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Prove that
∞
∑

n=1

ln(n+ 1)

n2
= −ζ′(2) +

∞
∑

n=3

(−1)n+1 ζ(n)

n− 2
.

Solution proposed by Roberto Tauraso, Dipartimento di Matematica, Università di Roma “Tor
Vergata”, via della Ricerca Scientifica, 00133 Roma, Italy.

It is well known that for x ∈ (−1, 1],

Ψ(x+ 1) + γ =

∞
∑

n=1

(

1

n
−

1

x+ n

)

=

∞
∑

n=2

(−1)nxn−1ζ(n),

where Ψ(x) := Γ′(x)/Γ(x) is the logarithmic derivative of the Gamma function.
Hence,

−

∞
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k=1

1

n2(x + n)
=

∞
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n=1

(
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n
−

1

x+ n

)

1
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∞
∑

n=1

1

k2
=

∞
∑

n=3

(−1)nxn−3ζ(n).

By integrating over [0, 1], we get

−

∞
∑

n=1

ln(n+ 1)

n2
+

∞
∑

n=1

ln(n)

n2
=

∞
∑

n=3

(−1)n
ζ(n)

n− 2

which is equivalent to the required identity because

ζ′(x) =
d

dx

(

∞
∑

n=1

1

nx

)

= −

∞
∑

n=1

ln(n)

nx

and therefore
∞
∑

n=1

ln(n)

n2
= −ζ′(2).
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