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soliton equation. Then, the new breaking soliton equation is decomposed into the systems of solvable
ordinary differential equations. Finally, a hyperelliptic Riemann surface and Abel-Jacobi coordinates
are introduced to straighten the associated flow, from which the algebro-geometric solutions of the
new (2 + 1)-dimensional integrable equation are constructed by means of the Riemann 6 functions.
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1. Introduction

Algebro-geometric solutions are an important class among exact solutions to nonlin-
ear equations, which were first developed as analogs of inverse scattering theory. They
can be regarded as explicit solutions of the nonlinear integrable evolution equation and
used to approximate more general solutions. Algebro-geometric solutions can not only
reveal the intrinsic structure of solutions, but also characterize the quasi-periodic behavior
of nonlinear phenomena. Various approaches have been developed to obtain algebro-
geometric solutions of soliton equations, such as the algebro-geometric approach [1], the
nonlinearization of Lax pairs [2], the finite-order expansion of the Lax matrix [3], and so
on [4-14].

On the one hand, based on the nonlinearization technique of Lax pairs and di-
rect methods, many algebro-geometric solutions of (1 + 1)-dimensional [4-6], (2 + 1)-
dimensional [3,7], and differential-difference [7,8] soliton equations have been ob-
tained [9,10]. On the other hand, algebro-geometric solutions are successfully extended
from a single equation to a hierarchy [11-13]. Recently, the Riemann—Hilbert method
was also provided to solve algebro-geometric solutions of the Korteweg-de Vries equa-
tion [15]. And the algebro-geometric solutions of the entire Sine-Gordon hierarchy
are constructed by using the asymptotic properties of the meromorphic function [13].
Compared with algebro-geometric solutions of the above well-known soliton equations,
the study of algebro-geometric solutions of breaking soliton equations has received
comparatively less attention.

It is well known that breaking soliton equations are types of nonlinear evolution
equations which can be used to describe the interaction of a Riemann wave along the
y-axis and the wave along the x-axis [16,17]. So, the derivation of new integrable breaking
soliton equations is an interesting topic. In Ref. [18], we have given the algebro-geometric
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solutions of the known (2 + 1)-dimensional breaking soliton equation associated with the
Ablowitz-Kaup-Newell-Segur soliton hierarchy resorting to the direct method.
In this paper, based on the well-known (1 + 1)-dimensional soliton equations, we
propose the following (2 + 1)-dimensional integrable breaking soliton equation:
i 1. .4
W = Wy + E[wax (wo)ylx,
i 1. -
v = —50xy + 3 [0 l(wv)y]x,

1)

where x and y are the scaled space coordinates, t is the scaled time coordinate, 4 and
r are functions of (x,y, t) which represent the wave profiles. To the best of our knowl-
edge, the above (2 + 1)-dimensional breaking soliton equation has not before appeared
in the literature. It is shown that the algebro-geometric solutions of the new (2 + 1)-
dimensional breaking soliton equation are reduced to solving two systems of solvable
ordinary differential equations by the variable separation technique. Thus, with the help of
a hyperelliptic Riemann surface, Abel-Jacobi coordinates, and the Riemann ¢ functions,
the algebro-geometric solutions of the new (2 + 1)-dimensional integrable equation can
be obtained.

In Section 2 that follows, we construct the new (2 + 1)-dimensional breaking soli-
ton Equation (1) associated with the Kaup—Newell soliton hierarchy. A zero curvature
representation for (1) is presented. Then, in Section 3, based on the the solutions of the
(1 + 1)-dimensional soliton equations and the elliptic coordinates, the solutions of the
new (2 + 1)-dimensional integrable equation are reduced to solving ordinary differential
equations. In Section 4, a hyperelliptic Riemann surface and Abel-Jacobi coordinates are
introduced to straighten the associated flow. Jacobi’s inversion problem is discussed, from
which the algebro-geometric solutions of the new (2 + 1)-dimensional integrable equation
are constructed in terms of the Riemann 6 functions. A short conclusion is presented in
Section 5.

2. The New (2 + 1)-Dimensional Integrable Breaking Soliton Equation

In this section, we shall construct the new (2 + 1)-dimensional breaking soliton equation
associated with the Kaup—Newell soliton hierarchy. It is well known that the Kaup-Newell
equation is an important nonlinear derivative Schidinger equation. Some corresponding
results for the Chen-Lee-Liu equation and Gerdjikov-Ivanov equation can be obtained
from the Kaup-Newell equation in principle [4,19].

The Kaup-Newell soliton hierarchy is an isospectral evolution equation hierarchy
associated with the spectral problem [20]

12
p=tp=( 0 ) =0 y=e) @

where g and r are two scalar potentials, and A is a constant spectral parameter. To derive the
hierarchy, we first introduce the Lenard gradient sequence {S ]‘}}io by the recursion relation

KS]'_l = ]S], S]'|(q,,):(0,0) = 0, SQ = (21’, 2q, —Zi)T, (3)

where §; = (S](l), S](z), S](B)) and

—50 0 0 1 0 —ir
K= 0 50 0], J= 0 1 —ig
—q r 0 —q r 0



Mathematics 2024, 12, 2034

3o0f11

It is easy to see that S; is uniquely determined by the recursion relation (3). A direct
calculation gives

—iry + qr? —dre — 3%rrxq + 24%°
St=| igxtqr |, S2=| —3qu+ 394377 |,
—igr %(Qxf’ _ ’”xﬂ) _ %qzrz

the auxiliary spectral of (2)

Pn (Y < A —C " s \2(n—j)+1 S 5B 2(n—j)+2

] ]

n (3) y2(n—j)+2 (2) y2(n—j)+1
c B ) _(Zjosj A2 5 g0 )lp, “

The compatibility condition between (2) and (4) is the stationary zero curvature equa-
tion
Upy — V" + [, V] =0,

which is equivalent to the well-known Kaup-Newell hierarchy of soliton equations

(2) (1)
o tn _ Snx _ 0 o Sn _
X, = ( Fon ) = ( S,%C) > = ( 3 0 )( 57(12) .n=1,2,.. 5)

The first two nontrivial members n = 1 and n = 2 in the hierarchy are

G = iqxx + (4°7)x, ©)
1y = —irxx + (°9)x;
and
Gty = =5 Qxxx + 7 (209027 +3717),
2 4 )

1 3 ..
ry, = —Erxxx — Z(2zrrxq — r3q2)x.
Lett; =y, tp = tand w(x,y,t) = q(x,y,t), v(x,y,t) = r(x,y,t) in (6) and (7); then,
we can obtain 3
i )
(woy — vwy + E(wzvz))x = (zwv)y. (8)
We substitute (6) into (7) and note that (8) yields the (2 + 1)-dimensional Equation (1).
Therefore, if g and r are the compatible solutions of (6) and (7), we can see that w = g and
v = r are also the solutions of the (2 + 1)-dimensional equation (1), where 07! represents
an inverse operator of dy = d/9dx with the condition 8;18x = 8,(8;1 = 1, which can be
defined as (051 f)(x) = [*_ f(y)dy under the decaying condition at infinity.
In the following, we can check that the (2 + 1)-dimensional Equation (1) has non-
isospectral zero curvature representation:

M; — Ny 4 [M,N] =AM, = 0,
which can be deduced from the compatibility condition of the following equations:
ox =M, ¢r=Ap,+Nop, A=A\,
where A = A(y, t), and

M= ( —id Aw ) N = ( — 29 (wo)y 5 (iwy 4+ way ! (wo)y) ) ©)
v iA ) 3 (—ivy 4+ 097 H(wo)y) %Bgl(wv)y
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Therefore, the new (2 + 1)-dimensional Equation (1) is integrable in the Lax sense.
The parameter A satisfies a Riemann equation A = AAy, so (1) is also a breaking soliton
equation, which is not the same as that in Ref. [16]

3. Variable Separation

In this section, we shall show how the (1 + 1)-dimensional (6) and (7) are reduced to
solvable ordinary differential equations. Assume that (2) and (4) have two basic solutions
¢ = (Y1, ¥2)" and ¢ = (¢1,¢2)T. We define a matrix W of three functions f, g, h by

_((1’ —01>.

Wy = [UW], Wi, = [V, W], (10)

W= sev vehe= (1 %),

It is easy to verify by (2) and (4) that

which imply that the function detW is a constant independent of x and t. Equation (10) can
be written as

gx = —2igA2 —2qfA,  hy =2ihA2 4 2rfA,  fo=A(gh—1g), (11)

and
gr =29A —2fB, h; =2fC—2hA, fi=hB—gC. (12)

Now, suppose that the functions f, g, and h are finite-order polynomials in A:

N ‘ N ) N .
f= Zfzjﬂ)@(N*J)H, g = ZgszZ(N*J), h= hzj/\Z(N*]). (13)
j=0 j=0 j=0
Substituting (13) into (11) yields
KGji.1=]Gj, JGy=0, KGy=0, G;= (hy gj foj+1)"- (14)

It is easy to see that JGy = 0 has the general solution
Go = 0(080, (15)

where « is a constant of integration. So, Ker] = {cSo|Vc}. Acting with the operator
(J7'K)X*+1 upon (15), we can obtain from (3) and (14) that
k
Gk = Z Déjsk,]‘, k=0,1,.. (16)
=0

where ay, ..., a; are integral constants. Substituting (16) into (14) obtains the following
stationary evolution equation:

agKSN + ... + anKSp = 0. (17)

This means that expression (13) is existent.
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In what follows, we decompose (6) and (7) into systems of integrable ordinary differ-
ential equations. Without loss of generality, let xyp = 1. From (3) and (14), we have

8o = zq/hO = 2r/fl = _2i1f3 = _iqr—i_al/
g0 = iqy + q*r +iqay, hy = —iry + qrz +iray,

1 3i

84 = —5fxx + 5 qqxr+4q Py (zq r—qx) +inzq, (18)
1 3i

h4:—§r rrxq+4q P+ (zq r+ry) +iagr,

1
f5 = 5 (a1 —1xq) — fq P4+ S () + e
We can write ¢ and £ as the following finite products:
N N N N
g= qu(A —u5) = qu_{()t —#j), h= 21*1—{(/\ — j) = 21'1—{()\ —-v;), (19)

where A2 = A, yjz =, 1/].2 = 7;. Comparing the coefficients of AN=Land AN=2, we obtain

N N
82 = —2q Z i, hy = =2r ) v,

j=1 =1 (20)
84 = Zq Zﬂlﬂ]’ h4 = 21’2171‘17]'.
i<j i<j

Thus, from (18) and (20), we obtain

N
Oxlng —igr + oy = 2i ) 11,
=1

. 1)
— Olnr —igr+aq = 2i ) 7.
j=1
If using the third expression in (12) with m = 1, we have

(—iqr)y = haiqy + ha2q + goiry — 842, (22)

which, together with (20), yields

N
dy(Ingr) =2y v;0,Ing +4i Y (it — 0;7) +2 Z ;0510 (23)
j=1 i<j =

On the other hand, noticing (6) and (21), we obtain
9y (Ingr) = (idxIng + qr)x + (—idxInr + qr)x + i(axlnq — iqr)2 +i(ioxInr + qr)? — 3x(qr)

N N
= =29 ) (1 + 7)) +4i((}L_ 7)* — Z#; +4“12 Ax(qr),

j=1 j=1

which, together with (21) and (23), implies

N
dx(qr) +2i ) (v — 1;)qr
=1
N N ) N N ) N
Z ]/‘]‘H/] )+ 4i( (2 ]) - (ZIJ) ) +2aq Z(V} V]) _412<V1V]_17117])
j=1 j=1 j=1 j=1 i<j
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Therefore,

Mz
&=

N
qr:exp[Zi/;(ﬂj—ﬁj)dx}/ 282 #j + ;) + 6i(( ])2_( ~]-)2)

=1 =1 =1
(24)
N N N
+20q Z ) +2i() ﬂ Zﬁf)]exp[Zi / 2(17] — jij)dx]dx
j=1 j=1 =1
in view of the equality
N N
22«;&5] (Y6 ) ¢ (25)
i<j i=1 i=1

Let us consider the function detW, which is a (2N + 1)-order polynomial in A with
constant coefficients of the x flow and ¢, flow

2N+1 2N+1 . R(}L)
—detW = f2+gh=—4 [ (A>-7?) = —4 H (A-4) < (26)
j=1

Substituting (13) into (26), comparing the coefficient of A2N and A2N—1 and consider-
ing (18), we can obtain

2N+1
2f1f3 + goho =4 Z )Lj, 2f1fs +f§ + goho + hogr = _422\1')\]‘- (27)
j=1 i<j

Together with (18), we have
2N+1 . i 2N41
T s ; @

=1

From (26), we see that

iR Flis = RGO @)

Using (11) and (19), we obtain

N
gxl}\:;zk = _Zq\[_ﬂ/\ e = —2q gy H fix — V]
j=Lj#k
(30)
N
xlizy, = 27’\[f|/\ = 21Ty H U — 1/
J=Lj#k
Together with (29), we obtain
- 2i+/R (i . —2iv/R(¥
e = VR g VR @)
T o (P — 1)) T2k (T — )
Similarly, using (4) (n =1, n = 2), (13), (19), and (29), we obtain
) N
8t lizp, = —2q7k, H (i — fiy) = —4iqy/ R(fi) (21 — Z — i),
j=Lj#k =1 (32)

N

htl |}‘:17k = —21’17“1 H (17k — 17]) = 4i7’\/ R(ﬂk)(Zﬁk -2 Z 17j — iDCl),

=Lk =
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N . - o iOC] N - . .
8hliz fe = —4iqy/R(fix) ZVk Z +“"1)Vk+2zﬂi?‘f+7(22%‘*“"1) —iny),
= L~ ~
1<] . ] (33)
Ity |5 R(v;) (207 ZZv]+sz1 U +2Y 00+ 1(zzﬁj+m1) — i),
j=1 i<j j=1
which give
2iv/R(fi
Hrt, = —x Eyk) " k=2 Z#J iay),
Hj:l,j;ék(ﬂk - V])
(34)
—2iv/R(¥ N U
Vgt = ( k)~ (2vk—22vj—ux1),
H] 1]7ék(Vk vj) j=1
and
R(i B Noooo o img .
ity = =% (flk) — (2717 — (2 ZF o) i +2 ) flifl + 71(22Mj+wél) —iaa),
ITi2s s (i — 1)) =1 i<j j=1 (35)
2/R(v N o o N ,
Vit, = ) 20 — (2 0 +iy) 0 +2 ) 7,7 + E +iay) —iag).
T (v — v)) j=1 i<j j=1

In summary, if Ay, ..., Aan.o are 2N + 2 distinct parameters, fiy, 7x(k = 1,---,N)
are compatible solutions of differential Equations (31), (34) and (35). Then, g and r de-
termined by (21) and (24) is the compatible solution of (6) and (7), which means the
(1 + 1)-dimensional soliton Equations (6) and (7) are decomposed into solvable ordinary
differential equations with the help of the coordinates fiy, 7x(k =1, -+ ,N), so we can see
that w and v is also a solution of the (2 + 1)-dimensional Equation (1).

4. Algebro-Geometric Solution

In this section, in order to obtain the algebro-geometric solutions of the (2 + 1)-dimensional
breaking soliton Equation (1), we first introduce the hyperelliptic Riemann surface

2N+2

r:2>=R(A), RA)= ] A=Ay,

j=1

with genus ¢ = N. On T, there are two infinite points, co; and cop, which are not branch
points of I'. Equip I' with the canonical basis of cycles ay, ..., an; by, ..., by, and the holomor-
phic differentials
$1—1.4%
w; = w, I=12,.,N.
R(A)

Then, the period matrices A and B, which are N * N invertible matrices [21], are
defined by
Aij = / (Di, Bl] = / CT)Z'.
aj bj
Using A and B, we can define matrices C and 7, where

C=(Cj)=A"", 1=(1)=CB=A""'B,
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then, matrix T can be shown to be symmetric and it has a positive defined imaginary part.
We normalize w; into the new basis w;

N
w;j = 121 Cyw, 1=1,2,..,N,

which satisfy

: N : N
/awizzcjl/u =Y CiAn = bjx, /wz—zcﬂ/ wy = Z 1Bk = Tjk-
/A =1 k =1 ’

For a fixed point pg, then we introduce an Abel-Jacobi coordinate as follows:

where N N .

; ﬁk(wt xyt A LaA
o yn=Y | -y [ =, @7

. N ﬁk(x,yt N N xyt Al 142
Weyn=3 | -y ~ 9)

k=1"Po k=11=1"P0 R()\)

From (37) and the first expression of (31), we obtain
‘ N N S1-1~ N N jzl—1 '

ol =Y Yol e vy, 2 gyl j=1, N, (39)

k=11=1 R(Y)  h=im T (i — )
with the help of the following equality:
N ﬁll< 1
ST e (e — )

= ]NI l:lI,N

In a similar way, we see from (31), (34), (35), (37), and (38) that
aypgj) =2i(Cjn-1 —imCin) = ng),
31l = 2i(Cin 2 — a1Cjn 1 + (83 —a2)Cin) = OF,
axpéf) — _Q(()j), aypéj) _ _ng), 9 p(J) ng).
On the basis of these results, we obtain the following:
pgj)(X,]/, t) = Q(()J')x + ng)]/—i- ng)t + ,Yéf), pgj)(x,y,t) _ —Q(()j)x _ ng)y _ Qg)t + ,A]'),
where

1£(0,0,0) ©(0,0,0)
W =L [ =L [
Po Po

An Abel map on I is defined as

AR = [ ow= @0, AT mp) = TmAp).
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Consider two special divisors Y, p,(qf ) (m =1,2), and we have
N N N m
k k Hi
AL =X an) =L | w=py
_ — — 0
k=1 k=1 k=1 (40)

N0y v a0y v [T
ALY p ) =Y Alpy ) =), | w=p,
k=1 k=1 k=1"Po

where pgk) = (r, C(1x)), pgk) = (g, ¢(jix)). The Riemann 6 function of T is defined as

0(¢) = Y exp(mi(tz,z) +2mi(l,z)), (€ cN,

zeZN

where = (g,---,In)T, (g,2) = Z].Ii 1Gjzj- According to the Riemann theorem, there exist
two constant vectors, M, M, € CN, such that

En =0(A(p) —pm — Mp), m=1,2

have exactly zeros at fiy, - - -, jiy form =1 or ¥y, - - - , 7y for m = 2. To make the function
single valued, the surface I is cut along all a, by to form a simple connected region, whose
boundary is denoted by <. Notice the fact that the integrals
1 / AkdInE,(A) = L(T), k>1
27Ti v " Uk ! -
are constants independent of p1, p, with [ = I(T') = Z]N: ) 4 /N\kw]'. By the residue theorem,
we have

=
—

-
S~—

I
=
=\
—

+ Y Resy_, A*dInFy (1),
s=1

I
—

(41)

2
+ Y Ress_, AMdInEy(R).
s=1 )

=
—
-
N—
I
1=z
<2
—=

Il
—_

Here, we need only compute the residues in (41) for k = 1,2. In a way, this is similar
to calculations [3,4]. So, we finally obtain
L9 s — 12—
Res)—oo AdINFy(A) = _E(_l) oyIn6s™, s=1,2,m=1,2,
. (42)
i _ 1
Res)—oo, A%dInFy (1) = —7(~1)° 19,In6{™ + Za,%lneg’”), s=1,2%m=1,2.

where 95(1) = 0(Qox + Ny + Ot + ns),es(z) = 0(—Qpx — My — Mot +15), 75, and 75 are
constants. Thus, from (41) and (42), we arrive at

N ia) b
; Wj = I — EaXInE, ;V] =1 - Eaxlnﬁl (43)
j=1 1 =1 2
N : )
2 iy 07 1 a1),()
= 1 (44)
2 PN S FPSNCINY
=1 2
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Substituting (43) and (44) into (21), (24) and considering (25), then we obtain the
algebro-geometric solutions for (1):

o0
w=gq= ﬁexp[/(i(ﬂ + @) — aq)dx],
é) )
6l ,
v=r=2rexp| [ (~i(21 +©) + mr)dx],
01

where

o) @ M@ 4 o) @

ol 6
_% 6 2m2 Ly e —eaam2 2
@_951) e /i 4ax11+1ax1n9§1) 9§2)+(Zay i3, 68x)ln9§l) e
(46)
s oo e el i, eV el o) o
X

— —dyIn Oyln————~ — =
2 1 2 1
2 9£)9§ ) gé)gé) 2

6@ 6@ 0 g@
o 07 6" o)

Expression (45) is the algebro-geometric solution of the new (2 + 1)-dimensional
integrable breaking soliton Equation (1).

5. Conclusions

A new (2 + 1)-dimensional integrable breaking soliton equation is presented with the
help of (1 + 1)-dimensional soliton equations associated with the Kaup-Newell soliton
hierarchy. The (2 + 1)-dimensional integrable equation is reduced into solvable ordinary
differential equations. By introducing the hyperelliptic Riemann surface and Abel-Jacobi
coordinates, the associated flow is straightened. Then, the algebro-geometric solutions of
the new (2 + 1)-dimensional integrable equation are constructed by means of the Riemann
6 functions. It should also be pointed out that the method used here is suitable for other
soliton hierarchies.
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