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Abstract:

 Despite the fact that much has been said about processing in computer science, it seems that there is still much to do. A classical approach assumes that the computations done by computers are a kind of mathematical operation (calculations of functions values) and have no special relations to energy transformation and flow. However, there is a possibility to get a new view on selected topics, and as a special case, the sorting problem is presented; we know many different sorting algorithms, including those that have complexity equal to [image: there is no content], which means that this problem is algorithmically closed, but it is also possible to focus on the problem of sorting in terms of flow control, entropy and statistical mechanics. This is done in relation to the existing definitions of sorting, connections between sorting and ordering and some important aspects of computer processing understood as a flow that are not taken into account in many theoretical considerations in computer science. The proposed new view is an attempt to change the paradigm in the description of algorithms’ performance by computational complexity and processing, taking into account the existing references between the idea of Turing machines and their physical implementations. This proposal can be expressed as a physics of computer processing; a reference point to further analysis of algorithmic and interactive processing in computer systems.
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1. Introduction


The idea of the Turing machine [1] that was shown in 1936 quickly became a basis of mathematical considerations in computer engineering [2]. In the 1960s and 1970s, one can observe a quick development of a new science called computer science. Among many important aspects of this new scientific branch was the analysis of algorithms in terms of computational complexity; a great achievement of the mathematical approach used in computer systems research. The importance of the Turing machine concept is related to the fact that the equivalence is usually put between these machines and algorithms (in Papadimitriou’s book [3], we have: “One can think of Turing machines as the algorithms”). This influenced many aspects of computer science, and still, the analysis of algorithms’ behavior is considered as the analysis of Turing machines. In this paper, we try to note that the whole problem, despite the fact that in many cases, it is quite (or even sometimes very) difficult, can be even more complicated, when the physical aspect of Turing machines’ (algorithms) behavior is taken into account; the processing is done on physical devices (e.g., computers).



Turing machines are mathematical models of algorithmic processing, but not the physical devices [4]; on the other hand, their implementations are the physical ones. Here, we assume (according to [5]) that: ”Implementation means that a physical system is taken to represent abstract mathematical or logical states”; however, we do not take a part in the discussion about reversible nor irreversible computations and whether they can be physically implemented in a thermodynamically-reversible way at the microscopic scale. We would like to focus on selected aspects of computer processing considering them as processes in which we have energy transformation and dynamical transitions done by machine. The broadly-accepted definition of the term machine assumes that it is a physical system working in well-defined, physical cycles, built by man and intended to concentrate the dispersion of the energy in order to do some physical work [6]. Each physical machine needs energy to work; implementations of Turing machines, as well. This seems to be obvious, but if we accept this statement, immediately, many interesting problems appear: dynamics of energy transformation, entropy production, state transitions, interactions between processed tasks, differences between types of computer processing, influence of long-term dependencies, etc. Modern computers are very complicated or even complex systems. This opinion is not a new one; for the first time, it was expressed by Dijkstra in 1972: “the structural complexity of a large software system is greater than that of any other system constructed by man [image: there is no content]” [2] and also by Murray Gell-Man: “(...) he added, choose topics that could be helped along by these big, rapid computers that people were talking about—not only because we can use the machines for modeling, but also because these machines themselves were examples of complex systems” [7]. Now, it seems that if we agree with these opinions, expressed many years ago, there is a need for the deep revision of many well-known aspects of computer science, at least taking into account current knowledge about complex systems. The works in [8,9,10,11] show very interesting discussions about modern computers features expressed in terms of Turing machines, including beliefs that current technologies are far beyond Turing machines. Those features are not discussed in this paper, and we do not want to express that the existing approach was/is totally wrong; however, we would like to emphasize that there is a possibility to go a step ahead. Algorithmic processing is a kind of computer processing and energy transformation [12], and its description only in terms of asymptotic behavior (worst, best and average case analysis) of computational complexity expressed by O, Θ and Ω notations is not enough. The Turing machine, as a mathematical model, has energy consumption for computing (or task processing) equal to zero; thus, the problem of its efficiency η, considered in the case of all machines, does not exist. It might be expected that this powerful theoretical model itself does not have any connections with machines and the physical world (it was proposed to model the behavior of a reckoner), but the assumed zero-energy consumption does not exclude the problem of entropy production.



Reading many classical books devoted to theoretical aspects of computer science and algorithms (especially how algorithms work), one can hardly find any direct relationships between computer science and physics, and if they exist, they are not related to the basic fact that computations are physical processes. Moreover, computer processing (or computations) is a process that needs energy, and computers are machines that allow for its transformation. In other words: they are working (almost) exactly the same as a steam engine: they perform energy transformation into useful work and not necessarily the entirety of the consumed energy is used for effective processing; some parts are also transformed into heat. This can be checked quickly: put a hand over the fan and feel the hot air. Immediately, the questions arise: What about this wasted energy? What about entropy production? Obviously, it is also possible to assume that our computers, like Turing machines, do not need energy for processing; Can they still produce entropy? To answer this question, we focus on one very important type of processing, namely sorting. This allows for a description of computer (algorithmic) processing as a process that should be also described in terms of physics, showing us some new elements of so far (as it seems) well-known and well-understood aspects of algorithms’ analysis.



The whole paper is divided into six sections. After the Introduction, in Section 2, we focus on better understanding what sorting and computer processing are in terms of order and flow control. Section 3 shows the analysis of an insertion-sort algorithm and its possible dynamical behavior related to feedback. The next section is devoted to considerations about the statistical mechanics of insertion sort and entropy production during sorting. Section 5 shows the influence of feedback on the sorting procedure. The paper is concluded in Section 6, where we show some open questions and further work that can be done for better understanding algorithms’ behavior.




2. Sorting and Computer Processing in Terms of Flow and Energy Transformation


2.1. Sorting


Sorting is one of the most important problems in theoretical computer science. It is a special kind of processing, and its omnipresence is related to the fact that sorting has many practical applications. Usually, it is assumed that the main goal of sorting is to try to find such a permutation [image: there is no content] of input set that consists of N numbers (or in general, N keys) [image: there is no content] in order to obtain [image: there is no content]. As can be seen, this searching is done based on ordering relation <, which is specified on values (keys) in such a way that the following conditions for [image: there is no content] are fulfilled [13]:

	
only one possibility is true: [image: there is no content],



	
if [image: there is no content] and [image: there is no content], then [image: there is no content].








These properties are typical for linear order: a mathematical term. If sorting retains the order from the input set for keys with the same values, it is called a stable one. This means that [image: there is no content] when [image: there is no content] and [image: there is no content]. There are several methods of sorting, and most of them are based on well-known methods used in our life or the development of some unconventional ideas. Some of them are very simple (like sorting by selection, sorting by insertion, bubble sorting), whereas some of them are more sophisticated (quick sorting, heap sorting).



This description suggests that this is a well-defined procedure of data processing, but the literature suggests also many other definitions, so a short reference is needed. If we refer to definitions from dictionaries, the term sorting is defined as: ”rearranging information into ascending or descending order by means of sortkeys” [14], ”the problem of arranging items in a predetermined order” [15], ”to put a number of things in an order or to separate them into groups” [16] or [17] ”to place (records) in order, as numerical or alphabetical, based on the contents of one or more keys contained in each record,” eventually as a process of separating or arranging things according to class or kind. In books devoted to computer science, this term is referred to as putting things into ascending or descending order. Donald, E. Knuth stated also that [18]: ”[sorting is] marshaling things into ascending or descending order. The process should perhaps be called ordering, not sorting [image: there is no content]. Some people have suggested that ‘sequencing’ would be the best name for the process of sorting into order; but this word often seems to lack the right connotation”. As can be seen from these definitions, it is clear that the term ordering (order) also appears as a process of putting something in a particular order; thus, whenever we think about sorting, we should also remember ordering. This is a very important fact, because it makes a direct connection between computer science considered as a mathematical discipline and physics, where the term order (and opposite to disorder) has also a special meaning, usually referenced to the presence (or absence in the case of disorder) of a special state in the system [19], because this term is also denoted as [17]: ”a state in which all components or elements are arranged logically, comprehensibly, or naturally”. Taking into account all of this, we can also define, for computer science considered as a physical science [8], the term sorting as a process (done by computers) of the physical transformation of an input set from one (disordered) state into another (ordered) one according to the well-defined rules given by algorithms. Moreover, this transformation leads to the decrease of entropy of the sorted set. Such a definition connects all important terms mentioned before and allows for the development of an interdisciplinary description of the algorithms’ behavior. Details will be presented below in the next sections.




2.2. Flowcharts


Now, it is important to discuss another aspect of the presented considerations. Let us note the term processing, which is used quite commonly in the case of computers; it is well understood as a [17] ”systematic series of actions directed to some end” or ”a continuous action, operation, or series of changes taking place” in computers. In computer systems, processing is impossible without algorithms that define sequential series of simple actions. The definition of the term algorithm will not be discussed here (see, for example, [20]), but there are different ways of expressing how algorithms work. In computer science, the most important ones are pseudocode or special diagrams.



We will focus on these diagrams because they show us something interesting. There are well-described rules for creating such diagrams. The most important ones are:

	
each diagram opens with START and ends with STOP;



	
paths with arrows exist between successive parts (blocks) that show how the diagram behaves;



	
no matter how complicated paths are, they have to finish in one common place called STOP.








Such diagrams are a very useful and convenient way to present graphically how a given algorithm works, where the decision blocks and loops are, etc.



These diagrams or graphical representations are also called flowcharts, because they show not only boxes, representing consecutive steps, but they also imply (with arrows) the order (flow) of those steps. This, in turn, implies the workflow of a process, and this is the key point of our considerations. Usually, a flowchart is presented because it helps us to understand what is done in successive steps, but let us turn around this way of thinking and assume that it is not only important what is done in sequence, but also how elements from the input set are handled (processed by) our algorithm. In other words, we focus not only on the sequence of operations, but also on data flow through our diagram. This approach allows us to state that algorithmic computer processing is also a flow of input data through paths (ways) and operations defined by algorithms (diagrams) in successive boxes in order to obtain expected results of transformation that are possible due to algorithms. This flow begins at START and finishes at STOP and is done by computers (physical machines that transform energy into useful work: calculations). Thanks to this holistic approach, it is possible to show some interesting phenomena that can happen during the traversing of a diagram (flowchart). Considering this new approach, we can view algorithms with their flowcharts as a structure with connections that allow control of flow.




2.3. Proposal of a New Approach


The considerations presented so far will be applied to a sorting algorithm, where the keys, one-by-one, are taken from the input set, flow through the algorithm and, as result of processing, find the appropriate place in the output set or are transformed; this will be discussed further in Section 3. This flow has some special features that are the results not only of assumed ideas of processing in algorithms, but also emerge as a consequence of interactions between input data and the processing structure of the algorithm. Moreover, these diagrams are considered as a network; thus, the flow (processing of a task) is done on a structure of connections that has a topology; it seems that this topology should be well-defined, but as a result of the above-mentioned interaction, parasite paths can appear.



Comparing the above considerations to the existing approach in theoretical computer science, it is clear that these problems are considered in a very different way; an existing approach uses paradigms related to the following watchwords: (i) Turing machines as universal and the most powerful models of algorithmic processing; (ii) the computational complexity as a measure of algorithms’ performance that fully describes algorithms’ behavior; (iii) the universality rule as an approach that eliminates any considerations about phenomena that can appear during processing; (iv) the mathematical analysis of computations (algorithms) in terms of algebra (especially computational complexity with notations) and graphs; and (v) the need for all necessary proofs for solvable and unsolvable problems. This is a rather strict mathematical approach, which is very important and necessary, but it cannot exclude any other approaches in the description of algorithms’ behavior, especially in terms of physics. The most important justification for these words is the fact that these computations are done on physical machines, whereas, so far, in the existing paradigm, we relate any attempts of algorithms’ description to the idea of Turing machines, which were mainly proposed to solve the Entscheidungsproblem and model the behavior of a reckoner. Physical machines are in fact limited by rules related to thermodynamics and energy transformation, and it is very interesting to see what is going on (what kind of phenomena appear) when processing is done, especially when algorithm behavior is related to some features of the input sets.



Let us note that the existing paradigm in the description of the performance and behavior of algorithms by the concept of computational complexity is stated on some very important assumptions: (i) the description in terms of mathematical notations expressed by O, Θ and Ω; (ii) the choice (not always obvious) of dominant operation; (iii) the asymptotic behavior for the worst (sometimes best) input case; and (iv) independence between different instances of input data and algorithm behavior. Obviously, this allows for a very useful and coherent theory to exist; however, on the other hand, the assumption about the independence of this measure from different instances of input sets excludes the possibility of any considerations, for example about the interaction between input data and the algorithm. If the above assumption is rejected, there is a possibility to indicate some of these phenomena, remembering previous considerations about energy transformations and flow, as presented next. This opens new interesting possibilities in better understanding what processing is, what kind of dependencies exist during those transformations, and some considerations are presented in next Sections.





3. A New View on the Insertion-Sort Procedure


In this section, the considerations presented so far will be applied to sorting; as an example, insertion sort is presented. This is a quite simple procedure of sorting that is established on the observation of a bridge player who sorts his or her cards. He or she takes cards one-by-one from the heap and starts searching for the right position from left to the right. This structure is described by algorithm pseudocode and a flowchart.



1   for j ← 2 to length(A) do
2      key ← A[j]
3      i ← j-1
4      while (i > 0 and A[i] > key) do
5         A[i+1] ← A[i]
6         i ← i-1
7      A[i+1] ← key




It is very easy to see that this algorithm consists of two loops (Figure 1). The external one is used to sort all data from the input set; the internal one finds the right place in the output set for successive sorted keys to form the input set. The calculations’ computational complexity is based on the number of internal loop executions (or equivalently, on the number of executions of the fourth line of code above), and this loop is crucial for our considerations. Let us note that if we focus on our algorithm as a net of connections in which sorted keys flow through existing paths, conditions checked in the fourth line of the pseudocode decide how long sorted data will stay in the internal loop. If we compare this loop to the trap for input data, it is easy to see that the amount of time for which the trap is active depends on three conditions: two of them are expressed explicitly; the third one is a matter of algorithm feedback. The first condition i > 0 expresses the actual position in the input set; index i is proportional to the size of input, so the loop will be longer as i grows. The second condition depends on the values of the sorted keys; if the value of sorted key from the input set is small, the trap lasts longer than in the case when the sorted keys have large values. The third condition is very visible if we focus on algorithm behavior in terms of the interaction between the algorithm and the data structure, because the duration of the internal loop is also related to the number and values of keys sorted so far and is expressed by condition A[i] > key (note that as the algorithm works, each sorted key is put into the first part of table A[i]). The existence of feedback in this algorithm leads to the following cases: if in the condition in the fourth line of the pseudocode (i > 0 and A[i] > key), only the first part i > 0 is met, the feedback is simple, and as a result, the underlying process is short term. This is caused by the fact that the internal loop stops if the sorted key has the minimal value, whereas the condition A[i] > key is a part of the feedback with a possible memory effect that implies the existence of long-term processes; internal loop executions (trap) end depending on the input and output sets’ properties.


Figure 1. Diagram flow for the insertion-sort algorithm.



[image: Entropy 18 00093 g001 1024]






These considerations can be presented on a special flowchart (Figure 2) that is an extended version of the diagram presented in Figure 1. This new diagram is a result of some small modifications in our algorithm. These modifications help us to show a possible dynamical behavior of insertion sort. In the modified diagram (Figure 2), two new variables are introduced, namely: min and max. They hold information about the minimal and maximal values of the so far sorted keys. As was stated above, the condition that opens the internal loop in the analyzed algorithm consists of two logical sub-conditions. They are joined by logical operator and; as a result, this loop is executed if they are both fulfilled. However, this important condition can be broken into three cases. The first one is devoted for checking A[j] ≥ max and, as a result, can be used to choose the shortest of all possible paths in the algorithm. This case is responsible for sorting keys with the maximal value. This path is always taken in the optimistic case (Figure 2, solid (green) line), and it is easy to note (assuming that each operation in the whole diagram flow takes exactly the same amount of time) that the total time [image: there is no content] needed for flow through this path is [image: there is no content] (where c stands for the number of intermediate steps in path P1 denoted by the solid (green) line in Figure 2, like min ← A[1], max ← A[1], etc.), giving the classical computational complexity expressed by [image: there is no content].


Figure 2. Modified diagram flow for the insertion-sort algorithm with a parasite path. The solid (green) line stands for algorithm behavior in the optimistic case, path P1; the dotted (blue) line expresses the flow in pessimistic case, path P2; and the dashed (red) line shows the flow of sorted keys in other cases, path P3.



[image: Entropy 18 00093 g002 1024]






The second condition checks if A[j]<min and is met when the sorted key is minimal so far. As a result, all keys sorted so far have to be moved to the right in the output. Similarly to the first condition, this is the pessimistic case if all sorted keys follow this path (dotted (blue) line in (Figure 2). Because in this case, for each sorted key, there is the need to execute Loop II and the number of these loop executions is [image: there is no content], the total time [image: there is no content] needed for flow through this path is [image: there is no content] (where c again denotes the number of intermediate steps, like min ← A[1], A[i+1]←key, etc., in path P2, denoted by the dotted (blue) line in Figure 2). Because [image: there is no content], the classical computational complexity for this case is expressed by [image: there is no content].



However, there is a third possibility, when any of the above conditions are not met; thus, the third condition A[i] > key is checked. It dictates how long the Loop III will last (Figure 2, dashed (red) line, path P3). In contradiction to the second case, where the loop duration is dependent on the number of keys sorted so far (index i), this time, the loop duration depends also on the values of keys sorted so far or, in other words, on algorithm output.



The determination of the behavior of the modified algorithm when the flow through all possible Px paths is needed can be given assuming that:

	
[image: there is no content] is a set of input data instances with size n;



	
d is one instance of input data;



	
[image: there is no content] is the needed number (or equivalently time) of path Px (including loops) executions for instance d with size n;



	
[image: there is no content] is a random variable with values [image: there is no content] for d∈[image: there is no content];



	
[image: there is no content] is a probability distribution of [image: there is no content] (the probability that the algorithm will do k path Px (including loops) executions or equivalently [image: there is no content] for an input set with size n).








If the set [image: there is no content] is finite, each input instance is equiprobable. If the probability distribution of [image: there is no content] is known, the calculations of its average value are possible by:


A(n)=∑k≥0k[image: there is no content],



(1)




leading to the average case computational complexity.



The set [image: there is no content] consists of all possible [image: there is no content] permutations (instances) of n-element sets. If [image: there is no content], then [image: there is no content] has two elements:


[image: there is no content]











In the modified procedure, sorting of this instance requires, respectively: path P1 with one execution and P2 with two executions of Loop II; path P1 with two executions. For [image: there is no content], the details are in Table 1.


Table 1. Number of paths Px and loop executions for the input set size n = 2, 3.


	n
	Instance
	P1
	P2
	P3
	[image: there is no content]





	2
	A[1]  >  A[2]
	2
	0
	0
	2



	2
	A[2]  >  A[1]
	1
	2
	0
	3



	3
	A[1] < A[2] < A[3]
	3
	0
	0
	3



	3
	A[1] < A[3] < A[2]
	2
	0
	2
	4



	3
	A[2] < A[1] < A[3]
	2
	2
	0
	4



	3
	A[2] < A[3] < A[1]
	2
	0
	3
	5



	3
	A[3] < A[2] < A[1]
	1
	5
	0
	6



	3
	A[3] < A[1] < A[2]
	1
	2
	2
	5









For [image: there is no content], both cases can appear with [image: there is no content]; thus, the average number of path executions according to Equation (1) is equal: [image: there is no content]. For [image: there is no content], we have p33=1/6,p34=1/3,p35=1/3,p36=1/6, and the average complexity equals: [image: there is no content].



Nothing can be said about the behavior of [image: there is no content] having the information about two cases. Thus, for [image: there is no content], Table 2 was made, where one can find: [image: there is no content] for [image: there is no content], [image: there is no content] for [image: there is no content].


Table 2. The values of [image: there is no content], [image: there is no content], [image: there is no content] for different input sets.


	n
	[image: there is no content]
	[image: there is no content]
	[image: there is no content]





	1
	1
	–
	–



	2
	2.5
	1.5
	–



	3
	4.5
	2
	0.5



	4
	7
	2.5
	0.5



	5
	10
	3
	0.5



	6
	13.5
	3.5
	0.5



	7
	17.5
	4
	0.5



	8
	22
	4.5
	0.5



	9
	27
	5
	0.5



	10
	32.5
	5.5
	0.5









Based on the information from Table 2, it is seen that [image: there is no content] is a linear function of n, and it might be expected that [image: there is no content] is given by [image: there is no content]. Indeed, [image: there is no content] is represented as:


[image: there is no content]



(2)




and this function is [image: there is no content], showing us that in the average case, the modified algorithm has a computational complexity the same as in the pessimistic case.



The existence of this feedback has a strong influence on algorithm behavior because:

	
dynamical behavior of this algorithm is possible [21];



	
the third path can be seen as a parasite path (loop); it appears as a consequence of interaction between the algorithm and the input set;



	
the first two cases can be described by a mathematical relation that exactly determines the loops’ duration (or equivalently, the number of necessary dominant operations) for each sorted key; in other words, this number is deterministic;



	
in the third case, a non-deterministic behavior can appear and, as a consequence, the dynamical changes in the number of necessary dominant operations leading to the long-term processes;



	
the flow in this algorithm can have a turbulent nature.








Let us focus on the possible deterministic and non-deterministic behavior of the analyzed algorithm. Usually, it is assumed that typical algorithms are deterministic because, for each step, they have very well-defined successive steps. However, if we follow our previous remarks and focus on the data flow inside the algorithm, the definition of deterministic behavior can look a little bit different: it will refer to the exact count of the number of dominant operations for each processed element. In the case of insertion sort, it is possible to express this number for the best and worst cases in a very simple way by equation; for the rest of the cases, it can be determined based on the analysis of inversions and runs [18], but this is not so simple. Especially, it is quite easy to calculate the number of inversions (situations where input sets’ successive keys are in reverse order or unsorted), but there are still some unsolved problems in the case of runs (situations where input keys are in the right order). As a final result for the optimistic and pessimistic cases for each key from the input set, one can exactly indicate the number of executed dominant operations: respectively, this is one and [image: there is no content], where i denotes the index of the sorted key from an input set of size n. However, both cases are only two of [image: there is no content] possible ones (called input instances), and for most of the rest, based on the classical approach, it is impossible to give this number by equation. If we refer once again to the concept of flow, it can be said that pessimistic and optimistic cases refer to the laminar flows, whereas the others represent the turbulent flows. Typically, if the best and worst cases of computational complexity for an algorithm vary, one can follow average computational complexity analysis, but this gives a description in terms of asymptotic notation (here, given by [image: there is no content]). This complexity measure is based on the idea of averaging, and nothing interesting can be said about the exact behavior (flow control) of the algorithm expressed in the number of necessary dominant operations (see Figure 3). In other words: if we refer to the concept of processing as a flow, we cannot use the traditional approach, because it will not allow us to see some interesting phenomena.


Figure 3. One possible example of sorting processing. For each sorted key from the input set (blue line), the exact number of dominant operations was recorded (black line). As can be seen, when there is a falling trend in the input set, the number of dominant operations rises; when there is a rising trend in the input set, the number of operations falls. The red line shows how the algorithm should behave if we follow asymptotic analysis for the worst case.
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In our approach, we apply the concepts of statistical mechanics, but the description of the algorithm behavior will not be given in terms of averaging, but in terms of statistical analysis of the time series representing the computational costs of the processing (the number of dominant operations for each processed element from the input set).




4. Entropy Production


Different approaches in the description of sorting procedures in terms of entropy production are known in the literature. In [22], it is shown how the entropy as the measure of the input data uncertainty can be related to the computational difficulty of the given problem instance. In [23], the total computational cost of the algorithm was shown as a function of the entropy of the input (output) distribution. Following the remarks from Section 2, we stated that sorting is related to the introduction of order into a processed set. If we refer to physics, this means that the energy necessary for processing, which is delivered to the computer performing the sorting procedure, is used to decrease the entropy in the input (unordered) set. During processing (i.e., a flow of elements from the input set), entropy from the input set is carried outside. In this analysis, we refer to the behavior of a Turing machine; thus, it is assumed that the entropy flow is only caused by the ordering procedure. As was noted in Section 3, the insertion-sort algorithm can have dynamical behavior due to the existence of feedback. In order to determine the levels of entropy production, we refer to [24], where the following approach was proposed.



Let n be the size of a processed set and [image: there is no content] denote the position of successively processed elements from the input set, [image: there is no content]. Both internal and external loops need to be executed in insertion sort (given in Figure 1) to process the input set. The number of executions for each key is given by M, and its maximal value is M=[image: there is no content] when the pessimistic case is sorted, while the minimal value is [image: there is no content] when the optimistic case is processed. For each key, by [image: there is no content], we denote the number of external loop executions, and it is always equal to one; by [image: there is no content], we denote the number of all necessary internal loop executions, and it can change from zero (optimistic case) to [image: there is no content]-1 in the pessimistic case. By [image: there is no content], we denote the number of those internal loop calls that are not executed because of input set properties. Obviously, it is clear that M=[image: there is no content]+[image: there is no content]+[image: there is no content].



The amount of entropy that is removed during processing for each sorted key can be calculated based on the number of W possible configurations (microstates) of the number of both loops’ executions. This quantity is given as the number of all possible combinations CM[image: there is no content] multiplied by CM-[image: there is no content][image: there is no content] [24]; thus:


W=CM[image: there is no content]·CM-[image: there is no content][image: there is no content]=M![image: there is no content]!M-[image: there is no content]!·M-[image: there is no content]![image: there is no content]!M-[image: there is no content]-[image: there is no content]!=M![image: there is no content]![image: there is no content]![image: there is no content]!.



(3)







This result is consistent with the idea of permutations of a multiset (see, for example, Donald, E. Knuth survey in [18] and the references therein).



In the optimistic case, for each key, [image: there is no content] equals:


[image: there is no content]=[image: there is no content]!1!0![image: there is no content]-1!=[image: there is no content].



(4)







In the pessimistic case, [image: there is no content] equals:


[image: there is no content]=[image: there is no content]!1![image: there is no content]-1!0!=[image: there is no content].



(5)







The obtained results can be a little surprising, but in the pessimistic case, the inverse order in the input set is still a kind of order; thus, the amount of entropy carried outside is on the lowest possible levels in both cases. Taking into account the Onsager relations [25,26], our system (processing machine) is in a (quasi)equilibrium state, where the entropy production is minimal. As confirmation, let us consider the number of microstates W in other cases. If at least one excess dominant operation for key [image: there is no content] is needed, i.e., [image: there is no content]=1, [image: there is no content]=1, [image: there is no content]=[image: there is no content]-2, we have:


W=[image: there is no content]!1!1![image: there is no content]-2!=[image: there is no content]-2![image: there is no content]-1[image: there is no content][image: there is no content]-2!=[image: there is no content][image: there is no content]-1



(6)




and the number W is greater than in the [image: there is no content] or [image: there is no content] cases.



The maximum entropy production occurs when [image: there is no content]=[image: there is no content], i.e., when the number of internal loop executions equals half of all possible executions ([image: there is no content]/2). For some values of [image: there is no content]=1,2,3,…, this value can be found in Table 3, where the entropy [image: there is no content] for each sorted key is also calculated using the Boltzmann–Gibbs formula, [image: there is no content] with [image: there is no content].



Table 3. The number of microstates.



	
Key Number

	
Number of Microstates

	
Entropy




	
[image: there is no content]

	
[image: there is no content]

	
Si=ln([image: there is no content])






	
2

	
2

	
0.69315




	
3

	
3

	
1.09861




	
4

	
6

	
1.79176




	
5

	
10

	
2.30259




	
6

	
20

	
2.99573




	
7

	
35

	
3.55535




	
8

	
70

	
4.2485




	
9

	
126

	
4.83628




	
10

	
252

	
5.52943




	
11

	
462

	
6.13556




	
12

	
924

	
6.82871




	
13

	
1716

	
7.44775




	
14

	
3432

	
8.1409




	
15

	
6435

	
8.76951




	
16

	
12,870

	
9.46265




	
17

	
24,310

	
10.0986




	
18

	
48,620

	
10.7918




	
19

	
92,378

	
11.4336




	
20

	
184,756

	
12.1268




	
21

	
352,716

	
12.7734




	
22

	
705,432

	
13.4666




	
23

	
1,352,078

	
14.1172




	
24

	
2,704,156

	
14.8103




	
25

	
5,200,300

	
15.4642




	
26

	
10,400,600

	
16.1574




	
27

	
20,058,300

	
16.8142




	
28

	
40,116,600

	
17.5073




	
29

	
77,558,760

	
18.1665




	
30

	
155,117,520

	
18.8597




	
31

	
300,540,195

	
19.5211




	
32

	
601,080,390

	
20.2142




	
33

	
1,166,803,110

	
20.8775




	
34

	
2,333,606,220

	
21.5707




	
35

	
4,537,567,650

	
22.2357




	
36

	
9,075,135,300

	
22.9288




	
37

	
17,672,631,900

	
23.5953




	
38

	
35,345,263,800

	
24.2884




	
39

	
68,923,264,410

	
24.9563










Plotting [image: there is no content]versus [image: there is no content] (Figure 4) illustrates that in the average case (i.e., [image: there is no content]=[image: there is no content]), the entropy growth tends to be linear for [image: there is no content]→∞.


Figure 4. Entropy [image: there is no content] production for successive keys [image: there is no content] (solid line with open squares) with the approximation given by Equation (7) (line with open circles).



[image: Entropy 18 00093 g004 1024]






This can be confirmed if one notes that when [image: there is no content]=[image: there is no content], the number of possible loop configurations W for the even number of keys [image: there is no content] can be obtained as


W=[image: there is no content]![image: there is no content]2!·[image: there is no content]2!.)








for odd number of keys [image: there is no content], it is given as:


W=[image: there is no content]![image: there is no content]-12!·[image: there is no content]+12!.











Thus, the entropy [image: there is no content] can be calculated as:


[image: there is no content]=ln[image: there is no content]![image: there is no content]2!·[image: there is no content]2!=ln[image: there is no content]!-2ln[image: there is no content]2!.



(7)







Because:


ln([image: there is no content])!=∑j=1[image: there is no content]ln(j)≈∫1[image: there is no content]ln(x)dx=xlnx-x|1[image: there is no content]=([image: there is no content])ln([image: there is no content])-[image: there is no content]+1








and also:


ln[image: there is no content]2!=∑j=1[image: there is no content]2ln(j)≈∫1[image: there is no content]2ln(x)dx=xlnx-x|1[image: there is no content]2=[image: there is no content]2ln([image: there is no content]2)-[image: there is no content]2+1,











Equation (7), for [image: there is no content]→∞, can be written as:


[image: there is no content]≈([image: there is no content])ln([image: there is no content])-[image: there is no content]+1-2·[image: there is no content]2ln[image: there is no content]2-[image: there is no content]2+1=[image: there is no content]·ln([image: there is no content])-[image: there is no content]+1-[image: there is no content]·ln[image: there is no content]2+[image: there is no content]-2=[image: there is no content]ln([image: there is no content])-[image: there is no content]ln[image: there is no content]2-1=[image: there is no content]·ln2[image: there is no content][image: there is no content]-1=[image: there is no content]·ln2-1.



(8)







The approximation of the entropy production given by Equation (7) shows (Figure 4) that for the average case, the level of (extensive) entropy production for each key i is approximately represented by the linear function [image: there is no content]. It should be noted that this is again consistent with Onsager reciprocal relations [25,26] and indicates that in the system, a thermodynamic non-equilibrium state exists, with maximum, but linear entropy production.



It is also possible to show some calculations for other cases. Equation (6) shows that when at least one excess dominant operation is done, the number of microstates is greater than in optimistic and pessimistic cases. This equation allows one to establish formulas for exact calculations of the number of microstates. This is possible if we use the following reasoning: if one excess dominant operation is done, we have:


W=[image: there is no content]!([image: there is no content]-2)!1!.











For two dominant operations, this is:


W=[image: there is no content]!([image: there is no content]-3)!2!.











If we denote the number of necessary dominant operations by [image: there is no content] (for the i-th key from the input set), the number of microstates W can be expressed as:


W=[image: there is no content]![image: there is no content]-([image: there is no content]+1)![image: there is no content]!.



(9)







This can be written as:


W=[image: there is no content]·([image: there is no content]-1)·([image: there is no content]-2)·…·[image: there is no content]-[image: there is no content][image: there is no content]!.



(10)







If [image: there is no content]>170, the approximate calculations of W are almost impossible on typical computers. However, taking into account that we are interested in calculations of entropy assuming that for each key, it is given by [image: there is no content]=kln(W), Equation (10) can be rewritten as:


[image: there is no content]=kln(W)=ln[image: there is no content]·([image: there is no content]-1)·([image: there is no content]-2)·…·[image: there is no content]-[image: there is no content]-ln([image: there is no content]!).



(11)







Because [image: there is no content], finally, we have:


[image: there is no content]=∑j=[image: there is no content]-[image: there is no content][image: there is no content]ln(j)-∑i=1[image: there is no content]ln(i)



(12)







Figure 5 shows one example of a sorting process with the trajectory of entropy production during processing. The sorted set has [image: there is no content] elements. Here, we assume that for each key [image: there is no content], the produced entropy [image: there is no content] is extensive. For the average case, it grows linear, thus the total amount of produced entropy during sorting such a case by insertion sort can be expressed as [image: there is no content], which indicates the direct relationship between the problem of entropy production and the average case of the computational complexity of the insertion-sort algorithm. It is a very interesting problem itself, because the questions arise: Do such references exist for different sorting algorithms, and is it possible to use the concepts of other entropies (for example, nonextensive ones [27]) in such calculations?


Figure 5. Example of entropy production during sorting. The dark blue line denotes the number of dominant operations; light blue line, the amount of produced entropy according to Equation (12); red line, maximal number of dominant operations (pessimistic case); black line, the number of dominant operations in the average case; green line, predicted amount of produced entropy according to Equation (7).
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5. Influence of the Input Set on Dynamical Behavior


Equation (3) shows the number of possible microstates for each successive sorted key. Usually, it is assumed that such a set is a collection of elements that is processed by a Turing machine. From the mathematical point of view, this collection is one of the possible permutations [image: there is no content] of the n-element set [18], and this is a typical approach in combinatorics. One can assume that each sorted element is independent of the others, but in our considerations, we focus on the situation where there can be, but does not have to be, some level of correlation. Let us note that the input set can have [image: there is no content] possible arrangements of key values. In many of them, one can indicate the existence of parts with many inversions or long runs. This situation is usually analyzed by a mathematical approach based on combinatorics with some existing open questions [18]. We propose a different approach, because we treat computer processing in terms of a flow. This approach continues the considerations presented in Section 3.



Below, we assume that the input set is a time series. For example, it can be generated as a trajectory of some process; here, it is proposed to use the concept of fractional Brownian motion (fBm), because this process has many features that are very useful in our considerations. The most important is the fact that its statistical self-similarity (described by Hurst H parameter) can be used for the description of the statistical properties of the dependencies between the values of keys and, thus, the existence of inversions and long runs. It is known that the trajectories of fBm for values of [image: there is no content] have long trends (property of persistence) that, for our sorting procedure, can be understood as local pessimistic and optimistic cases (see Figure 6). The property of graphical self-similarity (to be more precise, self-affinity) shows that in each such trend, there are other minor trends.


Figure 6. Dependencies between one trajectory of fractional Brownian motion (fBm) [image: there is no content] and the number of dominant operations [image: there is no content] required for its sorting. Red lines show falling (global and minor trends) in the input set, while green lines refer to local and global rising trends. The blue line shows the number of dominant operations; it is clear that each falling trend in the input set (inversions in the input set) denotes the growth of the number of dominant operations, whereas rising trends (runs in the input set) are related to a decrease of the dominant operations.



[image: Entropy 18 00093 g006 1024]






Recorded quantities of dominant operations for the insertion-sort procedure show not only the behavior of our algorithm (Figure 6), but also how produced entropy [image: there is no content] behaves during sorting according to Equation (12). One example is shown in Figure 7: the sorted set is a trajectory of fBm with [image: there is no content]. The amount of produced entropy is not only dependent on visible trends, but on the situation when the trend is changing from falling to rising and reverse.


Figure 7. Dependencies between one trajectory of fBm [image: there is no content] and the amount of produced entropy during its sorting. It is very visible (compared to Figure 6) that the levels of produced entropy [image: there is no content] depend not only on the values of sorted keys (indirectly, on the number of dominant operations), but also on the change of trends (inversions and runs) in the input set.



[image: Entropy 18 00093 g007 1024]






As noted in Section 3, a feedback exists in this algorithm, and it has a strong influence on the procedure behavior. In order to show this influence, the plot in Figure 8 was created, illustrating the relations between values of input keys [image: there is no content] and the number of dominant operations [image: there is no content], and the plot in Figure 9 illustrates the relations between the values of input keys [image: there is no content] and produced entropy [image: there is no content].


Figure 8. Direct relation between the values of sorted keys [image: there is no content] and the number of dominant operations [image: there is no content] needed for their sorting. The whole graph shows bifurcations in the algorithm behavior in relation to existing feedback.



[image: Entropy 18 00093 g008 1024]





Figure 9. The direct relation between the values of sorted keys [image: there is no content] and the amount of produced entropy during their sorting [image: there is no content]. Produced entropy depends not only on key values, but also on existing feedback.
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As can be seen Figure 6, Figure 7, Figure 8 and Figure 9, behavior of the analyzed algorithm is very complex. Let us note the feedback existing in the algorithm; its existence influences the number of necessary dominant operations for each sorted key. If successive keys from the input are ordered according to relation <(rising trend, optimistic case) or respectively according to relation > (falling trend, pessimistic case), the number of dominant operations for each sorted key will be equal to one or [image: there is no content], respectively, and such a complex behavior in both cases will not be visible. Now, let us also note that our sorting procedure is done by a physical machine (computer) that is used not only to perform this process, but also, it is expected that it controls its possible dynamical behavior. It is clear that understanding the idea of processing is more complicated than it seems to be: it is not only a simple mathematical operation (transformation of bits), but also a process that can be very complex.




6. Conclusions


In this paper, a short study of the insertion-sort algorithm was presented as an example of a new approach to algorithms and computer processing analysis. Despite the fact that this is a very well-known and very simple procedure, we were able to show its possible dynamical behavior in terms of flow control and statistical mechanics. This approach can be considered as a new view on algorithms analysis relating the basic concepts of thermodynamics and flow control. We assumed that the Turing machine is not only a mathematical concept that models the behavior of a reckoner, but also a concept that should have relations to basic terms in physics (especially for sorting procedures). The proposed view is in accordance with the existing approach so far based on computational complexity (best, mean, worst case analysis expressed in mathematical notations), but it assumes that the algorithm and input data are not independent beings: they interact, and during (computer) processing, one can see phenomena that do not belong to the classical (mathematical) domain, mostly based on combinatorics, asymptotic models and some universal rules. The proposed considerations can be applied in the case of other sorting procedures, where best, worst and average complexities vary (like bubble sort, quick-sort; some results about the influence of the input structure were given in [28]) as a consequence of specific input data properties. As a counterexample, the selection sort algorithm can be given; its behavior does not depend on the input data structure. Furthermore, other types of algorithms can be indicated: a special group is graph algorithms (for example, spanning tree algorithms (Kruskal’s algorithm, Prim’s algorithm, Boruvka’s algorithm) with all included modifications, especially if graphs have special features (are dense, edge weights are integers (see [29])); Dijkstra’s or Bellman-Ford methods for shortest paths with improvements in representation of graphs stored in different data structures (see, for example, [30])).



There are several interesting issues that should be researched further, which are the result of the presented approach:

	
What kind of statistical properties can be related to the number of dominant operations and entropy production during sorting?



	
What are the properties of diagrams presenting entropy production and the number of dominant operations relating to the properties of the input sets?



	
What kind of similar (or not) dependencies exist in other sorting algorithms, including those that are based on recurrence?



	
How can the proposed approach be developed in the case of other algorithmic procedures focusing especially on the interaction between input data and algorithms?












Acknowledgments


The author would like to thank Michał Wroński for his valuable comments during the preparation of this paper.




Conflicts of Interest


The author declares no conflict of interest.




References


	1. 
Turing, A.M. On computable numbers, with an application to the Entscheidungsproblem. Proc. Lond. Math. Soc. 1936, 42, 230–265. [Google Scholar]

	2. 
Wegner, P. Research paradigms in computer science. In Proceedings of the 2nd International Conference on Software Engineering, San Francisco, CA, USA, 13–15 October 1976; pp. 322–330.

	3. 
Papadimitriou, C.H. Computational Complexity; Addison Wesley: Boston, MA, USA, 1993. [Google Scholar]

	4. 
Penrose, R. The Emperor’s New Mind, 2nd ed.; Oxford University Press: New York, NY, USA, 1990. [Google Scholar]

	5. 
Ladyman, J.; Robertson, K. Going Round in Circles: Landauer vs. Norton on the Thermodynamics of Computation. Entropy 2014, 16, 2278–2290. [Google Scholar] [CrossRef]

	6. 
Horákowá, J.; Kelemen, J. Čapek, Turing, von Neumann, and the 20th Century Evolution of the Concept of Machine. In Proceedings of the International Conference in Memoriam John von Neumann, John von Neumann Computer Society, Budapešť, Hungary, 10–12 December 2003.

	7. 
Waldrop, M.M. Complexity: The Emerging Science at the Edge of Order and Chaos; Simon and Schuster: New York, NY, USA, 1992. [Google Scholar]

	8. 
Wegner, P.; Goldin, D. Computation Beyond Turing Machines. Commun. ACM 2003, 46, 100–102. [Google Scholar] [CrossRef]

	9. 
Eberbach, E.; Goldin, D.; Wegner, P. Turing’s Ideas and Models of Computation, in Alan. Turing: Life and Legacy of a Great Thinker; Teuscher, C.H., Ed.; Springer-Verlag: Berlin/Heidelberg, Germany; New York, NY, USA, 2005. [Google Scholar]

	10. 
Goldin, D.; Wegner, P. The Church-Turing Thesis: Breaking the Myth; Lecture Notes in Computer Science 3526; Springer: Berlin/Heidelberg, Germany, 2005; p. 152. [Google Scholar]

	11. 
Wegner, P. Why Interaction is More Powerful Than Algorithms. Commun. ACM 1997, 40, 80–91. [Google Scholar] [CrossRef]

	12. 
Bennett, C.H. The Thermodynamics of Computation—A Review. Int. J. Theor. Phys. 1982, 21, 905–940. [Google Scholar] [CrossRef]

	13. 
Cormen, T.H.; Leiserson, C.E.; Rivest, R.L.; Stein, C. Introduction to Algorithms; MIT Press: Cambridge, MA, USA, 1994. [Google Scholar]

	14. 
Daintith, J.; Wright, E. A Dictionary of Computing; Oxford University Press: Oxford, UK, 2008. [Google Scholar]

	15. 
Laplante, P.A., Ed.; Dictionary of Computer Science, Engineering and Technology; CRC Press: Boca Raton, FL, USA, 2000.

	16. 
Cambridge Dictionaries. Available online: http://dictionary.cambridge.org (accessed on 9 March 2016).

	17. 
Collins English Dictionary—Complete & Unabridged 10th Edition. Available online: http://dictionary.reference.com/browse/order (accessed on 9 March 2016).

	18. 
Knuth, D.E. The Art of Computer Programming; Addison-Wesley: Boston, MA, USA, 1973; Volume 3. [Google Scholar]

	19. 
Mikhailovsky, G.E.; Levich, A.P. Entropy, Information and Complexity or Which Aims the Arrow of Time? Entropy 2015, 17, 4863–4890. [Google Scholar] [CrossRef]

	20. 
Strzałka, D. Paradigms evolution in computer science. Egitania Sci. 2010, 6, 203–220. [Google Scholar]

	21. 
Strzałka, D. Dynamical interaction between input data and simple insertion sort algorithm. Int. J. Math. Comput. 2016, 27, 1–23. [Google Scholar]

	22. 
Takaoka, T.; Nakagawa, Y. Entropy as Computational Complexity. Inf. Media Technol. 2010, 5, 1193–1207. [Google Scholar] [CrossRef]

	23. 
Shah, D.; Sharma, M. Entropy and Complexity. Available online: http://www.hpl.hp.com/techreports/2000/HPL-BRIMS-2000-32.html?jumpid=reg_R1002_USEN (accessed on 9 March 2016).

	24. 
Strzałka, D.; Grabowski, F. Towards possible non-extensive thermodynamics of algorithmic processing—Statistical mechanics of insertion sort algorithm. Int. J. Mod. Phys. C 2008, 19, 1443–1458. [Google Scholar] [CrossRef]

	25. 
Prigogine, I.; Stengers, I. Order out of Chaos: Man’s New Dialogue with Nature, Flamingo Edition; Bantam Books: New York, NY, USA, 1984. [Google Scholar]

	26. 
Onsager, L. Reciprocal Relations in Irreversible Processes. I. Phys. Rev. 1931, 37, 405. [Google Scholar] [CrossRef]

	27. 
Tsallis, C. Nonextensive Statistics: Theoretical, Experimental and Computational Evidences and Connections. Braz. J. Phys. 1999, 29, 1–35. [Google Scholar] [CrossRef]

	28. 
Dymora, P.; Mazurek, M.; Strzałka, D. Long-range dependencies in quick-sort algorithm. Electr. Rev. 2014, 90, 149–152. [Google Scholar]

	29. 
Eisner, J. State-of-the-art algorithms for minimum spanning trees. Available online: https://www.cs.jhu.edu/jason/papers/eisner.mst-tutorial.pdf (access on 9 March 2016).

	30. 
Meyer, U. Average-case complexity of single-source shortest-paths algorithms: Lower and upper bounds. J. Algorithms 2003, 48, 91–134. [Google Scholar] [CrossRef]































© 2016 by the author; licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons by Attribution (CC-BY) license (http://creativecommons.org/licenses/by/4.0/).







media/file4.png
number of dominant operations

1000000

800000 —

600000 —

400000 —

200000

- 1000000

- 800000

|- 600000

[- 400000

- 200000

T
200000

T
400000

T
600000

T
800000

T
1000000

Adosus paonpoid





nav.xhtml


  entropy-18-00093


  
    		
      entropy-18-00093
    


  




  





media/file1.png
<
£ N B, e e
g 2!
s /[ T T .
NG
2 2 o m_
x m P"
! Q: .
Y 1
— 1
< 1
N 1
= 1
= = !
o < Fy 1
| 2
1
— | !
3 < _
< ) !
< 1
1
1
e e LTI T T T T T .
1 i
—_— ! = il
= = !
< ! C{N = Y
1 : ! | H
[ 1
1 = i
i < CH
ol
1 Lm_






media/file2.png
number of dominant operations

700000

10000

600000 —

500000

400000 -

300000

200000 —

100000 -

04

50000

T
200000

T
400000

T
600000

T
800000

d T
1000000

senjeA jas jndul





media/file7.png
Y(n)

800000
700000 —
600000 —
500000 —
400000 -
300000 —
200000 —
100000 —

o

100000

-50

000

T
-40000

T
-30000

20000
X(n)

T
-10000

T
0

1
10000





media/file9.png





media/file5.png
X(n)

T T T T T T
- 700000
04
I 600000
~10000 I
L 500000
I 400000
-20000 -
I 300000
-30000 I
I 200000
I 100000
-40000 -
0
T T T T T v T T T T T
0 200000 400000 600000 800000 1000000

(WA





media/file3.png





media/file0.png





media/file8.png
Si

700000 —
600000 —
500000 —
400000 —
300000 —
200000 —
100000 —

o]

100000

-50

000

T
-40000

T
-30000

T
-20000
X(n)

T
-10000

T
0

1
10000





media/file6.png
X(n)

10000

04

-10000 —

-20000 —

-30000 —

-40000 —

50000

- 700000

- 600000

I- 500000

- 400000

- 300000

- 200000

- 100000

-0

100000

T
200000

T
400000

T
600000

T
800000

T
1000000






