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LIMITS OF BAYESIAN DECISION RELATED QUANTITIES
OF BINOMIAL ASSET PRICE MODELS

WOLFGANG STUMMER AND WEI LAO

In commemoration of our dear friend and wonderful colleague Igor Vajda.

We study Bayesian decision making based on observations (Xn’t : t €0, %, 2%, e n%})
(T > 0, n € N) of the discrete-time price dynamics of a financial asset, when the hypothesis
a special n-period binomial model and the alternative is a different n-period binomial model.
As the observation gaps tend to zero (i.e. n — o), we obtain the limits of the corresponding
Bayes risk as well as of the related Hellinger integrals and power divergences. Furthermore,
we also give an example for the “non-commutativity” between Bayesian statistical and optimal
investment decisions.
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1. INTRODUCTION

Let X, > 0 be the value of a financial asset (resp. an economic quantity of interest) at
time t € 7, == {0,£,2Z ... nZ (n+ 1)L (n+2)L ... N,Z}\{oo} for some T > 0,
n € N, as well as the integer part N,, := Lf%J of T # with a (goal-dependent) final time
horizon T €|T, ]. Clearly, Nn% < 7T and lim,_.« Nn% = T. In the following, the
parameter T' will play the role of the fixed observation time horizon and the parameter
n denotes the number of equally spaced observation times between 0 (e.g. now) and T’
n will either be fixed or converge to infinity. We use the appropriate canonical sample
path space 2, and the description X, 0 : =2 >0, X, ;=" HZZT Y, (tem\{0}),
where the capital-growth-factor describing random variables Y, ; can only take the two
values d, ; > 0 and u,; > d,,; (i € N). For the sake of consistency with arbitrage theory,
we always choose u,, ; > 14 p,; > d, ; for some realistic interest rate p, ; > 0 for the ith
time-period ](i — 1)Z,iZ]. Notice that this general setup covers also situations where
the u,; respectively d,,; depend on all previous capital-growth-factors (un ;);j=1...i-1
respectively (dn,j)jzl,---,i—l'

Furthermore, suppose that for the corresponding quantification of the asset value dy-
namics at fixed n € N we have the following two choices (H) and (A):

(H) the probability law @,, (on the sample path space) under which the random variables
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(Ys.i)ien are independent and distributed according to Qn[Yn,: = Uni] = ¢n; = 1 —
QnlYni = dnq] with g, €]0,1[ for all i € {1,..., N, }.

(A) the probability law P,, (on the sample path space) under which the random variables
(Ys.i)ien are independent and distributed according to P,[Y,; = upni] = pnsi = 1 —
Pn[yvn,i = dn,z] with Pn,i E]O, 1[ for all i € {1, Ce ,Nn}

In order to avoid trivialities, we assume that ¢, ; # pn; holds for at least one i €
{1,...,n}.

In the hypothesis model H, the random process (X, )ter, is a non-homogeneous Cox—
Ross-Rubinstein-type (CRR [4]) model “evolving on a certain tree” with probabilities
n; r€sp. 1—qy ; in the ith time-period (independently of the other periods). In contrast,
in the alternative model A the random process (X, ;).er, is a different non-homogeneous
CRR model “evolving on the same tree” but with different probabilities p,, ; resp. 1 —py, ;
in the ith time-period.

Within such a framework, we study dichotomous Bayes decisions with possible actions
0+ and 6 4 as well as loss functions

L(GH,H) L(&H,A> Ln La

L(GA,H) L(GA,A) C o\ Ly La ) (1)

with losses Ly > 0, Lg > 0, EH € [0, Ly, ZA € [0, L 4 (the latter two upper bounds
are not essential but rule out obvious cases).

More detailed, our Bayes decisions about the hypothesis H against the alternative A are
based on the random asset value observations X, v := (X, : t € {0, %, 2%, e ,n%})
between the n—independent fized times 0 and n% =T, and thus can be formally consid-
ered as functions 6(X, 1) of random paths X, 1 into the decision space D = {6,064}

The Bayes decision function minimizes the risk (average loss)

pr’t Ly Pr(8(Xnr) =04 | H] + prt La Pr[d(Xor) =0 | A
+pr’ Ly Pr6(Xng) =0y | H] + prt La Prio(Xor) =04 A]  (2)

for given prior probabilities pr’* = Pr[H] > 0 for H and pr* = PrlA] =1 —pr" >0
for A (which describe the model risk knowledge at time ¢ = 0, prior to the random asset
value observations X,, 7). According to the very nature of the underlying decision goals,
we have assumed T < T so that the process X, . lives beyond the observation time
horizon T

Within this setup, we compute the limits as n — oo of the following quantities:
decision-theoretic characteristics in form of Bayes factor moments and some related
general functionals (Section , the Bayes risk (Section , as well as the related power
divergences between the two laws P, and @,, at choice (Section ; the total variation
distance will be dealt with, too. These results differ from other statistical applications
of power divergences (Cressie-Read measures, generalized cross-entropy family) and
related quantities given e. g. the recent articles of Liese, Morales and Vajda [I5], Vajda
and Zvarova [29], Csiszdr and Matus [6], Harremoes and Vajda [I1] [12], Hobza, Pardo
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and Morales [13], Broniatowski and Vajda [3], Morales and Vajda [19], Stummer and
Vajda [27], Vajda and van der Meulen [28], Berlinet and Vajda [2], Gretton and Gyorfi
[10], Pardo [22], and the numerous references therein; see also the the surveys of e.g.
Maasoumi [I8], Golan [9], Csiszar and Shields [7] and Liese and Vajda [I7] as well as
the books of e. g. Liese and Vajda [L6], Read and Cressie [23], Stummer [25], Pardo [21]
and Liese and Miescke [I4].

Some of the abovementioned n—limits turn out to be consistent with the purely continuous-
time investigations of Stummer and Vajda [26] about Bayesian decisions where the hy-
pothesis H is a geometric Brownian motion with growth constant cy and volatility o,
and the alternative A is another geometric Brownian motion with growth constant c4
and volatility 0. Moreover, we give several examples including one which shows the
“non-commutativity” between Bayesian statistical and optimal investment decisions.

2. BAYES FACTOR MOMENTS

In a straightforward way, one can obtain from the prior binomial probabilities pr*t for

H and pr = 1 — pr’t for A the posterior probabilities
H
H,post pr
r = for H 3
Prn.x (L—=pr™) Zng + pr't ’ ®)
H
A,post (]- —pr ) Zn,T
T = for A 4
p n,T (1 —er) Zn,T < er ’ ( )
Wlth Zn,T = Zn,T(Xn,T)
P if X =2 Un - U,
Lo Prn=1 (1-Pn.n) if Xn,T =TUn,a..-Upn-1 dn,na

(2% RERPPN dn,n—1 (I_QH,n) ’

Pn,1--Prnn—2(l=Dn.n—1)Pn,n .
if Xn,T

dn,1---dn,n—2 (1_Qn,71—1)Qn,n ’ = Iu"71 e u"’n_z dn7n_1 u”’”’

Pn1-Pnn—2 (1=Pnn-1) 1=Pn,n) :
: . - : if X,
= qn,1---9n,n—2 (1_‘171,71—1) (1_‘1n,n) ’ nT

=T Un,1---Upn-2 dn,n—l dn,na

(1=pn).-(1=pn.n) i -
T ) i Xng =@dn.. .

(5)
Notice that the dependence of per’:ﬁ st and prf’QEOSt on the observed asset value sample

path &), 7 is not indicated explicitly here. As dsual, the posterior odds ratio of A to H
is obtained by

A,post
pry T 1— er 7
= n,T -
prz;t:})ost p?“H
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Furthermore, the odds for A against H that are given by the asset-value sample paths
X, 7 observed on the set of times 7, 7 := {0, %, 2%, .. n%} are reflected by the corre-
. .__ posterior odds ratio of A to H
spondlng Ba‘yes factor anT =k ;rior odds rbatio of AtoH
a € R the ath moment (with respect to the hypothesis measure @,,) of the Bayes factor

is nothing else but the appropriate Hellinger integral H,; more precisely,

(AP, M[dQ,
Ho(Porl|Qn,1) = /{ a,T} { dp

dp
respectively Q.17 := Qn

= Zy,r. It is obvious that for

b W= Ban B ©

where P, 7 := P,

is the restriction of P, respectively

Tn,T

;n,T
dpP,
d“ 7~—n,T Tn,T

densities with respect to the specially chosen reference law 1 = @, 7. A definition which

covers more general laws can be found in Liese and Vajda [I6]. Similarly to @, the
Bayes factor moments with respect to the alternative law P, are related to Hellinger
integrals by Hai1(Pnr||Qn,r) = Ep, [ (Ba,r)®], o € R. By combining and (6)
one gets

dQn

Q. to the time-point set 7, 7, and respectively M

are the corresponding

Ha(Pn,T”Qn,T) = (pn,l ''''' pn,n)a : (Qn,l '''''' qn,n
+ (Prg-eee-- Prn—1 (L= Ppn))® (@na-- - Gnn-1 (1 = Gnn))
+ Pn1 - Prn—2 1 = Prn—1)Pun)® (@1 Gnn—2(1 = dnn-1) Gn.n)
+ (Pt Prn—2(1 = Prpn—1) (1 = Prn))®  (@n1 - Gnn—2 (1 = gnn—1) (1 — gn,n))

l1-—a
-«

e’

+ ((1— pn,l) (1= pn,n))a (- QH,l) (1= Qn,n))lia

= H {pi @+ A =pni)® (1= gni) ™} . (7)

’
=1

Clearly, this can be alternatively derived from the facts that the observations sequence
Xor = (Xnt ot €{0, %, 2%, e ,n%}) can be represented as X, r =T o 5, 7 for some
one-to-one measurable functional T' (with measurable inverse) acting on the sequence
Enr = (& :1€40,1,2,...,n}) of independent (under either hypothesis respectively
alternative law) Bernoulli random variables &, ;, and thus (with a slight abuse of notation
for the joint distributions)

Ha(Pn,THQn,T) = Ha (L(fn,la--~7§n,n|Pn,T) || £(§n,la--- ;fn,n|Qn,T>>

[T Ho (£ al Par) || £(nilQnr))
i=1

which leads immediately to . In order to achieve convergence as n — oo for the
Bayes factor moments @ and thus for , we employ the following assumption which
we impose for the rest of this paper, unless stated otherwise.
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Assumption 2.1. There exists a constant p €]0, 1] as well as real-number double arrays
(ani:neNjie{l,2,...,n}), (bp; :neNie{1,2,...,n}) such that

Pni =D+ an; €]0,1], Gni=D+bn; €]0,1], forallmneN, i€ {1,2,...,n},
(8)

lim max |a, ;| =0, lim max |b, ;| =0, 9)
n—oo 1<i<n n—o0 1<i<n
n n
SUPZ%Q”‘ < 00, suprii < 00, (10)
neN 7 ’ neN 7 ’
n
AZ = nlin;o Z(am — bn,,»)2 exists and is finite. (11)

i=1
. . . . ~ 1 o 1
imply . This can be exemplarily seen by taking p := 35, an; = i
and by, ; := 0. Furthermore, as indicated, the quantity A% depends in general on the

observation time horizon T', due to the nature of the chosen setup (e. g., the choice i = n
corresponds “directly” to T').

As a side remark, notice that the validity of the three assumptions to (10 does not
!! 1+ (-1~

Theorem 2.2. For each a € R there hold the Hellinger integral convergences

_ 2 ~ ~
i (Pl Qo) = e {2 S~ PrQ) < 0 2)
and
— 2 o~
i Ha(@urllPar) = e {5 S QP < e 03

where P := N(Ar,p-(1-p)), Q := N(0,p-(1—D)) are two auxiliary Normal probability
laws. Equivalently, the latter two can be replaced e.g. by the auxiliary LogNormal
probability laws Pr := logN (Ar,p-(1-D)), Q := logN(0,p-(1—p)), or by any other two
laws which arise from the abovementioned Normal probability laws via a synchronous
transformation by means of any sufficient statistics.

Notice that for fixed n the Hellinger integrals Ho (P, r||@n,r) and Ho(Qn || Po,r) do
generally not coincide (cf. (7)), however their limit as n — oo always coincides. Before
starting with the proof of Theorem we first present some examples.

Example 2.3. Consider the following homogeneous special case SPH with final-time
horizon T = oo (leading to N, = oo0) and some constants o > 0, ¢y € R, cq4 € R,
ey #Fcgq, K eN:

T T
Up,i = €XP (O’ K+n) = Up, dpi = exp(— o fran ) =:d,,
1 1 o? T 1 1 o2 T
tni =5+ g5 (= T s e Piim g g (e T )Y =

(i € N), where K is chosen large enough such that ¢, €]0,1[ and p,, €]0, 1] for all n € N.
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Here, the trees are “recombining” after every second period and the Bayes factor B, r
is the same for all sample paths X, r which end at the same final value X,, 7 (which can
be straightforwardly deduced from ) It is easy to see that Assumption is satisfied,
and hence from Theorem we obtain for any a € R by means of Ap = !c““;c“‘ T
the Hellinger-integral convergence

2
lim Ho (Po7l|Qnr) = exp{o‘(o‘ D (CA CH) .T} = C,. (14)

2

Notice the well-known fact that the corresponding discrete-time asset price process
(Xn,t)ter, in this homogeneous CRR model converges (in distribution on the sam-
ple path space) to a geometric Brownian motion (X¢)icr, with volatility o > 0 and
growth constant cp (in the hypothesis case H) respectively c4 (in the alternative
case A); in other words, X, satisfies the stochastic differential equation (SDE) dX; =
e Xedt + 0 X dW; in the hypothesis case H (under the limit law Q := lim, o @Qp)
respectively the SDE dX; = ¢4 Xidt + o X;dW; in the alternative case A (under the
limit law P :=lim,,_, o, P,,). As usual, W; denotes a standard Brownian motion at time
t. By computing the corresponding ath moment of the logarithmic-normally distributed
Girsanov [§] density Z7 between the two involved restricted laws P|jo 71 and Q|(o 7], one
can consistently derive C, also as the Hellinger integral within such a continuous-time
framework (cf. Stummer and Vajda [26]).

Example 2.4. Let us examine the following inhomogeneous special case SPI with final-
time horizon T' = co (leading to N,, = c0) and some constants o > 0, ¢y € R, ¢4 € R,
e #eq, K eN:

T T
nzzl T, " -7 dnizzl_ : ' 'a
Un, +o K +n Vi , o K 1n Vi
1 ey T - 1 ca T -
q’“‘_2+20'K+n'ﬂ’ p”’z‘_2+20'K+n'ﬁ’

where K is chosen large enough such that d,, ; > 0, gn; €]0,1[, pn; €]0,1[ for all n € N
and 7 € N. Here, the trees are generally “not recombining” after every second period. It
is easy to see that Assumption [2.1] is satisfied, and hence from Theorem [2.2] we obtain
for any « € R by means of Ap = % ’%| - T the convergence

-1 —ey b T2 _
nILH;oHa(Pn,T”Qn,T) _ exp{a(a ).<C.A CH) } _. C..

2 o 2

Notice that in contrast with of the previous Example the Hellinger-integral limit
now depends on the observation-time horizon T in an exponentially-quadratic (rather
than exponentially-linear) way. Furthermore, one can straightforwardly show (e.g. by
verifying the Assumptions 1 to 4 in Nelson and Ramaswamy [20]) that the corresponding
discrete-time asset price process (X, ¢)ier, in the current inhomogeneous CRR model
converges (in distribution on the sample path space) to a strong solution (X;);er, of
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the SDE dX; = ¢y -t - Xy dt + o -/t - X; dW, in the hypothesis case H (under the limit
law Q := lim,,— o Q) respectively the SDE dX; =c4 -t - Xy dt + 0 - V- X, dW; in the
alternative case A (under the limit law P := lim,,_,o P,). Analogously to Example
by computing the corresponding ath moment of the logarithmic normally distributed
Girsanov density Zr between the two involved restricted laws P|jo 7 and Q|(o,7], one
can consistently derive C, also as the Hellinger integral within such a continuous-time
framework.

Let us next present the

Proof of Theorem [2.2. The two cases o = 0 and a = 1 are obvious. Let o € R\{0,1}
and some auxiliary constants 0 < 2 < 7 < 1 be arbitrary but fixed. By performing a
Taylor expansion for the function g(p) := p®-¢* =+ (1 —p)®- (1 —¢)* % on the domain
0<x<qg<p<m<1 (for fixed ¢q), we obtain

ped g g - (1 L )

< D(a,27) - |p—qf (15)

for some “constant” D(q, s,%¢) < oo depending only on «, s, 32. By interchanging the
roles of p and ¢, one achieves the same bound (with possibly different finite constant
D(a, ,7)) for 0 < 2 <p < g <3 < 1. Hence, for all 0 < 3¢ < p,q <7 < 1 there holds

as well as
-1 —q)2 (a—1 —q)?
FW{MQ ) (p—aq) }_@+a(a ) (p—q) N
2 q-(1-q) 2 q-(1-q)
»—a*
¢*-(1—q)?
for some constant 5(a, x,7) < oo, which follows easily by Taylor expansion for the
exponential function. Because of the assumptions and @, in the inequalities
and one can plug in p,, ; = p+ay; for p and ¢, ; = p+by,; for ¢, for all large enough
n, i such that (say) 0 < 2 :=§ < pp,qn: <3 := 1% < 1. By using this together with

, we obtain
i - a(a_ 1) (ani _bn i)2
lim ‘ exp{ - , i)
n—00 1:[ 2 (p + bn,i) . (1 —p— bn,i)

- H(Z/)\+ an,i)a : (1/7\4’ bn,i)lia + (1 - 1/7\7 an,i)a : (1 71/)\7 bn,i)lia

< 5(0{,%,?) : (16)

< lim ﬁf)(a #,7%) (an,i — bn’i)4
neo 12 ) TS V2. (1 —5—b )2
i—1 (p + bn,z) (]- p bn,z)

(3

+ lim HD(a,g,?) Nan,i — bnil®

=1

=0
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and thus

_ ala—1) AZ
lim | |25 ans +1_pn,ia'1_Qn,ila:eXp{ R S
THOOH ( )" ) 2 p(1-p)

=1
which by (7)) gives the desired result (12). The second convergence follows imme-
diately from by the well-known skew symmetry of Hellinger integrals. O

In the following, let us discuss how the above Hellinger-integral convergence results
can be applied to establish limit assertions for other related quantities. To begin with,
by the continuity theorem of Hellinger-/Mellin-transforms (see e.g. Strasser [24]), Liese
and Miescke [I4]) one can deduce from Theorem [2.2| the distributional convergences

c(dp"’T‘Qn,T> == (dPT]Q> (17)

dQn,T
c(dQ”’T\Pn,T> g L((fg]ﬁT) (18)
T

dP, T

and thus for every bounded continuous real-valued function f

Po [1(5520)] - [ 1) snr == [ 1(5) a0 rols (5]

dQp,r dQp,r Q
(19)
()] = 1) amr = [1(G5) aPe = ()]
(20)

If f is unbounded and continuous, then remains valid if in addition to the two
conditions

/‘f((iig)‘d@ < and (21)
i s f 17|t (i) e =02

hold, see e. g. Liese and Miescke [I4]. Here, 14(-) denotes the indicator function on the
set A. In face of , a sufficient condition for the uniform integrability is

dp,,
sup/ ’f T Qn’T < o for some ¢ > 0. (23)
neN dQn T
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By , the condition is satisfied for all power functions. The derivation of
sufficient conditions for the validity of for unbounded continuous functions f works
analogously. Altogether, we thus obtain

Proposition 2.5. Let f be a continuous real-valued function with the two properties
(i) f(x) =0 for all x < 0, and (ii) for all z > 0 there exist some nonnegative constants
K1, Ko, K3, K4, ks such that |f(z)| < k1 + ke 2" + kg -2 "5, Then the two convergences

(119) as well as hold.

3. POWER DIVERGENCES

Apart from the important Bayes factor, it is also useful to study the “distance” between
the two non-homogeneous CRR models at choice. Along this line, let us investigate the
power divergences — also known as Cressie-Read measures resp. generalized cross-entropy
family — between the two corresponding probability laws P, r and @, r (on the sample

path space), defined by
dP,
‘Qn,T) = / fa (dQn::“) dQn,T s

with the following nonnegative functions f,, : [0, co[— [0, ool:

Ioz(Pn,T

—logp+p—1, if a=0,
falp) == { RS if aeR\{0,1},
plogp+1—p, if a=1. (24)

For basic facts on power divergences of general laws, the reader is e. g. referred to Liese
and Vajda [16]. As usual, prominent special cases are the relative entropy (Kullback—
Leibler information measure) I1 (P, 7||Qn,7), the squared Hellinger distance 3 I 1(Par||Qn,1)

and the y2-divergence 2 I, (P71 Qn,1)-

In order to derive concrete expressions for I (P r|/@n,r), one can adapt from the
general theory the formula

1- Ha(Pn,THQn,T)

Ia(Pn,TllQn,T) = a(l — a) s

aeR\{0,1}, (25)

and accordingly make use of . Under our general Assumption one gets
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Proposition 3.1.

. n,t 1- n,t
(a) IO(Pn,T”Qn,T) = ZQn,i 10g<1q) 7_) + ( —Q4n z) 10g< 1 ’ )
i=1 ot

1_pnz

2
n—00 AT

(b) for all « € R\ {0, 1}'

1 (P 7| Qn.r) = [ ﬁ{pzi-qua (1= paa)® - (1= n) ™} |

s

n~>oo -1 A2 . N
[1—exp{ O‘ ) (15@ H:Ia(PTHQ) .
(¢) I(Porl@nr) = melog<p7”> + (1= pps log(i:zm")
e A 50

2p(1-p)

Notice that from (a), (b), (c) one can immediately deduce the non-obvious limit-inter-
changeabilities

lim lim Ia(Pn,T”Qn,T) = nh—>Holo clylinl Ia(Pn,THQn,T)

a—1 n—oo

= (}}1% nlinéo Ia(Pn,T”Qn,T) = nh—{go (}éll% Ia(Pn,T”Qn,T) .
Furthermore, one can also straightforwardly derive versions of (a), (b), (¢) for the
n—limits of Io(Qn 7||Pnr), @ € R, which leads to a “symmetry statement” of anal-
ogous form to the remark after Theorem

Proof of Proposition . The assertion (b) follows immediately from and ,
whereas (a) and (c) are straightforward applications of Proposition [2.5to the functions
fo(-) and fi(-) given in (24)). Alternatively, (say) the assertion (a) can be derived from
(c) by a skew symmetry argument. O

In particular, the assertions of Proposition can be applied to the contexts of the
Examples and to obtain power-divergence convergence results for the SPH and
SPI models.

4. BAYESIAN DECISION PROCEDURES AND BAYES RISK

In formula of Section [1} we introduced the risk (average loss) of a decision function
d(X,,r) taking values in D = {6y,04}. If we reject the hypothesis-adjoint action 6y
whenever the observed asset value sample path X, r = (X,,; : t € T, 7) lies within a
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critical region G = 6~1(64), we can rewrite this risk in the form

Rur(G) = pr' Ly QurlG] + prt La Por[Q—G]
+ er EH Qn,T[ﬁ -G + prA EA P, |G|,

where  denotes the canonical space of all possible asset-value sample paths between
the times 0 and T'. By means of the parameters

Mg = prt Ly >0, Mg = prALg >0,
Ay = pr't Ly €0, 4] , A4 = pr La €0, 4],

which carry combined prior and loss information, we obtain the formula
Rox(G) = Mt QualGl + da (1= PurlG])
+ %t (1= QurlG) + X PurlGl. (26)
By definition, the Bayes risk Rg‘"% minimizes the risk, i.e.
f‘}‘ = minR, r(G) ,

where the minimum is taken over all measurable sets G C € of asset-value sample paths
between the times 0 and T. By 7

Rar(@) = [ [+ Aa B+ [+ 34 Bur) = (o + AaBur)| 1] dQur

v

/ {XH +AaBur+ [ + M Bor) — (g + Aa Bn.1)] 1G;;”'"} dQn,1

= / min (¢ + A4 Bar)y e+ A4 Bur)| dQuir = Rur(Gi") = Rzl
(27)
where
min 3 3 >‘H — X'H
G = A+ B KA+ 2daBurp = (B > ——— ¢ .
A4 — Ag

Thus, the Bayes risk is achieved by the decision rule (X, 7) which rejects the hypothesis-
adjoint action 64 (decides for the alternative-adjoint action 64) if the observed path
X, is contained in the sample path set G™" and rejects 04 (decides for ) if Xo,1
is contained in the complement of this set. This will be called the first optimal decision
procedure henceforth. As usual, there is also a second optimal decision procedure between
the two models H and A, which works as follows: one rejects 03 (decides for 6 4) if

pri RO L(04, H) + priRo L(0a, A)
< priRO L0y, M) + priR LBy, A) (28)
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(i.e. if the posterior expected loss of the decision 6 4 is less or equal than the posterior
expected loss of the decision 6y ), and one rejects 04 (decides for 04) if

PR (04, H) + proRe L(0.a, A)
> pritRot L(0y, M) + pri 2% L0, A) . (29)

H post A post

Notice again that the dependence of pr, and pr;, on the observed asset value
sample path X, r is not indicated expllcltly here. As usual, it can be seen in a straight-
forward manner that the second optimal decision procedure is equivalent to the first
optimal decision procedure, and consequently the corresponding Bayes risk is also given

by .

Except for some particular special cases (e.g. SPH), it will generally depend on the
whole observed asset value sample path X, 7 which decision will actually be taken.
Furthermore, in order to obtain an explicit expression for the corresponding Bayes risk
in the general setup, one can plug (5) into (27).

Before we start with the according limit investigations, let us first illuminate an
interesting “non-commutativity” between statistical and investment decisions, where
for transparency we deal with a one-period context:

Example 4.1. Consider the special case SPH with the choices T' = i year, n = 1,
o = 0.1, ¢y = 0.013, c4 = 0.001. This leads to (approximately) u;,; = u; = 1.05,
di; =d1 =095, ¢1; = q1 = 0.52, p1 i =p1 =049 (i € N). Furthermore let us choose
equal prior probabilities pr’t = pr = 0.5. According to , and (| . in case of
observing an asset value sample path Xy 7 = (X1, : t € {0,1}) = (J; x-uy) (i.e. an “up”

in the first period) one gets (approximately) Z; 7 = Z; r(X11) = 0.9423, priy Hopost
pr?TpOSt(Xl ) = 0.5149 and prA post _ prf‘TPOSt(XLT) = 0.4851. Analogously, in case
of observing a sample path Xj 1 =X :tef0,1}) = (z,z-dy) (i.e. a “down”
in the first period) one gets (approximately) Zir T =27 T(Xl r) = 1.0625, pry’f Hopost

PP (Xir) = 0.4848 and prif®" = pri'*" (X1 1) = 0.5152. If in the “classical”

Bayesian testing setup Ly =La=1=1— LH =1- LA one observes an “up” in the
first period, then according to one decides for the action 63 to accept the hypothesis
model H (since 0.5149 -1+ 0.4851-0 > 0.5149 -0+ 0.4851 - 1). If one observes a “down”
in the first period, then leads to the action 64 to accept the alternative model A
(since 0.4848 - 1 + 0.5152 - 0 < 0.4848 - 0 + 0.5152 - 1). The corresponding Bayes risk
is R‘lna‘) =min{0.5-1,0.5-1-0.9423} - 0.52 + min{0.5-1,0.5-1-1.0625} - (1 — 0.52) =
0.4850.

Example 4.2. In the setup of Example let us consider a different loss structure
which is derived from the following investment setup (adapted from Stummer and Vajda
[26]): Suppose that we have observed the asset value sample path for one period and that
now, at time t = i (in years), we invest 10000 USD for the next period of + 71 year. If we
invest all the money into this asset, then we buy 10000/ X 1,1 assets. Our correspondmg
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expected wealth at time t = % will be

10000
EQLT |:)(1 'X17;:| = 10000 {fh ~up + (]_ — th) . dl}

1,1

= 10000 - {0.52 - 1.05 + (1 — 0.52) - 0.95} = 10020 USD
under the hypothesis model H, and

10000
EPLT |:X17411
= 10000 - {0.49 - 1.05 + (1 — 0.49) - 0.95} = 9990 USD

-XLé] = 10000 {py - u1 + (1 —p1) - di}

under the alternative model A. In contrast, if at time ¢t = i we invest all the money into

a savings deposit for i year with guaranteed (continuously compounded) annual growth

rate of 0.19%, then our wealth at time ¢ = 1 will be 10000-e*-001%"(3~%) = 10004.75 USD.
If the decision space D = {f;,0.4} consists of the decisions 63, to invest (at time ¢t = 1)
all the money into the asset and € 4 to invest all the money into the savings deposit, then
01 leads to (assumingly) zero loss Ly = L(07,H) = 0 under H and to the expected
loss La = L0y, A) = 10004.75 — 9990 = 14.75 USD under A. Similarly, 64 leads to
(assumingly) zero loss La= L(04,A) = 0 under A but its expected loss under H is
Ly = L(04,H) = 10020 — 10004.75 = 15.25 USD. Thus, if one observes an “up” in the
first period, then according to one decides for the action 64 to invest (at time t = i)
all the money into the asset (since 0.5149-15.25+0.4851-0 > 0.5149-04-0.4851-14.75). If
one observes a “down” in the first period, then leads to the action 6 4 to invest all the
money into the savings deposit (since 0.4848-15.254+0.5152-0 < 0.4848-0+0.5152-14.75).
The corresponding Bayes risk is Rflmjil = min{0.5-15.25,0.5-14.75 - 0.9423} - 0.52 +
min {0.5 - 15.25,0.5 - 14.75 - 1.0625} - (1 — 0.52) = 7.27 USD.

Notice that the decisions in Example 2] are “consistent” with the decisions taken in
Example if one would first perform a “classical” Bayes test (i.e. accept H in case
of observing an “up” in the first period resp. accept A in case of observing a “down”)
and afterwards would decide about the investment, then one would end up with the
same decisions as above (i.e. invest all the money into the asset in case of an “up”
resp. invest all the money into the savings deposit in case of a “down”). However, if
the guaranteed annual growth rate in Example would be 0.22% (or larger) instead
of 0.19%, then the decisions in Example would be “inconsistent” with the decisions
taken in Example if one would now first perform a classical Bayes test (i.e. accept
‘H in case of observing an “up” in the first period resp. accept A in case of observing
a “down”) and afterwards would decide about the investment, then one would still
end up by investing all the money into the asset in case of an “up” resp. investing
all the money into the savings deposit in case of a “down”. In contrast, if one uses
the (adapted) decision method of Example one would end up with the decision
to always invest all the money into the savings deposit. Indeed, the wealth at time
t= % from the savings deposit will now be 10000 - 0-0022:(3-%) = 10005.5 USD. Hence,
Ly = 10020—10005.5 = 14.5 and L 4 = 10005.5—9990 = 15.5, and the proposed decision
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assertions follow from 0.5149 - 14.5 4+ 0.4851 - 0 < 0.5149 - 0 + 0.4851 - 15.5 respectively
from 0.4848 - 14.5+ 0.5152 - 0 < 0.4848 - 0 + 0.5152 - 15.5.

The “opposite inconsistency” appears in the case where the growth rate in Example
would be 0.18% (or smaller) instead of 0.19%. With the (correspondingly adapted)
decision method of Example one would now always decide to invest all the money in
the asset. Indeed, the wealth from the savings deposit will now be 10000 - €0-0018-(3—%
10004.5 USD, and consequently one gets Ly = 10020 — 10004.5 = 15.5, L4 = 10004.5 —
9990 = 14.5 and therefore 0.5149-15.5+0.4851-0 > 0.5149-04-0.4851 - 14.5 respectively
0.4848 - 15.5 4+ 0.5152 - 0 > 0.4848 - 0 4 0.5152 - 14.5.

The abovementioned investigations indicate that, in general, the — in practice often used
— method to first perform a “classical” Bayesian statistical test and afterwards carry out
an optimal investment decision, may lead to a different result than performing a “model-
uncertainty-integrated” optimal investment decision (one might loosely call this effect
a “non-commutativity” between Bayesian statistical and optimal investment decisions);
also notice the “decision sensitivity” (even) within a very small range of interest rates.

In Section resp. We have given limits as n tends to infinity of Hellinger integrals (Bayes
factor moments) Hy (P, 7||Qn, 1) resp. power divergences I (P 1| Qn,r). Let us now
present the corresponding limits of the Bayes risk, under our general Assumption 21}

Theorem 4.3. There holds

. ~ ~ M — A
MR = Mk Aat O — M) Qur| B = T
A — M4
~ A — i
_ . > - -
+ (u =) Par | Bz 2 T3 (30)
TS At A+ Qo= M) - (1—0(a@1) + (a — Aa) - (1 — (a3))
= A+ A+ O = M) - ®(@1) + (Mg —Aa) - D(a), (31)

where we have used the quantities

VAP -log (221)

Aa—Aa

a; = + ,

' Ar 2/p(1— D)

R R bve v B

ag = — — —
Ar 2¢/p(1—Dp)

as well as the standard normal distribution function ®.

For instance, one can apply Theorem to the special setup SPI of Example
where p=1/2 and Ap = |A|- T/V/8 with A := @=c4,
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Proof of Theorem ﬂ The representation follows immediately from . Fur-

thermore, from the distributional convergence we obtain with T := %“—%“ > 0 and
ATAA

the auxiliary (identity) random variable U with law Q= N(0,p-(1—Dp))

o] = 88 1) < o (o
= @{],5({{_@2 Al] = 1-®(a).

Similarly, from the distributional convergence one can deduce by means of the

A~

auxiliary (identity) random variable U with law Pr = N(Ap,p- (1 —p))

s (=] = B2 <] = Qe {ZErt <]
P @] = 1-e@)

which leads to the desired convergence assertion. O

An immediate consequence of Theorem [1.3] is the following result about the limit of
the total variation distance V' between the two corresponding probability laws P, 7 and
Qn,T, defined by

V(Pn,T”Qn,T) = 2-sup {PH,T[G] — Qn,T[G}} S [0, 2] .
G

Here, the supremum is taken over all measurable sets G C € of asset-value sample paths
between the times 0 and 7.

Corollary 4.4. There holds

1 n—oo AT
*V(Pn,THQn,T) - 29 —————| - 1.
2 2¢/p(1-p)

To see this, one can first use the general representation formula (see e.g. Stummer and
Vajda [26], adapted to the current context) R =1 — 3V (P, 7||Qn 1) for the special
situation Ay = Agq = 1, XH =\ A = 0. Then the assertion of Corollary follows
immediately from , by additionally employing an appropriate symmetry property of
the standard normal distribution function ®.

For the special time-homogeneous recombining-tree structure of Example with
. R 2
the one-period-probabilities ¢, := % + %(CH — S/ KL_HL =!Gn, Dn = % + %(CA -

2

%) qurn =: py; (with sufficiently large K € N), the n—th step Bayes risk Rﬁ‘% in
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(and hence, the total variation distance V (P, r|/@n, 1)) can be represented in a compact

explicit way. Since in this setup there holds p = 1/2 as well as Ay = |A| - /T/2 with
A = =LA one can deduce

Corollary 4.5. Suppose that SPH and EH = Ly = 0 holds. Then one gets for all
neN

Mt 3 (5) (0)7 (1= )™
Iy (1 Y () G —pmﬂ'), if e > o
Mg ST (2) (gn)? (1= )"
+Aal1- Z?Z’b (%) ()’ (1 —pn)”_]), if ca < ep

— M- (1=®(a@1)) + Aa-®(a2)
with (the existing quantities)

J(1—=p, )nd
mn:—min{jG{O,...,n}:(pn),(l Pn) 42)\7{},

Tﬁvn::max{je{o,...,n}:

oo lEOwA) VT losOw/Ay) AT

|AVT 2 7 T AT 2

Remark 4.6. Let us continue with the discussion launched in the second half of Exam-
ple If one starts within a continuous-time (rather than the here-used discrete-time)
framework with the hypothesis model H being a geometric Brownian motion with growth
constant ¢y and volatility o, and the alternative model A to be another geometric Brow-
nian motion with growth constant c4 and volatility o, then the corresponding Bayes risk
turns out to be exactly Ay (1—®(a1)) + Aa-P(az) (cf. Stummer and Vajda [26]). Hence,
we have indirectly shown the nontrivial fact that the asset-value-process limit procedure
and the above Bayes-risk limit procedure are consistent (in the associate sense).
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