((V s) x; <up Bi s ;) then (Positive :: ('i,’a)Direction) else
Negative
let s’ = check’ ?dir x; s
have <y, (It ?dir) ((V s) z;) (LB 2dir s x;)
using <min-lvar-not-in-bounds s = Some x;»
using min-lvar-not-in-bounds-Somelof s ;]
using not-in-bounds|of z; (V s) By s By 4]
by (auto split: if-splits simp add: bound-compare'’-defs)

have P (check ?s’)
apply (rule check’-cases)
using (- U $ «min-lvar-not-in-bounds s = Some z;» «<yp (It 2dir) ((V s) ;)
(LB ?dir s z;)»
using assms(3)[of ?dir x;]
using assms(4)[of ?dir ;]
using check.simps|of set-unsat (- :: 'i list) s]
using <A (T s)» <0 8 <Fnoihs S
by (auto simp add: bounds-consistent-def curr-val-satisfies-no-lths-def)
then show ?thesis
using <= U sy <min-lvar-not-in-bounds s = Some x;»
using check.simps|of s]
using <A (T s)» <O 8 <Fnoihs S
by auto
qed
qed

lemma check-induct:
fixes s :: ('i,’a) state
assumes x: V s A (T s) Enoins § O s
assumes *x:
NsUs= Pss
N s. [~ U s; min-lvar-not-in-bounds s = None] = P s s
N s x; dir I. [dir = Positive V dir = Negative; = U s; min-lvar-not-in-bounds
s = Some z;;
<pp (It dir) ((V s) x;) (LB dir s ©;); min-rvar-incdec dir s z; = Inl I]
= P s (set-unsat I s)
assumes step” A\ s z; z; i [A (T s); V s; z; € lars (T s); z; € rvars-eq
(eg-for-var (T s) ;)] = P s (pivot-and-update z; z; l; s)
assumes trans”. \ si sj sk. [P si sj; P sj sk] = P si sk
shows P s (check s)
proof—
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have check-dom s
using x
by (simp add: check-sat-terminates)
then show ?thesis
using x
proof (induct s rule: check-dom.induct)
case (step s')
show ?case
proof (rule check-cases)
fix T Ty li dir
let ?dir = if (V s") x; <ip Bi s’ x; then Positive else Negative
let %5’ = check’ dir x; s’
assume — U s’ min-lvar-not-in-bounds s’ = Some x; min-rvar-incdec dir s’
z; = Inr z; l; = the (LB dir s" z;)
s’ = pivot-and-update x; x; l; s' dir = ?dir
moreover
then have V %5’ A (T %5) Enoins 28" O %5’
using <V s (A (T s") <Enoins 8" <O s)
using «?s’ = pivot-and-update z; x; l; s
using piwotandupdate-check-precond|of dir s" z; x; ;]
by auto
ultimately
have P (check’ dir x; s') (check (check’ dir z; s"))
using step(2)[of x:] step(4)[of ;] <A (T s <V sh
by auto
then show P s’ (check (pivot-and-update z; z; 1; s'))
using «?s’ = pivot-and-update z; z; ; s «A (T s')» <V sh
using «min-lvar-not-in-bounds s’ = Some z;» (min-rvar-incdec dir s’ z; =
Inr )
using step’lof s’ z; z; ;]
using trans’[of s’ ?s’ check ?s’]
by (auto simp add: min-lvar-not-in-bounds-lvars min-rvar-incdec-eq-Some-rvars)
qed (simp-all add: <V s"» <A (T s) <Enoths 87 <O 8" *x)
qed
qed

lemma check-induct”:

fixes s :: ('i,’a) state

assumes V s A (T s) Fnotns $ O s

assumes A s z; dir I. [dir = Positive V dir = Negative; = U s; min-lvar-not-in-bounds
s = Some z;;

<p (It dir) ((V s) x;) (LB dir s z;); min-rvar-incdec dir s x; = Inl I; P ]

= P (set-unsat I s)

assumes A\ sz; z; ;. [A (T 5); V s; z; € lars (T s); z; € rvars-eq (eg-for-lvar
(T s) z;); P s] = P (pivot-and-update z; z; l; s)

assumes P s

shows P (check s)
proof—

have P s — P (check s)
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by (rule check-induct) (simp-all add: assms)
then show ?thesis
using <P s
by simp
qed

lemma check-induct’”:
fixes s :: ('i,’a) state
assumes x: V s A (T 8) Enotns $ O s
assumes xx:
Us=— Ps
N s [V s; & (T 8); Enotns 85 O 83 o U s; min-lvar-not-in-bounds s = None]
— Ps
N s z; dir I. [dir = Positive V dir = Negative; V s; AN (T 8); Enoths 8; O 8;
- U s
min-lvar-not-in-bounds s = Some x;; <qp (It dir) ((V s) z;) (LB dir s z;);
min-rvar-incdec dir s x; = Inl I]
= P (set-unsat I s)
shows P (check s)
proof (cases U s)
case True
then show ?thesis
using «Ud s = P s»
by (simp add: check.simps)
next
case Fulse
have check-dom s
using x
by (simp add: check-sat-terminates)
then show ?thesis
using * False
proof (induct s rule: check-dom.induct)
case (step s')
show ?case
proof (rule check-cases)
fix Ty Tj li dir
let ?dir = if (V s') x; <ip By s’ x; then Positive else Negative
let 2s’ = check’ dir z; s’
assume — U s’ min-lvar-not-in-bounds s’ = Some x; min-rvar-incdec dir s’
z; = Inr z; l; = the (LB dir s" z;)
s’ = pivot-and-update x; x; l; s' dir = ?dir
moreover
then have V %5’ A (T 25') Enoins 28" 0 98’ = U %’
using «V s <A (T s") <Fnoins 8" O sh
using «?s’ = pivot-and-update z; z; l; s"
using piwotandupdate-check-precond|of dir s" x; x; ;]
using piwotandupdate-unsat-id[of s x; z; ;]

by (auto simp add: min-lvar-not-in-bounds-lvars min-rvar-incdec-eq-Some-rvars)

ultimately
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have P (check (check’ dir z; s))
using step(2)[of x:] step(4)[of ;] <A (T s <V sh
by auto

then show P (check (pivot-and-update x; x; I; s'))
using «?s’ = pivot-and-update z; z; l; s"
by simp

qed (simp-all add: <V s <A (T 8)y (Fnotns 8" <O s <= U s xx )
qed
qed

end

lemma poly-eval-update: (p v (x:=c'axlro)})=({v]}) + coeff px *R
(¢c —vax)
proof (transfer, simp, goal-cases)
case (Ipvzc)
hence fin: finite {v. p v # 0} by simp
have (> ye{v. pv # 0}. py *R (if y = x then c else v y)) =
S ye{v.pv#£ 0}y N {z}. py*R (if y = z then c else v y))
+ O ye{v.pv# 0} N (UNIV — {z}). py *R (if y = z then c else v y)) (is
2l = %a + 7b)
by (subst sum.union-disjoint[symmetric], auto intro: sum.cong fin)
also have %a = (if p ¢ = 0 then 0 else p x *R c) by auto
also have ... = p z *R ¢ by auto
also have b = (> ye{v.pv # 0} N (UNIV — {z}). py *R v y) (is - = ?%c)
by (rule sum.cong, auto)
finally have [: 2l = px xR c + %c.
define r where r = (3 ye{v.pv # 0}. py*Rvy) + pz *R (¢ — v x)
have r = (> ye{v. pv # 0}. py «xR v y) + p z *R (¢ — v z) by (simp add:
r-def)
also have (> ye{v.pv# 0}. py*xRovy) =
Soye{v.pv£0}n{z}. py*Rovy) + %c(is-= 2d + -)
by (subst sum.union-disjoint[symmetric], auto intro: sum.cong fin)
also have ?d = (if p x = 0 then 0 else p z xR v z) by auto
also have ... = p z *R v = by auto
finally have (p  *R (¢ — vz) + px xR vz) + %c = r by simp
also have (pz xR (¢ —vz) + px «Rvz) = p z xR c unfolding scaleRat-right-distrib]symmetric]
by simp
finally have r: px xR c+ %c=1.
show ?case unfolding [ r r-def ..
qed

lemma bounds-consistent-set-unsat[simp|: ¢ (set-unsat I s) = O s
unfolding bounds-consistent-def boundsl-def boundsu-def set-unsat-simps by simp

lemma curr-val-satisfies-no-lhs-set-unsat[simp|: (Enoins (set-unsat Is)) = (Fnoihs

s)
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unfolding curr-val-satisfies-no-lhs-def boundsl-def boundsu-def set-unsat-simps
by auto

context PivotUpdateMinVars

begin

context
fixes rhs-eq-val :: (var, ‘a:lrv) mapping = var = 'a = eq = 'a
assumes RhsEqVal rhs-eq-val

begin

lemma check-minimal-unsat-state-core:
assumes x: 7" U s Fpotns SO s A (T s) Vs
shows U (check s) — minimal-unsat-state-core (check s)
(is 2P (check s))
proof (rule check-induct’’)
fix s":: (i,’a) state and z; dir I
assume nolhs: Epoins 8
and min-rvar: min-rvar-incdec dir s’ v; = Inl I
and sat: - U s’
and min-lvar: min-lvar-not-in-bounds s’ = Some x;
and dir: dir = Positive V dir = Negative
and It: <y (It dir) ((V s') ;) (LB dir s’ x;)
and norm: A (T s')
and wvaluated: V s’
let %eq = eq-for-lvar (T s') z;
have unsat-core: set (the (U, (set-unsat I s))) = set I
by auto

obtain [; where LB-Some: LB dir s’ ©; = Some l; and It: It dir ((V s') x;) I;
using It by (cases LB dir s’ z;) (auto simp add: bound-compare-defs)

from LB-Some dir obtain ¢ where LBI: look (LBI dir s') z; = Some (i,l;) and
LI: LI dir s' z; = i
by (auto simp: simp: indezl-def indexu-def boundsl-def boundsu-def)

from min-rvar-incdec-eq-None| OF min-rvar] dir
have Is": LI dir s’ (lhs (eg-for-lvar (T s) x;)) € indices-state s’ = set I C
indices-state s’ and
reasable: \ z. © € rvars-eq Yeq = — reasable-var dir x ?eq s’ and
setl: set I =
{LI dir s’ (Ihs ?eq)} U
{LI dir s’ x |z. z € rvars-eq ?eq N coeff (rhs %eq) x < 0} U
{UI dir s’ x |z. x € rvars-eq eq N 0 < coeff (rhs ?eq) z} (is - = ?L U ?R1
U ?R2) by auto
note setl also have id: lhs %eq = z;
by (simp add: EqForLVar.eq-for-lvar EqForLVar-azioms min-lvar min-lvar-not-in-bounds-lvars)
finally have il: i € set I unfolding LI by auto
note setl = setl[unfolded id]
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have LI dir s’ z; € indices-state s’ using LBI LI
unfolding indices-state-def using dir by force

from Is’[unfolded id, OF this]

have Is” set I C indices-state s’ .

have z; € lvars (T s')
using min-lvar
by (simp add: min-lvar-not-in-bounds-lvars)
then have sx: Zeq € set (T s') lhs Zeq = w;
by (auto simp add: eq-for-lvar)

have Is": set I C indices-state (set-unsat I s')
using Is’ * unfolding indices-state-def by auto

have (V s') ;T s’and b: (V s') =, B s’ || — lvars (T s')
using nolhs[unfolded curr-val-satisfies-no-lhs-def] by auto
from norm[unfolded normalized-tableau-def]
have lvars-rvars: lvars (T s') N rvars (T s') = {} by auto
hence in-bnds: z € rvars (T s') = in-bounds z (V s’) (B s') for x
by (intro blunfolded satisfies-bounds-set.simps, rule-format, of x|, auto)
{
assume dist: distinct-indices-state (set-unsat I s’)
hence distinct-indices-state s’ unfolding distinct-indices-state-def by auto
note dist = this[unfolded distinct-indices-state-def, rule-format]
{
fixzciy
assume c: look (B s') © = Some (i,¢) V look (B, s') © = Some (i,c)
and y: y € rvars-eq ?eq and
coeff: coeff (rhs %eq) y < 0 N i = LI dir s’y V coeff (rhs ?eq) y > 0 A i
= Ul dir s’y
{
assume coeff: coeff (rhs %eq) y < 0 and i: ¢ = LI dir s' y
from reasable[OF y] coeff have not-gt: = (> (It dir) ((V s') y) (LB dir s’
y)) by auto
then obtain d where LB: LB dir s’ y = Some d using dir by (cases LB
dir s y, auto simp: bound-compare-defs)
with not-gt have le: le (It dir) ((V s') y) d using dir by (auto simp:
bound-compare-defs)
from LB have look (LBI dir s’) y = Some (i, d) unfolding 7 using dir
by (auto simp: boundsl-def boundsu-def indezl-def indexu-def)
with ¢ dist[of z i ¢ y d] dir
have yz: y = z d = ¢ by auto
from y[unfolded yz] have x € rvars (T s') using *x(1) unfolding rvars-def
by force
from in-bnds|OF this] le LB not-gt i have (V s’) 2 = ¢ unfolding yz using
dir
by (auto simp del: Simplex.bounds-lg)
note yx(1) this

}
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moreover
{
assume coeff: coeff (rhs eq) y > 0 and i: ¢ = Ul dir s’ y
from reasable[OF y] coeff have not-gt: = (< (It dir) ((V s') y) (UB dir
s y)) by auto
then obtain d where UB: UB dir s’ y = Some d using dir by (cases UB
dir s" y, auto simp: bound-compare-defs)
with not-gt have le: le (It dir) d ((V s) y) using dir by (auto simp:
bound-compare-defs)
from UB have look (UBI dir s') y = Some (i, d) unfolding ¢ using dir
by (auto simp: boundsl-def boundsu-def indexl-def indexu-def)
with ¢ distlof z i ¢ y d] dir
have yz: y = x d = ¢ by auto
from y[unfolded yz] have = € rvars (T s’) using (1) unfolding rvars-def
by force
from in-bnds[OF this] le UB not-gt i have (V s’) © = ¢ unfolding yz using
dir
by (auto simp del: Simplex.bounds-lg)
note yz(1) this

ultimately have y = z (V s') x = ¢ using coeff by blast+
} note z-vars-main = this
{
fixzci
assume c: look (B;; s') © = Some (i,¢) V look (B;y s') © = Some (i,c) and
i:i€ ?R1 U ?R2
from 7 obtain y where y: y € rvars-eq ?eq and
coeff: coeff (rhs %eq) y < 0 AN i = LI dir s' y V coeff (rhs %eq) y > 0 N i
= Ul dir s’y
by auto
from z-vars-main[OF c y coeff)
have y = z (V s’) z = ¢ using coeff by blast+
with y have z € rvars-eq ?eq x € rvars (T s') (V s’) © = c using *x(1)
unfolding rvars-def by force+
} note z-rvars = this

have R1R2: (?R1 U ?R2, (V s")) Eise s’
unfolding satisfies-state-index’.simps
proof (intro conjI)
show (V s') =, T s’ by fact
show (?R1 U 2R2, (V s")) e BT s’
unfolding satisfies-bounds-index’.simps
proof (intro conjl impI alll)
fix z ¢
assume c: B; s’z = Some cand i: Z; s'x € ?R1 U ?R2
from ¢ have ci: look (B;; s') x = Some (Z; s’ z, ¢) unfolding boundsi-def
indexl-def by auto
from z-rvars[OF - i] ci show (V s’) © = c by auto
next
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fix z ¢
assume c: B, s’z = Some cand i: Z, s’z € ?R1 U ?R2
from ¢ have ci: look (B, s') x = Some (Z,, s’ z, ¢) unfolding boundsu-def
indexu-def by auto
from z-rvars[OF - i] ci show (V s’) z = ¢ by auto
qed
qed

have id1: set (the (U, (set-unsat I s'))) = set I
N z. & Eise set-unsat I s’ +— © =ise 8’
by (auto simp: satisfies-state-index’.simps boundsl-def boundsu-def indexl-def
indezu-def)

have subsets-sat-core (set-unsat I s’) unfolding subsets-sat-core-def id1
proof (intro alll impl)
fix J
assume sub: J C set [
show Jv. (J, v) Fise 8
proof (cases J C ?R1 U ?R2)
case True
with RIR2 have (J, (V s")) Fise s’
unfolding satisfies-state-index’.simps satisfies-bounds-index’.simps by blast
thus ?thesis by blast
next
case Fulse
with sub obtain k where k: k € ?R1 U ?R2k ¢ J k € set I unfolding
setl by auto
from k(1) obtain y where y: y € rvars-eq ?eq
and coeff: coeff (rhs %eq) y < 0 Nk = LI dir s’ y V coeff (rhs ?eq) y >
0 N k= Ul dir s’ y by auto
hence cy0: coeff (rhs ?eq) y # 0 by auto
from y xx(1) have ry: y € rvars (T s') unfolding rvars-def by force
hence yl: y ¢ lvars (T s') using lvars-rvars by blast
interpret rev: RhsEqVal rhs-eq-val by fact
note update = rev.update-valuation-nonlhs| THEN mp, OF norm valuated yl]
define diff where diff = I; — (V s) z;
have (Vs o, <l = 0<l;, —Vsha i <Vsha =1 — Vs
<0
using minus-gt by (blast, insert minus-lt, blast)
with It dir have diff: It dir 0 diff by (auto simp: diff-def simp del:
Simplez.bounds-lg)
define up where up = inverse (coeff (rhs ?eq) y) *R diff
define v where v = (V (rev.update y ({V s’y y + up) s’))
show ?thesis unfolding satisfies-state-index’.simps
proof (intro exlI[of - v] conjl)
show v |=; T s’ unfolding v-def
using rev.update-satisfies-tableau| OF norm valuated yl] <(V s’y =; T s’
by auto
with *x(1) have v =, ?eq unfolding satisfies-tableau-def by auto
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from this[unfolded satisfies-eq-def id]
have v-zi: v z; = (rhs 7eq { v |}) .
from «(V s’y = T s xx(1) have (V s’) . ?eq unfolding satis-
fies-tableau-def by auto
hence V-zi: (V s') z; = (rhs %eq { (V s’) }}) unfolding satisfies-eq-def id .
have v z; = (V s') x; + coeff (rhs ?eq) y xR up
unfolding v-zi unfolding v-def rev.update-valuate-rhs[OF *x(1) norm]
poly-eval-update V-xi by simp
also have ... = [; unfolding up-def diff-def scaleRat-scaleRat using cy0
by simp
finally have v-zi-l: vx; = I; .

{

assume both: Z,, s’y € ?R1 U ?R2 B, sy # NoneI; s' y € ?R1 U
?R2 B, s’ y # None
and diff: Z; s"y £ T, s'y
from both(1) dir obtain zu cu where
looku: look (B;; s') zu = Some (Z,, s" y, cu) V look (B;y s') zu = Some
(Z. 8" y,cu)
by (smt Is’ indices-state-def le-sup-iff mem-Collect-eq setl set-unsat-simps
subsetCE)
from both(1) obtain zu’ where zu’ € rvars-eq ?eq coeff (rhs ?eq) zu'
<O0ONZ, s"y=Lldirs zu' Vv
coeff (rhs ?eq) zu’ > 0 N T, s’ y = UI dir s’ zu’ by blast
with 2-vars-main(1)[OF looku this|
have zu: zu € rvars-eq ?eq coeff (rhs ?eq) xu < 0 NI, s’y = LI dir s’
Tu vV
coeff (rhs %eq) zu > 0 NI, sy = Ul dir s’ zu by auto
{
assume zu # y
with dist|OF looku, of y] have look (B;, s’) y = None
by (cases look (Biy ) y, auto simp: boundsu-def indexu-def, blast)
with both(2) have Fualse by (simp add: boundsu-def)
}
hence zu-y: zu = y by blast
from both(8) dir obtain 2l ¢/ where
lookl: look (B;; s') xl = Some (Z; s’ y, cl) V look (B, s') ol = Some
(Zi s" y,cl)
by (smt Is’ indices-state-def le-sup-iff mem-Collect-eq setl set-unsat-simps
subsetCE)
from both(8) obtain zl’ where zl’ € rvars-eq ?eq coeff (rhs ?eq) zl’ <
0ONTI s y=Lldirs =i’V
coeff (rhs %eq) xl’ > 0 NIy s' y = Ul dir s’ xl’ by blast
with z-vars-main(1)[OF lookl this)
have zl: 2l € rvars-eq ?eq coeff (rhs ?eq) zl < 0 NZ; s’ y = LI dir s’ al

coeff (rhs ?eq) zl > 0 NZ; 8"y = Ul dir s’ al by auto

{

assume zl # y
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with dist|OF lookl, of y] have look (B;; s') y = None
by (cases look (B;; s') y, auto simp: boundsl-def indexl-def, blast)
with both(4) have False by (simp add: boundsl-def)

hence zl-y: =zl = y by blast
from zu(2) zl(2) diff have diff: zu # zl by auto
with zu-y zl-y have Fulse by simp
} note both-y-False = this
show (J, v) Eipe BZ s’ unfolding satisfies-bounds-index’.simps
proof (intro conjl alll impl)
fix z c
assume z: B; s’z = Some cZ; s’z € J
with k have not-k: Z; s’ z # k by auto
from z have ci: look (B;; s') x = Some (Z; s’ z, ¢) unfolding boundsl-def
indezl-def by auto
show vz = ¢
proof (cases I; s’ x = i)
case Fulse
hence iR12: I; s’ x € ?R1 U ?R2 using sub z unfolding setl/ LI by
blast
from z-rvars(2—3)[OF - iR12] ci have xr: x € rvars (T s') and val:
(V sy z = ¢ by auto
with lvars-rvars have zl: x ¢ lvars (T s') by auto
show ?thesis
proof (cases z = y)
case Fulse
thus ?thesis using val unfolding v-def map2fun-def’ update[OF ]
using val by auto
next
case True
note coeff = coeff|[folded True)
from coeff not-k dir ci have Iu: Z,, s’ x = k by auto
with c¢i Iu z(2) k sub False True
have both: Z,, s'y € R1 U ?R2 T, s’y € ?R1 U ?R2 and diff: Z,
s'y#Lus'y
unfolding setl LI by auto
have B, s’ y # None using x True by simp
from both-y-False[OF both(1) - both(2) this diff]
have B, s’ y = None by metis
with reasable[OF y| dir coeff True
have dir = Negative = 0 < coeff (rhs ?eq) y dir = Positive = 0
> coeff (rhs ?eq) y by (auto simp: bound-compare-defs)
with dir coeff[unfolded True] have k = Z; s’ y by auto
with diff Iu False True
have Fulse by auto
thus ?thesis ..
qed
next
case True
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from LBI ci[unfolded True] dir
dist[unfolded distinct-indices-state-def, rule-format, of x i ¢ z; 1;]
have zzi: * = z; and c¢: ¢ = [; by auto
have vzi: v x = [; unfolding zzi v-zi-l ..
thus ?thesis unfolding ¢ by simp
qed
next
fix z ¢
assume z: B, s’z = Some cZ, s’z € J
with k have not-k: 7, s’ x # k by auto
from z have ci: look (B;, s') x = Some (Z, s’ z, ¢) unfolding
boundsu-def indexu-def by auto
show vz = ¢
proof (cases T, s’ z = i)
case Fulse
hence iR12: T,, s’ x € ?R1 U ?R2 using sub r unfolding setl LI by
blast
from z-rvars(2—3)[OF - iR12] ci have ar: x € rvars (T s') and val:
(V sy z = ¢ by auto
with lvars-rvars have zl: z ¢ lvars (T s') by auto
show ?thesis
proof (cases x = y)
case Fulse
thus ?thesis using val unfolding v-def map2fun-def’ update[OF ]
using val by auto
next
case True
note coeff = coeff|[folded True]
from coeff not-k dir ci have Iu: T; s’ x = k by auto
with ci Iu z(2) k sub False True
have both: Z,, s’ y € ?R1 U ?R2 I; s’ y € ?R1 U ?R2 and diff: T,
s'y#Lys'y
unfolding setl LI by auto
have B, s’ y # None using z True by simp
from both-y-False|OF both(1) this both(2) - diff]
have B, s’ y = None by metis
with reasable[OF y| dir coeff True
have dir = Negative => 0 > coeff (rhs ?eq) y dir = Positive = 0
< coeff (rhs ?eq) y by (auto simp: bound-compare-defs)
with dir coeff[unfolded True] have k = Z,, s’ y by auto
with diff Iu False True
have Fulse by auto
thus ?thesis ..
qed
next
case True
from LBI ci[unfolded True] dir
distlunfolded distinct-indices-state-def, rule-format, of x i ¢ x; ;]
have zzi: x = z; and c¢: ¢ = [; by auto
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have vzi: v x = [; unfolding zxi v-zi-l ..
thus ?thesis unfolding ¢ by simp
qed
qed
qged
qed
qed
} note minimal-core = this

have unsat-core: unsat-state-core (set-unsat I s")
unfolding unsat-state-core-def unsat-core
proof (intro impl conjl Is’, clarify)
fix v
assume (set I, v) ;5 set-unsat I s’
then have Iv: (set I, v) =5 8
unfolding satisfies-state-index.simps
by (auto simp: indexl-def indexu-def boundsl-def boundsu-def)
from v have vt: v =, T s’ and Iv: (set I, v) =4 BZ s’
unfolding satisfies-state-index.simps by auto

have lt-le-eq: A zy 2 'a. (z < y) +— (z < y A z # y) by auto
from [v dir
have ib: A\ z i cl. look (LBI dir s') © = Some (i,l) = i € set I = le (It dir)
[ (vz)
unfolding satisfies-bounds-index.simps
by (auto simp: lt-le-eq indexl-def indezu-def boundsl-def boundsu-def)

from b[OF LBI iI] have li-z: le (It dir) l; (v z;) .

have (V s') =, %eq
using nolhs «%eq € set (T s')»
unfolding curr-val-satisfies-no-lhs-def
by (simp add: satisfies-tableau-def)

then have (V s') z; = (rhs eq) { (V ) |}
using <lhs %eq = x;»
by (simp add: satisfies-eq-def)

moreover

have v =, %eq

using vt «%eq € set (T s')

by (simp add: satisfies-state-def satisfies-tableau-def)
then have v z; = (rhs ?eq) { v |}

using <lhs Zeq = x;»

by (simp add: satisfies-eq-def)

moreover

have >, (It dir) (v z;) (LB dir s’ x;)
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using li-z dir unfolding LB-Some by (auto simp: bound-compare’-defs)
moreover

from min-rvar-incdec-eq-None'[rule-format, OF dir min-rvar refl Iv]
have le (It dir) (rhs (%eq) {v]}) (rhs (Zeq) { (V s") |}) .

ultimately

show Fulse
using dir [t LB-Some
by (auto simp add: bound-compare-defs)
qed

thus U (set-unsat I s") — minimal-unsat-state-core (set-unsat I s') using min-
imal-core
by (auto simp: minimal-unsat-state-core-def)
qed (simp-all add: *)

lemma Check-check: Check check
proof
fix s :: ('i,’a) state
assume U s
then show check s = s
by (simp add: check.simps)
next
fix s :: ('i,’a) state and v :: 'a valuation
assume *: V s A (T 3) Enotrs s O s
then have v = 7 s = v = T (check s)
by (rule check-induct, simp-all add: pivotandupdate-tableau-equiv)
moreover
have A (T (check s))
by (rule check-induct’, simp-all add: * pivotandupdate-tableau-normalized)
moreover
have { (check s)
by (rule check-induct’, simp-all add: * pivotandupdate-tableau-normalized piv-
otandupdate-bounds-consistent)
moreover
have =015 (check s)
by (rule check-induct'’, simp-all add: *)
moreover
have V (check s)
proof (rule check-induct’, simp-all add: x pivotandupdate-tableau-valuated)
fix s 1
show V s = V (set-unsat I s)
by (simp add: tableau-valuated-def)
qed
ultimately
show let s = checksinv i, T s=vE: T ' ANA(T s) AV 8" A Enotns 8
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ANO s
by (simp add: Let-def)
next
fix s :: ('i,’a) state
assume x: V s A (T $) Enoths $ O s
from * show B; (check s) = B; s
by (rule check-induct, simp-all add: pivotandupdate-bounds-id)
next
fix s :: ('i,’a) state
assume *: U § Enoins O s A (T s) Vs
have — U (check s) — = (check s)
proof (rule check-induct”, simp-all add: *)
fix s
assume min-lvar-not-in-bounds s = None = U s Epoins $
then show | s
using min-lvar-not-in-bounds-None[of s]
unfolding curr-val-satisfies-state-def satisfies-state-def
unfolding curr-val-satisfies-no-lhs-def
by (auto simp add: satisfies-bounds-set.simps satisfies-bounds.simps)
qed
then show — U (check s) = = (check s) by blast
next
fix s :: (i,’a) state
assume *: " U s Fpoins SO s A (T s) Vs
have U (check s) — minimal-unsat-state-core (check s)
by (rule check-minimal-unsat-state-core| OF x])
then show U (check s) = minimal-unsat-state-core (check s) by blast
qed
end
end

6.8 Symmetries

Simplex algorithm exhibits many symmetric cases. For example, assert-bound
treats atoms Leq x ¢ and Geq = ¢ in a symmetric manner, check-inc and
check-dec are symmetric, etc. These symmetric cases differ only in several
aspects: order relations between numbers (< vs > and < vs >), the role of
lower and upper bounds (B; vs B,) and their updating functions, compar-
isons with bounds (e.g., >4 vs <jp or <;p vs >4p), and atom constructors
(Leq and Geq). These can be attributed to two different orientations (pos-
itive and negative) of rational axis. To avoid duplicating definitions and
proofs, assert-bound definition cases for Leq and Geq are replaced by a call
to a newly introduced function parametrized by a Direction — a record con-
taining minimal set of aspects listed above that differ in two definition cases
such that other aspects can be derived from them (e.g., only < need to be
stored while < can be derived from it). Two constants of the type Direction
are defined: Positive (with <, < orders, B, for lower and B,, for upper bounds
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and their corresponding updating functions, and Leq constructor) and Neg-
ative (completely opposite from the previous one). Similarly, check-inc and
check-dec are replaced by a new function check-incdec parametrized by a
Direction. All lemmas, previously repeated for each symmetric instance,
were replaced by a more abstract one, again parametrized by a Direction
parameter.

6.9 Concrete implementation

It is easy to give a concrete implementation of the initial state constructor,
which satisfies the specification of the Init locale. For example:

definition init-state :: - = ('i,’a :: zero)state where
init-state t = State t Mapping.empty Mapping.empty (Mapping.tabulate (vars-list
t) (A v. 0)) False None

"i,/a 2 lrv) state

interpretation Init init-state :: - = (
proof
fix ¢
let %init = init-state t :: ('i,’a)state
show (V %init) = t
unfolding satisfies-tableau-def satisfies-eq-def
proof (safe)
fix I r
assume (I, r) € set t
then have [ € set (vars-list t) vars r C set (vars-list t)
by (auto simp: set-vars-list) (transfer, force)
then have x: vars r C lhs “ set t U (Jz€Eset t. rvars-eq ) by (auto simp:
set-vars-list)
have (V %init) | = (0::"a)
using < € set (vars-list t))
unfolding init-state-def by (auto simp: map2fun-def lookup-tabulate)
moreover
have r { (V %nit) |} = (0::'a) using *
proof (transfer fixing: t, goal-cases)
case (1)
{
fix z
assume z€{v. r v # 0}
then have r z xR (V %init) x = (0::'a)
using 1
unfolding init-state-def
by (auto simp add: map2fun-def lookup-tabulate comp-def restrict-map-def
set-vars-list Abstract-Linear-Poly.vars-def)
}
then show ?case by auto
qed
ultimately
show (V ?%init) (Ihs (I, r)) = rhs (I, v) { (V %init) |}
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by auto

qed
next

fix t

show V (init-state t)

unfolding init-state-def

by (auto simp add: lookup-tabulate tableau-valuated-def comp-def restrict-map-def
set-vars-list lvars-def rvars-def)
qed (simp-all add: init-state-def add: boundsl-def boundsu-def indexl-def indezu-def)

definition min-lvar-not-in-bounds :: ('i,’a::{linorder,zero}) state = wvar option
where
min-lvar-not-in-bounds s =

min-satisfying (A x. = in-bounds x ((V s)) (B s)) (map lhs (T s))

interpretation MinLVarNotInBounds min-lvar-not-in-bounds :: ('i,’a::lrv) state
= -
proof
fix s::("i,’a) state
show min-lvar-not-in-bounds s = None —
(Vz€lvars (T s). in-bounds z ({V s)) (B s))
unfolding min-lvar-not-in-bounds-def lvars-def
using min-satisfying-None
by blast
next
fix s z;
show min-lvar-not-in-bounds s = Some x; —
z; € ars (T s) A
= in-bounds x; (V s) (B s) A
(Vzelvars (T s). x < z; — in-bounds z (V s) (B s))
unfolding min-lvar-not-in-bounds-def lvars-def
using min-satisfying-Some
by blast+
qged

— all variables in vs have either a positive or a negative coefficient, so no equal-zero
test required.
definition unsat-indices :: ('i,’a :: linorder) Direction = ('i,’a) state = var list
= eq = i list where
unsat-indices dir s vs eq = (let 7 = rhs eq; li = LI dir s; wi = UI dir s in
remdups (li (lhs eq) # map (A . if coeff r © < 0 then li x else ui ) vs))

definition min-rvar-incdec-eq :: ('i,’a) Direction = ('i,’a::lrv) state = eq = 'i list

+ wvar where
min-rvar-incdec-eq dir s eq = (let rvars = Abstract-Linear-Poly.vars-list (rhs eq)

181



in case min-satisfying (\ z. reasable-var dir x eq s) rvars of
None = Inl (unsat-indices dir s rvars eq)

| Some z; = Inr z;)
interpretation MinRVarsEq min-rvar-incdec-eq :: ('i,’a :: lrv) Direction = -

proof
fix s eq is and dir :: (i,’a) Direction
let ?min = min-satisfying (A z. reasable-var dir x eq s) (Abstract-Linear-Poly.vars-list

(rhs eq))
let ?vars = Abstract-Linear-Poly.vars-list (rhs eq)

{

assume min-rvar-incdec-eq dir s eq = Inl is
from this[unfolded min-rvar-incdec-eq-def Let-def, simplified]
have ?min = None and I: set is = set (unsat-indices dir s ?vars eq) by (cases

?min, auto)+
from this min-satisfying-None set-vars-list
have 1: A\ z. x € rvars-eq eq = — reasable-var dir x eq s by blast

{

fix ¢
assume ¢ € set is and dir: dir = Positive V dir = Negative and lhs-eq: LI

dir s (lhs eq) € indices-state s
from this[unfolded I unsat-indices-def Let-def]

consider (lhs) ¢ = LI dir s (lhs eq)
| (LI-rhs) « where ¢ = LI dir s © © € rvars-eq eq coeff (rhs eq) v < 0

| (U-rhs) © where ¢ = UI dir s x x € rvars-eq eq coeff (rhs eq) x > 0
by (auto split: if-splits simp: set-vars-list)
then have i € indices-state s

proof cases

case lhs
show ?thesis unfolding (hs using lhs-eq by auto

next
case LI-rhs
from 1[OF LI-rhs(2)] LiI-rhs(3)

have — (>, (It dir) ((V s) z) (LB dir s x)) by auto
then show ?thesis unfolding LI-rhs(1) unfolding indices-state-def using

dir
by (auto simp: bound-compare’-defs boundsl-def boundsu-def indexl-def

indexu-def
split: option.splits introl: exlI[of - z]) auto

next
case Ul-rhs
from UI-rhs(2) have coeff (rhs eq) = # 0

by (simp add: coeff-zero)
with Ul-rhs(3) have 0 < coeff (rhs eq) = by auto
from 1[OF Ul-rhs(2)] this have = (< (It dir) ((V s) z) (UB dir s z)) by

auto
then show ?thesis unfolding Ul-rhs(1) unfolding indices-state-def using

dir
by (auto simp: bound-compare’-defs boundsl-def boundsu-def indexl-def
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indexu-def
split: option.splits introl: exl[of - z]) auto
qed
}
then have 2: dir = Positive V dir = Negative = LI dir s (lhs eq) € in-
dices-state s =
set is C indices-state s by auto
show
(V x € rvars-eq eq. — reasable-var dir x eq s) A set is =
{LI dir s (lhs eq)} U {LI dir s z |z. x € rvars-eq eq N
coeff (rhs eq) v < 0} U {UI dir s © |z. © € Tvars-eq eq A 0 < coeff (rhs
eq) x} A
(dir = Positive V dir = Negative — LI dir s (Ihs eq) € indices-state s —
set is C indices-state s)
proof (intro conjl impl 2, goal-cases)
case 2
have set is = {LI dir s (lhs eq)} U LI dir s ‘ (rvars-eq eq N {z. coeff (rhs eq)
z < 0}) U Uldirs ‘(rvars-eq eq N {x. = coeff (rhs eq) z < 0})
unfolding I unsat-indices-def Let-def
by (auto simp add: set-vars-list)
also have ... = {LI dir s (lhs eq)} U LI dir s ‘ {z. © € rvars-eq eq N coeff
(rhs eq) z < 0}
U Uldirs “{xz € rvars-eq eq A 0 < coeff (rhs eq) z}
proof (intro arg-cong2|of - - - - (U)] arg-conglof - - X z. -  z] refl, goal-cases)
case 2
{
fix z
assume r € rvars-eq eq
hence coeff (rhs eq) x # 0
by (simp add: coeff-zero)
hence or: coeff (rhs eq) © < 0 V coeff (rhs eq) z > 0 by auto
assume — coeff (rhs eq) x < 0
hence coeff (rhs eq) x > 0 using or by simp
} note [dest] = this
show ?case by auto
qed auto
finally
show set is = {LI dir s (lhs eq)} U {LI dir s z |x. © € rvars-eq eq N\ coeff
(rhs eq) x < 0}
UA{UI dir sz |z. x € Tvars-eq eq A 0 < coeff (rhs eq) z} by auto
qged (insert 1, auto)
}
fix Zj
assume min-rvar-incdec-eq dir s eq = Inr z;
from this[unfolded min-rvar-incdec-eq-def Let-def]
have ?min = Some z; by (cases ?min, auto)
then show z; € rvars-eq eq reasable-var dir z; eq s
(V =" € rvars-eq eq. ' < x; — - reasable-var dir z' eq s)
using min-satisfying-Some set-vars-list by blast+
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qed

primrec eq-idz-for-lvar-aux :: tableau = var = nat = nat where
eq-idz-for-lvar-auz || © i = 4
| eq-ida-for-lvar-auz (eq # t) i =
(if ths eq = x then i else eg-idz-for-lvar-auz t x (i+1))

definition eg-idz-for-lvar where
eq-idz-for-lvar t x = eg-idz-for-lvar-auz t x 0

lemma eg-idz-for-lvar-auz:
assumes z € lvars t
shows let idx = eqg-idz-for-lvar-aux t x i in
i < idx A idz < i+ length t A lhs (¢! (ide — 0)) =z
using assms
proof (induct t arbitrary: 1)
case Nil
then show ?case
by (simp add: lvars-def)
next
case (Cons eq t)
show ?Zcase
using Cons(1)[of i+1] Cons(2)
by (cases x = lhs eq) (auto simp add: Let-def lvars-def nth-Cons’)
qed

global-interpretation FEqForLVarDefault: EqForLVar eq-idz-for-lvar
defines eq-for-lvar-code = EqForLVarDefault.eq-for-lvar
proof (unfold-locales)
fix zt
assume z € lvars t
then show eg-idz-for-lvar t x < length t A
lhs (t ! eg-idz-for-lvar t x) = «
using eg-idx-for-lvar-auz|of = t 0]
by (simp add: Let-def eq-idz-for-lvar-def)
qed

definition pivot-eq :: eq = var = eq where
pivot-eq e y = let cy = coeff (rhs e) y in
(y, (—1/cy) *R ((rhs €) — cy *R (Var y)) + (1/cy) *R (Var (Ihs €)))
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lemma pivot-eq-satisfies-eq:

assumes y € rvars-eq e

shows v =, e = v =, pivot-eq e y

using assms

using scaleRat-right-distriblof 1 / Rep-linear-poly (rhs €) y — (rhs e { v [}) v
(lhs €)]

using Groups.group-add-class.minus-unique[of — ((rhs €) { v }) v (Ihs e)]

unfolding coeff-def vars-def

by (simp add: coeff-def vars-def Let-def pivot-eq-def satisfies-eq-def)

(auto simp add: rational-vector.scale-right-diff-distrib valuate-add valuate-minus

valuate-uminus valuate-scaleRat valuate-Var)

lemma pivot-eq-rvars:
assumes z € vars (rhs (pivot-eq e v)) x # lhs e coeff (rhs e) v # 0 v # lhs e
shows z € vars (rhs e)
proof—
have v ¢ vars ((1 / coeff (rhs e) v) *R (rhs e — coeff (rhs €) v xR Var v))
using coeff-zero
by force
then have z # v
using assms(1) assms(3) assms(4)
using vars-plus[of (—1 / coeff (rhs e) v) xR (rhs e — coeff (rhs €) v xR Var
v) (1 / coeff (rhs e) v) *R Var (lhs €)]
by (auto simp add: Let-def vars-scaleRat pivot-eq-def)
then show ?thesis
using assms
using vars-plus[of (—1 / coeff (rhs e) v) *R (rhs e — coeff (rhs e) v xR Var
v) (1 / coeff (rhs e) v) *R Var (lhs €)]
using vars-minus|of ths e coeff (rhs e) v xR Var v]
by (auto simp add: vars-scaleRat Let-def pivot-eq-def)
qed

interpretation PivotFEq pivot-eq
proof
fix eq z;
assume z; € rvars-eq eq lhs eq ¢ rvars-eq eq
have lhs (pivot-eq eq x;) = x;
unfolding pivot-eq-def
by (simp add: Let-def)
moreover
have rvars-eq (pivot-eq eq zj) =
{lhs eq} U (rvars-eq eq — {z;})
proof
show rvars-eq (pivot-eq eq x;) C {lhs eq} U (rvars-eq eq — {z;})
proof
fix z
assume = € rvars-eq (pivot-eq eq x;)
have x: coeff (rhs (pivot-eq eq z;)) z; = 0
using «z; € rvars-eq eq> <lhs eq ¢ rvars-eq eq>
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using coeff-Var2|of lhs eq z;]
by (auto simp add: Let-def pivot-eg-def)
have coeff (rhs eq) z; # 0
using «z; € rvars-eq eq»
using coeff-zero
by (cases eq) (auto simp add:)
then show z € {ihs eq} U (rvars-eq eq — {z;})
using pivot-eg-rvars[of © eq z;]
using «z € rvars-eq (pivot-eq eq ;) <x; € rvars-eq eq> <lhs eq ¢ rvars-eq
eq
using coeff-zero *
by auto
qed
show {lhs eq} U (rvars-eq eq — {x;}) C rvars-eq (pivot-eq eq x;)
proof
fix z
assume z € {lhs eq} U (rvars-eq eq — {z;})
have *: coeff (rhs eq) (lhs eq) = 0
using coeff-zero
using <lhs eq ¢ rvars-eq eq
by auto
have sx: coeff (rhs eq) z; # 0
using «x; € rvars-eq eq
by (simp add: coeff-zero)
have sxx: © € rvars-eq eq = coeff (Var (lhs eq)) z = 0
using <lhs eq ¢ rvars-eq eq
using coeff-Var2|of lhs eq ]
by auto
have coeff (Var z;) (lhs eq) = 0
using «x; € rvars-eq eq> <lhs eq ¢ rvars-eq eq>
using coeff-Var2[of z; lhs eq]
by auto
then have coeff (rhs (pivot-eq eq ;) z # 0
using «z € {lhs eq} U (rvars-eq eq — {x;})> * %% sk
using coeff-zero[of rhs eq
by (auto simp add: Let-def coeff-Var2 pivot-eq-def)
then show z € rvars-eq (pivot-eq eq ;)
by (simp add: coeff-zero)
qed
qed
ultimately
show let eq’ = pivot-eq eq z; in lhs eq’ = x; A rvars-eq eq’ = {lhs eq} U (rvars-eq
g — {z;})
by (simp add: Let-def)
next
fix v eq z;
assume ; € rvars-eq eq
then show v |=, pivot-eq eq z; = v =, eq
using pivot-eq-satisfies-eq
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by blast
qed

definition subst-var:: var = linear-poly = linear-poly = linear-poly where
subst-var v Ip" Ip = lp + (coeff lp v) *R Ip’ — (coeff lp v) *R (Var v)

definition subst-var-eq-code = SubstVar.subst-var-eq subst-var

global-interpretation SubstVar subst-var rewrites
SubstVar.subst-var-eq subst-var = subst-var-eq-code
proof (unfold-locales)
fix z; Ip’ lp
have «: Az. [z € vars (Ip + coeff Ip x; xR Ip’ — coeff Ip xj xR Var x;); x ¢ vars
Ip] = z € vars Ip
proof—
fix z
assume z € vars (Ip + coeff Ip ; *R Ip" — coeff Ip x; *R Var x;)
then have coeff (Ip + coeff lp z; *R Ip’ — coeff lp z; *R Var z;) © # 0
using coeff-zero
by force
assume z ¢ vars lp’
then have coeff Ip’ z = 0
using coeff-zero
by auto
show z € wvars lp
proof (rule ccontr)
assume z ¢ vars Ip
then have coeff lp v = 0
using coeff-zero
by auto
then show Fulse
using <coeff (Ip + coeff lp x; xR Ip" — coeff Ip z; *R Var z;) © # 0>
using «coeff Ip' © = 0>
by (cases z = z;) (auto simp add: coeff-Var2)
qed
qed
have vars (subst-var z; Ip’ Ip) C (vars Ip — {z;}) U vars lp’
unfolding subst-var-def
using coeff-zero[of Ip + coeff Ip z; *R lp' — coeff Ip z; *R Var z; z;
using coeff-zero[of Ip’ z;]
using x
by auto
moreover
have Az. [z ¢ vars (Ip + coeff Ip x; *R Ip’ — coeff lp z; *R Var z;); © € vars
lp; © & vars p]| = z = x5
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proof—
fix z
assume z € vars lp z ¢ vars lp’
then have coeff Ip © # 0 coeff Ip’ = 0
using coeff-zero
by auto
assume z ¢ vars (Ip + coeff Ip z; *R Ip’ — coeff lp z; *R Var z;)
then have coeff (Ip + coeff lp x; *R Ip" — coeff Ip z; *R Var zj) z = 0
using coeff-zero
by force
then show z = z;
using «coeff lp x # 0y <coeff Ip’ z = 0>
by (cases x = z;) (auto simp add: coeff-Var2)
qed
then have vars Ip — {z;} — vars lp’ C vars (subst-var z; lp’ Ip)
by (auto simp add: subst-var-def)
ultimately show vars lp — {z;} — vars lp’ Cs vars (subst-var z; Ip’ lp)
Cswvars Ip — {z;} U vars lp’
by simp
next
fix va; Ip'lp
show vz, =lp'Jv} — Ip{ v} = (substwar z; Ip’ lp) { v|
unfolding subst-var-def
using valuate-minus(of Ip + coeff Ip z; *R lp’ coeff lp z; xR Var z; v|
using valuate-add[of lp coeff lp z; xR Ip’ v]
using valuate-scaleRat[of coeff Ip x; lp’ v] valuate-scaleRat[of coeff Ip z; Var z;

using valuate- Var|of z; v]
by auto
next
fix z; Ip lp’
assume z; ¢ vars lp
hence 0: coeff Ip z; = 0 using coeff-zero by blast
show subst-var z; Ip" Ip = Ip
unfolding subst-var-def 0 by simp
next
fix z; Ip z lp’
assume z; € vars lp ¢ € vars lp’ — vars Ip
hence z: z # z; and 0: coeff Ip x = 0 and no0: coeff Ip x; # 0 coeff Ip’ x # 0
using coeff-zero by blast+
from z have 00: coeff (Var z;) © = 0 using coeff-Var2 by auto
show z € vars (subst-var z; Ip lp)
unfolding subst-var-def coeff-zero[symmetric]
by (simp add: 0 00 no0)
qed (simp-all add: subst-var-eq-code-def)
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definition rhs-eq-val where
rhs-eg-val v z; ¢ e = let x; = lhs e; a;; = coeff (rhs e) z; in
(v) zj + aij xR (¢ — (v) z;)

definition update-code = RhsFEqVal.update rhs-eq-val
definition assert-bound’-code = Update.assert-bound’ update-code
definition assert-bound-code = Update.assert-bound update-code

global-interpretation RhsEqValDefault”: RhsEqVal rhs-eq-val
rewrites
RhsEqVal.update rhs-eq-val = update-code and
Update.assert-bound update-code = assert-bound-code and
Update.assert-bound’ update-code = assert-bound’-code
proof unfold-locales
fixvzce
assume (v) |, ¢
then show rhs-eq-val vz c e = rhs e { (v)(z := ¢) |
unfolding rhs-eq-val-def Let-def
using valuate-update-z[of Ths e x (v) (v)(z := ¢)]
by (auto simp add: satisfies-eq-def)
qed (auto simp: update-code-def assert-bound’-code-def assert-bound-code-def)

sublocale PivotUpdateMinVars < Check check
proof (rule Check-check)

show RhsEqVal rhs-eq-val ..
qged

definition pivot-code = Pivot’.pivot eq-idz-for-lvar pivot-eq subst-var
definition pivot-tableau-code = Pivot'.pivot-tableau eq-idz-for-lvar pivot-eq subst-var

global-interpretation Pivot’Default: Pivot’ eq-idz-for-lvar pivot-eq subst-var
rewrites
Pivot’.pivot eq-idz-for-lvar pivot-eq subst-var = pivot-code and
Pivot’.pivot-tableau eq-idz-for-lvar pivot-eq subst-var = pivot-tableau-code and
SubstVar.subst-var-eq subst-var = subst-var-eq-code
by (unfold-locales, auto simp: pivot-tableau-code-def pivot-code-def subst-var-eq-code-def)

definition pivot-and-update-code = PivotUpdate.pivot-and-update pivot-code up-
date-code

global-interpretation PivotUpdateDefault: PivotUpdate eq-idz-for-lvar pivot-code
update-code
rewrites
PivotUpdate.pivot-and-update pivot-code update-code = pivot-and-update-code
by (unfold-locales, auto simp: pivot-and-update-code-def)

sublocale Update < AssertBoundNoLhs assert-bound
proof (rule update-to-assert-bound-no-lhs)
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show Pivot eq-idz-for-lvar pivot-code ..
qed

definition check-code = PivotUpdateMin Vars.check eq-idx-for-lvar min-lvar-not-in-bounds
min-rvar-incdec-eq pivot-and-update-code

definition check’-code = PivotUpdateMin Vars.check' eq-idz-for-lvar min-rvar-incdec-eq
pivot-and-update-code

global-interpretation PivotUpdateMin VarsDefault: PivotUpdateMinVars eq-idz-for-lvar
min-lvar-not-in-bounds min-rvar-incdec-eq pivot-and-update-code

rewrites

PivotUpdateMin Vars.check eq-idz-for-lvar min-lvar-not-in-bounds min-rvar-incdec-eq
pivot-and-update-code = check-code and

PivotUpdateMin Vars.check' eq-idz-for-lvar min-rvar-incdec-eq pivot-and-update-code
= check’-code

by (unfold-locales) (simp-all add: check-code-def check’-code-def)

definition assert-code = Assert’.assert assert-bound-code check-code

global-interpretation Assert’Default: Assert’ assert-bound-code check-code
rewrites
Assert’.assert assert-bound-code check-code = assert-code
by (unfold-locales, auto simp: assert-code-def)

definition assert-bound-loop-code = AssertAllState’’.assert-bound-loop assert-bound-code
definition assert-all-state-code = AssertAllState’.assert-all-state init-state assert-bound-code
check-code

definition assert-all-code = AssertAllState.assert-all assert-all-state-code

global-interpretation AssertAllStateDefault: AssertAllState’’ init-state assert-bound-code
check-code
rewrites
AssertAllState’ . assert-bound-loop assert-bound-code = assert-bound-loop-code
and
AssertAllState’ .assert-all-state init-state assert-bound-code check-code = as-
sert-all-state-code and
AssertAllState.assert-all assert-all-state-code = assert-all-code
by unfold-locales (simp-all add: assert-bound-loop-code-def assert-all-state-code-def
assert-all-code-def)

primrec
monom-to-atom:: QDelta ns-constraint = @QDelta atom where
monom-to-atom (LEQ-ns 1 r) = (if (monom-coeff 1 < 0) then
(Geq (monom-var 1) (r /R monom-coeff 1))
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else
(Leq (monom-var 1) (r /R monom-coeff 1)))
monom-to-atom (GEQ-ns I r) = (if (monom-coeff | < 0) then
(Leq (monom-var 1) (r /R monom-coeff 1))
else
(Geq (monom-var 1) (r /R monom-coeff 1)))

primrec
qdelta-constraint-to-atom:: QDelta ns-constraint = var = @QDelta atom where
qdelta-constraint-to-atom (LEQ-ns 1) v = (if (is-monom 1) then (monom-to-atom
(LEQ-ns 1 r)) else (Leq v r))
| gdelta-constraint-to-atom (GEQ-ns 1) v = (if (is-monom l) then (monom-to-atom

(GEQ-nslr)) else (Geq v r))

primrec
gdelta-constraint-to-atom”:: QDelta ns-constraint = var = @QDelta atom where
gdelta-constraint-to-atom’ (LEQ-ns 1 ) v = (Leq v r)

| qdelta-constraint-to-atom’ (GEQ-ns I r) v = (Geq v 1)

fun linear-poly-to-eq:: linear-poly = var = eq where
linear-poly-to-eq p v = (v, p)

datatype 'i istate = IState
(FirstFreshVariable: var)

Tableau: tableau)

Atoms: ('i,QDelta) i-atom list)

Poly-Mapping: linear-poly — var)

UnsatIndices: 'i list)

(
(
(
(

primrec zero-satisfies :: ’a :: lrv ns-constraint = bool where

zero-satisfies (LEQ-ns 1) +— 0 < r
| zero-satisfies (GEQ-nslr) «— 0 > r

lemma zero-satisfies: poly ¢ = 0 = zero-satisfies c => v |=p5 ¢
by (cases ¢, auto simp: valuate-zero)

lemma not-zero-satisfies: poly ¢ = 0 = — zero-satisfies c => = v =y ¢
by (cases ¢, auto simp: valuate-zero)

fun
preprocess’ :: (i,@QDelta) i-ns-constraint list = var = i istate where
preprocess’ [| v = IState v [] [] (A p. None) ||
| preprocess’ ((i,h) # t) v = (let s’ = preprocess’ t v; p = poly h; is-monom-h =
1S-monom p;
v’ = FirstFreshVariable s';
t' = Tableau s’;
a’ = Atoms s’
m’ = Poly-Mapping s’;
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u’ = UnsatIndices s’ in
if is-monom-h then IState v’ t'
((4,qdelta-constraint-to-atom h v') # a’) m’ v’
else if p = 0 then
if zero-satisfies h then s’ else
IState v’ t" a’ m' (i # u’)
else (case m' p of Some v =
IState v’ t' ((i,qdelta-constraint-to-atom h v) # o) m’ v’
| None = IState (v’ + 1) (linear-poly-to-eq p v’ # t')
((4,qdelta-constraint-to-atom h v’) # a’) (m’ (p — v')) u’)

)

lemma preprocess’-simps: preprocess’ ((i,h) # t) v = (let s’ = preprocess’ t v; p
= poly h; is-monom-h = is-monom p;
v’ = FirstFreshVariable s’
t' = Tableau s’;
a’ = Atoms s’
m’ = Poly-Mapping s’
u' = UnsatIndices s’ in
if is-monom-h then IState v’ t'
((¢,monom-to-atom h) # a") m’ v’
else if p = 0 then
if zero-satisfies h then s’ else
IState v’ t' o’ m' (i # u’)
else (case m' p of Some v =
IState v’ t’ ((i,qdelta-constraint-to-atom’ h v) # a’) m’ u’
| None = IState (v’ + 1) (linear-poly-to-eq p v’ # t’)
((4,qdelta-constraint-to-atom’ h v') # o) (m’ (p — v')) u’)
) by (cases h, auto simp add: Let-def split: option.splits)

lemmas preprocess’-code = preprocess’.simps(1) preprocess’-simps
declare preprocess’-code[code]

Normalization of constraints helps to identify same polynomials, e.g., the
constraints x +y < 5 and —2x — 2y < —12 will be normalized to x +y < 5
and z + y > 6, so that only one slack-variable will be introduced for the
polynomial z + y, and not another one for —2x — 2y. Normalization will
take care that the max-var of the polynomial in the constraint will have
coefficient 1 (if the polynomial is non-zero)

fun normalize-ns-constraint :: 'a :: lrv ns-constraint = 'a ns-constraint where
normalize-ns-constraint (LEQ-ns | r) = (let v = maz-var l; ¢ = coeff l v in

if c = 0 then LEQ-ns | r else

let ic = inverse ¢ in if ¢ < 0 then GEQ-ns (ic *R 1) (scaleRat ic r) else LEQ-ns
(ic xR 1) (scaleRat ic 1))
| normalize-ns-constraint (GEQ-ns 1 r) = (let v = maz-var l; ¢ = coeff l v in

if c = 0 then GEQ-ns | r else

let ic = inverse ¢ in if ¢ < 0 then LEQ-ns (ic *R l) (scaleRat ic r) else GEQ-ns
(ic xR 1) (scaleRat ic 1))
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lemma normalize-ns-constraint[simp]: v f=ns (normalize-ns-constraint ¢) «— v
Ens (¢ 'a :: lrv ns-constraint)
proof —
let ?c = coeff (poly ¢) (maz-var (poly c))
consider (0) %c = 0 | (pos) ?c > 0 | (neg) ?c < 0 by linarith
thus ?thesis
proof cases
case 0
thus %thesis by (cases ¢, auto)
next
case pos
from pos have id: a /R ?¢ < b /R %c +— (a:: 'a) < bfor ab
using scaleRat-leql by fastforce
show %thesis using pos id by (cases ¢, auto simp: Let-def valuate-scaleRat id)
next
case neg
from neg have id: a /R ¢ < b /R %c<— (a:'a) > bfor abd
using scaleRat-leq2 by fastforce
show ?thesis using neg id by (cases ¢, auto simp: Let-def valuate-scaleRat id)
qed
qed

declare normalize-ns-constraint.simps|simp del]

lemma i-satisfies-normalize-ns-constraint[simp): v |Einss (map-prod id normal-
ize-ns-constraint * cs)

+—— v Einss €S

by (cases Iv, force)

abbreviation maz-var:: QDelta ns-constraint = var where
maz-var C' = Abstract-Linear-Poly.maz-var (poly C)

fun
start-fresh-variable :: ('i,QDelta) i-ns-constraint list = var where
start-fresh-variable [| = 0

| start-fresh-variable ((i,h)#t) = max (maz-var h + 1) (start-fresh-variable t)

definition

preprocess-part-1 i ('i,QDelta) i-ns-constraint list = tableau x (('i,QDelta)
i-atom list) x 'i list where

preprocess-part-1 | = let start = start-fresh-variable l; is = preprocess’ | start in
(Tableau is, Atoms is, UnsatIndices is)

lemma lhs-linear-poly-to-eq [simp]:

lhs (linear-poly-to-eq h v) = v
by (cases h) auto
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lemma rvars-eg-linear-poly-to-eq [simp):
rvars-eq (linear-poly-to-eq h v) = vars h
by simp

lemma fresh-var-monoinc:
FirstFreshVariable (preprocess’ cs start) > start
by (induct cs) (auto simp add: Let-def split: option.splits)

abbreviation vars-constraints where
vars-constraints ¢cs = |J (set (map vars (map poly cs)))

lemma start-fresh-variable-fresh:
Y wvar € vars-constraints (flat-list cs). var < start-fresh-variable cs
using maz-var-maz
by (induct cs, auto simp add: maz-def) force+

lemma vars-tableau-vars-constraints:

rvars (Tableau (preprocess’ cs start)) C vars-constraints (flat-list cs)

by (induct cs start rule: preprocess’.induct) (auto simp add: rvars-def Let-def
split: option.splits)

lemma [vars-tableau-ge-start:

YV wvar € lvars (Tableau (preprocess’ cs start)). var > start

by (induct cs start rule: preprocess’.induct) (auto simp add: Let-def lvars-def
fresh-var-monoinc split: option.splits)

lemma rhs-no-zero-tableau-start:

0 ¢ rhs  set (Tableau (preprocess’ cs start))

by (induct cs start rule: preprocess’.induct, auto simp add: Let-def rvars-def
fresh-var-monoinc split: option.splits)

lemma first-fresh-variable-not-in-lvars:

Ywar € lvars (Tableau (preprocess’ cs start)). FirstFreshVariable (preprocess’ cs
start) > var

by (induct cs start rule: preprocess’.induct) (auto simp add: Let-def lvars-def split:
option.splits)

lemma sat-atom-sat-eq-sat-constraint-non-monom:

assumes v =, gdelta-constraint-to-atom h var v |=. linear-poly-to-eq (poly h) var
= is-monom (poly h)

shows v =, h

using assms

by (cases h) (auto simp add: satisfies-eq-def split: if-splits)

lemma qdelta-constraint-to-atom-monom:

assumes is-monom (poly h)

shows v =, qdelta-constraint-to-atom h var «— v Eps h
proof (cases h)

case (LEQ-ns [ a)
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then show ?thesis
using assms
using monom-valuate|of - v
apply auto
using scaleRat-leg2[of a /R monom-coeff | v (monom-var 1) monom-coeff ]
using divide-leql [of monom-coeff I v (monom-var 1) al

apply (force, simp add: divide-rat-def)
using scaleRat-leql [of v (monom-var 1) a /R monom-coeff | monom-coeff ||
using is-monom-monom-coeff-not-zero[of l]
using divide-leq[of monom-coeff I v (monom-var 1) a]
using is-monom-monom-coeff-not-zero[of ]
by (simp-all add: divide-rat-def)
next

case (GEQ-ns 1 a)

then show ?thesis
using assms
using monom-valuate[of - v]
apply auto
using scaleRat-leg2[of v (monom-var 1) a /R monom-coeff | monom-coeff ||
using divide-geql [of a monom-coeff | v (monom-var 1)]

apply (force, simp add: divide-rat-def)
using scaleRat-leql [of a /R monom-coeff | v (monom-var 1) monom-coeff ]
using is-monom-monom-coeff-not-zero|of ]
using divide-geq[of a monom-coeff | v (monom-var )]
using is-monom-monom-coeff-not-zero[of ]
by (simp-all add: divide-rat-def)
qged

lemma preprocess’-Tableau-Poly-Mapping-None: (Poly-Mapping (preprocess’ cs start))
p = None

= linear-poly-to-eq p v ¢ set (Tableau (preprocess’ cs start))

by (induct cs start rule: preprocess’.induct, auto simp: Let-def split: option.splits
if-splits)

lemma preprocess’- Tableau- Poly-Mapping-Some: (Poly-Mapping (preprocess’ cs start))
p = Some v

= linear-poly-to-eq p v € set (Tableau (preprocess’ cs start))

by (induct cs start rule: preprocess’.induct, auto simp: Let-def split: option.splits
if-splits)

lemma preprocess’- Tableau-Poly-Mapping-Some’. (Poly-Mapping (preprocess’ cs
start)) p = Some v

=> 3 h. poly h = p A = is-monom (poly h) A qdelta-constraint-to-atom h v €
flat (set (Atoms (preprocess’ cs start)))

by (induct cs start rule: preprocess’.induct, auto simp: Let-def split: option.splits

if-splits)

lemma not-one-le-zero-qdelta: = (1 < (0 :: QDelta)) by code-simp
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lemma one-zero-contraldest,consumes 2]: 1 < © = (x :: QDelta) < 0 = False
using order.trans[of 1 z 0] not-one-le-zero-qdelta by simp

lemma i-preprocess’-sat:
assumes (1,v) |45 set (Atoms (preprocess’ s start)) v =y Tableau (preprocess’
s start)
I N set (UnsatIndices (preprocess’ s start)) = {}
shows (I,v) Einss set s
using assms
by (induct s start rule: preprocess’.induct)
(auto simp add: Let-def satisfies-atom-set-def satisfies-tableau-def qdelta-constraint-to-atom-monom
sat-atom-sat-eq-sat-constraint-non-monom
split: if-splits option.splits dest!: preprocess’- Tableau- Poly-Mapping-Some zero-satisfies)

lemma preprocess’-sat:

assumes v =5 flat (set (Atoms (preprocess’ s start))) v =y Tableau (preprocess’
s start) set (UnsatIndices (preprocess’ s start)) = {}

shows v |=,,4s flat (set s)

using i-preprocess’-sat[of UNIV v s start] assms by simp

lemma sat-constraint-valuation:
assumes V var € vars (poly ¢). vl var = v2 var
shows vl |, ¢ +— 12 5 ¢
using assms
using valuate-depend
by (cases ¢) (force)+

lemma atom-var-first:
assumes a € flat (set (Atoms (preprocess’ cs start))) ¥V var € vars-constraints
(flat-list cs). var < start
shows atom-var a < FirstFreshVariable (preprocess’ cs start)
using assms
proof (induct cs arbitrary: a)
case (Cons hh t a)
obtain ¢ h where hh: hh = (i,h) by force
let ?s = preprocess’ t start
show ?case
proof(cases a € flat (set (Atoms ¢s)))
case True
then show ?thesis
using Cons(1)[of a] Cons(3) hh
by (auto simp add: Let-def split: option.splits)
next
case Fulse
consider (monom) is-monom (poly h) | (normal) — is-monom (poly h) poly h
# 0 (Poly-Mapping ?s) (poly h) = None
| (old) var where — is-monom (poly h) poly h # 0 (Poly-Mapping ?s) (poly
h) = Some var
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| (zero) = is-monom (poly h) poly h = 0
by auto
then show ?thesis
proof cases
case monom
from Cons(3) monom-var-in-vars hh monom
have monom-var (poly h) < start by auto
moreover from False have a = gdelta-constraint-to-atom h (FirstFreshVariable
(preprocess’ t start))
using Cons(2) hh monom by (auto simp: Let-def)
ultimately show ?Zthesis
using fresh-var-monoinc|of start t| hh monom
by (cases a; cases h) (auto simp add: Let-def )
next
case normal
have a = gdelta-constraint-to-atom h (FirstFreshVariable (preprocess’ t start))
using Fualse normal Cons(2) hh by (auto simp: Let-def)
then show ?thesis using hh normal
by (cases a; cases h) (auto simp add: Let-def )
next
case (old var)
from preprocess’- Tableau-Poly-Mapping-Some'[OF old(8)]
obtain h’ where poly h' = poly h qdelta-constraint-to-atom h' var € flat (set
(Atoms %s))
by blast
from Cons(1)[OF this(2)] Cons(3) this(1) old(1)
have var: var < FirstFreshVariable ?s by (cases h', auto)
have a = qdelta-constraint-to-atom h var
using False old Cons(2) hh by (auto simp: Let-def)
then have a: atom-var a = var using old by (cases a; cases h; auto simp:
Let-def)
show ?thesis unfolding a hh by (simp add: old Let-def var)
next
case zero
from False show ?thesis using Cons(2) hh zero by (auto simp: Let-def split:
if-splits)
qged
qed
qed simp

lemma satisfies-tableau-satisfies-tableau:
assumes vl =, t YV var € tvars t. vl var = v2 var
shows v2 |, ¢
using assms
using valuate-depend|of - v1 v2)]
by (force simp add: lvars-def rvars-def satisfies-eq-def satisfies-tableau-def)

lemma preprocess’-unsat-indices:
assumes i € set (UnsatIndices (preprocess’ s start))
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shows — ({i},v) Finss set s

using assms
proof (induct s start rule: preprocess’.induct)

case (2jh tw)

then show %case by (auto simp: Let-def not-zero-satisfies split: if-splits op-
tion.splits)
qed simp

lemma preprocess’-unsat:
assumes (I,v) Finss set s vars-constraints (flat-list s) C V Yovar € V. var <
start
shows 3v". (Vvar € V. v var = v’ var)
A v’ s restrict-to I (set (Atoms (preprocess’ s start)))
A v' =y Tableau (preprocess’ s start)
using assms
proof (induct s)
case Nil
show Zcase
by (auto simp add: satisfies-atom-set-def satisfies-tableau-def)
next
case (Cons hh t)
obtain ¢ h where hh: hh = (i,h) by force
from Cons hh obtain v’ where
var: (YvareV. v var = v’ var)
and v’-as: v’ |Eq restrict-to I (set (Atoms (preprocess’ t start)))
and v’-t: v’ = Tableau (preprocess’ t start)
and vars-h: vars-constraints [h] C V
by auto
from Cons(2)[unfolded hh)
have i: i € | = v =5 h by auto
have V var € vars (poly h). v var = v’ var
using «(VwvareV. v var = v' var)y Cons(8) hh
by auto
then have vh-v'h: v Eps h +— v/ Eps b
by (rule sat-constraint-valuation)
show Zcase
proof(cases is-monom (poly h))
case True
then have id: is-monom (poly h) = True by simp
show ?thesis
unfolding hh preprocess’.simps Let-def id if-True istate.simps istate.sel
proof (intro exI[of - v'] congl v'-t var satisifies-atom-restrict-to-Cons[OF v’-as])
assume 7 € |
from i[OF this] var vh-v'h
show v’ |=, qdelta-constraint-to-atom h (FirstFreshVariable (preprocess’ t
start))
unfolding qdelta-constraint-to-atom-monom|OF True] by auto
qed
next
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case Fulse
then have id: is-monom (poly h) = False by simp
let ?s = preprocess’ t start
let %2 = FirstFreshVariable ?s
show ?thesis
proof (cases poly h = 0)
case zero: Fualse
hence id” (poly h = 0) = False by simp
let ?look = (Poly-Mapping ?s) (poly h)
show ?thesis
proof (cases ?look)
case None
let 2y = poly h {| v’}
let 20’ = v'(?2:=%y)
show ?thesis unfolding preprocess’.simps hh Let-def id id’ if-False is-
tate.simps istate.sel None option.simps
proof (rule exl[of - ?v'], intro conjl satisifies-atom-restrict-to-Cons satis-
fies-tableau-Conys)
show vars”: (VvareV. v var = v’ var)
using «(Ywvare V. v var = v’ var))
using fresh-var-monoinc|of start t]
using Cons(4)
by auto
{
assume i € |
from vh-v'h i[OF this] False
show %v’ |=, qdelta-constraint-to-atom h (FirstFreshVariable (preprocess’
t start))
by (cases h, auto)
}
let Zatoms = restrict-to I (set (Atoms (preprocess’ t start)))
show v’ |=,s Zatoms
unfolding satisfies-atom-set-def
proof
fix a
assume a € “atoms
then have v’/ =, a
using v’ |4 Zatoms) hh by (force simp add: satisfies-atom-set-def)
then show %v' =, a
using <a € Zatoms) atom-var-firstof a t start]
using Cons(8) Cons(4)
by (cases a) auto
qed
show %v’ |=. linear-poly-to-eq (poly h) (FirstFreshVariable (preprocess’ t
start))
using Cons(3) Cons(4)
using valuate-depend|of poly h v’ v'(FirstFreshVariable (preprocess’ t
start) == (poly h) { v’ })]
using fresh-var-monoinc|of start t] hh
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by (cases h) (force simp add: satisfies-eq-def)+
have FirstFreshVariable (preprocess’ t start) ¢ tvars (Tableau (preprocess’
t start))
using first-fresh-variable-not-in-lvars|of t start]
using Cons(3) Cons(4)
using vars-tableau-vars-constraints[of t start]
using fresh-var-monoinc|of start t]
by force
then show ?v’ |=; Tableau (preprocess’ t start)
using v’ |=; Tableau (preprocess’ t start))
using satisfies-tableau-satisfies-tableau[of v’ Tableau (preprocess’ t start)
2v]
by auto
qed
next
case (Some var)
from preprocess’- Tableau-Poly-Mapping-Some[ OF Some]
have linear-poly-to-eq (poly h) var € set (Tableau ?s) by auto
with v'-t[unfolded satisfies-tableau-def)
have v'-h-var: v’ =, linear-poly-to-eq (poly h) var by auto
show ?thesis unfolding preprocess’.simps hh Let-def id id’ if-False is-
tate.simps istate.sel Some option.simps
proof (intro exI[of - v'] conjI var v'-t satisifies-atom-restrict-to-Cons satis-
fies-tableau-Cons v'-as)
assume i € [
from vh-v’h i[OF this] False v'-h-var
show v’ =, qdelta-constraint-to-atom h var
by (cases h, auto simp: satisfies-eq-iff)
qed
qed
next
case zero: True
hence id" (poly h = 0) = True by simp
show ?thesis
proof (cases zero-satisfies h)
case True
hence id"": zero-satisfies h = True by simp
show ?thesis
unfolding hh preprocess’.simps Let-def id id’ id"’ if- True if-False istate.simps
istate.sel
by (intro exl[of - v'] conjl v'-t var v’-as)
next
case Fulse
hence id"": zero-satisfies h = False by simp
{
assume i € |
from i[OF this] not-zero-satisfies| OF zero False] have False by simp
} note no-I = this
show ?thesis
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unfolding hh preprocess’.simps Let-def id id’ id"" if- True if- False istate.simps
istate.sel
proof (rule Cons(1)[OF - - Cons(4)])
show (I, v) E;nss set t using Cons(2) by auto
show vars-constraints (map snd t) C V using Cons(3) by force
qged
qed
qed
qed
qed

lemma lvars-distinct:
distinct (map lhs (Tableau (preprocess’ cs start)))
using first-fresh-variable-not-in-lvarsjwhere ?'a = 'a]
by (induct cs, auto simp add: Let-def lvars-def) (force split: option.splits)

lemma normalized-tableau-preprocess’: /A (Tableau (preprocess’ cs (start-fresh-variable
s)))
proof —
let ?s = start-fresh-variable cs
show ?thesis
using lvars-distinct[of cs 7]
using lars-tableau-ge-start[of cs %5
using vars-tableau-vars-constraints|of cs ?s]
using start-fresh-variable-fresh|of cs
unfolding normalized-tableau-def Let-def
by (smt disjoint-iff-not-equal inf.absorb-iff2 inf .strict-order-iff rhs-no-zero-tableau-start
subsetD)
qed

Improved preprocessing: Deletion. An equation x = p can be deleted
from the tableau, if x does not occur in the atoms.

lemma delete-lhs-var: assumes norm: A t and t: t = t1 Q (z,p) # t2

and t" t' = t1 Q ¢2

and tv: tv = (A v. upd z (p { (v) |}) v)

and z-as: x ¢ atom-var ‘ snd ‘ set as
shows A ¢’ — new tableau is normalized

(w) =+ t' = (tv w) =+ t — solution of new tableau is translated to solution of
old tableau

(I, (w)) Fias set as = (I, (tv w)) Fias set as — solution translation also works
for bounds

v ¢ t = v =t/ — solution of old tableau is also solution for new tableau
proof —

have tv: (tv w) = (w) (z := p { (w) }) unfolding tv map2fun-def’ by auto

from norm

show A ¢’ unfolding ¢ t’ normalized-tableau-def by (auto simp: lvars-def rvars-def)

show v | t = v |=; t’ unfolding ¢ ¢’ satisfies-tableau-def by auto

from norm have dist: distinct (map lhs t) lvars t N rvars t = {}

unfolding normalized-tableau-def by auto
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from z-as have z-as: © ¢ atom-var ‘ snd * (set as N I x UNIV) by auto
have (I, (tv w)) Fias set as <— (I, (w)) Eqaqs set as unfolding i-satisfies-atom-set.simps
satisfies-atom-set-def
proof (intro ball-cong[OF refi])
fix a
assume a € snd ‘ (set as N I x UNIV)
with z-as have z # atom-var a by auto
then show (tv w) =, a = (w) =, a unfolding tv
by (cases a, auto)
qged
then show (I, (w)) Ejqs set as = (I, (tv w)) Fiqs set as by blast
assume w: (w) ¢ t’
from dist(2)[unfolded t] have zp: © ¢ vars p
unfolding lvars-def rvars-def by auto
{
fix eq
assume mem: eq € set t1 U set t2
then have eq € set t’ unfolding t’ by auto
with w have w: (w) . eq unfolding satisfies-tableau-def by auto
obtain y ¢ where eq: eq = (y,q) by force
from mem[unfolded eq] dist(1)[unfolded t] have zy: x # y by force
from memlunfolded eq] dist(2)[unfolded t] have xq: z ¢ vars q
unfolding lvars-def rvars-def by auto
from w have (tv w) |=. eq unfolding tv eq satisfies-eq-iff using zy xq
by (auto intro!: valuate-depend)
}

moreover
have (tv w) =, (z,p) unfolding satisfies-eq-iff tv using zp
by (auto introl: valuate-depend)
ultimately
show (tv w) | t unfolding t satisfies-tableau-def by auto
qed

definition pivot-tableau-eq :: tableau = eq = tableau = wvar = tableau X eq X
tableau where
pivot-tableau-eq t1 eq t2 1 = let eq' = pivot-eq eq z; m = map (X e. subst-var-eq
z (rhs eq’) e) in
(m t1, eq’;, m t2)

lemma pivot-tableau-eq: assumes t: t = t1 Q eq # t2t' = t1' Q eq’ # t2'

and z: z € rvars-eq eq and norm: A t and pte: pivot-tableau-eq t1 eq t2 v =
(t1',eq’,t2")
shows A t' lhs eq’ = z (v :: 'a =2 lrv valuation) =y t/ +— v = t
proof —

let s = X t. State t undefined undefined undefined undefined undefined

let 2y = lhs eq

have yl: ?y € lvars t unfolding t lvars-def by auto

from norm have eq-t12: 2y ¢ lhs ‘ (set t1 U set t2)

unfolding normalized-tableau-def t lvars-def by auto
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have eq: eq-for-lvar-code t %y = eq
by (metis (mono-tags, lifting) EqForLVarDefault.eq-for-lvar Un-insert-right
eq-t12
image-iff insert-iff list.set(2) set-append t(1) yl)
have *: (?y, b) € set t1 = 2y € lhs ‘ (set t1) for b t1
by (metis image-eql lhs.simps)
have pivot: pivot-tableau-code %y z t = t’
unfolding Pivot’Default.pivot-tableau-def Let-def eq using pte[symmetric]
unfolding ¢ pivot-tableau-eq-def Let-def using eq-t12 by (auto dest!: %)
note thms = Pivot’Default.pivot-vars’ Pivot’ Default.pivot-tableau
note thms = thms[unfolded Pivot'Default.pivot-def, of ?s t, simplified,
OF norm yl, unfolded eq, OF z, unfolded pivot]
from thms(1) thms(2)[of v] show A t' v ¢ t/ +— v = t by auto
show lhs eq’ = z using pte[symmetric]
unfolding t pivot-tableau-eq-def Let-def pivot-eq-def by auto
qed

function preprocess-opt :: var set = tableau = tableau = tableau x ((var,’a :
Irv)mapping = (var,’a)mapping) where
preprocess-opt X t1 [| = (1 ,id)
| preprocess-opt X t1 ((z,p) # t2) = (if © ¢ X then
case preprocess-opt X t1 t2 of (t,tv) = (¢, (A v. upd z (p { (v) |) v) o tv)
else case find (A z. © ¢ X) (Abstract-Linear-Poly.vars-list p) of
None = preprocess-opt X ((z,p) # t1) t2
| Some y = case pivot-tableau-eq t1 (z,p) t2 y of
(tt1,(z,q),tt2) = case preprocess-opt X tt1 tt2 of (t,tv) = (¢, (A v. upd z (q

{ (v) }) v) o))

by pat-completeness auto

termination by (relation measure (A (X,t1,t2). length t2), auto simp: pivot-tableau-eq-def
Let-def)

lemma preprocess-opt: assumes X = atom-var ‘ snd ‘ set as
preprocess-opt X t1 t2 = (t';tv) A tt = revtl Q t2
shows A t'
({w) == 'a = lrv valuation) =y ¢/ = (tv w) ¢ t
(I, {(w)) Eias set as = (I, (tv w)) Fias set as
v t = (v :: 'a valuation) =y t'
using assms
proof (atomize(full), induct X t1 t2 arbitrary: t tv w rule: preprocess-opt.induct)
case (1 X t1t tv)
then show ?case by (auto simp: normalized-tableau-def lvars-def rvars-def sat-
isfies-tableau-def
stmp flip: rev-map)
next
case (2 X tlzpt2titvw)
note IH = 2(1-3)
note X = 2(4)
note res = 2(5)
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have norm: A t by fact
have t: ¢t = rev t1 @ (z, p) # t2 by fact

show ?case
proof (cases z € X)

case False
with res obtain tv’ where res: preprocess-opt X t1 t2 = (t', tv’) and
tv: tv = (A\v. Mapping.update x (p { (v) }) v) o tv’
by (auto split: prod.splits)
note delete = delete-lhs-var[OF norm t refl refl False[unfolded X]]
note IH = IH(1)[OF False X res delete(1) refi]
from delete(2)[of tv" w] delete(3)[of I tv’ w] delete(4)[of v] IH|of w]
show ?thesis unfolding tv o-def
by auto

next

case True
then have — = ¢ X by simp
note IH = [H(2—3)[OF this)
show ?thesis
proof (cases find (Az. © ¢ X) (Abstract-Linear-Poly.vars-list p))
case None
with res True have pre: preprocess-opt X ((z, p) # t1) t2 = (¢, tv) by auto
from ¢ have t: t = rev ((z, p) # t1) Q ¢2 by simp
from [H(1)[OF None X pre norm t|
show ?thesis .
next
case (Some z)
from Some[unfolded find-Some-iff] have zX: z ¢ X and z € set (Abstract-Linear-Poly.vars-list

p)
unfolding set-conv-nth by auto
then have z: z € rvars-eq (z, p) by (simp add: set-vars-list)
obtain tt1 z’ g tt2 where pte: pivot-tableau-eq t1 (z, p) t2 z = (tt1,(2,q),tt2)
by (cases pivot-tableau-eq t1 (z, p) t2 z, auto)
then have pte-rev: pivot-tableau-eq (rev t1) (z, p) t2 z = (rev tt1,(2,q),tt2)
unfolding pivot-tableau-eq-def Let-def by (auto simp: rev-map)
note eq = pivot-tableau-eq[OF t refl z norm pte-rev)
then have 2" z’ = z by auto
note eq = eq(1,3)[unfolded 2]
note pte = pte[unfolded 2]
note pte-rev = pte-rev|unfolded 2|
note delete = delete-lhs-var[OF eq(1) refl refl refl zX [unfolded X]]
from res[unfolded preprocess-opt.simps Some option.simps pte] True
obtain tv’ where res: preprocess-opt X tt1 tt2 = (t/, tv’) and
tv: tv = (A\v. Mapping.update z (g { (v) [}) v) o tv’
by (auto split: prod.splits)
note IH = IH(2)[OF Some, unfolded pte, OF refl refl refl X res delete(1)
refi]
from IH[of w] delete(2)[of tv’ w] delete(3)[of I tv" w] delete(4)[of v] show
7thesis

unfolding tv o-def eq(2) by auto
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qed
qed
qed

definition preprocess-part-2 as t = preprocess-opt (atom-var ‘ snd ‘ set as) [] ¢

lemma preprocess-part-2: assumes preprocess-part-2 as t = (t',tv) At
shows A ¢’
((w) = 'a = lrv valuation) =y t' = (tv w) = ¢
(I, (w)) Fias set as = (I, (tv w)) Fias set as
v t = (v :: 'a valuation) = t'
using preprocess-opt[OF refl assms(1)[unfolded preprocess-part-2-def] assms(2)]
by auto

definition preprocess :: ('i,QDelta) i-ns-constraint list = - X - X (- = (var,QDelta)mapping)
x i list where

preprocess | = (case preprocess-part-1 (map (map-prod id normalize-ns-constraint)
D) of

(t,as,ui) = case preprocess-part-2 as t of (t,tv) = (t,as,tv,us))

lemma preprocess:
assumes id: preprocess c¢s = (t, as, trans-v, ui)
shows A ¢
fst ‘< set as U set ui C fst ‘ set cs
distinct-indices-ns (set cs) = distinct-indices-atoms (set as)
INnsetui ={} = (I, (v)) Fias set as =
(v) B¢ t = (I, (trans-v v)) Einss set cs
i € set ui => Pu. ({i}, v) Finss set cs
3 v. (I,v) Einss set ¢s = Fv'. (I,v") Fias set as A v' 4 t
proof —
define ncs where ncs = map (map-prod id normalize-ns-constraint) cs
have ncs: fst ‘ set nes = fst “ set cs \ Iv. Iv Ejnss set nes «— v Eipss set cs
unfolding ncs-def by force auto
from id obtain tI where partl: preprocess-part-1 ncs = (t1,as,ui)
unfolding preprocess-def by (auto simp: ncs-def split: prod.splits)
from id[unfolded preprocess-def partl split ncs-def[symmetric]|
have part-2: preprocess-part-2 as t1 = (t,trans-v)
by (auto split: prod.splits)
have norm: A t1 using normalized-tableau-preprocess’ partl
by (auto simp: preprocess-part-1-def Let-def)
note part-2 = preprocess-part-2[OF part-2 norm)
show A t by fact
have unsat: (I,{v)) Fiqs set as = (V) ¢ t1 = I N set ui = {} = (I,(v))
Einss set nes for v
using part! [unfolded preprocess-part-1-def Let-def, simplified] i-preprocess’-sat[of
I] by blast
with part-2(2,8) show I N set ui = {} = (I,(v)) Fias set as = (v) ¢ ¢
= (I,(trans-v v)) FEinss set cs
by (auto simp: ncs)
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from part![unfolded preprocess-part-1-def Let-def] obtain var where

as: as = Atoms (preprocess’ ncs var) and wi: ui = Unsatindices (preprocess’
nes var) by auto

note min-defs = distinct-indices-atoms-def distinct-indices-ns-def

have minl: (distinct-indices-ns (set ncs) — (¥ k a. (k,a) € set as — (3 v p
a = qdelta-constraint-to-atom p v A (k,p) € set ncs

A (= is-monom (poly p) — Poly-Mapping (preprocess’ ncs var) (poly p) =
Some v) )))

A fst ‘ set as U set ui C fst ¢ set ncs
unfolding as wui

proof (induct ncs var rule: preprocess’.induct)
case (2i htv)

hence sub: fst ‘ set (Atoms (preprocess’ t v)) U set (UnsatIndices (preprocess’
tv)) C fst ‘ set t by auto

show ?Zcase

proof (intro conjl impl alll, goal-cases)

show fst ¢ set (Atoms (preprocess’ ((i, h) # t) v)) U set (UnsatIndices
(preprocess’ ((i,h) #t) v)) C fst “ set ((i, h) # ©)

using sub by (auto simp: Let-def split: option.splits)
next
case (1 k a)

hence min”: distinct-indices-ns (set t) unfolding min-defs list.simps by blast

note IH = 2[THEN conjunctl, rule-format, OF min’]
show ?case

proof (cases (k,a) € set (Atoms (preprocess’ t v)))
case True

from IH[OF this| show ?thesis
by (force simp: Let-def split: option.splits if-split)
next

case new: Fualse

with 1(2) have ki: k = i by (auto simp: Let-def split: if-splits option.splits)
show ?thesis
proof (cases is-monom (poly h))
case True
thus ?thesis using new 1(2) by (auto simp: Let-def True intro!: exl)
next
case no-monom: False
thus ?thesis using new 1(2) by (auto simp: Let-def no-monom split:
option.splits if-splits introl: exl)
qed

qed
qed

qed (auto simp: min-defs)
then show fst ‘ set as U set ui C fst ‘ set c¢s by (auto simp: ncs)
{

assume mini: distinct-indices-ns (set cs)

have mini: distinct-indices-ns (set ncs) unfolding distinct-indices-ns-def
proof (intro implI alll, goal-cases)

case (1 nl n27)
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from 1(1) obtain ¢! where cI: (i,c1) € set cs and nl: nl = normal-
ize-ns-constraint cl
unfolding ncs-def by auto
from 1(2) obtain ¢2 where c2: (i,c2) € set cs and n2: n2 = normal-
1ze-ns-constraint c2
unfolding ncs-def by auto
from mini[unfolded distinct-indices-ns-def, rule-format, OF c1 c2]
show ?case unfolding ni n2
by (cases c1; cases c¢2; auto simp: normalize-ns-constraint.simps Let-def)
qed
note min = minl [THEN conjunctl, rule-format, OF this
show distinct-indices-atoms (set as)
unfolding distinct-indices-atoms-def
proof (intro alll impl)
fixiab
assume a: (4,a) € set as and b: (i,b) € set as
from min[OF a] obtain v p where aa: a = gdelta-constraint-to-atom p v (4,
p) € set ncs
= is-monom (poly p) = Poly-Mapping (preprocess’ ncs var) (poly p) =
Some v
by auto
from min[OF b] obtain w ¢ where bb: b = qdelta-constraint-to-atom q w (i,
q) € set ncs
= is-monom (poly q) = Poly-Mapping (preprocess’ ncs var) (poly q) =
Some w
by auto
from mini[unfolded distinct-indices-ns-def, rule-format, OF aa(2) bb(2)]
have *: poly p = poly q ns-constraint-const p = ns-constraint-const q by auto
show atom-var a = atom-var b A atom-const a = atom-const b
proof (cases is-monom (poly q))
case True
thus ?thesis unfolding aa(1) bb(1) using x by (cases p; cases g, auto)
next
case Fulse
thus ?thesis unfolding aa(1) bb(1) using * aa(3) bb(3) by (cases p; cases
q, auto)
qed
qed
}
show i € set ui = fv. ({i}, v) Finss set cs
using preprocess’-unsat-indices[of i nes| part! unfolding preprocess-part-1-def
Let-def
by (auto simp: ncs)
assume 3 w. (I,w) FEinss set cs
then obtain w where (I,w) ;55 set cs by blast
hence (I,w) |Finss set ncs unfolding ncs .
from preprocess’-unsat|OF this - start-fresh-variable-fresh, of ncs
have Jv’. (I,v') Eias set as A v’ =y t1
using partl
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unfolding preprocess-part-1-def Let-def by auto
then show Jv’. (1,v) s set as A v = ¢
using part-2(4) by auto
qed

interpretation PreprocessDefault: Preprocess preprocess
by (unfold-locales; rule preprocess, auto)

global-interpretation Solve-exec-ns’Default: Solve-exec-ns’ preprocess assert-all-code
defines solve-exec-ns-code = Solve-exec-ns’'Default.solve-exec-ns
by unfold-locales

primrec
constraint-to-qdelta-constraint:: constraint = @QDelta ns-constraint list where
constraint-to-qdelta-constraint (LT | ) = [LEQ-ns | (QDelta.QDelta r (—1))]

| constraint-to-qdelta-constraint (GT I r) = [GEQ-ns | (QDelta.QDelta r 1)]

| constraint-to-qdelta-constraint (LEQ I r) = [LEQ-ns | (QDelta.QDelta r 0))

| constraint-to-qdelta-constraint (GEQ I r) = [GEQ-ns | (QDelta.QDelta r 0))

| constraint-to-qdelta-constraint (EQ lr) = [LEQ-ns | (QDelta.QDelta r 0), GEQ-ns

I (@Delta.QDelta r 0)]

primrec

i-constraint-to-qdelta-constraint:: i i-constraint = ('i,QDelta) i-ns-constraint list
where

i-constraint-to-qdelta-constraint (i,c) = map (Pair i) (constraint-to-qdelta-constraint

¢)

definition
to-ns :: i i-constraint list = ('i,QDelta) i-ns-constraint list where
to-ns | = concat (map i-constraint-to-qdelta-constraint [)

primrec
60-val :: QDelta ns-constraint = QDelta valuation = rat where
00-val (LEQ-ns Ul rrr) vl = §0 LI{ol} rrr

| 60-val (GEQ-ns Ul rrr) vl = §0 rrr HI{vl]}

primrec
6 0-val-min :: QDelta ns-constraint list = QDelta valuation = rat where
00-val-min [ vl = 1

| 60-val-min (h#t) vl = min (60-val-min t vl) (60-val h vl)

abbreviation wvars-list-constraints where

vars-list-constraints cs = remdups (concat (map Abstract-Linear-Poly.vars-list
(map poly cs)))
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definition
from-ns ::(var, @Delta) mapping = QDelta ns-constraint list = (var, rat) map-
ping where
from-ns vl cs = let § = §0-val-min cs (vl) in
Mapping.tabulate (vars-list-constraints cs) (A var. val ({(vl) var) 6)

global-interpretation SolveExec' Default: SolveEzec’ to-ns from-ns solve-exec-ns-code
defines solve-ezec-code = SolveEzec' Default.solve-ezec
and solve-code = SolveExec'Default.solve
proof unfold-locales
{
fix ics :: 'i i-constraint list and v’ and [
let ?to-ns = to-ns ics
let ?flat = set ?to-ns
assume sat: (I,(v")) Einss ?flat
define cs where cs = map snd (filter (X ic. fst ic € I) ics)
define to-ns’ where to-ns: to-ns’ = (X l. concat (map constraint-to-qdelta-constraint
)
show (I,{from-ns v’ (flat-list ?to-ns))) |=ics set ics unfolding i-satisfies-cs.simps
proof
let Zlistf = map (AC. case C of (LEQ-nslr) = (I{{v)}, r)
| (GEQ-ns L1) = (r, Y (v)])
)

let ?to-ns = A ics. to-ns’ (map snd (filter (Mic. fst ic € I) ics))
let ?list = ?listf (to-ns’ cs)
let ?f-list = flat-list (to-ns ics)
let ?flist = ?listf ?f-list
obtain i-list where i-list: ?list = i-list by force
obtain f-list where f-list: ?flist = f-list by force
have if-list: set i-list C set f-list unfolding
i-list[symmetric] f-list[symmetric] to-ns-def to-ns set-map set-concat cs-def
by (intro image-mono, force)
have A ¢d1 qd2. (qd1, qd2) € set ?list = qdI < qd2
proof—
fix qd1 qd2
assume (qdl, gd2) € set ?list
then show ¢d1 < ¢d2
using sat unfolding cs-def
proof (induct ics)
case Nil
then show ?case
by (simp add: to-ns)
next
case (Cons h t)
obtain i ¢ where h: h = (i,¢) by force
from Cons(2) consider (ic) (qdI,qd2) € set (?listf (2to-ns [(i,c)]))
| (¢t) (qd1,qd2) € set (?listf (Zto-ns t))
unfolding to-ns h set-map set-concat by fastforce
then show ?case

209



proof cases
case t
from Cons(1)[OF this] Cons(3) show ?thesis unfolding to-ns-def by

auto
next
case ic
note ic = iclunfolded to-ns, simplified]
from ic have i: ({ € I) = True by (cases i € I, auto)
note ic = iclunfolded i if-True, simplified)
from Cons(3)[unfolded h] i have (v') =,ss set (to-ns’ [c])
unfolding i-satisfies-ns-constraints.simps unfolding to-ns to-ns-def
by force
with ic show ?thesis by (induct ¢) (auto simp add: to-ns)
qed
qed
qed

then have l1: ¢ > 0 = ¢ < (6-min ?list) = V qd1 qd2. (qd1, qd2) € set
?list — wal qd1 € < wal qd2 € for ¢
unfolding i-list
by (simp add: delta-gt-zero delta-min|of i-list])
have §-min ?flist < §-min ?list unfolding f-list i-list
by (rule delta-min-mono| OF if-list])
from [1[OF delta-gt-zero this
have [1: V qd1 qd2. (¢d1, qd2) € set ?list — wval qd1 (5-min f-list) < val qd2
(6-min f-list)
unfolding f-list .
have 0 0-val-min (flat-list (to-ns ics)) (v’) = d-min f-list unfolding f-list[symmetric]
proof (induct ics)
case Nil
show Zcase
by (simp add: to-ns-def)
next
case (Cons h t)
then show “case
by (cases h; cases snd h) (auto simp add: to-ns-def)
qed
then have [2: from-ns v’ ?f-list = Mapping.tabulate (vars-list-constraints
2f-list) (A var. val ({(vy var) (6-min f-list))
by (auto simp add: from-ns-def)
fix c
assume c € restrict-to I (set ics)
then obtain { where i: i € I and mem: (i,c) € set ics by auto
from mem show (from-ns v’ ?f-list) =, ¢
proof (induct c)
case (LT Ul rrr)
then have (IlI{{v")}, (@Delta.QDelta rrr (—1))) € set ?list using 7 un-
folding cs-def
by (force simp add: to-ns)
then have val (III{{v")}) (§-min f-list) < val (QDelta.QDelta rrr (—1))
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(6-min f-list)
using /1
by simp
moreover
have lll{(Az. val ((v'y z) (6-min f-list))]} =
U {from-ns v’ 2f-list)|}
proof (rule valuate-depend, rule)
fix z
assume z € vars [l
then show wval ((v') x) (§-min f-list) = (from-ns v’ ?f-list) x
using [2
using LT
by (auto simp add: comp-def lookup-tabulate restrict-map-def set-vars-list
to-ns-def map2fun-def’)
qed
ultimately
have [ll{{from-ns v’ ?f-list)}} < (val (QDelta.QDelta rrr (—1)) (§-min f-list))
by (auto simp add: valuate-rat-valuate)
then show ?case
using delta-gt-zero|of f-list]
by (simp add: val-def)
next
case (GT Il rrr)
then have ((QDelta.QDelta rrr 1), l1I{{v")]}) € set ?list using i unfolding
cs-def
by (force simp add: to-ns)
then have val (I1I{{v"}}) (6-min f-list) > val (QDelta.QDelta rrr 1) (5-min
f-list)
using /1
by simp
moreover
have lll{(Az. val ((v'y z) (6-min f-list))]} =
U {from-ns v’ 2f-list)|}
proof (rule valuate-depend, rule)
fix z
assume z € vars [l
then show wval ((v') x) (§-min f-list) = (from-ns v’ ?f-list)
using [2
using GT
by (auto simp add: lookup-tabulate comp-def restrict-map-def set-vars-list
to-ns-def map2fun-def’)
qged
ultimately
have [l{{from-ns v ?f-list)}} > wval (QDelta.QDelta rrr 1) (§-min f-list)
using [2
by (simp add: valuate-rat-valuate)
then show ?case
using delta-gt-zero[of f-list]
by (simp add: val-def)
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next
case (LEQ Ul rrr)
then have (IlI{{v")}, (QDelta.QDelta rrr 0) ) € set ?list using ¢ unfolding
cs-def
by (force simp add: to-ns)
then have val (I1I{{v"}}) (6-min f-list) < val (QDelta.QDelta rrr 0) (6-min
J-list)
using /1
by simp
moreover
have lll{(Az. val ((v'y z) (6-min f-list))]} =
U {from-ns v" 2f-list)|}
proof (rule valuate-depend, rule)
fix z
assume z € vars ]
then show wval ({(v') x) (§-min f-list) = (from-ns v’ ?f-list)
using [2
using LEQ
by (auto simp add: lookup-tabulate comp-def restrict-map-def set-vars-list
to-ns-def map2fun-def’)
qged
ultimately
have lll{(from-ns v" ?f-list)}} < val (QDelta.QDelta rrr 0) (§-min f-list)
using [2
by (simp add: valuate-rat-valuate)
then show “case
by (simp add: val-def)
next
case (GEQ Ul rrr)
then have ((QDelta.QDelta rrr 0), l1I{{v")]}) € set ?list using ¢ unfolding
cs-def
by (force simp add: to-ns)
then have val (III{{v"}}) (6-min f-list) > val (QDelta.QDelta rrr 0) (6-min
f-list)
using /1
by simp
moreover
have lll{(Az. val ((v'y z) (6-min f-list))]} =
U {from-ns v" 2f-list)|}
proof (rule valuate-depend, rule)
fix z
assume z € vars [l
then show val ((v’) z) (6-min f-list) = (from-ns v' ?f-list) x
using [2
using GEQ
by (auto simp add: lookup-tabulate comp-def restrict-map-def set-vars-list
to-ns-def map2fun-def’)
qged
ultimately
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have lll{(from-ns v" ?f-list)}} > val (QDelta.QDelta rrr 0) (§-min f-list)
using [2
by (simp add: valuate-rat-valuate)
then show “case
by (simp add: val-def)
next
case (EQ Ul rrr)
then have ((QDelta.@QDelta rrr 0), UI{{v)]}) € set ?list and
(L {v")}, (QDelta.@QDelta rrr 0) ) € set ?list using ¢ unfolding cs-def
by (force simp add: to-ns)+
then have val (III{{v"}}) (6-min f-list) > val (QDelta.QDelta rrr 0) (6-min
f-list) and
val (N (w)) (8-min f-list) < val (QDelta.@QDelta rrr 0) (§-min f-list)
using /1
by simp-all
moreover
have lll{(Az. val ((v'y z) (6-min f-list))]} =
U {from-ns v’ 2f-list)|}
proof (rule valuate-depend, rule)
fix z
assume z € vars [ll
then show val ((v’) z) (6-min f-list) = (from-ns v" ?f-list) x
using [2
using FQ
by (auto simp add: lookup-tabulate comp-def restrict-map-def set-vars-list
to-ns-def map2fun-def’)
ged
ultimately
have [ll{{from-ns v’ ?f-list)} > val (QDelta.QDelta rrr 0) (6-min f-list)
and
HI{{from-ns v’ 2f-list)} < val (QDelta.QDelta rrr 0) (6-min f-list)
using /1
by (auto simp add: valuate-rat-valuate)
then show “case
by (simp add: val-def)
qed
qged
} note sat = this
fix cs :: (i x constraint) list
have set-to-ns: set (to-ns ¢s) = { (¢,n) | ¢ n e (i,¢) € set ¢s N n € set
(constraint-to-qdelta-constraint ¢)}
unfolding to-ns-def by auto
show indices: fst ‘ set (to-ns cs) = fst * set cs
proof
show fst ‘ set (to-ns cs) C fst ‘ set cs
unfolding set-to-ns by force
{
fix ¢
assume i € fst ‘ set cs
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then obtain ¢ where (i,¢) € set cs by force
hence i € fst ¢ set (to-ns cs) unfolding set-to-ns by (cases c; force)
}
thus fst ‘ set cs C fst ‘ set (to-ns cs) by blast
qed
{
assume dist: distinct-indices cs
show distinct-indices-ns (set (to-ns cs)) unfolding distinct-indices-ns-def
proof (intro alll impI conjl notl)
fix n1 n2 1
assume (i,n1) € set (to-ns cs) (i,n2) € set (to-ns cs)
then obtain c! ¢2 where i: (i,c1) € set cs (i,c2) € set cs
and n: nl € set (constraint-to-qdelta-constraint c1) n2 € set (constraint-to-qdelta-constraint
c2)
unfolding set-to-ns by auto
from dist
have distinct (map fst cs) unfolding distinct-indices-def by auto
with ¢ have c12: ¢1 = ¢2 by (metis eq-key-imp-eg-value)
note n = nlunfolded c12]
show poly n1 = poly n2 using n by (cases c2, auto)
show ns-constraint-const n1 = ns-constraint-const n2 using n by (cases c2,
auto)
qed
} note mini = this
fix I mode
assume unsat: minimal-unsat-core-ns I (set (to-ns cs))
note unsat = unsat[unfolded minimal-unsat-core-ns-def indices]
hence indices: I C fst ‘ set cs by auto
show minimal-unsat-core I cs
unfolding minimal-unsat-core-def
proof (intro conjl indices impI alll, clarify)
fix v
assume v: (1,v) Ecs set cs
let %v = Avar. QDelta.QDelta (v var) 0
have (I,%v) Einss (set (to-ns cs)) using v
proof (induct cs)
case (Cons ic cs)
obtain ¢ ¢ where ic: ic = (i,c) by force
from Cons(2-) ic
have rec: (I,v) f=ics set csand ¢: i € I = v =, ¢ by auto

fix jn

assume i: i € [ and jn € set (to-ns [(4,c)])

then have jn € set (i-constraint-to-qdelta-constraint (i,c))
unfolding to-ns-def by auto

then obtain n where n: n € set (constraint-to-qdelta-constraint c)
and jn: jn = (i,n) by force

from c[OF i] have c: v =, ¢ by force

from ¢ n jn have v =, snd jn
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by (cases ¢) (auto simp add: less-eq-QDelta-def to-ns-def valuate-valuate-rat
valuate-minus zero-QDelta-def)
} note main = this
from Cons(1)[OF rec] have IH: (I,7v) Einss set (to-ns cs) .
show ?case unfolding i-satisfies-ns-constraints.simps
proof (intro balll)
fix z
assume z € snd ‘ (set (to-ns (ic # ¢s)) N I x UNIV)
then consider (1) z € snd ‘ (set (to-ns ¢s) N I x UNIV)
| (2) z € snd * (set (to-ns [(i,c)]) N I x UNIV)
unfolding ic to-ns-def by auto
then show % =, z
proof cases
case I
then show %thesis using IH by auto
next
case 2
then obtain jn where z: snd jn = z and jn € set (to-ns [(i,¢)]) N I x
UNIV
by auto
with main]of jn] show ?thesis unfolding to-ns-def by auto
qged
qed
qed (simp add: to-ns-def)
with unsat show Fualse unfolding minimal-unsat-core-ns-def by simp blast
next
fix J
assume x: distinct-indices c¢s J C I
hence distinct-indices-ns (set (to-ns cs))
using mini by auto
with * unsat obtain v where model: (J, v) Einss set (to-ns cs) by blast
define w where w = Mapping. Mapping (A z. Some (v z))
have v = (w) unfolding w-def map2fun-def
by (intro ext, transfer, auto)
with model have model: (J, (w)) =inss set (to-ns cs) by auto
from sat[OF this]
show Jwu. (J, v) |ics set cs by blast
qed
qed

hide-const (open) le It LE GE LB UB LI UI LBI UBI UBI-upd le-rat
inv zero Var add flat flat-list restrict-to look upd

Simplex version with indexed constraints as input

definition simplex-index :: 'i i-constraint list = i list + (var, rat) mapping where
simplez-index = solve-exec-code
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lemma simplez-index:
simplex-index ¢s = Unsat I = set I C fst ‘set cs A = (3 v. (set I, v) FEics set
cs) A
(distinct-indices ¢s — (¥ J C set I. (3 v. (J, v) Eies set ¢s))) — minimal
unsat core
simplez-index cs = Sat v => (v) E¢s (snd ¢ set cs) — satisfying assingment
proof (unfold simplex-indezx-def)
assume solve-exec-code cs = Unsat I
from SolveFEzec'Default.simplex-unsatQ[OF this]
have core: minimal-unsat-core (set I) cs by auto
then show set I C fst “set cs A = (T v. (set I, v) s set cs) A
(distinct-indices cs — (VY JCset I. v, (J, v) [Fics set cs))
unfolding minimal-unsat-core-def by auto
next
assume solve-exec-code cs = Sat v
from SolveFEzec’'Default.simplex-sat0[ OF this]
show (v) s (snd ‘ set cs) .
qed

Simplex version where indices will be created
definition simplex where simplex cs = simplez-index (zip [0..<length cs] cs)
lemma simplez:

simplex cs = Unsat I => = (3 v. v |=cs set cs) — unsat of original constraints
simplex ¢cs = Unsat I = set I C {0..<length cs} A= (3 v. v |=es {es @] 4.4

€ set I})
A (VJCset I. Fv. v f=cs {¢s i |i. ¢ € J}) — minimal unsat core
simplex cs = Sat v = (v) |=.s set cs — satisfying assignment

proof (unfold simplex-def)
let %cs = zip [0..<length cs| cs
assume simplez-indexr ?cs = Unsat 1
from simplez-index(1)[OF this
have indez: set I C {0 ..< length cs} and
core: Bv. v [=es (snd < (set Zes N set I x UNIV))
(distinct-indices (zip [0..<length cs] ¢s) — (V J C set I. Fv. v [=¢s (snd  (set
%cs N J x UNIV))))
by (auto simp flip: set-map)
note core(2)
also have distinct-indices (zip [0..<length cs] cs)
unfolding distinct-indices-def set-zip by (auto simp: set-conv-nth)
also have (V J C set I. Jv. v |=¢s (snd ‘ (set 2es N J x UNIV))) =
(V JCsetl. Av.ves {es!i|i. i€ J}) using index
by (intro all-congl imp-cong ex-congl arg-conglof - - X\ x. - Ecs x| refl, force
simp: set-zip)
finally have core”: (VJCset I. Jv. v s {es i |i. i € J}) .
note unsat = unsat-mono|OF core(1)]
show — (3 v. v |=¢s set cs)
by (rule unsat, auto simp: set-zip)
show set I C {0..<length cs} A = (3 v. v |=es {es ! i | 4. 7 € set I})
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AN VJCset I. Fv. v =es {es i i. i € J})
by (intro conjl index core’, rule unsat, auto simp: set-zip)
next
assume simplex-indez (zip [0..<length cs] cs) = Sat v
from simplez-index(2)[OF this
show (v) =.s set c¢s by (auto simp flip: set-map)
qed

check executability

lemma case simplex [LT (lp-monom 2 1 — Ip-monom 8 2 + lp-monom 3 0) 0,
GT (lp-monom 1 1) 5]

of Sat - = True | Unsat - = False

by eval

check unsat core

lemma
case simplez-index |
(1 ::int, LT (lp-monom 1 1) 4),
(2, GT (lp-monom 2 1 — lp-monom 1 2) 0
(3, EQ (Ip-monom 1 1 — Ip-monom 2 2) 0
(4, GT (Ilp-monom 2 2) 5),
(5, GT (Ip-monom 3 0) 7))
of Sat - = False | Unsat I = set I = {1,8,4} — Constraints 1,3,4 are unsat
core
by eval

)
)

i
)

end

7 The Incremental Simplex Algorithm

In this theory we specify operations which permit to incrementally add con-
straints. To this end, first an indexed list of potential constraints is used
to construct the initial state, and then one can activate indices, extract
solutions or unsat cores, do backtracking, etc.

theory Simplez-Incremental
imports Simplex
begin

7.1 Lowest Layer: Fixed Tableau and Incremental Atoms

Interface

locale Incremental-Atom-Ops = fixes
init-s :: tableau = 's and
assert-s :: ('i,’a 2 lrv) i-atom = 's = 'i list + 's and
check-s :: 's = 's x ('i list option) and
solution-s :: 's = (var, 'a) mapping and
checkpoint-s :: 's = 'c and
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backtrack-s :: 'c = 's = 's and
precond-s :: tableau = bool and
weak-invariant-s :: tableau = ('i,’a) i-atom set = 's = bool and
invariant-s :: tableau = ('i,’a) i-atom set = 's = bool and
checked-s :: tableau = ('i,’a) i-atom set = 's = bool
assumes
assert-s-ok: invariant-s t as s = assert-s a s = Inr s’ =
invariant-s t (insert a as) s’ and
assert-s-unsat: invariant-s t as s = assert-s a s = Unsat | =
minimal-unsat-core-tabl-atoms (set I) t (insert a as) and
check-s-ok: invariant-s t as s => check-s s = (s, None) =
checked-s t as s’ and
check-s-unsat: invariant-s t as s = check-s s = (s’,Some I) =
weak-invariant-s t as s’ A\ minimal-unsat-core-tabl-atoms (set I) t as and
init-s: precond-s t => checked-s t {} (init-s t) and
solution-s: checked-s t as s = solution-s s = v = (v) =t t A\ (V) Fqus Sim-
plex.flat as and
backtrack-s: checked-s t as s => checkpoint-s s = ¢
= weak-invariant-s t bs s’ => backtrack-s ¢ s' = s'' = as C bs = invariant-s
t as s’ and
weak-invariant-s: invariant-s t as s = weak-invariant-s t as s and
checked-invariant-s: checked-s t as s = invariant-s t as s
begin

fun assert-all-s :: ('i,’a) i-atom list = 's = 'i list + 's where
assert-all-s [| s = Inr s
| assert-all-s (a # as) s = (case assert-s a s of Unsat I = Unsat [
| Inr s’ = assert-all-s as s')

lemma assert-all-s-ok: invariant-s t as s = assert-all-s bs s = Inr ' =
invariant-s t (set bs U as) s’
proof (induct bs arbitrary: s as)
case (Cons b bs s as)
from Cons(8) obtain s’ where ass: assert-s b s = Inr s’ and rec: assert-all-s
bs 8" = Inr s’
by (auto split: sum.splits)
from Cons(1)[OF assert-s-ok[OF Cons(2) ass] rec]
show ?case by auto
qged auto

lemma assert-all-s-unsat: invariant-s t as s = assert-all-s bs s = Unsat I =
minimal-unsat-core-tabl-atoms (set I) t (as U set bs)
proof (induct bs arbitrary: s as)
case (Cons b bs s as)
show Zcase
proof (cases assert-s b s)
case unsat: (Inl J)
with Cons have J: J = I by auto
from assert-s-unsat|OF Cons(2) unsat] J
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have min: minimal-unsat-core-tabl-atoms (set I) t (insert b as) by auto
show ?thesis
by (rule minimal-unsat-core-tabl-atoms-mono[OF - min], auto)
next
case (Inr s’)
from Cons(1)[OF assert-s-ok[OF Cons(2) Inr]] Cons(3) Inr show ?thesis by
auto
qed
qed simp

end

Implementation of the interface via the Simplex operations init, check,
and assert-bound.

locale Incremental-State-Ops-Simplex = AssertBoundNoLhs assert-bound + Init
init + Check check
for assert-bound :: ('i,’a::lrv) i-atom = ('i,’a) state = ('i,’a) state and
init :: tableau = ('i,’a) state and
check :: ('i,’a) state = ('i,’a) state
begin

definition weak-invariant-s where
weak-invariant-s t (as :: ('i,’a)i-atom set) s =

(':nothS/\
A(T s) A
V s A
O s A

(Vo (var="a). vE: T s+— v t) A
index-valid as s N

Sitmplex.flat as = B s A

as =i BT s)

definition invariant-s where
invariant-s t (as :: (i,’a)i-atom set) s =
(weak-invariant-s t as s AN = U s)

definition checked-s where
checked-s t as s = (invariant-s t as s A\ = )

definition assert-s where assert-s a s = (let s' = assert-bound a s in
if U s’ then Inl (the (U, s')) else Inr s’)

definition check-s where check-s s = (let s’ = check s in
if U s’ then (s', Some (the (U. s"))) else (s’, None))

definition checkpoint-s where checkpoint-s s = B; s

fun backtrack-s :: - = (', 'a) state = ('i, 'a) state
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where backtrack-s (bl, bu) (State t bl-old bu-old v u uc) = State t bl bu v False
None

lemmas invariant-defs = weak-invariant-s-def invariant-s-def checked-s-def

lemma invariant-sD: assumes invariant-s t as s

shows = U s Enoins s A (T s) Vs s
Simplex.flat as = B s as |=; BZ s index-valid as s
Vovu(var = "a). vE T s v t)

using assms unfolding invariant-defs by auto

lemma weak-invariant-sD: assumes weak-invariant-s t as s
shows Foihs s A (T ) VisOs
Simplez.flat as = B s as |=; BZ s indez-valid as s
Vou(var="a). viE, T s v t)
using assms unfolding invariant-defs by auto

lemma minimal-unsat-state-core-translation: assumes
unsat: minimal-unsat-state-core (s :: ('i,’a::lrv)state) and
tabl: V(v :: 'a valuation). v = T s = v |&¢ t and
index: indez-valid as s and
imp: as =; BZ s and
I I = the (U. s)
shows minimal-unsat-core-tabl-atoms (set I) t as
unfolding minimal-unsat-core-tabl-atoms-def
proof (intro conjl impI notl alll; (elim exE conjE)?)
from unsat[unfolded minimal-unsat-state-core-def)
have unsat: unsat-state-core s
and minimal: distinct-indices-state s = subsets-sat-core s
by auto
from unsat[unfolded unsat-state-core-def I[symmetric]]
have Is: set I C indices-state s and unsat: (Av. (set I, v) =;5 s) by auto
from Is index show set I C fst ‘ as
using index-valid-indices-state by blast
{
fix v
assume t: v = t and as: (set I, v) Fiqs as
from ¢t tabl have t: v |=; T s by auto
then have (set I, v) |=;5 s using as imp
using atoms-imply-bounds-index.simps satisfies-state-index.simps by blast
with unsat show Fualse by blast
}
{
fix J
assume dist: distinct-indices-atoms as
and J: J C set ]
from J Is have J” J C indices-state s by auto
from dist index have distinct-indices-state s by (metis index-valid-distinct-indices)
with minimal have subsets-sat-core s .
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from this[unfolded subsets-sat-core-def I[symmetric], rule-format, OF J]
obtain v where (J, v) ;s s by blast

from satisfying-state-valuation-to-atom-tabl[OF J' this index dist] tabl
show Jv. v = t A (J, v) Figes as by blast

}

qed

sublocale Incremental-Atom-Ops

init assert-s check-s V checkpoint-s backtrack-s A\ weak-invariant-s invariant-s
checked-s
proof (unfold-locales, goal-cases)

case (I tassas’)

from 1(2)[unfolded assert-s-def Let-def]

have U: = U (assert-bound a s) and s”: s’ = assert-bound a s by (auto split:
if-splits)

note * = invariant-sD[OF 1(1)]

from assert-bound-nolhs-tableau-id[ OF x(1—15)]

have T: T s’ = T s unfolding s’ by auto

from x(3,9)

have A (T s)V v var = a. v = T s’ = v =, t unfolding T by blast+

moreover from assert-bound-nolhs-sat[OF *(1—5) U]

have ,o1s s’ O s’ unfolding s’ by auto

moreover from assert-bound-nolhs-atoms-equiv-bounds[OF *(1—6), of a)

have Simplez.flat (insert a as) = B s’ unfolding s’ by auto

moreover from assert-bound-nolhs-atoms-imply-bounds-index[OF *(1—5,7)]

have insert a as =; BZ s’ unfolding s’ .

moreover from assert-bound-nolhs-tableau-valuated| OF x(1—15)]

have V s’ unfolding s’ .

moreover from assert-bound-nolhs-index-valid| OF x(1—5,8)]

have indez-valid (insert a as) s’ unfolding s’ by auto

moreover from U s’

have — U s’ by auto

ultimately show ?case unfolding invariant-defs by auto
next

case (2tassal)

from 2(2)[unfolded assert-s-def Let-def]

obtain s’ where s s’ = assert-bound a s and U: U (assert-bound a s)

and I: I = the (U, s)
by (auto split: if-splits)

note x = invariant-sD[OF 2(1)]

from assert-bound-nolhs-tableau-id[OF x(1—15)]

have T: T s’ = T s unfolding s’ by auto

from x(3,9)

have tabl: V v :: var = 'a. v = T s’ = v |=¢ t unfolding T by blast+

from assert-bound-nolhs-unsat|OF (1—5,8) U] s’

have unsat: minimal-unsat-state-core s’ by auto

from assert-bound-nolhs-indez-valid[OF *(1—5,8)]

have indez: indez-valid (insert a as) s’ unfolding s’ by auto

from assert-bound-nolhs-atoms-imply-bounds-index[OF *(1—5,7)]
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have imp: insert a as |=; BZ s’ unfolding s’ .

from minimal-unsat-state-core-translation| OF unsat tabl index imp 1|

show Zcase .
next

case (3 tasss')

from 3(2)[unfolded check-s-def Let-def]

have U: = U (check s) and s s’ = check s by (auto split: if-splits)

note x = invariant-sD[OF 3(1)]

note *xx = x(1,2,5,3,4)

from check-tableau-equiv[OF x| %(9)

have Vv :: - = ‘a. v = T s’ = v = ¢ unfolding s’ by auto

moreover from check-tableau-indez-valid[OF *x] *(8)

have indez-valid as s’ unfolding s’ by auto

moreover from check-tableau-normalized|OF x|

have A (T s’) unfolding s’.

moreover from check-tableau-valuated[OF x|

have V s’ unfolding s’ .

moreover from check-sat[OF sx U]

have | s’ unfolding s'.

moreover from satisfies-satisfies-no-lhs|OF this] satisfies-consistent|[of s’] this

have |=,0ins §' O s’ by blast+

moreover from check-bounds-id[OF ] x(6)

have Simplez.flat as = B s’ unfolding s’ by (auto simp: boundsu-def boundsl-def)

moreover from check-bounds-id[OF *x| *(7)

have as |=; BZ s’ unfolding s’ by (auto simp: boundsu-def boundsl-def indezu-def
indezxl-def)

moreover from U

have — U s’ unfolding s’ .

ultimately show ?case unfolding invariant-defs by auto
next

case (4 tass s’ I)

from /4 (2)[unfolded check-s-def Let-def]

have s s’ = check s and U: U (check s)

and I: I = the (U, s')
by (auto split: if-splits)

note * = invariant-sD[OF 4(1)]

note xx = x(1,2,5,3,4)

from check-unsat[OF *x U]

have unsat: minimal-unsat-state-core s’ unfolding s’ by auto

from check-tableau-equiv|OF *x| %(9)

have tabl: Vv :: - = 'a. v = T s’ = v = ¢t unfolding s’ by auto

from check-tableau-indez-valid[OF x| %(8)

have indez: index-valid as s’ unfolding s’ by auto

from check-bounds-id[OF xx] %(7)

have imp: as |=; BZ s’ unfolding s’ by (auto simp: boundsu-def boundsl-def
indezu-def indezl-def)

from check-bounds-id[OF xx] x(6)

have bequiv: Simplex.flat as = B s’ unfolding s’ by (auto simp: boundsu-def
boundsl-def)
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have weak-invariant-s t as s’ unfolding invariant-defs
using
check-tableau-normalized| OF x|
check-tableau-valuated| OF xx]
check-tableau| OF xx]
unfolding s[symmetric]
by (intro conjl index imp tabl bequiv, auto)
with minimal-unsat-state-core-translation| OF unsat tabl index imp 1]
show ?case by auto
next
case x: (5 t)
show ?case unfolding invariant-defs
using
ingt-tableau-normalized| OF %]
ingt-indez-valid[of - t]
ingt-atoms-imply-bounds-index|of t]
init-satisfies|of t]
init-atoms-equiv-bounds|of t|
ingt-tableau-id|of t]
ingt-unsat-flag|of t]
ingt-tableau-valuated|of t]
satisfies-consistent|of init t| satisfies-satisfies-no-lhs[of init t]
by auto
next
case (6t as s v)
then show ?case unfolding invariant-defs
by (meson atoms-equiv-bounds.simps curr-val-satisfies-state-def satisfies-state-def)
next
case (7t as s cbss's”)
from 7(1)[unfolded checked-s-def]
have inv-s: invariant-s t as s and s: = s by auto
from 7(2) have c: ¢ = B; s unfolding checkpoint-s-def by auto
have s": T s"" =T s’V s""=V s'B; s =B; sU s' = False U. s'' = None
unfolding 7(4)[symmetric] c
by (atomize(full), cases s’, auto)
then have BI: B s" = B s T s" =T s by (auto simp: boundsu-def boundsl-def
indezu-def indexl-def)
note * = invariant-sD[OF inv-s|
note **x = weak-invariant-sD[OF 7(3)]
have — U s’ unfolding s’ by auto
moreover from xx(2)
have A (T s'') unfolding s” .
moreover from xx(3)
have V s’ unfolding tableau-valuated-def s’ .
moreover from xx(8)
have Vv :: - = ‘a. v =, T s” = v |5 t unfolding s’ .
moreover from x(6)
have Simplez.flat as = B s’ unfolding BI .
moreover from x(7)
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have as |=; BZ s"" unfolding BI .
moreover from x(8)
have indez-valid as s’ unfolding index-valid-def using s’ by auto
moreover from xx(3)
have V s’ unfolding tableau-valuated-def s’ .
moreover from satisfies-consistent[of s] s
have ¢ s’/ unfolding bounds-consistent-def using BI by auto
moreover
from 7(5) #(6) *x(5)
have vB: v =, B s' = v = B s" for v
unfolding atoms-equiv-bounds.simps satisfies-atom-set-def BI
by force
from =x(1)
have t: (V s') =, T s’and b: (V s') =, B s’ || — ars (T s')
unfolding curr-val-satisfies-no-lhs-def by auto
let v = X\ z. if @ € lars (T s’) then case By s’ x of None = the (B, s’ z) |
Some b = b else (V s) z
have ?v |, B s’ unfolding satisfies-bounds.simps
proof (intro alll)
fix = :: var
show in-bounds = v (B s')
proof (cases z € lvars (T s'))
case True
with xx(4)[unfolded bounds-consistent-def, rule-format, of ]
show ?thesis by (cases By s’ z; cases By, s’ x, auto simp: bound-compare-defs)

next
case Fulse
with b
show ?thesis unfolding satisfies-bounds-set.simps by auto
qed
qed

from vB[OF this] have v: %v =, B s” .
have (V s') =y B s || — lars (T s’) unfolding satisfies-bounds-set.simps
proof clarify
fix z
assume z ¢ lvars (T s')
with v[unfolded satisfies-bounds.simps, rule-format, of z]
show in-bounds z (V s') (B s') by auto
qed
with ¢ have =, s s" unfolding curr-val-satisfies-no-lhs-def s’
by auto
ultimately show ?case unfolding invariant-defs by blast
qed (auto simp: invariant-defs)

end

7.2 Intermediate Layer: Incremental Non-Strict Constraints

Interface
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locale Incremental-NS-Constraint-Ops = fixes
init-nsc :: ('i,’a 2 lrv) i-ns-constraint list = 's and
assert-nsc :: 'i = 's = 'i list + 's and
check-nsc :: 's = 's x (i list option) and
solution-nsc :: 's = (var, 'a) mapping and
checkpoint-nsc :: 's = 'c and
backtrack-nsc :: 'c = 's = 's and
weak-invariant-nsc :: ('i,'a) i-ns-constraint list = 'i set = 's = bool and
invariant-nsc :: ('i,’a) i-ns-constraint list = 'i set = 's = bool and
checked-nsc :: ("i,’a) i-ns-constraint list = 'i set = 's = bool
assumes
assert-nsc-ok: invariant-nsc nsc J s = assert-nsc j s = Inr s’ =
invariant-nsc nsc (insert j J) s’ and
assert-nsc-unsat: invariant-nsc nsc J s = assert-nsc j s = Unsat | =
set I C insert j J A minimal-unsat-core-ns (set I) (set nsc) and
check-nsc-ok: invariant-nsc nsc J s => check-nsc s = (s’, None) =
checked-nsc nsc J s" and
check-nsc-unsat: invariant-nsc nsc J s = check-nsc s = (s',Some I) =
set I C J A weak-invariant-nsc nsc J s’ A minimal-unsat-core-ns (set I) (set
nsc) and
init-nsc: checked-nsc nsc {} (init-nsc nsc) and
solution-nsc: checked-nsc nsc J s = solution-nsc s = v => (J, (v)) Einss set
nsc and
backtrack-nsc: checked-nsc nsc J s = checkpoint-nsc s = ¢
= weak-invariant-nsc nsc K s' = backtrack-nsc ¢ ' = s = J C K =
invariant-nsc nsc J s’ and
weak-invariant-nsc: invariant-nsc nsc J s = weak-invariant-nsc nsc J s and
checked-invariant-nsc: checked-nsc nsc J s = invariant-nsc nsc J s

Implementation via the Simplex operation preprocess and the incremen-
tal operations for atoms.

fun create-map :: (i x 'a)list = (i, (i x 'a) list)mapping where
create-map [| = Mapping.empty
| create-map ((i,a) # xs) = (let m = create-map xs in
case Mapping.lookup m i of
None = Mapping.update i [(i,a)] m
| Some ias = Mapping.update i ((i,a) # ias) m)

definition list-map-to-fun :: (i, (i X 'a) list)mapping = "i = ('i X 'a) list where
list-map-to-fun m i = (case Mapping.lookup m i of None = || | Some ias = ias)

lemma list-map-to-fun-create-map: set (list-map-to-fun (create-map ias) i) = set
ias N {i} x UNIV
proof (induct ias)

case Nil
show ?case unfolding list-map-to-fun-def by auto
next

case (Cons ja ias)
obtain j a where ja: ja = (j,a) by force
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show ?Zcase
proof (cases j = i)
case Fulse
then have id: list-map-to-fun (create-map (ja # ias)) ¢ = list-map-to-fun
(create-map ias) i
unfolding ja list-map-to-fun-def
by (auto simp: Let-def split: option.splits)
show ?thesis unfolding id Cons unfolding ja using Fualse by auto
next
case True
with ja have ja: ja = (i,a) by auto
have id: list-map-to-fun (create-map (ja # ias)) i = ja # list-map-to-fun
(create-map ias) i
unfolding ja list-map-to-fun-def
by (auto simp: Let-def split: option.splits)
show ?thesis unfolding id using Cons unfolding ja by auto
qed
qed

fun prod-wrap :: ('c = 's = 's x ('i list option))
= 'c x 's = ('c x 's) x ('i list option) where
prod-wrap [ (asi,s) = (case f asi s of (s', info) = ((asi,s’), info))

lemma prod-wrap-def”: prod-wrap f (asi,s) = map-prod (Pair asi) id (f asi s)
unfolding prod-wrap.simps by (auto split: prod.splits)

locale Incremental-Atom-Ops-For-NS-Constraint-Ops =
Incremental-Atom-Ops init-s assert-s check-s solution-s checkpoint-s backtrack-s
A
weak-invariant-s invariant-s checked-s
+ Preprocess preprocess
for
init-s :: tableau = 's and
assert-s = ('@ :: linorder,’a :: lrv) i-atom = 's = 'i list + 's and
check-s :: 's = 's x i list option and
solution-s :: 's = (var, 'a) mapping and
checkpoint-s :: 's = 'c and
backtrack-s :: 'c = 's = 's and
weak-invariant-s :: tableau = ('i,’a) i-atom set = 's = bool and
invariant-s :: tableau = ('i,’a) i-atom set = ‘s = bool and
checked-s :: tableau = ('i,’a) i-atom set = 's = bool and
preprocess :: ('i,’a) i-ns-constraint list = tableau x ('i,’a) i-atom list x ((var,’a)mapping
= (var,’a)mapping) x 'i list
begin

definition check-nsc where check-nsc = prod-wrap (X asitv. check-s)

definition assert-nsc where assert-nsc i = (A ((asi,tv,ui),s).
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if © € set ui then Unsat [i] else
case assert-all-s (list-map-to-fun asi i) s of Unsat I = Unsat I | Inr s’ = Inr
((asi,tv,ui),s’))

fun checkpoint-nsc where checkpoint-nsc (asi-tv-ui,s) = checkpoint-s s
fun backtrack-nsc where backtrack-nsc ¢ (asi-tv-ui,s) = (asi-tv-ui, backtrack-s c
5)

fun solution-nsc where solution-nsc ((asi,tv,ui),s) = tv (solution-s s)

definition init-nsc nsc = (case preprocess nsc of (t,as,trans-v,ui) =
((create-map as, trans-v, remdups ui), init-s t))

fun invariant-as-asi where invariant-as-asi as asi tc t¢’ ui ui’ = (tc = te’ A set
ui = set ui’ A
(V 4. set (list-map-to-fun asi i) = (as N ({i} x UNIV))))

fun weak-invariant-nsc where
weak-invariant-nsc nsc J ((asi,tv,ui),s) = (case preprocess nsc of (t,as,tv’;ui’) =
invariant-as-asi (set as) asi tv tv’ ui ui’ A
weak-invariant-s t (set as N (J x UNIV)) s A J N set ui = {})

fun invariant-nsc where
invariant-nsc nsc J ((asi,tv,ui),s) = (case preprocess nsc of (t,as,tv’ui’) = in-
variant-as-asi (set as) asi tv tv’ wi ui’ A
invariant-s t (set as N (J x UNIV)) s A J N set ui = {})

fun checked-nsc where
checked-nsc nsc J ((asi,tv,ui),s) = (case preprocess nsc of (t,as,tv’,ui’) = invari-
ant-as-asi (set as) asi tv v’ ui ui’ A
checked-s t (set as N (J x UNIV)) s A J N set ui = {})

lemma i-satisfies-atom-set-inter-right: (I, v) Eias (ats N (J x UNIV))) «— ((I
N J, v) Eias ats)

unfolding i-satisfies-atom-set.simps

by (rule arg-conglof - - X\ z. v =45 2], auto)

lemma ns-constraints-ops: Incremental-NS-Constraint-Ops init-nsc assert-nsc

check-nsc solution-nsc checkpoint-nsc backtrack-nsc

weak-invariant-nsc invariant-nsc checked-nsc
proof (unfold-locales, goal-cases)

case (1 nsc JSjS’)

obtain asi tv s ui where S: S = ((asi,tv,ui),s) by (cases S, auto)

obtain ¢ as tv’ ui’ where prep[simp|: preprocess nsc = (t, as, tv’, ui’) by (cases
preprocess nsc)

note pre = 1[unfolded S assert-nsc-def]

from pre(2) obtain s’ where

ok: assert-all-s (list-map-to-fun asi j) s = Inr s’ and S": S’ = ((asi,tv,ui),s’)

and j: j ¢ set ui
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by (auto split: sum.splits if-splits)
from pre(1)[simplified)
have inv: invariant-s ¢t (set as N J x UNIV) s
and asi: set (list-map-to-fun asi j) = set as N {j} x UNIV invariant-as-asi
(set as) asi tv tv’ ui ui’ J N set ui = {} by auto
from assert-all-s-ok[OF inv ok, unfolded asi] asi(2—) j
show ?case unfolding invariant-nsc.simps S’ prep split
by (metis Int-insert-left Sigma-Un-distribl inf-sup-distrib1 insert-is-Un)
next
case (2nsc JSjI)
obtain asi s tv ui where S: S = ((asi,tv,ui),s) by (cases S, auto)
obtain ¢ as tv’ ui’ where prep[simp|: preprocess nsc = (t, as, tv’, ui’) by (cases
preprocess nsc)
note pre = 2[unfolded S assert-nsc-def split)
show ?Zcase
proof (cases j € set ui)
case Fulse
with pre(2) have unsat: assert-all-s (list-map-to-fun asi j) s = Unsat I
by (auto split: sum.splits)
from pre(1)
have inv: invariant-s t (set as N J x UNIV) s
and asi: set (list-map-to-fun asi j) = set as N {j} x UNIV by auto
from assert-all-s-unsat|OF inv unsat, unfolded asi)
have minimal-unsat-core-tabl-atoms (set I) t (set as N J x UNIV U set as N
(j} x UNIV) .
also have set as N J x UNIV U set as N {j} x UNIV = set as N insert j J
x UNIV by blast
finally have unsat: minimal-unsat-core-tabl-atoms (set I) t (set as N insert j
J x UNIV) .
hence I: set I C insert j J unfolding minimal-unsat-core-tabl-atoms-def by
force
with False pre have empty: set I N set ui’ = {} by auto
have minimal-unsat-core-tabl-atoms (set I) t (set as)
by (rule minimal-unsat-core-tabl-atoms-mono[ OF - unsat], auto)
from preprocess-minimal-unsat-core[ OF prep this empty]
have minimal-unsat-core-ns (set I) (set nsc) .
then show %thesis using I by blast
next
case True
with pre(2) have I: I = [j] by auto
from pre(1)[unfolded invariant-nsc.simps prep split invariant-as-asi.simps]
have set ui = set ui’ by simp
with True have j: j € set ui’ by auto
from preprocess-unsat-index|OF prep j]
show ?thesis unfolding I by auto
qed
next
case (3 nsc J S S’
then show ?case using check-s-ok unfolding check-nsc-def
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by (cases S, auto split: prod.splits, blast)
next
case (4 nsc J S S'I)
obtain asi s tv ui where S: S = ((asi,tv,ui),s) by (cases S, auto)
obtain ¢ as tv’ ui’ where prep[simp]: preprocess nsc = (t, as, tv’, ui’) by (cases
preprocess nsc)
from 4 (2)[unfolded S check-nsc-def, simplified]
obtain s’ where unsat: check-s s = (s', Some I) and S": S’ = ((asi, tv, ui), s’)
by (cases check-s s, auto)
note pre = 4 [unfolded S check-nsc-def unsat, simplified]
from pre have
inv: invariant-s t (set as N J x UNIV) s
by auto
from check-s-unsat|OF inv unsat]
have weak: weak-invariant-s t (set as N J x UNIV) s’
and unsat: minimal-unsat-core-tabl-atoms (set I) t (set as N J x UNIV) by
auto
hence I: set I C J unfolding minimal-unsat-core-tabl-atoms-def by force
with pre have empty: set I N set ui’ = {} by auto
have minimal-unsat-core-tabl-atoms (set I) t (set as)
by (rule minimal-unsat-core-tabl-atoms-mono[OF - unsat], auto)
from preprocess-minimal-unsat-core| OF prep this empty]
have minimal-unsat-core-ns (set I) (set nsc) .
then show ?case using I weak unfolding S’ using pre by auto
next
case (5 nsc)
obtain ¢ as tv’ ui’ where prep[simp]: preprocess nsc = (t, as, tv’, ui’) by (cases
preprocess nsc)
show ?case unfolding init-nsc-def
using init-s preprocess-tableau-normalized| OF prep)
by (auto simp: list-map-to-fun-create-map)
next
case (6 nsc J S v)
obtain asi s tv ui where S: S = ((asi,tv,ui),s) by (cases S, auto)
obtain ¢ as tv’ ui’ where prep[simpl: preprocess nsc = (t, as, tv’, ui’) by (cases
preprocess nsc)
have (J,(solution-s s)) |E;qs set as (solution-s s) =4 t
using 6 S solution-s[of t - s] by auto
from i-preprocess-sat|OF prep - this]
show ?Zcase using 6 S by auto
next
case (7nsc J Sc K S'S")
obtain ¢ as tvp uip where prep[simp]: preprocess nsc = (t, as, tup, uip) by (cases
preprocess nsc)
obtain asi s tv ui where S: S = ((asi,tv,ui),s) by (cases S, auto)
obtain asi’ s’ tv’ ui’ where S": S’ = ((asi’,tv’,ui’),s") by (cases S’, auto)
obtain asi’ s" tv"" ui’” where S": §" = ((asi",tv"jui”’),s"") by (cases S”, auto)
from backtrack-s[of t - s ¢ - s’ s
show ?case using 75 S’ S" by auto
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next

case (8 nsc J S)

then show ?case using weak-invariant-s by (cases S, auto)
next

case (9 nsc J S)

then show ?case using checked-invariant-s by (cases S, auto)
qed

end

7.3 Highest Layer: Incremental Constraints

Interface

locale Incremental-Simplex-Ops = fixes
init-cs :: i i-constraint list = 's and
assert-cs :: i = 's = 'i list + s and
check-cs = 's = 's x 'i list option and
solution-cs :: 's = rat valuation and
checkpoint-cs :: 's = 'c and
backtrack-cs :: 'c = 's = ’s and
weak-invariant-cs :: 't i-constraint list = 'i set = 's = bool and
invariant-cs :: i i-constraint list = 'i set = 's = bool and
checked-cs :: i i-constraint list = i set = 's = bool
assumes
assert-cs-ok: invariant-cs cs J s = assert-cs j s = Inr s’ =
invariant-cs cs (insert j J) s’ and
assert-cs-unsat: invariant-cs cs J s = assert-cs j s = Unsat I —
set I C insert j J A minimal-unsat-core (set I) c¢s and
check-cs-ok: invariant-cs c¢s J s => check-cs s = (s', None) =
checked-cs cs J s’ and
check-cs-unsat: invariant-cs c¢s J s = check-cs s = (s',Some I) =
weak-invariant-cs ¢s J s' A\ set I C J A minimal-unsat-core (set I) cs and
init-cs: checked-cs cs {} (init-cs cs) and
solution-cs: checked-cs c¢s J s = solution-cs s = v => (J, v) Fics set cs and
backtrack-cs: checked-cs cs J s = checkpoint-cs s = ¢
= weak-invariant-cs cs K s’ = backtrack-cs ¢ s’ = ' = J C K —
invariant-cs cs J s’ and
weak-invariant-cs: invariant-cs cs J s = weak-invariant-cs cs J s and
checked-invariant-cs: checked-cs cs J s = invariant-cs cs J s

Implementation via the Simplex-operation To-Ns and the Incremental
Operations for Non-Strict Constraints

locale Incremental-NS-Constraint-Ops-To-Ns-For-Incremental-Simplex =
Incremental-NS-Constraint-Ops init-nsc assert-nsc check-nsc solution-nsc check-
point-nsc backtrack-nsc
weak-tnvariant-nsc invariant-nsc checked-nsc + To-ns to-ns from-ns
for
init-nsc :: ('i,’a 2 lrv) i-ns-constraint list = 's and
assert-nsc :: 'i = 's = 'i list + s and

/
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check-nsc :: 's = 's x 'i list option and

solution-nsc :: 's = (var, 'a) mapping and

checkpoint-nsc :: 's = 'c and

backtrack-nsc :: 'c = 's = 's and

weak-invariant-nsc :: ('i,'a) i-ns-constraint list = i set = 's = bool and

invariant-nsc :: ('i,'a) i-ns-constraint list = i set = 's = bool and

checked-nsc :: (i,’a) i-ns-constraint list = 'i set = 's = bool and

to-ns :: 'i i-constraint list = ('i,’a) i-ns-constraint list and

from-ns :: (var, 'a) mapping = 'a ns-constraint list = (var, rat) mapping
begin

fun assert-cs where assert-cs i (cs,s) = (case assert-nsc @ s of
Unsat I = Unsat I
| Inr s" = Inr (cs, s'))

definition init-cs cs = (let tons-cs = to-ns cs in (map snd (tons-cs), init-nsc
tons-cs))

definition check-cs s = prod-wrap (A cs. check-nsc) s

fun checkpoint-cs where checkpoint-cs (cs,s) = (checkpoint-nsc s)

fun backtrack-cs where backtrack-cs ¢ (cs,s) = (cs, backtrack-nsc ¢ s)
fun solution-cs where solution-cs (cs,s) = ((from-ns (solution-nsc s) cs))

fun weak-invariant-cs where

weak-invariant-cs c¢s J (ds,s) = (ds = map snd (to-ns ¢s) N\ weak-invariant-nsc
(to-ns cs) J s)
fun invariant-cs where

invariant-cs ¢s J (ds,s) = (ds = map snd (to-ns cs) A invariant-nsc (to-ns cs) J
)
fun checked-cs where

checked-cs cs J (ds,s) = (ds = map snd (to-ns cs) A checked-nsc (to-ns cs) J )

sublocale Incremental-Simplez-Ops
mnit-cs
assert-cs
check-cs
solution-cs
checkpoint-cs
backtrack-cs
weak-invariant-cs
invariant-cs
checked-cs
proof (unfold-locales, goal-cases)
case (1 ¢s JSjS)
then obtain s where S: S = (map snd (to-ns cs),s) by (cases S, auto)
note pre = 1[unfolded S assert-cs.simps]
from pre(2) obtain s’ where
ok: assert-nsc j s = Inr s’ and S": S’ = (map snd (to-ns cs),s’)
by (auto split: sum.splits)
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from pre(1)
have inv: invariant-nsc (to-ns cs) J s by simp
from assert-nsc-ok|OF inv ok]
show ?case unfolding invariant-cs.simps S’ split by auto
next
case (2¢s JSjI)
then obtain s where S: S = (map snd (to-ns cs), s) by (cases S, auto)
note pre = 2[unfolded S assert-cs.simps]
from pre(2) have unsat: assert-nsc j s = Unsat I
by (auto split: sum.splits)
from pre(1) have inv: invariant-nsc (to-ns cs) J s by auto
from assert-nsc-unsat[OF inv unsat)
have set I C insert j J minimal-unsat-core-ns (set I) (set (to-ns cs))
by auto
from to-ns-unsat|OF this(2)] this(1)
show ?Zcase by blast
next
case (3¢s JSS)
then show ?case using check-nsc-ok unfolding check-cs-def
by (cases S, auto split: prod.splits)
next
case (4 ¢s J S S’ 1)
then obtain s where S: S = (map snd (to-ns cs),s) by (cases S, auto)
note pre = /[unfolded S check-cs-def)
from pre(2) obtain s’ where unsat: check-nsc s = (s’,Some I)
and S S’ = (map snd (to-ns cs),s’)
by (auto split: prod.splits)
from pre(1) have inv: invariant-nsc (to-ns cs) J s by auto
from check-nsc-unsat]OF inv unsat]
have set I C J weak-invariant-nsc (to-ns cs) J s’
minimal-unsat-core-ns (set I) (set (to-ns cs))
unfolding minimal-unsat-core-ns-def by auto
from to-ns-unsat|OF this(3)] this(1,2)
show ?case unfolding S’ using S by auto
next
case (5 cs)
show ?case unfolding init-cs-def Let-def using init-nsc by auto
next
case (6 ¢s J Sv)
then obtain s where S: S = (map snd (to-ns cs),s) by (cases S, auto)
obtain w where w: solution-nsc s = w by auto
note pre = 6unfolded S solution-cs.simps w Let-def]
from pre have
inv: checked-nsc (to-ns ¢s) J s and
v: v = (from-ns w (map snd (to-ns cs))) by auto
from solution-nsc[OF inv w] have w: (J, (w)) Finss set (to-ns cs) .
from i-to-ns-sat[OF w]
show ?case unfolding v .
next
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case (7¢s JSc K S'S”)
then show Zcase using backtrack-nsc[of to-ns cs J|
by (cases S, cases S, cases S, auto)

next

case (8 ¢cs J 9)

then show ?case using weak-invariant-nsc by (cases S, auto)
next

case (9 ¢s J S)

then show ?case using checked-invariant-nsc by (cases S, auto)
qed

end

7.4 Concrete Implementation

7.4.1 Connecting all the locales

global-interpretation Incremental-State-Ops-Simplex-Default:
Incremental-State-Ops-Simplex assert-bound-code init-state check-code
defines assert-s = Incremental-State-Ops-Simplex-Default.assert-s and
check-s = Incremental-State-Ops-Simplex-Default.check-s and
backtrack-s = Incremental-State-Ops-Simplex-Default.backtrack-s and
checkpoint-s = Incremental-State- Ops-Simplex-Default.checkpoint-s and
weak-invariant-s = Incremental-State-Ops-Simplex- Default. weak-invariant-s
and
invariant-s = Incremental-State-Ops-Simplex-Default.invariant-s and
checked-s = Incremental-State-Ops-Simplezx-Default.checked-s and
assert-all-s = Incremental-State- Ops-Simplex-Default.assert-all-s

lemma Incremental-State-Ops-Simplex-Default-assert-all-s[simp):
Incremental-State-Ops-Simplex- Default.assert-all-s = assert-all-s
by (metis assert-all-s-def assert-s-def)

lemmas assert-all-s-code = Incremental-State- Ops-Simplex-Default.assert-all-s.simps[unfolded
Incremental-State-Ops-Simplex- Default-assert-all-s]

declare assert-all-s-code[code]

global-interpretation Incremental-Atom-Ops-For-NS-Constraint-Ops-Default:
Incremental-Atom-Ops-For-NS-Constraint-Ops init-state assert-s check-s V
checkpoint-s backtrack-s weak-invariant-s invariant-s checked-s preprocess
defines
init-nsc = Incremental-Atom-Ops-For-NS-Constraint-Ops-Default.init-nsc and
check-nsc = Incremental-Atom-Ops-For-NS-Constraint-Ops-Default.check-nsc
and
assert-nsc = Incremental-Atom-Ops-For-NS-Constraint-Ops-Default.assert-nsc
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and

checkpoint-nsc = Incremental-Atom-Ops-For-NS-Constraint-Ops-Default. checkpoint-nsc
and

solution-nsc = Incremental- Atom-Ops-For-NS-Constraint-Ops-Default.solution-nsc
and

backtrack-nsc = Incremental-Atom-Ops-For-NS-Constraint-Ops-Default. backtrack-nsc
and

invariant-nsc = Incremental-Atom-Ops-For-NS-Constraint-Ops-Default.invariant-nsc
and

weak-tnvariant-nsc = Incremental- Atom-Ops-For-NS-Constraint- Ops- Default. weak-invariant-nsc
and

checked-nsc = Incremental-Atom-Ops-For-NS-Constraint-Ops-Default.checked-nsc

type-synonym 'i simplex-state’ = QDelta ns-constraint list

x (("i, ("i x QDelta atom) list) mapping x ((var,@Delta)mapping = (var,@Delta) mapping)
x i list)

x (i, QDelta) state

global-interpretation Incremental-Simplex:
Incremental-NS-Constraint-Ops-To-Ns-For-Incremental-Simplex
init-nsc assert-nsc check-nsc solution-nsc checkpoint-nsc backtrack-nsc
weak-invariant-nsc invariant-nsc checked-nsc to-ns from-ns
defines
init-simplex’ = Incremental-Simplex.init-cs and
assert-simplex’ = Incremental-Simplex.assert-cs and
check-simplex’ = Incremental-Simplex.check-cs and
backtrack-simplex’ = Incremental-Simplex.backtrack-cs and
checkpoint-simplex’ = Incremental-Simplex.checkpoint-cs and
solution-simplex’ = Incremental-Simplex.solution-cs and
weak-invariant-simplez’ = Incremental-Simplex.weak-invariant-cs and
invariant-simplex’ = Incremental-Simplex.invariant-cs and
checked-simplex’ = Incremental-Simplex.checked-cs
proof —
interpret Incremental-NS-Constraint-Ops init-nsc assert-nsc check-nsc solution-nsc
checkpoint-nsc
backtrack-nsc weak-invariant-nsc invariant-nsc checked-nsc
using Incremental-Atom-Ops-For-NS-Constraint-Ops-Default.ns-constraints-ops

show Incremental-NS-Constraint-Ops-To-Ns-For-Incremental-Simplex init-nsc as-
sert-nsc check-nsc
solution-nsc checkpoint-nsc backtrack-nsc weak-invariant-nsc invariant-nsc

checked-nsc to-ns from-ns

qed
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7.4.2 An implementation which encapsulates the state

In principle, we now already have a complete implementation of the incre-
mental simplex algorithm with init-simplez’, assert-simplex’, etc. However,
this implementation results in code where the interal type i simplex-state’
becomes visible. Therefore, we now define all operations on a new type
which encapsulates the internal construction.

datatype i simplex-state = Simplex-State 'i simplex-state’
datatype i simplez-checkpoint = Simplex-Checkpoint (nat, i x QDelta) mapping
x (nat, i x QDelta) mapping

fun init-simplex where init-simplex cs =
(let tons-cs = to-ns cs
in Simplex-State (map snd tons-cs,
case preprocess tons-cs of (t, as, trans-v, ui) = ((create-map as, trans-v,
remdups ui), init-state t)))

fun assert-simplex where assert-simplex i (Simplez-State (cs, (asi, tv, ui), s)) =
(if i € set wi then Inl [i] else
case assert-all-s (list-map-to-fun asi i) s of
Inly = Inly | Inr s’ = Inr (Simplex-State (cs, (asi, tv, ui), s')))

fun check-simplex where
check-simplex (Simplex-State (cs, asi-tv, s)) = (case check-s s of (s', res) =
(Simplex-State (cs, asi-tv, s'), res))

fun solution-simplex where
solution-simplex (Simplex-State (cs, (asi, tv, ui), s)) = (from-ns (tv (V )) cs)

fun checkpoint-simplex where checkpoint-simplex (Simplez-State (cs, asi-tv, s)) =
Simplez-Checkpoint (checkpoint-s s)

fun backtrack-simplex where
backtrack-simplex (Simplex-Checkpoint c¢) (Simplex-State (cs, asi-tv, s)) = Sim-
plex-State (cs, asi-tv, backtrack-s c s)

7.4.3 Soundness of the incremental simplex implementation

First link the unprimed constants against their primed counterparts.

lemma init-simplex”: init-simplex cs = Simplex-State (init-simplex’ cs)
by (simp add: Let-def Incremental-Simplex.init-cs-def Incremental- Atom-Ops-For-NS-Constraint-Ops-Default

lemma assert-simplez’: assert-simplex i (Simplez-State s) = map-sum id Sim-
plex-State (assert-simplex’ i s)

by (cases s, cases fst (snd s), auto

simp add: Incremental-Atom-Ops-For-NS-Constraint-Ops-Default.assert-nsc-def
split: sum.splits)
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lemma check-simplex’”: check-simplex (Simplex-State s) = map-prod Simplez-State
id (check-simplex’ s)
by (cases s, simp add: Incremental-Simplex.check-cs-def
Incremental- Atom-Ops-For-NS-Constraint-Ops-Default. check-nsc-def split: prod.splits)

lemma solution-simplezx’: solution-simplex (Simplex-State s) = solution-simplex’ s
by (cases s, auto)

lemma checkpoint-simplex’: checkpoint-simplex (Simplex-State s) = Simplex-Checkpoint
(checkpoint-simplex’ s)
by (cases s, auto split: sum.splits)

lemma backtrack-simplex’: backtrack-simplex (Simplex-Checkpoint ¢) (Simplez-State
s) = Simplex-State (backtrack-simplex’ ¢ s)
by (cases s, auto split: sum.splits)

fun invariant-simplexr where
invariant-simplez cs J (Simplez-State s) = invariant-simplex’ c¢s J s

fun weak-invariant-simpler where
weak-invariant-simplex cs J (Simplex-State s) = weak-invariant-simplex’ cs J s

fun checked-simpler where
checked-simplex cs J (Simplex-State s) = checked-simplex’ cs J s

Hide implementation

declare init-simplex.simps[simp del]
declare assert-simplex.simps|[simp del]
declare check-simplex.simps[simp del]
declare solution-simplex.simps[simp del]
declare checkpoint-simplex.simps[simp del]
declare backtrack-simplex.simps[simp del]

Soundness lemmas

lemma init-simplex: checked-simplex cs {} (init-simplex cs)
using Incremental-Simplex.init-cs by (simp add: init-simplez”)

lemma assert-simplez-ok:

invariant-simplex ¢s J s = assert-simplex j s = Inr s' = invariant-simplex cs
(insert j J) s’
proof (cases s)

case s: (Simplezx-State ss)

show invariant-simplex c¢s J s = assert-simplex j s = Inr s’ = invari-
ant-simplex cs (insert j J) s’

unfolding s invariant-simplex.simps assert-simplex’ using Incremental-Simplex.assert-cs-ok[of
cs J ss

by (cases assert-simplex’ j ss, auto)

qged
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lemma assert-simplex-unsat:
invariant-simplex cs J s = assert-simplex j s = Inl | —
set I C insert j J A minimal-unsat-core (set I) cs
proof (cases s)
case s: (Simplezx-State ss)
show invariant-simplex cs J s = assert-simplex j s = Inl I —
set I C insert j J N\ minimal-unsat-core (set I) cs
unfolding s invariant-simplez.simps assert-simplex’
using Incremental-Simplezx.assert-cs-unsat[of cs J ss j]
by (cases assert-simplez’ j ss, auto)
qed

lemma check-simplex-ok:
invariant-simplex cs J s = check-simplex s = (s',None) = checked-simplez cs
Js'
proof (cases s)
case s: (Simplex-State ss)
show invariant-simplex cs J s = check-simplex s = (s',None) = checked-simplex
cs Js'
unfolding s invariant-simplex.simps check-simplex.simps check-simplex’ using
Incremental-Simplex. check-cs-ok[of ¢s J ss]
by (cases check-simplex’ ss, auto)
qed

lemma check-simplex-unsat:
invariant-simplex cs J s = check-simplex s = (s',Some I) =
weak-invariant-simplex cs J s’ A set I C J A minimal-unsat-core (set I) cs
proof (cases s)
case s: (Simplex-State ss)
show invariant-simplex cs J s = check-simplex s = (s’,Some 1) =
weak-invariant-simplex cs J s’ A set I C J A minimal-unsat-core (set I) cs
unfolding s invariant-simplex.simps check-simplex.simps check-simplex’
using Incremental-Simplex.check-cs-unsat[of cs J ss - 1
by (cases check-simplex’ ss, auto)
qed

lemma solution-simplez:
checked-simplex ¢s J s = solution-simplex s = v = (J, v) [=ics set cs
using Incremental-Simplex.solution-cs[of cs J|
by (cases s, auto simp: solution-simplex”)

lemma backtrack-simplex:
checked-simplex cs J s =
checkpoint-simplex s = ¢ =
weak-invariant-simplex cs K ' =
backtrack-simpler ¢ s’ = s'" —
JC K —
invariant-simplex c¢s J s"’
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proof —
obtain ss where ss: s = Simplex-State ss by (cases s, auto)
obtain ss’ where ss”: s’ = Simplez-State ss’ by (cases s’, auto)
obtain ss’ where ss’: s’ = Simplez-State ss' by (cases s”; auto)
obtain cc where cc: ¢ = Simplez-Checkpoint cc by (cases ¢, auto)
show checked-simplex cs J s =
checkpoint-simplex s = ¢ =
weak-invariant-simplex cs K s’ =
backtrack-simplex ¢ s’ = 8" =
JC K=
invariant-simplex cs J s’
unfolding ss ss’ ss”’ cc checked-simplex.simps invariant-simplex.simps check-
point-simplex’ backtrack-simplex’
using Incremental-Simplex.backtrack-cs[of ¢s J ss cc K ss’ ss’] by simp
qed

lemma weak-invariant-simplex:
invariant-simplex cs J s = weak-invariant-simplex cs J s
using Incremental-Simplex.weak-invariant-csof cs J] by (cases s, auto)

lemma checked-invariant-simplex:
checked-simplex cs J s = invariant-simplex cs J s
using Incremental-Simplex.checked-invariant-cs|of cs J| by (cases s, auto)

declare checked-simplex.simps[simp del]
declare invariant-simplex.simps[simp del]
declare weak-invariant-simplex.simps[simp del]

From this point onwards, one should not look into the types ’i sim-
plex-state and i simplex-checkpoint.

For convenience: an assert-all function which takes multiple indices.

fun assert-all-simplex :: 'i list = i simplez-state = 'i list + i simplex-state where
assert-all-simplez || s = Inr s
| assert-all-simplex (j # J) s = (case assert-simplex j s of Unsat I = Unsat I
| Inr s’ = assert-all-simplex J s')

lemma assert-all-simplez-ok: invariant-simplex cs J s = assert-all-simplex K s
=Inrs =
invariant-simplex cs (J U set K) s’
proof (induct K arbitrary: s J)
case (Cons k K s J)
from Cons(3) obtain s'’ where ass: assert-simplex k s = Inr s’ and rec:
assert-all-simplex K s'"" = Inr s’
by (auto split: sum.splits)
from Cons(1)[OF assert-simplez-ok[OF Cons(2) ass| rec]
show ?case by auto
qged auto

lemma assert-all-simplexz-unsat: invariant-simplex cs J s = assert-all-simplex K
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s = Unsat I =
set I C set K U J A minimal-unsat-core (set I) cs
proof (induct K arbitrary: s J)
case (Cons k K s J)
show ?case
proof (cases assert-simplezx k s)
case unsat: (Inl J')
with Cons have J”: J' = I by auto
from assert-simplez-unsat[OF Cons(2) unsat)]
have set J' C insert k J minimal-unsat-core (set J') ¢s by auto
then show ?thesis unfolding J’ i-satisfies-cs.simps
by auto
next
case (Inr s’)
from Cons(1)[OF assert-simplex-ok|OF Cons(2) Inr]] Cons(3) Inr show
?thesis by auto
qed
qed simp

The collection of soundness lemmas for the incremental simplex algo-
rithm.

lemmas incremental-simplex =
init-simplex
assert-simplex-ok
assert-simplex-unsat
assert-all-simplex-ok
assert-all-simplez-unsat
check-simplex-ok
check-simplex-unsat
solution-simplex
backtrack-simplex
checked-invariant-simplex
weak-invariant-simplex

7.5 Test Executability and Example for Incremental Inter-
face

value (code) let cs = |
(1 = dnt, LT (lp-monom 1 1) 4), —x1 <4
(2, GT (Ip-monom 2 1 — lp-monom 1 2) 0), — 2x1 —x2 >0
(3, (lp-monom 1 1 — Ip-monom 2 2) 0), — x1 —2x2 =0
(4, GT (Ip-monom 2 2) 5), — 2x9 > 5
(5, (lp-monom 8 0) 7), — 3x9 > 7
(6, GT (Ip-monom 3 8 + Ip-monom (1/3) 2) 2)]; — 3z3+1/3x2 > 2
s1 = init-simplex cs; — initialize
s2 = (case assert-all-simplex [1,2,3] s1 of Inr s = s | Unsat - = undefined);
— assert 1,2,3
$8 = (case check-simplex s2 of (s,None) = s | - = undefined); — check that
1,2,3 are sat.
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c128 = checkpoint-simplex s3; — after check, store checkpoint for backtracking
s4 = (case assert-simplex 4 s2 of Inr s = s | Unsat - = undefined); — assert 4
(s5,1) = (case check-simplex s4 of (s,Some I) = (s,I) | - = undefined); —
checking detects unsat-core 1,3,4
s6 = backtrack-simplex c123 s5; — backtrack to constraints 1,2,3
s7 = (case assert-all-simplex [5,6] s6 of Inr s = s | Unsat - = undefined); —
assert 5,6
s8 = (case check-simplex s7 of (s,None) = s | - = undefined); — check that
1,2,3,5,6 are sat.
sol = solution-simplex s8 — solution for 1,2,3,5,6
in (I, map (A z. ("z-", z, "=", sol x)) [0,1,2,3]) — output unsat core and
solution
end
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