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FLOCKING CONTROL OF MULTI-AGENT SYSTEMS
WITH APPLICATION TO NONHOLONOMIC
MULTI-ROBOTS

QIN LI AND ZHONG-PING JIANG

In this paper, we revisit the artificial potential based approach in the flocking control
for multi-agent systems, where our main concerns are migration and trajectory tracking
problems. The static destination or, more generally, the moving reference point is modeled
by a virtual leader, whose information is utilized by some agents, called active agents (AA),
for the controller design. We study a decentralized flocking controller for the case where
the set of AAs is fixed. Some results on the velocity consensus, collision avoidance, group
configuration and robustness are proposed. Further, we apply the proposed controller to
the observer based flocking control of a team of nonholonomic mobile robots.

Keywords: multi-agent systems, flocking control, nonholonomic mobile robots, decentral-
ized control
AMS Subject Classification: 93A14, 93C15

1. INTRODUCTION

A flock can be seen as a “loose” but connected formation which does not require the
group to be in a unique geometric pattern (see [11]). Many existing results on flocking
control of multi-agent systems rely on the concept called (artificial) potential fields or
potential functions. The idea based on this concept is to relate the desired geometric
patterns (or configurations) to the local or global extremes of an elaborately cooked
potential function of the group, and then design the gradient-based control strategy
to drive the group to minimize the potential function. The problem of flocking
control for particle vehicles with single or double integrator models is worthy of
study not only because it can provide high level control strategies for flocking control
of multi-vehicle teams with more complex dynamics, but also due to its value in
determining the effects of information flow in the distributed control of coupled
systems. In the early paper [8], virtual leaders of the group are introduced and
pair-wise potential not only exist between real agents in the group but also between
a real agent and the virtual leader. The aim of adding a virtual leader is to help
shape the potential function for the group so that it can be stabilized at the desired
geometric pattern (not only a flock). In [11], the author describes a smooth pair-
wise potential function whose gradient specifies a kind of attractive/repulsive force
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between neighboring agents which is continuous with respect to the relative distance.
It is proved in [11] that the control law combining the potential’s gradient term with
velocity matching term coincides with the Reynolds rules but will generically lead
to regular fragmentation of the group. The work [13] relaxes the requirement on the
smoothness of the pair-wise potentials but similar controllers as in [11] are adopted.
And the system stability is analyzed by the nonsmooth version of LaSalle Invariance
Principle.

In this paper, we propose control strategies aimed at migration and trajectory
tracking of a group of agents. A virtual leader is used to represent the stationary
destination of the migration or a moving reference point on the trajectory being
tracked by the group. Along the line of [8, 11] and [13], we revisit the design of
gradient-based control laws in the artificial potential framework, which has advan-
tage on the inter-agent collision avoidance issue. It is assumed that some of the
agents, called active agents (AA), in the group utilize the position and velocity in-
formation of the virtual leader as well as their neighboring agents in the controllers,
and that the other agents only use that information of their neighbors. The velocity
consensus and the configuration convergence of the group by the proposed controllers
are analyzed.

The paper is composed of two parts. In the first part, we design a flocking
controller for particle agents with double integrator model. At the current stage,
we only discuss the case in which the AAs in the group are fixed. We show that,
by our controller, the velocities of the group reach consensus; inter-agent collision is
avoided; and the configuration of the group almost converges to some local minimum
of the collective potentials of the group. As a special case, we give a result on the
geometric property of the group with only one AA. Also, we establish the results on
velocity consensus, collision avoidance and configuration convergence for the system
with some kind of disturbance.

In the second part, the controller designed for the mass point model is applied to
the flocking control of a group of unicycles. Specially, we study the case where each
unicycle in the group cannot measure its velocity information. The passive observer
developed in [1] is used to observe the linear and angular velocities for each agent.
And the estimated data are transmitted between each pair of neighboring unicycles
for the use of controller design.

The rest of the paper is organized as follows: In Section 2, we introduce some
basics of graph theory and the properties of the potential functions used in this
work. In Section 3, we present our results on the flocking control of particle model.
In Section 4, we describe the flocking control design for multiple unicycles based
on the results obtained in Section 3. Simulation results are presented in Section 5,
while concluding remarks are made in Section 6.

2. PRELIMINARIES

In this work, we frequently use the map || - ||, : R® — R™T,

I#lle = = (VT + ol - 1) 1)
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to measure the inter-agent or leader-agent distance, where the parameter o > 0, and
| - || is the Euclidean norm. This map has the following properties: a) || - ||, € C?
on R™; b) |zl = 0 & & = 0y,; c) It is strictly increasing with respect to (for
short, w.r.t.) ||z|; d) The gradient V|z|, = \/#W’ and ||V[|z[l,|| < ﬁ;
e) ’||a:2||g = [lz1]lo] < %ng — 1|, V1,22 € R". The map || - ||, was previously
used in [11] (called o-norm therein) to construct smooth potential functions.

2.1. Graph theory

First, we recall some basics of graph theory from the past literature, see, e.g. [2].
An undirected graph G(V, E) counsists of a vertex set V and an edge set £ C V x V.
For any 4,7 € V, (i,j) € € if and only if j is a neighbor of i. A path from vertex 4
to j is a sequence of edges (v1,v2), (v2,v3), ..., (Un—2,Un-1), (Vn—1,0y), where n >
2,v1 =1,v, = j, and vy, ..., v, are distinct.

In this work, we use G,(V,E(t)), or simply G,(¢), to denote the group induced
undirected graph for a group of N agents, where the vertex set V and the edge set
E(t),t > to, are defined as:

V=1{1,2,...,N}, (2)

E) ={@,J) « lzi(t) —2zi(O)llo < rmp, 4,5 € VY =10 (3)

where N is the number of agents in the group, 7, is a positive real number less than
rs, which denotes the physical sensing and communication range of each agent.

The adjacency matrix A(t) € RV *YN and the Laplacian L(t) € R¥*¥ of the graph
G,(t) are defined as:

Ap(t) = lai;(t)], with ai;(t) =

{ aj; >0, if (i,5) € £(t) @)

0, otherwise

where af; = aj;, Vi,j € V; and

Ly(t) = [l;;(t)], withl;;(t) = { Z;:E;)Lfk(t)’ i)ftil;\;\iise. 5)

Obviously, 4,(t) and L,(t) are both symmetric, and L, (t) is positive semi-definite.
Throughout this paper, we call an agent active agent (AA) of the group if it
utilizes the position and velocity information of the virtual leader in its controller.

The set of the AA’s at time ¢,t > tg, is denoted by W(t). In addition, we define
matrices

B(t) = diad{bi(t),...,bn(t)}, (6)
La(t) = Ly(t) + B(1). (7)
with

[ br>0, ifi € W(t)
bit) = { 0, otherwise. (8)
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2.2. Potential functions

In this subsection, we introduce potential functions that characterize, respectively,
the inter-agent and leader-agent attraction and repulsion.

2.2.1. Inter-agent potential

The inter-agent potential function ¥,(-) : (dsq, +00) — [0,+00), dsq > 0, is a C?
function with the following properties: for some positive numbers d,, r, satisfying
dso < dg <1T¢ < T,

a) %@(z) <0,z € (dsa,da); dwgéx) > 0,2 € (dg,74); %z(m) =0,z € [rq, +00);
b) limg—q,, %e(x) = +00;
¢) ¥e(z) has a unique minimum at z = d,.

Inspired by the work [11], an example of inter-agent potential can be chosen as:

where o (z) is a bump function defined as:

z €[0,h)

{1 + cos (w;:m . ze[h] (10)
z € (1,400).

on(2) =

O =

Here dg, is called safety distance which can be selected to account for inter-agent
collision avoidance for the agents with non-point models. In the rest of the paper,
inter-agent collision is said to be avoided if and only if the distance, measured in
o-norm, between any pair of agents is greater than ds,. d, is the critical distance for
the repulsive and attractive virtual force between a pair of agents (see the definition
after (20) below). 7, is crucial for the choice of dwell time to be introduced in
Section 3.

2.2.2. Leader-agent potentials

The leader-agent potential function ;(-) : [0, +00) — [0, +00) is a C? function with
the following properties:

a) 2@ — o for 2 = 0; 2 > 0 for all & > 0;

b) limg— oo () = 4005

¢) For any given z, > 0, 3e(x,) > 0 such that %ﬁ‘r) >e, Vx> x,.
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It is easy to see that ¢;(x) has a unique minimum at x = 0. An example of
function v is ”52—2 + C, with C e R™.

Throughout this paper, we use N, R, ZT to denote, respectively, the set of nat-
ural numbers, nonnegative real numbers and nonnegative integers. L}’ [to, +00) is

used to denote the set of all piecewise continuous functions w : [tg, +00) — R™ such

0o 1/p
that (ft: [lu(t)]|P dt) < 400, [6]. In addition, we use 1y to represent the N x 1
vector with all the elements being 1.

3. FLOCKING CONTROLLER FOR DOUBLE-INTEGRATOR MODEL

In this section, we consider the model of each agent in the group as:
Ei(t) = vi(t), 0i(t) =w(t), i€V, (11)

where z;(t) € R™ and v;(t) € R™ (n = 2,3) are the position and velocity of the ith
robot respectively; and wu;(t) is the control input (acceleration) of the ith robot. The
model for the virtual leader is in the same form as that of the agent, i.e.,

2(t) =v(t), vi(t) = w(t) (12)

where “I” stands for the word “leader”. Here the virtual leader represents a static
destination or a moving reference point for the group.

We emphasize that in this work, for simplicity of derivation, we only discuss the
flocking behavior of a group of robots with fixed AAs, i.e. we make the assumption:

Assumption 1. The set of active agents in the group W is nonempty and fixed.

Remark 1. Updating rules for the set of AAs have been developed to deal with
some connectivity guaranteeing issues [9].

Since, under Assumption 1, the set W(t) and the matrix B(t) in (6) are time-
invariant, we drop the argument ¢ in their expressions.

It is known that the mobility and limited sensing range of the agents in the group
raises the issue that the neighboring relationship of the group may be time-varying.
For this reason, to start with our discussion, we need to define the following time-
dependent agent sets:

Definition 1. Agent sets S;(¢),N;(t),Zi(t), i € V,t € [to, +0o0) are defined as

Si(t) = {jeV:llwt) -] <rs}, (13)
Nit) = {jeVillait) -zt <rm}, (14)
Li(t) = {jeV:lzt)—z;@)] <ra}, (15)

where r,;, and r, are defined in Subsection 2.1; and 7, is as in Subsection 2.2.
Obviously, we have the relation: r, < rpp < rs.
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Note that in [13], the solutions of the switching closed-loop system are discussed
using the tool of differential inclusion. But in this way, one cannot specify the single
rate of change of the state when the system switches since it can only be said to
lie in a set. In view of this, in the analysis of the closed-loop system, we introduce
dwell time in the system dynamics. Indeed, our control strategy is that each agent
determines its neighbor set at every moment in the time sequence

T = {to,t1,...} with g1 —tp =74 >0, (16)

and for all ¢ € [ty,txy1),k € ZT, agent 4,4 € V implements the decentralized control
law

uft () = Z fa(dij)ngi + g(bi) fildi)nu

JEN(ty)

— Z aj;(vi —vj) — bi(vi — vp) + uy, (17)
JEN(te) N Si(t)

where a;; and b; have been defined in (4) and (8); and

d a di‘ d di
faldij) = wd(;-j])’ fildy) = %ﬂl), (18)

dij = ||z; — x50, di = ||zi — x1llo, nji = =V, dij, nui=—Va,dy, (19)

s={ g 20 (20

Note that f,(di;)nji, fi(di)n; are sometimes called, respectively, the virtual force
applied on agent ¢ by agent j and the virtual leader.

In the third term of (17), we use “j € N;(tx) () Si(t)” since, taking the sensing
capability of the agents into consideration, it is possible that some agent in the set
N (t) moves out of the sensing range of agent ¢ at some ¢ € [tg, tx+1). (For the first
term, we can just use “j € N;(t;)” due to the property of the function f,(-) that
fa(dij) = 0 for d;; > rpp.) However, in the following Lemma 1, we show that if 74
is chosen small enough, then for all ¢ € [tg,tg11), 7 € Si(¢) for any j € N;(tx), and
j & Ti(t) for any j & Ni(ts):

First, we define the collective inter-agent potential V; (z) and leader-agent poten-
tial Vi(z,z;) as follows

N
Valz) = %ZZ%(dij), Viz,z) = Y wi(da), (21)

i=1 j#£i iew
where x = [z],...,2%]". In addition, we define functions V (z,z;) : RV+Un — R+,
H(v,vy) : RNED? S R J (2, 2,0, 0p) : REVED? L RE as
Vizg,z) = Valz)+ Vilz, ), (22)
1
H(v,v) = §\|071N®vl||2, (23)

J(x,z,0,0) = Vix,z)+ H(v,vp), (24)
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where v = [v] ,...,v{]". In the following, with a little abuse of notation, we some-

times use Val(t), WZ:&), H(t),V(t), J(t) to denote the composite functions Vg (z(t)),
Vi(z(t), z1(t)), H(v(t),vi(t)), V (1), 2:(t)), J (2(t), 21(t), v(t), vi(t)) respectively.

Lemma 1. Suppose ||z;(to) — z;(t0)||e > dsa, V4,5 € V (i.e., the inter-agent colli-
sion does not occur initially). If 74 < min{rs — 7, "np — 7o }v/0/(24/2J (t0)), then
Vit € [ty thrr), Vk € ZT,

Z;(t) C Ni(tr) C Si(t). (25)
And Vi € V,Vt € [tg,tg+1), Vk € ZT, the control law in (17) can be put into the
form:

= Va,taldij) — g(bi) Va,t1(dir)

J#i
- Z a;;(vi — vj) = bi(vi — vr) + w, (26)
JEN;(tk)
or compactly,
u = -V, V, =V, Vi — (La(ty) @ I,)(v — 1y @ v;) + 1n @ . (27)
where u® = [u$’, ... uf]T.

Proof. Since the velocity v is continuous, there exists § > 0 such that (25) holds
for ¢ € [to,to + J). By the fact that f,(d;;) = 0 for d;; > r,, we see that the control
law (17) can be put into the form (26) during this time period. Now, we show that
6 can be extended to t;. By contradiction, suppose this is not true. Then, there
exist some agent j € N;(to) and some time instant ¢, € [t,¢1) such that either
d;ij(te) =75 or dij(t.) = ro. Without loss of generality, assume d;;(t,.) = rs. Then,
it follows that

re—rw < ]nxj t) = alt) o = llz;(to) = (ko)
< T (;Uj(t*)— it ))_(xj(to)_xi(to))“
< ﬁ< oyt *Uz()||dt+/ ||vl(>vl<t>||dt)
g/ \/7dt</ \/2'] dt. (28)

But on the interval [to, ), the derivative of the function J w.r.t. ¢ along the solutions
of (11), (17) and (12) is
J = Vo+Vi+H
= (VaVa) v+ (VW) "o+ (Vo V) Ty
+ [=VaVa = Vo Vi = (La(to) ® In)7] ' 3, (29)
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where v := v — 1y ® v;. By noticing the equalities

N
(VaVa) " Ay @u) =2 Y Vy, Vo =0,

i=1
N
(VxVZ)T(IN ®Ul) = UlT va Vi= (% vlela (30)
i=1
we arrive at
J=—0"(La(to) ® In)o <0, VtE€ [to,L,). (31)

This, combining with (28), gives that 74 > min{rs; — rnp, T — 70 }/0/(24/2J (t0)),
a contradiction.

By (31) and the continuity of J, we know that J(¢;) < J(to). By induction,
suppose (25), (26) hold for the interval [t,,—1,tm), m € N, and J(t,,) < J(to).
Then, following the same reasoning as above, we obtain that (25), (26) are true for
the interval [t tm+1), and J(tm41) < J(to). O

Before presenting the main results in this section, we make a connectivity as-
sumption of the group, which says that any non-AA agent has a direct or indirect
link with some AA at all times.

Assumption 2. For all ¢ > g, there is a path connecting any agent in V\W to
some agent in W in the group induced graph G, (¢).

By the results in [4], we know that under Assumption 2, the symmetric matrix
L,(t), defined in (7), is positive definite for any ¢ > ty. Since the group can only
have finite neighboring topologies, we have

A = ?;itn{)\min(La(t)) : Assumption 2 holds at t} (32)
Zto

is strictly positive, where Apmin(L4(t)) denotes the minimum eigenvalue of the matrix
L,(t).

Next, for the proof of the following Theorem 2, we introduce a generalized Bar-
balat lemma, which is an extension of the celebrated Barbalat lemma [6] and a result
n [10]; also see [5].

Definition 2. The function f(-) : R — R is said to be piecewise uniformly
continuous over [tg,+00) w.r.t. an infinite sequence {f;}32,, with #y = ¢, and
inft; —&;_1 > 7 > 0, if Ve > 0, 35, > 0, such that Vt € [{;_1,%;),i € N and

Vit e B;_(t) Nlti1,t:), | £(E) — f(t)] < €, where B;_(t) is the open ball centered at ¢
with the radius 55.
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Lemma 2. Let f(:) : R — R be piecewise uniformly continuous over [¢g, +00) w.r.t.
{£:}22, and h(-) : R — R satisfy lim;_, 1o A(t) = 0. Suppose that lim;_ | o ftto(f(s)—&—
h(s))ds exists and is finite. Then lim; ,; f(¢) = 0.

Proof. Ifit is not true, there exist g1 > 0 and an infinite sequence (Tiyee,, Ty >
tO,T — 400 such that for any TZ, 1 €N, f( i) > y1. From hmtﬁﬂ,o h( ) =0, there
exists T} such that |h(t)| < y1/3 for all t > Ty. Let Ty < iy, < Tk27]€1,k2 e N.

Let yo = min{Z 5,0y, 73}, and without loss of generality, assume that [Tk2, Tk2 +yo] C

[ti1,1;) for some i € N (otherwise, [Tk, —y2, Tk,] C C [ti_1,1;)). Since, f(t) is piecewise
uniformly continuous on [to, +00), we have [f(Tk, + s) — (Tk2)| < y1/3 for all
0 < s < y5. Thus we have for all t € [Tk, Tk, + 2],

[£(#) + h(?)] (L) + (f(t) = f(T3)) + B(2)]

> F(T) = (F(t) = F(Tr))] — |h(®)]
T 1
3 3 3

Hence,

T}c2+y2 1
= [0+ holde> gue

Tk2

Tro+y2
/ (F(t) + h(t)) dt

Tk2

Since Ty, can be arbitrarily large, ftto( f(s) + h(s))ds cannot converge to a finite
limit as t — +o00, a contradiction. O

Remark 2. If the function f is uniformly continuous over [tg, +00), then the
conclusion in Lemma 2 naturally follows.

Theorem 2. Suppose Assumptions 1,2 hold, and ||z;(to) —z;(to)|loc > dsa,Vi,j €
V. By the control law (17), lim;—, 4 ||vs(t) — v (¢)|| = 0, Vi € V; the inter-agent
collision is avoided; and for all i € V, V,,(V, + V}), namely the virtual force applied
on agent 7, converges to zero.

Proof. Counsider the energy function J defined in (24). We know from the proof
of Lemma 1 that the derivative of J along the solutions of (11), (17) and (12)
J= =0T (La(t)®In)D < —Am||7|?, where A, is defined in (32). Combining this with
the non-negativeness of J(t), we have Vit > to, 2\, ft s)ds = A\, ft o(s)]|?ds <
J(to). On the other hand, since H (t), V,(¢), Vi(t) < J( ) S J(tg),Vt > to. It follows
that there exist positive constants ¢;,7 = 1,2, 3 such that Vi,5 € V and Vt > t,

dlj(t) >c > dsa; dzl(t) < Ca, H’lj(t)” < c3. (33)

Note that the first inequality of (33) implies that the inter-agent collision can be
avoided for all ¢t > tg. Also, from (33) and the properties of functions %, and v, we
have that dH (t)/dt = (=V .V, — V,Vi — (La(t)® In)?) T ¥ is bounded over [tg, +o0),
which implies that H(¢) is uniformly continuous w.r.t. ¢ on [tg,4+00). Then, by
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Lemma 2, lim;_, o H(t) = 0, which means that Vi € V, ||0;|| = |lvi(t) — v (t)|| — 0
as t — +o0.

Consider the new variables #; = z; — 21, d; = 12l s Jij = [|Z; — Zj]|,. Clearly
we have d; = di, ciij = d;;. Define the functions

N
1 - o i
3 DO taldyg) = Valz), Vi(@) =Y ul(di) = Vilw,z1), (34)
i=1 ji iew
where & = [%] , .. xN] and V,, V; are defined in (21). Now let 4(t) == u(t) -1y ®
w(t) = —ViVy— V Vi—(La(t)®In)0. We know that f t)dt = limy_ 400 0(t) —
0(to) = —0(to), and limy_. 4 oo(La(t) ® In)0 = 0. Moreover it is not difficult to

see from (33) that —V3zV, — VzV} is uniformly continuous w.r.t. ¢ for all ¢t > .
Therefore, by Lemma 2,

lim —V:V, — ViV = lim —V,V, — V,V; = 0. (35)

t——+oo t——+o0
]

Now, we give a result on the configuration of the group achieved by controller
(17) when there is only one AA in the group.

Proposition 1. If the assumptions in Theorem 2 hold, and the leader set W =
{¢},q €V is a singleton, then by the control law (17), lim;—, 1 ||z4(t) — 2:(¢)|| = 0.

Proof. By contradiction, suppose the lim;_, 1 o ||24(t) —2:i(t)]] # 0, then there exist
e1 > 0 and an infinite time sequence {#; }72; such that |z, (tx) — 2 ()| > €1, VEk €
N. Hence, by the properties of the function ¢; and || - ||, we know that there exists

€9 > 0 such that dwdlcgdlql) |dqz=dqz(fk) > g9,V k € N. Also, it is easy to see that there

exists e3 > 0 such that [|ng(tx)| = ||lzg(r) — 2i(E)||//1+ ollzg(te) — 2 (tx)]? >
£3,Vk € N. However, by (35) and the equality (15 ® I,,)V,V, = 0, we have

Jim (A4 @ 1,) (=VeVy — VW) = Jim (14 ®1,) (=V.W)

. . ey (dgr)
= - 3 Vel = i Valdg) = i

Mg = 0.

]

Note that Proposition 1 tells us that if the group has one fixed AA and is con-
nected at any time, the control law (17) can drive the group to track, or migrate to,
the virtual leader in the sense that the AA converges asymptotically to the virtual
leader. When N = 1, this is exactly the tracking control case as addressed, for
example, in [10] and [5].

Now we investigate a robustness property of the proposed control law (17). Con-
sider the control law

@ =u +4,, (36)

where u/ is as in (17); and d,(t) : R — RN™ denotes the disturbance.
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Theorem 2. Suppose Assumptions 1,2 hold, and ||z;(to) — z;(to)|lec > dsa,Vi,j €
V. If further 8, () € LY [to, +00) () LY [to, +00), then by the control (36), lim;_, 1 «
llvi(t) — wi(t)]] = 0,Vi € V; and inter-agent collision is avoided. Futhermore, if
0u(t) — 0 as t — 400, then for any i € V, V,,(V, +V;), namely the virtual force
applied on agent ¢, converges to zero.

Proof. Let us still consider the energy function defined in (24). Taking the deriva-
tive of J w.r.t ¢ along the solutions of (11), (36) and (12) yields

. . 1
J =0T (La(t) @ IN)T + 0,0 < =[5 + Al[3]|* + KH‘SU‘P? (37)

where Young’s inequality was used [3], and 0 < X\ < \,,. Thus for any ¢ > to,

t 5 1t
/ A = N|0)12dr < J(to) — J(t) + = 61> dT < 4-00. (38)
to tO
Note from (38) that Vt > tg,
1t )
J(t) < J(ty) + —= |67 d7 < 400 (39)

ax Ju,

which, by the similar analysis in Theorem 2, shows that the inter-agent collision
is avoided and V,V,,V,V;,0 € LY"[ty,+00). This, together with the assumption
8u € LN[to, +00), gives that V¢ > to,

1d(Ivmi?)

2 dt
By Lemma 2, (38) and (40) imply that Vi € V, limy—, 4o |[vi(¢) — v (2)]]| = 0.

The second part of the theorem can be obtained via the similar analysis in Theo-
rem 2, with the additional attention to the condition that §,(¢) tends to 0 as ¢t goes
to +oo. ]

= [~VaVa = VoVi — (La(t) @ IN)T + 6] & € LY [to, +00).  (40)

4. APPLICATION TO FLOCKING CONTROL
OF NONHOLONOMIC ROBOTS

In this section, we apply the control laws discussed above to the flocking control of a
group of N unicycles. Here, we study the case where each robot can directly obtain
its position and orientation, but cannot measure its velocity information. Instead,
an observer is used to give the estimate of the velocity information for each robot,
which can be transmitted between neighboring robots. The virtual leader we use is
a moving point with the dynamics

G =mpi, p=u, (41)

where ¢, p; and w; are the position, velocity and acceleration of the virtual leader
respectively.
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4.1. Dynamic model of the robot

The dynamic model of the unicycle i,i € V is given as in [1]:

ni = J(mi)zi
MZZ-l-C(nZ)ZZ-i-DZl:TZ, VieV (42)
with 7; = [ancﬂyv(bi]a Zi = [Z;ﬂazi]’ Ti = [Tz'r77-il]’
cos(¢;) cos(o;)
r . .
J) =5 | sinon) sintg) |, b= | o
b_1 b_1 12 11
o dll 0 S\ 0 C(bi
p=| G o] o= 0 ] (43)

where (g7, g/, ¢) is the position and orientation of the unicycle; 2 and z! are the

angular velocities of the right and left wheels respectively; and 77 and 7! are the
torques applied to the right and left wheels, respectively. The relation between 27, 2!

19~
and the linear and angular velocities of the robot ¢, denoted by v;,w;, is

11
r T _ T : —
[2],2;]" = Blv;,w;] , with B = - [ 1 —b } (44)

4.2. Observer

The observer proposed in [1] is used here to estimate the velocity information v;, w;

(or 2, 2!) of robot i. For each robot in the team, the variables directly estimated

by che olbserver are
X; = Q(Th)zi,
Q) = ny1 cos(cAg;)  Asin(cAg;) — nia cos(cAep;) (45)
)= n11 sin(cA¢;)  —niasin(cAg;) — Acos(cAg;) |’

where

_ 2 2 \—1 _ 2 2 \—1 /.2 2
nip = mii(my; —miy) -, N1z = —miz(mi; —miy) , A =/nf —ni,.

It is straightforward to check that @Q(n;) is globally invertible and its elements are
bounded.

In the rest of this section, we denote the estimated value by adding “A” on the
corresponding original variables. The observer dynamics is given by [1]

i J(:)Q ™ (i) X + Kvi(n; — )
Xi = —Gm)Xi+ Q)M 7, + Koy(m; — i) (46)

where G(1;) = Q(n;)M*DQ~'(n;). The feedback gain matrices K1; and Ky; are
chosen to satisfy

=
Il

KEPI + P Ki; =Ry, G) P+ P,G(n;) = Ry,
_ T
(J(m)Q 1(77i)) Py — PoKy; =0,
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where R1, Ro, P, P5 are positive definite matrices.
Using the observer (46), the estimation errors 7; = n; — 7;, X; = X; — X; decay
exponentially to zero, i.e., there exist positive constants k; and 7; such that

(), Xs ()| < Kl (7:(to), Xs(to)) e F700) Vit >t (47)

4.3. Controller

To avoid the non-holonomic constraint in the model (42), for robot ¢, € V, consider
a control reference point CRP; for vehicle i,7 € V, whose position is given by

qf—[gﬂw[gj’j((j;] >0, (48)

i.e. the “hand position” in [7].

Inspired by [12], we study the flocking control of C'RP;s based on the results
obtained for double integrator agents. In the rest of this section, by “agent” i,
i € V we mean the control reference point C RP;; and by “group” we mean the set
composed of all CRP;s. Accordingly, the sets in Definition 1 should be redefined
by substituting x; with qz-h for all 4 € V. And the inter-agent collision is said to be
avoided if [|g}'(t) — ¢} (t)|| > dsa for all i, j € V and all ¢ € [to, +00).

By (42) and (44), the velocity and acceleration of CRP; are

ho_ b | vicos(@s) — pw;sin(¢;)
pz . qz v; Sln(¢1) + ,UJWZ COS(d)i) 9
ul = pp = S(¢s)[ri — DBG — C(11i) BG] — €(vi, wi, i), (49)

where ¢; = [v;,w;] T and
N cos(¢;) _MSin(¢i) —1qas—1
S9) = { sin(g,)  peos(s,) }B M
_ viw; sin(@;) + pw; cos(¢;)
g(viawiad)i) - { —vw; COS(@)_,_M%Z Sin(¢i) }

Firstly, following the idea in Section 3, we propose the decentralized control law
for the group with a fixed AA set: Vi € V,Vt € [tg, +00):

3
Q
~
—~
~
~—
|

$710) (X +&(80,1,00)) + (D + C(@0) B, (50)
with

~ /Ui _ _ A
G = { o } =B7'Q ' (m) X,
3
Xy = > faldinl + ) fildingy — > a0k —ph)
JEN (tr) JEN:(t1) N Si(t)
—bi(p —p) fw,  VtE[tpti), ke Zt,  (51)
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where pl = [; cos(¢;) — pu; sin(¢;), 9; sin(¢;) + uw; cos(¢;)]'; and the definitions of
d?j,d?l,n?i and nZ mimic those of d;j,di,nj; and ny in Section 3 by substituting
;1 € V with qf.

Define inter-agent and leader-agent potentials V" and V! as

N
V= %ZZwa(de), V= u(dl).

i=1 j#i iEW
By virtue of Theorem 2, we have the following result on flocking behavior of the
unicycle team.

Theorem 3. Suppose Assumptions 1,2 hold, and ||¢?(to) — q?(to)Hg > dsq, Vi, j €
V. Then, by the observer based control law (50) and (46), lim;_. o ||p?(t) —pi(t)|| =
0,V7 € V; the inter-agent collision is avoided; and for any i € V, tih (VP + Vlh)7
namely the virtual force applied on the C'RP;, converges to zero.

Proof. From (49) and (50), the dynamics of CRP; can be written as

q7h = p?,
P? = X?f + 531‘
where
d, *
X () = Z fa(di)nll; + (b)) fuldiy)ng; — Z ag; (pf = p})

JEN; (tr) JEN; (tr) N Si(t)
—bi(pl — 1) +w, Vit € [tr trp1),k € ZY,  (52)

(1) = 600, @3, 64) — €(vi, i, 00)] + S(60) (DB(G: — ) + C(@) B — C(wi) BG )
— >yt -l - B - P - bu(pl — pl),
JEN(tk) N Si(t)
Vt € [thytry1),k €ZT. (53)
Denote 2, = Q' (n;)X; and z; = [/, 2T = z; — 4. Then, from (45) and (47), we
have for all t > tg,
(na 2] (1) — naa(1)” + A (ZH(1)* = | Xs(0)|1” < BZ )| (7l (to), Xi(to))[le 7100,
Thus, there exist positive constants «;, 3; such that
(27 (1), 2L 1)) || < e P10 i > ¢

By similar reasoning, from (44), it is easy to show that there exist positive constants
pi, 0; such that

33 (8), @ (0)]]| < pre=771), Vi > 1o,
where [0;,0;]T = [v; — 5, w; — &;] 7. Therefore, after some simple manipulations, it
follows that 8%, (t) € L3[tg, +00) () L2 [to, +00) and lim;_, o, 6".(t) = 0. By Theo-
rem 2, the results hold. O
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5. SIMULATIONS

In this section, we present some simulations to verify our proposed flocking con-
trollers. The parameter o in || - ||, is set to be 1. And we use z, to denote the value
(V14022 —1)/o for any z € RT.

First, the flocking of 6 mass point agents by the controller (17) is shown in
Figure 1, where agent 1 (labeled with 1 in the figure) is the only AA of the group.
The inter-agent potential is the one defined in (9) with ds, = 0,, dy = 1, and, to
ensure the Assumption 2 can hold, r, = 30,. The leader-agent potential is chosen
as Yy(z) = 10 (2% +1). In addition, we let aj; = by =10, Vi,j € V. The initial
positions of the group are randomly chosen in the square [0,20] x [0,20]; and the
velocities are randomly chosen in [—0.5, 0.5] x [—0.5,0.5]. The position for the virtual
leader is also randomly chosen in [0,20] x [0, 20], but its velocity is fixed to [1,1]T.

The line attached to each agent (resp. the virtual leader) indicates the velocity
(direction) of that agent (resp. the virtual leader). Note that since agent 1 is the
only AA in the group, according to Proposition 1, its position converges to that of
the virtual leader.

L o
18 1003.8 virtual leader & *
161 o
1003.6
o
14f
1003.4
12r
1003.2
> 10 > s o
sl 1003
6| 1002.8
L)
a4k Aﬂualeader 1002.6 ¢
2] ? A 1002.4 o
ol . . . .
0 5 10 15 20 1012.21012.41012.61012.8 1013 1013.21013.41013.61013.8
X X
(a) t=1to (b) t = to + 1000s

Fig. 1. Flocking of mass point group, N = 6.

Next, we simulate the flocking control for a group of unicycles. The model param-
eters of the robots are: mq; = mos = 1.2356, ¢ = 0.2250, b = 0.2 and d1; = das = 10.
And the offset of the control reference point = 0.2.

The observer-based flocking controller (46)—(50) is applied to a group of 6 uni-
cycles. Also, unicycle 1 is the only AA in the group. The inter-agent potential is
also as in the form of (9) but with ds, = 0.8,,d, = 25,7, = 100,. The leader-agent
potential is chosen the same as for the mass point case. The initial positions are cho-
sen in the square [0, 30] x [0, 30] such that the distance between any pair of CRP;s,
measured in o-norm, is greater than dy,. The headings of the group are chosen
randomly in [0, 27]. In addition, the linear and angular velocity are randomly cho-
sen, respectively, in the intervals [—1,1] and [—0.5,0.5]. The position of the virtual
leader is selected randomly in [0, 30] x [0, 30], while its velocity is fixed to [0.3,0.3].
The results are shown in the following Figure 2.
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Fig. 2. Flocking of unicycle group, N = 6.

6. CONCLUSIONS AND FUTURE WORK

In this paper, we have discussed the migration and trajectory tracking of a group
of agents by means of the artificial potential method. The leader-agent potential is
responsible for attracting the active agents to the virtual leader, while the inter-agent
potential takes effect to generate the attraction and repulsion between neighboring
agents. The velocity consensus of the group is due to the involvement of the linear
velocity feedback term in the controller. A novel observer-based controller design
is proposed for the flocking control of unicycle groups. Future work will be done
on how to satisfy Assumption 2 while the group is migrating or tracking, and on
extending our control laws to account for the group which has directed sensing or
communication topology.
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