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Topological Assembly of Locally Euclidean Models
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TALLEM: Topological Alignment of Locally Euclidean Models, J. Mike & J. Perea, Preprint, 2019



Projective
coordinates

Multiscale Projective Coordinates via Persistent Cohomology, J. Perea, DC&G, 2018



Eilenberg-MaclLane Coordinates



Theorem (Brown representability):

CW-complex
1 Homotopy classes

H"(B;G) = |B,K(G,n)] s

| |

Eilenberg-MaclLane
Space

10

Abelian group



heorem (Brown representability):

H"(B;G) = [B, K(G, n)]

Where e | j:n
T (K(Gjn)) =



heorem (Brown representability):

H"™(B;G) = [B, K(G,n)]
(1) f:B— K(G,n)
X I

f*:H"(K(G,n);G) — H"(B;G)
12
lg € Hom(G, G)



Eilenberg-MacLane Coordinates

*(1g) f:B— K(G,n)

K(G,n) Ch RP > L,o° CP®
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Partition of unity:

pj B —10,1 Zﬁ;ﬂjb =1 supp(y;) C clos(U;
jeJ J€J
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(M,d) D L

0+ H"(NUY);G) <+ H"NUP):G) <+ H"NU);G)
1 1 l
U, K(G,n)] « WU, K(G,n)] <+ WU, K(G,n)]



Harmonic Cocycle

Circular Coordinates: [n] € H*(N(U);Z) — H'(N(U);R)

0 =n+ 0T

— K(Zj 1) Jj=J ¢

g Uj S b+ exp 27t T _I_Z(iok(b)gjk
k

\ // ‘l. 4 ‘—-.‘\"I‘: . -/‘\l\ e, .
: e Partit f1
e ¢ ’,'. “9,;,.\.// artition o
\\ y /4 -_\, \

.
/! = .l\ . P 4 o "9 \
4 L ~. 9 ; F ’ o3 = (\-““.’, ° 1 \
¢ ) e e ) \
' 1,/ . :(—.—\\ ‘\‘k’ .\\ /, /“ ' .’ .. | - ]
I " _— b ‘ 4 ’ 1 1 ] ' E J
L 0 09 g% g & gV S0 - ’ ¢ & o
! 4 } - = = o A \ \ ’ ’
\ 1 ’ -,’ \ Y \ 7
\ / 1 \\ ’
\ L2 o



Death Time
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Mumford Data

7 )
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J. van Hateren natural (4,000) images dataset



Mumford Data

* Consider the set of high-contrast intensity-centered and

contrast-normalized 3 x 3 patches from natural images.

v~ (VA vV ~ [V v € RO
% : A B ER
Intensity-centered Contrast-normalized

The non-linear statistics of high-contrast patches in natural images, A. Lee et. al., 2002
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v ~ Ov

Facts:

e M fillsout §7

* Not all regions of 57 are equally densely populated

The non-linear statistics of high-contrast patches in natural images, A. Lee et. al., 2002



Death Time

X(15,, 30) Top 30% densest points (w.r.t. distance to 15" nearest neighbor)
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Circular Coordinate
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The three circle model
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On the Local Behavior of Spaces of Natural Images, Carlsson et al, 2008



Projective Coordinates (IR ):

LRP"O — K(Z.1) J

0] € H'(N'(U); Z2)

U ={U;}"_, fo:| Ju — RP"

1#5 }j=o0 U; 3 b {9;;0\/900(5) e O \/@”(b)}

Partition of 1

QPn Supports a version of Principal
Component Analysis

(Projective PCA)

Multiscale Projective Coordinates via Persistent Cohomology, J. Perea, DC&G, 2018



Projective coordinates
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Multiscale Projective Coordinates via Persistent Cohomology, J. Perea, DC&G, 2018



Lens Space Coordinates: LL? = K(Zg4, 1) J

v € H'(N(U): Zg)

N
fo: | JU; — LY = 82Nz,

j=1

Lé\f Supports a version of Principal (Lens PCA)

Component Analysis

Coordinatizing Data with Lens Spaces and Persistent Cohomology, L. Polanco & J. Perea, CCCG, 2019



Lens Spaces

B3 ={zcR3: |z <1}

2 ~v 3 /
Lq:B/IENZI?




The Moore space M(Z;, 1)




Lens PCA (recovered variance)
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https://youtu.be/ 1c730 xFkw



https://youtu.be/_Ic730_xFkw

The state of the art:

B=|Ju
\/ * Sparse, stable and transductive circular coordinates:

ml € H*(N(U);Z) fn: B — Sl

‘/ * Real Projective coordinates :

0] € HY (N (U);Z/2) =y fo: B — RP”

‘/  Complex Projective coordinates:

vl e HXNWU);z) == [,:B— CP"

/ * Lens Space Coordinates:

u) € H'(N(U);Zy) == [, :B— S"7/(Z,)



Code

* Python Library (w/ Chris Tralie):

DREiMac: Dimension Reduction with Eilenberg-MacLane
Coordinates

https://github.com/ctralie/DREiMac




Topological Assembly of Locally Euclidean Models

I[SOMAP DiffMaps 4 TALLEM A

Mobius Band — Cylinder

TALLEM: Topological Alignment of Locally Euclidean Models, J. Mike & J. Perea, Preprint, 2019



Locally Euclidean Models

R X;=/f"N(V)) c .. X C(M,d)

fj '“.0:!”:‘ o o0 6% :.: ..' RN ( Rk D

. J Sl RP"” CP™

Distance i i f Lg’ — SQR_I/ZQ

preserving




Orthogonal Assembly of Locally Euclidean Models

Procrustes
Problem

—————————————

e st : 2
KU Qe vie=argmin Y [Qfk(@) +v - f(@)]
; ' QecO(d) zeX;p
v € R?




Assembly of Locally Euclidean Models

“Theorem?”:

If conditions on X« and Jj: fx: /1,

then ijﬂkg ~ le :




Topological Assembly of Locally Euclidean Models

Approximate
rank

Vector Bundle

Over |N(X)]

Approximate

- co) o

Condition




Topological Assembly of Locally Euclidean Models

X ={Xj <<

Frames:

(I)j : Xj — Vd(RJd) Stiefel manifold q)k:(a:) ~ q)j ('CU) | ij

= [p1(2) Q15,5 05 (@) ;5] ’ T E Ak

Vd(RJd) Supports O(d) - Equivariant PCA!!

[¢j3XjHVd(Rn) Or(x) ~ ¢j(x) - Qi d§n<Jd]




Topological Assembly of Locally Euclidean Models

| d -
V;f;‘“ ~ S_ZJ;\,H;; — 6’}, Partition of unity

d;: X; — Va(R"™) Or(x) = ¢i(x) - d<n<Jd



Topological Assembly of Locally Euclidean Models
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TALLEM: Topological Alignment of Locally Euclidean Models, J. Mike & J. Perea, Preprint, 2019



TALLEM assemblage

Persistence = circular coordinates
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TALLEM: Topological Alignment of Locally Euclidean Models, J. Mike & J. Perea, Preprint, 2019



TALLEM vs Charting Methods

The data: a 2-sphere whose north and south
pole are connected by a line segment.

17 x 17 images of a white dot of fixed
intensity and varying location
(1,900 of these — a 2-sphere)

17 x 17 images of a white dot of
variable intensity at the center of the
image patch

(100 of these — a line segment).

~ ISOMAP (k = 20)

TALLEM: Topological Alignment of Locally Euclidean Models, J. Mike & J. Perea, Preprint, 2019
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