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Abstract: Gear modification, which involves the removal of material from the theoretical surface to
improve the contact characteristics of the gear face, is widely applied in gear vibration reduction
and noise optimization design. This paper establishes a dynamic model of the straight bevel gear
(SBG) transmission system to accurately and efficiently evaluate the effects of different modification
strategies on the vibrational characteristics of SBGs. Initially, the time-varying meshing stiffness
(TVMS) of standard SBGs was calculated, and methods such as the slicing method and deformation
coordination equations were used to calculate the TVMS under tooth profile modification (TPM), Lead
crown relief (LCR), and comprehensive modification (CM), which were then validated against finite
element method (FEM) calculations. Subsequently, taking into account the impact of time-varying
meshing point vectors and the degree of contact overlap, a finite element node dynamic model of
the SBG transmission system was established. Finally, by comparing the dynamic characteristics
under different modification conditions, the study further elucidates that selecting the appropriate
modification method and amount according to different service scenarios is an effective means to
suppress gear transmission vibration. This research provides a theoretical basis for the design of gear
modification and vibration control for SBGs.

Keywords: straight bevel gears; vibration; dynamic; modification; time-varying meshing stiffness

1. Introduction

The internal structure of a gear system includes numerous mechanical components,
forming an elastic mechanical system where the components are coupled and connected [1].
The dynamic characteristics of vibration and noise have always been major challenges in
gear system research. The dynamic excitations of a gear system are mainly divided into
two parts: external and internal excitations. External excitation is similar to that of general
mechanical systems, such as the primary torque of the prime mover and load resistance,
while internal excitation is generated within the system during the gear meshing process.
Internal excitation is a key issue in gear system dynamics, and its correct establishment
ensures the rationality of dynamic response predictions for the system. SBGs are used
to transmit motion and power between intersecting shafts. They offer advantages such
as compact structure, ease of manufacture, easy maintenance, and low cost. As a result,
they are widely used in industrial transmission equipment and automotive differentials.
Because the gear teeth are straight, each pair of teeth engages suddenly along their full
length, resulting in impact loads and unstable operation during high-speed transmission,
which also generates considerable noise. Therefore, gear modifications are necessary to
achieve vibration and noise reduction [2,3].

The precise calculation of time-varying meshing stiffness has been a research hotspot
for many scholars. Tian [4] proposed a method for calculating the meshing stiffness of spur
gears based on the potential energy method, but it did not account for the fillets and gear
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bodies of typical gears. Sainsot et al. [5] developed a meshing stiffness calculation model
for gear blanks, providing a more detailed consideration of the overall stiffness during the
gear meshing process. Sun et al. [6] proposed a time-varying meshing stiffness model for
modified gears based on actual machining, which showed excellent agreement with finite
element results. Ma et al. [7] investigated meshing stiffness in spur gears with spalling.
Tang Jinyuan et al. [8] proposed a finite element method for calculating the meshing stiffness
of spiral bevel gears, which has general applicability but slower computational efficiency.
Chen et al. [9] fully considered the coupling effect between gear pairs and provided an
analytical solution for the meshing stiffness of straight bevel gears based on the slicing
method. Li et al. [10] divided spiral bevel gears and treated them as spur gears to further
calculate the deformation of the gear teeth and obtain the mesh stiffness of the spiral bevel
gears. In addition to time-varying meshing stiffness and backlash, many other nonlinear
excitations affect the dynamic response of gear pairs. Gou et al. [11] considered multi-state
meshing, load distribution rates, time-varying meshing stiffness, and backlash to establish
a dynamic model of a straight bevel gear system, investigating the effects of meshing
frequency and transmission error on the system’s dynamic characteristics; however, their
mesh stiffness model employed a calculation model based on the gear blank stiffness of
spur gears and did not consider the influence of contact stiffness.

Some researchers have shown interest in establishing more comprehensive gear system
dynamics. Li et al. [12] proposed a method for calculating static transmission error based
on measured tooth surfaces, which can determine the effects of assembly errors and eccen-
tricity. Peng [13] established a dynamic model of hypoid gears and studied the influence of
assembly errors, gyroscopic effects, gear eccentricity, external excitation, and dry friction on
the dynamic performance of gears. Wang [14,15] proposed a multi-point coupled meshing
model using multiple springs to simulate the meshing characteristics of multiple pairs of
teeth in multi-tooth regions. F. Djemal et al. [16] established a system dynamics model for
differential structures and studied the vibration characteristics of SBGs in differentials. Ma
et al. [17] established a dynamic model for spur gear transmission systems with different
modifications and sought optimal modification parameters. Habibollah Motahar et al. [18]
studied the vibration characteristics of bevel gears under tooth profile modification but
did not consider the time-varying spatial meshing characteristics of bevel gears. Alireza
Talakesh et al. [19] studied the calculation method of mesh stiffness for SBGs, but did not
consider Hertz contact stiffness under different loads. Moslem Molaie et al. [20] considered
the complex internal excitations of spiral bevel gears and conducted a detailed analysis of
their intricate dynamic behaviors, providing an approach for the parameter design and
dynamic characteristic control of spiral bevel gear drive systems. F.S. Samani et al. [21]
studied the effects of shaft stiffness and elastic deformation on vibration response by con-
sidering different support positions and types of torque (constant torque and periodic
torque). Wassim Lafi et al. [22] studied the impact of time-varying uncertain parameters on
the system response in a two-stage straight bevel gear system. However, the calculation of
meshing stiffness was not validated, and the dynamic model established using the lumped
mass method could not comprehensively consider the transmission system. S.D. Yavuz
et al. [23] developed a dynamic model of a transmission system composed of spiral bevel
gear pairs, shafts, and bearings to investigate the influence of coupling effects on system
dynamics. S. Chowdhury et al. [24] modeled the shaft as a rotating cantilever beam to
analyze the vibration characteristics of helical gear transmission systems. Hongzheng Han
et al. [25] used the finite element method to calculate mesh stiffness and established a
dynamic model for bevel gear-coupled planetary gear transmission systems. However,
they did not address the actual spatial meshing characteristics of spiral bevel gears, using
equivalent meshing points to establish the meshing pair model. Despite the substantial
amount of research conducted, the aforementioned dynamic modeling does not take into
account the time-varying nature of the gear meshing position and the influence of the
degree of overlap. Therefore, the effects of gear modification on the dynamic character-
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istics of the gear system, as well as associated issues of vibration and noise, still require
further investigation.

Tooth Contact Analysis (TCA) is a basic means of studying gear transmission sys-
tems, with detailed explanations provided by Litvin [26,27]. This paper addresses the
contact analysis of SBGs by determining the TVMS under various modification conditions
and performing a comparative analysis with the finite element method. The findings
demonstrate that computational efficiency is significantly enhanced while maintaining
accuracy, facilitating the resolution of practical engineering problems. By considering the
meshing characteristics of SBGs, a comprehensive dynamic model of a system comprising
two shafts, bearings, and gears is constructed using the finite element node method. The
Newmark-beta method is employed to iteratively solve the system’s response, allowing for
a comparison of the impact of meshing stiffness under different modification conditions on
the gear system. This approach offers a dynamic perspective for selecting gear modification
techniques and extents.

2. Time-Varying Meshing Stiffness Calculation Model
2.1. The TCA Environment

TCA is capable of reflecting the contact performance of gears, providing relevant
parameters such as meshing position and overlap. Integrating contact analysis, calculating
the time-varying meshing stiffness of gears, and conducting dynamic analysis allow for a
more realistic representation of gear meshing performance and vibration characteristics.

2.1.1. The Principle of Straight Bevel Gear Tooth Surface Generation

As shown in Figure 1, generating surface C of a straight bevel gear is a circular subset
of a plane, with its center coinciding with the top O of the base cone and its radius equal to
the base cone distance R. The generating surface C is tangent to the cone generatrix length,
and the tangent line is A′A. When the generating surface C undergoes pure rolling around
the base cone, the tangent line A′A sweeps to form a curved surface called an involute cone,
the theoretical tooth surface of a straight bevel gear. A spherical surface is created with
the cone top O as the center and the cone distance R as the radius. The intersection of the
spherical surface and the involute cone results in the spherical involute. Straight bevel
gears’ theoretical tooth surface can also be composed of spherical involutes with different
radii centered on the cone top. For example, the small end spherical involute is a spherical
involute with a radius of OA′ as the spherical radius.
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Then, the A′A K′K equation is as follows [28]:

r f =


x(Ri, φ) = Ri[cos(φ· sin δb)· sin δb cos φ + sin(φ· sin δb)· sin φ]
y(Ri, φ) = Ri[cos(φ· sin δb)· sin δb sin φ − sin(φ· sin δb)· cos φ]
z(Ri, φ) = Ri cos(φ· sin δb)· cos δb

(1)
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where δb represents the base cone angle, φ denotes the angle rolled by the occurring surface,
and ψ represents the angle between OK and the instantaneous axis of rotation ON, ψ = φ
sin(δb), Ri ∈ (R − A′A, R). According to the tooth surface equation, the normal vector of the
tooth surface is obtained as:

n f =


x(Ri, φ) = cos(φ)Ri·(sin(φ· sin(δb))− sin(φ· sin(δb))· sin (δb)

2)

y(Ri, φ) = sin(φ)Ri·(sin(φ· sin(δb))− sin(φ· sin(δb))· sin (δb)
2)

z(Ri, φ) = −Ri· sin(φ· sin(δb))· cos(δb)· sin(δb)

(2)

2.1.2. Contact Point Vector and Normal Vector

To perform contact analysis for straight-bevel gears, the contact range of the straight-
bevel gears is obtained as follows:

First, place the obtained straight bevel gears in their assembled position. Initially,
transform the coordinates of the midpoint of the tooth width on the pitch circles of both the
large and small gears to the zx plane in the positive x-direction and negative x-direction.
The transformation matrix is as follows:

Mi =

cos(βi) − sin(βi) 0
sin(βi) cos(βi) 0

0 0 1

 (3)

in the formula, i = p, g represents the pinion and the gear. βi represents the angle of rotation
of the gear projection onto the zx plane.

Then, rotate the large gear to its assembled position. ∑ represents the shaft intersection
angle, and the transformation matrix is as follows:

M∑ =

 cos(∑) 0 sin(∑)
0 1 0

− sin(∑) 0 cos(∑)

 (4)

the point vector and the normal vector of one of the pinion can be represented as:{
r′f p = MPr f p

n′
f p = MPn f p

(5)

the point vector and the normal vector of one of the gear can be represented as:{
r′f g = M∑Mgr f g

n′
f g = M∑Mgn f g

(6)

The procedure described above is as shown in Figure 2. At this time, the driving
and driven gears are very close or slightly interfering. By gradually rotating the driving
gear, the two gears are made to approach or move away from each other until they meet
the conditions of the meshing principle, thus obtaining the initial value of the contact
point. the meshing trajectory is comprised of a series of meshing points. Starting from the
initial meshing point, the rotation angle θp of the pinion can be gradually adjusted, either
increased or decreased. This adjustment allows for the calculation of the rotation angle θg.
They are required for the large gear when the tooth surfaces are in contact. The iterative
process is used to determine the contact area following Formula (7).{

Mθp r′f p = Mθg r′f g
Mθp n′

f p = −Mθg n′
f g

(7)
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The rotation angle matrices for the driving and driven gears are denoted as Mθp and
Mθg, respectively.

This process allows us to accurately identify the coordinates of the contact points
vector (ri = (rxi,ryi,rzi)) on the tooth surfaces of straight bevel gears, as well as their respec-
tive normal vectors (ni = (nxi,nyi,nzi)), where i = P, G represents the pinion and the gear,
respectively. It also allows us to define the meshing region and the meshing line for the
straight bevel gears, as shown in Figure 3, illustrating the meshing lines at the midpoint of
the tooth width.
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Analysis based on the parameters in Table 1 reveals the calculated results of TCA for
straight bevel gear transmission under no-load conditions. Appendix A and the red line in
Figure 3 illustrate the meshing point at the middle position of the tooth width. The results
indicate that the meshing line is arc-shaped, and the angler of action obtained through TCA
calculations can be utilized to determine the contact ratio.

Table 1. Parameters of straight bevel gears.

Parameters Pinion 1 Gear 1 Pinion 2 Gear 2

Teeth number: Z 37 74 37 74
Module: m (mm) 0.5 0.5 2 2

Pressure angle: α (◦) 20 20 20 20
Face width: B (mm) 5 5 20 20

Addendum coefficient: ha 1 1 1 1
Tip clearance coefficient: c 0.2 0.2 0.2 0.2

shaft intersection angle ∑ (◦) 90
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2.2. Standard Straight Bevel Gear

Based on elasticity, the total meshing stiffness of a single gear pair can be expressed
as [6]:

Ke =
1

1
kh

+ 1
kp

f
+ 1

kp
b
+ 1

kp
a
+ 1

kp
s
+ 1

kg
f
+ 1

kg
b
+ 1

kg
a
+ 1

kg
s

(8)

The bending stiffness, shear stiffness, axial compression stiffness, tooth blank base
stiffness, and Hertz contact stiffness for tooth pair i = p, g are denoted as kb, ks, ka, kf, and
kh, respectively. As the tooth shape of SBGs varies along the width direction, it is not
possible to directly calculate the complete SBG bending stiffness, shear stiffness, axial
compression stiffness, and tooth blank base stiffness. Therefore, as illustrated in Figure 4,
base on reference [29], slicing is applied to SBGs. The slices are oriented perpendicular to
the contact line, and the TCA outcomes are integrated into each cross-section to compute
the meshing stiffness. The bending stiffness, shear stiffness, and axial compression stiffness
for each slice j (j = 1, 2, . . ., n) are represented as δkb, δks and δka, respectively. These values
are cumulatively obtained by summing them according to the number of slices, resulting
in kb, ks and ka.
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According to the potential energy method, the bending energy δUb, shear energy δUs,
and axial compressive energy δUa for each slice are expressed as follows:

δUb =
F2

2dkb
=

∫ d
0

3(Fb(t − x)− Fah)2

4Eh3
xb

dx,

δUs =
F2

2δks
=

∫ d
0

1.2Fb
2

4Ghxb
dx,

δUa =
F2

2δka
=

∫ d
0

Fa
2

4Ehxb
dx

(9)

Bending stiffness δkb, shear stiffness δks, axial compressive stiffness δka for each slice
can be obtained [30].

δkb =
F2

2δUb
=

∫ d
0

2Eh3
xb

3(cos α(t − x)− sin αh)2 dx,

δks =
F2

2δUs
=

∫ d
0

2Ghxb
1.2 cos α2 dx,

δka =
F2

2δUa
=

∫ d
0

2Ehxb
sin α2 dx

(10)
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h and l denote the distances from the meshing point to the gear teeth’s line of symmetry
and to the base circle, respectively. At this meshing point, the interaction force F can be
decomposed into a radial force Fa and a tangential force Fb along the direction of the
meshing line. The variables for the elastic modulus and shear modulus are represented by
E and G, respectively.

kb =
n

∑
j=1

δkb, ka =
n

∑
j=1

δka, ks =
n

∑
j=1

δks (11)

The Hertz contact stiffness is obtained based on the applied load [6]:

kh =
E0.9B0.8F0.1

1.275
(12)

The fillet-foundation stiffness is obtained based on the geometric shape of the tooth
germ [31].

U f =
1

2G

∫
lh

dx
∫
A

(
Tρ

Ip
)

2
dA (13)

K f =
F2

2U f
(14)

T is the torque, Ip is the polar moment of inertia of the section, ρ is the distance from
the point on the cross-section to the center of the circle.

Based on TCA and determining single or double-tooth contact regions through overlap
assessment, the TVMS of SBGs is formulated as follows:

K =
2

∑
l=1

Kel (15)

where l denotes the number of meshing pairs.

2.3. Lead Crown Relief

Due to the minor modification, this article considers the modification amount as a
tooth shape error and calculates the meshing stiffness with its initial value given before.
The LCR is illustrated in Figure 5, with the specific formula presented as follows [32]:

Ex = B2/8Ri (16)
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LCR varies along the tooth width direction. The non-coupled slice method is used
to calculate LCR meshing stiffness. The deformation is set as δj at the initial engagement.
Based on the number of slices j. By comparing the engagement deformation and modifica-
tion amount for each slice: if δ > Ex, the gears are considered meshing; whereas if δ < Ex,
the gears are considered non-meshing. Exj represents the modification amount for the tooth
pair after slicing [33]. The quantification for each slice can be expressed as follows:

δk =
1

1
δkb

+ 1
δka

+ 1
δks

(17)

The tooth stiffness, tooth bending stiffness, tooth shear stiffness, and tooth axial
compression stiffness of each tooth after slicing are δkb, δks and δka, respectively.

KP = diag(δkp
1 , δkp

2 , . . . , δkp
n), khj = kh/n

Ex = diag(Ex1, Ex2, . . . , Exn), δm = diag(δ1, δ2, . . . , δn)
Fd = diag(F1, F2, . . . , Fn), Fm = sum(F1, F2, . . . , Fn)

(18)

KP, δm, δp, Ex and Fd are the stiffness matrix of the pinion, total deformation matrix,
deformation matrix of the pinion, total modification matrix, and total meshing force matrix.
Fm represents the resultant force of the sliced meshing forces.

Firstly, calculate the initial value of Fd (when the gear is unmeshed, consider δ − Exj = 0):

λ =
dkg

j khj

dkg
j khj+dkp

j khj+dkg
j kpi

δp = λδm

KP(δ
p − Exj) = Fd

(19)

Iterating on δm and Fd, set a meshing force error of Fe, and the load on the gear is F.
When Fm − F > Fe:

δm = δm
(

1 +
F − Fm

ξFm

)
(20)

δp = λδm (21)

where ξ is the cycle coefficient, the right choice can speed up the calculation, choose
ξ = 8 [6].

Bring δp into the calculation of Fd again.

KP(δ
p − Ex) = Fd (22)

If the following equation is met, the iteration is completed.

|Fm − F|≤ Fe (23)

After the iteration is completed, LCR meshing stiffness based on the slice method is:

Ke =
1

1
kp

f
+ 1

kg
f
+ F

max(δm)

(24)

K =
2

∑
i=1

Kei (25)
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2.4. Tooth Profile Modification

The TPM is shown in Figure 5. The change in meshing stiffness of the TPM only
changes in the double-tooth zone and does not change in the single-tooth zone. Ekj repre-
sents the TPM amount in the double-tooth area of the main and driven gears, respectively.
The tooth profile modification formula is expressed as [34]:

Ekj(max) = Ek1(max)Ri/R

Ekj = Ekj(max)xej/Le1.5
j

(26)

As depicted in Figure 5, the TPM is positioned following design requirements within
the second double-tooth contact region. The change in meshing stiffness is limited to this
double-tooth contact region, with no alterations occurring in the single-tooth contact region.
The symbols σl represent the elastic deformations of tooth pairs within the double-tooth
contact region under loading conditions. Ek, respectively, represents the TPM amounts
within the double-tooth contact region for both the driving and driven gears.

According to the principle of deformation coordination, the relative comprehensive
error between two adjacent meshing tooth pairs can be obtained as follows:

Et = σ1 − σ2 = Ep2
kj + Eg2

kj − Ep1
kj − Eg1

kj (27)

In the formula, Eil
kj represents the amount of modification for each meshing tooth pair

at every slice position on the pinion and the gear.
The meshing stiffness of the TPM gear at this time is [35]: Kt =

Ke1+Ke2
1+Ke2Et/F , ρ1 − ρ2 = Et > 0;

Kt =
Ke1+Ke2

1−Ke1Et/F , ρ1 − ρ2 = Et < 0;
(28)

Due to the TPM involving cutting at the tooth apex, what was originally a double-
tooth contact region has now become a single-tooth contact region. Therefore, the meshing
stiffness for the single-tooth contact region should be expressed as:

Ke = max(Ke1, Ke2, Kt) (29)

The TPM alters the gear mesh overlap. After calculating the overlap following profile
modification using TCA, the time-varying meshing stiffness of gears during single and
double-tooth alternation is computed according to Equation (15).

2.5. Comprehensive Modification

The TPM affects the alternating of single and double teeth, alleviating the sudden
change in meshing stiffness. LCR changes the contact area, thus affecting the overall
meshing stiffness. As shown by the green dashed line in Figure 5, the combination of the
TPM and LCR forms a comprehensive modification (CM). Based on the above analysis,
calculating the meshing stiffness for the CM involves separately computing the effects of
the TPM and LCR, with the process illustrated in Figure 6.
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Figure 6. Calculation procedure of TVMS for a straight bevel gear pair with CM.

3. Finite Element Verification of TVMS

To validate the accuracy of the meshing stiffness calculations, gear models with
varying parameters were established. Three-dimensional solid geometric models were
imported into finite element preprocessing software to generate their finite element mesh
models. Additionally, according to contact mechanics, it is known that contact pressure
is highly concentrated in the vicinity of the contact area, with its intensity decreasing
sharply as the distance from the contact point increases. Therefore, stress in the contact
area does not depend on the geometric shape and boundary conditions far from the contact
region. Considering that this study primarily focuses on stiffness variations during single-
tooth contact and to avoid the influence of edge rigid body coupling constraints on the
computational results, the analysis was performed by joining all gear teeth.
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3.1. Finite Element Calculation Method for TVMS

This section uses a pair of straight bevel gears with different module sizes to test
the accuracy of the calculation method. The three-dimensional finite element model and
the modeling process are shown in Figure 7, where the drive gear is the pinion [36].
λli =

(
λxli, λyli, λzli

)
represents directional rotation radius [37], transmission error is

denoted by eo, and (o = LT, NLT) represent the working load and minimal load, respectively.
λxli = −nylirzli + nzliryli
λyli = nxlirzli − nzlirxli
λzli = −nxlirxli + nylirxli

(30)

Appl. Sci. 2024, 14, x FOR PEER REVIEW  12  of  28 
 

3.1. Finite Element Calculation Method for TVMS 

This section uses a pair of straight bevel gears with different module sizes to test the 

accuracy of the calculation method. The three-dimensional finite element model and the 

modeling  process  are  shown  in  Figure  7,  where  the  drive  gear  is  the  pinion  [36].  
𝜆 = (𝜆௫,𝜆௬,𝜆௭)  represents directional  rotation  radius  [37],  transmission  error  is de-

noted by eo, and (o = LT, NLT) represent the working load and minimal load, respectively. 

  

xli yli zli zli yli

yli xli zli zli xli

zli xli xli yli xli

n r n r

n r n r

n r n r







   


 
   

  (30)

Y

Z

X

Import the gear mesh model and 
proceed with the assembly

Set the material properties

Define the analysis step: output 
the contact force CFNM, the 

resultant center of contact 
pressure XN, and the rotation 

angle UR

Create contact surfaces and central 
point sets

Set up the interaction of contact 
surfaces and the coupling between 
the central point sets and the inner 

surface of the gear ring

Set boundary conditions:
1.To ensure contact, a small rotational angle 
of the driven gear is provided to cause 
interference between the tooth surfaces.
2.Set the rotation angle of the driving gear.
3.In order to eliminate the influence of errors 
when there is no load transferred, set both the 
working load and a very small load 
separately.

Finite element model preprocessing

directional rotation radius

Finite element model post-processing

transmission error

time-varying meshing stiffness

p
o go po

g

z
e

z
  

Output of results

zg xi xi yi xin r n r   

FEA ( )
tatal

zg LT NLT

F
K

e e




 

Figure 7. Finite element model of meshing gears. 

To improve computational efficiency, a finer mesh is adopted for the selected mesh 

pair, while a coarser mesh is used for other mesh pairs. In the coupling relationship set-

tings, the nodes on the inner circle of the gear correspond to the center position of the gear 

and are placed in the global coordinate system as shown in Figure 2. 

The gear models with geometric parameters and modification parameters of the gear 

model are shown in Table 2. Using analytical and finite element methods, the time-varying 

meshing stiffness is calculated, respectively, followed by a comparative analysis to verify 

the results. 

Table 2. Parameters of straight bevel gears. 

Parameters  Pinion 1  Gear 1  Pinion 2  Gear 2 

Teeth number: Z  37  74  37  74 

Module: m(mm)  0.5  0.5  2  2 

Pressure angle:α(°)  20  20  20  20 

Face width:B (mm)  5  5  20  20 

Young’s modulus:E(Gpa)  206  206  206  206 

Poisson’s ratio:   0.3  0.3  0.3  0.3 

Addendum coefficient: ha  1  1  1  1 

Tip clearance coefficient: c  0.2  0.2  0.2  0.2 

Figure 7. Finite element model of meshing gears.

To improve computational efficiency, a finer mesh is adopted for the selected mesh
pair, while a coarser mesh is used for other mesh pairs. In the coupling relationship settings,
the nodes on the inner circle of the gear correspond to the center position of the gear and
are placed in the global coordinate system as shown in Figure 2.

The gear models with geometric parameters and modification parameters of the gear
model are shown in Table 2. Using analytical and finite element methods, the time-varying
meshing stiffness is calculated, respectively, followed by a comparative analysis to verify
the results.

Table 2. Parameters of straight bevel gears.

Parameters Pinion 1 Gear 1 Pinion 2 Gear 2

Teeth number: Z 37 74 37 74
Module: m (mm) 0.5 0.5 2 2

Pressure angle: α (◦) 20 20 20 20
Face width: B (mm) 5 5 20 20

Young’s modulus: E (Gpa) 206 206 206 206
Poisson’s ratio: υ 0.3 0.3 0.3 0.3

Addendum coefficient: ha 1 1 1 1
Tip clearance coefficient: c 0.2 0.2 0.2 0.2

Torque load: T (Nm) 0.5 0.5 10 10
TPM (µm) 3 3 5 5
LCR (µm) 3 3 5 5

CM (µm)
TPM (µm) 3 3 5 5
LCR (µm) 3 3 5 5
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3.2. Standard Straight Bevel Gear

The time-varying meshing stiffness of standard straight bevel gears, calculated based
on the relevant parameters obtained from contact analysis such as contact points, α, and
overlap, is compared with the finite element simulation results, as shown in Figure 7. It is
observed that the meshing stiffness of straight bevel gears exhibits significant jumps at the
points of single and double-tooth alternation. However, in the finite element simulation,
due to the influence of loads during gear contact, the single and double-tooth alternation
does not manifest as a step-like jump as in theoretical simulations; instead, it exhibits a
certain inclined angle.

As shown in Figure 8, the FEM and TAM display high consistency. Table 3 presents a
comparative analysis of the errors and computational efficiency for both FEM and TAM.
In Tables 3–6, A and B represent the locations of maximum error in the double-tooth and
single-tooth meshing regions, respectively.
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Table 3. Comparison of FEM and TAM.

k-Error-Max (MN/m) Mean-k (MN/m) TIME

a.A a.B b.A b.B a b a b

FEM 170.3 99.47 689.7 407.5 147.0 545.0 6.32 (h) 6.45 (h)
TAM 177.9 100.5 670.7 389.5 149.8 581.0 1.84 (s) 1.96 (s)
error 4.27% 1.02% 2.75% 4.42% 1.20% 5.68%

Table 4. Comparison of LCRFEM and LCRTAM.

k-Error-Max (MN/m) Mean-k (MN/m) TIME

a.A a.B b.A b.B a b a b

LCRFEM 57.39 37.43 212.0 141.1 52.74 192.7 6.34 (h) 6.45 (h)
LCRTAM 58.66 38.23 215.6 139.3 51.79 187.0 4.72 (s) 3.94 (s)

error 1.3% 2.09% 2.60% 1.28% 1.80% 2.96%

Table 5. Comparison of TPMFEM and YPMTAM.

k-Error-Max (MN/m) Mean-k (MN/m) TIME

a.A a.B b.A b.B a b a b

TPMFEM 178.0 94.00 663.3 400.1 126.5 493.6 6.5 (h) 6.56 (h)
TPMTAM 170.7 100.4 681.6 383.0 128.1 485.5 2.52 (s) 1.49 (s)

error 4.1% 6.37% 2.68% 4.27% 1.30% 1.64%
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Table 6. Comparison of CMFEM and CMTAM.

k-Error-Max (MN/m) Mean-k (MN/m) TIME

a.A a.B b.A b.B a b a b

CMFEM 48.61 38.23 190.2 141.1 46.81 170.6 6.12 (h) 6.25 (h)
CMTAM 51.91 39.72 198.1 134.5 45.50 167.2 3.82 (s) 2.79 (s)

error 6.36% 3.75% 3.99% 4.68% 2.80% 1.99%

3.3. Lead Crown Relief

Unmodified straight bevel gears are line contacts. After the LCR, the gear changes
along the tooth width, turning from line contact to point contact and moving the contact area
to the center of the tooth surface. The LCR changes the contact characteristics, resulting in a
decrease in meshing stiffness. Hence, the size of the sudden change in stiffness in the single
and double-tooth alternation region decreases, which means the fluctuations caused by the
single and double-tooth alternation are diminished. Compared to the meshing stiffness
of the unmodified situation, the shape of the meshing stiffness after tooth modification
remains unchanged, but there’s a significant alteration in amplitude.

As shown in Figure 9, the LCRFEM and LCRTAM are highly consistent. Table 5
provides a comparison of the errors and computational efficiency between LCRFEM and
LCRTAM:
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Figure 9. TVMS considering the LCR of Straight Bevel Gears. (a) gear pair 1. (b) gear pair 2.

3.4. Tooth Profile Modification

Figure 10 demonstrates that the TPM involves selectively removing material from the
crest of the tooth, thereby enhancing the gear pair’s meshing action. This refinement leads
to a smoother transition between engagements of single and paired teeth, which effectively
smooths out the ‘stepped’ characteristics in the meshing stiffness curve. Nevertheless,
applying the TPM reduces the proportion of double-tooth contact during a full meshing
cycle, which, consequently, diminishes the gear’s load-carrying capacity. This reduction in
contact area, due to material removal from the gear teeth, inherently weakens the gear’s
load-bearing strength.

Therefore, the tooth profile modification length should not be chosen to be excessively
large or too small. A considerable modification length can significantly reduce the gear’s
load-carrying capacity if it exceeds the transition point between single and double-tooth
meshing on the gear. Modifying the single-tooth contact region can significantly compro-
mise the gear’s strength, which should be avoided in engineering. Conversely, selecting a
modification length that is too small will not effectively reduce meshing impact phenomena.
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Therefore, reasonably choosing the gear tooth modification length is essential based on the
specific circumstances.

Table 5 provides a comparison of the errors and computational efficiency between
TPMFEM and TPMTAM:
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Figure 10. TVMS considering the tooth profile modification of Straight Bevel Gears. (a) gear pair 1.
(b) gear pair 2.

3.5. Comprehensive Modification

CM combines the advantages and disadvantages of both LCR and the TPM. It not only
adjusts the gear’s contact area to be centered on the tooth surface but also improves the
abrupt changes occurring during the transition between single and double-tooth contact,
making the transition process smoother and reducing the sudden changes in meshing
stiffness as well as decreasing the amplitude of meshing stiffness. However, it reduces
the degree of gear overlap. From the figures, it can be seen that the amplitude of the
meshing stiffness in the single and double-tooth regions under CM is the same as that
under LCR. The main changes occur in the single- and double-tooth transition areas and
the gear overlap. Depending on the location of the TPM, the shape of the meshing stiffness
will change, and the effects of CM will vary.

As shown in Figure 11, the CMFEM and CMTAM are highly consistent. The following
provides a comparison of the errors and computational efficiency between CMFEM and
CMTAM:
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4. Dynamic Model of Straight Bevel Gears

A typical supported bevel gear-rotor system, as shown in Figure 12, consists of an
elastic support shaft, gear rotor, and support bearings. The parameters of each component
are listed in Tables 7 and 8. The previous analysis determined that the contact line of the
straight bevel gear is not a straight line but rather a curved one. A time-varying point-
matrix meshing model for the straight bevel gear considering multi-tooth engagement was
derived based on this condition. The finite element node diagram for the gear transmission
system is depicted in Figure 12, where the input and output shafts are divided into 18
nodes, each with 6 degrees of freedom.
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Table 7. Geometrical parameters of shafts.

Parameters L1 L2 L3 L4 L5 L6 D1 D2

Length (mm) 40 20 20 16 20 30
Radius (mm) 16 32

Density (kg/m3) 7860
Young’s modulus E (Gpa) 206

Poisson’s ratio 0.3
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Table 8. Parameters of straight bevel gears and bearing.

Parameters Pinion 1 Gear 1

Teeth number Z 37 74
Module m (mm) 2

Pressure angle α (◦) 20 20
Face width B (mm) 20 20

Young’s modulus E (Gpa) 206 206
Poisson’s ratio 0.3 0.3

Addendum coefficient ha 1 1
Tip clearance coefficient c 0.2 0.2
Enter Torque load T (N·m) 10

Density (kg/m3) 7860
Diameter moment of inertia Idn (Kg·m2) 1.53 × 10−4 0.003

Polar moment of inertia Idm (Kg·m2) 2.78 × 10−4 0.006
Backlash bl (µm) 20

Meshing damping cm (Ns/m) 1500

4.1. Element Model of Gear Rotor

As shown in Figure 13, the gear wheel is simplified as a rigid rotor with three transla-
tional and three rotational degrees of freedom. According to the Lagrangian theorem, its
equations can be written as [38]:

Mdi
..
qdi + ΩGdi

.
qdi = Fdi

n (31)

Mdi = Diag(mdn, mdn, mdn, Idn, Idn, Idm) (32)

qdi =
{

xd
i , yd

i , zd
i , θd

xi, θd
xi, θd

xi

}
(33)

Gdi =



0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 JPi 0
0 0 0 −JPi 0 0
0 0 0 0 0 0

, i = p, g (34)
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Figure 13. Element model of gear rotor.

4.2. Gear Mesh Model

As shown in Figure 14, the input gear shaft and output gear shaft are coupled through
a gear pair. The TVMS and time-invariant meshing damping (cm) along the normal direction
at the meshing point are connected between the gears. These are in series with geometric
transmission error (es) [39]. As detailed in Section 2.1 via TCA, the rli are separately
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calculated in the local coordinate systems of each gear during the meshing cycle, along
with the time-varying normal vectors nli. Subsequently, as shown in equation (30), the λli
values are computed for the pinion and gear, respectively [23].
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Figure 14. Straight bevel gear pair.

Construct vector Vl and the deflection of gear pair of action qm for the gear pair:

Vl =
{

nlpx, nlpy, nlpz, λlpx, λlpy, λlpz, nlgx, nlgy, nlgz, λlgx, λlgy, λlgz

}
(35)

qm =
{

xp, yp, zp, θpx, θpy, θpz, xg, yg, zg, θgx, θgy, θgz
}

(36)

In the equation, xi represents the vibration displacement of the gear along the three
directions x, y, and z, and θix, θiy, θiz represents the angular displacement around the x, y,
and z axes.

The gear overlap in straight bevel gears typically does not exceed 3, so the dynamic
displacement of the gear pair along the line of action(DTE) [2] for the gear pair can be
expressed as:

δm = ldr1VT
1 qm + ldr2VT

2 qm − es(t) (37)

where ldrl denote the load distribution ratio on the gear meshing pair, it can be expressed
as follows:

lrdl = Kel/K (38)

The dynamic meshing force along the meshing line direction between the straight
bevel gears can be expressed as [2]:

Fm = K(γm0δm + γm1bl) + cmγm0
.
δm (39)

where bl is half of the total gear backlash, and the index of the backlash function is:

γm1 =


−1 δm0 > bl
0 |δm0| ≤ bl
1 δm0 < −bl

, γm1 =

{
1 |δm0| > −bl
0 |δm0| ≤ bl

(40)

Based on the above analysis, the motion equations for the meshing pair of straight
bevel gears in matrix form can be expressed as:

Mm ..
qm + (r1

2Cm
11 + r1r2Cm

12 + r2r1Cm
21 + r2

2Cm
22)γm0

.
qm + (r1

2Km
11 + r1r2Km

12 + r2r1Km
21 + r2

2Km
22)γm0qm

= (kmγm0e(t) + cmγm0e
( .

t
)
−kmγm1 b)(r1V1

T + r2V2
T)

(41)



Appl. Sci. 2024, 14, 11919 18 of 25

where Mm, Cm
ll and Km

ll are the mass matrices, stiffness matrix, and damping matrix of
the gear pair, respectively.

Km
11 = KV1

TV1
Km

12 = KV1
TV2

Km
21 = KV2

TV1
Km

22 = KV2
TV2

Cm
11 = cmV1

TV1
Cm

12 = cmV1
TV2

Cm
21 = cmV2

TV1
Cm

22 = cmV2
TV2

(42)

4.3. Element Model of the Shaft Element

As shown in Figure 15, for continuous rotor systems with variable cross-sections, it
is common in engineering to discretize the physical prototype and then approximate the
solution by rigorously handling the discrete model mathematically. In this section, we will
use a discrete Timoshenko beam-axis finite element formulation for dynamic modeling of
the axial elements. The entire continuous shaft is divided into N nodes and N-1 elements.
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Figure 15. Element model of the shaft element.

The elastic support shaft is divided into several shaft segments, and each shaft seg-
ment is modeled using two-noded Timoshenko beam elements. By using the Lagrangian
equations, the motion equations for the undamped system can be obtained as follows [40]:

Me ..
qe

+ ΩGe .
qe

+ Keqe = Fe (43)

where qe, Me, Ge, and Ke represent the displacement vector, mass matrix, gyroscopic matrix,
and stiffness matrix of the Timoshenko beam element, respectively [2].

4.4. Element Model of Bearing

The dynamic model for the bearing module is as follows:

Cb
.
qb + Kbqb = 0 (44)

In the equation, Cb represents the support damping matrix, and Kb represents the
support stiffness matrix.
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Cb =


cxx cxy cxθx cxθy 0
cyx cyy cyθx cyθy 0
cθx x cθxy cθxθx cθxθy 0
cθyx cθyy cθyθx cθyθy 0

0 0 0 0 0

, Kb =


kxx kxy kxθx kxθy 0
kyx kyy kyθx kyθy 0
kθx x kθxy kθxθx kθxθy 0
kθyx kθyy kθyθx kθyθy 0

0 0 0 0 0

 (45)

4.5. Overall Assembly Matrix

The generalized displacement vector q for the entire gear-rotor system can be ex-
pressed as:

q =
{

q1, q2, q3 · · · · · · qn+1
}T

(46)

Assembling all the elements, you can obtain the system’s overall damping matrix C,
gyroscopic torque matrix G, and stiffness matrix K. The equation for the overall system of
the straight bevel gear transmission system can be written as [2]:

M
..
q + (C + ΩG)

.
q + Kq = Q (47)

The damping in various parts of the system is implemented using proportional damping:

C = λM + ηK (48)

Here, λ, η refer to the coefficient of mass matrix and stiffness matrix (α = 0, β = 10−7),
respectively.

5. Numerical Analysis

In this section, considering TVMS, es, and the variation in meshing position, vibration
response analysis of the coupled rotor system is performed for four scenarios: unmodified,
TPM, lead crown modification, and CM. The time-varying mesh stiffness is calculated as
discussed in the second section, while other parameters are as Tables 7–9 shown.

Table 9. Parameters of bearing.

Parameters Bearing 1 Bearing 2 Bearing 3 Bearing 4

Kb Diag(1.6 × 108, 1.6 × 108, 1.6 × 108,105, 105)
Cb Diag(103, 103, 103, 103, 103)

Node position 2 8 10 16

The natural frequencies of straight bevel gears with the TPM and standard straight
bevel gears are nearly identical. The natural frequencies of standard straight bevel gears,
bevel gears with profile modification, and bevel gears with both profile and tooth direction
modifications are as shown in Tables 10–12.

Table 10. Critical speed and mode description for the geared rotor system.

Order f/Hz rpm/(r/min)

1 1426 2312
2 1480 2400
3 1651 2677
4 1727 2800
5 1730 2805
6 2272 3684
7 2695 4370
8 3511 5693
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Table 11. Critical speed and mode description for the LCR geared rotor system.

Order f/Hz rpm/(r/min)

1 1283 2080
2 1331 2158
3 1665 2700
4 1772 2873
5 1855 3008
6 2224 3606
7 2695 4370
8 3496 5669

Table 12. Critical speed and mode description for the CM geared rotor system.

Order f/Hz rpm/(r/min)

1 1420 2302
2 1480 2400
3 1643 2664
4 1727 2800
5 1730 2805
6 2217 3595
7 2695 4370
8 3495 5667

The dynamic transmission error (DTE) under different modification scenarios is ob-
tained and presented in Figures 16–18.
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From Figure 16, it can be observed that for the unmodified gear pair and the gear
pair with the TPM, resonance peaks occur when the meshing frequency equals the 4th and
6th-order natural frequencies of the gear system. Due to the influence of nonlinear stiffness
excitation and geometric transmission error, superharmonic resonance peaks appear when
the meshing frequency is f4/2 and f6/2.

However, when the TPM is applied to the gear pair, the abrupt change in nonlinear
stiffness excitation becomes smoother. Considering the modification, the superharmonic
resonance peaks at f4/2 and f6/2 disappear, and the peak value of DTE significantly
decreases. However, the extent of the reduction in DTE peak value varies depending on
the degree of modification. Therefore, the TPM should be chosen based on the fluctuation
of time-varying mesh stiffness and the vibration response.

From Figure 17, it can be observed that for the unmodified gear pair and the gear
pair with LCR, the reduction in the amplitude of nonlinear stiffness after LCR affects the
system’s natural frequencies. Resonance peaks occur when the meshing frequency equals
the gear system’s 3rd and 6th-order natural frequencies. Superharmonic resonance peaks
appear at meshing frequencies f2/2 and f6/2. The amplitude of DTE significantly increases,
and the resonance peaks at f6 have higher peak values (LCM3, LCM4, LCM5) compared to
the unmodified resonance peaks.

Figure 18 shows that resonance peaks occur when the meshing frequency equals the
3rd and 6th-order natural frequencies of the gear system. However, when considering
a CM, the superharmonic resonance peaks at f4/2 and f6/2 disappear. The vibration
response amplitude of the gear pair increases after CM, primarily due to the significant
impact of LCR on the system’s vibration response. LCR alters the contact performance,
leading to a substantial change in nonlinear time-varying meshing stiffness and an increase
in displacement amplitude in the vibration response. On the other hand, the influence of
the TPM leads to a smoother transition in the nonlinear time-varying meshing stiffness,
resulting in a relatively minor displacement amplitude in the vibration response.

In this chapter, based on the calculation of the time-varying meshing stiffness of
straight bevel gears in previous chapters, the vibration responses of straight bevel gear
systems with profile modification, axial modification, and CM are studied. Firstly, a
dynamic model of the gear-rotor system is established. Then, the effects of different
modification methods and amounts on the vibration response of the straight bevel gear
pair rotor system are analyzed. The analysis of gear modification optimization parameters
on the vibration response of the straight bevel gear pair system concludes that selecting
suitable modification parameters for different gear pairs can reduce the amplitude of
system vibration responses. The analysis of gear modification optimization parameters
on the vibration response of the straight bevel gear pair system concludes that selecting
suitable modification parameters for different gear pairs can reduce the amplitude of system
vibration responses.
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6. Conclusions

This study addresses the meshing stiffness of straight bevel gears under various modi-
fication conditions and verifies the results using the finite element method. Additionally,
a dynamic model of the straight bevel gear transmission system is developed using the
finite element node method to analyze the effects of different modification conditions on
the dynamic characteristics of straight bevel gears. The findings are as follows:

1. The analytical algorithm for meshing stiffness of SBGs in this paper has been validated
through comparison with the finite element method. The finite element calculation in
this paper takes about 6 h (varying significantly based on computer configuration),
while the analytical algorithm often requires only a few seconds, greatly improving ef-
ficiency while ensuring accuracy. Therefore, in dynamic simulation analysis, different
modification schemes can be quickly designed according to vibration requirements.

2. With profile modification, the abrupt changes in nonlinear stiffness excitation are
smoothed, reducing dynamic transmission error within a specific range. When de-
signing profile modifications, it is crucial to consider the varying requirements of
time-varying meshing characteristics and vibration response characteristics when
selecting profile modification amounts.

3. Considering axial modification, the reduction in nonlinear time-varying meshing
stiffness increases the dynamic transmission error amplitude, affecting the system’s
natural frequencies. Consequently, resonance peaks shift. In designing axial modifica-
tions, the axial modification amount can be adjusted according to actual operating
conditions to move resonance peaks away from the operating speed.

4. When assessing the combined effects of profile and axial modifications, the change in
vibration response is not merely additive, and their impacts on vibration response
differ significantly. Therefore, when selecting modification parameters based on
gear pair parameters and the vibration response induced by time-varying meshing
stiffness excitation, minimizing or avoiding axial modification is advisable if resonance
peaks do not require adjustment. Instead, control the profile modification amount to
reduce system vibration while ensuring stability, thus achieving vibration reduction
through modification.

Although this paper accounts for the coupling effects of gears, bearings, and shafts,
it does not address the role of the gearbox housing and the flexibility of the gear disc.
This oversight could result in neglecting the lateral vibration of the system’s web and the
resonance of the housing under high-speed and heavy-load conditions. Future research
will aim to refine the model further to more comprehensively consider all components of
the entire transmission system.
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Abbreviations

C generating surface R base cone distance
O origin of the coordinate system A′A tangent line
OA′ radius of the spherical radius rf Gear tooth equation
n normal vector of the tooth surface φ angle rolled by the occurring surface
δb base cone angle ψ the angle between OK and the instantaneous axis

of rotation ON
Mi Transformation matrix of the gear projection M∑ Gear Assembly Variation Matrix

to the zx plane
i the pinion or the gear β the angle of rotation of the gear projection onto the zx plane
Mθi rotation angle matrices for the driving ri contact points vector

and driven gears
ni normal vectors of contact points vector Z Teeth number
m Module α Pressure angle
B Face width ha Addendum coefficient
c Tip clearance coefficient Ke total meshing stiffness of a single gear pair
kb bending stiffness ks shear stiffness
kh Hertz contact stiffness ka axial compression stiffness
δkb bending stiffness of slice δks shear stiffness of slice
δka axial compression stiffness of slice j Number of slices
δUb bending energy of slice δUs shear energy of slice
δUa axial compressive energy of slice h the distances from the meshing point to the gear teeth’s line

of symmetry
t the distances from the meshing point F interaction force

to the base circle
Fa radial force Fb tangential force
E elastic modulus G shear modulus
Ip polar moment of inertia of the section ρ distance from the point on the cross-section to the center

of the circle
K time-varying meshing stiffness of straight bevel gears l the number of meshing pairs.
Ex Modification of Lead crown relief δ deformation
KP stiffness matrix of the pinion δm total deformation matrix
δp deformation matrix of the pinion Ex total modification matrix
Fd total meshing force matrix Fm resultant force of the sliced meshing forces
Fe meshing force error ξ cycle coefficient
Ek Modification of tooth profile modification Le The distance from the modification position to the tooth tip.
xe The distance from the start of the modification σ elastic deformations of tooth pairs within the double-tooth

to the tip of the tooth. contact region under loading conditions.
Kt meshing stiffness of the tooth profile modification λ directional rotation radius
L Shaft end length D external diameter
Idn Diameter moment of inertia Idm Polar moment of inertia
bl Backlash cm Meshing damping
Kb Bearing stiffness matrix Cb Bearing Damping Matrix
Vl Construct vector qm the deflection of gear pair of action
δm dynamic transmission error es geometric transmission error
Ldr load distribution ratio Mm mass matrices of the gear pair
Cm stiffness matrix of the gear pair Km damping matrix of the gear pair
qe the displacement vector Me mass matrix of the Timoshenko beam element

of the Timoshenko beam element
Ge gyroscopic matrix Ke stiffness matrix of the Timoshenko beam element

of the Timoshenko beam element
K system’s stiffness matrix C system’s damping matrix
G system’s gyroscopic torque matrix K system’s stiffness matrix
λ coefficient of mass matrix η coefficient of stiffness matrix
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Appendix A

Table A1. Contact point vector and normal vector.

Pinion rxp ryp rzp nxp nyp nzp

1 −4.63 30.95 65.66 −0.94 −0.34 0.09
2 −3.75 31.26 65.57 −0.94 −0.33 0.1
3 −2.86 31.57 65.46 −0.94 −0.32 0.12
4 −1.98 31.87 65.35 −0.94 −0.32 0.13
5 −1.09 32.17 65.23 −0.94 −0.31 0.14
6 −0.21 32.46 65.09 −0.94 −0.31 0.15
7 0.68 32.75 64.94 −0.94 −0.3 0.16
8 1.56 33.03 64.78 −0.94 −0.3 0.17
9 2.45 33.3 64.62 −0.94 −0.29 0.18

10 3.33 33.57 64.44 −0.94 −0.28 0.2

gear rxg ryg rzg nxg nyg nzg

1 −4.63 65.66 −30.95 −0.94 0.09 0.34
2 −3.75 65.57 −31.26 −0.94 0.10 0.33
3 −2.86 65.46 −31.57 −0.94 0.12 0.32
4 −1.98 65.35 −31.87 −0.94 0.13 0.32
5 −1.09 65.23 −32.17 −0.94 0.14 0.31
6 −0.21 65.09 −32.46 −0.94 0.15 0.31
7 0.68 64.94 −32.75 −0.94 0.16 0.30
8 1.56 64.78 −33.03 −0.94 0.17 0.30
9 2.45 64.62 −33.30 −0.94 0.18 0.29

10 3.33 064.44 −33.57 −0.94 0.20 0.28
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